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ABSTRACT. We study the second bounded cohomology of an amalgamated free
product of groups, and an HNN extension of a group. As an application, we
show that a group with infinitely many ends has infinite dimensional second
bounded cohomology.

1. INTRODUCTION

The bounded cohomology was defined by F.Trauber for groups and by Gromov
for spaces. We review the definition of the bounded cohomology of a group G. Let

CF(G;A) = {f : G*¥ — A| f has bounded range},
where A = Z or R. The boundary § : CF(G; A) — CF(G; A) is given by

k
6f(go7' i 7gk) = f(gl7' i )gk) +Z(_1)lf(go7' A 7g7;—1g7;7' i 79]@)
i=1

+(=D* f(gos- - - 5 gr—1)-

The cohomology of the complex {CF(G; A),d} is the bounded cohomology of G,
denoted by H;(G; A). See [G], [I] as general references for the theory of the bounded
cohomology.

For any group G, the first bounded cohomology H}(G;A) is trivial. If G is
amenable, then H'(G;R) is trivial for all n > 1. The first example of a group with
non-trivial second bounded cohomology was obtained by Brooks [B]. He showed
that a free group of rank greater than 1 has infinite dimensional second bounded
cohomology. Grigorchuk investigated the structure of the second bounded coho-
mology of free groups, torus knot groups and surface groups [Gr]. Yoshida [Y] and
Soma [Sol], [So2] studied the third bounded cohomology of surfaces and hyperbolic
3-manifolds. Epstein and the author showed that a non-trivial word-hyperbolic
group has infinite dimensional second bounded cohomology [EF].

In order to state our results, we recall that {' denotes the Banach space of
summable sequences of real numbers with the norm ||(z;)|| = Yo |z]. It is
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well known that the R-vector space {! has dimension equal to the cardinal of the
continuum.
In the case of an amalgamated free product of groups, we have the following.

Theorem 1.1. Let G = Axc B. If |C\A/C| > 3 and |B/C| > 2, then there
is an injective R-linear map w : I' — HZ(G;R). In particular, the dimension of
HZ(G;R) as a vector space over R is the cardinal of the continuum.

Corollary 1.1. Let G = Ax B with A # {1}, B # {1}. If G # Zo x Zs, then there
is an injective R-linear map w : I' — HZ(G;R). In particular, the dimension of
HZ(G;R) as a vector space over R is the cardinal of the continuum.

Remark. (1) Corollary 1.1 generalizes the Brooks’ result on free groups.
(2) Since Zs * Zs is amenable, HZ (Zy x Z2; R) is trivial.

Corollary 1.2. Let G = A*¢ B. If |A| = oo, |C] < o0, and |B/C| > 2, then there
is an injective R-linear map w : 1! — Hl?(G;R). In particular, the dimension of
HZ(G;R) as a vector space over R is the cardinal of the continuum.

Corollary 1.3. Let G = Ax¢ B. If A is abelian, |A/C| > 3, and |B/C| > 2, then
there is an injective R-linear map w : I* — HZ(G;R). In particular, the dimension
of HZ(G;R) as a vector space over R is the cardinal of the continuum.

Ezample. PSLo(Z) = Zo * Z3 and SLo(Z) = Zy *7, Ze satisty the assumption of
Theorem 1.1. They are non-elementary word-hyperbolic groups too.
In the case of HNN extensions of groups, we obtain the following result.

Theorem 1.2. Let G = Axc,,. If |A/C| > 2,|A/o(C)| > 2, then there is an
injective R-linear map w : I* — HZ(G;R). In particular, the dimension of Hf (G;R)
as a vector space over R is the cardinal of the continuum.

Due to the Stallings’ structure theorem in [S] on a group with infinitely many
ends, Theorems 1.1 and 1.2 imply the following.

Theorem 1.3. If G is a finitely generated group with infinitely many ends, then
there is an injective R-linear map w : I — Hl? (G;R). In particular, the dimension
of HZ(G;R) as a vector space over R is the cardinal of the continuum.

Theorems 1.1 and 1.2 sometimes enable us to decide the second bounded co-
homologies of spaces which decompose along (codimension one) subspaces. For
example if a 3-manifold M is Haken, with an incompressible embedded surface
S, m (M) decomposes along 71(S). In the case S is separating/non-separating,
then Theorem 1.1/1.2 (respectively) may apply. The conditions on the numbers of
(double) cosets in the theorems are not very restrictive, so these would be satisfied
in this case, but the author does not know if it is always the case. In fact it is
true that the second bounded cohomology of a compact, geometric (in the sense
of Thurston) 3-manifold M is either trivial or infinite dimensional, which depends
on the geometry of M [FO]. In the proof one applies Theorems 1.1 and 1.2 to the
canonical decomposition of M (due to Jaco-Shalen and Johannson) along embed-
ded 2-spheres and tori. One extra ingredient in the argument is that the second
bounded cohomology of the fundamental group of a complete hyperbolic manifold
with finite volume is infinite dimensional [F].

