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GAUGE INVARIANT EIGENVALUE PROBLEMS
IN R? AND IN R?

KENING LU AND XING-BIN PAN

ABSTRACT. This paper is devoted to the study of the eigenvalue problems for
the Ginzburg-Landau operator in the entire plane R? and in the half plane
]Ra_. The estimates for the eigenvalues are obtained and the existence of the
associate eigenfunctions is proved when curl A is a non-zero constant. These
results are very useful for estimating the first eigenvalue of the Ginzburg-
Landau operator with a gauge-invariant boundary condition in a bounded
domain, which is closely related to estimates of the upper critical field in the
theory of superconductivity.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this paper we shall study the eigenvalue problems of the Ginzburg-Landau
operator —V?% in the entire plane R? and in the half plane R = {(21,22) € R? :
29 > 0}, with various type boundary conditions, where A is a real vector field, and
the Ginzburg-Landau operator associated with A is defined by

—ViY = —Va-(Vah) = =AY +i[24 - Vop + 1 div A] + |A|*e).

Here V¢ = Vi —ipA, i = /—1. Note that for a vector field A = (A1, As),
curl A = 814y — B2 A1, curl?A = (Orcurl A, —0 curl A), where 9; = % is the
partial differential operator in the j-th coordinate.

First we consider the following eigenvalue problem:

(1.1) ~V4¢y =arp in R
Denote W(R?) = W,.?(R?) N L?(R?), and define a(A) by

f 2 |VA¢|2d9€
1.2 A) = R 2
( ) Oé( ) 11)6%/{}1(]1{2) I]R2 |’lﬁ|2d$

Generally, for all @ < «a(A), equation (1.1) has no nontrivial bounded solution. If
equation (1.1) has a nontrivial bounded solution ¢ when a@ = «(A), we say that
a(A) is the first eigenvalue of (1.1), and the nontrivial bounded solution 4 is called
a bounded eigenfunction. Furthermore, if a(A) is achieved in W(R?), then we
call a(A) the minimal eigenvalue of equation (1.1). In this case the associated
eigenfunctions are the minimizers of a(A).
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Before stating our main results we should mention that the Ginzburg-Landau
operator has the so-called gauge-invariance properties:

Varox(eXh) = eXVaeh, Vi, g, (e™9) = eXViy

for every real smooth function x. Hence, the number a(A) defined by (1.2) is
invariant under the gauge transformation A — A+ Vx for any real smooth function
X, that is, a(A) = a(A + V), and the associated eigenfunction 1, if it exists, is
transformed to e™Xv). Note that curl A is invariant under the gauge transformation
A— A+ Vy.

The gauge-invariance plays a very important role in the study of equations involv-
ing the Ginzburg-Landau operator. Because of the gauge-invariance, a(A) strongly
depends on curl A, as shown by our first result (which will be proved in Section 3).

Theorem 1. For every vector field A € C*(R?),

. a(hA) .
hh_}rrgo W wlé%; lcurl A(z)|.

A special case is that curl A = h, a nonzero constant. Set

(1.3) w(x) = %(—xg,xl).

Note that curl w = 1 and div w = 0. Then, curl (A — hw) = 0; therefore, there
exists a real function x such that A = hw + Vx. By the gauge invariance we
have a(A) = a(hw). For simplicity we denote a(hw) by a(h). So we consider the
following problem:

(1.4) ~Vi Y=oy inR2
Denote

Vot |?dz
(1.5) a(h)= e JelVnevlde f' ,
YEWR?)  [po [¢|2dx
where h is a non-zero real number, 1 is a complex-valued function, and w is given
by (1.3).
The next result gives the eigenvalues and the eigenfunctions for equation (1.4).

Theorem 2. For each h # 0, the eigenvalues of (1.4) are a,(h) = (2n + 1)|h|,
forn =0, 1, 2, ---. Especially, a(h) = ag(h) = |h|, and the associated L*>
eigenfunctions are given by

exp(—|h|r?/4)f(z) if h >0, exp(—|hlr?/4)f(z) if h <O,

where r = |z| and f is any entire function (that is, a complex analytic function on
the entire plane) such that exp(—|h|r?/4)f(z) € L?(R?).

Theorem 2 implies that the eigenfunctions associated with the minimal eigen-
value can only have isolated zeros. Theorem 2 will be proved in Sections 2, 3, 4. In
Section 4 we will also give an integral representation of the L? eigenfunctions. We
shall also see that for « = (2n+1)|h|, n =0, 1, 2, - - -, equation (1.4) has bounded
eigenfunctions which do not belong to L?(R?), and for all o < a(h), equation (1.4)
has no nontrivial bounded solution. Hence, a(h) = |h| is both the minimal eigen-
value and the first eigenvalue of equation (1.4), and the associated eigenspace in
L?(R?) is of infinite dimension.
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The problem in the half plane Rﬁ_ is more complicated. Consider the following
eigenvalue problem:

16) {—Viw:ﬁw in R2,

(Vo) - v+yp=0 ondRZ,

where v(z) = (0,—1) is the outer normal to R?, and v > 0 is a constant. In this
case we define
fRi |Vw¢|2d1? + FYfaRi |1/)|2d$1

1.7 = inf )
.7 & YEW(RY) Jpz [0Pda

where W(R2) = W,L?(R2) N L?(R2). Obviously,
) fRi |V hot|?da + |h| faRi |2 day |
wew(Ri> ng [P ST

Theorem 3. For all vy >0, 0 < 8, <1 and 3, not achieved in W(Ri) equation
(1.6) has no nontrivial bounded solution for § < (3, and has exactly one linearly
independent bounded solution for 3 = 3. Moreover, for v =0,

1
(1-8) Go<1-— \/E.

Theorem 3 is a short version of Theorem 5.3 in Section 5. Theorem 3 implies that
(3 is not a minimal eigenvalue of equation (1.6) in W(R?), but the first eigenvalue
of equation (1.6) in L>(IR? ) with the eigenspace of one dimension.

Letting v — +oo in equation (1.6), one would expect that a convergent subse-
quence of the bounded eigenfunctions of equation (1.6) converges to a solution of
the following Dirichlet problem:

19) {—vi@hw in R%,
¥ =0 ondR3.
Define
(1.10) A Jig V.r¥lde
. 0 — )

m —
veWo(®)  Jpa [¢[Pde
where Wy(R2) = {¢ € W(R3) : ¢ = 0 on OR? }. It surprises us that

Theorem 4. Ay =1 and is not achieved. Equation (1.9) has no nontrivial bounded
solution for A < Ao and has at least one linearly independent bounded solution for
A > Ag.

For the proof see Section 6. Theorem 4 says that the eigenvalue problem (1.9)
has neither a minimal eigenvalue (in Wy(R?.)) nor a first eigenvalue (in L>°(R%))!

The motivation to study such eigenvalue problems is to estimate the minimal
magnitude of the applied magnetic field, called the upper critical field, or the third
critical field He,, at which superconductors lose superconductivity, see [SG], [dG].
Although there are some analyses concerning the estimates for Hc,, to our best
knowledge, no rigorous mathematical proof for general domains has been given.

Let the applied magnetic field be H, = 0 Hy. We estimate the minimal o, say
o*, such that under the applied magnetic field o* Hy superconductivity disappears.
Choose a vector field F' so that curl F' = Hy. In [LP3] we found out that for a
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type 2 superconductor with large Ginzburg-Landau parameter, the value of o* is
close to the number o, for which u(o.xF) = k2, where u = u(bF) is the minimal
eigenvalue of

— Vi = in
(1'11) { Viph = uyp Q,

(Vord) v +7=0 on de,

This observation leads us to consider the eigenvalue problem (1.11) with large value
of b. In [LP2] we obtained the asymptotic estimate for p(bF) as b — oo by using
the results in this paper.

This paper is organized as follows. The eigenvalue problems in the entire plane R?
will be studied in Sections 2, 3, 4 by various methods. In Section 2 we use variational
methods to study equation (1.4). In Section 3 we classify all the minimizers of a(h)
by using complex variables. In Section 4 we use the Fourier transform to find all the
eigenvalues of equation (1.4), and obtain integral representation of eigenfunctions.
Sections 5, 6 are devoted to the study of eigenvalue problems in the half plane ]Ri.
Some basic lemmas used in previous sections will be given in Section 7.

We should mention that there are many recent works on the mathematical theory
of superconductivity, see [BBH], [CHO], [DGP], [JT], [L], [LP1] and the references
therein.

The authors would like to thank the referee for many useful comments and for
telling us of the recent work, Stable nucleation for the Ginzburg-Landau system with
an applied magnetic field, done by P. Bauman, D. Phillips and Q. Tang,* where the
existence of solutions to the Ginzburg-Landau equation on a disc when the applied
magnetic field is a large constant was studied by using of the bifurcation method.
They also studied an ODE eigenvalue problem

y' = (% =By, >z
y'(2) =0,
which is closely related to our analysis in Section 7 (see (7.1)). However, the

methods we used in this paper are different to theirs.

