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ODD PRIMARY bo RESOLUTIONS
AND CLASSIFICATION OF THE STABLE SUMMANDS
OF STUNTED LENS SPACES

JESUS GONZALEZ

ABSTRACT. The classification of the stable homotopy types of stunted lens
spaces and their stable summands can be obtained by proving the triviality of
certain stable classes in the homotopy groups of these spaces. This is achieved
in the 2-primary case by Davis and Mahowald using classical Adams spectral
sequence techniques. We obtain the odd primary analogue using the corre-
sponding Adams spectral sequence based at the spectrum representing odd
primary connective K-theory. The methods allow us to answer a stronger
problem: the determination of the smallest stunted space where such stable
classes remain null homotopic. A technical problem prevents us from giving an
answer in all situations; however, in a quantitative way, the number of cases
missed is very small.

1. INTRODUCTION

Throughout this paper we let p and F,, denote an odd prime and the field with
p elements respectively. Let L denote the infinite dimensional lens space K (F,, 1)
with its standard cell structure. Let L® denote the a th dimensional skeleton of L
and define the stunted lens space LY to be the cofiber of the inclusion L*~! < L
There is a stable decomposition of L as a wedge of p — 1 summands B(i), ¢ =
1,--+,p—1 (spaces and decomposition are realized after one suspension), and this
induces a corresponding stable decomposition for (the p localization of) each LZ as
a wedge of stunted spaces arising from the B(¢)’s. This fact is used in [9] to obtain
the complete classification of the homotopy types of stunted lens spectra from a
partial classification of stunted B(i) spectra. On the other hand, it is observed that
in this last problem we can restrict attention to a single value of i. The objective
of this paper is to study the homotopy classification of stunted B(p — 1) spectra.

Notation 1.1. Let ¢ stand for 2p — 2 and let B denote B(p — 1), which is a CW
spectrum with cells in positive dimensions congruent with 0 and — 1 modulo q. Let
B™ denote the skeleton of B formed by the first n cells. Thus B?" is a complex
of dimension ng whereas B*"™! is (n 4+ 1)¢ — 1 dimensional. Let B”, denote the
quotient space of B™ by B™ !, We will say that the top cell in B, is integral if
n is odd and that its bottom cell is integral if m is even.

The complete classification of stunted lens spectra is equivalent to the classifica-
tion of stunted B spectra with at most one integral cell and it is obtained in [9];

Received by the editors November 18, 1994 and, in revised form, August 1, 1997.
1991 Mathematics Subject Classification. Primary 55P15; Secondary 55N20, 55P42, 55Q50,
55T15.

©1999 American Mathematical Society
1149



1150 JESUS GONZALEZ

therefore we will be mostly interested in stunted B spaces with both top and bot-
tom integral cells. The starting point in the classification of such spectra is given
by the following observations which are easily deduced from classical considerations
with Adams’s J-groups:

e Ifi; =iy (mod p’), then Bgﬁ”ﬂ1 ~ B2t

2ig
o If BINFUH o patat
1 2

It is well known that for reducible or coreducible spectra, the optimal identifica-
tions are given by the first condition [9, Lemma 6.1]. Thus the problem consists in
finding all possible identifications among the non-reducible nor coreducible spectra
in

(1) Bgiigi-’_%-’_l’ te {07 pj_lv 2pj_17"' ) (p_l)pj_l}'

Geometrical considerations reduce this problem to showing the triviality of certain
stable homotopy classes which we now describe.

, then i; =iy (mod p~1).

Definition 1.2. The (i 4 1)q th skeleton of ¥ B2 is the wedge of two spheres
of dimensions iq 4+ 1 and (i + 1)g. Let ¢+ : SO+D7 < 3 B2 denote the inclusion
of the second sphere. Define the maps:

a) 0, to be the composite S(+i+1a—1 L gliHne Ly B2+ where @; is
0] 2% J
a generator of the p-component of the image of J in the stem jq — 1,
_ o 01,45 . .
(b) 1, to be the composite S(iF7+1)a—1 LY B2 Ly B2i1Y, where the

second map collapses to a point the bottom cell of ¥ Bgﬁ”l

01,i.5 . )
¥ B2 s 3 B2 where

)

(c) V1.4 to be the composite S(i+i+1)a—1
the second map is the skeletal inclusion and
_ o D10 _ .

(d) Dp.i; to be the composite §O+HDa—1 27, 5y B2i+2i41 _, v _ S where
the second map collapses to a point the bottom cell of ¥ B%?Qlﬂ.

We will denote 6;; ; simply by ¢, when ¢ and j are clear from the context, and
similarly for 8;, 9¥;, and ;. Conditions implying stable identifications for the spaces
in (1) are given by the following generalization to odd primes of the geometrical
idea in [4].

Proposition 1.3 ([9, Proposition 6.3]). Let t = 0 mod p’~'. The spaces Bo.t>T!
and Bg;ﬁi”ﬁl are stably equivalent provided both 0;; ; and 0; 4 ; are stably null

homotopic, where i’ = p —i —t—j—1 and N >> 0.

In the 2-primary case, the classification of stunted projective spaces is achieved
by showing that all potentially trivial “f-obstructions” indeed vanish. However, in
the odd primary case we cannot expect to complete the classification by showing
that all relevant “G-obstructions” always vanish. For instance, if i =t = p/~!, then

BTt and ngﬁi“ﬂl have a “good chance” of being stably equivalent, but
Proposition 4.1 implies that no stable equivalence can be obtained from Proposition
1.3. Note that in such case one of the spectra in (1) is S-coreducible. For these
situations we need another set of obstructions to classify the remaining p — 1 non-
coreducible spectra. This is provided by maps of the form ¥;; ;. Indeed, a good
understanding of such maps is required to obtain the complete classification of
stunted B-spaces with top and bottom integral cells. This is formalized by the
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following result, whose hypothesis and conclusion are global, rather than the local
nature of Proposition 1.3. The proof is given in Section 5.

Proposition 1.4. Let j be a positive integer. AssumeV;; ; is stably null homotopic
whenever v(i + j + 1) < j (that is, whenever the target space of ¥;;; is not S-
reducible). Then two spaces B2 and BT which are neither S-reducible

nor S-coreducible are stably equivalent if and only if a = b (mod p?~1).

As an application of the calculations in this paper (Corollary 4.6, Theorem 5.3
and Proposition 5.6) we prove the triviality of all these “J-obstructions” for primes
p > 7 (see Remark 5.8), thus completing the classification of stunted B spaces
for those primes. In fact, the techniques used enable us to identify the optimal
situation for the stable triviality of maps in 1.2. More specifically, we study the
following

Problem 1.5. For fized i and j, find the largest integer | (if any) such that 0, is
stably essential. Same question for 0y, 9; and V.

Our results concerning Problem 1.5 are as follows (see 4.1, 4.2, 4.3, 5.2, 5.3 and
5.6):

1. fv(i4+j+ 1) > j, then for all [ the maps 6;, 51, 9, and U, are essential.

2. fv(i+j+1) < j—1, then in a wide range of cases (in a sense to be

made precise in Section 5), the largest integer ! such that 6; is essential is
I =v(i+j+1)+1. The same value of [ applies in the case of the maps ;, 9,
and El.

3. If v(i+j+1)=7—1, then §; and 0, are essential but ¥J; and ¥J; are trivial.

We conjecture that part 2 remains true after removing the “wide range” re-
striction. Together with Proposition 1.4, this would finish up the classification of
stunted B spectra.