The author would like to thank J. Stallings for his useful suggestions. He also
appreciates very insightful comments by the referee.
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2. QUASI HOMOMORPHISM AND THE COUNTING FUNCTION

Let G be a discrete group with a (finite or infinite) set of generators and I'(G)
the Cayley graph. T'(G) is a path metric space with each edge of length 1. If the
generating set is infinite, I'(G) is not locally compact. We only consider paths which
start/end at vertices of I'(G), whose lengths are non-negative integers. Note that
the distance between two vertices of I'(G) is well-defined and there always exist
paths which achieve the distance (i.e. geodesics).

For a word w = x125...x, in these generators, define |w| = n. Let W be the
element of G which is represented by the word w. Define w™! = z;'...z7'. We
sometimes identify a word w and the path starting at 1 and labeled by w in T'(G).
For a path « labeled by w, define || = |w| and @ = w. For an element g in G,
define |g| = inf,, |a|, where a ranges over all the paths with @ = g.

Let a be a finite path in I'(G). Define |a|, to be the maximal number of times
that w can be seen as a subword of o without overlapping. We define

cw(@) = supf{|a’le = (Jo'| = [@])} = [a] — inf(|a’] —[a"]w),

where o ranges over all the paths with the same starting point as « and the same
finishing point. Note that the infimum in the above definition is always attained
by some paths. If o’ attains the infimum, we say that o realizes c,, at a.

Lemma 2.1. If « is a geodesic, then

8]
lol s @) 2 falu.

|w|

Proof. Let ' realize ¢, at a. Then, since |o/| — |&/], < |a| — |a|w, we find

cw(a) =l = (|| = [0/|w) = lalw.
lo']|

To show the other inequality, note that |a/|,, < '=1. This implies

[w]

o 1 1
PSSV i iy SR VTR PRI T
] ] ]

%@:m4wvwms%.

Thus,

|

For each g in G, we choose 74 to be a path from 1 to g and set ¢, (g) = cw(7g)-
Then ¢,,(g) does not depend on the choice of v,. The following result is clear from
the previous lemma.

Lemma 2.2. For all g € G,

g1
— 2 Cy (g)
|w|

Let f € C1(G;R). If there exists a constant D < oo such that

|f(gh) = f(9) = fF(W)| < D,

for all g,h € G, then we say f is a quasi-homomorphism with defect D. Let f
be a quasi-homomorphism with defect D. Then [6f] < D and 6(0f) = 0; thus
§f € Z}(G;R), which defines [§f] € HZ(G;R). Note that we always have [6f] = 0
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in H%(G;R); however, we may have [§f] # 0 in HZ(G;R) since f is not necessarily
in C}(G;R). Now we define

hy = € — -1 € CHG;Z).

These 1-cochains are candidates for bounded quasi-homomorphisms (see Proposi-
tions 3.1 and 6.1).

3. QUASI HOMOMORPHISMS ON A xc B

Let G = Ax¢ B with |[A/C| > 2, |B/C| > 2. Take the set {AU B}\{1} as a set
of generators of G and denote its Cayley graph by T'(G).

If a word w = 1...2, satisfies n = 1 or z1,z3,--- € A\C (or B\C) and
X9, 24, -+ € B\C (or A\C, respectively), then we say w is reduced.

Lemma 3.1. A word w = x1...x, is reduced if and only if it is a geodesic in

0(G).

Proof. Assume w is not reduced; then there exists a subword z;x;41 with z;, 2,41 €
A (or z;,zi41 € B). Then T;z;y1 € A (or B, respectively); thus |Z;z;51| < 1.
Therefore z;x;+1 is not a geodesic; hence w is not a geodesic.

On the other hand, assume w is not a geodesic. To show that w is not reduced by
contradiction, suppose w is reduced. Take a geodesic v such that w = 7. Note that
~ is reduced. Then |w| = || since reduced words representing a common element
have the same length. Thus w is a geodesic. This is a contradiction. O

Lemma 3.2. Let w be a word such that w? is reduced. Let @ be a path. Then there
is a geodesic which realizes c,, at a.

