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DOUBLE COSET DENSITY
IN CLASSICAL ALGEBRAIC GROUPS

JONATHAN BRUNDAN

ABSTRACT. We classify all pairs of reductive maximal connected subgroups of
a classical algebraic group G that have a dense double coset in G. Using this,
we show that for an arbitrary pair (H, K) of reductive subgroups of a reductive
group G satisfying a certain mild technical condition, there is a dense H, K-
double coset in G precisely when G = HK is a factorization.

INTRODUCTION

In this paper, we consider the problem of classifying certain orbits of algebraic
groups — double cosets. Let H and K be closed subgroups of a reductive algebraic
group G, defined over an algebraically closed field of characteristic p > 0. Then,
H x K acts on G by (z,y).g = xgy ™!, for (z,y) € H x K, g € G, and the orbits are
the H, K-double cosets in G. We shall be concerned with the following properties:

(D1) G = HK is a factorization of G.

(D2) There are finitely many H, K-double cosets in G.

(D3) There is a dense H, K-double coset in G.

Notice that (D1)=(D2)=-(D3). A primary aim motivating our work is to classify
all triples (G, H, K) satisfying (D2) or (D3). Factorizations — property (D1) — of
simple algebraic groups, with H and K either reductive or parabolic, are classified
in [LSS].

For example, take H to be semisimple and G = GL(V), where V is some rational
irreducible H-module. Let K be the stabilizer in G of a 1-subspace of V. Then, the
H, K-double cosets in G correspond naturally to the orbits of H on 1-subspaces of
V. This special case of the problem has been studied in some detail by a number
of authors, both for p = 0 and p > 0. The irreducible modules on which H has
finitely many orbits have been classified [Kac, GLMS]. Similarly, the irreducible
modules on which H has a dense orbit have been classified [SK], [Ch1], [Ch2]. More
generally, if K is the stabilizer in G of an i-dimensional subspace of V', the H, K-
double cosets correspond to H-orbits on i-subspaces of V, also studied in [GLMS];
or if H preserves a non-degenerate bilinear form on V, Guralnick and Seitz [GS]
consider orbits of H on degenerate i-subspaces of V', and this problem can also be
reformulated easily as a problem about double cosets.

In all the cases just mentioned, H is reductive and the subgroup K in the double
coset formulation of the problem is a parabolic subgroup of G. In this paper, we are
concerned instead with the case that H and K are both reductive subgroups of G.
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For example, this includes as a special case the study of orbits of a semisimple group
H on non-degenerate i-subspaces of a rational irreducible H-module possessing an
H-invariant bilinear form. We now state the main results of this paper.

If G is a connected reductive algebraic group, define M(G) to be the set of all
maximal connected reductive subgroups of GG that are either Levi factors or maximal
connected subgroups of G. Let R(G) be the set of reductive subgroups H < G for
which there is a chain of connected subgroups H° = Hy < H; < --- < H, = G
such that for all 0 < ¢ < n, H; € M(H;4+1). So in particular, R(G) contains all
reductive maximal subgroups of G and all Levi factors, and if p = 0, R(G) contains
all reductive subgroups of G. Our main result is as follows:

Theorem A. Let G be a connected reductive algebraic group, and take H, K €
R(G). Then, either G = HK, or there is no dense H, K-double coset in G.

This shows that, under the hypothesis of Theorem A, properties (D1)—(D3) are
equivalent. This contrasts with the case when we allow one of H or K to be
parabolic, when there are examples (even if p = 0) where each of the implications
(D2)=-(D1) or — more unexpectedly — (D3)=-(D2) fails.

In [Lu], Luna shows that over algebraically closed fields of characteristic 0, the
union of the closed H, K-double cosets in G is dense in G, for arbitrary reductive
subgroups H, K of a connected reductive group G. In particular, this implies that
a dense H, K-double coset in G must be closed, so that G = HK is a factorization.
Thus, Luna’s stronger result implies Theorem A in characteristic 0 only. Luna’s
inductive proof depends on the construction of étale slices, which is always possible
in characteristic zero thanks to complete reducibility of representations, but can
often fail in small positive characteristic. It is possible to prove a partial version of
Theorem A using Luna’s methods — see [B1, chapter 1].

The approach here is quite different, based on knowledge of the maximal sub-
groups of simple algebraic groups. In the case that G is simple of exceptional type,
Theorem A follows from [B2]. The bulk of the work in this paper is in proving
Theorem A in the case that G is simple of classical type, which will follow from the
next result:

Theorem B. Let G be a simple classical algebraic group and H, K € M(G). Then,
either G = HK is a factorization, or there is no dense H, K-double coset in G. In
the former case, the triple (G, H, K) is listed in Table 1.

The existence of every factorization in Table 1 follows from [LSS, Section 1].
Notation in the table will be explained in Section 1. The layout of the remainder of
the paper is as follows. In section 1, we review some results on maximal subgroups
of simple algebraic groups and the techniques developed in [B2]. The proof of
Theorem B is given in sections 2, 3 and 4, and this is applied to prove Theorem A
in section 5.

1. PRELIMINARIES

We set up notation and recall some well known general results in invariant theory.
Then we review results of Seitz [Se] and Liebeck [L] concerning maximal subgroups
of classical algebraic groups, which will be used in the proof of Theorem B.

1.1. Notation. Throughout, k will be an algebraically closed field of characteristic
p > 0, and G will denote an affine algebraic group defined over k. Subgroups of
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TABLE 1. Maximal reductive factorizations of simple algebraic groups

[G=CI(V)]|n,p | H | K |
SLa, n>2 Span Ly or Loy 1
SOgn n 2 4 Nl Ln—l or Ln
80411 (nap) 7é (25 2) N Sp2 ® Sp2n
Span p=2 N; SO2,
Spe p=2 N3,806 | G2,V |k= Lg(w1)
SOr p#2 L1, M G2,V | k= Li(w1)
SOg Bg Ll,L4,N1 or TBg
SOg TBg Ll,Lg,Nl or B3
SOg p#£2 B3 or "B3 | N3 or Sps ® Spy
SO13 p=3 N Cs,V | k= Lk (w2)
SO N B4,V | k= Li(ws)
SO2 p=2 Ny A5,V | k= Li(ws)
SO25 p=3 Ny Fy,V | k= Lg(ws)
8032 p=2 N1 DGaVlK: LK(W5) or LK(wg)
SOs6 p=2 N E7,V | k= Lk (wr)

G will always be assumed to be closed without further notice. By a G-module we
mean a rational kG-module, and by a G-variety we mean an algebraic variety X
defined over k on which G acts morphically.

By a reductive algebraic group, we mean a (not necessarily connected) algebraic
group G with trivial unipotent radical. If G is a connected reductive algebraic
group, we define a root system of G to be a quadruple (T, B; X, II), where T is
a maximal torus of G and B is a Borel subgroup containing 7. Let X(T) =
Hom (T, k*) be the character group of T'. The choice of T determines a set of roots
¥ C X(T). For a € X, we shall write U, for the corresponding T-root subgroup of
G. The choice of B determines a set of positive roots ¥t = {a € ¥ | U, < B} and
hence a base II for X.

Given a fixed root system (T, B; X, II), we will adopt the following conventions.

Write IT = {ay, ..., a,}, where n = rank X, and if G is simple, label the simple
roots «; as in [H2]. Let W = Ng(T')/T be the Weyl group of G, and choose a
W-invariant inner product (-,-) on R®, X(T'). Then W is generated by s1, ..., sp,
where s; is the simple reflection of R ®, X (T') in the hyperplane orthogonal to «;.
Fix fundamental dominant weights wy,...,w, € R®, X(T) such that

2<wi, aj>

(o, ;)
Let U be the unipotent radical of B, so B =TU. Let B~ = TU™ be the opposite
Borel subgroup to B. For w € W, let U, < U be the subgroup generated by root
subgroups U, such that « is a positive root sent to a negative root by w.

If V' is an arbitrary G-module and p € X (T'), we shall write V,, for the weight
space {v € V| tw = p(t)vforallt € T}. When G is semisimple and A is a
dominant weight relative to some fixed root system of G, we shall write Lg(X) for
the irreducible G-module of highest weight A, and Ag(\) for the corresponding
Weyl module. Finally, we use T; (resp. U;) to denote a torus (resp. a connected
unipotent subgroup) of dimension i.

= 6i.
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For the first lemma, recall the properties (D1)—(D3) introduced in the introduc-
tion.

1.2. Lemma. Let H and K be subgroups of a connected algebraic group G. Let
(D) be one of the properties (D1), (D2) or (D3).

(i) (D) holds for (G, H, K) if and only if it holds for (G, H°, K°).

(ii) (D) holds for (G, H, K) if and only if it holds for (G, H9, K") for any g,h €

G.

. (iii) Let 0 : G — G be a surjective morphism of algebraic groups, and set
H :~9_~1]1{,K = 0~'K. Then (D) holds for (G,H,K) if and only if it holds
for (G,H,K).

Proof. This is proved for (D1) in [LSS, Lemma 1.1]. The proofs for (D2), and of
(i) and (ii) for (D3) are straightforward. So consider (iii) for (D3). Morphisms
of algebraic groups are open maps, so any closed subset of G which is a union of
ker 6-cosets has closed image. Now, the closure of an H, K-double coset is a union
of double cosets, hence a union of ker f-cosets since ker § < H. Hence, its image is
also closed, and (iii) follows easily from this observation. (]

1.3.  Some invariant theory. Let G be an arbitrary algebraic group. If X is a
G-variety, the algebra of G-invariants on X is defined to be

E[X])¢ :={f €k[X]|g.f=fforallge G},

where k[X] is the algebra of regular functions on X. Here, the action of G on
k[X] is defined by (g.f)(x) := f(g~'z) for g € G, f € k[X],x € X. If in addition
X is irreducible, we write k(X) for the algebra of rational functions on X. The
action of G on X also induces an action on k(X), and we shall write k(X )¢ for the
corresponding algebra of rational invariants.

In the case that G is reductive and X is an affine G-variety, the Mumford conjec-
ture, proved in [Hab], plays a crucial role. For us, the most important consequence
of the Mumford conjecture is the following lemma. We shall frequently use it to
verify that there is no dense double coset in a given case in the proof of Theorem B.

1.4. Lemma ([B2, Lemma 2.1]). Suppose G is reductive and X is an affine G-
variety. If A and B are disjoint closed G-stable subsets of X, then there erists an
invariant f € k[X]% with f(a) = 0 for alla € A and f(b) = 1 for allb € B. In
particular, if G has at least two disjoint closed orbits in X, then there is no dense
G-orbit in X.

To apply Lemma 1.4, we need to be able to prove that certain orbits are closed.
Our main technique for this is the next elegant lemma, which is an easy consequence
of the definition of a complete variety.

1.5. Lemma ([S2, p. 68, Lemma 2]). Let G act on a variety X, and let P < G be
a subgroup of G such that G/P is complete. If U C X is closed and P-stable, then
G.U is also closed.

Combining this with Lemma 1.4, it is easy to obtain the following results. See
[B2, Section 2] for details.

1.6. Let T be a mazimal torus of G. Let X be an affine G-variety, and suppose
that © € X s fited by T. Then, G.x is closed in X.
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1.7. Let H and K be reductive subgroups of G with maximal tori S, T respectively,
such that S <T. Then, HnK is closed in G for alln € Ng(T).

1.8.  Let H be a proper reductive subgroup of a connected reductive algebraic group
G. Then, there is no dense H, H-double coset in G.

Given a reductive group G with root system (7', B; X, II), there is a well-defined
action of W on the zero weight space V) of any G-module V. For later use, we
record two useful lemmas:

1.9. Lemma ([B2, Lemma 4.1]). Let V be a G-module and let v,v" € Vy. Then,
v and v' are conjugate under G if and only if they are conjugate under W.

1.10. Lemma. Let V' be an irreducible G-module. Suppose that G preserves a
non-degenerate bilinear form on V. If u,v are weights of V', then the weight spaces
V. and 'V, are orthogonal unless un = —v. Hence, the restriction of the bilinear form
to Vi is mon-degenerate.

Proof. Take u € V,,,v € V,, such that (u,v) # 0. Then, for all t € T, (u,v) =
(tu,tv) = pt)v(t)(u,v). Hence, u(t)v(t) = 1, so p = —v as required for the first
part of the lemma. In particular, this shows that V- contains all non-zero weight
spaces, and hence Vy + VOJ- = V. So, V| is indeed non-degenerate. O

1.11.  Mazimal subgroups. Recall the notation M(G) from the introduction. We
highlight at this point the difference between mazimal connected reductive subgroups
of G and reductive mazximal connected subgroups of G; the latter are maximal con-
nected subgroups of G that are also reductive, whereas the former may lie in some
proper parabolic subgroup of G. If G is connected and p = 0, every maximal con-
nected reductive subgroup of G lies in M, as a consequence of complete reducibility
of representations. However, this need not be the case in arbitrary characteristic:
there may be reductive subgroups of some parabolic subgroup P of GG that lie in no
Levi factor of P. This complication explains the need for the technical restriction
that subgroups lie in R(G) or M(G) in Theorems A and B (though we believe that
in fact no restriction is necessary).