We now give an overall description of the methods used. We show that a map is
essential by checking that it has a nontrivial Hurewicz image under the J spectrum.
On the other hand, the homotopy triviality of J-trivial maps S* — ¥ BY in 1.2 is
settled by showing that, in the classical Adams spectral sequence for X Bf’l, such
classes lie above a slanted line of (t—s, s)-slope close to ﬁ and with the property
that the only elements above the line, which survive to essential homotopy classes,
must in fact be detected by the J-spectrum. For the sphere, this “vanishing” line
is given in [8] and here we provide a slightly improved version (Theorem 5.1). For
stunted B spectra and maps 6, and 6y, the line is settled in Theorems 5.2 and 5.3.
The existence of such a vanishing line is established by using Mahowald’s theory of
bo-resolutions which, in general terms, gives a way of controlling the obstructions
for lifting high-Adams filtration homotopy classes in 7, (X) through a bo-resolution
of certain spectra X. It is worth noticing that the techniques in [4] also make use
of the fact that the maps under consideration have a high Adams filtration. In
more detail, we find that the obstruction for the existence of a lifting to the second
stage in the bo-resolution is given by J-homology groups, whereas a finite number
of higher bo-obstructions can be controlled by the classical Adams filtration of the
initial lifting. A technical problem arises at this point: one needs to get an initial
lifting in the bo-resolution with a “large” Adams filtration. In general, there is a
lower bound on the Adams filtration of this first lifting; however the bound is so
rough that, in some cases, one could end up with no Adams filtration by the second
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stage. This problem appears in the case of bo-resolutions for the sphere spectrum
as well as for stunted B spectra. It is however interesting to remark that, in the
case of the sphere, one can in fact get an optimal control on the Adams filtration
for the initial lifting to the second stage (compare parts (b) in Theorem 3.2 and
its analogous results Theorems 3.3 and 3.4). At any rate, bo-resolution techniques
give a way of lifting the maps in 1.2 through a finite number of stages in the bo-
resolution of their targets. To show the maps are indeed trivial, that is, they lift
all the way through the bo-resolution, we use general bounds for the bo-filtration of
nontrivial homotopy classes over stunted B spectra.

The paper is arranged as follows: in Section 2 we identify and study the bo-
regular cohomology for stunted B spectra. The information produces in Section
3 the two basic tools in the paper: on the one hand, a general criterion to lift
homotopy classes through the bo-resolution of stunted B spectra (Theorems 3.3
and 3.4), and on the other, a vanishing line in the E. term of the bo-Adams
spectral sequence (Proposition 3.5). The material in these two sections is based on
calculations in [7] and represents the odd primary version of results in [5] and [13].
In Section 5 we apply these techniques in the study of Problem 1.5 and in particular
in the classification of stunted B spectra. As pointed out above, we deduce the
triviality of a number of the maps in 1.2 by lifting them through a bo-resolution of
the relevant spectra. In Section 4 we describe the first bo-obstruction showing up
in such liftings. The paper ends with a direct geometrical argument for proving the
triviality of some of the maps in 1.2 not covered by the K-theoretic methods.

The material in this paper is part of the author’s Ph.D. thesis written at the
University of Rochester. It is a pleasure to gratefully acknowledge Professor Samuel
Gitler for his advice during the preparation of this work.

2. (-REGULAR HOMOLOGY FOR SPECTRA B%_ |

The spectrum representing connective p-local K-theory decomposes as a wedge
of suspensions of the spectrum BP(1) ([1], [2], [10]) which, from now on, will be
denoted by ¢. In this section we describe following [13], the ¢-regular complex for
stunted B spaces and derive the homology properties that lead to Mahowald’s
“Bounded Torsion Theorem” in the study of liftings through ¢-resolutions (cf. [5,
Theorem 5.1] and [13, Theorem 7.1]). The definition of the ¢-regular complex C(X)
is given in [7] and we will assume familiarity with the notation and calculations
in that paper. In particular, we will only work with p-local connective finite type
(HF,, ¢)-prime spectra [7, Definition 3.1]. For such a spectrum X, new spectra
X (¥ (k> 0) are defined up to non natural homotopy equivalences by requiring
X9 to be a maximal wedge summand of X having no split F,-Eilenberg Mac Lane
summands and X(? « X « X2 « ... t0 be a minimal F,-Adams resolution
of X9 In this paper the spectrum X *) will be denoted by X (k) and the ¢-regular
complex of S(k) by C(k).

Let R denote the cofiber of the stable Kahn-Priddy map B — S° and let R*
stand for the kg + 1 dimensional skeleton of R (recall ¢ = 2p — 2). Consider the
maps

(2)  RYEk) = R™Ik)—R(k)—R{i+j+k) S (i+j+k) «S°(i+k)

where the first two maps are induced by skeletal inclusions, the third one is a
lifting of the degree p'™ map on R {k), the fourth one is induced by the inclusion
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of the bottom cell and the last one is a lifting of the degree p map on S° (i + k).
As remarked in [7, Section 5], all these maps can be computed in ¢-homology
using the classical Adams spectral sequence together with a standard change-of-
rings isomorphism. Thus the map in the middle induces isomorphisms, whereas
the situation for both composites R(k) — R (k) — R(k) and S°(i + k) —
S%i+j+k) — R(i+j+k) can be pictured in the Adams chart shown in Figure 1,
where the image of £, (R (k)) or £,(S°(i+k)) (resp. £.(R™I(k)) or £,(S°(i+j+k)))
in £.(R(k)) or £.(R(i + j + k)) corresponds to the elements above the slanted line
crossing the horizontal axis at (i + k)g (resp. (i + j + k)q). Since all these are
(HF,, {)-prime spectra, Mahowald’s decomposition for (¢ A 2°)(0) as a wedge of
suspensions of spectra of the form ¢(k) [7, Theorem 2.3] implies that the above
observations extend to the corresponding f-regular complexes (for details see the
notes after [7, Remark 3.4] or before [8, Proposition 3.4]). Thus, the middle map
in (2) induces an isomorphism of complexes C(R(k)) ~ C(R(i + j + k)) under which
C(R™I(k)) is identified with C(i+j+k) and C(R*(k)) with C(i+k). In particular the
first and last maps in (2) induce inclusions of ¢-regular complexes having isomorphic
cokernels. From the bottom row of the diagram of cofibrations

B2 _ B2it2 — B2i+2j

2i+1
! ! }
S0 == 0 — &

! ! !

- - 2i+2j
R —— R — Y By

we see that the above isomorphism of cokernels can be rewritten as
(3) Cli+j+kith) =~ C(EBLY (k)

where C(i + j + k, i + k) denotes the cokernel of C(i + k) — C(i + j + k). This
isomorphism is compatible under the inclusions induced by Adams projections.

The proofs of the following three propositions will be postponed until later in
this section. Here the cohomology of C(i) and C(i + j, i) are denoted by H (i) and
H (i+j, i) respectively; moreover A will stand for either the chain map C(i+j, i) —
C(i4+j—1, i—1) induced by Adams projection, or the corresponding homomorphism
induced in cohomology groups.

Proposition 2.1. In cohomological degree s > 3, the groups H(i + j, i) are F,-
vector spaces and the maps A: H(i+j,1) — H(i+j—1,i—1) are trivial.
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By [7, Lemma 7.2] the map A*(™) : H29™ (i + v(m)) — H>9(i) is trivial and
slight improvements on the power v(m) can be obtained in particular cases. For
the relative groups we have the following analogue.

