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HOMOGENEOUS SPACES WITH
INVARIANT PROJECTIVELY FLAT AFFINE CONNECTIONS

HIROHIKO SHIMA

ABSTRACT. We characterize invariant projectively flat affine connections in
terms of affine representations of Lie algebras, and show that a homogeneous
space admits an invariant projectively flat affine connection if and only if it
has an equivariant centro-affine immersion. We give a correspondence between
semi-simple symmetric spaces with invariant projectively flat affine connections
and central-simple Jordan algebras.

INTRODUCTION

An affine connection is said to be projectively flat if it is locally projectively
equivalent to a flat affine connection. In this paper we study invariant projectively
flat affine connections.

Applying the theory of projective normal Cartan connections [A] gave a corre-
spondence between the set of invariant projectively flat affine connections on G/K
and the set of projective equivalence classes of Lie algebra homomorphisms from the
Lie algebra g of G to sl(n + 1,R) where n = dim G/K. Using this correspondence
[A] classified irreducible classical Riemannian symmetric spaces with invariant pro-
jectively flat affine connections.

The following facts are fundamental for projectively flat affine connections [NS]:

A. A torsion-free and Ricci-symmetric affine connection D on an n-dimensional
manifold is projectively flat if and only if
(i) the curvature tensor R and the Ricci tensor Ric satisfy

R(X,Y)Z = ﬁ{Ric(Y, Z)X — Rie(X, Z)YY,

(i) the Ricci tensor satisfies the Codazzi equation, that is,
(DxRic)(Y,Z) = (DyRic)(X, Z).

B. The induced connections of centro-affine hypersurface immersions are projec-
tively flat.
Being motivated the above facts [NP] gave a correspondence between Lie groups
admitting bi-invariant projectively flat affine connections and associative algebras
with unit, and classified all such spaces.
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Along the same line as in [NP], in section 1 we relate the existence of invariant
projectively flat affine connections to that of affine representations of Lie algebras
due to [Ks]. As an immediate consequence we find that a homogeneous space G/K
admits an invariant projectively flat affine connection if and only if G/K has an
equivariant centro-affine hypersurface immersion. It seems that our method is more
elementary and direct than in [A]. In section 2 we give a correspondence between
n-dimensional Lie groups with left invariant projectively flat affine connections and
(n + 1)-dimensional left symmetric algebras with unit. In section 3 we show that
semi-simple symmetric spaces with invariant projectively flat affine connections
correspond to central-simple Jordan algebras and are realized as centro-affine hy-
persurfaces in the algebras (cf. [Ka]). Riemannian semi-simple symmetric spaces
with invariant projectively flat affine connections correspond to simple formal real
Jordan algebras. The classification of central-simple Jordan algebras and simple
formal real Jordan algebras were given in [BK]. In section 4 for a better under-
standing we explain our correspondence by typical examples.
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1. INVARIANT PROJECTIVELY FLAT AFFINE CONNECTIONS

Let GG be a simply connected Lie group and K a connected closed subgroup of
G. Assume that G acts effectively on G/K. We denote by g and ¢ the Lie algebras
of G and K, respectively. We enlarge g as follows

=g dRE,
8, E] = {0}

Then our first main result is the following.

Theorem 1.1. An n-dimensional simply connected effective homogeneous space
G/K admits a G-invariant projectively flat affine connection if and only if g has
an affine representation (f, G) on an (n + 1)-dimensional real vector space V, that
is,

(1) f is a representation of § on V,

(i) G is a linear mapping from § to V such that

(X, Y]) = f(X)q(Y) - f(V)q(X)  for X.Y €g,
with the following properties:
(iif) g is surjective and the kernel is t,
(iv) f(E) is the identity mapping Iy of V and G(E) # 0.
Corollary 1.2. Let G/K be a simply connected homogeneous space. Then the fol-
lowing conditions are equivalent.