2. VARIATIONAL APPROACH FOR EIGENVALUE PROBLEMS IN R?

In this section we use variational method to study the eigenvalue problem (1.4)
in R2. Let a(h) be defined by (1.5). We have

Lemma 2.1. a(h) = |h|a(1).

Proof. For every 1 € W(R?) we set ¢(z) = ¢(z). Then |V_,¢| = |V,¢|. Hence
al—1) = a(l).
When h > 0, for every 1 € W(R?) we set ¢y, (2) = (v/hx). Then
fRz |Vhw1/)h|2d$ _ fR2 |vw¢|2d$
Jaz nPPdz 7 foo [Pdw
which yields a(h) = ha(1) for h > 0. O

By Lemma 2.1, We only need to discuss the problem
(2.1) ~V2¢p=a1p inR2

*Since published in Arch. Rational Mech. Anal. 142 (1998), 1-43; MR 99g:58040.
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Denote

f]R2 |vw¢|2d$
PEW(R2?) fR2 [1]2dx
We shall use the polar coordinates (r, ).

(2.2) a(l) =

Theorem 2.2. For equation (2.1), the minimal eigenvalue «(1) = 1. For each
k>0,
2
rk exp(—z + ik0)
is an L? eigenfunction. Moreover, for any entire function f(x) # 0, exp(—r2/4) f(x)
is an eigenfunction.

Proof. Obviously, exp(—72/4)f is an eigenfunction associated with the eigenvalue
1, where f # 0 is any entire function. Thus, a(1) < 1. We need to show that
a(l) > 1. Let B, = {z € R? : |z| < n} and

mn an |vw,¢)|2d$
veW2(B,)  [p |¢[*dx

Clearly, a,, — a(1) as n — 4+o00. We shall show that «,, > 1 for all n. Let ¢ be a
smooth function with expansion

Ay =

—+oo

Qb: Z uk(,r,)eike’

k=—oc0

where uy(r) are radial functions. We compute

“+o0
" k
| 1Veoar= 37 2m [P+ = DRl rar

n k=—o0
“+o0 n
> Z 27To<n(k)/ g |*rdr,
k=—oc0 0

where
Jo {1 + (& = 5)?|ul?}rdr

an(k) = inf

weC1[0,n] fon |u|2rdr
+
R ot R e R s
~ u€C![0,00) f0+°° |u|2rdr

If &k > 0, for every real smooth function u(r) we have
+oo k
[P+ G = Pl
0 ro 2

oo E r too
> 2/ wu(= — =)rdr = / lu|?rdr.
0 ro2 0

The equality holds for u = r* exp(—r2/4). Hence, a,,(k) > 1 and — 1 as n — oo.
If £ < 0 we have

ko k| 7o

WA L

(C -2 = (- 12+ 2l

Hence, o, (k) > 2]k| + 1 and — 2]k| + 1 as n — oo.
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Therefore, ay, > 1 for all n, which yields a(1) > 1. O

Proposition 2.3. For every a < 1, equation (2.1) has no nontrivial bounded solu-
tion.

In Section 5 we will prove a similar result for the Neumann eigenvalue problem
(1.6). So we omit the proof here.

As mentioned in Section 1, for a = (2n+1),n =0, 1, 2, - - -, equation (2.1) has
a bounded eigenfunction which does not belong to L?(R?) (see Section 4).

3. COMPLEX VARIABLE APPROACH FOR EIGENVALUE PROBLEMS IN R2

In this section we use complex variables to study equation (1.1) and prove The-
orem 1, and we classify all the L? eigenfunctions of equation (1.4) associated with
the minimal eigenvalue a(h). Throughout this section we always assume that the
vector field A € C?(R?). If curl A = h, a nonzero constant, then A = hw + Vy
for some real function x. Denote the eigenspace of —V? in L?(R?) associated with
the minimal eigenvalue a(A) by £(A). Then

L(A) = eXL(hw) = {eXp: ¢ € L(hw)}.
Moreover,
¢ € L(hw) iff ¢ € L(—hw),
¢ € Lw)iff ¢n(z) = d(Vhaz) € L(hw) for every h > 0.

Hence, it is enough to classify the L? eigenfunctions of —V? associated with the
minimal eigenvalue (1)

Theorem 3.1. ¢ € L(w) if and only if
(3.1) Y(x) = e (@),
where r = |z| and f #£ 0 is any entire function such that f(;zc)e_rz/4 € L*(R?).

Remark 3.1. Theorem 3.1 implies that £(w) is an infinite dimensional subspace of
L?(R?) spanned by 7* exp(—% +ik0), k=0,1, 2, ---.

To prove Theorem 3.1, we use complex variables. Denote z = 1 + iz, 7 =
T1 — 1T, 0, = %(81 —idh), 0z =0, = %(81 +i02). For a vector field A = (A, As),
we denote a = %(Al —ids), a = %(Al +1iAs3), 0, = 0. — ia, Oz = Oz — ia.

Lemma 3.2. Let Q C R? be a smooth domain, v the unit outer normal vector
to OQ and T the unit tangential vector such that {v,T} is positively oriented. Let
W € L2(2) be the solution of the equation

(3.2) Vi =f inQ.
Then,
| {dloal + (curt Al = 5} o

9y

o -/ Q{w<vAw>-u+|w|2A-T+w—}ds

or
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and
/Q (410,02 — (curl A)|? — [} da

o R A2 R S

Proof. Rewrite equation (3.2) as
(3.5) —40,070 + (curl Ay = f.

(3.4)

Multiplying (3.5) by % and integrating over €2, we get (3.3). We can also write
equation (3.2) as

(36) _4858a¢ - (CUTZ A)dj = fv
and (3.4) follows. |
Applying Lemma 3.2 to equation (1.1), we have

Lemma 3.3. Assume that v is a minimizer of (1.2). Then we have

(3.7) /R2 {4|65¢|2 + (curl A)|¢|2} dx = a(A) /R2 |w|2d:1c
and
(3.9) /R (410a0” — (curl A2} dx = a(A) /R 1 |2dz.

As a consequence we get

Corollary 3.4. For every vector field A,
(3.9) a(A) > inf |curl A(z)|.
z€R?
Proof. Let H(z) = curl A(x) and m = inf |H (z)|. If m = 0, then (3.9) is obvious. If
m > 0, then H(x) does not change sign. Assume H (z) > 0. In the case where a(A)

is achieved, (3.9) follows from (3.7). The general case follows from the following
arguments. Let

Vav|?d
a(A,Q) = inf M,
vewi2() o [¥Pdz
For Q = B,, = {z : |z| < n}, the minimizer 1, exists and

/ {4)1020n > + (curl A)p,|*} dz = a(A,Bn)/ ¥ |2 da.
B,

n

So a(A, By,) > infp, curl A(zx). Since lim,_,o @(4, B,) = a(A), we obtain (3.9).
The case when curl A(z) < 0 is treated in a similar manner. O

Proof of Theorem 1. Let H(z) = curl A(z). From (3.9) we have
a(hA) > |h| inf |H(z)|.
z€R?
It is sufficient to show that the following inequality holds for all zg € R?:

(3.10) lim sup “14)
h—oo |h|

< [H ()|

Without loss of generality, we may assume that h > 0 and xg = 0.
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Fix R > 0. Denote
() = 5[0142(0) + A, O,
x(x) = \/EA(O) cx+ %[51141 (0)z2 + 02 A2(0)23] + &(x),
Then

Vy(z) — VhA (i> = H(0)w(z) — VhB (

5 5)

where

‘\/EB (%)‘ < %W for = € By .

Let u be a real smooth function supported in Bg, 1(z) = u(x)e?X. Denote vy, (z) =

¢(vVhx). Then,

/RQ Viatn|*dz = /BR {|Vu|2 +u?|Vx — VhA (%) 2} da
= /BR {|Vu|2 +u? |H(O)w(z) — VhB (%) '2} d

< [1 4 %f)} /BR {|w|2 + i|H(O)xu|2} iz,

where M (R) depends only on R. Therefore, for h > 0,

B RRCY P AR LR U 2o
- Vh o | uewi2(Bg) [5,, lul?dx
Letting h — oo, we obtain

Vul?2 + Y H(0)z|?|u|?} dz
(3.11) limsupw < fBR {| | 4| 2( ) | | | }
h—too N weW2(BR) [, ul?dz

a(hA)
h

To estimate the right hand side of (3.11) we denote

Aa) = inf JpoAIVul + a2|x|2|u|2}dx7
ueW(R?) Jge |u|?da

where a > 0. It is easy to see that A(a) = 2a and the minimizers are C exp(—ar?/2).
Letting R go to +oo in (3.11), we get

hA Vul? + L H(0)x|?|u|?} dx
lim sup o(h4) < liminf inf IBR{l | 7l 2( )z |*[ul }
R L Ty P
o p e (V0P 4 L H O ) de
ueW(R?) J"R2 |u|2dx

— o (HOD g0y,
() = 1)

This completes the proof. O
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From Lemma 3.3 one may see that if curl A = h, a non-zero constant, then for
h >0, £L(A) consists of the L?-solutions of the first-order equation

(3.12) O =0,
and for h < 0, £(A) consists of the L? solutions of
(3.13) Bt = 0.

