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HOMOGENEOUS SPACES WITH
INVARIANT PROJECTIVELY FLAT AFFINE CONNECTIONS

HIROHIKO SHIMA

Abstract. We characterize invariant projectively flat affine connections in
terms of affine representations of Lie algebras, and show that a homogeneous
space admits an invariant projectively flat affine connection if and only if it
has an equivariant centro-affine immersion. We give a correspondence between
semi-simple symmetric spaces with invariant projectively flat affine connections
and central-simple Jordan algebras.

Introduction

An affine connection is said to be projectively flat if it is locally projectively
equivalent to a flat affine connection. In this paper we study invariant projectively
flat affine connections.

Applying the theory of projective normal Cartan connections [A] gave a corre-
spondence between the set of invariant projectively flat affine connections on G/K
and the set of projective equivalence classes of Lie algebra homomorphisms from the
Lie algebra g of G to sl(n + 1,R) where n = dim G/K. Using this correspondence
[A] classified irreducible classical Riemannian symmetric spaces with invariant pro-
jectively flat affine connections.

The following facts are fundamental for projectively flat affine connections [NS]:
A. A torsion-free and Ricci-symmetric affine connection D on an n-dimensional

manifold is projectively flat if and only if
(i) the curvature tensor R and the Ricci tensor Ric satisfy

R(X, Y )Z =
1

n− 1
{Ric(Y, Z)X −Ric(X, Z)Y },

(ii) the Ricci tensor satisfies the Codazzi equation, that is,

(DXRic)(Y, Z) = (DY Ric)(X, Z).

B. The induced connections of centro-affine hypersurface immersions are projec-
tively flat.

Being motivated the above facts [NP] gave a correspondence between Lie groups
admitting bi-invariant projectively flat affine connections and associative algebras
with unit, and classified all such spaces.
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Along the same line as in [NP], in section 1 we relate the existence of invariant
projectively flat affine connections to that of affine representations of Lie algebras
due to [Ks]. As an immediate consequence we find that a homogeneous space G/K
admits an invariant projectively flat affine connection if and only if G/K has an
equivariant centro-affine hypersurface immersion. It seems that our method is more
elementary and direct than in [A]. In section 2 we give a correspondence between
n-dimensional Lie groups with left invariant projectively flat affine connections and
(n + 1)-dimensional left symmetric algebras with unit. In section 3 we show that
semi-simple symmetric spaces with invariant projectively flat affine connections
correspond to central-simple Jordan algebras and are realized as centro-affine hy-
persurfaces in the algebras (cf. [Ka]). Riemannian semi-simple symmetric spaces
with invariant projectively flat affine connections correspond to simple formal real
Jordan algebras. The classification of central-simple Jordan algebras and simple
formal real Jordan algebras were given in [BK]. In section 4 for a better under-
standing we explain our correspondence by typical examples.
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1. Invariant projectively flat affine connections

Let G be a simply connected Lie group and K a connected closed subgroup of
G. Assume that G acts effectively on G/K. We denote by g and k the Lie algebras
of G and K, respectively. We enlarge g as follows

g̃ = g⊕RE,

[g̃, E] = {0}.
Then our first main result is the following.

Theorem 1.1. An n-dimensional simply connected effective homogeneous space
G/K admits a G-invariant projectively flat affine connection if and only if g̃ has
an affine representation (f̃ , q̃) on an (n + 1)-dimensional real vector space Ṽ , that
is,

(i) f̃ is a representation of g̃ on Ṽ ,
(ii) q̃ is a linear mapping from g̃ to Ṽ such that

q̃([X̃, Ỹ ]) = f̃(X̃)q̃(Ỹ )− f̃(Ỹ )q̃(X̃) for X̃, Ỹ ∈ g̃,

with the following properties :
(iii) q̃ is surjective and the kernel is k,
(iv) f̃(E) is the identity mapping IṼ of Ṽ and q̃(E) 6= 0.

Corollary 1.2. Let G/K be a simply connected homogeneous space. Then the fol-
lowing conditions are equivalent.