Proof. Since w? is reduced, w is reduced. Let v be a path which realizes c,, at a

such that |7y, is minimal among all the realizing paths at a. We claim that v is a
geodesic. Indeed, if |y|, = 0, then v is a geodesic. Suppose |y|, = n > 0. Then ~
is written such that

Y1W1Y2 - - - WnYn+1,
where w; is a copy of w and 7; may be an empty word. First, to show that every
~; is reduced by contradiction, suppose ~; is not reduced. Replace v; by a reduced
word ~y; with 77 = 'y_}; then we have a new path

")// = 'ylwl"yg . ’}/} . .wn’}/n+1,

which satisfies |[7/| < |v], [7'|w > |7]w and ¥ = 4’. This is impossible since 7 is a
realizing path. Thus every ~; is reduced. Next, in order to show that v is reduced
by contradiction, suppose not. Since w? is reduced, there is a subword Wi Yit1Wit1
of v which is not reduced and ;41 is not empty. Since w;, w;y1,v;+1 are reduced,
one of the following four cases occurs.
(i) The last letter of w; and the initial letter of v;11 are in A.
(ii) The last letter of w; and the initial letter of v;4; are in B.
(iii) The last letter of 7,11 and the initial letter of w;11 are in A.
(iv) The last letter of ;41 and the initial letter of w;1; are in B.

Suppose (i) holds. Then

w; = ...blal, Yi+1 = a2b2..., a; € A,bl € B.
We rewrite the subword w;v;41 in vy as

!
WiYi4+1 :...blalagbg...:...blabg...,
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a *
FIGURE 1. Geodesic triangle. This illustrates Lemma 3.3.

where @' = ajas € A. This gives a new word ' with || = |y] — 1, and |4/|, >
|Y]w — 1. Since v/ =7 and |y| — |V|w > 7| = [ |w, we find 4/ is another realizing
path with ||, < |¥|w. This contradicts the choice of v. We showed that ~ is
reduced. By Lemma 3.1, v is a geodesic. Similar argument applies to the other
three cases. O

Lemma 3.3. Suppose w? is reduced. Let o, 3 be paths starting at 1. Then we have

lew(@) = cw(B)] < 2[a~15).

Proof. Take realizing geodesics o and 3’ of ¢, at @ and 3 respectively (see Fig-
ure 1). Then cy(a) = ||y, cw(B) = |3 |w- Take a geodesic o with =18 = 7.

Since the path o/ o satisfies o/ = [,
1B = 18]w < lo'o] = | ol
Since |&'o| = || + |o] and |&/ 0|y > | | + |O|w,

18] = 18l < 1o/ + lo| = [0/ | = |ow-

Thus

cw(B) = |B'lw 2 |&/|w + 6| = o] = |o] + |o|w = cu(a) — 2|0},
since ||, = cw(), |B'|—|a’| > —|o|, and |o|, > 0. Similarly, ¢, () > ¢, (8)—2]0].
We get |y (@) — e (B)] < 2|0| = 2|la10]. O

Lemma 3.4. Suppose w? is reduced. Let o, 3 be paths starting at 1. Then we have
(@) = he (B)] < 4la15].

Proof. By definition h,, = ¢, — ¢,,—1. Apply Lemma 3.3. |
Lemma 3.5.

cwl(a) = cp-1(a™h).
Proof. Clear from the definition of c,,. O
Lemma 3.6.

how(a) = —hy(a™h).
Proof. By definition, h,(a™!) = cy(a™) — cp-1(a™l) = cp-1(a) — cp(a) =
—hy (). O

2

Lemma 3.7. Suppose w* is reduced. Let o be a geodesic. If a = aya, then

|hw(a) = hu(r) — ho(az)| < 10.
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Y1 Y2

FIGURE 2. Dividing geodesics. This illustrates Lemma 3.7. Note
a=ajaz, v =772 and 0 = 0102.

Proof. We first show |cy (@) — cw(a1) — ew(az2)| < 5. Let 41 and 2 be realizing
geodesics of ¢,, at 1 and g, respectively. We have |1 |, = cuw(aq), |72|w = cw(a2).
Set v = v172; then ¥ = @. As |a| = |a1| + |ao| = ||+ 2| = |7], 7 is a geodesic.
Since 7 is a geodesic with ¥ = @, we get ¢y, (@) > |V|w. Thus
Cw(a) > |"Y|w > |71|w + |72|w = Cw(al) + Cw(a2)-

On the other hand, take a realizing geodesic o at «; then ¢, (a) = |o|y,. Since
a and o are reduced, there exists subdivision of o, ¢ = o109 such that m =
QQTQ_l = ¢, for some ¢ € C (see Figure 2). Since |¢| < 1, by Lemma 3.3 and 3.5, we
get, fori =1, 2,

|Cw () = cw(os)] < 2.
Since o1, 02 are geodesics, we see |0;|y < ¢(0;) for ¢ = 1,2. Thus
Cw(@) = |o|w < o1lw + |o2lw + 1 < cplor) + cwloe) + 1 < ey (ar) + ep(az) + 5.

We get |cy(a) — cw(ar) — ew(az)|] < 5. Similarly, we have |c,-1(a) — ¢p-1(aq) —

Cw-1(a2)| < 5. Since hy = ¢y —Cyy—1, we obtain |hy, () —hy (1) —hy (2)| < 10. O

Proposition 3.1. Let w be a word. Suppose w? is reduced. Then hy : G — 7 is a
quasi-homomorphism whose defect is uniformly bounded by 78; |dh.,| < 78.