Proposition 2.2. The composite A” : H>9" (i +j 47, i +7) — H>(i + 3§, i) is
trivial provided r > 1 and r > min{m—i—j—1, v(m), pu((p—1)(m+1—-14))—1}.
Here pu(n) denotes the integral part of the logarithm in base p of n.

The groups H'(i + j, i) can be explicitly computed. They turn out to be cyclic;
however orders are a bit irregular. We will only show the way in which they can be
identified as subgroups of the J-homology of Bgzﬁj . In order to state the result,
recall the J-spectrum is defined through a cofibration

(4) J—s 025 nay,

where ¢ is given as follows: In Mahowald’s splitting for £ A ¢, the wedge summand

with the lowest dimensional cell is X9¢. If £ A ¢ -2 2%/ is the wedge projection,

then ¢ is the composite ¢ 2 ¢ LT L ¥4, where ¢ : S° — / is the inclusion

of the bottom cell and pr fits in the cofibration S© —= ¢ 2% 7. For details see [3],
[7], [11] or [12]. From [7, Lemma 3.3] the map £ A £ A X PAL S0 A X s trivial in
homotopy classes arising from split Fp-Eilenberg Mac Lane summands. Passing to
the quotient we get an induced map

(5) CH(X) =m (EATAX)0) 5 £ g(X)

which is identified with the projection onto the first summand in C1*(X). By [7,
Theorem 3.6 b)] (or directly from the above description of ¢), the corresponding
component of the differential C%*(X) — CV*(X) is induced by ¢, so that the
composition of (5) with the connecting homomorphism £._,(X) — J.—1(X) in (4)
yields a well defined map 7: H"*(C(X)) — Ju—1(X).

Proposition 2.3. The group H'* (C(E Bgiﬁj)) is cyclic and injects into
Ji—1(Z B;iﬁj) under the map T described above.

We now start with the proofs of Propositions 2.1, 2.2 and 2.3.

Proof of 2.1. The composite C(i+j, i) — C(i+j—1,i—1) — C(i+7, ¢) is multipli-
cation by p (as in (2), the second map is induced by liftings S°(i+j —1) — S°(i+j)
and S%(i — 1) — S°(i) of the degree p maps in S°(i + j — 1) and S°(i — 1)); there-
fore the first assertion is a consequence of the second one, which we now prove.
Since the short exact sequences 0 — C(i) — C(i +j) — C(i + j,4) — 0 and
0—-C(i—-1)—C(i+j—1)—C(i+j—1,i—1) — 0 are compatible under Adams
projections, we have the commutative diagram with exact rows

Ho(i) — H(i+j) — H(i+j,i) —2— H() — H*1(i +j)
1 { 1A 1 '
Ho(i—1) = H(i+j—1)—~H(i+j—1,i — 1)— H+1 (i — 1)—~H*+'(i + j — 1).

By [7, Lemma 7.1], the second vertical map is the zero morphism, so that the
triviality of A will follow by showing that every element in Ker a has a preimage
under § in Ker A. This is proved by direct calculation. Recall from [7, Corollary
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6.11 (b)] that in homological degree at least 3, H*(¢) has two kinds of representative
cycles:

1. 3 dDow?™ h! with h! admissible, v(m) < k = k(I) and i + v(I) <m < i+
v(I) + v(p"™*M) (the inequality i + v(I) < m rules out the differential

Fw Oh! — %w;n_pu(m A(uy(myh!) in the weight spectral sequence for C(i)),
and
2. % dDow!™h! with h! admissible starting in the form h! = upugrq---, v(m) =

k,c(m)=p—1landi+v(l) <m <i+v(I)+p"Tt—1 (so that the differential

Fw™Oh! — Zl—jw;n_(p_l)pk dg”" in the weight spectral sequence for C(i) is
ruled out by the inequality i + v(I) < m).

We will consider the case where the class in Ker « is represented by a cycle

of type 2 (the situation for type 1 cycles is easier and represents the analogous

situation at the prime 2 in [13, Proposition 7.4]). Let z = £ dDow/"h! € C(i) be a

representative cycle for an element in Ker ¢, so that h! = UkUk+q - - - 1S admissible,
v(m) =k, ¢(m)=p—1and
(6) i+v(I) <m <i+uv(l)+ptt—1.

The assumption z € Ker o means
(7) m<i+j+v(l)
(so that the differential ruled out in C(i) does hold in C(i + j)). Then z =
%Bowﬁjhl lies in C(i + j) and projects into the quotient C(i + 7, i) to a cycle
whose homology class hits  under 3. The proof is completed by verifying that, as
an element in C(i + j — 1), A(2) is homologous to an element in C(: — 1). By [7,
Definition 5.14 (d)]
p_2 k k
A(z) = > ua Doul ™ [y e ] B2 4 w07 (Doougsn) 2%,
A=0
where each wu) is a unit in the p-localized integers. Direct calculations show that
(i). (6) implies wl-n:(p_l)pk (Doougr1)hI=2% € C(i —1).
(i) (7) implies w37 [9sn)pn | HI72% € Cli+j—1), 0<A<p-—2.
(ifi). (6) implies 272 uy Diw™ ™ [9papnypr ] BI2% € C(i—1).
Since d = D, + D}, (ii) and (iii) imply that the summation in the above formula
for A(z) is homologous in C(i 4+ j — 1) to an element in C(i — 1), then (i) shows it
is also true for the whole A(z) as desired.

We will only comment on (iii) —partially to illustrate the way one handles the
cancellations in [7, (34)]. In weight filtration at most p*+! + W F(h!=2*) (where
W F(hI=2%) is the weight filtration of h!=2*) the components of the sum in (iii)
reduce to a linear combination of elements of the form

m—(p—1)p”®
wi—l(p » [19(10—%—1)10" | 19()\4'1)1”“]

for 0 < A <p—2(ct. [7, (34)]), each one lying in C(i — 1) by direct calculation as in
(i). On the other hand, expanding the sum in (iii), one finds that the components
in weight > pFt! + WF(h!=2*) are linear combinations of elements of the form

I-A
h' ™2k,
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wini;)‘pk_r [9r [9pg1)pr | BT72% with v+ (A+1) p* > p*™ and 0 < A <p—2, but
this last restriction together with (6) implies that such elements lie in C(s —1). O

Proof of 2.2. With the obvious modifications the main body of the previous proof
applies in this case (since s = 2, only cycles of type 1 have to be considered) and this
time we must show in addition that under the present hypothesis, the composite
H29m (i + 5 + 1) A, H%9™(j + j) — H?%9™(i + j, i) is the trivial map. The
case r > v(m) follows at once from [7, Lemma 7.2], whereas H*>%™(i +j +1r) =0
for r > m—i—j —1 in view of [7, Corollary 6.11 (a)]. The result for r >
u((p—1)(m +1—1)) — 1 is also a consequence of 7], but we give more details.
Recall from [7, Corollary 6.11 (a)] that H%9™(i) = 0 for i > m — 1, whereas for
1 < m — 1 the group is cyclic with generators Gy (for u((p — 1)(m+1—14)) —1 <
t < min{v(m), m —i — 1}) and relations pGy = G¢11. Each G; is represented

by the cycle b d (E ey () [ﬂr]) (cf. [7, Remark 5.22 (iii)]). It

3
follows that under the map H?9™(i) — H?9™(i + j) each element G; maps to
the corresponding Gy, whereas G; is sent to Gy, under the Adams projection
H29m (i + § + 1) — H>9(i + j). Thus the condition 7 > u((p —1)(m +1—1i)) — 1
implies that the image of the latter map is contained in the image of the former
one, implying the result. |