(i) G/K admits an invariant projectively flat affine connection.
(ii) G/K has an equivariant centro-affine hypersurface immersion into a real

affine space.
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Proof of Theorem 1.1. Suppose that G/K admits a G-invariant projectively flat
affine connection D. For X ∈ g, we denote by X∗ a vector field on G/K induced
by exp(−tX). Set

AX∗Y ∗ = −DY ∗X∗.

Then it is known

AX∗Y ∗ = (LX∗ −DX∗)Y ∗,

where LX∗ denote Lie differentiation by X∗, and

A[X,Y ]∗ = [AX∗ , AY ∗ ]−R(X∗, Y ∗),

where R is the curvature tensor for D [KN, p. 235]. Let V be the tangent space of
G/K at o = {K}. We set

f(X) = (AX∗)o,

q(X) = X∗
o ,

where the subscript o of tensor fields means the values of the tensor fields at o.
Then we have

f([X, Y ]) = [f(X), f(Y )]−R(X∗, Y ∗)o,

ker q = k.

Since D is projectively flat it follows that

R(X∗, Y ∗) = γ(Y ∗, )X∗ − γ(X∗, )Y ∗,

where γ =
1

n− 1
Ric. Thus we have

f([X, Y ]) = [f(X), f(Y )]− γo(q(Y ), )q(X) + γo(q(X), )q(Y ).(1.1)

Since the torsion tensor of R vanishes, it follows that

q([X, Y ]) = f(X)q(Y )− f(Y )q(X).(1.2)

In fact,

q([X, Y ]) = [X∗, Y ∗]o
= (−AY ∗X∗ + AX∗Y ∗)o

= −f(Y )q(X) + f(X)q(Y ).

Since γ is G-invariant, we obtain

(DX∗γ)(Y ∗, Z∗)
= X∗(γ(Y ∗, Z∗))− γ(DX∗Y ∗, Z∗)− γ(Y ∗, DX∗Z∗)
= γ(LX∗Y ∗, Z∗) + γ(Y ∗, LX∗Z∗)− γ(DX∗Y ∗, Z∗)− γ(Y ∗, DX∗Z∗)
= γ(AX∗Y ∗, Z∗) + γ(Y ∗, AX∗Z∗).

Using the Codazzi equation for the Ricci tensor,

(DX∗γ)(Y ∗, Z∗) = (DY ∗γ)(X∗, Z∗),

we have

γo(f(X)q(Y ), q(Z)) + γo(q(Y ), f(X)q(Z))(1.3)

= γo(f(Y )q(X), q(Z)) + γo(q(X), f(Y )q(Z)).
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We enlarge the vector space V so that

Ṽ = V ⊕Re.

For X ∈ g we define an endomorphism f̃(X) of Ṽ by

f̃(X)q(Z) = f(X)q(Z)− γo(q(X), q(Z))e,

f̃(X)e = q(X).

Using (1.1), (1.2) and (1.3), we have

[f̃(X), f̃(Y )]q(Z)
= [f(X), f(Y )]q(Z)− γo(q(Y ), q(Z))q(X) + γo(q(X), q(Z))q(Y )
−{γo(q(X), f(Y )q(Z)) − γo(q(Y ), f(X)q(Z))}e

= f([X, Y ])q(Z)− {γo(f(X)q(Y ), q(Z))− γo(f(Y )q(X), q(Z))}e
= f([X, Y ])q(Z)− γo(q([X, Y ]), q(Z))e

= f̃([X, Y ])q(Z),

and

[f̃(X), f̃(Y )]e

= f̃(X)q(Y )− f̃(Y )q(X) = f(X)q(Y )− f(Y )q(X) = q([X, Y ])

= f̃([X, Y ])e.

