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ON THE DISTRIBUTION OF POINTS IN PROJECTIVE SPACE
OF BOUNDED HEIGHT

KWOK-KWONG CHOI

ABSTRACT. In this paper we consider the uniform distribution of points in
compact metric spaces. We assume that there exists a probability measure
on the Borel subsets of the space which is invariant under a suitable group
of isometries. In this setting we prove the analogue of Weyl’s criterion and
the Erdos-Turdn inequality by using orthogonal polynomials associated with
the space and the measure. In particular, we discuss the special case of pro-
jective space over completions of number fields in some detail. An invariant
measure in these projective spaces is introduced, and the explicit formulas for
the orthogonal polynomials in this case are given. Finally, using the analo-
gous Erdos-Turan inequality, we prove that the set of all projective points over
the number field with bounded Arakelov height is uniformly distributed with
respect to the invariant measure as the bound increases.

1. INTRODUCTION

Let k be an algebraic number field, v a place of k and k,, the completion of k£ with
respect to v. Let || - ||, be an absolute value from v which extends the Euclidean
absolute value on k, if v|oco and the usual p-adic absolute value if v|p. We also use
a second absolute value, determined by

Y

o= 111
where d = [k : Q] and d, = [k, : Q,]. We note that the product formula holds
for the absolute values | - |,. We extend both absolute values to a norm on finite
dimensional vector spaces over k, as follows. For any column vector

Qo
aq

QN_1

in kY, define

_ IS legll3Y2 i wloo,

(1.1) el == ]
maxo<j<n1|lajfle if v oo,
and
dy
(1.2) oy = [lae]l

in both the infinite and finite cases.
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Let P¥~*(k,) denote the N-dimensional projective space over k, and write
[, a1, - -+, ay_,q] for the homogeneous coordinates of a generic element in PV~ (&, ).
We let the quotient map ¢ : kY — {0} — PV~*(k,) be

¢(a07a17"' 7aN—1) = [a07a17“' 7aN—1]-

As in [1], [5] and [9], one can define a projective metric on P¥~*(k,) as follows. If
a and 3 belong to PY~*(k,), then we define

e A Bl
(1.3) Au(a, ) = 1oL
lello 1Bl
and
oA Bl
5,0((1,,6) =T A
el Bl
where A is the wedge product. It follows from (1.2) that
doy
(1.4) v, B) = Ay(a, B) .

Clearly, the projective metrics are well-defined on P¥~*(k,). It can also be shown
that the induced metric topology coincides with the quotient topology determined

by ¢.
For any M x N matrix A over k,, we extend | - |, to A by setting

|Al, := sup{|Aal, : a € kY, |a], < 1}.
If v{oo and A = (ai;), we find that
|Al, = max{|a;jl, : 1 <i < M,1<j <N}
If v|oo, let A* denote the complex conjugate transpose of A and let
0<AM <A< <Ay
denote the eigenvalues of the positive semi-definite matrix A*A. Then we have
Al = 2§

Let GL(N,k,) and PGL(N, k,) be the general linear group and the projective
general linear group of N x N non-singular matrices over k,, respectively. Then we
define a map n, : GL(N, k,) — [1,00) by

N (A) = |A|U|A_1 lo-

Since m(aA) = ny,(4) for all « € k}, so 7, is also well-defined as a map from
PGL(N, k,) into [1,00). It was shown in [5] that for any A in PGL(N, k,) and o, 8
in P¥-*(k,), we have

(1.5) 10 (4) 710, (e, B) < 60 (Aer, AB) < 1 (A)d, (e, B).

Furthermore, the identity

(16) 51}(0"6) = 5U(AQ7A/6)

holds for all & and 3 in PV¥~*(k, ) if and only if 7, (A) = 1. The inequalities (1.5) are
best possible, and the identity (1.6) shows that the group of isometries on P¥~*(k,)
is given by

ISO(N, ky) := {A € PGL(N, ky) : oy (A) = 1}.
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In view of (1.4), ISO(N,k,) is also the group of isometries for A, (e, 3). More-
over, by writing A=! = adjA/det 4, it is easy to show that if A is an element in
PGL(N, k,), then

Al o AR

(L.7) ——— <n(4) <
| det A|¥ | det Al

If B belongs to P¥~'(k), then we define its height by

(1.8) H(B) =[] 18l

where the product is over all places v of k. In view of the product formula, the height
function is well-defined on P¥=*(k). To illustrate a basic Diophantine inequality
in this setting, we state the following projective form of Dirichlet’s Theorem (e.g.
Theorem 1 of [1] or Theorem 1 of [5]).

Dirichlet’s Theorem. Let o belong to PY~'(k,), T belong to k,, and assume that
1 < |7|y. Then there exists B in P¥~*(k) such that

(i) H(B) < ex(N)|7|¥-1,
(ii) du(a, B) < cn(N){|7].H(B)} ",
where
cx(N) == 2| Agl|27 T ruw(N)#,

w|oo

Ay is the discriminant of k and

ro(N) = 7 H{D(3N + 1)}~ if w is real,
" @0 DN + 1)} if w is complex.

Here ||-|| denotes the usual absolute value on C. This form of Dirichlet’s Theorem
states that every a in P¥~'(k,) can be well approximated by a rational point 3
in PY¥-*(k) with low height H(B). So it suggests that with respect to a suitable
measure, the rational points with low height should be distributed quite uniformly.
Our main objective in this paper is to show that the set {3 € P¥~*(k) : H(B) < H}
as H — oo is plY-uniformly distributed, where the invariant measure u?Y will be
defined in section 2. Instead of proving the above qualitative result, we in fact are
able to obtain a quantitative bound for the discrepancy of the set of the rational
points with bounded height.

In the classical theory of uniform distribution mod one, one can obtain an esti-
mate for the discrepancy by using the Erdés-Turan inequality and estimating the
resulting exponential sums. In our situation, we use Vaaler’s approximation in [15]
and certain orthonormal polynomials in place of the exponential function as it oc-
curs in the classical case. First we obtain an analogue of the Erdos-Turan inequality
for a general compact metric space in section 3. Then in section 4 we concentrate
on the projective space PY~'(k,) and determine an explicit representation of the
orthonormal polynomials in this case. If v is an infinite place, the orthonormal
polynomials can be expressed in terms of the usual Jacobi polynomials. In the final
section, we estimate the summation of the orthonormal polynomials over the set of
rational points with low height and then apply the Erdos-Turan inequality to prove
our main result.
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2. INVARIANT MEASURE ON PV~'(k,)

In this section we first introduce a o-algebra on P¥~*(k,) which contains all the
Borel sets in P¥~*(k, ), and then, by using Haar measure on k2, we define a positive
measure on this o-algebra. We will show that this measure is invariant under the
group of isometries ISO(N, k).

As in [2], we select a Haar measure /3, on the additive group of &, in the following
manner:

(i) if v|]oo and k, = R, then (3, is the usual Lebesgue measure on R,
(ii) if v|oo and k, = C, then S, is the usual Lebesgue measure on C multiplied
by 2,
(iii) if v f 0o, We require that 8,(0y) = || Dy||%/?, where O, := {a € ky : ||als <
1} and D, is the local different of k at v.

We denote the open and closed balls with center a and radius r with respect to
|l Il in &Y — {0} by B(a,r) and D(a,) respectively. Also, B (cx,r) and D (cx, 1)
denote the projective open and closed balls with center & and radius r with respect
to Ay(a,B) in P¥~1(k,) respectively. We write 8 for the N-fold product of
measures 3,. From the way we have normalized (3, we find that

B (D(0,1)) = ry(N)~ "N,

at each infinite place v of k. Since 3% is invariant under translation, it follows that
for any a € k2, we have

(2.1) BY (B, 1)) = B (D(a, 1)) = 1y (N) =

at each infinite place v of k. If v { 0o, by (iii) above, we have for any « € kY,
(2.2) By (D(ex, 1)) = [ Dy| 5/,

For convenience, we denote 32 (D(0,1)) by b,(N). So, from (2.1) and (2.2),
bu(N) = {MJV)—W if oo,

2.3
(2:3) D2 if vt .

Let B be the o-algebra of all Borel sets in k)Y — {0}. Define a collection M of
subsets in PY~*(k,) by

M= {ACP" (k) : 6~ (A) € B}

Then it is clear that M is a o- algebra in PV-*(k,
PY-1(k,). We now define a measure p¥ on PV~1(

(2.4) ul (A) = bv(N) ,

(
) containing all the Borel sets in
k) as follows: if A € M, then

(¢~ (A)ND(0,1)).

It is straightforward to show that (PY~*(k,), M, uY) is a measure space and
o (BY " (ky)) = L.

Since Haar measure on k, is unique up to a nonzero scalar multiple, pl¥ is inde-
pendent of our choice of 3,. It also follows from the definition (2.4) that if F is a
pXN-integrable function on P¥~*(k,), then

N 1
e [ Few e =

—_— (8% N Q).
hs /D o, Flotes) (@
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It is convenient to state the following formula for changing coordinates. This will
be used frequently later. Let f be B -integrable and B an element in GL(N, k).
Then we have

(2.6) F(a)dpY (o) = | det B|¢ /kN F(Ba)dpY (o).

kY

The next lemma shows that pYY is invariant under the group of isometries
ISO(N, ky).

Lemma 2.1. Let A be an element in PGL(N,k,) and F a non-negative ul -
integrable function on PY~*(k,). Then we have

e @™ [ @)

< / F(AB)du (8) < m(A)N / F(B)du (8).
N*l(ku)

PN—I(kU)

In particular, if A belongs to ISO(N, k,), then

/ F(AB)dY (B) = / F(B)du ()
PN-1(k,)

]PN—I(]CU)

for any non-negative uk -integrable function F on P¥~'(k,). Consequently, ub is
invariant under ISO(N, k).