Proof of 2.3.  Recall the groups £.(Z Bg;ﬁj ) are given by a chart of the form
shown in Figure 2 (where j = 3). Moreover, the group Jy,—1(X Bj.13’) can be
computed as the cokernel of the map £, (X Bgiﬁj) 2, Lam-1)(2 Bgiﬁj) which

sends the generator in £g,, (2 B;iﬁj ) into the p*(™)*+<-multiple of the generator in

Lam-1)(2 Bgzﬁj), where € = 1 if m > i+ j and € = 0 otherwise (see for instance
[14, Section 3]). On the other hand, the group HY9™(i + 7, i) is calculated with
the exact sequence

HYm () 28 Jhm 4§y 2 gLy i) < B2 () 22 B2 (G 4 )

and we will show that the middle group is cyclic and any element of order p on
it is sent nontrivially to Jgm—1(2 B;iﬁj ) under 7. The calculations are based on

results in [7], specifically on Remark 5.22 (iii), Example 6.10 and Corollary 6.11

().

(i +1)q (i+)a

FIGURE 2
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First we show that if Cokeray # 0, the element of order p it produces in
HY9™(; 4+ j, i) maps nontrivially to Jym,—1(2 Bgiﬁj) Indeed, in this case we
must have

(a) i+j<m (since HH9™(i + j) # 0).

(b) m—i—1—wv(m) >0 (otherwise a; would be onto) so that H4™ (i) =
Z/p* "™+ with generator represented by d (pm il mym )

(c) HY9™(i + j) = Z/p™n{m=i=5,v(m)+1} with generator represented by the
element d (pmax{0;m—i=j=1-v(m) }wz’-’jrj ). In particular, the class of order p is
represented by d (pm_i_j_lwz’-’jrj )

Thus the class of order p in Coker a; is represented by
d(pmm{m—l—J—Lm—1—2—'/(m) }wﬁj> ’

which up to a unit and modulo classes of weight filtration larger than 1, agrees

with pmind m_i_j_1+”(m)7m_i_z}wﬁ_gluo. Using the isomorphism (3), this maps

under p of (5) to pm—i=d—lAmin{wlm).i=1}ym=1p ¢ . 4 (E B;iﬁj) , which by

the previous description of the relevant J groups, maps in turn nontrivially to

Jom—1(£ B 1Y),

Next we show that if Coker ay # 0 # Ker aie, the extension they define is non-
trivial. Indeed, in addition to (a), (b) and (¢) we now have

(d) u(p—1)(m+1-1i)—1<v(m) and i <m—1 (since H*9" (i) # 0).

(e) v(m)>m—1i—j—1 (otherwise ag would be monic).

Then (b) and (e) imply that the element of order p in Ker az is Gy (m)—1, which as
above is represented by the cycle

Lal S mywrren) ) e ch.

p r<p1/(7n)
Let z = >, pvim) %((T)) wi G [9p]. For 1 <r < p*(™ [7, Lemma 4.8 (c)] gives

v (") = v(m)—v(r); therefore (e) implies that each summand of z lies in C(i+j). By
construction z projects to a cycle in C(i + j, i) whose homology class hits G, ()1
under 6. On the other hand, (c) and (e) imply that the generator in H19™ (i + j) is
represented by d(wf} ;) and it suffices to verify that this element differs from pz by an

element in C(i). In other words, we have to show that >-, - . (7)) w]" " [ ] €

C(i), or equivalently that m —r < v(7") + i + v(r!) for r > p*(™ (cf. [7, (36) or
(38)]). We will verify that in fact m —p*(™ < i+v(p*(™!). Indeed, another way of
stating (d) is (p— 1)(m +1—14) < p*™+1 or equivalently m +1 —i < p”?% =
v(p*™*11), as desired.

Finally we show that if Cokera; = 0 but Ker as # 0, the element of order p
produced in HY%™(i + j, i) maps nontrivially to Jgm—1 (E Bgzﬁj) Indeed, this
time we must have in addition to (d) and (e) either one of the following:

(f) i+7>m (so that H»9"(i + j) = 0), or

(g) wv(m)>m—1i—1 (so that a; is onto).
If (g) holds, the class of order p in Keras is G,—i—2, which as an element of

C(i) is represented by the cycle Wd (Z — () K [ﬂr]) . As

K2

above, the element z = Im > repm-imt (M) Wi [0 ] lies in C(i + j) and
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projects to a cycle in C(i + j, ¢) whose homology class hits G,,—;—2 under the
boundary homomorphism §. We have to see that the resulting homology class in
H9™ (i + j, i) maps nontrivially into Jym,—1 (E Bgzﬁj) under 7. Up to units, the

m—i1—2,,m—1

representative cycle maps under p of (5) to p w in Ly(m—1) (E Bgzﬁj )
(the nontrivial element of order p) but (g) implies that the last group is isomorphic
t0 Jym-1 (¥ BRLY) (whether or not (f) holds). On the other hand, if (f) holds but

(g) does not, then the element of order p in Keray is Gy (my—1 (v(m) > 0 by (d)),
and as before the element it produces in H9 (i + j, i) maps to p*(™~ly™~1 ¢

Lq(m—1) (E Bgiﬁj) , which in turn projects nontrivially to Jgm—1 (E Bgzﬁj) . g

Let St! < ¥ B27"7 he the inclusion of the bottom cell. Since the f-regular
complexes C(S%*1) and C(Z B;iﬁj ) are respectively concentrated in total degrees
congruent with 1 and 0 modulo g, the cofiber sequence S*t! — % B§§+2j —
by Bgzﬁj yields an isomorphism of complexes

(8) C(EB ) ~c(S ) ez BotY).

In particular 2.1 and 2.2 together with their analogous results for the sphere spec-
trum (Lemmas 7.1 and 7.2 in [7]) yield the following:

Proposition 2.4. In cohomological degrees s > 2 and total degrees t, the r-fold
iterated composition ¥ B3 (i) — ¥ B2 (i—1) — - — X B2 (i — ) of the
Adams projections in a minimal F,-resolution of ¥ B3+
HH(C(2 B (1)) — HH(C(X B2 (i — 1)) provided

a) s>3andr=1,

b) s=2, t=gm+1 and r =v(m — i),

c) s=2, t=gm and r = max{l,v(m)}.

induces the trivial map

From the definition of the map 7 : HY*(C(X)) — J._1(X) we have a commuta-
tive diagram
HYm(C(s BE)) Jum-1(5 BE)

! !

HY™C(2By1Y)  ———  Jama(SB3LY)

T

where both vertical maps are induced by the collapsing ¥ Bgi”j — X B;iﬁj . In

4.1 we observe that the vertical map on the right is an isomorphism; therefore the
next result follows from (8) and 2.3.

Proposition 2.5. 7 : H>™(C(X B27)) — Jm_ 1 (X B277) is a monomor-
phism.

3. LIFTINGS THROUGH /-RESOLUTIONS

Mahowald’s bounded torsion theorem [13, Theorem 7.1] depends on the fact
that, for a number of spectra, ¢-obstructions for liftings through an /-resolution
behave like Fp,-obstructions: they vanish provided one has enough classical Adams
filtration. Such a result follows from detailed calculations like those in the previous
section, together with the next mild generalization of [5, Lemma 5.8]. Recall the
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Adams filtration of a map g : X—Y, denoted by AF (9), is the maximum length [

of factorizations of g in the form X = X ILox 2 X, X = Y, with
each g; inducing the trivial morphism in mod p homology.