These imply that (f̃ , q) is an affine representation of g on Ṽ , that is,

f̃([X, Y ]) = [f̃(X), f̃(Y )],

q([X, Y ]) = f̃(X)q(Y )− f̃(Y )q(X),

for X, Y ∈ g. We extend this affine representation (f̃ , q) of g by

f̃(X̃) =
{

f̃(X), X̃ = X ∈ g,

IṼ , X̃ = E,

q̃(X̃) =
{

q(X), X̃ = X ∈ g,

e, X̃ = E.

Then (f̃ , q̃) is an affine representation of g̃ on Ṽ with required properties.
Conversely, suppose that g̃ admits an affine representation (f̃ , q̃) on Ṽ satisfying

(iii)(iv). Using an affine coordinate system {x1, ..., xn+1} on Ṽ we can express an
affine mapping ṽ −→ f̃(X̃)ṽ + q̃(X̃) by an (n + 2)× (n + 2) matrix representation

a(X̃) =
[

f̃(X̃)i
j q̃(X̃)i

0 0

]
,

where [f̃(X̃)i
j ] is an (n+1)×(n+1) matrix and [q̃(X̃)i] is a (n+1) row vector. Then

X̃ −→ a(X̃) is an injective Lie algebra homomorphism from g̃ into the Lie algebra
of all (n + 2)× (n + 2) matrices. We set g̃a = a(g̃), ga = a(g) and ca = a(RE). We
denote by G̃a, Ga and Ca the linear Lie subgroup of GL(n+2,R) generated by g̃a,
ga and ca, respectively. An element s̃ ∈ G̃a is expressed by

s̃ =
[

f̃(s̃) q̃(s̃)
0 1

]
,
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where f̃(s̃) and q̃(s̃) are the linear part and the translation part of s̃, respectively.
Let Ω̃a and Ma be the orbit of G̃a and Ga through the origin o respectively. Then
we have

Ω̃a = q̃(G̃a) = CaGa/Ka = CaMa,

Ma = q̃(Ga) = Ga/Ka,

where Ka = {s ∈ Ga | q̃(s) = 0}, and its Lie algebra is a(k). Since q̃(g̃) = Ṽ , Ω̃a

is an open orbit in Ṽ . For X̃ ∈ g̃ we denote by X̃∗ a vector field on Ω̃a induced
by expa(−tX̃). Since Ω̃a = CaMa is an open set, a curve exp a(−tE)m through
m ∈ Ma is transversal to Ma at m. Hence E∗ is transversal to Ma.

Let D̃ be the canonical flat affine connection on Ṽ . As in affine differential
geometry [NS], we can define the induced affine connection D on Ma and the affine
fundamental form h by

D̃X∗Y ∗ = DX∗Y ∗ + h(X∗, Y ∗)E∗,

for X, Y ∈ g. Then, D and h are invariant by Ga, because D̃ and E∗ are invariant
by G̃a. Since E∗ = −∑

i(x
i + q̃i(E))∂/∂xi, Ma is a centro-affine hypersurface with

center −q̃(E). Hence the induced connection D is projectively flat [NS]. Since G
is simply connected, there exists a covering homomorphism

ρ : G −→ Ga

such that dρ(X) = a(X). K being the identity component of ρ−1(Ka), we have a
covering mapping

G/K −→ G/ρ−1(Ka) ∼= Ga/Ka

induced by ρ. Hence G/K admits a G-invariant projectively flat affine connection.

Proof of Corollary 1.2. (i) =⇒ (ii) follows from the above arguments. The induced
affine connection of a centro-affine immersion being projectively flat [NS], we have
(ii) =⇒ (i).

2. The case of Lie groups

Let V be an algebra over R with multiplication uv. We set

[uvw] = u(vw) − (uv)w.

If the algebra V satisfies

[uvw] = [vuw],(2.1)

then V is said to be a left symmetric algebra [V2]. The following theorem was
essentially known to Koszul and Vinberg.

Theorem 2.1. There is a natural one-one correspondence between
(i) n-dimensional simply connected Lie groups with left invariant flat affine con-

nections up to affine diffeomorphism;
(ii) n-dimensional left symmetric algebras over R up to algebraic isomorphism.