We use the notation G = CI(V) to indicate that G is a connected classical
algebraic group with natural module V. If (G,p) = (B,,2), take V to be the
associated 2n-dimensional symplectic module. When G = SO(V) or Sp(V), let
N; denote the connected stabilizer in G of a non-degenerate subspace of V' of
dimension i with ¢ < 2dimV; and when (G,p) = (Dy,2), let Ni denote the
connected stabilizer of a non-singular 1-space.

1.12. Theorem ([Se, Theorem 3]). Let G = Cl(V), and suppose that H is a re-
ductive mazximal connected subgroup of G. Then one of the following holds:

(i) H = N; for some 1.

(i) V=UW and H = CIl(U) @ CL(W).

) (G, H) = (SLV), Sp(V) (SLV), SO £ o (Sp(V), SOW (o =
2).

(iv) H is simple, and V | g is irreducible and tensor indecomposable, with H #
Cl(V).

When G = CI(V), we let & = &(G) be the set of all reductive maximal connected
subgroups H < G given by part (iv) of the theorem; so if H € &, then H is a
simple maximal connected subgroup of G = CIl(V) and V |y is irreducible and
tensor indecomposable.
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TABLE 2. Modules of small dimension

| G [ X d=dimV Cu(V)
A, n>1 w1 n+1 G=SLy4
As w2 6 G =S0¢
Apn n>4 w2 %n(n +1) SLg
Sp2o  p#2
As w3 20 { SO0 p=2
An n=6,7 w3 %(n —Dnn+1) SLy
An n>1,p#2 | 2w 5&n+1)(n+2) SLg4
n +2n ptn+1 Spa p=2,n=1(4)
An n21 w1t wn { n?+2n—1 pln+1 { S04 otherwise
A1 p>5 3w1 4 Spa
As p=3 w1 + w2 16 SLis
Bn n>3,p#2 | w 2n+1 G =S0y4
B, n>3,p#2| w2 m2+n SOy
Bn 3<n<6, |wn 2n { 300 n=54
p7£ 2 Pd 3
Cn n2>2 w1 2n G = Spg
m?2—-n—1 pin Spa p=2,n=2(4)
Cn n22 “2 { m2-n—-2 pln SO, otherwise
Cpn n>2p#2 | 2w 2 +n SOy
Cn 3<n<6, |wn on S0y
p=2
C3 p#2 w3 14 Sp14
D, n>4 w1 2n G =S0y4
m? —n pF#2 B _
D, n>4 w2 2m?2—n—-1 p=2,ptn { gg‘i f))t;ef;v?se: 2(4)
M2 -—n-2 p=2,p|n d
Dy w3, w4 23 G = SOg
D5 ws 24 SL16
Spz2  p#2
5
Dg ws, We 2 { 503 p=2
Dy wr 26 SLea
SO7 p#2
Go w1 7T—0d2,p { Sps  p=2
Go w2 7(2 - 617»3) S0q
Fy w1 26(2 — 517’2) SOd
Fy w4 26 — 534; SOy4
Eg w1 27 S Loy
Eg ws 78 — 83 p S04
SO133 p#2
E 133 — 6
v “1 2P { Spizz p=2
Spse P F# 2
E7 wr 56 { SOss p=2
Es ws 248 SOy

We introduce the notation P; to denote the maximal parabolic subgroup obtained
by deleting the ith node from the Dynkin diagram of G, and L; to denote a Levi
factor of P;. Explicitly, if (T, B;X,1I) is a root system for G, then we may take
P, =(B,U_q; |j#1i)and Ly = (T,Uxq, | j #1).

We have now explained most of the notation in Table 1. There are some finer
points still to be explained. In G = SOsg, there are three classes of subgroup of
type Bs. We denote representatives of these classes by B3,”Bs and N; in Table 1.
Here, B3 denotes a subgroup of G of type Bz such that Lg(w1) |l p,= La(ws) =
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Lp,(ws), whilst "Bs denotes a subgroup of G of type Bs such that Lg(wi) [-B,=
Le(wy) lrps= Lp,(ws). If in PSOg, we let 7 be a triality automorphism that
induces the permutation (w; w3 w4) on the fundamental weights {w1,...,ws}, then
7 induces the permutation (Bs "Bs Ni) on the images of B3,”Bs and N7 in PSOs.
Later, we shall refer to B3 < SOs = G such that Lg(w1) [ B,= Lp,(ws). This is
ambiguous and should be taken to mean either Bz or "Bs3. In a similar fashion, we
shall refer to GL,, < SOs,. By this we mean either of the two classes L,,_1 or L,
of subgroups of SOs,, of type GL,,. Likewise Sps ® Span < SO4p.

1.13. Modules of small dimension. To list the subgroups in &(G) for G classical, of
large dimension relative to dim GG, we require some known information on modules
for simple algebraic groups of small dimension relative to the dimension of the
group. Let G denote a simple algebraic group with fixed root system (7', B; 3, II). If
p = 2, we assume in addition that G is not of type B,,; we may make this assumption
without loss of generality because of the existence of bijective morphisms (which
are not isomorphisms of algebraic groups) B,, — C,, and C,, — B,, in characteristic
2. We define numbers eg to be

G |An B, Cn D, Gy Fy, Es E; Ejg
eg|m+3 m+n+1 m+2 m+n 18 96 80 192 1024

where m = dim G.
If V is an irreducible G-module, we define C1(V) to be the smallest classical group
on V containing the image of G in GL(V') (this is well-defined as V' is irreducible).

1.14. Theorem. Let V. = Lg(\) be an irreducible, tensor indecomposable G-
module such that 1 < dimV < eg. Then, up to duals and field twists, the quadruple
(G, A\, dim V, CI(V)) is listed in Table 2.

We remark that some care is needed interpreting Table 2 if G = C),, and p = 2.
In this case, the image of G in GL(V) according to the representations in Table 2
need not be of type C,,. For example, the image of (), in a spin representation in
characteristic 2 is isomorphic to B,, as an algebraic group.

Apart from the information on CI(V'), this theorem follows immediately from
[L, Section 2]. To compute CI(V), the methods of [LSS, Section 2] suffice unless
p =2 and V is a self-dual composition factor of Lie(G). The result for this final
possibility follows from results of Gow and Willems [GW] (or see [B1, chapter 2]).

We now give a first application of the information in Table 2.

1.15. Lemma. Let G = CI(V) a classical algebraic group and H < G be a reduc-
tive mazximal connected subgroup with dim H > %dim G. Then (G,H) are listed
below:

G H Conditions
ClV) N;

SL(V) Sp(V)

Sp(V) SO(V) |p=2

SOg B3 Vig= Ly(ws)
SO7(p # 2),Spe(p = 2) | G2 Vig= Ly(w)
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Proof. We apply Lemma 1.12, to see that either (G, H) is as in the conclusion or
H € 6(G). In the latter case, note that dim H > %dimG > dim V, so the pair
(H,V | p) is listed in Table 2. Also, G is the group CI(V) listed in the table, since
H is maximal in G. Thus, checking dimensions for each possibility in Table 2 gives
the conclusion. |

2. PROOF OF THEOREM B: MAXIMAL REDUCTIVE SUBGROUPS

We are now ready to prove Theorem B. The strategy is as follows. We first
use the information on maximal subgroups and modules of small dimension in
Section 1 to list all pairs (H, K) of subgroups in M(G) satisfying the dimension
bound dim H +dim K > dim G. We then verify each case in turn, using Lemma 1.4.
We divide the case analysis into two halves. In this and the next section, we consider
the possibilities when both H and K are maximal reductive connected subgroups,
and in section 4 we consider the remaining possibilities when one of H or K is a
Levi factor.

2.1. Proposition. Let G be simple and H, K € M(G) with both H, K reductive
mazimal connected subgroups. To prove Theorem B for the triple (G, H,K), it is
sufficient to show that it holds for (G, H, K) in Table 3. (In the table we reference
the lemma in which we treat these subgroups.)

Proof. Let G = Cl(V), and let H, K be reductive maximal connected subgroups
of G. If H, K are conjugate, then there is no dense H, K-double coset in G by
(1.8), and if dim H 4+ dim K < dim G then there can be no dense double coset by
dimension. Thus, we may assume H, K are not conjugate and that dim H+dim K >
dim G. Moreover, if (G,p) = (Bn,2), then we can apply a bijective morphism
B,, — C,, to deduce the result for B,, from the corresponding result for C,,. Hence,
we will assume (G, p) # (B, 2). We now apply Theorem 1.12 to list all possibilities
meeting these conditions. This is easy, but rather lengthy, so we only sketch the
argument.

We may assume dim H > dim K, so dim H > }dim G. Hence, (G, H) is given
by Lemma 1.15; we consider the possibilities one by one.

(a) (G,H) = (Cl(V),N;). List the possibilities for K, using Theorem 1.12
to see that one of the following holds: (i) (G,K) = (Cl(V),N;); (ii) (G,K) =
(CU(V),Cl(U)®ClY(W)) where V = U @ W, (iii) (G, K) = (Sp(V),SO(V))(p = 2);
(iv) K € 6(G). Cases (i)-(iii) are all listed in Table 3. So, consider case (iv). First,
suppose i = 1, so (G, H) = (SO(V),N;) and K € 6(G) with dimK > dim G —
dimH = dimV — 1. So, (K,V |k,dimV,G) is in Table 2. Hence, either V | is
a composition factor of Lie(K), or (K,\) = (4s,ws3)(p = 2), (Bn,ws)(n = 3,4),
(Bmwn)(p =2,n = 576)7 (Dﬁvwﬁ)(p = 2)7 (GQawl)(p # 2)7 (F4,W4)(p # 2) or
(E7,wr). All of these are included in Table 3 except for Bs in p = 2, which lies in
Dg so is not maximal.

Now suppose i > 2. Note that if G = SO(V), then i # 2 as Ns is not
maximal in SO(V). Hence, dimK > dimG — dim H implies either dim K >
2dimV —4if G = Sp(V), or dim K > 3dimV — 9 if G = SO(V). In particular,
(K,V |k,dimV,G) is in Table 2. Listing the possibilities that meet the dimension
bound on dim K, we deduce (K,\) = (Ga,w1) (or (G2,ws) if p = 3, which yields
the same embedding), (Bs,ws), (Dg,ws)(p # 2), or (E7,w7)(p # 2). Now for each
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TABLE 3. Case list involving maximal subgroups

|G lp |H | K | Ref |
Cl(V) N; N; 2.2
Cl(V) N; CIU)@CUW),V =UW 3.1
SL(V) |p#£2]|Sp(V) SO(V) 2.4
Sp(V) |p=2|N SO(V) [LSS]
SO(V) Ny K € 6(G),V |k a composition 2.5
factor of Lie(K)
SO(V) p?éQ Nl Cnale: LK((UQ) 2.5
Sp(V) p=2|SO(V) Chn,V | k= Lk (wz) and n = 2(4) 2.6
Sp(V) p=2|SO(V) Ap,V]gk=Lg(wi +w,) and n =1(4) | 2.6
Spﬁ p= SOG or N2 Gz, VlK: LK(wl) [LSS]
507 p?éQ Nl or N3 GQ,VLK: LK(wl) 2.3
SOg N1 or N3 Bg,VlKZ LK(u)g) [LSS]
5016 N1 B4,VLK= LK(L«J4) [LSS]
5020 p= 2 N1 A5,Vl}(= LK(wg) [LSS]
5026—6%3 Nl F4,VLK: LK((U4) 2.5
Sp32 pF#2| No D¢,V | k= Lk (ws) 2.7
5032 p= 2 Nl Dﬁale: LK((UG) [LSS]
Sp56 P 75 2 NQ E‘77 VLKZ LK(L«)7) 2.7
5056 D= 2| N E7, VLKZ LK(L«)7) [LSS]
5064 p= Nl B67VlK: LK((UG) 2.8
Sp132 p=2]S5013 E7,V | k= Lg(w1) 2.6

of these cases, one computes the permissible values of i, to obtain the entries in Ta-
ble 3: (G, H, K) = (SO7,N3,G2) (p # 2), (Sps, N2,G2) (p = 2), (SOs, N3, Bs),
(Spa2, N2, Dg)  (p # 2) and (Spse, N2, E7)  (p # 2).