(i) G/K admits an invariant projectively flat affine connection.
(ii) G/K has an equivariant centro-affine hypersurface immersion into a real
affine space.
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Proof of Theorem 1.1. Suppose that G/K admits a G-invariant projectively flat
affine connection D. For X € g, we denote by X* a vector field on G/K induced
by exp(—tX). Set

Ax-Y* = —Dy-X".
Then it is known
Ax-Y" =(Lx~ — Dx«)Y™,
where Lx« denote Lie differentiation by X*, and
Aixy)s = [Ax-, Ay-] — R(X™,Y7),

where R is the curvature tensor for D [KN, p. 235]. Let V be the tangent space of
G/K at o= {K}. We set

f(X) = (AX*)oa
q(X) = X,

where the subscript o of tensor fields means the values of the tensor fields at o.
Then we have

f([X, Y]) = [f(X)7f(Y)] - R(X*7Y*)Ov
kerq = ¢.
Since D is projectively flat it follows that
R(X*Y*)=~(Y", )X*—~(X", Y7,

1
where v = 1 Ric. Thus we have
n—

(L1) (X Y]) = [£(X), fF(Y)] = v(a(Y), )a(X) +70(a(X), )a(Y).
Since the torsion tensor of R vanishes, it follows that
(1.2) q([X,Y]) = f(X)q(Y) = f(Y)q(X).
In fact,
o[X,Y]) = [X"Y"],
= (—AY*X* —|—Ax*Y*)o
= —f(V)qg(X)+ f(X)q(Y).
Since « is G-invariant, we obtain
(Dx=7)(Y",Z7)
=X"(v(Y",Z27) —v(Dx-Y",Z") = v(Y",Dx-Z7)
=v(Ax Y, Z*) +~v(Y", Ax- Z7).
Using the Codazzi equation for the Ricci tensor,
(Dx=y)(Y",27) = (Dy-y)(X", Z7),
we have

(1.3) Yo(f(X)a(Y),a(Z)) +70(a(Y), f(X)q(2))
=% (f(Y)q(X),4(2)) +70(a(X), F(Y)q(2)).
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We enlarge the vector space V' so that
V =V ®Re.
For X € g we define an endomorphism f(X) of V by

F(X)a(2) = F(X)a(Z) = v0(a(X), 9(2))e,
f(X)e = q(X)
Using (1.1), (1.2) and (1.3), we have
[F(X), F(Y)a(2)
= [f(X), fM]a(Z) = 70 (a(Y), a(2))a(X) + 70 (a(X), a(Z))a(Y)

= (X, Y])q(2)
= f((X,YDa(Z) = vo(a([X, Y]),a(Z))e
= f([X,Y)a(2),
and
[F(X), f(Y)]e
= f(X)a(Y) = f(Y)a(X) = f(X)a(Y) = f(Y)a(X) = q([X,Y])
= f([X,Y]e
These imply that ( q) is an affine representation of g on V, that is,

FEe YD) = 176, Fv),
q([X,Y]) = f(X)a(Y) = f(Y)q(X),
for X, Y € g. We extend this affine representation (f, q) of g by

Y _ f(X)7 XZXEQ,
fo = {1 1
0 = 20§

Then ( 1, §) is an affine representation of § on V with required properties.
Conversely, suppose that g admits an affine representation (f, §) on V satisfying
(iii) (iv). Using an affine coordinate system {z!,...,2" T} on V we can express an
affine mapping & — f(X)9 + §(X) by an (n + 2) (n + 2) matrix representation
- FOYYe  A(Y)E
a(X) = [ f(f)()g Q(g()

)

where [f(f();] is an (n41) x (n+1) matrix and [§(X)?] is a (n+1) row vector. Then
X — a(X) is an injective Lie algebra homomorphism from § into the Lie algebra
of all (n+2) x (n+ 2) matrices. We set g, = a(g), go = a(g) and ¢, = a(RE). We
denote by Gu, G, and C, the linear Lie subgroup of GL(n+2,R) generated by g,
go and cg, respectively. An element § € G, is expressed by
gz[m>ma}
0 1 ’
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where f (3) and q(8) are the linear part and the translation part of 3, respectively.
Let 2, and M, be the orbit of G, and G, through the origin o respectively. Then
we have

Qa = q(éa) = CaGa/Ka = CaMaa

Ma = q(Ga) = Ga/Kaa
where K, = {s € G, | 4(s) = 0}, and its Lie algebra is a(t). Since ¢(g) = V, Q.
is an open orbit in V. For X € g we denote by X* a vector field on €2, induced
by expa(—tX). Since Q, = C,M, is an open set, a curve exp a(—tE)m through
m € M, is transversal to M, at m. Hence E* is transtersal to M,.