Proof. Let z,y be elements in G. By definition 0h. (2, y) = huw(2) +hw(y) —hw(2y).
Let «, 8, be geodesics such that @ = x, 0 = y,7 = xy. They are reduced paths.
Since aff =7 and «, 3,y are reduced, there exist subdivisions of «, 3,7y such that

a = aranaz, 8= 310203, v = 117273,
and that

vitar =c1, azfr =2, Bsys =3
for some ¢y, ¢z, c3 € C and @z, 32,77 are (simultaneously) in A or B (see Figure 3).
Since az is in A or B, we find ¢y, (a2), cy-1(a2) < |az| < 1. Thus |hy(a2)] < 2.

Similarly, |hw(82)], [hw(2)| < 2.
Using Lemma 3.7 twice for a = ((agaz)as), we get

|y (@) = By (1) — Ry (@2) — hy(as)| < 20;
thus [hy (@) — hy (1) — hy(ag)| < 22. Similarly,
[P (B) = haw (B1) = P (B3)] < 22,
|haw () = haw(71) = B (73)] < 22.
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Y, Y, Y3

FiGure 3. Dividing a geodesic triangle. This illustrates Proposi-
tion 3.1. Elements c1, c2, c3 are in C.

Therefore, by Lemmas 3.4 and 3.6,
|hw(a) + hw(ﬂ) - hw(7)|
|hw(a1) + hw(o%‘) + hw(ﬂl) + hw(ﬂB) - hw(’}/l) - hw(73)| + 66
[ (01) = huo ()] + [ (B1) = Paw(eg )| + (oo (37) = P (B + 66
4(ler| + [e2] + [es]) + 66 < 78,
since |¢;| < 1.
By definition, hy, (@) = hy (), hey (8) = hw(y) and hy, (7) = by (2y). This implies
[P () + hi(y) — he(zy)| < 78.

IAIA TN

|

4. CHOICE OF WORDS FOR A x¢ B
The goal of this section is to prove the following proposition.

Proposition 4.1. Let G = Ax¢ B with |C\A/C| > 3 and |B/C| > 2. Then there
exist words w;, 0 < i < 0o, which satisfy the following properties.

(1) For alli >0 and all n > 1, hy, (W) = n.

(2) For all j >i>0 and all n > 1, hy, (w]) = 0.

(8) For alli >0, w; € [G,G].

(4) For all i > 0, w? is reduced.

Let G = Ax¢ B with |C\A/C| > 3 and |B/C| > 2. Let w and w’ be reduced
paths which share the starting point and the finishing point as well. Let

w = ayby ...anby,
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a; b i 241 w
€i-1 €i € Civl
a; b a4l w'
FIGURE 4. Reduced paths w and w’ with common end points
a; by creemeneseesiees a; b_, .........
> -
v b
n
Pv)
> -
a by eeeeeeeeeeee aj b eeeeen an

FIGURE 5. Definition of P(v).

w' =aby ... al,bl,,
where a1, by, a}, b),, may be empty. Since W = w’ and w and w’ are reduced, we get
n = m and there exist ¢1,...,¢, and ¢f, ), ..., ¢, in C such that
ci_jaic;t = al, eibic Tt =0
for 1 <1 < n, where ¢, = ¢,, = 1. See Figure 4.
Let v be a subword of w,
V= aibi .. .ajbj,
where a;,b; may be empty. We define a subword of w’, denoted by P(v) (see
Figure 5), by
P(v) = ajb; ... a}bj.
Let v' be a subword of w’. If v/ is a subword of P(v), we say v covers v'. If
v' = P(v), then we say v faces v'.
Since |C\A/C| > 3, there exist elements a1, a2 € A such that aq,a2 € A\C and
as € Ca;C. Taking an element b € B\C, we define words w;,0 < i < co, by

w; = (alb)loi(al—lb—l)loi(azb)loi(az—lb—l)loi
(alb)‘l'loi(al—lb_l)‘l'loi (0@())4-101(&2_11)_1)4-101.
We write the subword (a10)*1%" by w;(1,4) and the subword (a7 'b~1)*10" by
wi(l,—).

Lemma 4.1. The words w;,0 < i < 00, satisfy the following properties.
(1) For alli >0 and all n > 1, w} is reduced.
(2) For all i >0, |w;| =40 - 10" and |w;(1,4)| = 8 - 10"
(8) For all i > 0, w; € [G,G].
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Proof. (1) is clear from the way we chose ai,as and b. (2) is obvious. Note that
(a;ib)P(a; 'b=1)P € [G,G] for i = 1,2 and all p > 1. This implies (3). O

Lemma 4.2. For any pair of paths having a common starting point and a common
finishing point, the following properties hold for their subpaths.
(1) a1 cannot face as.
(2) For all i >0, w? cannot cover w; *.
(8) For all i < j, w;(1,4) cannot cover w; and w;(1,—)
(4) For all k >0 and all i < j, wk cannot cover w; nor w

—1 cannot cover w;.