(b) (G,H) = (SL(V),Sp(V)). List the possibilities for K to obtain: (i) K =
SO(V); (i) K = Cl(U)®CIU(W) where V = UQW; (iii)) K € 6(G). Case (i) is listed
in the table, and case (ii) does satisfy the dimension bound dim H +dim K > dim G.
In case (iii), dim K > dim G—dim H implies diim K > 1d(d—1)—1 whered = dim V',
which is even. So, (K,V |k,d,G) is as in Table 2. Considering the cases in the
table one by one, none satisfy the requirements.

(¢) (G,H) = (Sp(V),SO(V))(p = 2). By (a), we may assume K # N;. Listing
the remaining possibilities, we see: (i) K = Cl(U) @ Cl(W) where V = U @ W;
(ii) K € 6(G). Case (i) does not occur, as Cl(U) @ Cl(W) preserves a quadratic
form on V if p = 2, so is not maximal. In case (ii), dim K > dim G —dim H implies
dim K > dimV, so (K,V | k,dimV,G) is in Table 2. Listing the possibilities, we
see that V | g= L (N\), where (K,\) = (An, w1 + wy)(n =1(4)), (Cp/Dyp,w2)(n =
2(4)), (G2, w1) or (E7,wy). All of these are included in Table 3 except for D,,, which
is not maximal.

(d) (G, H) = (SOS,Bg), where VlH: L33 (w:;), (507, Gz) (p 75 2) or (Spﬁ,Gg)
(p = 2). If H = Bs, we can deduce the result from the case H = N; by applying
a triality automorphism to send B3 — Ni; one needs to work in P.SOg here since
triality is not defined in SOg if p # 2. Otherwise, H = G5 and K € 6(G), and
listing the possibilities for K using Table 2, one concludes K is conjugate to a
subgroup of H in all cases. O
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Recall the definition of transporter: if V is a G-variety and A, B C V are subsets
with B closed, then Trang(A, B) = {g € G| g.A C B} is a closed subset of G.

We now prove Theorem B for all cases in Table 2 except (CI(V), N;, Cl(U) ®
CIl(W)), which we postpone to Section 3.

2.2. Lemma. There is no dense H, K-double coset in G if
(G,H,K) = (Cl(V), N;, N;).

Proof. We may assume j # i, since otherwise H and K are conjugate and the
result holds by (1.8). So, let dimV =n and 1 < j <i < in. Then, G = Sp(V) or
SO(V), H is the stabilizer of a non-degenerate subspace Vi of dimension 4, and K
is the stabilizer of a non-degenerate subspace Vi of dimension j (or if G = SO(V),
p=2and j =1, K is the stabilizer of a non-singular line Vi ). Conjugating, we
may assume that Vi < V.

We claim that HK = Trang(Vik, Vg ). One inclusion is obvious, so take g to
be an element of Trang(Vi, V). Then, gV is a non-degenerate (or non-singular)
subspace of Vi of dimension j; H acts transitively on these, so we can find x € H
such that xgVkx = V. Hence, zg € K and g € HK. Thus, HK = Trang(Vik, Vy),
and in particular, H K is closed.

Now, pick h € G such that hVx < V. Then, hKh~! is the stabilizer of the
subspace hVx, and, by an identical argument, HhKh~' = Trang(hV, V}Jf), SO
HhK = Trang(Vk, Vi), which is closed. Also, Trang (Vi, Vi) and Trang (Vi, Vi)
are clearly disjoint. So, HK and HhK are disjoint closed H, K-double cosets in G,
and the result follows by Lemma 1.4. O

2.3. Lemma. Theorem B holds if

(GvHvK) = (8077N17G2)7
(GvHvK) = (8077N37G2)7

where V | g,= La,(w1) and p # 2.

Proof. The case (G, H, K) = (S07, N1, G3) is a factorization by [LSS]. So, we just
need to consider (G, H, K) = (SO7, N3, G>).

Let V' be the spin module for G = Bs, so V = Lp,(ws3). Fixing a maximal
torus T of G, we will write a base for G relative to T as {e; — 3,62 — 3,3}
in the usual way. Then, the non-zero weight spaces in V' correspond to weights
{3(£e1 £ e2 £ e3)}; we abbreviate $(+e1 + €2 + €3) as + + +, etc. Let H = N3,
a maximal rank subgroup of G which may be chosen to be generated by root
subgroups U4 (¢, —c,), Ut (e, 42,) and Uxe,. Let Vi be the span of weight spaces
corresponding to weights ++ +, ++ —, — — —, — — 4, which is H-stable since each
of the root group generators of H stabilizes Vi. The restriction of the form on
V to Vg is non-degenerate by Lemma 1.10, so V = Vi @ Vjf is a direct sum of
H-modules. Let Vi be a non-degenerate line in Vi, and set K = stabg(Vik), a
subgroup of type G2 as G2 = B3N Ny in SO(V).

We know SO(V) = B3Ny, so G acts transitively on non-degenerate lines in V'
and we may pick h € G such that hVx < Vﬁ-. Then, as in Lemma 2.2, HK C
Trang (Vi, Vi) whilst HhK C Trang (Vi, V). These transporters are closed and
disjoint, so contain disjoint closed H, K-double cosets to complete the proof by
Lemma 1.4. O
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2.4. Lemma. There is no dense H, K-double coset in G if
(G, H,K) = (SL(V), Sp(V), SO(V))(p # 2).

Proof. The proof of this case is identical to the proof for (G, H, K) = (Eg, F4, Cy)
in [B2, Lemma 6.1]. O

2.5. Lemma. Theorem B holds if G = SO(V),H = Ny and K € &, where V | =
L (N) is either a composition factor of the adjoint module of K or (K, \) = (Fy,ws4)
or (Cp,wa).

Proof. Notice here we are excluding K = A, (n =1(4)), Cp,(n = 2(4)) and E7 when
p = 2, as then K is not a subgroup of G by [GW]. Let T be a maximal torus
of K. If (GY,[{7 K,p) = (5025,N1,F4,3) or (5013,N1,03,3), then G = HK is a
factorization by [LSS]. Otherwise, dim V5 > 2. Hence, since by Lemma 1.10, the
restriction of the bilinear form to Vj is non-degenerate, there are infinitely many
vectors of length 1 in V. By Lemma 1.9, there must therefore be infinitely many
non-conjugate vectors of length 1 in V5. Furthermore, by (1.6), these all have closed
K-orbits. Thus, under the usual identification between H, K-double cosets in G
and K-orbits on vectors of length 1 in V', we have found infinitely many closed
H, K-double cosets, and the result follows by Lemma 1.4 again. O

2.6. Lemma. There is no dense H, K-double coset in G if p =2 and

(G, H, K, /\) = (Sp(V),SO(V), Ap,w1 +wn)(n = 1(4))7
(G7 H, K, /\) = (Sp(V), SO(V)7 Cn7w2)(n = 2(4))7
(Gv H, K, /\) = (Sp(V),SO(V),E7,w1),

where V' | k= Lk ().

Proof. Let d = dimV. Let W be a (d + 2)-dimensional orthogonal space with
quadratic form @, and fix a non-singular line (w) where Q(w) = 1. Let G =
SOg4+1 be the stabilizer of (w) in SO(W). Then, V = (w)*/(w) is a d-dimensional
symplectic space, and the map (w)> — V induces a bijective morphism G — G =
Spq. Let H, K be the pre-images of H, K respectively. It will be sufficient to show
that there are disjoint closed H, K-double cosets in G, because of Lemma 1.2(iii).
As H 2 SOy, it stabilizes some complement U to (w) in (w)*. Let Z = ((w)*)* and
note that H is the stabilizer in G of the vector fy € Z, where fo(w) = 1, fo(U) = 0.
Hence, it is sufficient to show that K has disjoint closed orbits in G. fo.

We claim that G.fo = {f € Z | f(w) = 1}. To prove this, it is sufficient to show
that G acts transitively on complements to (w) in (w)*, or equivalently that G acts
transitively on non-degenerate 2-spaces in W containing (w). This follows easily
by Witt’s lemma.

Let T be a maximal torus of H. Then, dim Z; = dim((w)*)o = dim Vj + 1.
Hence, since K # A; or Cy (when K = @), dim Zy > 2. So there are infinitely
many vectors of weight 0 in G. fy, and the result follows by (1.6) and Lemma 1.9. O

The proof of the next lemma is based on the proof that A;Dg (resp. A1Er7)
has infinitely many orbits on L, (w1) ® Lp,(we) (resp. La,(w1) ® Lg,(w7)) in
[GLMS]. We also treat the case N2 in SO(V) here for later use, even though it is
not maximal.
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2.7. Lemma. There is no dense H, K-double coset in G if

(G7H7 K) = (Sp(V),NQ,DG) or (Sp(V),Ng,E'y) G/dep # 2,
(GaHa K) = (SO(V)aN%DG) or (SO(V)3N27E7) andp = 2;

where V | k= Lx(wg) if K = Dg or Lg(wy) if K = E7.

Proof. Let d =dim V. Let U be a 2-dimensional symplectic space, and set W = U®
V', a 2d-dimensional orthogonal space. Write (-, -) for the bilinear forms on U, V, W.
Let L = Sp(U) ® K = A1Dg or A1 E7, a subgroup of SO(W). Let A be the A;-
factor of L. Let Q1 = {w € W|(w,w) = 1} and Qy = {v1 Ava € A* V| (v1,12) = 1}.
To prove the lemma, it will be sufficient to show that K has at least two disjoint
closed orbits in Q5.

Let e, f be a basis for U with (e, f) = 1. Any vector w € W with (w,w) =1
can be written uniquely as e ® v1 + f ® ve, where v1,vy € V and (v1,v2) = 1. So,
we can define a surjective morphism 6 : 3 — Qs by e ® v1 + f ® v3 — vy A va.
Letting A act on €y trivially, 6 is L-equivariant. It is easy to check that the fibres
of # are A-orbits, so that € is an orbit map for the action of A on ;. Moreover,
0 is separable, so, by [Borel, 6.6], (22, 0) is the quotient of 2; by A in the sense of
[Borel, 6.3]. Hence, as 6 is L-equivariant and K = L/A, there is a bijection between
closed L-orbits in €27 and closed K-orbits in €25. Thus, it is sufficient to show that
L has at least two disjoint closed orbits in €.

Let G be a simply connected group of type F; (resp. Fg) if K = Dg (resp. E7).
Let (T, B; ¥, 1I) be a root system for G. The maximal rank subgroup obtained by
deleting «; (resp. ag) from the extended Dynkin diagram of G is of type A;Dg
(resp. AiE7), and we identify this with L. Let {H,, Xg|a € II,8 € X} be a
Chevalley basis for g = Lie(G). We now claim that we may identify W with the
L-submodule of g spanned by X, such that « = a1y + -+ arp, a1,...,a, €Z
and a; = +1 (resp. ag = £1). To prove this, observe that L certainly stabilizes
this subspace, since each of the root group generators of L stabilizes it. Also, —ay
(resp. —ag) is equal to the weight w1 ® wg (resp. w1 ® wr) when written in terms
of fundamental dominant weights for a root system of L, so this subspace must be
isomorphic to W as an L-module.

Now, there is a well defined bilinear form on g (defined by reduction modulo p
from a scalar multiple of the Killing form on the corresponding Lie algebra over
C) satisfying (X4, X_o) = 1 for @ € X. Under the identification, this is precisely
the bilinear form preserved by L on W. Choose a, 3 € £F such that X,, Xg € W
and o+ 3 ¢ X. Let Xop = a(Xo + X_o) + b(Xg + X_p) for a,b € k. Consider
the infinite set Qo = {Xap|a,b € k, (Xap, Xap) = 1} C Q1. Now, as a,b vary, we
obtain elements in the fundamental sly x sl; generated by X4, X+ with infinitely
many different eigenvalues. Hence, if p # 2 (when X, is semisimple) there are
infinitely many closed G-orbits intersecting y. If p = 2, there are infinitely many
elements in {2y with non-conjugate semisimple parts, so again there are infinitely
many G-orbits intersecting 2y with disjoint closures. Hence, there are infinitely
many closed L-orbits in 1, completing the proof. O

2.8. Lemma. There is no dense H, K-double coset in G if
(G7H7 Kup) = (SO(V)uBﬁaNhQ)a
where V' | py= Lp,(we).
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Proof. Let L = Dy and V = Lp,(w7) with p = 2. Then, Bg is a subgroup of L and
V |Bs= Lps(ws). Note that Bg preserves a quadratic form @ on V, but L does not
preserve (). Let Ly be the product of L and a one dimensional torus which acts on
V by scalars.