In this section we prove the following.

Theorem 2.2. There is a natural one-one correspondence between
(i) n-dimensional simply connected Lie groups with left invariant projectively flat

affine connections up to equivariant projective diffeomorphism;
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(ii) (n + 1)-dimensional left symmetric algebras over R with unit up to algebraic
isomorphism.

Proof. Using the same notation as in section 1 we can find by Theorem 1.1 an affine
representation (f̃ , q̃) of the Lie algebra g̃ on an (n+1)-dimensional real vector space
Ṽ satisfying the conditions (iii)(iv). Since q̃ : g̃ −→ Ṽ is an isomorphism we define
a multiplication law in Ṽ by

uv = f̃(q̃−1(u))v.

Denoting by Lu the left multiplication by u we have

[Lu, Lv] = Luv−vu,(2.2)
ue = eu = u,(2.3)

where e = q̃(E). In fact, since

q̃([q̃−1(u), q̃−1(v)]) = f̃(q̃−1(u))v − f̃(q̃−1(v))u = uv − vu,

we have

Luv−vu = f̃(q̃−1(uv − vu)) = f̃([q̃−1(u), q̃−1(v)])

= [f̃(q̃−1(u)), f̃(q̃−1(v))] = [Lu, Lv],

and

ue = eu + q̃([q̃−1(u), q̃−1(e)]) = eu = f̃(E)u = u.

By (2.2) we have

[uvw] = [vuw].

Thus the algebra Ṽ is an (n + 1)-dimensional left symmetric algebra with unit e.
Conversely suppose that Ṽ is an (n+1)-dimensional left symmetric algebra with

unit e. Let V = {v ∈ Ṽ | TrLv = 0}. Since ṽ − {1/(n + 1)TrLṽ}e ∈ V , it follows
that Ṽ = V ⊕Re. We set

g(V ) = {Lv | v ∈ V },
g(Ṽ ) = {Lṽ | ṽ ∈ Ṽ }.

Then by (2.2), g(V ) and g(Ṽ ) are Lie algebras, and we have

g(Ṽ ) = g(V )⊕RIṼ .

Setting f̃(Lṽ) = Lṽ and q̃(Lṽ) = ṽ, we obtain an affine representation (f̃ , q̃) of
g(Ṽ ) satisfying the conditions (iii)(iv) of Theorem 1.1. Thus the simply connected
Lie group with Lie algebra g(V ) admits a left invariant projectively flat affine
connection.

Remark. [NP] gave a correspondence between n-dimensional Lie groups with bi-
invariant projectively flat affine connections and (n + 1)-dimensional associative
algebras with unit, and classified all such spaces.
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3. The case of symmetric spaces

In this section we give a correspondence between semi-simple symmetric spaces
with invariant projectively flat affine connections and central-simple Jordan alge-
bras with unit.

Let (G, K) be an effective symmetric pair where G is semi-simple and let g = k+m
be the canonical decomposition, that is,

[k, k] ⊂ k, [k, m] ⊂ m, [m, m] ⊂ k.

Suppose that G/K admits a G-invariant projectively flat affine connection. As in
section 1 we enlarge g so that

g̃ = g⊕RE,

[g̃, E] = {0},
and set k̃ = k, m̃ = m⊕RE. Then

[̃k, m̃] ⊂ m̃, [m̃, m̃] ⊂ k̃.

By Theorem 1.1 there exists an affine representation (f̃ , q̃) of g̃ on an (n + 1)-
dimensional real vector space Ṽ where n = dim G/K. The restriction of q̃ to m̃

being an isomorphism, for each u ∈ Ṽ there exists a unique element Xu ∈ m̃ such
that q̃(Xu) = u. We put

Lu = f̃(Xu),

and define a multiplication law in Ṽ by

u · v = Luv.

Then the algebra Ṽ is commutative and has unit e = q̃(E). In fact

u · v − v · u = f̃(Xu)q̃(Xv)− f̃(Xv)q̃(Xu) = q̃([Xu, Xv]) = 0,

e · u = f̃(E)u = u.