Proof. Suppose F is a non-negative plY-integrable function on P¥~!(k,). By (2.5)
and (2.6), we have

= T AN a—+ Ad . -1 N
"~ by(N)| det Al /W_{O}F(Gﬁ(a)) Xpo,1) (A a)dB (o)

- i (o
~ by(N)|det AJd /0<|A1av§1F(¢( LG

Since |[A" ar|, < |A7Y,]ay, s0 by (1.7), (2.5) and (2.6),
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/ F(AB)dY (8)
PN-1(k,)

1
1 o
= b (V) det Al /o<|a|u§A1|v1F(¢(a)) g, (a)

1

_ . N
- bU(N)|det A|5|A_1|1])Vd /kaV—{O} F(d)(a)) XD(OJ)(a)d/Bv (a)

|det A=1|2 N
= W/PN% )F(ﬁ)dﬂv (B)

> (AN / F(B)du (8)

]:P)Nfl(kv)
= [ FEw )

This proves the first inequality in (2.7). The second inequality follows from the first
inequality if we replace F by F oA and A by A~!. Clearly the remaining assertions
of Lemma 2.1 can be deduced directly from (2.7) if n,(A) = 1. O

With respect to this invariant measure, a sequence {0y}, in PV 7'(ky) is f-
uniformly distributed if

L
1
2.8 lim — = dpy
(28) Jim 72 e Lo S @0,
for all real-valued continuous functions f on PV~'(k,). The main result of this
paper is the following theorem.

Theorem 2.2. The set {3 € PY(k): H(B) < H} as H — oo is plY -uniformly
distributed.

We will also prove a quantitative result to be compared with the qualitative The-
orem 2.2. In Theorem 5.11 at the end of this paper, we give an explicit estimation
of the discrepancy for the set of all rational points with low height.

We finish this section by proving some formulae for the measures of the pro-
jective balls in P¥~*(k,). These formulae are essential when we compute certain
orthonormal polynomials for PY~*(k,) in section 4. We first note that the measures
of the projective balls are independent of their centers. For, if 8, and 3, belong
to PV'(k,) and 0 < r < 1, since ISO(N, k,) acts transitively on P¥~'(k,) (e.g.
Lemma 2.7 in [14]), there is an isometry A such that A3, = 3,. Hence by Lemma
2.1,

1 (B (8y,7)) = i (B (ABy, 7)) = 1Y (B (By,7)).
Similarly, we have pY (D (B4,7)) = pl¥ (D (B,,7)).

Next we divide our considerations into two cases : v|oo and v t co. We first
suppose that v|oo. Of course, in this case, Y (B (83,7)) = plY(D(B,r)). So, we
only need to consider D (3, 7). Then we have the following lemma.

Lemma 2.3. Let vjoo. For any B in PY=*(k,) and 0 < r <1, we have

9 pr gN-2 . ~
N _ ) fo Vi—a? dz  if ks =R,
(2.9) po (D(B,7)) = {rz(N—l) if ky = C,

where ¢; = ¢1(N) 1= W%F(¥)/F(%).
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Proof. Since the measures of the projective balls are independent of their centers,
. It is clear

without loss of generality, we can assume that 8 = e := [1,0,---,0]
that (2.9) is true for » = 0 and r = 1, because
1 J?N_Q 1

—dr = —.
0 \/1—1‘2 2

Thus we assume 0 < r < 1.

In view of (1.3),
61D (ey,r)) N D(0,1)
N-—-1 2
T
—lleoll2, 1= [laoll2}

(a0, -+ s awey) € kY = {0} Y oy} < min{——

j=1

Let Dy_,(c,7) be the closed ball in k¥ ~! with center a and radius r. Hence,

py (D (e1, 7))
B ﬁ {/llaolvgu—rz)% g <DN1 (O’ \;Hlaj—”;)) ulew)

(2.10) +/(1_T2)%<”a0”vglﬁiv‘l (DN,I (0, 1—|a0||%))dﬂv(a0)}.

So, in view of (2.1), (2.3) and (2.6), (2.10) becomes

(2.11)
N—1
- N Nd,, 2 3 dy
- ( : ) / o[ N =14 dB, (o)
llaolls<(1-r2)%

1— 72

N—-1
Jr/ 1 (1—flaoll2) ™7 “dBy(ao)
(1-r2)2 <J|aollv<1

NN 2 Md,
’I”v( ) {( T ) 11+I2}

= rv(N — 1)(]\7_1),1,U 1—7r2

If £k, 2R, then d, = 1. Thus,
(1-r%)3 9
11:2/0 tN_ldt:N(l—TZ)

vz

and
1 r N
_ t
I, = 2 1—¢42 N21dt:2/ L
’ /u_m%( ) ) (-2
tN_2

dt.

=

2 N-1 2 2(N -1) /T
= _— 1 —
A L iy I A TR E Y
Hence (2.9) follows from (2.10), (2.11) and the fact that
N -1 r(NMN 1
N (N -1)N-1 ¢

for k, = R.
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If £, 2 C, then d, = 2. Then,

L = 2/ (2% + y*)N " dady
224y2<1—r2
2
= Sa-m
and
L = 2/ (1 — (2% +y*)N " tdady
1-r2<az?4y2<1
2
_ T
Therefore, (2.9) follows from (2.10), (2.11) and the fact that
ro (V)2 N
ro(N —1)2(N=1) 27
for k, = C. O

Next we consider the case vt oo. Let

P,={ack,:|al], <1}

be the maximal ideal in mecl,. Since || - ||, is discrete for v { 0o, P, is a principal
ideal. If P, = (m,), then we say that m, is a prime element for || - ||,. It is clear
that

[7ollo = max{[le[, : e € Py}

As is well known (see for example Chapter 4 in [3]), for any « € k := k — {0},
a = unl for some unit u in O, and some rational integer m. Thus ||a|l, = || |2,
and therefore the multiplicative value group of k, is

{lallo s a € kit ={l[m |3’ : m € Z}.
It turns out that
{Av(@,B) : a # B} = {[|m[y" : m > 0}

Thus, if we are considering the projective balls in P¥~*(k,) for v { co, we may
assume that the radius has the form ||m,||7*, m > 0. Moreover, if we let 0 < r <1
and assume that

7o [ < 7 <l [

for some m > 1, then

B(a,7)

{BeP¥ Hky): Ap(a, B) <7}
{BeP" (ko) : Ay(e, B) < [Imol[3"}
= D(a, [Imll?").

This shows that we only need to consider D (e, r) with r = ||m,||*, m > 0.
Lemma 2.4. Let v { oo, and let m, be a prime element for || - ||,. For any B €
P¥-(ky),r = ||y || and m > 0, we have

1- ||7Tv||gu

(212) /’L'L])V(D (ﬁ,’f’)) = T(N_l)du 1 H ||Nd :
— ||Tv|lv v
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Proof. As before, we can assume that 3 =e; and 0 < r < 1. In view of (1.3), we
have

¢~ (D (er, 7)) = {(a0, -+ ax-) € kY = {0} : [lagllo < rllaclle, 1 <j < N -1}

Thus, by (2.2) and (2.6)

pDlenn) = 0 (D err) N D(O.D)

= —— Xo¢—1(D (e1,r ad,@iva
by(N) /1)(0,1) 671 @ (err (@) ()

N—1

dpu(a;) ¢ dpy
H/Hajllusmaonu (a) (o)

Jj=1

v/
(V) Jjaolu<t

! / N-1
- Bo({a € by : llall < rllaoll})™ " dBu(a
) Sy 0 lallo < rllaoll}) (a)
1 / d. dy/21N—-1
= r{aollv)™ D'u UU dﬂv «
be (V) ”%HUS{( llwollo) ™ IDol5/=} (o)
1
213 = [ [l / ao[§¥ V4B, (o).
(2.13) by 1P ) ougt 10! (a0)

To evaluate the last integral, we divide the set {ag € ky : ||apl|o < 1} into a disjoint

union of {ag € ky : || T |5 < [Jao|lo < |70} for i = 0,1,---. So the last integral
in (2.13) is equal to

= S Iy iV D /| dB.(c)
1=0

mollut! <llaolo SNl

o0
= D Imlli ™Vl G IDol15 72 = IS4 [ Dy 1572}
=0

o0
= (L= D2 S [, iV
1=0

1— [l 5 d
2.14 = U || Dy || 272
(2.14) L N 1Dl

Therefore, (2.12) follows from (2.3), (2.13) and (2.14). O

3. UNIFORM DISTRIBUTION IN A COMPACT METRIC SPACE

We will actually prove a quantitative form of Theorem 2.2. We are able to give
an explicit bound for the discrepancy of the set of rational points with low height
for the infinite places, and then Theorem 2.2 follows as a corollary. Toward this
end, we prove an analogue of the Erdos-Turan inequality for the projective space
PN-*(k,). In fact we establish such a result for a general compact metric space.