Lemma 3.1. Let X 5V % Z be a cofibration of spectra and assume that the
classical Fp-Adams spectral sequence computing m.(Z) collapses from its second
term. If o € m,(Y) maps trivially under g., then there exists § € m,(X) with
f+(B) = a and AF(B) > AF(«a) — 1.

Proof. As is well known, from any Fp—resolution & Z 22, 21 P Zo=Z of

Z, we can extract a minimal Fj-resolution - - - Ls, 22 Z1 Y Z§ = Z so that
each Z! is a wedge summand of Z; having as cosummand a wedge of F,-Eilenberg
Mac Lane spectra, with p} the corresponding component of p;, and such that every
homotopy class arising from an F,-Eilenberg Mac Lane summand maps trivially
under p; (see for instance [8, Lemma 3.1] or [7, Remark 3.4]). As observed in [7,
Remark 3.2], each p} must induce an injective homomorphism in homotopy groups.
With these observations in mind, the proof of [5, Lemma 5.8] applies in our case.
For completeness we supply the details. Letting - - —> Ay -2 A; —% Ay = S°
denote any F,-Adams resolution of S9, choose a, € T,(As AY) a lifting of a €

mn(Y), where a = AF(«). Then the observations above applied to the resolution
oAl TNl

N AN Z Y A ANZ TN AgNZ = 7 imply that o, maps trivially into
Tn(Aa—1 A Z) in the diagram
1 1
A, A X N A, NY he A, NZ
C, e
A1 N X A, 1 NY A1 NZ.

Therefore there exists B,—1 € T (Ag—1 AX) with (1A f)s(Ba=1) = (ma A1)(t). The
image of 3,—1 under the composite 7, (A A X) — mp(Ag—1 A X) — -+ = 1, (X)
yields the required class . O

The basic result about liftings through an /-resolution of the sphere spectrum is
given by the following odd primary version of [5, Theorem 5.1].

Theorem 3.2. Let S° £& &, &2 65 £ ... be the standard (-resolution of the

fs
sphere spectrum and suppose given a map S™ — Ss.

(a) In the case s =0 and n > 0, fo can always be lifted to a map f1 : S™ — 51

(b) In the case s = 1 assume AF(f1) > 1 and that S™ LN Sy 2 50 L,
composes trivially, where j : S° — J is the inclusion of the bottom cell. Then

[
there is a map S™ =, Sa such that piopaofa = piofi and with AF(f3) >
AF(f)) ~ 1.
(¢) In the case s = 2 assume AF(fa) > €2, where e =1 if n+ 2 #Z 0 (mod q)

fs
and ea = 1+ v(n + 2) otherwise. Then there is a map S™ —— Ss such that
pgopgofg = p20f2 and with AF(fg) Z AF(fQ) — €2.
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(d) In the case s > 3 assume AF(fs) > es where e; =1 if n+s %0 (mod q) and

f3+1
€s = 2 otherwise. Then there is a map S™ —— Sg41 such that psopsiiofsy1 =

psofs and with AF(feq1) > AF(fs) — €.

This result appears as Theorem 7.5 in [7] where it is proved in detail. For
our applications we will need the corresponding analysis of liftings through an ¢-
resolution of stunted B spectra.

Theorem 3.3. Let X Bgzﬁj 0 S1 22 52 &5 ... be the standard (-resolution

of ¥ Bgiﬁj and suppose given a map S™ ELN Ss.

(a) In the case s = 0 assume S™ RN By IEYP B2 composes trivially;
then fo can be lifted to a map f1: S™ — Sy with AF(f1) > AF(fo) — 1.

(b) In the case s = 1 assume AF(f1) > 1 and that S™ RENFNRINSS B;iﬁj A
JAX B;iﬁj composes trivially. If n +1 =0 (mod q), suppose in addition

that "T“ > i+j. Then there is a map S™ L So such that propaocfo = profi
and with
(i) AF(f2) > AF(f1)—1 in casen+1# 0 (mod q), or n+1 = gm with
vim)>j—1.
(ii) AF(f2) > AF(f1)—v(m)—1in case n+1 = gm with v(m) < j— 1.

(¢) In the case s =2 assume one of the following
(i) n+2#0 (mod q) and AF(f2) > 1.
(ii) n+2=gm and AF(f2) > max{2, v(m)+1}.
(iii) n+2=gm and AF(f2) > max{2, m—i—j —1}.
(iv) n+2=g¢gm and AF(f2) > max{2, u((p—1)(m+1—-14))} (u as
in22).

fa
Then there is a map S™ —— Ss such that paopso f3 = paofa and with
(i) AF(fs) = AF(f2) — 1,
b

) >
(ii) AF(f3) > AF(f2) — max{? v(m)+1},
(ili) AF(f3) = AF(f2) —
(iv) A ) F(fs) = AF(f2) - maX{? p(lp = 1)(m+1-1)},
respective
(d) In ]Zhe casgs > 3 assume AF(fs) > €5, where e = 1 if n+sZ 0 (mod ¢) and

fst1
€s = 2 otherwise. Then there is a map S™ —— Ss41 such that psopsiiofst1 =

Ps ofS and with AF(fS+1) > AF(fs) — €s.

Proof. Part (a) follows immediately from 3.1. The proofs of parts (b), (¢) and (d)

are similar: the image of fs € m,(Ss) under the map S LA S, produces a
class zs € m,(( A Ss) = E} "+S(E Bgiﬁj,é) which is a d1-cycle in the /-Adams
spectral sequence for 3 Bgzﬁj — (Br (2 Bgzﬁj,ﬁ) d1) stands for the first term in
such spectral sequence. Since AF(fs) > 0, z; lies in fact in the f-regular complex
C(X B3 1Y), and since this is concentrated in total degrees ¢ =0 (mod ), we are
forced to have z; = 0if n+s# 0 (mod ¢), in which case the required lifting fs11 €
7 (Ss41) is given by 3.1. In general, the hypothesis will allow us to find a homotopy
class es—1 € mp1(0 A Ss—1) = B~ L "+S(E Bgiﬁj,é) such that d1(es_1) = zs; that
is, in the diagram
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Ss+1
Ps+1 l
LA 1
S _— CN S
T~ 8
Ps l ~ —

Se_1 _ INSs_q

the relation (i A 1),(9s—1(es—1)) = (i A 1).(fs) holds, where 95_1 is the connecting
map in the cofibration S, LS 1 = OASy (details given below). In particular,
the class f. = fs — 0s—1(es—1) lifts to a homotopy class fsy1 € m,(Ss4+1) whose
Adams filtration will be controlled by 3.1 and by Lemma 2.1 or Lemma 2.2, ac-
cording to whether s > 3 or s = 2 respectively. We give full details for the case
s <2and n+s=qgm.