We first show that L; has a dense orbit in V' with generic stabilizer G3Gs.
To prove this, it is sufficient by dimensions to show that there is v € V with
StabL(U) = G2G2. Now, V |c,cu= ch(w:;) ® LCg(w3)~ As GG < C3C3 and
Lc,(ws) lg, has a fixed 1-space, it follows that there is some vector v € V with
stabilizer containing G2G2. But if the connected stabilizer of v is any larger than
G2 G5 it must contain GoC'3, which is impossible as C3 fixes no vector in V.

Now we show that k[V]¥ # k. Since k[V] is a unique factorization domain and
L has no rational characters, k(V)% is the field of fractions of k[V]*. Hence, it is
sufficient to show that k(V)% # k, which by Rosenlicht’s theorem [Ros] is equivalent
to L having no dense orbit in V. But if L has a dense orbit in V, then it lies in
the dense Li-orbit in V, and so the generic stabilizer is GoG2 by the previous
paragraph, which is a contradiction as dim D7/G2Go = 63 # dim V.

So, we can find a homogeneous invariant f € k[V]* — k, of degree d say. Since
Bgs < L, we just need to show that f is not constant on Q@ = {v € V | Q(v) = 1},
for then f will separate infinitely many closed Bg-orbits in = SO(V)/N;. So,
suppose by way of contradiction that f is constant on this set. Consider the regular
function 6 € k[L] defined by h +— Q(h.v)? for h € L, where vy € V is some fixed
vector with @(vo) = 1. Since L does not preserve @, we can choose vy so that 6 is
not constant on L and f(vg) # 0.

Suppose h lies in the dense subset of L defined by the non-vanishing of . Then,
A? = Q(h.vy) is non-zero and so wo = }h.vy satisfies Q(wo) = 1; hence f(wo) =
f(vg) by assumption. But then f(vg) = f(h.vg) = f(Awo) = A\ f(wp) = A f(vp), so
A =1 and 0(h) = Q(h.vo)? = Q(Awo)? = A?¢ = 1. This implies that 6 is constant
on a dense subset of L, hence constant on all of L, which is a contradiction. O

3. PROOF OF THEOREM B: TENSOR EMBEDDINGS

In this section, we verify Theorem B for the remaining case in Table 3. We fix
some notation throughout the section. Let U and W be non-degenerate symplectic
or orthogonal spaces with dimU = a,dimW = b. Let H be the group CI(U) ®
Cl(W), a central product of the classical groups on U and W. Writing (-, -) for the
bilinear forms on U and W, H preserves the non-degenerate form on V =U @ W
defined by (v @ w,u’ @ w') = (u,v)(w,w’) for u,vw’ € U,w,w’ € W, and so it
embeds into the corresponding classical group G = CI(V). In characteristic 2, we
assume that H = Sp(U), K = Sp(W); here H ® K embeds into G = SO(V). Fix
1<i< %ab, where we assume that i is even if G = Sp(V') and that ¢ is even or
equal to 1 if (G,p) = (SO(V),2). Let K = N; < G.

3.1. Proposition. With the above notation, Theorem B holds for the triple
(G,H,K).

We prove Proposition 3.1 with a series of lemmas. Recall that by Lemma 1.4,
we just need to show that there are two disjoint closed H, K-double cosets in G.

3.2. Lemma. Theorem B holds for the triple (G,H,K) if i = 1.

Proof. Here, G = SO(V). We need to consider the following cases.
(i) H=Sp(U)® Sp(W),2 < a <b;
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(ii) H=S0OU)® SO(W),3 <a<band p# 2.
Pick bases uq, ..., u, and wy, ..., wy for U, W respectively with respect to which

the bilinear forms on U, W correspond to ( _(}n Ig ) if the form is symplectic (where

n=gor g) or to the identity matrix if the form is orthogonal (possible as p # 2).
Denote the matrices corresponding to the forms on U, W by Ji, Js respectively. We
realise V' as the set of a x b matrices over k, with the matrix m corresponding
to the vector Y mg us @ wy in V. If x = x1 ® x3 is an element of H written
as a pair of matrices in terms of the chosen bases (so 21 Jszs = J; for s = 1,2),
the action of z on V is given by z : m — zymal. Writing M, (k) for the set
of a x a matrices over k, define 6 : V. — M,(k) by 0 : m — JymJom?. Then,
0 : xymal — xl_T(Jl mJomT)zT | so H-orbits in V are send to H-conjugacy classes
in M, (k).

We first claim that the set € of matrices of the form mJam” for some a x b matrix
m is just the set of all symmetric matrices in case (ii), or the set of all alternating
matrices in case (i). As b > a, it is sufficient to prove the claim in the case b = a.
Any symmetric (resp. alternating) matrix F' can be regarded as the matrix for a
symmetric (resp. alternating) bilinear form on V. Any such form can be reduced
to a canonical form by change of basis, which corresponds to the matrix operation
F — mFmT for some matrix m. Since € is closed under this operation, one just
needs to check that the matrices corresponding to one’s favourite canonical form
for symmetric (resp. alternating) bilinear forms lie in €2, which is straightforward.

Hence, the image of 6 is the set of all symmetric matrices in case (ii) or

myp M2
ms m{

in case (i).

Now, if p # 2, we can realise K as the stabilizer of a vector v € V with (v,v) = 1.
Then, 6(G.v) is just the set of all matrices in (V') of trace 1. We now claim that
there are at least two disjoint closed H-orbits in §(G.v) if @ > 2 (the case a = 2
is a factorization by [LSS]). The result will then follow with an application of
Lemma 1.4, for on taking pre-images, we see that there are at least two disjoint
closed H-orbits in G.v = G/K. To prove the claim, note that the action of H on
M, (k) is conjugation. There are clearly non-conjugate diagonal matrices in 6(G.v)
for the action of all of GL,(k) on M,(k), provided a > 2. Each GL,(k)-conjugacy
class of a diagonal matrix is closed, hence always contains at least one closed H-
conjugacy class. Hence, H has disjoint closed orbits in §(G.v), as required.

If p = 2, one needs to argue further. The quadratic form preserved by G on V'
is given explicitly, in terms of the basis, by Q(us ® w;) = 0 for all s,¢. Given this,
it is not hard to exhibit vectors v,v’ € V with Q(v) = 1 = Q(v') such that 0(v)
and 0(v') are non-conjugate diagonal matrices, and then the preceding argument
completes the proof. O

for all mq,ma, ms € My(k) with ma, ms alternating}

Now assume 7 > 1. Some of the arguments here break down for the case of Ny
in SO(V') (which is a Levi subgroup), so we shall divide this into five cases:

(i) H=SO(U)® SOW),p#2and 3 <a <

(ii) H = Sp(U) @ SO(W),p # 2 and either 2 <a <b,3<bori=2,3<b<a;

(iii) H =SO(U) @ Sp(W),p# 2 and 3 < a < b with i # 2;

(iv) H=Sp(U)® Sp(W),2<a <b,4<bandi#2;

(v) H=Sp(U)® Sp(W),2<a<b4<bandi=2.
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3.3. Lemma. There is no dense H, K-double coset in G if i > b.

Proof. We show that in this case, dim H 4+ dim K < dimG. This is just an ele-
mentary (but messy) manipulation of inequalities. Note that a < b (the second
possibility in (ii) does not occur as ¢ > b). The inequality dim H 4+ dim K > dim G
is then equivalent to

tab—1\/(a®p? - 2a —2b? +2a + 2b), case (i),
i < sab— 1\/_a2b2 —2b% — 2a + 2b), case (ii),
=] fab-— %\/(aQbQ —20% + 2a —2b), case (iii),
Tab— 1./(a?b? — 242 — 2v° —2b), case (iv).
Hence, in all cases, it is sufficient to show that
1 1
1) b> Sab-— 5\/(a2b2—2a2—2b2_2a_2b).
First, if a = b, then this inequality reduces to b > 36 — 1./(b* — 4b% — 4b), which

is easily seen to be true when b > 3. Otherwise, a < b. Then ala+1) § b(b —1).
So, 0 < 2b% —2a? — 2b— 2a. Hence, a?b? — 4% < a?b? —2b° — 2a2 —2b—2a. Making
this substitution in (}), the inequality is then easy to verify. |

Thus, from now on, we assume that we are in one of cases (i)-(iv) — we will treat
case (v) separately in Lemma 3.7 — and that 1 <4 < b. We now fix standard bases
for UyW. Let A = [5],B = [%] Let e1,...,ea, f1,..., fa, together with d if a is
odd, be a basis for U such that

(esset) = (fs ft) 0, (es,ft) = s,
(dies) = (d,fs) 0, (dvd) = 1

for all s,¢. Similarly, let €f,... €5, f1,..., fg, together with d’ if b is odd, be a
basis for W.

Let Vi3 = (v1,...,v;) be a non-degenerate i-subspace of V', where vy,...,v; are
chosen so that the determinant of the ¢ x ¢ matrix with st-entry equal to (vs, v¢) is
1. Let K = stabg(V1); equivalently, K = stabg(v; A --- A v;), the stabilizer of a
vector in A\"V. The G-orbit containing v A - -+ A v; is just

{wi A+ Aw; | ws € V, det(ws, wy) =1}

Define a linear map 6 : A"V — S{U@ A'W by 0 : (u1 @ wi) A -+ A (u; @ w;) —
(ur ... u;) @ (w1 A+ Aw;) for ug € U,wy € W. Then, 0 is H-equivariant, so the
morphism 6 : G — STUR A" W, defined by 0 : g — 0(g.v1 A---Av;) for g € G, sends
H, K-double cosets in G to H-orbits in S°U @ \'W. It is sufficient to show that
there are two H-orbits in 6(G) with disjoint closures, since their pre-images then
contain two disjoint closed H, K-double cosets in G, and Lemma 1.4 then implies
Theorem B holds in this case. The first closed orbit is easy to find (this is the
reason we chose the conditions in cases (i)-(iv) with some care).

3.4. Lemma. In cases (i)-(iv), 0 € 0(G).

Proof. If i > 4, we may choose V; such that v1 = e; ® e],v3 = f1 ® f],v3 =
e1® f1,va = f1 ® e}. Then, 0(1) = O(vy A--- Aw;), which is zero as every term in
the expression will contain €} A ej. If i = 3, so p # 2, we may choose V; so that
v =€ ®ej, v = f1Q fl,v3 = \%(el ® fi + f1 ® €}), whence it is easily checked
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that 6(1) = 0. Finally, if i = 2 then CI(W) = SO(W) and p # 2. Let w be a non-
singt@ar vector in W. Then, we may choose Vi so that v; = e; @ w,v2 = f1 ® w,
and (1) = 0. O

Thus, it is sufficient in cases (i)—(iv) to show that there is v € 6(G) with 0 ¢ H.v
(except for case (v)). Let T be the maximal torus of H that acts diagonally on the
standard bases for U, W chosen above.

3.5. Lemma. In cases (i)—(iv) with i even, there is no dense H, K -double coset in

G.
Proof. Let V5 be the non-degenerate k-space spanned by e; ® eLfi®fl,...,e1®
e, f1 ® f}, where j = 5. Then, the image of this in 6(G) is
v="(e1.f1)) @ (LA I A Nej A f)).
This is a non-zero vector of S*U @ A" W which is fixed by T. Hence, by (1.6), H.v

is closed, and so H.v is disjoint from 0, as required. O

To treat the remaining cases, we have to do rather more work. Suppose that
U; and W; are Hi-modules for some algebraic group Hi, and that H; preserves a
bilinear form (-,-) on W;. We now define an Hj-equivariant morphism U; @ W; —
U1 ® Uy, which we shall use a number of times in the remainder of the section. Fix

bases u1,...,uy and wy,...,wy for Uy and W7 respectively. Define the morphism
Uy @ W) — U ®Up by
(%) G Y g @w = Y gy (W, wp)us ® g,

s,t s,t,s't!

where s, s’ sum between 1 and N and ¢,t' sum between 1 and M. This is certainly
a morphism. A routine (if slightly gruesome) check shows that the definition of ¢
does not depend on the choice of basis. Using this observation, it is easy to check
that ¢ is H-equivariant.

3.6. Lemma. In cases (i)—(iv) with i odd, there is no dense H, K-double coset in

G.

Proof. Asiis odd and ¢ # 1, either H = SO(U)® SO(W) or H = Sp(U)® Sp(W),
and p # 2. Let V2 be the non-degenerate i-space spanned by e;®e}, fi®f1,...,e1®
eis fi ® f]'-,el ® €y + f1 ® fii, where j = [%] Its image in S'U @ \'W is
v=el i@ NFINNEENFINFIL T NN NN fINE L.
We show that 0 ¢ H.v, which will complete the proof.