We shall give rigorous proofs for the above observation. In the following we call the
solutions of equation (3.12) the self-dual solutions with respect to the vector field
A, and call the solutions of equation (3.13) the anti-self-dual solutions.

Lemma 3.5. Let vy (respectively ¢o) € C1(Q) be a solution of equation (3.12) (re-
spectively (3.13)) which does not vanish in Q. Then every C-solution 1 of equation
(3.12) (respectively ¢ of equation (3.13)) can be written as v = fipg (respectively
é = feéo), where f is any complex analytic function in Q.

Proof. Obviously, if f is analytic in € then fig satisfies (3.12). Let v be a C*-
solution of (3.12). Since ¥y # 01in Q, £ = 1) /1y is well-defined in Q. A computation
gives 0z = 0 in 2, which is equivalent to the Cauchy-Riemann equation. Hence, &
is analytic in . Similarly, we have the conclusion for (3.13). |

Let € be a simply-connected smooth domain in R? and v = v; + v be a given
complex function, where v; and wvs are real functions. The solutions of

(3.14) O,u=v 1in
are given by

(3.15) u=Vo+w+7g,
and the solutions of

(3.16) Ozu=7 in
are given by

(3.17) u=Vo+T+g,

where g is any complex analytic function in 2, ¢ and w are determined by
Ap=2v; in Q,
% =0 on 9N,
v

and
{curl w=2v, and divw=0 in{,
w-v=0 on JN.
(3.15) should be understood as
u= (019 +1i020) + (w1 + iwz) + (91 — ig2)

for w = (w1, w2), g = g1 + ig2.
Given a vector field A = (A1, Ay), let a = £(A; — iA2) and let the function ¢*
and the vector field w® be the solutions of the following equations respectively:
Agp® = A;  in Q,

3.18 a
( ) 0¢ =0 ondN
ov
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and

(3.19) w*-v=0 on 9N.

{curl w'=A; and divw®=0 in Q,
When = R?, the boundary conditions are ignored. Then, we have

Proposition 3.6. Let Q be a simply-connected smooth domain in R?. The solu-
tions of equation (3.12) (self-dual solutions) are given by

(3:20) ¥ = fexp(=Vo* —w),
and the solutions of equation (3.13) (anti-self-dual solutions) are given by
(3.21) ¢ = fexp(Vo® +w),

where f is any complex analytic function in Q, and ¢* and w® are determined by
(3.18) and (3.19) respectively.

Proof. Obviously, ¥* = exp(—V¢* — w) (respectively ¢ = exp(Vo® + w)) is a
solution of (3.12) (respectively (3.13)) which does not vanish in §2. By using Lemma
3.5, we complete the proof. O

Proof of Theorem 3.1. For the vector A = w = 1 (—z3, x1) we choose ¢* = /12
and w® = (z3/4, 0). Then, from Proposition 3.6, every solution v of (3.12) can
be represented by i(z) = e‘r2/4f(x), where f is any entire function. The L?

eigenfunctions for a = a(1) are given by such solutions which lie in L?(R?). O

Remark 3.2. Given a vector field A with curl A # a constant, it will be interesting
to classify all the self-dual solutions and the anti-self-dual solutions and to study
the existence of such solutions which lie in L?(R?). It will also be interesting to
get a more precise estimate for a(A) and study the existence of the minimizers of
a(A).

4. FOURIER TRANSFORM APPROACH FOR EIGENVALUE PROBLEMS IN R2

In this section we use the Fourier transform to study equation (2.1) and prove
the following:

Theorem 4.1. The eigenvalues of equation (2.1) are
anp=2n+1, n=0,1, 2, -,
and all the L? eigenfunctions are given by (4.3) below.

Proof. Write w = E + Vy, where E(z) = (—2,0), x = z172/2. Set ¢ = eXp.
Then V21 = eXV2%p. Thus, equation (2.1) is transformed to —V%p = ap, that
is,

(4.1) Ap + 2iz201p — |12)* 0+ ap =0 in R2

Let ¢ € L?(R?) be a solution of equation (4.1). Let f(z,z2)= F[o] be the Fourier
transform of ¢(-, z9) with respect to the variable z;. Fix z and set f(z,t) =
y(z,t + z). Then, y(z,t) satisfies the Hermite equation in ¢:

(4.2) y' =ty +ay =0, y(t)—0as [t — oo,
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where ' = %. It is well-known that the eigenvalues of equation (4.2) are o = av, =
2n+1,n =0, 1, 2, --- and the associated eigenfunctions are exp(—t2/2)H,(t),
where H,(t) is the Hermite polynomial. Therefore

f(zt) = a(z)exp(—(t +2)?/2)Hu(t + 2),  a(z) € L*(R?).
Hence,
! [a(2) exp(—(z2 + 2)*/2) Hy (22 + 2)]

oz, 22) =F~
b(:l)l) * Fn(dil, 132),

where b(z1) = F~a(z)],
Fp(zy,22) = F ' [exp(—(22 + 2)?/2)Hp (22 + 2)]
= exp(—iz122) F " [exp(—t*/2) Hy(t)]

[n/2] 2(n—2k)/2 x1

= i"nlexp(—iz Ty — 23 /2) n—2k(—=),

— kl(n — 2k)! V2
and x is defined by
“+oo

b(x1) % g(x1) = / b(t)g(x1 — t)dt.
Thus, the eigenvalues of equation (2.1) are o, =2n+1,n =0, 1,2, ---, and every
L? eigenfunction associated with the eigenvalue a,, = 2n + 1 is of the form

11T

(43) ¥ = exp(—5 ) b(a1) * Fa(a1,2),
where b(z1) is any L? function. Therefore every eigenspace in L?(R?) is of infinite
dimension. O

Remark 4.1. From Theorem 4.1 we can get another representation for the L? eigen-
functions of equation (1.4) associated with the minimal eigenvalue «(h). For n = 0,
a = oy = 1, and Hy(t) = 1, we have Fy(x1,72) = exp(—izi2ze — 23/2). The L?
eigenfunctions of (2.1) corresponding to the minimal eigenvalue 1 are given by

11X

Y(x1,72) = exp( )b % Fo(x1, 22)]

(4.4)

11T Foo
= exp( 12 2 )/_ b(1) exp(izat — (x1 — 7)2/2)dT

After rescaling, we get integral representation for the L? eigenfunctions correspond-
ing to the minimal eigenvalue of equation (1.4).

Remark 4.2. In the above discussion we restrict ourselves to the L? eigenfunctions
only. We mention that equation (4.1) has many bounded solutions which do not
belong to L?(R?). In fact, for o = o, = 2n + 1, for every constant zp, the function

P,z (X1, T2) = explizows — (v2 + 20)° /2) Hy (2 + 20)

is a bounded solution of equation (4.1) which is not an L? function. More generally,
for a sequence {z;} and an absolutely convergent series ) ¢;,

p(x1,12) = ¢jexplizim — (w2 + 2)*/2) Hn(wz + 2;)
J

is a bounded solution of equation (4.1) with a = 2n + 1.
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Proof of Theorem 2. Theorem 2 follows from Theorems 3.1, 4.1 and rescaling ar-
guments. O
5. A NEUMANN EIGENVALUE PROBLEM IN R%r

In this section we consider the eigenvalue problem (1.6) in the half plane. Let 3,
be the number defined in (1.7). We shall show that 0 < 8, < 1 and is not achieved
in W(R3.). Hence, 3, is not a minimal eigenvalue of (1.6). We shall also show that
equation (1.6) has no nontrivial bounded solution for all 8 < 3, and has bounded
eigenfunctions for all > 3,. Thus, 3, is the first eigenvalue of equation (1.6) in
the space of bounded smooth functions.

Lemma 5.1. For 3 < 3,, equation (1.6) has no nontrivial bounded solution.

Proof. Suppose that ¢ € W(RR?) is a solution of equation (1.6) with 8 < 3,. We
shall show that ¢ = 0.