Let D be the canonical flat affine connection on V. As in affine differential
geometry [NS], we can define the induced affine connection D on M, and the affine
fundamental form A by

Dx-Y* = Dx.Y* 4+ h(X*,Y*)E*,

for X, Y € g. Then, D and h are invariant by G, because D and E* are invariant

by G4. Since E* = =Y. (2" +¢"(E))0/0z", M, is a centro-affine hypersurface with

center —¢(F). Hence the induced connection D is projectively flat [NS]. Since G

is simply connected, there exists a covering homomorphism

p:G— G,
such that dp(X) = a(X). K being the identity component of p~1(K,), we have a
covering mapping
G/K — G/p~'(Ka) 2 Go/Ka

induced by p. Hence G/K admits a G-invariant projectively flat affine connection.

|

Proof of Corollary 1.2. (1) = (ii) follows from the above arguments. The induced
affine connection of a centro-affine immersion being projectively flat [NS], we have
(il) = (i). |

2. THE CASE OF LIE GROUPS

Let V be an algebra over R with multiplication uv. We set
[uvw] = u(vw) — (wv)w.
If the algebra V satisfies
(2.1) [uvw] = [vuw],
then V' is said to be a left symmetric algebra [V2]. The following theorem was
essentially known to Koszul and Vinberg.
Theorem 2.1. There is a natural one-one correspondence between

(i) n-dimensional simply connected Lie groups with left invariant flat affine con-
nections up to affine diffeomorphism;
(ii) n-dimensional left symmetric algebras over R up to algebraic isomorphism.

In this section we prove the following.

Theorem 2.2. There is a natural one-one correspondence between

(i) n-dimensional simply connected Lie groups with left invariant projectively flat
affine connections up to equivariant projective diffeomorphism;
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(i) (n+ 1)-dimensional left symmetric algebras over R with unit up to algebraic
isomorphism.

Proof. Using the same notation as in section 1 we can find by Theorem 1.1 an affine
representation ( f ,q) of the Lie algebra g on an (n+1)-dimensional real vector space
V satisfying the conditions (iii)(iv). Since §: g — V is an isomorphism we define
a multiplication law in V by

w = f(G " (u))v.
Denoting by L, the left multiplication by v we have
(22) [Lua Lv] = Luv—vua
2.3) ue = eu = u,

where e = §(F). In fact, since

we have

and
we = eu+ ([ (), H(e))) = eu = f(E)u=u.
By (2.2) we have
[uvw] = [vuw].

Thus the algebra V is an (n + 1)-dimensional left symmetric algebra with unit e.

Conversely suppose that V is an (n+1)-dimensional left symmetric algebra with
unit e. Let V = {v € V | TrL, = 0}. Since o — {1/(n + 1)TrLs}e € V, it follows
that V =V @ Re. We set

g(V) = {Lv|veV}
o(V) = {Ly|veV}

Then by (2.2), g(V') and g(V') are Lie algebras, and we have
a(V) =g(V) @ RIy.

Setting f(Lz) = Ly and G(Lg) = @, we obtain an affine representation (f,§) of
a(V) satisfying the conditions (iii)(iv) of Theorem 1.1. Thus the simply connected
Lie group with Lie algebra g(V) admits a left invariant projectively flat affine
connection. |

Remark. [NP] gave a correspondence between n-dimensional Lie groups with bi-
invariant projectively flat affine connections and (n 4 1)-dimensional associative
algebras with unit, and classified all such spaces.
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3. THE CASE OF SYMMETRIC SPACES

In this section we give a correspondence between semi-simple symmetric spaces
with invariant projectively flat affine connections and central-simple Jordan alge-
bras with unit.

Let (G, K) be an effective symmetric pair where G is semi-simple and let g = ¢4+m
be the canonical decomposition, that is,

[eece [EmlCm, [mm]Cet

Suppose that G/K admits a G-invariant projectively flat affine connection. As in
section 1 we enlarge g so that

g=gDRE,
[0, E] = {0},
and set £t =¢ m=m® RE. Then
[e,m] cm, [m,m]CE
By Theorem 1.1 there exists an affine representation (f,q) of g on an (n + 1)-

dimensional real vector space V where n = dim G/K. The restriction of ¢ to m

being an isomorphism, for each u € V there exists a unique element X,, € m such
that G(X,) = u. We put

and define a multiplication law in V by
u-v = Lyv.