When s = 1, the remarks after (4) yield the commutative diagram with cofiber
rows

20425 9o p1 21425 A1 20425

LN B2i+1 S1 b)) BQZ-Jrl INY B2i+1
lb/\ 1
lp/\ 1

(A BETY 204 syl A BEEY o JAN BEFY s A% BIFY,
Therefore the present hypothesis together with 2.3 implies that, up to classes arising
from split F,-Eilenberg Mac Lane spectra, z1 is a d1-boundary: z; = d1(eo) + 5,
where eg € 1, ({A Bgzﬁ]) = Lygm—1( Bgzﬁj) and x is a homotopy class arising from
the F,-Eilenberg Mac Lane split portion in £ A S;. Since by hypothesis m > i + j,
a standard Adams chart for £, ( Bgzﬁj ) (as the one in Figure 2) shows that every
element in £g,—1( B5:1}7) has positive Adams filtration. In particular & must be
trivial. It remains to control the Adams filtration of eg. If v(m) > j — 1, the
operation mym—1(¢ A Bgiﬁj) 2 Tgtm—1)—1(€ A Bgiﬁj) is trivial (see for instance
the beginning of the proof for 2.3), that is, the first component of z; = d1(eg) is
trivial, and in view of [7, Theorem 3.6 (b)], all other components of z; must also
be trivial. Thus z; = 0 and we can take eg = 0. When v(m) < j — 1, the first
component of z; is either trivial (in which case z3 = 0 as above) or has Adams
filtration AF(eg) + v(m) in view of the initial observations in the proof of 2.3. In
particular AF(eg) + v(m) > AF(z1) > AF(f1), so that the Adams filtration of
the class fi in the preliminary remarks of this proof is at least AF(f1) — v(m) as
required.

If s = 2 let r = max{1, t}, where ¢ stands for v(m), 1 or u((p—1)(m+1—14))—1,
according to whether (ii), (iii) or (iv) of the hypothesis holds. The isomorphism in
(3) implies that the cycle 2o € C(2 Bgiﬁj) =C(i + j,1), being of Adams filtration
at least a = AF(f2), lies in fact in C(i + j + a,7 + a). From 2.2, z, produces a
trivial homology class as an element in C(i + j + a — r,4 + a — r); that is, there
exists e; € C(i + j 4+ a —r,i + a —r) such that d(e1) = 22, where d denotes the
differential in C(i + j + a — r,i + a — r). Observe in particular that the Adams
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filtration of ey, as an element of C(i + 7,1), is at least a — r. Although the natural
inclusion C(i+j,1) — Eq(2 Bgiﬁj; ?) is not in general a map of complexes, it does
preserve the differential of elements with positive Adams filtration (see for instance
the remarks before [8, Proposition 3.4]); therefore we still have the required relation
d1(e1) = 22 in By (T ngf‘{ﬂ; ?), and the argument can be completed as indicated in
the preliminary remarks of this proof. O

With the same ideas but using 2.4 and 2.5 instead of 2.1, 2.2 and 2.3, we can prove
the following result, which although not complete, suffices for our applications.

Theorem 3.4. Let ¥ B2t 2L g 22 g, P2 .. pe the standard (-resolution

of ¥ Bg;“j and suppose given a map S™ LR Ss, wheren=qgm—1 and m > i+ 7.

(a) In the case s = 0 assume the composite S™ <% ¥ B3 T2 DL A BT s
trivial; then fo can be lifted to a map f1 : S™ — Sy with AF(f1) > AF(fo)—1.

(b) In the case s =1 assume AF(f1) > 1 and that the composite S™ ELR s, 2
¥ B LA N> B s trivial; then there is a map S™ Lz, Sa such
that Prop2o fQ = Ppi1o fl and with
(i) AF(f2) =2 AF(f1) =1 ifv(m)>j—1.
(i) AF(fs) > AF(f) — v(m) — 1 if v(m) < j — 1.

(c) In the case s = 2 assume AF(f3y) > v(m—1)+1; then there is a map S™ £ Ss
such that P2 op30f3 = p20f2 and AF(fg) Z AF(fQ) — I/(m — Z) — 1.

(d) In the case s > 3 assume AF(fs) > &5, where es = 1 if n+s # 0,1

(mod ¢q) and €5 = 2 otherwise; then there is a map S™ foty Ssy1 such that
DsoDst10 fst1 = Psofs and with AF(fs11) > AF(fs) — es.

For a ring spectrum E, the E-filtration of a homotopy class « € 7, (X) is defined
as the largest integer s so that « lifts to the s-stage in the standard F-resolution for
X. In this notation, what we have called “Adams filtration” (AF') corresponds to
“HTF,-filtration”. The map ¢ — HTF, corresponding to the generator in H°(¢,F,)
yields a map from the standard ¢-resolution of any spectrum X to the corresponding
HTF-resolution of X. In particular, the HIF -filtration of any homotopy class is no
less than the corresponding /-filtration. On the other hand, the results above imply
that the ¢-filtration of a homotopy class with trivial J-Hurewicz image is almost as
large as its HF-filtration. The success in the application of these techniques to the
study of homotopy classes depends on establishing suitable upper bounds for their
(-filtration. For the sphere spectrum this is done in [8] through direct calculations.
In general we use a variation of the standard ¢-resolution. The author learned of
the following construction from Douglas C. Ravenel.

Pinching the bottom cell of the first two spectra in (4) produces a cofibration

T 72 54y fitting as the top row of the commutative diagram with cofiber rows
and columns

7 o— 7~ zu
r b
J — ¢ — XU
et

S0 = 0 — *.
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From the observations after (4), the map ¢ : £ — %%/ can be explicitly given as the

composite £ PLOANT 2 >/, so that for any map f : X — Y we can construct
the commutative diagram

ST1IAY
/
S2IANIANX
A1
l Lar STUIAY al Se-lgAY
/
— LA 1 — pAS
STl X l STHOAIANX
l P Y L (ANY
P T
L A1
X INX

with cofiber sequences formed by a map going down followed by the corresponding

horizontal right arrow. Repetition of this process starting with the identity X SN
X ylelds a map from the standard (-resolution of X into the “resolution” X «—
STHUAX SV IANX S 2UINTAX S 2JANTAX « -+ of X.

Proposition 3.5. Let X «— S; « So «— --- be the standard (-resolution of a c-
connected spectrum X. Then the composite Ss — Ss_1 — -+ — X factors through
a(s(p> —=p—1)—(p—1)(p — 2)ts + c)-connected spectrum Rs, where 15 =1 if s is
odd and vy = 0 otherwise.

Proof. Let X < Ry « Ry <« --- be the resolution of X described above, so that
Ros = X757 A X and Raey1 = X7 A Ry, (here J° stands for the s-fold iterated
smash product of J with itself). By construction, the first nontrivial homotopy
group of £ appears in degree q. On the other hand, since the first element not in
the image of J lies in degree pg—2, the first nontrivial homotopy group of J appears
in degree pqg — 1. The result follows from the above considerations. O

4. J-OBSTRUCTIONS

Problem 1.5 posed in the introduction can be solved in a relatively easy way
if instead of asking for essential maps, we ask for maps with nontrivial Hurewicz
image under the J spectrum. The next two propositions give a complete answer to
this J-version of Problem 1.5. The proofs are straightforward calculations with the
J spectrum and will be omitted.

Proposition 4.1. Let i, j be positive integers.
(a) For any | the collapsing map ¥ B2l EBgﬁﬁl induces isomorphisms in
J-homology groups in dimensions congruent with —1 mod q.
(b) If j <w(i+j+1), then for any l, 0, has nontrivial J-Hurewicz image.
(¢) If v(i + j 4+ 1) < j, then the largest integer | such that 0; has nontrivial
J-Hurewicz timage is | =v(i+j+ 1) + 1.

Proposition 4.2. Let i, j be positive integers.