One can show that ¢ € C? up to the boundary. Let 1 be a smooth real cut-off
function supported in Bagr, n = 1 in Rp, and |Vn| < 2/R. Multiplying (1.6) by
0?1, integrating by parts, and using the boundary condition in (1.6), we obtain

/ V() Pl + / Il — 8 / 2z
R2 R R2
— [, IvaPloas
52
Using (1.7), we have
8y - B) / Il < / Vnl2 [P
R2. RZ

Hence,

4 St M?
[P < 7/ [YPde < ——,
\/B; (ﬁ'y - B)R2 B;R Bv - 5
where B} = R% N Bp and M = sup|¢|. Therefore, ¢ € L2(R2), and for every

R >0,
| wkde< o [ ol
BYf; (By — B)R? R2
Letting R go to 400, we find that ¢ = 0. O

Observe that the boundary condition in equation (1.6) is 020 = (%xl + ’y) P
on ﬁRﬁ_. For convenience, we use gauge transformation to change it to a simpler
third boundary condition. As in Section 4, we let E(z) = (—x2, 0), x = 3z122,
Y = eX¢p. Then

2 2
Jr2 [VEQlPde + 7 [ope @]?d:
(5.1) By = inf —* +

PEW(RZ) fR2+ |o|2dz ’

and equation (1.6) is changed to
{A(p + 2iz2010 — 22|+ B =0 inR7,

5.2
(5:2) Jep =y on aRi.
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Suppose that ¢ € L?(R%) is a solution of equation (5.2). Denote by f(z,x2) the
L? Fourier transform of ¢ in the variable z1. Formally, for every fixed z, f(z,-) is
a solution of the following problem in ¢:

{u” =[(z+t)?—pB]u fort>0,

(5:3) u'(0) = yu(0), wu(+o0) =0.

Fix z and denote

G4 p()= e do WP 0Pyt O
T e o

The next result gives basic properties of 3, (2).

Lemma 5.2. The following conclusions hold:

(a) For every z, 3(%) is achieved and is the first eigenvalue of equation (5.3).
(b) By(2) is continuous in z, By(z) > 1 for z > —v, 0 < By(2) < 1 for z < —7,
and

lim g,(z)=1, lim B,(z) = +oc.

Z——00 z— 400

(c) There exists a unique number z,, zy < —v, such that
(5.5) By(zy) =B = zienﬂgl By (2).

B+(2) is strictly decreasing in (—o0, z) and strictly increasing in (2, +00).
(d) The following estimate holds:
(5.6) 0< B <1- M
t>'y f exp(—s?)ds
In particular, for v =10
1 .
V2er’

(e) For all z, the second eigenvalue of equation (5.3) is greater than 1.

0<fy<1-—

Since the proof is quite lengthy, it is postponed to Section 7.
In the following we denote the positive eigenfunction of equation (5.3) with

8= 6,(=) by ulz,1)

Theorem 5.3. For every v > 0, let 3, be the number defined in (1.7) and let

B = By(2y) be given by (5.5), where z, is the unique minimum point of 3 (z).
Then

(5.7) By = <1-— M

t>'y f exp(—s2)ds’

and B3 is not achieved in W(R%L). For 3 = f3,, equation (1.6) has ezactly one
linearly independent bounded solution, given by

(5.8) 1 = exp(iz122/2 + 2yx1)uy(T2),
where u~(t) is the positive eigenfunction of (5.3) with z = z, and 3 = By(z,).
Proof. Step 1. We prove that 5, = 3.
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For each ¢ € C%(R?) with a compact support, we denote by f(z,z2) = F[¢] the
Fourier transform of ¢ in z1. Then

+oo +oo
/ IV ep(21,22)|*dzy = / {1010 + izap|® + |02¢0|* by

—00 —00

400
- / {|F[01¢p + iza¢]|? + | FlO2¢] [ }dz

— 0o

+oo
= [ Hlitaa + 207 + 1005,

— 00

Thus,

/ IV sl + / |of2di,
R3 oR2.

— 00

- [ {8, I das |

00 0
+o0 +o0 ) )
20 [ Pdnade =gy [ e
—0o0 0 ]Ri
Hence,

(5.9) / IV epde + 4 / P / |p[2dz.
RZ oR? RZ

By approximation, we see that (5.9) holds for all ¢ € W(R?), so 3, > (2.
Next, we prove that 8, < 33. Set

(5.10) 0y = exp(izyx1)uy (T2).

Note that ¢~ is a bounded solution of equation (5.2). Let n,,(¢) be a smooth real cut-
off function supported in |t| < n + 1 such that 7, (¢t) =1 for |t| <n, 0 <n,(t) <1,
L (6)] < 2. Let

on = Mn(T1)py (21, T2) = N (1) exp(izy 1)Uy (22).

In the following, we use the notation || - |2 to denote the L? norm — the L?(R!)
norm for 7,, and 7, the L?(R}) norm for u., and the L?(R3) norm for ¢,. Then
we compute

/ IV ponda + / (onl2das
R2 OR?

* * 4
= [l l13lluyll3 + B3 llma 1311wy 13 < (85 + g)llwnllrﬁ-
Sending n to co, we see that 5, < 7.

Step 2. The function ¢, given in (5.10) is a bounded eigenfunction of equation
(5.2) with 3 = 3,; hence ¢ = exp(iz122/2)¢, is a bounded eigenfunction of (1.6).
Next, we show that any bounded eigenfunction of equation (5.2) with 8 = (3, is of
the form cyp.,, for some constant c.
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Claim 1. There is a constant C' such that for any bounded solution ¢ of equation
(5.2) with 8 = 8, and for any a < b,

b +oo

(5.11) / da: / p[2dzs < Cllgl2(1 +b - a),
a 0

where

llells = sup ()]
—oo<x1<400,0<r2<2

Proof of the claim. Let ¢ be a bounded solution of equation (5.2) with § = 3,. As
in the proof of Lemma 5.1, we choose a cut-off function n with compact support.
Multiplying (5.2) by n?¢ and integrating, we get

(5.12) / (V=) — By lnol e + / InelPder = / V2P
R2 OR2. R3

Now we choose 7 such that spt(n) CC R%. Since curl E = 1, using Theorem 2 we
have

(1-5,) / nelPde < / V2P
R2 R2

Let the cut-off function n approach the function 7 (x1)n2(z2), where
es(mtt) if ¢ < —m,
mE)=<1 if —m<t<m,
es(m=t)  if t > m,
0 fo<t<l,
nt)=<1 if2<t<n,
st ift >,
where € is small, and m,n are large. Then we get
m “+o0 +o0
(1-8,-2) [ don [ loPde <1006l [ t(an)don
—-m 0 —00

From this inequality we get Claim 1 by translation. O

It is well known that, a bounded continuous function f on R! can be viewed as
a distribution (also denoted by f) on C§°(R!) with

+oo
(fg) = / F(a1)g(ar)da

for any g € C§°(R!). The Fourier transform F|f] of the distribution f is defined
by

(Flflg) = (£, Flgl)

for any g € C§°(RY), where F|g] is the usually Fourier transform of g.

Let ¢ be a bounded solution of equation (5.2) with § = . For any fixed 2o > 0,
(-, 22) defines a distribution. So ¢ can be viewed as a distribution (in x;) with
parameter xo. For any fixed zo > 0, let ¢(z,22) = Flp](z,22) be the Fourier
transform of ¢(x1,x2) in 21 in the sense of distributions, i.e.

(2, 22),m(2)) = (p(x1,22), Fnl(21))
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for any n € C5°(R'). Then @(z, ) is also a distribution with parameter x».
Recall that z, is the unique minimum point of 3,(z) and 8, = 3,(zy) = 5.

Claim 2. Let ¢ be a bounded solution of (5.2) with 5 = 3,, and let @(z,z2) be
the Fourier transform of ¢(x1,x2) in 21 in the sense of distributions. Then for any
x2 > 0, the support of @(-, x2) either is empty or contains only z..

Proof of the claim. Let n(x) be a cut-off function. Fix zo > 0, and let f,(z,x2) =
FInel(z, z2) be the Fourier transform of the L? function n¢ in 1. As in Step 1 we

have
9 9 +oo +oo )
L el [ noPanz [ {0 [T P
R2 ORZ —oo 0

Since [0l za(et ) = ol ot ), we have

[ AT = B lngl o+ [l
T T
(5.13) .

+oo
> / ) - / \fo .

Using (5.12) and (5.13), we see that
+0o0 +oo
(5.14) / V2o Pde > / 1,(2) — B,)dz / \folds.
i —00 0

From Claim 1, we can choose n(x) = n(x1) such that n(z1) =1 for |z1] < m and
n(x1) =0 for [x1] > m + h, and |1/ (x1)| < 2/h. Then for large h we have

/ V2P <
R

2
T

4 / 9
73 |pl"dz
W2 J <o <methas>0)
8C 10C] ||l
< —(h+1)|p|? < — =,
< S+ ez < 22
Denote b(e) = min|,_._|>[8(2) — 3,]. From Lemma 5.2, b(e) > 0 for any € > 0.