Lemma 3.1. For W ∈ k̃, f̃(W ) is a derivation of the algebra Ṽ .

Proof. Since

[W, Xu] ∈ m̃,

q̃([W, Xu]) = f̃(W )u − f̃(Xu)q̃(W ) = f̃(W )u,

we have

[W, Xu] = Xf̃(W )u.

Thus we get

(f̃(W )u) · v = f̃([W, Xu])v

= f̃(W )f̃(Xu)v − f̃(Xu)f̃(W )v

= f̃(W )(u · v)− u · (f̃(W )v).

Define a symmetric bilinear form τ on Ṽ by τ(u, v) = TrLu·v.

Lemma 3.2. We have
(i) [[Lu, Lv], Lw] = L[u·w·v], where [u · w · v] = u · (w · v)− (u · w) · v.
(ii) τ(u · v, w) = τ(v, u · w).
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Proof. Since

q̃([[Xu, Xv], Xw]) = f̃([Xu, Xv])q̃(Xw)− f̃(Xw)q̃([Xu, Xv])
= [Lu, Lv]w
= [u · w · v],

we have

[[Xu, Xv], Xw] = X[u·w·v].

This implies (i). Using (i) we obtain

τ(u · v, w) − τ(v, u · w) = TrL(u·v)·w − TrLv·(u·w)

= −TrL[v·u·w]

= −Tr[[Lv, Lw], Lu]
= 0.

Lemma 3.3. τ is non-degenerate.

Proof. We set

Ṽ0 = {v0 ∈ Ṽ | τ(v0, v) = 0 for all v ∈ Ṽ }.
For v0 ∈ Ṽ0, v ∈ Ṽ and W ∈ k̃ we have

q̃([W, Xvo·v]) = f̃(W )q̃(Xv0·v)− f̃(Xv0·v)q̃(W ) = f̃(W )(v0 · v).

Hence we know

[f̃(W ), f̃(Xv0·v)] = f̃(Xf̃(W )(v0·v))

= Lf̃(W )(v0·v)

= L(f̃(W )v0)·v + Lv0·(f̃(W )v).

Thus we obtain

0 = Tr[f̃(W ), f̃(Xv0·v)]
= TrL(f̃(W )v0)·v + TrLv0·(f̃(W )v)

= τ(f̃ (W )v0, v).

Hence we get

f̃ (̃k)Ṽ0 ⊂ Ṽ0.

For v0 ∈ Ṽ0, v ∈ Ṽ and X ∈ m̃ we have

τ(f̃ (X)v0, v) = τ(q̃(X) · v0, v) = τ(v0, q̃(X) · v) = 0.

This means

f̃(m̃)Ṽ0 ⊂ Ṽ0.

These show f̃(g̃)Ṽ0 ⊂ Ṽ0, and

f̃(g)Ṽ0 ⊂ Ṽ0.

Since g is semi-simple, the representation f̃ of g on Ṽ is completely reducible.
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Therefore there exists a complementary subspace Ṽ1 of Ṽ such that

Ṽ = Ṽ0 ⊕ Ṽ1,

f̃(g)Ṽ1 ⊂ Ṽ1.

Since f̃(E) = IṼ we have

f̃(g̃)Ṽi ⊂ Ṽi (i = 1, 2).

Thus we get

Ṽ · Ṽi ⊂ Ṽi (i = 1, 2).

Denoting e = e0 + e1 where ei ∈ Ṽi we know

Leivj = δijvj for vj ∈ Ṽj ,

where δij is Kronecker’s delta. Hence dimV0 = trace of Le0 on Ṽ0 = trace of Le0 on
Ṽ = TrLe0·e0 = τ(e0, e0) = 0. This implies that τ is non-degenerate.

Let us recall the definition of Jordan algebra. An algebra Ṽ over R is said to be
a Jordan algebra if, for all u, v ∈ Ṽ ,

u · v = v · u,

u · (u2 · v) = u2 · (u · v).