1

i

Proof. (1) If a; faces as in some pair of paths, then there exist ¢1,co € C such that
c1aice = ag; thus as € Ca;C, which contradicts our choice of a; and as.

(2) We show this claim for ¢ = 0;

wo = arbay b agbay b7 (a1b) (a7 o) (agb)? (ay o)1

We denote the order of the elements labeled by af' or a3y’

following way:

in wg by Wy in the

Wy = 11221111111122222222,
where the symbols 1,2,1 and 2 are for a1, as, al_l and a;l, respectively. We put

WO_1 = 22222222111111112211

to represent wy L. To argue by contradiction, assume wg covers wy 1 Then Wg

covers Wy . For each conceivable position for W3 covering Wy *, one can find at
least one of 1’s, 2s, T’s, or 2’s in W * facing some 2, 1, 2, T, respectively, in W¢.
See Figure 6. This implies that there is a pair of subpaths labelled by a; and as
which faces each other in w2 and wg ', which contradicts (1). We showed (2) for
i =0. A similar argument applies to w; for each i > 1. (3) Observe that w;(1,+)
consists of a; and b, while w; contains as. If w;(1,+4) covers w;, then each as in
w; faces some a1 in w;(1,+), which contradicts (1). The same argument applies to
w; (L _)_1-

(4) Assume that wf covers w; for some i < j and some k& > 0. Then w;(1,+)
covers some w; of w¥ since 2|w;| < |w;(1,+)|, which contradicts (3). Assume that
wk covers wj_l for some i < j and some k > 0. Then w;(1,—)~"! covers some w; of

w¥, which contradicts (3) as well. O

Lemma 4.3. The words w;,0 < i < 0o, satisfy the following properties.
(1) For alln > 1 and all i > 0, we have ¢, (W) = n.
(2) For alln > 1 and all i > 0, we have cwifl(w?) =0.
(3) For all j >i>0 and all n > 1, we have Cw,; (w}') = 0.
(4) For all j >i>0 and all n > 1, we have cwgl(w?) =0.

Proof. (1) Since w is reduced, w? is a geodesic. We get ¢y, (wl) > |w!|y, = n.
On the other hand, ¢y, (W) < [w!|/|w;| = n. Thus ¢y, (W) = n.
(2) To show ¢, -1 (wj') = 0 by contradiction, assume c,-1(wj') > 0. Let a be a

realizing geodesic of ¢, -1 at wi'. Then |a|,-1+ > 0. Fix a subword labeled by

w; ' in a. Since w and « are reduced, there is a subword of w} labeled by w?

which covers the wl-_1 in a. But w? cannot cover wi_l by Lemma 4.2(2). We get a
contradiction. See Figure 7.

(3) To show the claim by contradiction, assume c,,; (wj') > 0 for some i < j and
n. Take a realizing geodesic « of ¢,; at wi'. Then |al,, > 0. Fix some subword
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WE: 1122111111112222222211221111111122222222
2222?52?1111TTTT2§1§
22222222111111112211
e __o * ___ e  _
222222221111711712211
oo o606 o606 oo @
22222222111111712%211
000 000 o600 o6
22222292111111112211
00000000000000000000 __
222222%22111111112211
000 000 000 o060
22222222111111112211
[ X J ._O_____!. e
22222222111111112211
2222?557111111T§g§1i
2222??751111TT§T2§1T
2222?5551111T§TT251T
29222222%21111117112211
o — oo oo
22222222111111112211
222255571}1111TT221I
222222221111171112211
__99o ————__9%0o
22222222111111112211
222252?51111TTTT2§1T
22222%222111111112211
L2 e ___ e
22g22222111111112211
22225???1111TTTT2§11

FIGURE 6. W@ cannot cover W !. The first row is WZ. The
second to the last rows describe all the possible positions for Wo_l.
We mark all the “illegal” pairs of (1,2) or (1,2) by e. In each
position for Wo_l, we find at least one illegal pair, which is a con-
tradiction.

FIGURE 7. w? cannot cover w; '
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labeled by w; in a. Since o and w] are reduced, there exists a subword labeled
by w¥ in w? which covers the w; in a. But w¥ cannot cover w; by Lemma 4.2(4).
This is a contradiction.

(4) Similar to (3). O

We are in a position to prove Proposition 4.1.