Let N = dim S°U, M = dim \"W, and let uy,...,un (resp. wi,...,war) be
bases for S'U (resp. A'W) such that u; = eJ™'.f uy = €. f{™" and w; =
e’l/\f{/\---/\e;/\f;—/\egﬂ,wz:e’l/\f{/\--_-/\e;/\f;/\f;Jrl.

Now, H preserves the canonical form on A" W, defined by

<a1 /\-~-/\ai,b1 /\"'/\bi> = Z 6(0)(&1,1)01) LE— (ai,bgi)
o€S;
for as, by € W. We now construct an H-equivariant morphism ¢ : SU ® /\1 W —
S'U ® S'U as in () (taking (Hy, Uy, W) = (H, S'U, \' W)). Explicitly,

¢ E Astls @ Wy — E Aot Gy (Wi, Wy YUs @ U

’ ’
s,t s,t,s’,t
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Now, one computes the image of v = u; ® wy + uz ® wa, to show that ¢(v) =
(—1) (u1 ®@ ug +uz @ u1) or Uy ® ug — Uz ® uy according to whether H = SO(U) ®
SO(W) or Sp(U) @ Sp(W) respectively. Now, u; @ up = €27 f @ el. 77!, which
is fixed by T, and similarly for us ® u1. Hence, ¢(v) is fixed by T, so its H-orbit is
closed by Lemma 1.6, and disjoint from 0. Hence, the pre-image of H.¢(v) = ¢(H.v)
will be closed and disjoint from zero, and contains H.v. But this shows that 0 ¢ H.v,
as required. O

It remains to treat case (v). Here, we have to proceed slightly differently.
3.7. Lemma. There is no dense H, K-double coset in G in case (v).

Proof. Let @ be the quadratic form associated to (-,-) on V preserved by G. Let
Q={v1Qua eVRV|(v1,v2) =1,Q(v1) =0=Q(v2)}. Then, G acts transitively
on 2 and K is the stabilizer of a vector in €2, so we just need to show H has at least
two disjoint closed orbits in 2. Let (-, -) be the H-invariant bilinear form on W& W
defined by (wy @ wa, w| @wh) = (w1, wh)(we, w]). Now, we define an H-equivariant
morphism V @ V — S%(U @ U) by composition,

0. VoV —UsUaWeW -SUeUeUsU — S*UaU),
where the first and last maps are canonical and ¢ is as defined in (x) with
(Hy, U1, W) = (H,UQU,WW).
Compute the image of (ne1 @ e} + (1 —n)fi@ L) @ (/1@ f1 +e1®¢eh) € Q. Tt is
—n*(e1® f1)* +2n(1 —ner @er.f1 @ f1 — (1 —n)*(fr ®e1)’.
In particular, the image consists of infinitely many elements of weight zero as 7

varies. Hence, there are infinitely many closed H-orbits in 8(€2) by Lemma 1.9 and
(1.6), and the conclusion follows by Lemma 1.4. |

This completes the proof of Proposition 3.1.
Finally, we consider a case in SL(V), using the same argument as for Lemma 3.7.

3.8. Lemma. There is no dense H, K-double coset in G if
(G7 Hv K) = (SLaba SLa & SLb, GLab—l)-

Proof. Let V.= U ® W with dimV = ab,dimU = a,dimW = b, and let G =
SL(V),H = SL(U) ® SL(W). Fix bases uy,...,uq for U and wy,...,w, for W,
and let 41, ...,u, (resp. wy,...,ws) be the corresponding dual basis for U* (resp.

Note that K is the stabilizer of an element vy ® 79 € V @ V* where 9p(vp) = 1.
Hence, define Q = {v @0 € V@ V*|0(v) = 1}, the G-orbit of vy ® Ty. We need to
prove that H has at least two disjoint closed orbits in §2, by Lemma 1.4.

Let (.,.) be the H-equivariant bilinear form on W @ W* defined by

(Ws @ Wy, wy @ Wyr) = Wi (Wyr )Wy (W)

for1 <s,s,t,t' <b. Now, VV*isjust UQWRU*®@W*. Define an H-equivariant
morphism 6 : V ® V* — S?(U ® U*) by the composition

VeV —UU eWeW* 5L UeU eUeU* — S2(UeU*),
where the first and last maps are canonical, and ¢ is as defined in (%) with
(Hy, Uy, W) = (H,URU*,\W @ W*).
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Compute the image of (nu; ® w1 + (1 — N)us @ wa) @ (41 @ W1 + U @ Wa) € . It is
n?(u1 ® 01)% +2n(1 — n)(u ® G @ uz ® W) + (1 — n)*(ux ® U2)°.

The important thing is that the image is of weight zero with respect to the maximal
torus T of H that acts diagonally on the basis, and as 7 varies we obtain infinitely
many distinct elements. Hence, there are infinitely many closed H-orbits in 6(2)
by Lemma 1.9 and (1.6). O

4. PROOF OF THEOREM B: LEVI FACTORS

We now consider Theorem B when one or both of H or K is a Levi factor. So, let
G be a connected reductive algebraic group. We fix a root system (7', B; ¥, II) for G
for the remainder of this section. Let P = P; be the standard parabolic subgroup
of G corresponding to the subset J of I = {1,...,n}. So, P =(B,U_,, |j € J),
and L = (T',Ux+q, | j € J) is a Levi factor of P. Let Wy = NL(T')/T be the Weyl
group of L, a subgroup of W.

4.1. Lemma ([B2, Lemma 3.2]). Let H be a connected reductive subgroup of G
with mazimal torus S < T'; let Wy = Ng(S)/S be the Weyl group of H. Suppose
Ny (S) = Ny (T), so that Wy can be identified with a subgroup of W. If there is a
dense H, L-double coset in G, then W = WgW7y, is a factorization of W.

The condition Ng(S) = Ny (T) in Lemma 4.1 is obviously satisfied if H is of
maximal rank, for then we can take S =T. As an immediate application, we have
the following:

4.2. Corollary. Let Lj and Ly be standard Levi factors corresponding to proper
subsets J, J' C I. Then, there is no dense L, L j -double coset in G.

Proof. Let Wy, Wy be the corresponding parabolic subgroups of W. By Lemma 4.1,
we just need to show that W # W ;W ., which is well known. O

To apply Lemma 4.1 to subgroups H which are not of maximal rank, we need to
verify the condition Ny (S) = Ny (T). We now consider this problem. We write t
and g for the Lie algebras of T" and G respectively. We shall need the next, known
lemma:

4.3. Lemma ([B2, Lemma 3.6]). Suppose G is simple, simply connected and (G, p)
is not (Cy,2) for anyn > 1. Then, Ng(t) = Ng(T).

4.4. Corollary. Let G be as in the lemma, and let H be a connected reductive
subgroup with maximal torus S <T. Suppose the zero weight space of g relative to
S is equal to t. Then, Ny(S) = Ng(T).

Proof. By assumption, Ngy(S) normalizes g. Hence, by Lemma 4.3, Ng(S5)
HN Ng(t) = HN Ng(T) = Ny(T). Conversely, let n € Ny(T) and let s € S
TNH. Then, nsn~' € TN H =8, so n normalizes S.

VA

4.5. Lemma. Let G = CI(V), and let H < G be a connected reductive subgroup
with mazximal torus S < T. Then, the zero weight space of g relative to S equals t
if and only if the following hold:

(i) for every p e X(S), dim(V |g), <1;

(ii) if G =Cy, or Bu(p=2), then (V ]g)o =0.
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TABLE 4. Case list involving a Levi factor

| G | P | H | K | Ref |
SL(V) SLU)® SLW),V=U&W | L; |47,38
SL(V) Sp(V) Li 4.7
SL(V) p#2|SOV) L; |4.7,48
SO(V) CIU)@CIW),V=UaW | N, 3.1
Spgn p 75 2 Nl GLTL 4.9
SOsp N; GL, | 4.7,4.9
SO7 p7§2 GQ,VLHZ LH(wl) N2 [LSS]
508 Bg,VlH: LH(wl) N2 [LSS]
SOg Nl N2 2.2
SOlG B4 N2 4.11
8026_517_’3 F4,VLH= LH((.U4) N2 4.14
8032 p=2 DG,VlH: LH(WG) N2 2.7
5056 p:2 E7,VlH: LH((AJ?) N2 2.7

Proof. We prove this for the case G = Sp(V); other types of G are similar. Let
€1, €n,y fn,-.., f1 be a symplectic basis for V, where (e;,e;) = 0 = (f;, f;) and
(s, fj) = 0i5. Let T be the maximal torus of G which acts diagonally on this basis,
so elements of T’ have the form ¢ = diag(t1,. .., tn, 1, ... 7tl_l) when written with
respect to the basis. Let ¢; be the character of T sending t — t; for 1 < i < n.
Then, the weights of e;, f; are €;, —¢; respectively. Let u; be the restriction of ¢; to
S. The weights of g are {0",£2¢;,£¢; £¢; | 1 <i < j <n}. We therefore require
the weights 2p; and p; & 15 to S to be non-zero for each 1 <14 < j < n. This clearly
holds if and only if no y; =0, so (V |s)o =0, and no p; = £, so dim(V |g), <1
for all € X(95). O

Now we apply these results to the remaining cases in the proof of Theorem B,
when one of H, K is a Levi factor. We begin by obtaining a case list as before.

4.6. Proposition. Let G be simple and H, K € M(G), with K a Levi factor. To
prove B for the triple (G, H, K) it is sufficient to show that it holds for the (G, H, K)
in Table 4. (In the table we reference the lemma in which we treat these subgroups.)

Proof. The possibilities for (G, K) are easy to compute. Moreover, it is sufficient
to list the possibilities for H, K up to graph automorphisms of G. Hence, (G, K) =
(A, Li)(1 <1 < %), (Bn, L1), (Cn, Ly), (Dn, L1) or (Dy, Ly)(n > 4). Next, note
that we can exclude (G, K,p) = (Cp, Ly, 2), as then L, lies in a subgroup D,, so
that K ¢ M(G). Then, by Corollary 4.2, H is not a Levi factor, so H is a reductive
maximal connected subgroup of G with dim H > dim G/K. Now the possibilities
can be listed, copying the proof of Proposition 2.1. O

We begin the proof of these cases by considering factorizations in the Weyl group,
applying Lemma 4.1 when possibile.



1424 JONATHAN BRUNDAN

4.7. Lemma. Theorem B holds if
(G,H,K)=(SL(V),SL(U)® SL(W),L;)(i # 1),
(G,H,K) = (5024, N;, GL,,) (i even),
(G, H,K) = (SL(V), Sp(V). L),
(G, H,K) = (SL(V),SO(V), Li)(p # 2).

Proof. First observe that for each case the condition in Lemma 4.5 is satisfied.
Thus, we may apply Corollary 4.4 to deduce that the condition Ng(S) = Ny (T) is
satisfied in every case. Thus, it suffices to show that W # Wy Wy, where Wy and
W, are the Weyl groups of H and L = K respectively by Lemma 4.1. We consider
this for each case in turn.

(i) (G,H,K) = (SL(V),SL(U)® SL(W),L;)(i # 1). Let n =dimG, r =n — 1.
By applying a graph automorphism, we may assume i« < 5. We shall show that
W £ WygWp.

Choose bases uq, ..., u, and wi, ..., wy for U, W respectively, and assume a < b.
An easy dimension argument shows that we may assume i < b. Let Ty ® Ty be
the corresponding maximal torus of H that acts diagonally on these basis elements.
Let v1,...,vqp be the basis for U ® W such that Vi 1)btj = Ui @ Wy, where 1 <3 <
a,1 < j <b. Let T be the maximal torus of G that acts diagonally on this basis,
so Ty ® Ty < T. Write ¢; for the element of X (7') that sends ¢ — t; when t € T
is written as diag(t1,...,tq) with respect to the basis vi,...,vep. Let p;; be the
element of X (Ty ® Ty ) obtained by restricting e(;_1yp4;-

Now, by the proof of [B2, Lemma 3.2], W}, is the stabilizer of w; in X (T), and
w; =e1+---+¢&;. Hence, Ww, = {ej, +---+¢j, |1 < ji <--- < j <ab}isof order
a(?). On the other hand, we are assuming ¢ < b, so w; |1, @1 = p11 + - + K14
So, Wrwi = {ftjry + -+ e |1 <5 <a,1 <k <--- <k; <b} of order a(l;).
Hence, Wy .w; # W.w; unless i = 1, and the result follows.