The following lemma is due to [V1].

Lemma 3.4. Let Ṽ be a commutative algebra with a multiplication u · v = Luv.
Suppose

(a) [[Lu, Lv], Lw] = L[u·w·v],
(b) the bilinear form τ(u, v) = Tr Lu·v is non-degenerate.

Then Ṽ is a semi-simple Jordan algebra.

Therefore our algebra Ṽ is a semi-simple Jordan algebra.

Lemma 3.5. The representation f̃ of g̃ on Ṽ is faithful.

Proof. We set

kerg f̃ = {X ∈ g | f̃(X) = 0}.
We denote by df̃ the coboundary operator for the cohomology of the Lie algebra
g with coefficients in (Ṽ , f̃). Regarding q̃ as a 1-dimensional (Ṽ , f̃)-cochain, we
have (df̃ q̃)(X, Y ) = f̃(X)q̃(Y )− f̃(Y )q̃(X)− q̃([X, Y ]) = 0 for X, Y ∈ g. Since g is
semi-simple, there exists an element ẽ ∈ Ṽ such that q̃ = df̃ ẽ. Thus we have

q̃(X) = f̃(X)ẽ for X ∈ g.

This shows that kerg f̃ ⊂ k̃ = k. By effectiveness we have kerg f̃ = {0}. Suppose
f̃(X̃) = 0, where X̃ = X +xE (X ∈ g). Then Trf̃(X) = Tr(−xf̃(E)) = −xdim Ṽ .
g being semi-simple we have X ∈ [g, g], and so Trf̃(X) = 0. Thus x = 0 and
X ∈ kerg f̃ = {0}. Hence X̃ = 0.
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Let m(Ṽ ) = {Lv | v ∈ Ṽ } and let k(Ṽ ) be the vector subspace spanned by
[Lu, Lv] (u, v ∈ Ṽ ). Then f̃(m̃) = m(Ṽ ), and

g(Ṽ ) = k(Ṽ ) + m(Ṽ ).(3.1)

is a Lie algebra. By Lemma 3.1 an element in f̃ (̃k) is a derivation of Ṽ . Since a
derivation of a semi-simple Jordan algebra is inner [BK], we have

f̃ (̃k) = k(Ṽ ).

Thus

f̃ : g̃ = k̃ + m̃ −→ g(Ṽ ) = k(Ṽ ) + m(Ṽ )(3.2)

is an isomorphism including decompositions.
The center Z(Ṽ ) of a Jordan algebra Ṽ is by definition [BK]

Z(Ṽ ) = {u ∈ Ṽ | [u · v · w] = [v · u · w] = [v · w · u] = 0 for all v, w ∈ Ṽ }.
A Jordan algebra Ṽ with unit e is said to be central-simple if Ṽ is simple and
Z(Ṽ ) = Re.

Lemma 3.6. Our Jordan algebra Ṽ is central-simple.

Proof. Let c ∈ Z(Ṽ ). Then 0 = [c · v · u] = [Lc, Lu]v for all u, v ∈ Ṽ . Thus
[Lc, Lu] = 0 for all u ∈ Ṽ . This together with (3.1) shows that Lc is contained in
the center of g(Ṽ ). By (3.2) the center of g(Ṽ ) is equal to f̃ (the center of g̃). Since
the center of g̃ is RE, we know Lc ∈ f̃(RE) = RLe. Thus Z(Ṽ ) = Re. Ṽ being
semi-simple we have a direct sum decomposition

Ṽ = Ṽ1 ⊕ · · · ⊕ Ṽk,

where Ṽi are simple ideals of Ṽ . Let us denote e = e1 + · · · + ek where ei ∈ Ṽi.
Suppose Ṽ1 6= {0}. Then e1 is the unit of Ṽ1. Let c1 6= 0 ∈ Z(Ṽ1). We have

[c1 · Ṽ1 · Ṽ1] = {0},
[c1 · Ṽi · Ṽj ] = {0}, if i 6= 1 or j 6= 1.