(a) For anyl the collapsing map L B2+ %, Bgéﬁ“‘l induces isomorphisms

in J-homology groups in dimensions congruent with —1 mod q.
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(b) If j <wv(i+j+1), then for any l, 9; has nontrivial J-Hurewicz image.
(¢) If v(i + 5+ 1) < j, then the largest integer 1 such that ¥; has nontrivial
J-Hurewicz image is given by
I vii+j5+1) if vi+ji+1)=45-1,
Tl vE+i+1)+1 if vi+j+1)<j-1

The obstructions arising in the classification of stunted lens spectra [9] have the
form 60;, ; and ¥;; ;. These maps turn out to be trivial whenever they have trivial
J-Hurewicz image as the following result shows.

Proposition 4.3. Let i and j be positive integers,
(a) 0 is stably null homotopic if and only if v(i +j+1) < j— 1.
(b) 9, is stably null homotopic if and only if v(i+j+ 1) < j.

Remark 4.4. This proposition solves Problem 1.5 for the maps 6; and ¥; in the
case ¥(i +j+ 1) = j — 1. As we will see in the next section, this is the case where
{-resolutions techniques give the least information.

Proof. By Propositions 4.1 and 4.2, both conditions are necessary; moreover the
sufficiency in (b) is a restatement of [9, Corollary 3.5]. Finally if v(i+j+1) < j—1
but Ej is essential, then Ej is up to a unit the attaching map for the top cell of
by ngﬁjﬂ. In particular X BZI?H is S-reducible, which by [9, Lemma 6.1]
implies v(i +j + 1) > j — 1, a contradiction. O

A consequence of 4.3 is the following well known result.

Corollary 4.5. Let 7 : SGtitha-1 3 B;iﬁj be the attaching map for the top

cell in ¥ ngﬁjﬂ. If m is essential and becomes null homotopic by pinching the

bottom cell in X ngﬁj, then 7 agrees, up to a unit with 0;.

Since the p-localization of m:,—2(S°) is trivial for ¢t < p, we also have

Corollary 4.6. Fiz integers i and j with j <p—1. Then
(a) 6; is stably null homotopic if and only if v(i +j+1) <j—1.
(b) ¥; is stably null homotopic if and only if v(i+j+1) < j.

5. CLASSIFICATION OF STUNTED B SPECTRA

Using J-homology groups we have identified nontrivial maps in 1.5. Next we
show that a number of the remaining maps are indeed null homotopic. In order to
motivate the techniques, we start by proving the following mild improvement of [8,
Theorem 3.9].

Theorem 5.1. Let o € 7,(S°) be in the kernel of the J-Hurewicz homomorphism.

If the classical Adams filtration of « is at least 3+ e, + %, then « = 0. Here

en=01in+2#0 (mod q) and e, = v(n + 2) otherwise.

Proof. Let S0 «— S «— Sy « --- be the standard f-resolution for the sphere
spectrum. By 3.5 the Adams projection S, — S° factors through a spectrum
Rs; whose first nontrivial homotopy group appears in dimension at least
s(p> = p—1)— (p— 1)(p — 2). Therefore we will be done once we find a lifting

of a to Sy for M = [%} + 1. Parts (a), (b) and (c) of 3.2 provide a

lifting f5 to S3 with Adams filtration at least v = AF(«) — e, — 3. Thus we have to
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(perhaps modify and) lift M — 3 times more. By 3.2 (d), this is possible provided
¥ >alqg+1)+b+1, where M —3 = ag+b and 0 < b < ¢. Straightforward algebraic
manipulations show that such condition is implied by the hypothesis. O

Theorem 5.1 sets upper bounds on the classical Adams filtration of nontrivial
classes a € m,(S°) with trivial J-Hurewicz image. The analogous result for stunted
B spaces turns out to be a suitable tool in the study of Problem 1.5. Indeed, as
we show below, most of the classes in 1.2 with trivial J-Hurewicz image, are in fact
null homotopic because of their “high” Adams filtration. The next two results can
be slightly improved in particular cases by using the full strength of the results in
Section 3. This is done for instance in 5.8 to complete the classification of stunted
B spectra for p = 11.

Theorem 5.2. Ifi and j are positive integers satisfying
U—-—D(g+1)
p*P—p-—1

then 0 is stably null homotopic if and only if it has trivial J-Hurewicz image.

j-vli+j+1)-v()-2=>

Proof. Let | = v(i +j + 1) +2; by 4.1 it suffices to show that 6; is null homotopic.

Let -+ — Sy — 81 — X ngﬁ” be the standard ¢-resolution for ¥ ngﬁl By 3.5

the Adams projection Sy — X B%iﬁl factors through a spectrum R, satisfying

- (Rs) = 0 forr < (i+1)g+s(p?>—p—1)— (p—1)(p — 2), so that we will

be done once we find a lifting of ; to Sy; where M = [% +1=

[ p%(f ;i)l} + 2. Such a lifting is provided by Theorem 3.3. Indeed, it is well known
that AF(@;) = j — v(j), so we get a lifting of §; to So with Adams filtration at
least v = j —v(i+j+ 1) —v(j) — 2. Then f needs to be (perhaps modified and)
lifted M — 2 times more, which by 3.3 can be done provided ¢ > a(q+ 1) +b, where

M —2=aq+0band 0 <b<q. As in 5.1, this is implied by the hypothesis. O
Likewise, Theorem 3.4 gives

Theorem 5.3. Ifi and j are positive integers satisfying

jla+2)
pP-p—1
then 6; is stably trivial if and only if it has trivial J-Hurewicz image.

vt i) —v() — v+ 1) -3 >

The following corollary should be compared with 4.5.

Corollary 5.4. Letl=v(i+j+ 1)+ 1 and suppose | < j. If the conclusion of 5.3
is true, then the stable class of ¥; factors as
i+j+1)g— i+ 2i4214+1
S(H—j-ﬁ-l)q 1 o, S(H— +1)g ™, » BQ;+ + ’
where w is the attaching map for the top cell in B%ﬁ””‘z and « is a class of order
p in the stem (j —1)q — 1 with nontrivial J-Hurewicz image.

Proof. By hypothesis we get such a factorization and by 4.2 « must be detected
s pin
by the J spectrum. Moreover since S(+it+1a—1 NS B2t S(1+l+1)q is

. . pin
null homotopic and SCG+H+De T, 53 g2it2i+1 —__, S(“r“rl)q is the degree p map,
it follows that pa = 0. O
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Remark 5.5. By 4.1 and 4.2, the conclusions in 5.2 and 5.3 are certainly true
provided j < v(i + j + 1). On the other hand, the hypothesis in the last two
theorems require not only j — v(i + j + 1) to be positive, but “sufficiently large”,

roughly j—v(i+j+1) > W—i—l in the case of 5.2. Fixing j and letting 7 vary,

m
we see that the fraction of cases missed by this restriction is roughly ( —) , where

w This intends to give a more precise meaning to the expression

“..in a wide range of cases ...”, used after 1.5 in the introduction (note however
that the results are rather weak for p = 3). On the other hand, these technicalities
are the reason why we do not attempt to obtain a version of 5.2 or 5.3 for maps
9; or ¥;. Indeed, if ¢-resolution techniques were to prove the triviality of 9; say,
one would need some sort of restriction on j — v(i + j + 1) being “large”; however,
if 6; itself were not already trivial, 4.2 would suggest that j —v(i +j+1) = 1
(and ! = j). Despite this, we can still prove the triviality of a number of classes
¥4, even when j —v(i +j + 1) = 1 (and in general when j —v(i +j + 1) is
“small enough”). The methods are rather geometrical and more accessible than
those involving ¢-resolutions (see for instance [9]).

m =
”

Proposition 5.6. If v(i +j+1) < j<2u(i+j+1), then 9,,; is stably trivial.