In this section, we consider uniform distribution in a compact metric space. Let
X be a compact Hausdorff space and p be a regular Borel probability measure in
X. The sequence {z;}7°, of elements in X is said to be p-uniformly distributed in
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X if

for all real-valued continuous functions of X.
We further assume that X is a metric space with metric d, and that the u-
measure of both an open ball and a closed ball is independent of its center:

p(Ba(z,r)) = p(Baly, 7)) and  p(Da(z,)) = p(Daly, 7))

for any z,y in X and r > 0, where By(x,r) and Dy(x,r) are the open and closed
balls in X with center x and radius r respectively. Then by approximating con-
tinuous functions by a finite linear combination of characteristic functions of Borel
sets in X, it follows that a sequence {z;}7°; is p-uniformly distributed if and only
if

(3.2) hm LZXDd(CET x1) = u(Dg(z, 1))

for any « in X and r > 0, where xg is the characteristic function of the set E.
Similarly, a sequence of {x;}7°, is p-uniformly distributed if and only if

L—so00

L
(33) tim 2> e (1) = (Bl )
=1

for any x in X and r > 0.
It is sometimes more convenient to consider normalized functions when we study
their Fourier series. We define f : R — C to be normalized if

. 1
(34) Jim (S h) + S = B = f(@)

We also define the normalized characteristic function of a ball with center z and
radius r by

1 ifd(z,y) <r
(3.5) X (z,r)(Y) = % if d(z,y) =
0 ifd(z,y)>r

Thus, X(;(y) = X Ba(z)(¥) + XDu(z,r)(¥)}, and hence, in view of (3.2) and
(3.3), we have

Lemma 3.1. The sequence {x;}7°, is p-uniformly distributed if and only if

Lli{loo I ZX(r T) ZIJl / (z,r)(z)d:u

In the remainder of this section, we are going to prove an analogue of Weyl’s
criterion and the Erdos-Turdn inequality for a general compact metric space. It is
well known (e.g. Theorem 1.3 of Chapter 4 in [8]) that if X is also a group, then
we can obtain results analogous to Weyl’s criterion by using the group characters.
However, in our case, we are going to employ orthonormal polynomials.
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Let w be a regular Borel probability measure on [—1, 1]. Define the inner product
by

(fq) = / gt

for any f and g in L'(w). {Q%(x)}22, is said to be the set of orthonormal poly-
nomials with respect to w if Q% (x) is polynomial of degree n with positive leading
coefficient and satisfies

1 ifm=n,
0 if m#n.

Suppose the set of orthonormal polynomials with respect to w exists. Let T, (x)
be the m-th Chebysheff polynomial, so that T}, (cosf) = cosmd. Since every poly-
nomial can be expressed as a linear combination of the Q%, we write T}, as

(3.7) Tlw) = Q% (a),
n=0

where 7" := (T},, Q%) for m,n > 0. In view of (3.6), if m < n, then
(3.8) tm = 0.

In [15], J. Vaaler showed how to construct a trigonometric polynomial approx-
imation to a function by using Beurling’s extremal function. He also used this
approximation to give an improved version of the classical Erdés-Turan inequality.
In this section, we will employ Vaaler’s approximation to prove the analogous Erdos-
Turdn inequality. In [7], P. Grabner used a similar idea to obtain the Erdos-Turdn
inequality for the N-dimensional sphere.

We first recall some definitions used in Vaaler’s approximation. Let M be a
positive integer. We write e(z) := €2™ and define

M
(3.9) du(@) = > Jasr(m)e(ma),
m=—M
where
1 if m=0,
Tar1(m) o= { S (1 — dmly cot 2 4 L 0 < [m] < M,
0 otherwise,

and the periodic Fejer kernel

M
(3.10) k(@) = > Kaa(m)e(ma),
m=—M

where

. —dml i | < M
K m) == M+1 -
a1 (m) {O otherwise.

It is easy to prove that

1 sinm(M 4 1)z
(3:11) Far () = M+1 ( sin Tz ) '
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We now suppose that g : R — C has period 1 and bounded variation on each closed
interval of length 1. We also assume that g satisfies the normalizing condition (3.4).

Let Vy(x) be the total variation of g on [—3,x]. We write (dV;) * kas(z) for the
convolution

(3.12) (dV,) * kar(z) = / * s ( — 1)V, (1),

_1
2

Then the trigonometric polynomial

(3.13) g*jm(x) = /_5 g(t)ja(x —t)dt

1
2
will give a good approximation to g. In view of Theorem 19 in [15], we have

1
2M +2

(3.14) lg(z) — g% jm(x)] < (dVy) * k()

for any real number xz. Inequality (3.14) is essential in our proof of the Erdos-
Turdn type inequality. We are going to use (3.14) to approximate the normalized
characteristic function.

Let

G(m) 1= /_ D ge(—mt)ydt  and  dV(m) = / Y e(—mt)dv, (t)

1 —
2

(M

be the m-th Fourier coefficients of g and dV} respectively. If g is an even function,
then

(3.15) g(m) =g(-m) and  dV,(m) = dV,(—m).

Now we suppose that g is an even function. Since g*jys is an even trigonometric
polynomial, it can be written as a finite linear combination of T, (cos 27wx). Hence,
in view of (3.7), g * jas can also be written as a linear combination of Q¥ (cos 27z).
From (3.9) and (3.13), for any real number z,

g*ju(e) = / " giar (e — )t
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Using (3.7), (3.8) and (3.15), we get

M
g*im(x) = §0)+2Y  Jas1(m)i(m)cos 2mma

" .
= 90)+2 Y Jaa(m)g(m) Y 17Qx (cos 2mz)
A;nfl n=0
(3.16) = 9(0)+ Y AN (9)Qs (cos2mz),
n=0
where
M
(3.17) Z M1 (m)g(m)te

for n > 0. Similarly, we can also write (dVy) * kar(x) as a linear combination of
Q% (cos 2mwz). Using (3.7), (3.8), (3.10) and (3.12), for any real number z, we have

M

(3.18) (V) * bar () = Vy(5) + 3 BY (9)@5 (cos 2mr),
n=0
where
M
(3.19) Z a1 (m)dV, (m)er

for any n > 0.

Lemma 3.2. Suppose w is a reqular Borel probability measure in [—1,1] and the set
{Q¥}22 , of orthonormal polynomials, with respect to w exists. Let f be normalized,
w-measurable and of bounded variation on [—1,1]. Let {x;}7°, be a sequence of real
numbers in [—1,1]. Suppose

g(z) = f(cos2mx).
Then for any L, M > 1, we have

1

1 L
T fa) = [ f(t)dw

(3.20)
=1 -1
V(%) + BM M BM(g
< DB Sy SO LS g1

where AM(g) and BM (g) are defined in (3.17) and (3.19) respectively.
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Proof. Lemma 3.2 is a direct consequence of (3.14). For any L, M > 1,

(3. 21)
f(x) / f(®)

I\Mh

1 -1
cos 't
/ g( )dw

—1 2w

L
L -1 1 -1

x] . ,cost
Z e )—/ g% i (—5—)dw

! cos™!
4 [ (v (S5 t)dw},

—1

h |

L
1 1 cos~Lay
+2M+2{Z;(dvg)>’<k‘”( o

by (3.14). In view of (3.6) and (3.16), the first term in the right hand side of (3.21)
is equal to

(3.22)

Similarly, from (3.6) and (3.18), the second term in the right hand side of (3.21) is
equal to

M L
623 5 {2(%(%) LB () + Y Bl o) ZQ%(@)} .
n=1 =1
Therefore, (3.20) follows from (3.21), (3.22) and (3.23). O

We return to consideration of a general compact metric space. Let (X, d, u) be
an infinite compact metric space with regular Borel measure p such that

(a) p(X)=1,
(b) 0 <d(z,y) <1 for any z,y in X,
(c) the p-measures of balls in X are independent of their centers.

Fixing xo in X, we define, for any open interval U in [—1,1],

(3:24) w(V) = 5 | dlsenu(Datao. ).

where sgn(t) is +1,0 and —1 according as ¢t > 0,¢t = 0, and ¢ < 0 respectively and
the above integral is a Riemann-Stieltjes integral on [—1, 1]. In view of (c¢) above, w
is independent of the choice of z¢ in X. From (3.24), we see that if f is integrable,
then

1 1 1 1 0
| swds = 5 [ i) 5 [ reduutzo )
1
(325) = 3 | O+ FD)auDaar.0),
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In particular, we have w([—1,1]) = pu(Da(z0,1)) = p(X) = 1, and if f is an odd
function then f_ll f(t)dw = 0. We suppose that the set {Q¥}5°; of orthonormal
polynomials, with respect to w exists. We write Q¥ := Q. + @,, where Q. and @Q,
are the polynomials consisting of the even and odd terms in @ respectively. If n
is even, then deg(Q,) < n, and in view of (3.6) and (3.25), we have

0= < z,Qo> = <Qe + Q07Q0> = <QoaQo>'

This implies that , = 0 and hence Q¥ is even. Similarly, if n is odd, then Q¥ is
odd. Also, since T, (—z) = (—=1)"T,, (), we have

1
= / T (2)Q2 () doo

-1
1

- % / {Ton(0)Q52 (@) + T (—2)Q52 (=) bp(Da(wo, 1))
0

14 (—1)m+n

— T/0 T (2)Q% (z)dp(Dy(z0,t))

for any m,n > 0. We conclude that if m 4+ n is odd, then
(3.26) tm =0.

Next we apply Lemma 3.2 to the normalized characteristic function. Let 0 <
r <1 and

f(t) = %{X(—T‘,T’) (t) + X[=r,r] (t)}
Then we have by (3.5)
X @) = 51X (A 9)) + X )}
= J(dla,y)).

If p(Dg(zo,t)) is continuous at r as a function of ¢ on [0, 1], then the characteristic
functions x(_, ) and x[—,) are Riemann-Stieltjes integrable on [~1, 1], and

/X Xy @) = / X Batyr) () + XDty (@)}t
= / _{X( rr)() Tr]( )}dw

- /_ f(d

Thus, in view of Lemma 3.2, we have
(3.27)

L

=3 Qi)

=1

)

1B, (9)|
w (9)] + m}
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where g(z) = 2{x(-rr) + X[—rr}(cos2mz). We should remark here that when
r = 1, f does not satisfy the normalizing condition (3.4). However, (3.14) still
holds for g(x) by computing both sides of (3.14) directly. Hence (3.27) still holds
for r = 1.

Since g(z) is an even function and g(3 — x) = g(z), it follows that if m is odd,
then g(m) = g@(m) = 0. Hence, in view of (3.17), (3.19) and (3.26), AM(g) and
BM(g) are zero when n is odd. Therefore, we have the following theorem.