Then the algebra V is commutative and has unit e = G(E). In fact
w-v—v-u= f(X)IX0) = F(X0)3(Xu) = §([Xu, X)) =0,
e-u= f(EF)u=u.

Lemma 3.1. For W € ¢, f(W) is a derivation of the algebra V.

Proof. Since

(W, Xu] € m,
AW, X)) = fF(W)u = f(X)a(W) = f(W)u,
we have
W Xu] = X 5w ya:
Thus we get
(Fovuy v = Fw.Xgw
FV)FXae = Fx)FOV)e
= fW)(u-v) —u- (f(W)v)

Define a symmetric bilinear form 7 on V by 7(u, v) = TrLi.,.

Lemma 3.2. We have
() [[Lu, Ly], L] = Liy.p.y], where [u-w-v] =u- (w-v) = (u-w)-v.
(i) 7(u-v,w) = 7(v,u - w).



4720 HIROHIKO SHIMA

Proof. Since

Q([[Xquv]va]) = f([Xua Xv])d(Xw) - f(Xw)CI([XquU])
[Ly, Ly)w

= Ju-w-v,

we have
[[Xua Xv]a Xw] = X[u»w»v]-
This implies (i). Using (i) we obtain

T(u-v,w) —7(v,u-w) = TrLiyyyw = TrLy.w)
= —TrL[U.u.w]
— [l L), L]
0.

Lemma 3.3. 7 is non-degenerate.
Proof. We set

Vo = {vo € V| 7(vo,v) =0 for all v € V}.
Forvoef/o,vef/andWG%wehave

AW, Xp,0]) = FW)A(Xog0) = F(Xug)T(W) = F(W) (w0 - v).

Hence we know

FOV), f(Xuo)] = FXjwymo))

L jw)wo-v)

= Lyorv T Lo (fwyy:

Thus we obtain

0 = Tr[f(W), f(Xug0)]
= TrLizwyug)v + Trlog.(Fwyo)
= 7(f(W)v,v).
Hence we get

f(é)f/o - Vo-
Forvoef/o,veffandXeﬁlwehave
T(f(X)vo,v) = T((X) - v0,v) = 7(v0,4(X) - v) = 0.
This means
f(m)Vo C Vo.
These show f(§)Vo C Vo, and
JZ(G)VO c V.

Since g is semi-simple, the representation f of g on V is completely reducible.
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Therefore there exists a complementary subspace Vi of V such that

Since f(E) = I;; we have

Thus we get
V-V,cV; (i=1,2).
Denoting e = eg + e; where e; € IN/Z we know
Le,vj = di5v; for vy € f/j,
where 6;; is Kronecker’s delta. Hence dim Vy = trace of L, on Vy = trace of L., on

V = TrLe,.c, = 7(€0,€0) = 0. This implies that 7 is non-degenerate. O

Let us recall the definition of Jordan algebra. An algebra V over R is said to be
a Jordan algebra if, for all u,v € V,

v = v-u,
u-(u?v) = u?-(u-v).
The following lemma is due to [V1].

Lemma 3.4. Let V be a commutative algebra with a multiplication v - v = Lyv.
Suppose

(a') [[LU? LU]7 Lw] = L[u-w-v];
(b) the bilinear form 7(u,v) = Tr L., is non-degenerate.

Then V is a semi-simple Jordan algebra.

Therefore our algebra V is a semi-simple Jordan algebra.
Lemma 3.5. The representation f of § on V is faithful.
Proof. We set

kerg f = {X € g | f(X) = 0}.