Hence, for all large h we have

10|12
/ \fyPzdes < 22C1ENE
{lzm|zewa20} hb(e)

Choose &, — 0, hy, >> 1/b(ey,), m, — 400, and choose a sequence of cut-off
function n, (z) = np(z1) such that n,(x1) =1 for |x1] < my, nn(x1) =0 for |z1]| >
My, + hy, and |7}, (z1)] < 2/h,. Denote fn(z,x2) = fp.(2,22) = Flmpl(z, z2).
Then we have

(5.15) lim | fnl?dzdzs = 0.

nmee {lz—2+|>€n,z2>0}

Now we show that for any & € C§°(IR?) for which spt(£) does not intersect with
{2y} x R, we have

+oo
(5.16) / (p(z,22),&(2,22))dxy = 0.
0
To prove (5.16), we choose N > 0 such that

spt(§) C {(z,x2) : |2 — 2y| > €, x2 > 0}
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for all n > N. From (5.15) we have

(5.17) lim fn€dzdzs = 0.

On the other hand, since ¢ has compact support, we can show that F[£](z1, z2)
rapidly decays to 0 as x; goes to oo, uniformly in zs. Therefore,

(M (z1) (21, 22), F[€](21,22)) — (P(21,72), F[€](21,72))

as n — 0o, uniformly in z5. Note that £ = 0 for x5 large. So F[¢] = 0 for x2 large.
Thus,

+0o0 +oo
/ (1) (1, 22), FIE) (21, 20)) . — / ({1, 22), FIE) (21, 22))d2
0 0

as n — 00. So,

+o0
fné€dzdxs = / (fn(z,22),&(2,22)))dx2
0

+oo

2
R+

o— S—

Flmel(z, w2),£(2, w2))ds

+oo
(M (w1) (21, 22), FIE] (21, 22)) d2

(5.18) .
— / 1‘1,{,62 f[f](wl,xz»dxz

+oo

(=)

(z,22),&(2,x2))dxs

hc\

P(z,22),&(2, x2))dxs.

Combining (5.17) and (5.18) we get (5.16).

Next, we show that for every zo > 0, the support of @(z,x2) is contained in
{z,}. Suppose not. Then there is a number 23 > 0 such that spt(@(-,29)) ¢ {z,}.
So we can choose a function x € C§°(R!) such that

(5.19) spt(x) N {ZV} =0, (&(z, xg)v x(z)) > 0.
Note that ¢ is a continuous function. For any ¢ € C§°(R!) we have
lim (p(z,72),0) = lim, (Flel(z.22).)
To—Th

Tro—xT

= hm (pler,22), FIYl(21)) = (p(x1,23), F¥](x1))

To—x9

= (Flel(z,22),9(2)) = (B(2,25),9(2)).

Here we have used the fact that F[¢] decays rapidly.

From (5.19) we can choose § > 0 such that when |2 — 23| < § and 22 > 0 we
have (p(z,x2),x(2)) > 0. Choose a cut-off function 7(x2) supported in {zs > 0 :
|z2 — 23] < 6}. Then

—+oo
/0 (B (2 22),n(w2)x (1)) s > 0,

which contradicts (5.16). Now Claim 2 is verified. O
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Now we finish the proof of Step 2. Let ¢ be a non-trivial bounded solution of
(5.2) with 8 = . Let ¢(z,x2) = F[¢](z,22) be the Fourier transform in ;. Then
@ is a distribution with parameter zo. From Claim 2, for all x5 > 0, the support of
(-, x2) is contained in {z}. Hence @(z,z2) can be represented by

N(z2) dk
P(z,22) = Z ck(xZ)wé(z - Z’Y)v
k=0

where N(z2) and ci(x2) may depend on xs. For fixed zo > 0, taking the inverse
Fourier transform in z we get

=

wg)

(w1, 20) = F @] (21, x2) = Ck(JTQ)(—iZIIl)k exp(iz21).

§||
3
bl

0
x2) = 0 for all ¥ > 0 and z2 > 0. Denote

—~

Since ¢ is bounded in Rﬁ_, we have ¢y,
v(x2) = co(x2)/V/2m; we have
(5.20) o(x1,x2) = v(x2) exp(izyx1).
v(x2) is a bounded smooth function since ¢ is. Plugging (5.20) into (5.2), we see
that v(x9) satisfies

v — (22 + 2y)?v + Byw =0 for zo >0,

v’'(0) = yv(0).
Hence v(z2) = cuy(x2) and ¢ = cp,. Now Step 2 is completed and Theorem 5.3 is

proved.

Remark 5.1. Let p(x1,z2) be a bounded solution of equation (5.2) and @(z, x2) be
the Fourier transform of ¢ in x; in the sense of distributions. We can define the
derivative 029(z, x2) as a distribution given by

P(z, 22 +€) — §(2, 22)
( . 1)

(02(z, T2), 77> = il_{%
if the limit exists for all n € C§°(RY). Similarly, we define da2@(z, z2). It is easy to
verify that

02p(2,2) = FlOap)(2,22),  0220(2,22) = FOr26](2, x2)-
Then, as a distribution (in z) with parameter xo, @ satisfies the following
Doop — (2 + 2)%¢ + By¢ =0 for zo >0,
02 =y for zo = 0.

Remark 5.2. Denote Z(f) = {z € R' : (,(2) = }. Recall that 3 = 3,. From
Lemma 5.2 it follows that

U if 8 < g5,
{2} if 8= 4,
(5.21) Z(B) = ¢ {x(B), 2(B)} B, <B<1,
{—} if =1,
{z(8)} if 6> 1.

We know that equation (5.2) has only the trivial solution for § < 3, (Lemma
5.1), and has only one linearly independent solution ¢, given in (5.10) (Theorem
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5.3). Denote by u(z, x2) the eigenfunction of equation (5.3) with 5 = §,(z). We see
that, when 8, < 8 < 1, equation (5.2) has 2 linearly independent bounded solutions
exp(iz1(B)z1)u(z1(B), x2) and exp(iza(3)x1)u(22(5), z2); and when 3 = 1, equation
(5.2) has a bounded solution exp(—iyx1)u(—~, z2). It would be interesting to know
if they are the only bounded solutions for 3, < 3 < 1. If the answer is positive,
then when 3, < 8 < 1, the only bounded solution of equation (1.6) is
P(21,22) = c1 exp(iz1z2/2 +iz1(B)z1)u(21(8), 72)
+ caexp(iz122/2 + iz2(B)x1)u(22(05), z2),
and when 8 = 1, the only bounded solution of (1.6) is
cexp(ix122/2 — iyxr)u(—y, x2),
where u(z, z2) is the eigenfunction of (5.3) with 8 = (,(2).
Remark 5.3. Given a vector field A defined in R with curl A # a constant, and

v > 0, we can define 3,(A4) in an obvious way. It is interesting to study the
existence of the minimizers of 3,(A). We have only a partial result for this problem.

Furthermore, if A € C?(R2), then we can use the argument in the proof of Theorem
1 to show that

A
(5.22) lim sup Biry(hA) <min} inf |curl A(z)|, By inf |curl A(z)|;,
h—oo |h| IERi wEaRi

where () is the number given by (1.7). Moreover, if the minimizers of 8y~ (hA)
exist for every h # 0, then by using of the rescaling argument and careful estimation
of the asymptotic behavior of the minimizers as h — oo we can show that equality
holds in (5.22). Since the proof is similar to what we have done in [LP2], we omit
the details here.

6. A DIRICHLET EIGENVALUE PROBLEM IN Ri

In this section we discuss the Dirichlet problem (1.9) and prove Theorem 4. Let
Ao be given by (1.10). Similarly to Lemma 5.1, we have

Lemma 6.1. For all A < Ao, equation (1.9) has no nontrivial bounded solution.
As in Sections 4, 5, we set 1) = exp(iz122/2)¢ and change (1.9) to
A+ 2ix201p — 220+ Ap =0 inR%,
{<p =0 onJR3.
Suppose that ¢ € L*(R?%) is a solution of (6.1). Denote by f(z,z2) the L?

Fourier transform of ¢ in the variable 1. For every fixed z, f(z,t) is a solution of
the following problem in ¢:

ff=[+t)? =N f fort>0,
Fix z and denote by A(z) the first eigenvalue of (6.2). Then
+oo gy, 12 21,12
t dt
(6.3) Az)=  inf Jo Al +to(z+ )2 ul?} .
ueWy ?(RY) fo u|2dt

In the following we denote by f(z,t) the positive eigenfunction of (6.2) with A =
A(2).