(ll) (G,H7K) = (SOgn, Ngi, GLn) Again w 75 WHWL. Let €1y,...,En, fn, ey fl
be a basis for V such that (es,e:) =0 = (fs, ft), (s, fr) = dst and Q(es) = Q(f) =
0, where @ is the associated quadratic form if p = 2. Let e1,...,¢, be the cor-
responding weights of the maximal torus 7T that acts diagonally on this basis.
Then, Wy, is the stabilizer of w, = (1 + -+ + &,) in X(T). Also, W acts on
+e1,...,+e, as all permutations of 1,...,n and all sign changes of even signature.
Hence, |[W.w,,| = 2"~1. On the other hand, |Wg.w,| = 2¢712"~i=1 = 27=2_ Hence,
W £ WygWp.

(ii) (G,H,K) = (SLan, Span, Li)(i # 1). If i = 1, this is a factorization by
[LSS]. So, suppose 1 < i < n. Let T be a maximal torus of G and e1,...,€2,
be the weights of T" as in (i). Then, we may choose Ty and weights p1, ..., u, as
usual such that ¢; |7, = —epti l7y= s for 1 <i < n. Then, L; is the stabilizer of
w; = €1+ -+&;. Hence, |[W.w;| = (*') asin (i). Now, Wy acts as all permutations
and sign changes on £p1, ..., +p,. Hence, [Wg.w;| = 2(7). Hence, W # Wy Wy
provided i # 1.

(iv) (G,H,K) = (SL(V),SO(V),L;)(p # 2). If dimV is even and ¢ > 1, the
argument of (iii) shows W # Wy Wi, to complete the proof. We shall prove the
result if dim V' is even and ¢ = 1 in Lemma 4.8. So, we may assume dim V = 2n+1
isodd and 1 < i <n. Let Ty < T be maximal tori of H, G respectively, and ¢; the
usual weights of T'. We can ensure that ¢; |7,= —epyi |7y = p; for 1 <4 < n, and
€ont1lry= 0. Then, W is the stabilizer of w; = &1 +---+¢;, and |W.w;| = (2";r1).
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Now, Wy acts as all permutations and sign changes on +pq,...,+u,. Hence,
|Wh.w;| = 2¢ (?) Hence, W # Wy W, for all i. O

However, in all remaining cases in Table 4 (except (G, H, K) = (SO, Fy, N2),
when the condition of Lemma 4.5 fails), one can show that W = WyW, is a
factorization. So, Lemma 4.1 is of no use here, and we must treat them explicitly.

4.8. Lemma. There is no dense H, K-double coset in G if
(G7 H7 K) = (SLan SOQH? Ll)(p 7é 2)

Proof. Let G = GL(V), H = SO(V), and let vy, ..., va, be an orthonormal basis for
V with respect to the bilinear form (-, -) preserved by H on V. Let f1, ..., fo, be the
corresponding dual basis for V*. Then, the homomorphism defined by ¢ : f; — v;
is H-equivariant. Let K be the stabilizer of v; ® f1. Then, G.(v1 ® f1) ={v® f €
Ve V*|f(v) =1}. Define 0 : V@ V* — SV by v® f +— v.¢(f), an H-equivariant
morphism. Let 0(g) = 0(g.(v1 ® f1)), so that 6 : G — S?V is constant on H, K-
double cosets. Also, 8(G) = {v.w € S?V | (v,w) = 1}. Now, we can construct S2V
as symmetric matrices, the matrix M corresponding to the vector Zi, j M;jv;.05.
The action of H on S?V is then just  : M — xMaT = aMa~", as 27 = 27! for
r € H when written as a matrix in terms of the orthonormal basis. So, the action is
just conjugation. Now, one checks that as 1 varies, the elements (v +nvs).v1 € 0(G)
give infinitely many non-conjugate semisimple matrices, and the proof is completed
as usual by applying Lemma 1.4. O

4.9. Lemma. Theorem B holds if
(G7 H7 K) = (SOQna N2i+1a GLn)u
(G7 H7 K) = (San, N2ia GLn)(p 7é 2)

Proof. If (G, H,K) = (SOa,,,GL,,, N1), then G = HK is a factorization by [LSS].
Excluding this case, we may assume that i > 1 and p # 2.

Let e1,...,en, f1,..., fn be a basis for the natural G-module V' with (e;, f;) =
3ij, (ei,e5) = 0 = (fi, f;) for all i,j. Let K be the connected stabilizer of the
direct sum decomposition V = {(e1,...,en) ® (f1,..., fn). Let H be the connected
stabilizer of the non-degenerate subspace U = (e, ..., e;, f1,..., fi) if G = Sp(V),
or U = (e1,...,ei, f1,.. s Jisen + fn) if G = SO(V). Let L=V ®V and z =
e1® f1+--+ e, ® fn; observe that in either case, K fixes z. Moreover, L | g=
UUpUeUteUte@UaeUt®@UL. Let m: L — U®U = M be projection
along this direct sum decomposition, an H-equivariant morphism.

Now, the morphism 0 : G — M defined by g — 7(gz) sends H, K-double cosets
in G to H-orbits in M, so it suffices to show that there exist two closed H-orbits
in 7(Gz). Let g\ € G be the map sending

e1—e1+ Afiq, eit1 — Af1 +eit1,

firen+A+Df, fir A+ 1) fi te,
where the ambiguous sign is chosen to be + if G = Sp(V), — if G = SO(V).
Now note that w(grz) = 7(2) + AMe1 ® f1 + f1 ® e1). So as A varies, we obtain
infinitely many elements of weight zero with respect to the maximal torus of H

which acts diagonally on the given basis. So Lemma 1.9 and (1.6) imply that there
are infinitely many closed H-orbits in 7(Gz), to complete the proof. |

The next case will follow easily from the next general lemma.



1426 JONATHAN BRUNDAN

4.10. Lemma. Suppose H, K, L < G are all connected algebraic groups. Suppose
HL and KL are dense in G. Then, there is a dense H N K, H N L-double coset in
H if and only if there is a dense H N K, K N L-double coset in K.

Proof. Suppose (HNK)x(HNL) is dense in H for some € H. Then, (HNK)zL
is dense in HL by Lemma 5.1, hence in G as HL is dense in G. So, it meets KL,
as GG is an irreducible variety and KL is dense in G. Therefore, it actually lies in
KL, as KL is stable under the action of (H N K) x L and (H N K)xL is a single
(HNK) x L orbit. So, (HNK)xL = (HNK)yL for some y € K, and this is dense
in KL. Hence, by Lemma 5.1 again, (H N K)y(K N L) is dense in K. The converse
is the same. O

4.11. Corollary. There is no dense H, K-double coset in G if
(G,H,K) = (50(V), N2, By),
where V' | k= L (wa).

Proof. Let V be a spin module for D5 and By; V' possesses a non-degenerate By-
invariant bilinear form. To apply Lemma 4.10, let G = SL(V), H = Ds, and
K =S0(V), so HN K = By, as D5 does not preserve the bilinear form and By is
maximal in Ds. We show that there is a non-degenerate 2-space with Ds-stabilizer
A1G5. Indeed, let A1Go < SO3 x SO7 < SO19 = D5 be the usual subgroup of Ds.
Then, V | a,6,= La,(w1) ® Az, where A7 is the 7-dimensional Weyl module for
G>. Now, G fixes a 1-space in Az; hence A1G5 fixes a 2-space in V. But, the only
connected subgroup of Dy containing A;Gs is N3, and V' | y,= L4, (w1) ® Lp, (w3),
so this fixes no 2-space. Hence, there is some 2-space w in P?(V) with Ds-stabilizer
A1G5. Hence by dimension, Ds.w is dense in IE”Q(V). But the non-degenerate 2-
spaces are also dense in P?(V'), and hence there is some non-degenerate 2-space w;
in Ds.w; this will have Ds-stabilizer A1Gs, as required.

Let L = stabg(wy), a parabolic subgroup of G. Then, K N L is the group N
in SO(V), and HN L is AiG2. Hence, by dimensions, HL and KL are dense
in G. Now, there is no dense H N K, H N L-double coset in H (by Lemma 2.2
HNK is Nyin H= 5019 and HN L lies in N3). Hence, by 4.10 there is no dense
H N K, KN L-double coset in K, which is the required result. O

It just remains to verify the last case
(G, H, K) = (8026—5

to complete the proof of Theorem B. This seems to be rather harder than the
other cases, especially if p = 3. For the remainder of the section, we work with
the 27-dimensional module V for E = Eg. The construction of V' described here
is taken originally from Cohen and Cooperstein’s paper [CC]. We shall use the
notation defined in [B2, Section 4], and refer the reader to [B2] for fuller details.

Let V be a 27-dimensional vector space over k whose elements are triples z =
[z1, T2, 23] with a; € M3(k). We set

E ={g € GL(V) | there is X\ € k* such that, for all z € V, D(g.z) = AD(z)},
where D : V — k is the cubic form D(z) = det x1 + det 22 + det x5 — tr(z12273).
Then, £ = E’ is a simply connected simple algebraic group of type Eg, and E is
an extension of F by a 1-dimensional torus. Let e;-k be the element [z1,x9, 23] of
V all of whose entries are 0, except the jk-entry of x;, which is 1. Let e; = el; for

F47N2)

p,37
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1=1,2,3, and e = e; + es + e3. Let G = E,., a simple algebraic group of type Fj
(by [CC)).

Note that G preserves the non-degenerate symmetric bilinear form (-, -) given by
(z,y) = tr(z1y1 + 22ys + x3y2) for x = [x1, 29, 23],y = [y1, Y2, y3] € V. Finally, the
G-equivariant map # : V — V, x + 2% is defined by the identity

D(zx +ty) = D(x) + (7, y)t + (z,y")t* + D(y)t3,

for z,y € V and t an indeterminate. Explicitly, the map # is given by

" = [gci‘;é — acg;vg,x? — 1’1$2,£L‘2# — x311],

where for ¢ € M3(k), ¢ is the adjoint of ¢ (the matrix whose ij-entry is the
ji-cofactor of ¢).

We begin by defining a certain subgroup of G of type T1G2U14. Here, we exclude
p = 2, so that there are no degeneracies in the commutator relations. Let P be the
Bs-parabolic subgroup of G obtained by deleting 4 from the Dynkin diagram of G,
labelling the simple roots of G' by f31,..., 34 asin [B2, 4.6]. So P = (B, K _g,|j =
1,2,3). Let P = LQ, where L = (T, K+p, | j = 1,2,3) is a Levi factor and @Q is
the unipotent radical. Let L = L’R, where R is the 1-dimensional radical. Observe
that the subgroup Z = G4 constructed in [B2, Lemma 4.10] is a subgroup of L'.

By [ABS], @ has an L-composition series Q = Q1 > Q2 > Q3 = 0 such that
the factors V; = @Q;/Qi+1 are the L’-modules Lp,(w3) and Lp,(wy) for i = 1,2
respectively. As Lp,(w3) lg,= La,(w1) @k, there is a unique Z-invariant subgroup
Qo < Q of dimension 14. We have thus defined a subgroup H = RZ(Q of type
T1G2U14. Let

(yﬁl (5)7 YB2+2B5+B4 (t)) = YB1+B2+2B85+04 (ASt)a
(Y85 () Y1 +82+85+54 (1)) = Y1 +82+285+64 (Bst),

for some A, B € k*, applying Chevalley’s commutator formula. Let

U(t) = YB2+2B3+P4 (Bt)y51 +B2+B3+ B4 (_At)'

Then a routine check using the commutator formula and the known action of root
subgroups Kpg, in [B2, 4.6] shows that each of the generators of Z defined in [B2,
Lemma 4.10] centralizes V' = {v(¢) | t € k}. In particular, the image VQ2/Q2 in V4
must be the 1-space fixed by Z. So, Q = QoV.

4.12. Lemma. Let H be the subgroup of G = Fy of type T1GaU14 defined above.
Then, there is no dense H, H-double coset in G.

Proof. Recall that H < P, where P is a Bs-parabolic subgroup. Let ng be a coset
representative for the longest element of the Weyl group N¢(T1)/T1. Suppose HgH
is dense in G for some ¢g € G; in particular, dim HNgHg~' = 6. Now, PngP is dense
in G, so it must intersect HgH. Hence, as H < P, we have HgH < PngP, and
g = p1ngps for some pq,p2 € P. Hence, dim”*HNP2H~ = 6, where Py ="0ps € P,
the opposite parabolic subgroup, and H~ = "H < P~. However, PHNP2H~ <
PN P~ =1L, so we consider PH N L. Write py =lvzx forl € L,x € Qo < Hy,v € V.
Then, we showed above that v centralizes Z, so P*H N L > 'Z. Arguing similarly
for P2H~ N L, we deduce that there are conjugates of Z in L with intersection of
dimension < 6. But this implies that there is a dense G2, Go-double coset in T Bs,
which is not the case by (1.8). |
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We can now describe the orbits of G on e'/(e) when p = 3, in terms of our basis
{ei |1 <4,j,k <3} for V.