Theorem 3.3 (Erdos-Turdn Inequality). Suppose (X, d, 1) is an infinite compact
metric space with reqular Borel measure p satisfying conditions (a), (b) and (c),
and {z;}7°, is a sequence in X. Let w(z) be defined as in (3.24) and suppose the
set {Q% ()}, of orthonormal polynomials, with respect to w exists. For anyy in
X,0<r<1land L,M > 1, if u(Dg(zo,t)) is continuous at r, we have

(3.28)
1 L
£ X ) = [ Xty (@i
1=1 X
[M/2]
Vy(3) + Bt (9)] M 182 ()l
< 9iz) T P01 A n
= M+ 1 + ngl | 2n(g)|+ M—|—1 ZQ2n 'T’la )

where g(z) = ${X(—rr) + X[=rr] } (cos2m2); A (g) and BY (g) are defined in (3.17)
and (3.19) respectively.

In order to deduce Weyl’s criterion from the above theorem, we must have

i Va3) + B3 (9)

=0.

The following lemma gives an explicit bound for this.

Lemma 3.4. Under the same hypotheses as in Theorem 3.3, for sufficiently small
€ > 0, we have

Vy(5) + B (9)]

(3.29) < 4 <1 + % + M{p(Dg(xo,m +€)) — p(Dalzo,r — 6))}) .

Proof. For 0 <r < 1, we let = cos 270 for some § in (0, 1) and assume 0 < € < 6.

Then Vj(z) is a step function on [—3, 2] having jump 1 at four points +60 and
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+(1 — 0) only. In view of (3.6), (3.12), (3.18) and (3.25), we have

1
Vq(§) + B(])V[(g)
1 1t

= /(dVg)*kM(COQﬂ_ )dw

-1

= /_11 { _E kM(CO;_Tlt —x)dVg(x)} dw

1 -1 -1
t 1 t
_ / {kM(COS +__9)+kM(COS7T +0)
0

27 2 2
(3.30) ha (S5 gy 4 kM(CO;: Lo % + 9)} dp(Da(zo, 1)).
On the other hand, in view of (3.11), we have
(3.31) kar(¢) < 1+ min{M, (2] g[))~"}

for M > 1 and ¢ € R. Here ||z|| := min({z},1 — {z}) is the distance from z to the
nearest integer.

Since both [|<5—L 4+ 1 — || and || <%— +6|| are greater than 6 for any ¢ in [0, 1],
the contribution of the ﬁrst two mtegrands in the right hand side of (3.30) is less
than

1
(3.32) 2/0 (14 (20)~))du(Da(z0,1)) = 2(1 + (20)~1),

by (3.31). Next we consider

1 cos_1 t
/ o — 0)du(Dalzo, 1))

U v o

Fort € [0,7 — €] or t € [r + ¢, 1], we have

Jdp(Da(wo, t))-

os~ 1t cos™ 1t cos™ 1t cos r
I—=— =0l =] 0] = - | >
s s

It follows from (3.31) that

1
(3.33) / Fen L 0)dp(Da(xo,1))

{/ /+e} 1+ Jdpu(Dalzo, 1)) + /—J:E(l—i_M)dM(Dd(xo,t))

< 1+2 -+ (1 + M){u(Da(zo,7 +€)) — n(Da(wo, ™ — €))}.

cos_1

IN

Similarly, we have

! “1p 1
/ k(S L gyan)
—1 2w 2

(3.34) < 1+ g + (14 M){u(Da(zo,m + ) — u(Da(zo, 7 — )}
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Therefore, from (3.30), (3.32), (3.34) and (3.34)
1

Vi(3)+ B (9)
< 201+ 207 + 201+ 1) + 201+ M){(Dalwo,  + €)) = u(Dalao,7 = )}
< 4 (1 + % + M{pu(Da(xo,r + €)) — p(Da(xo,r — e))}) :

This proves (3.29) for 0 < r < 1. The case r = 1 can be proved in a similar
manner. |

Theorem 3.5 (Weyl’s Criterion). Suppose (X,d,u),w(z) and Q%(x) satisfy the
conditions in Theorem 3.8, and that p(Dg4(zo,t)) is continuous on [0,1]. Then
the sequence (x1);2, is p-uniformly distributed if and only if

. 1
(3) 7

L
> Q3u(d(a1,y) =0
=1

foranyy e X and n > 1.

Proof. Suppose (3.35) holds for any y € X and n > 1. The result follows from
Lemma 3.1, Theorem 3.3 and Lemma 3.4 by letting € = M~Y/2 and M, L — .
Conversely, suppose the sequence {z;}7°; is p-uniformly distributed. Then (3.35)
follows from (3.1) and the fact that

/ Q% (d(, y))dp = / Q% (t)dw = 0,
X —1

for any y € X and n > 1. O

4. UNIFORM DISTRIBUTION IN P¥~'(k,)

In this section, we concentrate on the projective spaces over number fields again
and compute the orthonormal polynomials for this case. In view of Lemmas 2.3,
2.4 and §2.2 in [11], the set of orthonormal polynomials exists. We denote the set
of orthonormal polynomials for P¥~(k,) by {QN-?(x)}2,.

We first consider the case v|oo. According to Lemma 2.3, we should divide our
consideration into two cases: k, 2 R and k, = C.

For k, 2 R, from (2.9), we have

N _ z tN_2
(41) wl e -2

For any a, 8 > —1 and n > 0, let P,ga’ﬂ)(;v) be the Jacobi polynomials and for
A > —2and n > 0, let C;(x) be the ultraspherical polynomials (cf. (4.3.3) and
(4.7.1) in [11]). Note that Cj(z) is the Jacobi polynomial with & = 3 = A — % and
suitable normalization. In particular, we have C2(cos6) = 2 cosnf and C}} (cos ) =

sin(n+1)60

g - Like cosine and sine functions, Jacobi polynomials satisfy the addition
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theorem ((4.10.20) in [11]), namely,

(4.2)
Péo‘ﬁ)(2| cos 0 cos By + 1€’ sin 0; sin 62> — 1)

= Z Z aggf)l (sin 0 sin B2)™ ! (cos B cos Hg)m_lP,gf;mHﬂer_l) (cos26)
m=0 =0

X P,Ei;m+l’5+m_l)(cos 292)B(a_5_1’5+m_l)
—1
x (2r% — 1)rm_lﬂ++051_l(cos }),

where

LB _ (m+l+a)l(n+m+a+p+1)I(m+ )
mom,t F'n+a+B+DI(n+l+a+1)
rG+nr'n+p+1)I(n—-—m+1)
Fm+p8+1)In—101+0+1)

and the limit relation

G+n

2 cos — 1,2,
thTcﬁ(COS(b):{ CObTMbv n y 4y ;

1, n =20,

B—
is used when 8 = 0. In particular, for the ultraspherical polynomials, we have
(4.3)  C(cosfcosd + sin O sin ¢ cos )

= C(cos 0)C (cos ¢) + Z b;n(sin 6)’ Cifj (cos )

J=1

IAN+2j—1 s 1

x (sin ¢)7 C’,)Z‘J_rj(cos ®) 1 C; ? (cos ),
where
B D(2X)2%(T(j + A)*L(n — j + 1)
Jn (T(N)2C(n+ 35+ 2)) ’
subject to the same limit relation above. It is easy to show that
m—I
(4.4) al) < (%) and b, < 2¥

for a > 0 and 2X € N. Also in view of (7.32.2) and (7.33.1) in [11], if o, 8 > 0 and
A > £, then we have

1
P ()] < (enmexe, P (@) < CEEEIE S opymestesy

and
(4.5) CX ()] < (en)?7L,  |C) (x)] < 2A\(en)

for any |z] < 1 and n > 1. These estimations will be frequently used in the next
section.

The next lemma shows that the orthonormal polynomials for the case k, = R
can be expressed in terms of the ultraspherical polynomials.
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Lemma 4.1. Suppose v|oo and k, = R. Then forn >0

N—2
aNC,? (V1 —122)  ifn is even,

4.6 n(z) = x
( ) Qn (CL‘) {aﬁrxcnf_l(M) if n is odd,

where aév =1 and form>1

(—1)"771{ T (N+”‘2)}_% if n is odd,

N+2n—2 n—1
ap =4 (=1)%n27s if nis even and N = 2,
_1
(-1)2 {N_];,_Vg_n2_2 (N+:_3)} ’ if n is even and N > 3.

Proof. In view of the uniqueness of the orthonormal polynomials, it suffices to
show that the polynomials in (4.6) satisfy condition (3.6), because QY-¥(z) is a
polynomial of degree n with positive leading coefficient. First of all, since QY?(x)
is odd and even according as n is odd and even, so (Q5" (), Qévnil (2)) = 0 for any

m,n > 0 by (3.25). Now we consider
(Qan (2), Q3" (x))

1 Noo —

N-—2
= 00, [ Cor (V1-a?)Cy7 (V1—a?)dw

N 1 N—-2

20 ad N2 o — N2 S
= —=m _<n C, 2 1-— .%'2 C, 2 1— (,Cz ——dzx
1 0 2m ( ) 2n ( )m

N N 1 N—2 N-2 _
= 2t [ 0P @0 (@)1 o) T e
C1 _1

2
m

- 6777/’1 ’

by (3.25), (4.1), (4.3.3) and (4.7.1) in [11]. Similarly, we can prove that

<Qévﬁiv+1 (17)’ Qé\;il ($)> = Omn-
This completes the proof of the lemma. O
For k, = C, from (2.9), we have
dp (D (B,t)) = 2(N — 1)t*N 34t
In a manner similar to the case k, = R, QY¥(z) can be expressed in terms of the
Jacobi polynomials.