Thus

[c1 · Ṽ · Ṽ ] = {0}.
Analogously we have

[Ṽ · c1 · Ṽ ] = {0}, [Ṽ · Ṽ · c1] = {0}.
Thus c1 ∈ Z(Ṽ ) = Re, and c1 = ae where a 6= 0. This means that Ṽi = {0} if i 6= 1.
Hence Ṽ is simple.

Summing up the above results we have

Theorem 3.7. Let (G, K) be an effective symmetric pair where G is semi-simple.
Suppose that the space G/K admits a G-invariant projectively flat affine connection.
Then there exists a central-simple Jordan algebra Ṽ with unit e such that

(i) Ṽ = V ⊕Re (direct sum as vector spaces).
(ii) Let m(V ) = {Lu | u ∈ V } and let k(V ) be the vector space spanned by [Lu, Lv]

where u, v ∈ V . Then g(V ) = k(V )+m(V ) is a Lie algebra and is isomorphic
to the Lie algebra g = k + m of G including decompositions.
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Conversely, we have

Theorem 3.8. Let Ṽ be a central-simple Jordan algebra with unit e. We set V =
{v ∈ Ṽ | Tr Lv = 0}. Let m(V ) = {Lv | v ∈ V } and let k(V ) be the vector
space spanned by [Lu, Lv] for u, v ∈ V . Then k(V ) and g(V ) = k(V ) + m(V ) are
linear Lie algebras. Let G(V ) and K(V ) be linear Lie groups generated by g(V )
and k(V ), respectively. Then (G(V ), K(V )) is a symmetric pair, where G(V ) is a
semi-simple Lie group, and G(V )/K(V ) admits a G(V )-invariant projectively flat
affine connection.

Proof. It is known [BK] that g(V ) is a semi-simple Lie algebra and

[k(V ), m(V )] ⊂ m(V ), [m(V ), m(V )] ⊂ k(V ).

Let m(Ṽ ) = {Lṽ | ṽ ∈ Ṽ } and let k(Ṽ ) be the vector space spanned by [Lũ, Lṽ] for
ũ, ṽ ∈ Ṽ . We put

g(Ṽ ) = k(Ṽ ) + m(Ṽ ).

Then g(Ṽ ) is a Lie algebra and

g(Ṽ ) = g(V ) + RIṼ ;

cf. [BK]. We define a representation f̃ of g(Ṽ ) on Ṽ by f̃(X̃) = X̃ for X̃ ∈ g(Ṽ )
and a linear mapping q̃ from g(Ṽ ) to Ṽ by q̃(W +Lṽ) = ṽ for W ∈ k(Ṽ ), Lṽ ∈ m(Ṽ ).
Then (f̃ , q̃) is an affine representation of g(Ṽ ) on Ṽ satisfying the conditions of The-
orem 1.1. Therefore the space G(V )/K(V ) admits a G(V )-invariant projectively
flat affine connection.

Remark. Let G(Ṽ ) denote the linear Lie group generated by g(Ṽ ). Then G(Ṽ ) is
the identity component of the structure group of Ṽ , and the orbit Ω̃ = G(Ṽ )e is a
ω-domain [BK], [K]. We have

Ω̃ = R+G(V )e = R+G(V )/K(V ).

Thus Ω̃ is a cone obtained from G(V )/K(V ) by positive dilations at the origin 0.

Remark. For the classification of central-simple Jordan algebras see [BK].

4. Examples

Using typical examples we explain our correspondence between semi-simple sym-
metric spaces with invariant projectively flat affine connections and central-simple
Jordan algebras.

Example 4.1. Quadratic surface SO(p, n + 1− p)/SO(p, n− p) (0 ≤ p ≤ n).

Denoting by Ip the unit matrix of degree p we set

J =
[ −Ip 0

0 In−p

]
,

J̃ =
[ −Ip 0

0 In+1−p

]
=

[
J 0
0 1

]
.