4.13. Lemma. Suppose p = 3 and W = et /(e) is the 25-dimensional module
L, (wyq). Then, G = Fy has 3 orbits on the 1-subspaces of W with orbit represen-
tatives 11,12, l3, where l; = (u; + {e)) and u; = e?;,us = €3, + €33, uz = e1 — es.
Moreover, Gy, = G,y = P, a Bs-parabolic subgroup, and Gy, = G,y = H of type
T1GoU1y.

Proof. We first prove the result on stabilizers. Observe that I3 and (u1) are spanned
by highest weight vectors of weight w,4 in both V, W by the computation of weights;
hence both stabilizers equal P = L@, a Bs-parabolic subgroup with Levi factor L
and unipotent radical @. A direct calculation using the definition in [B2] shows that
(e,us)™ C (e, u1,us). Now, Gy, stabilizes (e, us), hence (e, uz)?, hence (e, u1,us).
But (u;) is the only line L in (e, uy,us) with L# = {0}. As # is G-equivariant, G|,
therefore stabilizes (u1), so lies in P. Now, suppose g € G,. Then, g.us = pus+ve
for some p,v. The weights of €3, and €35 are 31 + B2 + B3 + B4 and B2 + 205 + S
in terms of the roots (31,...,04 of G, by restricting weights in [B2, Table 3]. In
particular, they both involve (4, whilst the weight of e is 0 so does not. But then,
g € P forces v = 0. This shows that Gj, = G y,)-

We now show that H = RZQo = G,,). For, Z fixes up by [B2, Lemma 4.10],
and R acts by scalars. A direct check shows that Kpg, fixes ug; this corresponds
to the lowest weight vector of Lg,(w1) = Qo/Q2. Moreover, this extension is not
split (it is not even abelian), so Kg, generates all of Qo as an RZ-group. So,
H < G,,). Conversely, take lg € Gy,), where | € L,q € Q. If | ¢ RZ, then
G (uy) contains a conjugate of L, as RZQ/Q is maximal in LQ/Q. But this implies
that the unipotent radical of G,,y, which contains Qo, is all of Q. An explicit
computation (using the commutator formula) shows that Kgs,1,48,+8, does not
stabilize (us), so this is a contradiction. Hence, | € T1Z, so q € G (us)> 50 q € Qo,
so lqg € T1ZQo. Hence, H = G (,,), as required.

It is now straightforward to deduce that there are just three orbits with rep-
resentatives as given. Observe that [1,ls are non-conjugate degenerate 1-spaces,
whilst I3 is non-degenerate. As SOo5 = F4yN1(p = 3) by [LSS], G has just one orbit
on non-degenerate lines, and [3 is a representative. So, we need to show that there
are precisely two orbits on degenerate lines. This is proved in [CC] over finite fields
by a counting argument. Copying [B2, Lemma 4.7], it is easy to deduce from the
finite fields case that G can therefore have no more than two orbits on degenerate
lines. But we have exhibited two disjoint orbits, and the result follows. O

4.14. Proposition. There is no dense G, K-double coset in L if
(L7G7 K) = (SO(W)7F47N2)7
where W |g= Lg(ws).

Proof. Let G be the group F constructed above.

First, suppose p # 3. Then W is just the module e+, and K is the stabilizer in L
of a vector a®@b € V@V, where (a,a) = 0 = (b,b), (a,b) = 1 and a,b € e*. By [CC],
we can define a G-equivariant map * : V@V — V by v; ®@vg + (vi+v2)? —’U# —vf.
It is sufficient to show that there are at least two disjoint closed G-orbits in L.(a®b).
Consider the vector (e3, + ne3;) @ (1 —n)edy + €33) € L.(a ®b). Its image under
* is (n — 1)es — nea. This is of weight 0 relative to the maximal torus Ty of G (by
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[B2, Table 3]), so as n varies we obtain infinitely many O-weight vectors. Hence,
by Lemma 1.9 and (1.6) there are infinitely many closed G-orbits in L.(a ® b), as
required.

So, now suppose p = 3. Let H be the group of type T1G2U14 constructed
above. Let W = et /(e), which is isomorphic to Lg(ws). Choose a,b € W with
(a,a) =0 = (b,b), (a,b) = 1. Suppose there is a dense G, K-double coset in L. As
K is the stabilizer of a ® b € W ® W, this implies by dimension (conjugating if
necessary) that Gagy = Gq) NGy is of dimension 6.

Suppose one of a, b is G-conjugate to u;+(e) as in Lemma 4.13; let it be a. Then,
G(q) = P, a Bsz-parabolic subgroup of dimension 37, and P lies in the parabolic
subgroup P; of L that stabilizes (a). Hence, the P-orbit of (a) is of dimension at
most dim Pj.{a) = 23. So, stabp((b)) is certainly of dimension at least 37 — 23 > 6,
a contradiction.

Hence, we may assume both a and b are G-conjugate to us+ (e) by Lemma 4.13.
But then, G,y and G, are conjugate to the subgroup H of type T1G2U14 by
Lemma 4.13, and Gy N Gy of dimension 6 implies there is a dense H, H-double
coset in G. This is not the case, by Lemma 4.12. |

This completes the proof of Theorem B.

5. PROOF OF THEOREM A

We now deduce Theorem A from Theorem B and [B2]. Recall the notation R(G)
from the introduction. Observe initially that if H € R(G) and K € R(H), then
K € R(G). Of course, in characteristic 0, R(G) contains all reductive subgroups
of G. In general, R(G) will contain very many but not necessarily all reductive
subgroups of G. The main difficulty in deducing Theorem A is to show that R(G)
is “closed under intersections” in the following sense: if H, K € R(G) give rise to
a factorization G = HK, then H N K is in both R(H) and R(K). This need not
be the case if HK is not a factorization of GG, even if the intersection is reductive.

We begin with an elementary lemma.

5.1. Lemma. Let HK <G and Z < H. If x € H, then Zz(H N K) is dense in
H if and only if ZxK is dense in HK .

Proof. The bijective morphism H/H N K — HK/K defined by z(H N K) — zK
for x € H is a homeomorphism; for [H1, p. 56, ex. 4] implies that it is an open
map. Hence, Zx(H N K) is dense in H if and only if ZzK is dense in HK. |

We say a semisimple group G is of length n if G can be written as Gy - ... -Gy,
is a commuting product of n simple factors. If G = G1G> is a commuting product
of reductive (but not necessarily simple) factors, we say a subgroup H < G is
diagonally embedded if the projections m; : H — G; are bijective for each i. Note
that if H is diagonally embedded in G, then H € R(G) — if the G; are simple
then H is maximal in G, and in the general case it is easy to write down a chain
H =Hy < Hy < --- < H, = G with H; maximal in H;;; from this observation.
We now consider diagonally embedded subgroups. The first lemma is well known.

5.2. Lemma ([B3, Lemma 4.4]). Let G be a semisimple algebraic group of adjoint
type of length at least 2. If H € M(QG), then one of the following holds:

(i) Some simple factor 1 # G1 < G is contained in H.

(ii) G is of length 2 and H is diagonally embedded in G.
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We now consider double cosets of diagonally embedded subgroups as in Lemma
5.2(ii). We begin with a preliminary lemma.

5.3. Lemma. Let G,G1 and Gy be simple algebraic groups, where G1 and Go
are of adjoint type. Suppose that m; : G — G; is a bijective morphism (but not
necessarily an isomorphism of algebraic groups) fori = 1,2. Then, one of myomy ™! :
Gy — G or myo 7T1_1 : G1 — Gs is a morphism.

Proof. Let (T, B;¥,1I) be a root system for G. For each ¢, let B; = m;(B),T; =
m;(T') for each i, hence defining a root system (7;, B;; ¥;,11;) for G;. Let E =
X(T)®, R and E; = X(T;) ®, R, and fix inner products on F and F; invariant
under the corresponding Weyl group. Given non-zero vectors v and w in either of
these spaces, let R(v,w) denote the ratio of their lengths.

Denote the root subgroups of G and G; by U, (o € ¥) and U, o (o € %)
respectively. The map m; : G — G; sends the set of root subgroups of G bijectively
onto the root subgroups of G;, hence induces a bijection 0; : ¥ — ¥; such that
Ti(Ua) = Ui ,(a) foralla € X. Let 7; : T' — T; denote the restriction of 7; to T', and
let 7} : X (T;) — X (T') denote the associated comorphism. Since 7; is surjective, 7}
is injective. Fix parametrizations o, : k — Uy (€ L) and z; 4 1 k — Ui o (@ € X))
of the root subgroups. As m; is a morphism, 7;(z4(t)) = 2 6,(a)(Ci,at?) for
coeflicients ¢; o € k* and certain powers ¢; o of p, depending on o € ¥ [if p = 0,
¢i,o = 1 always].

We claim that either ¢ o > g2, for all & € 3, or ¢1,o < g2, for all o € 3. Well,
otherwise, p # 0 and we can find a, § € ¥ such that ¢1,o > g2« and ¢1.8 < g2 3. A
simple calculation shows that 7} (0;(a)) = ¢; o for all a € X, so R(6;(«),0:(3)) =
R(qi.a0v,qi gB3) = ZZ—‘ZR(O[,ﬁ) for each 4. So,

B> 98 g9 (a),0(8)) = L2 R(0s(a), 6:(5))
p q2,3 q2,a
where R is the ratio of a long root to a short root in ¥. This implies that R? >
p? > 4 which is a contradiction as R? equals 1,2 or 3.
So, without loss of generality, assume that ¢, > g2 for all @ € . We

=l

claim in this case that 7 o my !'is a morphism. Arguing as in [LS, Lemma 1.2],
it suffices to check that the restriction of m o 75 I to each root subgroup and to
T is a morphism. On the root subgroup Us g,(q) for a € 3, 71 0 772_1 is the map
T2.0,(a)(t) = T1,9,(a)(Cat?™), where co = C1,0/C2,0 and G0 = q1,0/G2,0, Which is a
morphism as g1 o > @2, and both are powers of p [or 1 if p = 0]. It remains to
check that the restriction of 71 o 75 ! %o T, is a morphism. Now, ¢; o is an integer
multiple of g24. So, 77(X1) is contained in 75(X2). As G is of adjoint type,
X (Ty) is generated as an abelian group by X1, so in fact 77(X (71)) is a subgroup
of m3(X(T2)). Hence, there is a well-defined homomorphism of abelian groups
(m3) " omt : X(T1) — X(T). This induces a morphism Th — Ty of tori, which
necessarily equals the restriction of m o7y 1 to Ty. Consequently, this restriction is
a morphism, completing the proof. O

5.4. Proposition. Suppose G = G1G5 is a semisimple, adjoint algebraic group of
length 2. If H, K < G are diagonally embedded subgroups, then either G = HK or
there is no dense H, K-double coset in G.

Proof. We may conjugate to assume that the double coset HK is closed. Let
m : H — G; and §; : K — G; be the projections, bijective morphisms for each 1.
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By Lemma 5.3, one of 1 o m; ' or mp o 7y * is a morphism; assume without loss of
generality that mo o 7 !'is a morphism. Then, either &; o 05 !'is a morphism, in
which case §;1 o 52_1 0 gy O 771_1 is a morphism, or both 75 o 7r1_1 and 5 o 51_1 are
bijective morphisms from G; to Gs. In the latter case, Lemma 5.3 again implies
that either my ot 08108, or 0308, oy o7y ! is a morphism. We have shown
that at least one of the maps 7 075 ' 08007 *, meomy L0800, L, 61005 Lompony !
or 05 o 51_1 om0 7T2_1 is a morphism.

Now assume without loss of generality that m; o7y Logyo 07 1'is a morphism, the
other three cases being entirely similar. Let 6 = 75 o 7T1_1 :G1 — Gy and ¢ = 4§ 0
67! Gy — G, both isomorphisms of abstract groups. Then, H = {g0(g) |g € G1}
and K = {g¢(g) | g € G1}. Hence, HN K = {g6(g) | g € G1,0(9) = é(9)} = GT,
where ¢ = 7! 0 ¢ is an abstract automorphism of G; which by assumption is a
morphism of algebraic groups. So now we can apply [S1, 10.13] to deduce that
there are two distinct possibilities:

(i) GY is finite. Then, dim HK = dim H + dim K — dim H N K = dim G. Thus
HK is dense and closed, so G = HK is a factorization.