Lemma 4.2. Suppose v|co and k, = C. Then for any m >0

BNPON=D (922 _ 1) ifn=2m,

N,v —
(4.7) Qy " (v) {ﬁi\fog%N—l)(Qx? —-1) ifn=2m+1,

[N

N+n—
where BY = (—]'\';_11)
Proof. The proof is similar to that of Lemma 4.1. O

When v is a finite place, the orthonormal polynomials in this case are more
complicated and we are not able to represent them in terms of familiar polynomials.
Since the explicit formula for these polynomials doesn’t contribute to our proof of
the main theorem, we just state the following recursive relation for Q% (x) without
proof. A proof can be found in [4].
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Let

e R L e A R LT B S B N

A,

for any m > 0 and n > —1.

Lemma 4.3. For n > 2, we have

QN () = an 1 {2QY" (x) — —— QN ()}

An—2

and Qév’v(m) =1, inv(l“) = (%) : x. Here

0
Boad

04211__1404&14-26311 ||7TU ||12)n

1
n n—1 2
_ 0<4n0<6n_4ﬂ4n+264n
a2p =

and 1
Gont1 = { Q42 Ban+4Pan+2 }2
n - — — ,
oLy Ly (1 = [y 322 ey |3 D%
formn >0.

We conclude this section by proving the Weyl criterion for PV~ (k).

Theorem 4.4 (Weyl’s Criterion). Let {a;}7°, be a sequence in PN~'(k,). Then
{a}52, is ulY -uniformly distributed if and only if

L
. N _
(48) i 7 D@8 (e, 8) =0
for any B in P¥*(k,) and n > 1.

Proof. For v|oo, since plY (D (B,t)) is continuous on [0, 1], (4.8) follows from Theo-
rem 3.5. For v { 0o, we recall that

{Au(a, B) - a# B} = {[mlly" : m = 0}.

Thus for any 8 € P¥~*(k,) and m > 0, we have
XD @) () = X g a1, 1, ()

Since p¥ (D (B,t)) is constant on (||, ||™, ||m,[|™ 1), if we take

[l [l
= (I +mlly) and e= (1= {[mollv)
2 4
in (3.29), then
1 M 1
Vo)) + B 10+ 2 ;
M+1 M+1 (1 = ||mollo)|mollor™ (M + 1)

as M — oo. Hence, by (3.28), for any 8 € P¥~'(k,) and m,n > 1, (4.8) implies

L
1 -
m 7 > X @ (@) = p(D (B, [l

L—00
=1

Hence, from (3.1) and (3.2), {a;}52, is ' -uniformly distributed if and only if (4.8)
holds. This completes the proof of Theorem 4.4. O
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5. RATIONAL POINTS WITH Low HEIGHT

We now come to the proof of Theorem 2.2. For v|oco, in view of Weyl’s criterion,
we are going to establish the following result.

Theorem 5.1. Suppose v|co. Let H > 1, and let n be a positive integer. Then for
any B in PN (k,), we have

(5.1) S QN (A, B)) = O NV (HNIT 4 Hlog H)),

acPN (k)
H(a)<H

where the implicit constant depends only on k and N.

Although using a slightly different definition of height, S. Schanuel in [10] (also
see Theorem 5.3 in [6] and Theorem 1 in [13]) proved the following asymptotic
formula for the number of rational points with low height:

(5.2) > 1=cHY+OHN"" + Hlog H),
acPN (k)
H(a)<H
where

hR2NT2NT1+T2_1(V(N))T1 (V(2N))T2
w| Ak F () '

Here h is the class number, 1 and ry are the number of real and complex em-
beddings respectively from k into C, R is the regulator, w is the number of roots
of unity of k, (i is the Dedekind zeta function of k and V' (I) is the [-dimensional
volume of the unit ball in R!. Then Theorem 2.2 follows from Theorem 4.4, (5.2)
and Theorem 5.1.

Let

(53) Cy = CQ(N, k) =

O :={a€k:|al, <1foralv,vtoo}
be the ring of integers in k. If v is a finite place of k, then we define
Py :={a €O |all, <1}

Then {P, : v 1 oo} is the set of all prime ideals in Oy. In view of the fundamental
theorem of ideals in k, every non-zero fractional ideal 96 in k can be written uniquely
as a product of prime ideals such that

B =[P
vfoo
for m, € Z and m, = 0 for almost all but finitely many v. Furthermore, we have
B={ack:|al, < ||y for all v, v1{oo}.
If we denote the norm N(B,) of P, by ., then
NB) = [T~y = [T e
vfoo vfoo

and g, = [|m |, .
Let o — o) (1 < i < d) denote the embeddings from k into C, ordered so that
the first 7, are real and a(t™2) = o for r; + 1 < i < 71 + 79, where @ is the
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complex conjugate of aw and d = r1 + 2r2. If @ = (ayg, - - 7az\,,l)t is an element in
kN, then we let
o = (@) o).

where of means the transpose of a. Hence if v is an infinite place of k, then
el = [|a?] for some 1 < i < 7y + rg, where || - || is the usual Euclidean norm
over C.

Given a non-zero element « in kv, we let () be the fractional ideal in k gener-
ated by its components ag, - - - , ay_,. For each finite place v, we let |||, = ||, ||

for some m,, € Z. Then
(ay ={a €k :|al, <||ml|i for all v, v{oo} = H B,
vfoo

It follows that
N((@) = ] llmlly™

vfoo
= ]I llediz®
vtoo
and hence
r1+72 )
H(a)" = N({e) ™" [ e,
i=1
where

1 if1<i<rg,
e; =
’ 2 ifr+1<i<r 4+
It will be convenient to write

r1+r2

(5.4) Hoo(a) := H o

€4
)

so that
(5.5) H(a)? = N({(a)) ' Hoo ().
Let p be the Mobius function on ideals in Ok.

Lemma 5.2. Let F : PY'(k) — C be a bounded function and ||F(a)| < M for
any o in PY=1(k). Then for any H > 1 we have

(56) > Fl= Y u@ Y

acPV (k) CCOk BCO
H(a)<H N(e)<H? N(B)<H?/N(€)
X > F([o,1]) + O(MHN=D?),
ae(B~HN-1

Hoo(c,1)SH? /N (BC)

where € C O means that the summation runs over all integral ideals in Oy and
the implicit constant depends only on k.

Proof. For any non-zero o = (g, -+ ,an_,)" € kN7 we define

T(a):={ack:aac O '}
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Then ¥ () is a fractional ideal in k. Let

T () :=F(ax) N Oy
So, T*(a) = (e, 1)) 1. Hence from (5.2), (5.4) and (5.5), we have
Y. Fle) = Y. Fa1)+0oMHND
acPN"1(k) [a,1]ePN 1 (k)
H(a)<H H{a,1)<H
(5.7) = > F(le, 1)) + O(MHEWN =D,
ackN !

N(Z*(a))Hoo (ax,1)<H?

For any fractional ideal 4l in k, we define

(5.8) AU, H) = > F(le, 1])

ackN -1
T(a) DU
Hoo (e, 1)<H/N (&)

(5.9) A H) = > F(le, 1]).
ackMN 1
T ()=
Hoo (a,1)<H/N (L)

Using an argument similar to that used to prove Lemma 1 in [13], we have

(5.10) ML H) =" p(@AUe™, H/N(C)).
¢y

Note that if & € Oy, then in view of (5.9), A(4, H) = 0. So, by (5.10),

) F(lar. 1))

ackN 1
N(Z*(a))Hoo (t,1)<H?

= > (e, 1])

UCOy B ackM 71T (a)=4
NW<H® g (a,1)<H%/N ()

= > AHY
UC O,
N(U)<H?
= > D u@xwe ! HYN(@)
UCO, gy
N <H?
(5.11) = Y W Y A®BHYNE)
N(&)<H! N(B)<H?/N(€)
where 4 = BC.
Now suppose B is a fractional ideal in k. Then we claim that
(5.12) ac (B HN1  ifandonlyif B C I(a).
For, if a = (ag, -+ ,an_,)t € (B~1)N7L then

OéjfB C O
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forall 0 < 7 < N —2. So, B C T(a). Conversely, if B C T(a), then for any
b € B, we have ba € DkN_l and hence ba; € Oy for all j =0,--- , N — 2. Therefore
a;B C Oy forall 5 =0,--- , N — 2, and this implies that o € (% HN-=1,

Finally, in view of (5.8) and (5.12), we get

(5.13) A(B, HY/N(€)) = > F([a,1)).

ae(%fl)l\lfl

Hoo(a,1)<H?/N(B€)
Therefore, (5.6) follows from (5.7), (5.11) and (5.13). O
Lemma 5.2 suggests that we should investigate the sum

(5.14) S(B,X,F):= >  Fla)

ac(B~ -t

Heo(a,1)<X

for any X > 1, [ > 2 and integral ideal 8 in Dj. For o € C, we choose the range
of the argument of « so that 0 < arg(a) < 27, and for any y = (y1,y2)" € R? we
let arg(y) := arg(y + iy2). Then we define

(5.15) SHB,X,y,7,0) = Card {or = (a0, 0 2)" € (B7)' 71 lal]| <,
Hoo(or) < X,0 < arg(al,) < 0}

forany 1 <r <7y +ry,y >0,0<6<27 and « in k*,s > 1. Suppose the values
of F(a) depend only on ||a™||. Then

S'(B, X, F) = > Gl
ac(B~hHi-?
Heoo(a,1)<X

(5.16)

/ G(y)dSL(B, X, y,1,27),
0

where G(||a'™|)) := F(a) and G(y) is continuous on (0, 00). In order to estimate
SL(B, X, y,~,0), we follow the argument in [13] and first show that this is equal to
the number of lattice points inside some domain in R'. Then we use Theorems 4
and 5 in [13] to estimate the number of such lattice points. Lemma 5.3 below gives
us an asymptotic estimate for SL(B, X, y,~, §). Before we state the lemma, we need

to introduce some notation. For any o € 3., := {(c1,¢2, - ,cm) 1 ¢; € {1,2}} and
x> 0, we let
m
Dy(z):=¢ueR™: H(u + I)TJ r~!and 0 < w;,Vj
j=1
and