Proof. The stable dual of BT s B=2~ 3j_o in view of [9, Lemma 6.1].

Thus by duality we must show the triviality of the composite B3T**1

Slats)g Doy gaatl for 1(q) < s < 2u(a), where 7' is the composition of the collaps-
ing map B%Z”S+1 — B2aﬁ§+1 Slats)ay glatstl)a—1 and the wedge projection
Slats)ay glatstl)a=1 _, glats)a Ip (3, Section 2] a complex p — 1 dimensional
vector bundle 8 over B = B7I® is described, with the property that the Thom

complex ( st+1)aﬁ of the a-multiple of 3 over B*7™! is homeomorphic to the

stunted space B22T2*T! The realification of 3 has KO-order p* over B?** and
KO-order p*~! over B%*~1. Since af3 restricts trivially to B2*(%) | there is a bundle

W Bgi'{al)ﬂ — BO inducing a3 under the collapsing map Bt — B2S?'1)+1

This map induces a monomorphism in K O-theory, so that u' = p?u is a nontriv-
ial bundle over B2S(a)Jrl of KO-order p (d = s — v(a) — 1) inducing p?a under

2s+1 2s+1
B - BQu(a)+l

21/(&) 41 1s injective in K O-theory, it follows that ' induces a

trivial bundle under the inclusion BQi(al) 1= Bgfjal) 41+ Thus there is a bundle

— BO inducing g/ under the collapsing BQVZL;) 41 Since
B2t = gsa v §stha—1 apq T(s+1)q—1(BO) = 0, w must be induced in turn by a
bundle w’ : S*¢ — BO under the wedge projection B2§+1 — 5%, Tt results in a

commutative diagram:

the collapsing Since p%af is trivial over B*~! and the col-

lapsing B**™! — B2

BQS-‘rl B25+1

w

2s+1
2v(a)+1

\\ //

Observe furthermore that since p’ has KO-order p, w’ must be a multiple prime
to p of the generator in 74, (BO) = Z. Denoting by X* the Thom complex of the

B2s+1 —> B - Ssq\/s(s-i-l — Gsq
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bundle a over X, and by X the cofiber of the inclusion S «— X (all Thom
complexes will be treated as spectra with zero dimensional bottom Thom cell), we
have a commutative diagram:

a s H
B§Z+2S+1 - ( B2S+1) ’ ( Bgv—(’—al)—i-l)
oy
(57)7 (BLthe) s

7 lV lpd

( B2s+1 )” m Sl

2v(a)+1

l 6“),

954 (Ssq)w’

Here the unnamed maps are induced either by pinching the bottom Thom cell or by
Thomifying maps between vector bundles; moreover a map d, : X — S is defined

through the Puppe cofiber sequence S° — X — X« Do, 61 The hypothesis

v(a) < s < 2v(a) implies that, as a space, Bgizral) 41 is a double suspension. By
ot \HM W
[6, Proposition 3.3 and Corollary 3.4], both ( Bgi?'al)H) and ( Bgi?'al)H) are

st1 with a homeomorphism

homeomorphic to the suspension spectrum of Bgu(a) 410

2s+1 ¥ 2541 M e .
V: ( BQu(a)+1) ~ ( BQu(a)+1) fitting in the above diagram. As observed above,
the p-localization of w’ must be a generator of ms,(BO),) = Zp), so that d,. (or
a suitable multiple of it) generates the p-component of the image of the classical
J-homomorphism in the s¢ — 1 stem. The result follows by observing that the

)

composition of the last two maps in ( BQSH)GB — ( BQSH)GB - ( Bgszral)ﬂ) LN
(sa

S1 agrees with the corresponding connecting map ( BQSH)GB eB 81, O

We now apply these results to the homotopy classification of stunted B spectra.
We begin by proving the following more detailed version of Proposition 1.4.

Proposition 5.7. Let S be the set consisting of the spectra in (1) of the introduc-

tion and their duals. Assume that 9;,; : SCTiTDt 5 BT G trivial

whenever B§:+2j+l is non-reducible and lies in S. Then the spectra in (1) which

are neither reducible nor coreducible are all equivalent.

Proof. Let ngﬁi”ﬂl and B27TT! be neither reducible nor coreducible (¢ as
in (1)). By 1.3 we may assume that one of the following maps is stably essential:
(9) 055 Slititha-1 _, 5 B§§+2j

(10) 0j—imjt-1,4: STV S BTN .

Say (9) is essential. Since ¥ B3, "% is non-reducible, 6;; ; agrees up to a unit

with the attaching map 7 : SC++Da—1 — 5 B2 for the top cell of ¥ B3 71,
i L

On the other hand, by [9, Theorem 4.5] we have a stable equivalence 3
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»i-te B;ziggwt. Let i’ be the restriction to the (i + 1)¢ dimensional skeleton.
Since @; and @; compose trivially, the composite

Glitit+1)g—1 & , §+Da o, gigt+ly, gi+l)g U giatl \y gli+l)g _, gig+1

is trivial (all spheres are localized at p) and we get a commutative diagram

Gli+i+1)g—1 N §li+)g ——  gig+l\, G(i+1)q ) Bgz?r?j
"o v y
Sli+i+la—1 —L»  gli+l)g ——» gig+l\, gli+1)e — Y114 B

2i4+2t+25
2i+2t

where u is an equivalence. In particular 6;;4;, being the bottom row of the
diagram, is essential and as above, agrees up to a unit with the attaching map
7' SUHIFHDa=1 5 BREIHF for the top cell of X By a2 t!. There results
a commutative diagram

it _ 2i+2j
S(H—gi—l)q 1 b ]?21_ J
u’ h
(i+j+1)q—1 ™ Nl-tg B2it+2t+2j
S g 2i+2t

with v/ an equivalence. The map between cofibers is the required equivalence.
When (10) is essential, a similar argument produces an equivalence between the
dual spectra. O

Remark 5.8. By the results in [9], the only missing cases in the homotopy classi-
fication of stunted B spectra are those contained in Proposition 1.4. The methods
in this paper allow us to show that the hypothesis in 1.4 does hold for p > 7, except
perhaps for p =7, j = 7 and v(i + j + 1) = 3. We finish the paper by indicating
the way one can check the above assertion. By 4.6, 5.3 and 5.6, the homotopy class
B0 0 SO 5 B2IF2IH g stably trivial if v(i + j 4 1) < j and either one
of the following holds:

a) .7<p_17
b) 5t <w(i+j+1),

o) w(i+j+1)<j—v(j) —v(i+1)—3— 2.

Assume p > 13 and let f,(z) = x—logp(x)—logp(x—i—l)—ii—%, so that f,(j) is
less than or equal to the expression on the right of (c). Elementary manipulations

show that %1 < fp(j) for j > p + 9, whereas a simple inspection gives %1 <

j—v()-v(E+1)—3- pzz’;j_l for p—1 < j <p+8. In any case either one of a),
b) or ¢) holds. For p = 11 similar techniques show that either one of b) or ¢) holds
if 7 > 12. The triviality of the class ¥, ; ; for j = 10 and j = 11 is set by combining
the full strength of 3.4 with 3.5. The situation for p = 7 is treated similarly, giving
the case j = 7 and v(i + j + 1) = 3 as the only possible exception for the triviality

of ¥ji 5.
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