(6.1)

(6.2)
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Lemma 6.2. \(2) is a continuous and strictly increasing function of z, with
Mz)>1 forall zeRY, XN0)=3, Az)>3+2%forallz>0
and

lim A(z) = inf A(z) = 1.

z——00 z€R?
Proof. Denote f,(t) = f(z,t). Then f.(t) Z —(z +¢)f.(t). Hence,
+oo +oo
[ P> <2 [ g fa
0 0

+oo +oo
- _ dr? = L 12dt.
/0 (2 + t)df? / £ Pt

So A(z) > 1.
For z =0, fy satisfies
(6.4) "=t f+Af =0,

which is the Hermite equation. Extend fy to R! by setting fo(—t) = —fo(t). Then
fo is an odd solution of (6.4) in R, and A(0) is the least number for which (6.4)
has odd eigenfunctions. Hence, A(0) = 3.

For z > 0 we have A(z) > A\(0) + 22 > 3 + 22,

Set un(t) = nn(z + t)exp(z + t)2/2), where 1, (t) is a smooth cut-off function
supported in [—2n,2n] such that n,(¢t) = 1 if |[t| < n, 0 < n,(t) <1, and |9, (¢)| <
2/n. Then

400 | 4 9 5
n t exp(—t°)dt
T oo [ (t)]? exp(—t?)dt

+o0 2
4 exp(—t“)dt
<1 f?i’" p(—t%) '
n? [T exp(—t?)dt

By letting n — oo, we get limsup,_,_ . A(z) < 1.

The continuity of A(z) can be proved as Lemma 7.7 of Section 7. Obviously,
A(z) is strictly increasing for z > 0. For z < 0, the proof is given in Section 7; see
Corollary 7.3(2). O

Proof of Theorem /. First we show that A\g = inf, A(z) = 1. This can be done as
in Step 1 of the proof of Theorem 5.3. In fact, using the argument there we can
show that \g > inf, A(2) = 1. For every constant z we replace ,, used there by

1n (1) exp(iza) f (2, x2),

where f(z,t) is the eigenfunction of (6.2) with A = A(z). Then we can show that
Ao < A(2). Hence, A\ < inf, A(z) = 1.

Note that for every z, A(z) > 1 and the second eigenvalue of (6.2) is greater
than 3. Hence, for every A < \g = 1, (6.1) has no nontrivial bounded solution. For
A > 1, (6.1) has a bounded solution given by

(6.5) ¢ = cexp(iz(MNa1) f(2(A), 22),

where z is the unique number such that A(z) = A. The proof of Theorem 4 is
complete. O
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Note that when 1 < A < 3, (6.5) is the only nontrivial bounded solution of (6.1).
So we have the following.

Corollary 6.3. For 1 < A < 3, equation (1.9) has exactly one linearly independent
bounded solution:

(6.6) P = cexp(iz1x2/2 +iz(N)x1) f(2(N), 2),
where z(X\) is the unique number such that M\(z) = X, and f(z(X\),x2) is the eigen-
function of (6.2) with A = \(z).

7. PROPERTIES OF [3,(z) AND A(2)

In this section we prove Lemma 5.2 concerning the first eigenvalue (3,(z) of
equation (5.3) with parameter z, and prove other results needed in Sections 5 and
6.

It is easy to see that for every z € R! and v > 0, 3,(z) is achieved. It is a simple
eigenvalue, and the associated eigenspace is spanned by a positive eigenfunction
u = u(z,t). By(z) is the only eigenvalue of (5.3) which has a positive bounded
eigenfunction. In order to discuss the properties of (,(z) and u(z,t), we make a
series of change of variables. Let x = z+t, y(z) = u(t) = u(x — z). Then, y satisfies

{y” = (@~ By, = >z,
y'(z) =v(2), y(+00)=0.
Write y(z) = exp(—22/2)w(x). Then
w’ =2zw' +(B-1Dw=0, x>z,
(7.2) w'(2) = (2 +7)w(z),
w(z) = o(exp(x?/2 + cx)) asx — +oo,

Write w(z) = |z|®~1/2v(z). Then for z > z,  # 0,
1- 1-5)3 -
(7.3) v — <2x + T) O )G ) Y

42

(7.1)

We first discuss the solutions of the equation
(7.4) w’ — 22w’ + (- 1Dw=0, xR,
which are positive near +o00 and grow slower than exp(z?/2 + cx).

Lemma 7.1. For 0 < 8 < 3, let w(z) be a solution of equation (7.4) which is
positive near +o00. Then:
(A) For 0 <3< 1, w(z) is a monotone function near +oo.
(A1) If w(x) is decreasing near +o00, then there exists a positive constant a such
that as x — 400

and as x — —o0
(7.6) w(x) > '“;g’f L exp(a?) = C

For every 0 < 8 < 1, equation (7.4) has at most one linearly independent
solution with the above properties.



1268 KENING LU AND XING-BIN PAN

(A2) If w(x) is increasing, then (7.6) holds as x — +oo.
(B) For 8 =1, the solutions of equation (7.4) are

(77) w(;v) =c1+c2 ‘/Om exp(tz)dt.

(C) For 1 < B < 3, w(x) is increasing near +0o and must change its sign. If
w(z) grows slower than exp(x?/2+ cx), then w(x) satisfies (7.5) as x — +o0,
and has a unique zero point, which must be negative. For every 1 < 8 <
3, equation (7.4) has at most one linearly independent solution having these
properties.

(D) For B3 =3, if w(z) grows slower than exp(z?/2 + cx), then w(x) = cx.

(E) For 8> 3, w(x) has at least two zero points, of which one is positive and the
other is negative.

Proof. We prove this lemma in 4 steps. O
Step 1. Let 0 < 8 < 1.

From the assumption that w(z) is positive near +oo,
(7.8) (exp(—z?)w') = (1 — B) exp(—2®)w > 0, for large z.

Hence, exp(—x?)w’ is increasing for large 2. Thus, there exists xg such that either
w'(z) <0 for all x > z, or w'(x) > 0 for all x > xo.

Case (Al). w'(z) <0 for z > xo.

Observe that w’(z) < 0 must hold for all z. Moreover, lim,_,  » exp(—z?)w’ (z)=
0. In fact, (7.8) implies that lim, .. exp(—2?)w’(z) = —c exists and ¢ > 0. If
¢ > 0, then w'(z) < —cexp(x?). So w(x) is negative near +oo, a contradiction.
Integrating (7.8) from x to +00 we obtain
“+o0

(7.9) w'(z) =—(1-74) exp(xz)/ exp(—t*)w(t)dt.

x

Clearly, w(+00) exists, and it must be zero. Otherwise, if w(+o00) > 0, then
w(z) > w(+00) for all z, and, from (7.9),

+oo
W' (@) < —(1 = B)w(+00) exp(a?) / exp(—t2)dt

x

-t o (1)

T 2

as  — 400, which implies lim,_, o w(x) = —o0, a contradiction.
We integrate (7.9) to get

w(z) = (1-7)
(7.10) /$

=(1-5) /;roo exp(—t?) {/: exp(sQ)ds] (t)dt.

Let v(z) = |z|=#)/2w(x). Then v(x) satisfies (7.3), and hence, for 2 > 0,

+oo +oo
exp(sz)ds/ exp(—t*)w(t)dt

1) (el esp(-ep(e)) = - ST D g atyoe),
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From (7.9) we have lim,_, o 2% Lexp(—2?)v/(x) = 0. For x > 0 we integrate
(7.11) from z to +oo, and get

(1-HE=8) 14

+oo
1 exp(z?) / P73 exp(—t*)u(t)dt.

(7.12) V' (z) =

Hence, v(z) is strictly increasing for « > 0. Using (7.12) and the fact that v(x) =
|z| =02 (z) < Clz| =)/ we have

1-8)(3—-p)C e
v'(z) < #xl_ﬁ exp(x2)/ t=O=P/2 oxp(—t2)dt
L 1=PB - ﬁ)CgC_(erﬁ)/z
< S .
Hence, v(z) is bounded and v(400) exists. Using (7.12) again, we have
1
v'(z) < Ca™3, v(z) = v(+00) {1 - O(;)] as x — +oo.

Plugging these back to (7.12), we get,

v'(z) = (1- 6)(38;36)11(4—00) + O(x—lf)) as r — +o0o
and
(7.13) v(z) = v(+00) {1 - W] + O(x—14) as & — +oo.

Therefore as © — +00, (7.5) holds with a = v(+00) > 0.
For 2 < 0 we have, from (7.8),

0
w'(z) = w'(0) exp(z?) — (1 - B) exp(xQ)/ exp(—t*)w(t)dt,

T
0

w(z) = w(0) — w'(O)/ exp(s?)ds

0 0
+(1 —6)/ exp(sz)ds/ exp(—t?)w(t)dt,

which gives (7.6) for x — —oo since w’(0) < 0.