3

H le—ldu_
J

j=1

(5.17) / /

for any [ > 1. Note that if 2 > 1, then ff,(x) =0 for any 0. For 1 <r <7y + 79,
we let

Or = (€1, 1 €r—1,E€rt1s " 3 Eritry)
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be an element in X, ,,,_,. If d =1, 1ie., 7 =1 and rp = 0, then we understand
that

(5.18) é—l (z) = zx[0,11(2)-
Let
Eld .= {(ar, a2, -+ aq) € R™ x C%"2 oy i = g 1 <0 < T2},

where a; € R for 1 < i <7 and a; € C' for 1 +1 < i < d. We then define
p: k! — EM by

pla) i= (@D, ... @y
and ¢ : E'Y — R by

dj(alv"' aad) = (615"' 7/8r1+r2)t

where 8, := o for 1 <i < rq,

Bi = (Big:" - 7/8i(l—1))t

forry +1 <4 <7 +r2and 8;; = (R(aij), S(ayy)) for 0 < j <1 —1. Note that
1 o p embeds k! into R,

Next we suppose that A is a lattice in R!. Let Ay < --- < )\; be the successive
minima of A with respect to the unit ball in R'. Let {y,,--- ,¥;} be a corresponding
set of linearly independent vectors in A such that

ly;ll = A
for 1 < j <. Define

l—i
AT = AN PRy,
j=1

for 1 <i<1l—1. Let by,---,b; be a basis for A. If 7 is some m-element subset
of {1,---,1}, then we write V; for the space spanned by the vectors b; for j € 7
and V;« for the space spanned by the remaining vectors b;. We also denote the
orthogonal complement of a subspace V in R! by V+, and the orthogonal projection
of a domain D onto V' by D(V).

Lemma 5.3. Suppose B is an integral ideal in Oy and 1 < r < ry+ry. Lety be
an element in k* s > 1, such that 1 < ||[yO|| for any 1 < j < r1 4+ ry. For any
X>1,1>1andy >0 we let

Y er
RN (u2+1)7Hoo(’Y)> S
J=J(X,y,v,11) = i —du.
(X, y,7,7.1) /0 fr< e wernF™
Then for any 0 < 0 < 2w, we have
(5.19)

S’f‘-‘rl(%? X7 y7 77 9)

r1+72
= 3N (B)'AJHoo () ' X + 0 (N(%)l—%x > f,i(X‘l)> :

m=1 oceX,,
where the implicit constant depends only on k and [,
es = cs(k, 1) = (V)™ (21V(2Z))T22”2||Ak||_%,

and A = A(0,r) is 1 or £ according as 1 <r <ry orri +1 <7 <ri+rs.



DISTRIBUTION OF POINTS INPROJECTIVE SPACE OF BOUNDED HEIGHT 1097

Proof. We first suppose that r; +1 <7 <7y +7ry. If we let A := 10 p((B~1)!) and
for any 0 < ¢ < 27

r1+ra

D(¢) = {(Br,-+ +Bryry) ER: TT (I8P + 1V 1) F < X,
=1
||IBT‘H S yaO S arg(/gr(l—l)) S d)}a

where 8, = (B, - 7/61'(l—1))t and 3,;; € R2 for ;1 +1 < i <7 +ryand j =
0,---,1—1, then

SIFH(B, X, y,~,0) = Card{A N D(0)},
by (5.15). In view of Lemma 1 in [12], p((B~1)!) is a lattice in E!4 and
det(p((B"))) = N(B™") det(p(D}) = N(B~)'[| A2
Since 1) is a bijective linear transformation with determinant 272, we have
det(A) = (N(B~1)27" | Axl|*)".

If we set u; = ||3;|| for 1 <14 <y + 7y and use polar coordinates for each 3,, then
the {d-dimensional volume of D(6) is

r1+7r2

0 o
evareveny [ [ ) T e
L7224 19 2)ei/ 2 < x =1
0<u,;,vi
(5.20)
0 T1+7T2 l )
= o O Ve (Ha() [+ [ T] e tau
A i=1

where

r1+7T2
A= {u e R 10 <y, Vi, 0 < up < y/lly 7, H (u? +1)2 < X/HOO(')/)} .

i=1

In view of (5.17), we have

r1+72
l@i—l
// H u; ' duy
A =1

_ X /\I"/“‘) ] 1l <(u2 + 1)%}[00(7)) uzeT—1CT "
Hoo(v) Jo " X (w2 +1)F

JHo () ' X.

(5.21)
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Now we apply Lemma 10 in [12] and Theorem 5 in [13], and in view of (5.20) and
(5.21) we get

(5.22)
SN (B, X, y,7, 9)

_ Vol(D & VOl{(D(0))(VE)}
N det (ZZ detA (ld m))
_ Vol(D(e) , (le Vin(D(27)) )

det(A) — det(A~(d=m)
-1 d—1 .
= c;;N(%)lAJHOO(,y)l—lX +0 Z Z de+j(D(27T))N(%)m+% :
m=0 j=0

because D(f) C D(27) and D(27) is a coordinate domain. Next we analyze the
error term in (5.22). If we replace all |[¥)|| by 1 and remove the conditions
8, <y and 0 < arg(B,_1)) < 27 in D(27), then each summand in V;(D(27))

becomes larger. As in proving (5.20), every summand in V;(D(27)) is < Xff,(X‘l)
for some o € ¥, and 1 < m < r; + ro. Hence the error term in (5.22) is

r1+ra

(5.23) <N@®Tix YN flix

m=1 c€X,,

Therefore, (5.19) follows from (5.22) and (5.23). This proves (5.19) for 1 +1 <
r<ry+nro.

If 1 < r < ry, then the condition 0 < arg(al(i)z) < 0 can be removed because
al(i)Q is real. So, SIT1(B, X,y,~,0) = SITH(B, X,y,,27), and this proves (5.19)
for 1 <r <. |

It follows from the Dedekind-Weber theorem that for y > 0,

(5.24) Z 1= hsey + Oy~ ),
BCO,
N(®B)<y
where
2T1+T27TT2R
S E

Lemma 5.4. Let G : [0,00) — C be bounded and differentiable, and let ||G'(t)||
be integrable on [0,00). Suppose ||G(t)| < M and [;°||G'(t)||dt < M'. Then for
any X > 1,0>1 and 1 <r <ry+re, we have

(5:25) Y S"HB,X/N(B),G(la"])
BCOy
N(B)<X
le,—1

%) y .
= C4Xl+1‘/0 G(y)mdy—i— O((M + M')XH—I d),
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where the implicit constant depends only on k,l and G, and

c3hse li[ I )r(l;)
[+1 )

Cq = C4(l€,l,’l”) =

iET (
i=1
Proof. We first suppose d > 2. By (5.16),
Sl“(%,X/N(‘B),G(Ila(”l\))=/ G(y)dS; ™ (B, X/N(B),y,1,27).
0

Hence from Lemma 5.3, we have

(5.26)
S8, X/N(B), G(||a]]))
(v +1)*/N(B) y'er!
= N ()" 1X/ Gly ( X >(y2+1)er/2dy
T1+T2
/G dO( B)ix YN AN )>-
m=1 o€,

Next we consider the following summation which appears on the right hand side of
(5.26) when we sum over B C Oy, N(8B) < X. For simplicity, we temporarily fix

y >0 and let
2 er/2
g ()
)= 11, ().

for 0 <z < X. Then, by (5.24), we have

(5.27)
X
> NE@WE) = [ @l Y
BCO, 0 BCO,
N(B)<X N(B)<z
X b's
= h%/o 27 (x)de + O (/0 gl %xl_lf(x) d;v) ,

because f(X) = 0 for any 0 and y > 0. For any 0 € X,,,,1 < m < r; + ry and
0 <s<1,by (5.17), we have

(5.28)

/f )z' " dr

1)er/2 X m
— (y +X) / le_s // HUéci_ld’Uq‘dIE
0

(y2+1)er/2zx 1) =1

W2HnTer/2 [ (P4 ei/2 K—
= (y? + 1)/2x!- S/ / / l_sdxHuici_ du,;
i=1

! X e Dl /2)D(ei(1 — s)/2)
_l—l—l—s{(y?—i-l)%} Zl;[l ' (ci(l+1—15)/2)
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because fOO(/) (Jiz;ﬂd = gé’a};(g)) for any p,q > 0. In view of Lemma 13 in [12],
we have f.'(z) < 0, and hence the error term in (5.27) is
-1
X d
5.29 at1mag —_
(5.29) <</ fz x<<<(y2+1)w2) ,

by (5.28). Combining (5.27), (5.28) and (5.29), we now have, for any y > 0,
Y. N®) TN (B)

BCOg
N(B)<X
e X ! X -3
5.30 = 2 ——) 40| (——"—= :
(>:30) () <<<y2+1>er/2) )
Thus by (5.26),
00 le,—1
. yer
> ST XN ).l ) = x| G — Ly
BCO, 0 (y2+1)"=
N(B)<X
. . r1+re
+O | MXTTa (M + M) YT N TITAX Y Y AN )
BCO, m=1 ¢€n,
N(B)<X

Using an argument as in our proof of (5.30), we can show that the second error

term in the last equation is < (M + M’)X'*1=d. This proves (5.25) for d > 2.

The case d = 1 can be proved in a similar manner. O
Forany N >2,n>1,z>1and 3 in kN1, we let

(5.31)

> SY(B,/N(B), Q" (Au((e1), (8, 1))-
NI

Since v|oo, so v corresponds to some embedding of k into C such that
el = [l

for any a € k. From now on, we fix r to correspond to this embedding of % into k,.
We will prove Theorem 5.1 by induction on N > 2. The following lemma shows
that it is true for N = 2 and this starts our initial inductive step.

Lemma 5.5. Suppose v|oo. Let 3 be an element in k and n a positive integer.
Then for any X > 1, we have

(5.32) T2(X,B) < no"X?"1

where the implicit constant depends only on k.