(ii) o is an algebraic automorphism of G;. Consider an arbitrary double coset
HhK with h € Gy, with stabilizer A" HhNK = {g0(g)|g € G1,0(hgh™) = ¢(g)}.
Let Int(h) be the inner automorphism of G defined by h € Gy. Then, h"'HhN K
is isomorphic to the fixed points of Int(h)~! o ¢ in G;. But this is an algebraic
automorphism of G1, so again by [S1, 10.13], the set of fixed points A~ ' Hh N K is
of positive dimension. Hence, HhK is not dense in G, for all h € G;. O

5.5. Remark. This proof gives rise to some interesting ‘diagonal’ factorizations.
For example, let G = G1G5 be a product of two isomorphic simple factors, where
0 : Gy — G4 is an isomorphism. Let o : G; — G be a Frobenius automorphism
of G1 (p # 0). Then, G = HK is a factorization if H = {g0(g) | g € G1} and
K ={g0(c(g)) | g € G1}. The existence of these factorizations can also be proved
using Lang’s theorem.

5.6. Lemma. Let G be simple, and suppose G = HK , where H, K € M(G). Then
HNK isin both R(H) and R(K).

Proof. We verify this explicitly for each entry in Table 1. First, we claim that
if H < G is a connected reductive subgroup normalized by some maximal torus
T of G, then H € R(G). Indeed, clearly H € R(HT), so we may assume T <
H. Moreover, by induction, we may assume H is a maximal connected reductive
subgroup. Then, either H has some central torus, so that H is a Levi factor, or H
is a maximal connected subgroup. In either case H € M(G), proving the claim. In
particular, this observation proves the lemma if G is exceptional, when the possible
factorizations are determined in [B2], or if (G, H, K, p) = (Span, Ni, SOap, 2), since
in either case both H and K are maximal rank, so H N K is of maximal rank in
both H and K. We now consider the remaining cases in Table 1; it is sufficient to
do this up to graph automorphisms of G.

(i) We first consider the first three entries in Table 1. Here the intersections are
given in the table below:

¢ H K (H N K)°
SLon  Spon GLap—1 T15pan—2
SOZTL 50211—1 GL’I’L GLn—l

SO4n  SOun—1 Sp2® Span,  Spz X Spon—2
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In the first two cases, H N K and its embedding in H and K are straightforward
to compute and the result follows. In the third case, we can find a subgroup
7 = Spo X Span_o of G such that, if V' is the natural module for G,

Viz Lz(w1,0) ® (Lz(w1,0) @ Lz(0,wr))

(Lz(w1,0) ® Lz(w1,0)) ® (Lz(w1,0) ® Lz(0,w1)).

1111

From the first isomorphism here, we see that Z is a subgroup of K = Sps ® Spay,
and there is a chain of embeddings Sps X Span—2 < Spa® (Sp2Span—2) < SpP2&Spy,
each maximal in the next, proving that Z € R(K). On the other hand, from the
second isomorphism, we see that Z < S04504,_4. Now, the diagonal subgroup
Spa < Spa2 @ Spy < SOy fixes a non-singular line in the 4-dimensional orthogonal
space (if e, f is a symplectic basis then Sps fixes e ® f — f ® e), and this identifies
Sps with the subgroup SO3 < SO4. Hence, we have a chain of embeddings Spy X
Span—2 < Sp2(Sp2 ® Span—2) = SO3(Sp2 @ Span—2) < SO3504n—4 < SOsn—1
proving that Z € R(H). Finally, dimension implies Z is indeed equal to (H N K)°.

(ii) We next consider the factorizations involving G2 or Bs in Table 1. By
applying graph automorphisms to G = PSOs, it is sufficient to prove the lemma
for the cases in the table below — we have already treated the cases (G, H,K) =
(508, Nl, GL4) and (5087 Nl, sz ® Sp4) in (1)

¢ p H K (HNK)°
Spsg p=2 S0 G2 Ao

SO7; p#2 N1 Ga Ao

Spg p=2 N2 Gs A Ay
SO7; p#2 N» Gs ATy
SOg N1 Bg or TBg G2

In the first two cases, the intersection must have dimension 8, so the only possibility
is the long root subgroup As of Ga (or possibly Ay if p = 3); this is of maximal
rank in Go so certainly lies in R(K). The embedding A < SOg is well known; it
is Ay < GL3 < SO¢, s0 HN K € R(H). In the final case, G2 fixes a non-singular
1-space in Lp,(ws), so N1 N B3 contains Ga, hence equals G5 by dimension. Here,
H N K is maximal in both H and K, so the result follows.

To consider the third and fourth cases, let V' be the natural module for G and
compute the restriction V' |, 7, where Ay A; is the maximal subgroup of Gs.
By considering weights, the restriction splits as L 5 (2w1) @ (La,(w1) ® Lz, (w1)).
Hence, if p =2, A A; < Nan G2, hence equals the intersection by dimension. This
is of maximal rank in Ga, so we just need to show that H N K € R(H). For this,
there is a chain of subgroups AlA; < Sp2S0O4 < SpaSps = Ny with each maximal
in the next, proving the result. Finally, if p # 2 then the subgroup A;T) < Ay A,
is of the correct dimension to be the intersection (H N K)?, and is a maximal rank
subgroup of Ga. So we just need to show that 417y € R(H). Here it is clear from
the structure of VlAlAl that A1T1 < GLT1 < SO4T1 < SOsT, = Ny is a chain
of embeddings proving A1Ty € R(H).
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(iii) For the remaining cases, the intersection is computed in [LSS, Proposition
1.9]:

¢ p H K (HnK)
8056 p= 2 E7 Nl E6

SO32 p=2 Dg Ni As

SO p=3 Fy Ni Dy

SO p=2 As Ni AxA
SO16 B, N, Bs

SO13 p=3 C3 N AAA

In each case, it is shown in [LSS] that (H N K)° is normalized by some maximal
torus of H, so it just remains to show that HNK € R(K). For this, we just exhibit
a chain of subgroups proving that HNK € R(K), leaving the details to the reader;
for this, the embeddings are explained in more detail in [LSS, Proposition 1.9].

FEs w<1 SLo7 < GLo7r < 8054 < SO55 = Ny,
As w<2 SLis < GLi5 < SO309 < S0O31 = Ny,

wi,wW3,wq

Dy < S03S508S50g < SOgS5015 < SOy = Ny,

w1 Qwa2

A2A2 < SLg < GLg < SOlS = Nl,

wi,wW3

By < 507507 < 507508 < SO15 = Ny,
A1A1A1 < 504504504 < SO4505 < 5015 = Ny.

In the last case here, the embedding A1 A1 47 < S0450450, is such that the
highest weights of A; A1 A; on the SO, factors are w1 ®w; ®0, w1 RO0R w1, 0QW Rw
respectively. O

5.7. Lemma. Suppose G is a connected reductive algebraic group and H, K €
M(G) are such that G = HK s a factorization. Then, H N K is in both R(H)
and R(K).

Proof. We prove that H N K € R(K) by induction on dim G, the case G = 1
being trivial. First suppose G is semisimple. If G is of length 1, then the result is
precisely Lemma 5.6. So, G is of length greater than 1. Also, we may replace G by
the corresponding adjoint group Ad G, as AdR(K) = R(Ad K). So by Lemma 5.2
there are two cases:

(i) Some simple factor 1 # G; <G is contained in H. Then, H/G; € M(G/G1).
Notice that either KG1/G1 = G/G1 (which will not cause problems) or KG1/G; €
M(G/Gl) By induction, (H/Gl) n (KGl/Gl) S R(KGl/Gl) Now, HN (KGl) =
(HNK)Gy1. Let A= HN K and B = AG1/G;. Then as B € R(KG1/G1), there
is a chain of subgroups B = By < By < --- < B, = KG1/G1 with B; € M(B;41)
for each i. Let A; be the connected pre-image of B; under q : K — KG1/Gs.
Then, A9 = (AG1)NK)" = (HN(KG;)NK)*=(HNK)® = A. So, we obtain a
chain of subgroups A = Ay < A; < --- < A, = K with each 4; € M(4;11). So,
HNK e R(K), as required.

(ii) G is of length 2 and H is diagonally embedded in G. Again by Lemma 5.2
there are two cases for K. First, suppose K is also diagonally embedded. Then,
dim HNK =dim H +dim K —dim G = 0, so HN K is finite and the result follows.
Otherwise, some simple factor of G is contained in K. Without loss of generality,
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suppose G = G1G2 with each G;, simple and that Go < K. Then, K = K;G45 with
K, € M(Gy). Let m; : H — G; be the projections, bijective morphisms. Then,
HNK =7 'K,. Let Ky = {m(21)ma(x2) | 1,20 € HN K}. Then, HN K is
diagonally embedded in Ko, so that H N K € R(K32), and Ko € M(K). Hence,
HNK e R(K).

Finally, suppose G is reductive and not semisimple. Let R # 1 be the radical of
G.If HR=Gthen G’ < H,so K' < HNK < K, and it is clear from this that
HNK € R(K). So, we may assume HR # G, so that by maximality, HR = H.
Then the argument of (i) (with G; = R) gives the result. O

We are finally in a position to prove that R(G) is closed under intersections in
full generality.

5.8. Proposition. Suppose G is a reductive algebraic group and H, K € R(G) are
such that G = HK s a factorization. Then, H N K is in both R(H) and R(K).

Proof. Again we use induction on dim G, the case G finite being trivial. We may
assume G, H, K are connected, so let H, K € R(G) be connected. We may embed
H < H,K < K; with Hi,K; € M(G) and H € R(H;),K € R(K;). Then,
G = HK implies

H1:H(H1 ﬁK), K1:(HQK1)K

In particular, H; = H(H1NK1). By Lemma 5.7, HiNK; € R(H;), and H € R(H;)
by definition, so induction implies that H N K7 is in both R(H) and R(H; N K7).
Similarly, H; N K is in both R(K) and R(H; N K1).

Now, Hy = H(H; N K) implies Hy N K; = (H N K;)(H; N K). We have shown
that HN K, and H; N K are in R(H; N K;). Hence, by induction, HN K is in both
R(HNK;) and R(H; N K). The result follows, as HN K5 is in R(H) and H; N K
is in R(K). O

Now we can prove Theorem A. For convenience, we restate the theorem:

5.9. Theorem. Let G be a connected reductive algebraic group, and take H, K €
R(G). Then, either G = HK or there is no dense H, K-double coset in G.

Proof. We prove this by induction on dim G; the induction starts with G = 1. So,
let G be a connected reductive group of dimension d and suppose the result holds
for all groups of dimension less than d.

(i) We first show that the result holds if H, K € M(G) and G is semisimple. If
G is of length 1, then the result holds by Theorem B, or by [B2] if G is exceptional.
So suppose G is of length greater than 1. By Lemma 1.2, we may assume G is
adjoint, so Lemma 5.2 applies. Suppose first that some simple factor 1 # G; of G
is contained in H. Then, if G1 K = G, G = HK, and the result follows. Otherwise,
maximality implies G1 K = K and the result follows by induction from the case
(G/G1,H/G1,K/G1). A similar argument applies if some simple factor of G is
contained in K. Hence, both H and K are diagonally embedded and G is of length
2. Now the result follows by Proposition 5.4.

(ii) We now show that the result holds if H, K € M(G) and G is reductive.
Conjugating, we may assume that H K is closed. Let R be the radical of G. Then,
if HKR = G, either HK = G, as required, or we can find »r € R— HK. In this case,
HrK = HKr is also closed and disjoint from HK. Hence, there are at least two
disjoint closed H, K-double cosets in G, and the result follows by Lemma 1.4. So, we
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may assume HK R # G. Then, HR # G and KR # G, so by maximality, HR = H,
KR = K. Then, the result follows by induction from the case (G/R, H/R, K/R).

(iii) We now show that the result holds if H, K € R(G) and G is reductive.
Observe that, by Lemma 1.2, we may assume H, K are connected. So, let H, K €
R(G) be connected. Then, we may embed H < Hy, K < K; with Hy, K; € M(QG)
such that H € R(Hy),K € R(K1). If G # H; K, then there is no dense Hy, K3-
double coset in G by (ii), so the result holds. So, suppose G = H1 K;y; if H =
H,, K = Ky, then G = HK and we are done. So, assume without loss of generality
that H # H;. Since G = H, K1, Proposition 5.8 implies H; N K1 € R(H1). So by
induction either H; = H(H; N K1) or there is no dense H, H; N K;j-double coset in
H;. In the latter case Lemma 5.1 implies there is no dense H, Ki-double coset in
H{K; = G, and the result follows. In the former case, G = Hi K| = HK,. Hence,
by Proposition 5.8, H N K1 € R(K1), and also K € R(K7) by definition. So by
induction, either K7 = (H N K;)K or there is no dense H N K1, K-double coset in
K1. But the former case implies G = HK; = HK, and in the latter case there is
no dense H, K-double coset in HK; = G by Lemma 5.1. O

This completes the proof of the main results of the paper.
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