Now we show that for 0 < 8 < 1, equation (7.4) has at most one linearly
independent solution satisfying (7.5). Assume that w; and wq are two solutions.
Then,

im 207020, (@) = a; >0,
j =1, 2. Denote w(x) = aswi(x) — aywa(x). Then, w is a solution of (7.4) and
satisfies
(7.14) liI_ilrl 21=P) 2y (x) = 0.
Suppose w(x) Z 0. By using the above argument, one can show that w(z) is a
monotone function near co. We may assume w(z) > 0 for all large . Then as
x — +oo, (7.5) must hold, that is, lim,_ oo 20!~ /2w(z) = a > 0. But this
contradicts (7.14). So w(z) = 0; namely, wq(x) = (a1/az)ws(x).
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Case (A2). w'(z) > 0 for all > .

Set w(z) = w(—=x). Then, @'(z) < 0. So w(z) satisfies (7.6) as x — —oo; that
is, w(x) satisfies (7.6) as x — +o0.

Now Conclusion (A) is proved. Conclusion (B) is obvious.
Step 2. Let 1 < 5 < 3, and let w(z) be a solution of (7.4), w(z) > 0 for x > xg.
Claim 1. w'(z) > 0 for all > z, and lim,_,, o exp(—z?)w’(z) = 0.

In fact, when x > x¢, from (7.4) we have
(7.15) (exp(—z?)w') = — (8 — 1) exp(—z*)w < 0,
so exp(—a?)w’(z) is decreasing. Since w(z) > 0 for all z > zg, we have w'(z) > 0

for all x > xq (this is true for all 8 > 1). Now lim, .1 o exp(—z2)w’(z) = c exists,
c>0. If ¢ > 0, from exp(—22?)w’(x) > ¢ we have

(7.16) w(x) > é exp(z?) — C.

Choosing x; large enough, integrating (7.15) from z; to z, and using (7.16), we
get, for x > z1,

exp(—2®)w'(z) < —@ log(z) + Ca,
)

which contradicts the fact that w’(z) > 0 for all z > . So Claim 1 is true.
Now (7.9) also holds. Since w(z) is increasing, from (7.9) we have, for x large
enough,

1 1
/
w'(z) > (8 — Dw(z) {% - 4—133} .
Hence,
(7.17) w(z) > CzP~V/2 for large x.

Denote v(z) = |z|~(#~1/2w(z) as before. Then (7.11) holds. For z > zy we
have v(x) > 0 and (|2’ exp(—22)v’)’ > 0. So |z|*~1 exp(—x2)v’(z) is increasing
for x > xg.

Claim 2. 1f w(zx) grows slower than exp(z?/2+cx) near +o00, we must have v'(z) < 0
for all > max{xg, 0}, which implies
(7.18) v(z) >0, v'(z)<0 forallz>0.

Otherwise, there exists a point x1 > max{zo,0} so that v'(z1) > 0. But now

(7.11) implies
2P Vexp(—2®)' (x) > ¢1 for x> xq,
where ¢ is a positive constant. Hence, v'(x) > c;x'~? exp(2?) and

v(x) > v(xy) —|—/ et =P exp(t?)dt > %x_ﬁ exp(z?) — c2,

x1

w(z) = |z~ 2y(z) > %x—(l-i-ﬁ)/z exp(a2) — cpzFD/2

for o large. Therefore, if w(x) grows slower than exp(z?/2 + cx), v must satisfy
(7.18). So Claim 2 is true.

From (7.17) and (7.18) we have that for 1 < 8 < 3, if w(z) grows slower than
exp(z%/2 + cz), then v(z) is decreasing and bounded away from zero for = large
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enough. Hence, v(+00) exists and is positive. Therefore, (7.5) holds for z — +o0.
As in Step 1 we can show that there exists at most one linearly independent solution
with these properties.

Step 8. Let B = 3.

Set v(z) = w(z)/x. Again (7.11) holds for x large. So 2% exp(—a2)v' =c. Asin
Step 2, we can show that if w(x grows slower than exp(x?/2 + cx) near +oo, then
¢ = 0. Hence, v' =0 and w(z) =
(

Step 4. Proof of Conclusions (C), (E), completed.
We first show the following
Claim 3. When (3 > 1, every nontrivial solution of (7.4) must change its sign.

Suppose that there is a solution w such that w(x) > 0 for all . In the proof of
Claim 1 in Step 2, we have seen that w’(z) > 0 for all z. Set w(x) = w(—=x). Then
W is also a positive solution of (7.4) but @' (x) < 0, which is impossible. So w must
change its sign. Claim 3 is proved.

Now we consider the distribution of the zero points of a solution w(x) of (7.4)
which is positive near +oo and grows slower than exp(z2/2 + cx). Denote, again,
v(x) = 2| 2w ().

For 1 < # < 3, v(x) is decreasing and positive for x > 0; see (7.18) (here we
need the assumption that w grows slower than exp(x?/2 + cx) at +oc0). Hence,
w(z) > 0 for all z > 0. Next, we show that w(0) > 0. Suppose that w(0) = 0; then
w'(0) # 0, and as © — 0+,

v(izr):ﬂc“‘ﬁ)/2 ( )=$(1‘5)/2[ "(0)x + O(a?)]
w'(0)®=A2 1 0(2=92) — o,

which implies v(z) = 0 since v(x) is decreasing, a contradiction. Therefore, all the
zero points of w(x) are negative. Suppose that w(x), and hence v(z), has at least
two zero points which, as we proved in the above, are negative. Then, v(z) must
have a negative local minimum value. However, (7.3) shows that for 1 < § < 3,
v(x) cannot have a negative local minimum value. Hence, v(z) cannot have more
than one zero point. Now conclusion (D) is proved.

For 8 > 3, using (7.11) we can show that v(z) is increasing. Denote the largest
zero point of w by zg. Then, z¢ > 0. In fact, if 2y < 0, then v(0+) = 4o00; and
if 2o = 0, then v(z) = w'(0)z~P¥=3)/2[1 + O(z)] — +o0 again as * — 0+. Now
we show that w(z) has at least one negative zero point. Otherwise, w(z) does not
change its sign in the region x < 0. Set w(x) = w(—x) if w(zr) > 0 for z < 0
and w(z) = —w(—=x) if w(z) < 0 for x < 0. Then, W(x) is positive near 400, and
the above argument shows that w(x) must have at least one positive zero point, a
contradiction. Conclusion (E) is proved.

Denote by B the set of 3 for which (7.4) has a solution which is positive near
+00 and grows slower than exp(z?/2 + cx). From Lemma 7.1 we see that if 3 € B
and 0 < < 3, then (7.4) has exactly one solution having the property

lim (=92 (z) = 1.
r——+0o0
We denote this solution by wg.
From Lemma 7.1 we have the following consequences.
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Corollary 7.2. Consider the equation
(7.19) y" = (a = By.

For 0 < 3 < 1, equation (7.19) has no bounded positive solution on R. For
0 < B8 < 3, equation (7.19) has no solution which changes its sign and remains
positive and bounded near 400.

Corollary 7.3. (1) For every z, the second eigenvalue of equation (5.3) is larger
than 1.

(2) The first eigenvalue A\(z) of equation (6.2) is strictly increasing. We have
Az) > 1 for every z € R and M(z) > 3 for z > 0. The second eigenvalue of
equation (6.2) is larger than 3.

Proof. We only prove (2). Assume that f(¢) is an eigenfunction of (6.2) associated
with the eigenvalue 8. Let y(x) = f(z — 2) and w(z) = exp(z?/2)y(x). Then
w(z) = 0, and w can be extended to a solution of (7.4).

Assume that 8 = A(z) is the first eigenvalue of (6.2) and 0 < A(z) < 1. Then
f(t) does not change its sign for ¢ > 0, and we may assume that w(x) is positive
near +0o. From Lemma 7.1(A) we see that w(z) must be decreasing, so w(x) > 0
for all > 2. In particular, w(z) > 0, a contradiction. From Lemma 7.1(B), 8
cannot be 1. Hence, A(z) > 1.

If z > 0, then w has a positive zero point. Lemma (7.1)(C) implies 3 = A(z) > 3

Moreover, for 1 < A(z) = 0 < 3, w(z) = cwg(z). From Lemma 7.1(C), wg has a
unique zero point zg for 1 < 8 < 3. Therefore, z = xg. In other words, A(z) =
iff 2 = xg. Hence, the function A(z) is a one-to-one mapping from (—oo,0) to
(1,3). From its variational characterization (6.3) we see A(z) is continuous. Since
A(—o0) =1 and A(0) = 3, we see that A\(z) is strictly increasing in (—o0,0). Using
(6.3) again, we see that A(z) is strictly increasing in (0, +00). So A(z) is strictly
increasing on R1.

Now assume that 3 is the second eigenvalue of (6.2). Then, y(¢) must change its
sign on (z,400), and hence w(x) has at least two zero points. From Lemma 7.1(C)
we see that 8 > 3. The proof is complete. O

Corollary 7.4. Assume that v > 0.