Proof. We first consider the case that k, = R. In this case, by (4.6),
Qo (Au((, 1), (8,1))) = 03,05, (V1 = A2((a 1), (B, 1)),

and (") is real for any « in k. Hence if we let § and ¢ be the angles in [0, ] such
that

() (r)
cosf = ——2 and cos ¢ := 57,
1+ [Ja(]2 14302
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then
[a"®) 1 1]
V1-=22((a,1),(8,1) = = | cos(6 — ¢)||.
V14 [a®[Ry1+[0]?
Since Cp, (cos ) = 2 cosmep and C} (costp) = W, so we have

(5.33)
9. (/1= A2((a,1),(8,1))) = C9,(cos 0) cos 2ne + %Czln_l (cos ) sin 6 sin 2ng.

Because C3,,_; () is odd, when we sum over o € B!, the second term in (5.33)
vanishes. So, from (4.6), (5.14), (5.31) and (5.33), we have

THX,B) = a3,(cos2ng) Y S*(B,X/N(B),Gi(|a])

BCOy
N(B)<X

<L n Z S2(%7X/N(%)ﬂGI(HO‘(T)”))a

BCO
N(B)<X

where G1(t) = O3, (ﬁ) By putting G(t) = G1(t) and [ = 1 in Lemma 5.4 and
using

o 1
Gy (t) ———dt = 0,
/0 1()t2+1

we get (5.32) from (5.25) because [|G1(t)|| < 1/n and [J° |G (t)||dt < n. This
proves (5.32) for k, = R. Similarly, if k, = C, then by (4.7) and the fact that

0 (z) = CF (z), we have
o (Ay((a, 1), (8,1))) ﬁgnPéo’o)(QN((aa 1),(8,1)) = 1)

= B3,CH2A2(0.1),(8,1) ~ 1)

and we let
o™ = pret and B0 = pye'

pi—1
pi+1

for p1, p2 > 0 and 91,19 € [0,27). We also let 6; € [0, 7] be such that cosf; =
for i = 1,2. Thus, by the addition theorem (4.3),

i (1 —20%((e 1), (5,1)))
= C,% (cos 61 cos B2 + sin 6 sin Oz cos(1h1 — 12))
(5.34)

= C’é (cos 01)07% (cosby) + 2 E bin sin’ 0, sin’ 0,
j=1
% C%H(COS 91)0%4’7 (cos B9) cos j(¢1 — 1ha).
n—j n—j

Since C;-J (2) is odd if j is odd, the contribution corresponding to the odd j on the
left hand side of (5.34) will be zero when we sum over o € B!, Hence from (4.4),
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(4.5) and (4.7), we have

TAX,B) <n?| Y S%B,X/N(B),Ga(a|])| +n?(2en)*"

BCO
N(B)<X
[n/2]
(535) x > | Y > Hy (|| ]]) cos 2 (arg(a™) — )] ,
Jj=1| BCO, aeB !

N(B)<X Hoo(a,1)<X/N(B)

here G (t) = CF (L1 and 1(t) = { 2517 €372 (£21) By putting G(r) =
where G (t) = OF ( =77 ) and H;(t) = § 77 2 | 71 )- By putting G(¢) =

Go(t) and | = 1 in Lemma 5.4, the first term on the right hand side of (5.35) is
< n% X% 1 because

o t

Next we consider the second term in the right hand side of (5.35). By Lemma 5.3,

we have
> Y. cos2j(arg(al”) — )

BEOk B [lal” <y
N(B)<X H_.(a,1)<X/N(B)

27
- ¥ /0 08 2 (1 — 1) dS2(B, X/N(B),y, 1, 1)

BCO,
N(B)<X
L r1+72
< Y N®)TAX > > fANE®BX T
BCO m=1 ceX,,
N(B)<X
< X% a.

Therefore the double summation over 8 and « in the second term in (5.35) is equal
to

/0 THiwd Y S cos2j(arg(a) — )

BEOL  aeB ™! [la|<y
N®B)<X H_(a,1)<X/N(B)

< jlen)¥+2x2u

by (4.5). This shows that the second term in (5.35) is < n®" X2~ 7, and so proves
(5.32) for k, = C. O

Lemma 5.6. Suppose v|oco and N > 2. Let B be an element in kN =1, n a positive
integer. Then for any X > 1,

(5.36) TN(X,B) < n®N-DnxN-7
where the implicit constant depends only on k and N.

Proof. We prove the lemma by induction on N. The case N = 2 is true because of
Lemma 5.5. Now we suppose the lemma is true for N — 1 for NV > 3.
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Let k, 2 R. Then

|5 o7 + 1
I(@@, D2 (8, 1|2
|| cos @ cos ¢ + sin 0 sin ¢ cos 1|2,

1- Ag((aa 1)7 (/67 1)) =

() (r) —1 () g(r)
o) . — BQ _ EI 1 O‘ B; 1
cosop = and costp = for
(™, 1)]] ¢ 1B, 1) ¥ (e’ @ D)[[-1(8 ), 1)

0< aad)aw < 7 and o = (alv"' aaN—Q)a /61 = (617"' aﬁN72)' So by (43) and
(4.6), we have

Qévf( ((a,l) (8:1)))
a2n02n2 (\/1 (( 51)7(/8a1)))

2n

where cosf =

l\)

N—3+2j

C 7 (costh),

ady, Z bj 3. sin? fsin? ¢C N (cos0)C, 2 e (cos @) f

2n—j 2n—j

where bO 2, = 1. Since 02n2 ; () is odd if j is odd, we get, as before,

(5.37) TN(X,0) < (en)V 3" % >
j:O ‘ngk OLIE %—I)N—2
NB)SX Hoo (ol 1)< X/N(B)

r)
v «
A Y 5 (” 0 ”) ,
a06%71 ’YT
Heo (a0,a’,1)<X/N(B)

where 7; := ||(&’ 1(® )| for 1 <i <+ andF()—{tZH} Can ;;23 (\/ﬁ)

Now using Lemma 5.3 and (4.5), the summation over «g in (5.37) is
= / Fj(y)dS; (B, X/N(B), yvr, (o, 1), 27)
0

= el DX [ g (02 1) Hac ol DN )Xy

1)2
r1+72
(5.38) +O((j + D@2en)VTHHUN(®B)TTX Y N fAN(®B)X ).
m=1 oc€X,,

So, in view of (5.37) and (5.38), we have

N N—344n - < Fy)
(5.39) TN(X,B) < (5en)N 3% XZO/O L Z(y)dy’

2N —4+8n -2 e N %
+ (5en) 3 ¥ IS SIDPFCE =D
%CDk e B~ 1)N 2 m=1 oc€X,,

N(B)SX [ (o ,1)<X/N(B)
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where
Yy = > > Qo " (AL((e, 1), (8, 1))
BCO, ale(B-1N-2
N(B)<X [ (o’ ,1)<X/N(B)
<f3 (2 + 1)} Hoole!, N (B)X )
For j > 1,

Yy = 1féT((yr“+1)%:v)d1}N_1(9cX,B’)
0

1
< (j+1)9<N‘2>jXN—1‘5/ gN-1-q dx

0

L (42 3
(P + D)

_ X N-1-1
< (FH1)P0 <T) :
(y> +1)2

by the inductive hypothesis, f! '(z) < 0 and (5.28). So for j > 1, we have
/00 Fj(y) . Z(y)dy < (,] 4 1)9(N—2)jXN—1—% /OO ||Fj(y)|| . dy
RCERE 0 2
(5.40) < (f+ 1) =2I(2ep)N-3+4I x N-1-3
by (4.5). By using Lemma 5.4 and the fact that

/ FO(y)Edy:O,
o (W2+1)=

we can show that (5.40) is also true for j = 0. Hence the first term in the right

1

side of (5.39) is < n®N-UnXN=3  Using a similar argument as in our proof of
(5.30), we can show that the second term in the right hand side of (5.39) is also
< n®WN=DnxN=3 This proves (5.36) for k, = R. The proof in the case k, = C is

similar to the above proof but instead of using (4.3), we employ (4.2).

Proof of Theorem 5.1. First of all, by Dirichlet’s Theorem, if we let 7 € k,, be such

that |7, > H*¢ | then there is a B, € P¥~'(k) such that

_d
Ay(B.By) < rlo ™ < H,
because H(3) > 1. So,

Yo Q2 (Au(e)

acPN (k)
H(a)<H
= Y R (Au(@B))+O0mNTIT N A8, BY)
acPN (k) acPV (k)
H(a)<H H(a)<H
(541) = Y QN'(Au(enBy)) +Om NN
acPN (k)
H(a)<H

by (5.2) and (4.5).
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Without loss of generality, we may assume that 8; = (8o, ,Bn_2,1). Hence
from Lemmas 5.2 and 5.6

Yo R (A, By))
acPN (k)
H(a)<H
= Y wOTY(HN(Q),B) + On* NI HN D)

cCHy
N(¢)<H?

< pdN-Dn | gNa-1 j{: HN(Q)H1 4 (N1
cco, N(@©N-a
N(¢)<H?

< p'WN=Un(gNi=1 4 Hlog H).

Therefore, (5.1) follows from this and (5.41). This completes the proof of Theorem
5.1. O

It remains to consider the case vt co. In this case the orthonormal polynomials
are unfamiliar and it is not known if there is an addition theorem for these polyno-
mials. Of course this was essential to our argument establishing the inductive step
in the proof of Theorem 5.1. Therefore in our proof of Theorem 2.2 for v { co we
estimate the number of the rational points with low height inside a projective ball
directly.