Proof of Proposition 4.1. Let w;,0 < i < oo, be the set of the words in Lemma 4.1
(and 4.2 and 4.3 as well). We show that they are desired words.
(1): Lemma 4.3(1) and (2) imply A, (w}') = n since hy,, = cw, — ¢,y-1.
(2): By Lemma 4.3(3) and (4), we obtain Ay, (w}’) = 0 for i < j. L
(3): For a homomorphism ¢ : G — R, we get ¢(w;) = 0 since w; € [G, G] by
Lemma 4.1(3).
(4): By Lemma 4.1(1), w? is reduced for all i > 0.
(5): Clear from Lemma 4.1(2). O

5. PROOFS OF THEOREM 1.1 AND COROLLARIES 1.1, 1.2 AND 1.3

Proof of Theorem 1.1. Let w;, 0 < i < oo, be the words in Proposition 4.1. Note
that h.,, is an element of C'(G;Z). For each g € G, there are only finitely many
words w; such that hy,(g) # 0. This follows from Lemma 2.2 and Proposition
4.1(5). Therefore, if (a;); € I*, then Y 2| a;hy, is also well-defined as an element
of C*(G;R) since this is in fact a finite sum for each g € G. By the same reason,
3221 aidhy, is a well-defined cocycle, and the following equality holds.

1) (i aihwi> = i aiéhwi.
i=1 =1

Further, since cocycles dh,,,0 < i < oo, have the same bound by Proposition 3.1,
>, aidhy, is bounded. We get a real linear map

w: It — HE(G;R),

which sends (a;); to the cohomology class of >, a;0h,,. In order to show w is
injective, suppose w((a;)) = 0. Then

5(i aihwi) =db
i=0

for some b € C}(G;R). This means
Z af’ih‘wi - b = ¢)

for some homomorphism ¢ : G — R. Applying this to wf € G, we find
aon — b(wy) = d(wy) =0,
for all n > 1 by Proposition 4.1. Since b is bounded, ag = 0. Similarly, a; = 0

for each ¢ > 1. Thus w is injective. It is well-known that the cardinality of the
dimension of I! as a vector space is continuum. O

Proof of Corollary 1.1. Without loss of generality, we may assume |A| > 3. Since
C = {1}, we have |C\A/C| = |A| > 3. Apply Theorem 1.1.

O
Proof of Corollary 1.2. Since |C| < oo and |A| = oo, we have |C\A/C| = oo.
Apply Theorem 1.1. O
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Proof of Corollary 1.3. Since A is abelian, we have |C\A/C| = |A/C| > 3. Apply
Theorem 1.1. |

6. QQUASI HOMOMORPHISMS ON Axc
Let G = Axc,, = (A,t;c = t7 p(e)t for all ¢ € C). Suppose |A/C| > 2 and
|A/p(C)| > 2. Let g be
g=ait™ast™ ...at™ayy1,

with a; € A and n; # 0, where a1,ar4; may be empty. Suppose that for all i
(1 <4 <1 —-1), the following conditions (i) and (ii) are satisfied:
(i) If n; > 0 and n;4q1 < 0, then a;41 ¢ C.
(ii) If n; < 0 and nipq > 0, then a;q1 ¢ ©(C).
Then we say g is reduced.
The following fact is known as Britton’s lemma.

Lemma 6.1 (Britton, [LS]). Suppose 1 < I. If g is reduced, then g # 1 in G.
As an application of Britton’s lemma, we have the following lemma.

Lemma 6.2. Let

g=ait™ast™ ...at™ayy1, a; € A,

h = b1t bot™2 ... thmJbJ+1, bj €A,
be reduced with n; = £1, m; = £1. If g = h in G, then

I:J7 ny=mi,...,ny =mry,
and elements
arp1brly, tarabil ™, art™ap byt
o tMagt™ag . appaby)y . by ETTRby ™
are in C or o(C), in particular, in A.
Proof. Without loss of generality, we may assume J < I. Since h is reduced,
A=l =b5 L 7™ b ™ b s reduced as well. Set
dry1 = arsbyiy;

then we have d;y1 € A and

gh_l =G (alt”1 aztnz N a]tnl)d]+1 (t_m‘lb;lt_m"71 . bl_l),
where “=&” means that the right- and left-hand sides of the equality represent a
common element in G. Since gh~! =g 1, the word on the right-hand side of the
above equality is not reduced by Britton’s lemma. But, since a1t™ ast™?...ast"’

and t~™7b ™1 bt are reduced, it follows that
ngf=my=1(or —1), dj41 € C (or p(C), respectively),

and t"dry1t™™ € (C) (or C, respectively).
Set
cy =t"dp g tT™, dp = CL[C[b}l.
Clearly dy € A and

gh™ ! =¢ (at™ast™ .. ap_t")dr (b T2 b ).



THE SECOND BOUNDED COHOMOLOGY 1125

FIGURE 8. This illustrates Lemma 6.2. Elements d;, c¢; are in A
forall ¢ with I — J+1 < i < I. If J < I, then it contradicts
Britton’s lemma.