Let Mn
p be the connected component of the set defined by

{x ∈ Rn+1 | txJ̃x = 1}
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containing te = [0, · · · , 0, 1]. Then Mn
0 is a sphere, and Mn

n is a hyperbolic space.
Let

SO(p, n− p) = {s ∈ SL(n,R) | tsJs = J}.
Then we know

Mn
p = SO(p, n + 1− p)/SO(p, n− p).

The Lie algebra o(p, n− p) of SO(p, n− p) is

o(p, n− p) = {A ∈ gl(n,R) | tAJ + JA = 0},
and the Lie algebra g of SO(p, n + 1− p) is

o(p, n + 1− p) =
{[

A a
− t(Ja) 0

]
| A ∈ o(p, n− p), a ∈ Rn

}
.

Let ι be an involutive automorphism of g defined by

ι

([
A a

− t(Ja) 0

])
=

[
A −a

t(Ja) 0

]
.

Then the canonical decomposition of g with respect to ι is

g = k + m,

k =
{[

A 0
0 0

]
| A ∈ o(p, n− p)

}
,

m =
{[

0 a
− t(Ja) 0

]
| a ∈ Rn

}
.

We set

g̃ = g⊕RE,

m̃ = m⊕RE,

where E = In+1. We define an affine representation (f̃ , q̃) of g̃ on Rn+1 by f̃(X̃) =
X̃, q̃(X̃) = X̃e. Then the affine representation (f̃ , q̃) satisfies the conditions of
Theorem 1.1. Using the notation in section 3, for ũ = t[u1, · · · , un, un+1] ∈ Rn+1

we have

Xũ =
[

un+1In u
− t(Ju) un+1

]
,

where u = t[u1, . . . , un] ∈ Rn. Hence[
u

un+1

]
·
[

v
vn+1

]
= Xũṽ =

[
un+1v + vn+1u

−tuJv + un+1vn+1

]
.

Thus the Jordan algebra Rn+1 with this multiplication coincides with the Jordan
algebra [X ; µ, e] associated to the bilinear form µ(ũ, ṽ) = −tuJv + un+1vn+1 on
X = Rn+1, and e [BK, p. 193]. The corresponding ω-domain Ωn+1

p is a cone in
Rn+1 given by

{x ∈ Rn+1 | txJ̃x > 0},
and Ωn+1

p = R+Mn
p .

Example 4.2. SL(n,R)/SO(p, n− p) (0 ≤ p ≤ n).
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Let ι be an involutive automorphism of g = sl(n,R) defined by

ι(X) = −J tXJ,

where J is the same as in Example 4.1. Then the canonical decomposition of g
with respect to ι is

g = k + m,

k = {A ∈ g | ι(A) = A} = o(p, n− p),
m = {A ∈ g | ι(A) = −A}.

Denoting E = In we set

g̃ = g⊕RE = gl(n,R).

Let Ṽ = {v ∈ g̃ | tv = v}. We define an affine representation (f̃ , q̃) of g̃ on Ṽ by
f̃(X)v = − tXv− vX , q̃(X) = − tXJ − JX . Then the affine representation (f̃ , q̃)
satisfies the conditions of Theorem 1.1. Using the notation of section 3 we have

Xu = −1
2
Ju, for u ∈ Ṽ .

Hence

u · v = f̃(Xu)v =
1
2
(uJv + vJu).

The Jordan algebra with this multiplication is a mutation of the Jordan algebra Ṽ
with standard multiplication

u ◦ v =
1
2
(uv + vu)

[BK], and the corresponding ω-domain is a cone Ω(p, n − p) in Ṽ consisting of all
symmetric matrices of signature (p, n− p). We know

Ω(p, n− p) = { tgJg | g ∈ GL(n,R)}
= GL+(n,R)/SO(p, n− p) = R+SL(n,R)/SO(p, n− p),

and SL(n,R)/SO(p, n− p) is a level surface in Ω(p, n− p) defined by detu = 1 (cf.
[Sa]).
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