(1) If 0 < B < 1 and if w is a positive solution of equation (7.2), then z+v < 0,
and w'(x) < 0 for all x > z, and (7.5) holds.

(2) B =1 is an eigenvalue of (7.1) iff z = —v and u(t) = cexp(—t?).

(3) If B> 1 and if w is a positive solution of equation (7.2), then z 4+~ > 0, and
w'(x) >0 for all x > z.

(4) By(z) <1 if and only if z < —v; B4(2) > 1 if and only if z > —~.

(5) Forally >0 and 2 <0, 8,(2) < 3.

The proof is straightforward and is omitted.

As in Section 5 we denote Z(8) = {z € R : 3,(z) = } nd Z~ (ﬁ)
0: B,(2) = B}. From Corollary 7.4(4) we know that ZP)=2Z2"(p)ifo<p
Denote by #2Z the number of points in the set Z.

Lemma 7.5. #Z(8) <2if0<p<1; #Z7(8)<1if1<3<3.
Proof. Obviously, if 0 < 8 < 3 and if Z(3) # 0, then § € B. If w is a positive
solution of (7.2), then w(x) = cwg(x). Therefore, 3,(z) = § if and only if

(7.20) wi(z) = (z 4+ 7)ws(2).

|ATC
=IA
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Case 1. 1 < 8 < 3. In this case wg(x) has a unique zero point z3, 3 < 0, and
wp(z) > 0 for all x > xg. For 25 < x <0, from (7.4),

!/

(1) - sy~ 0= i)
ws (wg)?
Hence, wj; /wpg is strictly decreasing over (zg,0] and the equation wj(2)/ws(z) =

z 4+ v has at most one solution in (zg,0]. That is, there exists at most one z < 0
such that 3,(z) = 8. Hence, #Z~ () <1if 1< g <3.

< 0.

Case 2. f=1. Then #Z(1) = 1 because Z(1) = {—~}.

Case 3. 0 < B < 1. Using (7.9) and (7.10), we have that, for 0 < 8 < 1, z is a
solution of (7.20) if and only if

t
exp(2?) + (2 + ’y)/ exp(s®)ds| dt = 0.

(7.21) /OO exp(—t*)wp(t)

Denote

H(z,t) = exp(—t?) -exp(zz) +(z+ 'y)/ exp(s®)ds| ,

(7.22) .

Gga(z) = H(z, t)ws(t)dt.

z

Then, for every 0 < 3 < 1, 3,(z) = § if and only if G(z) = 0.
For 0 < 8 <1 and z+ vy > 0 we have H(z,t) > 0 for all t > z, so Gg(z) > 0.
For 0 < 3 <1and z+7v <0, since wg(t) > 0 and wp(t) <0 for all ¢, we have

G3(2) = —wj(z) — (2 — Nws(z)
+o0
+22(2 — ) exp(2?) / exp(—t*)wg(t)dt > 0.
Therefore, Gg(z) has at most two zero points. This completes the proof.

Next, we estimate [3,(z).

Lemma 7.6. Let v > 0, and let u = u(z,t) be a positive eigenfunction of equation
(5.3) with 8 = (y(z). Then

(2 +u’(2,0) _ B(x) <1+ (z +7) exp(=2%/2)

7.23 _— .
( ) f0+oo lu(z,t)2dt — f;oo exp(—s2?)ds

Therefore,

S1 ifz4ry>0,
(7.24) By(z)s=1 if2+~7=0,
<1 ifz+~y<0.

Moreover,

(7.25) lim g,(z)=1.

Z—— 00
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Proof. Using u(t) = exp(—(z +t)?/2) as a test function, we get the right hand of
(7.23). Denote u,(t) = u(z,t). Note that

—+oo —+oo
5.00) [ Pl =l OF + [ (P o+ e el
0 0
—+o0
> y|u.(0)]* — 2/ (z + t)uuldt
0

+oo
=w+meW+A s 2,

which gives the left hand of (7.23).

Since u,(0) # 0, we get (7.24) from (7.23) immediately.

Now we prove (7.25). Assume [[uz|[r2(g1) = 1. By (7.23) we only need to show
that

(7.26) lim z|u.(0)|* = 0.

Suppose that (7.26) does not hold. Then, there is a sequence z — —oo such
that u.(0) > C/+/]z|. Using the boundary condition, we have u’(0) = yu,(0) >
Cv/\/12]. For 0 < t < |z| — 1 we have u”(t) = [(z + )2 — B,(2)]u.(t) > 0; thus,
wl(t) > ul(0) > Cv/+/Iz], u.(t) > Ct/+/]z]. Therefore,

400 |z|—-1
1:/ |uz|2dt>/ . [2dt
0 0

C2 2
> g
3|z

a contradiction. The proof is complete. O

(|z] =1)> = 400 as z — —o0,

Remark 7.1. (7.25) can also be proved as follows.

Denote as above by u, the positive eigenfunction of (5.3) with 8 = 5,(z) and
yz(2) = uz(x — z). Then, y. is a positive solution of (7.1) with 8 = 8,(z). Now
we choose u, so that maxy,(r) = y.(x,) = 1. Since y7(x,) < 0, from (7.1) we
find that |z.| < \/B,(z). Since f4(z) < 1 for z < —y and 0 < y.(z) < 1, from
(7.1) we see that as z — —oo, {y.} and {y”} are uniformly bounded on any fixed
bounded interval. Therefore, we can pass to a subsequence and assume z, — xo,
By(2) = Bo, y» — y in C7 (RY). 0 <y(z) <1, y(zo) =1, B <1, || < +/Bo, and
y is a solution of (7.19) on R!. From Corollary 7.2 we see that 3y > 1. So fp = 1
and y(x) = exp(—22/2).

The above conclusion is true for all sequence z — —o0, so we get (7.25). More-
over, this argument also shows that y,(r) must converge to exp(—x2/2).

Lemma 7.7. (3,(z) is a continuous function of z.

Proof. Denote by u. the positive eigenfunction of (5.3) satisfying [uz[|p2g1) = 1.
Let zp € RY. By the definition (5.4),

+oo
By (z0) < Y|u=(0) +/0 {lu2]* + (20 + ) |us[*}at

+oo
= B,(2) + (20 — 2)% +2(z0 — z)/o (z 4 t)|u. |*dt

< By(2) + (20 — 2) + 4lz0 — 2|[1 + B, (2)].
Hence, (8, (z0) < liminf,_.., G,(2).
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On the other hand,

+oo
5202) Al OF + [l P+ (a0 P,
Letting z — 2z, we get limsup,_,, ,(2) < (,(20). This completes the proof. [

Proof of Lemma 5.2. Conclusion (a) is obvious. (b) comes from Corollary 7.4 and
Lemmas 7.6 and 7.7.

Proof of (c). From (b) we know that (,(z) has a minimum point z.,, z, < —7,
0 < B = By(2y) < 1. We claim that the minimum point z, is unique. Suppose
that there exist 21 < z2 < —v such that 3,(z1) = 8,(22) = ;. Choose a point
zo € (21,22) such that 3,(z0) = max.,<.<z, By(2). Then, 82 < B3,(z0) < 1.
Furthermore, we have 3,(z0) > (5. If not, then 3,(z) = 3 for all 2z € (z1,22),
which contradicts Lemma 7.5. Let fy be fixed, 35 < By < 3,(20). Since 3,(2) is
continuous and (,(—o0) = G,(—7v) = 1, there exist 4 points z,,

T <21 <Te2<2p<T3z3 <2< x4 <—7,

such that 8,(z,) = Bo, n =1, 2, 3, 4. Again this contradicts Lemma 7.5.

Thus, for any number 3 € (3, 1), there exist at least two points 21(8) < 2, <
z2(8) < —v such that 8,(z1(8)) = By(22(8)) = 5. By Lemma 7.5 again, 2z1(5)
and z2(3) are the only two points with this property. Therefore, 3,(z) must be
decreasing in (—o0, z4) and increasing in (z., —7).

By Lemma 7.5, #Z~ () < 1 for 1 < 3 < 3. From Corollary 7.4, 1 < 3,(z) < 3
for —y < z < 0. Therefore, 8,(21) # ((22) for any z1, 29 € [—7,0], 21 # z2. This
fact together with the continuity of 3,(z) implies that 4, (2) is monotone in [—, 0].
Since y(z) > 1 for z € (—v,0) and 3,(z) < 1 for z < —v, we see that §,(z) is
increasing in (—7,0).

From the definition (5.4) we easily see that (3,(z) is increasing for z > 0. Thus,
we conclude that §,(z) is increasing in (2, +00).

(d) follows from Lemma 7.6. For v = 0, we choose t = 1/4/2 in the right hand
side of (5.6) to get 0 < B3 < 1 —1/+/2er.

(e) follows from Corollary 7.3(1). The proof Lemma 5.2 is complete. |
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