Theorem 5.7. Suppose vt oco. Let B be an element in PN~ (k,), and m a positive
integer. Then for any H > 1, we have

(542) Y xo@mlp (@)

acPN (k)
H(a)<H

1 — |||
= 02”7-‘—1)”37'(]\7—1)(11; { : ||7T|||]\1;d } HNd + O(HNd—l 4 HlOg H),
— ||Tv||v v
where co is defined in (5.3) and the implicit constant depends only on k and N.
Consequently Theorem 2.2 for v t oo follows immediately from (2.12), (3.2), (5.2)

and Theorem 5.7. Before we prove Theorem 5.7, we establish some preliminary
lemmas.

Lemma 5.8. Suppose v{oco. Then for any x > 1, we have

Z 1=hx(l—q Y+ O(xl_é),

(B,B)=1
N(B)<z

where the summation is over all integral ideals in Dy, relatively prime to P,, and
having norm less than or equal to x.

Proof. Let F(j) and F*(j) denote the number of integral ideals in O} with norm
equal to 7 and the number of integral ideals relatively prime to 3, with norm equal
to j, respectively. For any s > 1, the Dedekind zeta function of k is given by

Gl(s)= > N(B)™.

BCO,



1106 KWOK-KWONG CHOI

Then we have

=
and
)
>, N®T =) —
BCO =
(%va):l
By the Euler product formula,
. F10) —oy=
=2 = JLa-~m)?
Jj=1 P#Po

where the product is over all prime ideals in Oy, distinct from 3,,. Hence, we have

con _ JFG) if g, 1 J,
= {F(j)—F(q%) if golj-

Therefore,
L= Y FG) =) FG)- > FG)
(B,P.)=1 j<z j<w <&
N(B)<z
= hx(l—q; Yz +O0(z'"7)
by (5.24). This proves Lemma 5.8. O

Lemma 5.9. Suppose v{oo. Let B = (B0, -+ ,By_2) be an element in kN =1 such
that ||(B,1)|l, =1 and m > 1. Then we have

AU((aa 1)7 (/81 1)) S ||7TU||Z;n
if and only if
oy = Bjllo < lImolly’s

for0<j <N —2and any a = (ag, - ,an_»)" in kN1,
Proof. We first note that

iy —ajBille = lauB; — BiB; + BiBj — a;Billw
max{||Bjllvllai = Billw, [1Billolle; — Bjllo}
max{|a; — Billv, la; — Bjllo}-

Also, if [|a; — Billv < |||, then ||(ex, 1)|| = 1. This proves the “if” part.
Suppose A, ((e,1),(8,1)) < ||my]|*; then we claim that (e, 1)||, = 1. For, if
(e, 1)||» > 1, then there is jo such that ||e||, = ||y, |lo > 1. Hence

IAIA

Hajo — ﬁjOH'U

llejo llo

Y

Ay((e,1),(8,1))
= 1
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This contradicts A,((ex,1),(8,1)) < ||my]|l* < 1. Therefore ||(a,1)]], = 1, and
hence

oy = Billo < Au((e,1),(8,1)) < [lmoll3*
for any 0 < j < N — 2. This completes the proof of the lemma. O

Lemma 5.10. Let m be a positive integer and 3 an element in Oy. Suppose v is
a finite place of k and B is an integral ideal in Oy such that

B=]] %o
wfoo
where my, > 0 and my, = 0 for all but finitely many w. Then we have
{aeB7t:fla—Blo < Imlly =37 [T B +6.
w#v
Proof. Suppose a € P Hw;ﬁv P, + B3 C B Then we let a = v + 3 for some
7 € B [Twzo Bu™» s0 that [ly][y < [l Thus,
e = Bllo = lIvllo < [l

Conversely, suppose & € B~ and |l — S|, < ||m||". Since § € O, € B, it
follows that o — 3 belongs to B~ NP, which is equal to P [T0 B This
completes the proof of the lemma. O

Proof of Theorem 5.7. The proof is similar to the proof of Theorem 5.1. First of
all we show that we can assume 8 € PV~'(k). In view of Dirichlet’s Theorem, if
By € P¥*(k,) and € > 0, then there is 8, in PY~'(k) such that

AU(ﬁlaﬂQ) <e

So, if 0 < € < ||y || 1(1 — ||my]|0), then

DBy, [[mol[3") = D (Ba, llmol3")-

Hence, without loss of generality, we may assume that 3 = (3',1) where @ is in
EN=Land ||B]l, = 1. If we let

B=[]®0  (mw=0)
wfoo
be an integral ideal in Oy, then in view of Lemmas 5.9 and 5.10, for z > 1,
SYM(B, 2, x0 (@) Imlp) = > !

ac(B HN L H  (e,1)<z
Ay((e,1),(8 1)< 7ol

= > 1

ae(® HN L Ho(a, )<z
la—=B"llo<llmoll3"

= > 1.

ac(BInpm)N-11g,
Heo(e,1)<z
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We now apply the embeddings p and v defined in this section. Using the remark
after Theorem 5 in [13], we get

SN(SBa:EvXD(ﬂl\MHL")) = Z 1
YyE(A+epop(B'))NDy
5.43 —l)a=
(5.43) _Veln.) (Nz”:d L VD)
~ det(A) 1=0 det(A=((N=Dd=0)) |~

where A = 9 0 p((B~ NP™)N-1) is a lattice in RV=D9 and

J=1

r1+72 )
D, := {y e RN-Dd. H (ly;1* + 1)* < x} .

Using Lemma 1 in [12] and the multiplicity of the norm, we have

det(A) = {N(BINPI2772[Ay]Z 1V
(5.44) = {2 N(B) T A E VL
As before,
(5.45)
Vol(D,)
r1+72
= (V== nyen —aven -2y [ [T

D, (z-1) =1
= (N =1V(N =1))""((2N =2)V(2N —2))2zf)} " (z™),

where 0 = (€1, ,€p 4r,) and f¥'(x) is defined in (5.17).
Combining (5.43)-(5.45), we have

> SN(B2/N(B), X0 (8, m )

BCOg
N(B)<z
_* N(B)N2f¥ 1 (N(B)/z) N_1
= & (N-1)m Z (N—1)m., +O($ d)
v BCOg qv
N(B)<z
T 1
(46) = ommm D o
B e
N(B)¢
(5.47) X Z N((B)N—Q Ny ( )‘]v)_|_0($N_E)7
X
(%)mv)zl
N(B)<z/q,

where
c5 = cs(N, k) 1= 2V =Dr2 | AL =72 (N = DV(N — 1)) (2N — 2)V(2N — 2))™

and the error term is treated as in (5.30).
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We now need to estimate the summation over 8 on the right hand side of (5.47).
By Lemma 5.8, this summation over ‘B is

itN—2fN71(%)d Z 1
7 T
(%7q3v):1
N(®B)<t

0

= h 1— —1 E N—-2 pN—-1 % d
0

d N—-2 pN-1 tqil)
—¢ v
IEE

-
5.48 ol ™3
(5.48) + < ; b

dt> |

N-1-1
Using (5.28), the error term in (5.48) is < (q%) * and the first integral in
(5.48) is equal to

(%)N_l ' % ' (2(N —Nl‘;(/% - 1)>T1 ' <27r(zv f‘1/)(5](\% - 2))T2 '

Hence by (5.3), (5.47) and (5.48)

> SN(B.2/N(B).x0 @Bm 7))
BCOg
N(B)<z

N
_ x _ _1
= G- mmm Yoo M +o@ENTe)
q

v log @
0=i< log qv

JZN

= oG- - ¢ mm, + 0N 1),
qv
Therefore, by Lemma 5.2,

> xo@mlm (@)

acPN1(k)
H(a)<H

_ 1—||my ﬁ“ ¢
_ HNdCZCk(N)”Wv”T(N l)dv{ H || } Z /1’( )

dv
N(€)<H'q

+O(HN! + Hlog H)

1 — |||
= coflm, [y {71 — ||:||;dv } HNY + O(HN! 4 Hlog H),

because q, = ||7,||;%. This proves (5.42), and completes the proof of Theorem
5.7. (]

Next, we estimate the discrepancy. For any sequence {a;}i°, in PV~'(k,) and
L > 1, we define the discrepancy for {a;}i°, to be

Dy :=sup {

L
1
- x r(al)—/ X8, (@)dp, ()
F3 Xt~ [ v

where the supremum is taken over all 3 € PV ~'(k,) and 0 < r < 1.
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If k, &2 R, then using Lemma 3.4 with e = M~3, Theorem 3.3, (4.5) and Lemmas
3.3.3, 4.2.2 in [4], we can show that

[M/2] L
_ 1 v
(5.49) Dy < M~ + Mz > ZZQ;V,; (Av(al,ﬂ))‘.
m=1 =1
Similarly, if k, = C, then we have
[M/2]

(5.50) Do< M5+ Y

m=1

1 L
7@ (Au(eu, B)|.
=1

In particular, we consider the set of all rational points with low height, and for
any H > 1 we let

Dj; := sup Z X(8,m(@)/ Z 1 —/IFD X (3, (@)duy ()| ¢,

aePN (k) acPN (k) N k)
H(a)<H H(a)<H

where the supremum is taken over all 8 € P¥~'(k,) and 0 <r < 1.
Theorem 5.11. Let H > 1. For v|oo, we have

W=

loglog H
5.51 D* S S -
(5.51) we { e
for k, 2R and
1
loglog H | ®
5.52 D; —_
(5.52) o< { log H }
for k, 2 C. For vt oo, we have
. _ log H
(5.53) Dy < H by HNI—T
Proof. If we let M = Mﬁ, (5.51) and (5.52) follow from (5.49),(5.50)

and Theorem 5.1. Finally, in view of (3.5), (5.53) follows from Theorem 5.7. O

We make one final remark here concerning our choice of height function. If we
use the Weil height, in which the [°°-norm is used at the infinite places in (1.1)
rather than the {?-norm, then the set of rational points with low Weil height is no
longer pY-uniformly distributed. This suggests that the height defined in (1.8) is
more natural in the projective setting.

The author wishes to thank Professor J. Vaaler for his valuable advice about
this paper.
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