By Britton’s lemma, the word on the right-hand side is not reduced. Thus
ni—1=my_1 =1 (or—1),
dr € C (or p(C), respectively),
and
cr—1 =t"1tdptT™I -t € p(C) (or C, respectively).
We define elements dy_1,dj—o,...,d;—j1o and ¢y—1,¢r—2, ..., cr— 41 inductively
by
C; = tnidi_,_lt_m'lfpri, d; = aicibjij_”.
See Figure 8. Using Britton’s lemma repeatedly, we have
nr—Jj+5; = myj, 1SJS']7
and
dry1,dr, ... di—jy2,¢r,¢1-1, ..., ci—j41 € C or p(C).
Set
dr—gy1 = ar—jy1cr—gp1by
Clearly d;— ;41 € A. To complete the proof, it suffices to show J = I. In order to
show this by contradiction, suppose J < I. Then
gh_l =g a1t™ag .. .t Yy gt" T dr gy,
The word on the right-hand side is reduced. This contradicts Britton’s lemma,
since gh™! =g 1. We get I = J. O

We take {t} U A\{1} as a set of generators of G and write the Cayley graph of
G for this set by I'.

Lemma 6.3. If « is a geodesic in I, then it is reduced.

Proof. If a path « is not reduced, then we can make it shorter using a relation
tet=! = ¢(c); hence « is not a geodesic. O

Remark. Compare Lemma 6.3 with Lemma 3.1. A reduced path is not always a
geodesic in this case. For example, the left-hand side of ¢(c)~1tc =t for c € C\{1}
is reduced but not a geodesic.

Lemma 6.4. Let a be a path and w a word. If w? is reduced, then there is a
reduced path (8 which realizes ¢, at a.
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Proof. Take a path [ which realizes ¢,, at a such that |3|, is minimal among all
the realizing paths. Then an argument similar to the proof of Lemma 3.2 shows 3
is reduced. O

Lemma 6.5. Suppose w? is reduced. Let o, 3 be paths starting at 1. Then we have
lew (@) = cw(B)] < 2la1p],
[P (@) = ha(B)] < 4fa~15).

Proof. Similar to Lemmas 3.3 and 3.4. (]

2

Lemma 6.6. Suppose w* is reduced. Let a be a reduced path. If o = ajae, then

(@) = hay(a1) = (2)] < 10.
Proof. Similar to Lemma 3.7. 0

Proposition 6.1. Suppose w? is reduced. Then we have
|0hy| < 78.

Proof. The outline is similar to the proof of Proposition 3.1. Let x,y be elements
in G. Tt suffices to show |y, (zy) — hy () — hy (y)] < 78. Take reduced paths «, 3,
with @ = z, 3 = y,5 = zy. Since aff =7 and «, 3,7 are reduced, by Lemmas 6.1
and 6.2, there exist subdivisions of «, 3, such that

a = ajagas, = 15203, v = 117273,

and that it = e, 38 = 62,5373_1 = ¢3 for some c1,¢9,c3 € C'U p(C), and
a3, 2,7 € A. By Lemma 6.6,

[h (@) — By (1) — by (a2) — hy(as)] < 20.
Since |hy (a2)] < 2, [hy (@) — hay (1) — hy(as)] < 22. Similarly,

1P (B) = oo (B1) — P (B3)| < 22, [ha(7) = hao(71) — ha(73)] < 22.
By an argument similar to the proof of Proposition 3.1,
|hw(1‘) + hw(y) - hw(xy” = |hw(a) + hw(ﬁ) - hw(’Y)' S 78.

7. CHOICE OF WORDS FOR A%*c
Let G = Axc,, with |[A/C| > 2, |A/¢(C)| > 2.

Lemma 7.1. Let w be

w=1t""a1t"as...t"ay,
such that a; € A\{1} and n; € Z\{0} for all i with 1 < i < I. We denote the set
of the following conditions (1.1), ..., (1.4) by Condition I and the set (2.1), ...,
(2.4) by Condition II.
(11) 0 <ni,ng,ns,....

)
)a17a37a57"' ¢C
) a2, 04,06, g QO(C)
)0>7’L1,7’L3,7’L5,....
) 0 < Mg, ng, NG, - - - -
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(2.3) a1, as,as, - ¢ o(C).
(24) as,04,06, " " * §é C.
If either the Condition I or II holds, then w is a geodesic in I'.

Proof. Suppose Condition I holds. The other case is similar. Clearly w is reduced.
Let v be a geodesic with w = 7. Then by Lemma 6.3, v is reduced. By Lemma
6.2, we have

Y= b0T1b1T2b2 . .T]b[,
such that b; € A\{1} for 1 < < 1T —1, by, bs are in A\{1} or empty, and

T = tbi71tbi72 N tbi,n,i—thimqy—lta if 4 is Odd7
T = t_lbiylt_lbiyg .. .t_lbimi_gt_lbi)m_lt_l, if 4 is even,
where b; ; are in A\{1} or empty for 1 <i<Tand1<j<m;—1.
We claim that b; is not empty. To show this by contradiction, assume by is
empty. Then

wy™l = .tapt™t..., if I is odd,

wy ™l = ...t lagt..., if I is even.