We denote by dj the coboundary operator for the cohomology of the Lie algebra
g with coefficients in (f/, f) Regarding ¢ as a 1-dimensional (f/, f)—cochain, we
have (d;q)(X,Y) = f(X)q(Y) — f(Y)q(X) —q([X,Y]) =0 for X, Y € g. Since g is

semi-simple, there exists an element é € V such that § = d 7€. Thus we have

G(X) = f(X)é for X €g.
This shows that kerg f C &=t By effectiveness we have kerg f = {0}. Suppose
f(X) =0, where X = X +aF (X € g). Then Trf(X) = Tr(—zf(F)) = —zdim V.
g being semi-simple we have X € [g,g], and so Trf(X) = 0. Thus = 0 and
X € kery f = {0}. Hence X = 0. O
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Let m(V) = {L, | v ENV} and let €(V) be the vector subspace spanned by
[Ly, Ly] (u,v € V). Then f(m)=m(V), and

(3.1) g(V) =¢(V) +m(V).

is a Lie algebra. By Lemma 3.1 an element in f (%) is a derivation of V. Since a
derivation of a semi-simple Jordan algebra is inner [BK], we have

f®) =¢V).
Thus
(3.2) fra=t+m—g(V)=¢V)+m(V)
is an isomorphism including decompositions.
The center Z(V) of a Jordan algebra V is by definition [BK]
ZWV)={ueV|[u-v-w =[v-u-w=[p-w-ul =0 forall v,w € V}.
A Jordan algebra V with unit e is said to be central-simple if V is simple and
Z(V) = Re.
Lemma 3.6. Our Jordan algebra V is central-simple.

Proof. Let ¢ € Z(V). Then 0 = [c- v - u] = [L¢, LyJv for all u,v € V. Thus
[Le, Lu] = 0 for all w € V. This together with (3.1) shows that L. is contained in
the center of g(V'). By (3.2) the center of g(V') is equal to f (the center of g). Since
the center of g is RE, we know L. € f(RE) = RL.. Thus Z(V) = Re. V being
semi-simple we have a direct sum decomposition
V=hia oW,

where f/l are simple ideals of V. Let us d~enote e=e+---+e where e; € Vl
Suppose Vi # {0}. Then e; is the unit of V1. Let ¢; # 0 € Z(V7). We have

e+ Vi - VA] = {0},

er- Vi Vi ={0}, ifi #Lorj#1.
Thus

[e1- V- V] = {0}.
Analogously we have
Ve - VI={0}, [V-V-ei] = {0}
Thus ¢; € Z(V) = Re, and ¢; = ae where a # 0. This means that V; = {0} if ¢ # 1.
Hence V' is simple. O

Summing up the above results we have

Theorem 3.7. Let (G, K) be an effective symmetric pair where G is semi-simple.
Suppose that the space G/ K admits a G-invariant projectively flat affine connection.
Then there exists a central-simple Jordan algebra V with unit e such that
(i) V =V @ Re (direct sum as vector spaces).
(i) Let m(V)={Ly, | u €V} and let (V') be the vector space spanned by [Ly,, L]
where u,v € V.. Then g(V) = ¢(V)+m(V) is a Lie algebra and is isomorphic
to the Lie algebra g =t +m of G including decompositions.
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Conversely, we have

Theorem 3.8. Let V be a central-simple Jordan algebra with unit e. We set V =
{veV|TrL, = 0}. Let m(V) = {L, | v € V} and let &(V) be the vector
space spanned by [Ly, Ly] for u,v € V. Then &(V) and g(V) = ¢(V) + m(V) are
linear Lie algebras. Let G(V)) and K (V') be linear Lie groups generated by g(V')
and ¥(V), respectively. Then (G(V),K(V)) is a symmetric pair, where G(V) is a
semi-simple Lie group, and G(V)/K(V) admits a G(V)-invariant projectively flat
affine connection.

Proof. Tt is known [BK] that g(V') is a semi-simple Lie algebra and
[E(V),m(V)] Ccm(V), [m(V),m(V)] C V).
Let m(V) = {L; | o € V} and let ¢(V) be the vector space spanned by [Lg, L;] for

,veV. We put

a(V) = (V) +m(V).
Then g(V) is a Lie algebra and

(V) =g(V) + Rly;

cf. [BK]. We define a represen:cation~f of g(V) on V by f(X) = XN for X € g(f/)
and a linear mapping ¢ from g(V) to V by g(W+Ly) = v for W € ¢(V), Ly € m(V).

Then (f, ) is an affine representation of g(V') on V satisfying the conditions of The-
orem 1.1. Therefore the space G(V)/K(V) admits a G(V)-invariant projectively
flat affine connection. O

Remark. Let G(V) denote the linear Lie group generated by g(f/).~ Then g(f/) is
the identity component of the structure group of V, and the orbit Q = G(V)e is a
w-domain [BK], [K]. We have

Q=R*G(V)e=RTG(V)/K(V).
Thus Q is a cone obtained from G(V)/K (V) by positive dilations at the origin 0.

Remark. For the classification of central-simple Jordan algebras see [BK].

4. EXAMPLES

Using typical examples we explain our correspondence between semi-simple sym-
metric spaces with invariant projectively flat affine connections and central-simple
Jordan algebras.

Example 4.1. Quadratic surface SO(p,n+1—p)/SO(p,n —p) (0 < p < n).

Denoting by I,, the unit matrix of degree p we set

_ _Ip 0
o= { 0 In_p}’

- [-, 0 ] _[J o
R i S E

Let M, be the connected component of the set defined by
{r e R tojr =1}
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containing fe =[0,---,0,1]. Then M is a sphere, and M is a hyperbolic space.
Let
SO(p,n —p) ={s € SL(n,R) | 'sJs=J}.
Then we know
M} = SO(p,n+1—p)/SO(p,n —p).
The Lie algebra o(p,n — p) of SO(p,n —p) is
o(p,n —p) ={A€gl(n,R)| "AJ + JA =0},
and the Lie algebra g of SO(p,n+ 1 —p) is

0(p,n—|—1—p):{{ _t’(“Ja) g] | A€o(p,n—p), aeR”}.

Let ¢ be an involutive automorphism of g defined by

([ 8])=[ G 7]

Then the canonical decomposition of g with respect to ¢ is

g = t+m,
{4 0]1acown-n}.

m = {[—t(()Ja) g]|a€R"}.

g = g@®RE,
m = ma@RE,

4

We set

where E = I,,,1. We define an affine representation (f,§) of § on R**! by f(X) =
X, G(X) = Xe. Then the affine representation (f,q) satisfies the conditions of
Theorem 1.1. Using the notation in section 3, for @ = *[uy, -+, upn, upy1] € R
we have

o Un+11n U
Xa = [ —YJu) upy1 } ’

where u = ‘[uy,...,u,] € R". Hence

e ]
Un 41 Unt1 —"UJV + Upg1Vn41

Thus the Jordan algebra R™*! with this multiplication coincides with the Jordan
algebra [X; u, e] associated to the bilinear form u(@,?) = —'uJv + Up11vp+1 0N
X = R™!, and e [BK, p. 193]. The corresponding w-domain Q! is a cone in
R"*! given by

{x e R" | tejz > 0},
and Q71 =R M.
Example 4.2. SL(n,R)/SO(p,n —p) (0 <p <n).
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Let ¢ be an involutive automorphism of g = sl(n, R) defined by
(X)) =—-J"'XJ,

where J is the same as in Example 4.1. Then the canonical decomposition of g
with respect to ¢ is

g = t+m,

t {Acg|ud)=A}=o(p,n—p),

m = {Adeg|uA)=-A}.
Denoting E = I,, we set

i=g®RE = gl(n,R).

Let V={veg| 'v=uv} We define an affine representation (f,¢q) of g on ‘N/~ by
f(X)v=-"Xv—vX, §(X)=—'XJ—JX. Then the affine representation (f,q)
satisfies the conditions of Theorem 1.1. Using the notation of section 3 we have

X, = —%Ju, forueV.

Hence

u-v=f(Xy)v= %(uJU +vJu).

The Jordan algebra with this multiplication is a mutation of the Jordan algebra V'
with standard multiplication

1
uovzi(uv—i—vu)

[BK], and the corresponding w-domain is a cone Q(p,n — p) in 14 consisting of all
symmetric matrices of signature (p,n — p). We know

Qp,n—-p) = {'9Jg|geGL(n,R)}
GL*(n,R)/SO(p,n —p) = RTSL(n,R)/SO(p,n — p),

and SL(n,R)/SO(p,n —p) is a level surface in Q(p,n — p) defined by detu =1 (cf.
[Sa]).
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