Since w and y~! are reduced, wy~" is reduced by (1.3) if I is odd or by (1.4) if I is
even. Then it follows from Britton’s lemma that wy—1 # 1. This is a contradiction.
We get by is not empty. Thus

I I

W=D Il + 1= | + 1= .

i=1 i=1
We have the first inequality because b1, ...,bs are not empty, and the second one
since the number of #’s in 7; is n; for 1 < ¢ < I. Since 7 is a geodesic, we have
|v] = |wl|; hence w is a geodesic. |

Lemma 7.2. Take some elements g € A\C' and h € A\p(C) and fiz them.
Let w;, 0 <4 < o0, be words such that
w; = tlo'igt—loihtloig—lt—loih—ltz-loigt—z-loiht3~10'ig—1t—3-107‘h—1_
Then the words w; satisfy the following properties.
(1) For alli >0 and all n > 1, we have ¢y, (wl') = n.
(2) For alli >0 and all n > 1, we have ¢, -1 (w}) = 0.
(8) For all j >i >0 and alln > 1, we have c xt(wi) =0.
(4) For all i > 0, we have w; € |G, G)].
(5) For all i > 0, we have |w;| = 8 + 14 - 10°.
Proof. (1) By Lemma 7.1, w! is a geodesic. Thus ¢, (w}) = n.

(2) In order to show cwal(w}}) = 0 for all n > 1 by contradiction, suppose
Cops? (wg) > 0 for some n. By Lemma 6.4, take a reduced path « such that @ = wf
and |O‘|w51 > 0. We describe the order of ¢’s and ¢t~!’s appearing in wy by Wy,

Wo=+4—F+—++——+++—-—-—

where + stands for ¢, — for ¢, and we disregard g*!, h*! in wy. Then W§
represents wl. In the same fashion let A denote the order of ¢'s and t~1’s in a.
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Applying Lemma 6.2 to o and wy(}, we get W3 = A. A contains WO_1 as a subpiece
since |af,-1 > 0, where
9]
Wol=4+++-———4++—-—+—+—.
But it is easy to check that W cannot contain W, * as a subset. We get a contra-
diction. Hence cw[;l(w{}) = 0. Similarly, we get Cwifl(w?) = 0 for each i > 1 and
alln > 1.

(3) Let W;, 1 < < 00, be the order of t’s and ¢~ ’s in w;. To show ¢y, (wf') =0
for alln > 1 and all j > ¢ > 0 by contradiction, assume Cuy; (w?) > 0 for somen > 1
and some j > ¢ > 0. Then, by our assumption, W; must be contained in W;* as a
subword. This is a contradiction since W; has 3 - 107 consecutive t’s, but W; has at
most 3 - 10" consecutive t’s. Thus we get ¢, (w}) = 0. Similarly, Cyp1 (w) = 0.

(4) Set T = t1°". Then

w; = [T, gllgh, [T, g~ 1T, g~ g, BIIT?, gllgh, [T, g~ 11[T°, g~ "lg, hl;
thus w7 € [G, G).
(5) This is clear. O

Proposition 7.1. Let G = Axc,, with |A/C| > 2, |A/p(C)| > 2. There exist
words w;, 0 < 1 < 0o, which satisfy the following properties.

(1) For alli >0 and all n > 1, we have hy, (W) = n.

(2) For all j > i >0 and all n > 1, we have hy, (wj') = 0.

(8) For all i > 0, we have w; € |G, G].

(4) For all i > 0, w? is reduced.

Proof. The words w;, 0 < ¢ < 0o, in Lemma 7.2 clearly suffice. O

8. PROOFS OF THEOREM 1.2 AND THEOREM 1.3

Proof of Theorem 1.2. Theorem 1.2 follows from Proposition 6.1 and 7.1 as Theo-
rem 1.1 did from Proposition 3.1 and 4.1. O

Proof of Theorem 1.3. By Stallings’ structure theorem [S], we know that G is either
(1) Ax¢ B with |C] < 00, |4/C| > 3 and |B/C| > 2,

or

(2) Axc,, with |C| < oo and |[A/C| > 2.

Suppose the condition(1) holds. If |A| = oo or |B| = oo, then we have the con-
clusion by Corollary 1.2. If |A| < co and | B| < oo, then G is word-hyperbolic. Since
G has infinitely many ends, it is non-elementary. It is known that the conclusion
of Theorem 1.3 holds for a non-elementary word-hyperbolic group [EF]. Suppose
the condition(2) holds. Then since |A/C| > 2 and |C| < o0, we have |A/p(C)| > 2
as well. Apply Theorem 1.2. O
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