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SYMMETRY OF GROUND STATES
FOR A SEMILINEAR ELLIPTIC SYSTEM

HENGHUI ZOU

ABSTRACT. Let n > 3 and consider the following system
Au+f(u) =0, u>0, z €R".

By using the Alexandrov-Serrin moving plane method, we show that under
suitable assumptions every slow decay solution of (I) must be radially sym-
metric.

1. INTRODUCTION

In an elegant paper [8], Gidas, Ni and Nirenberg considered the question of
symmetry of positive (C?, which will be assumed throughout the paper) solutions
of semilinear problems of the form

98] Au+ f(u) =0, z € R" (n > 3).

Combining the well-known moving plane technique with appropriate sharp asymp-
totics at infinity, they showed all positive solutions of (I) with a ‘fast decay’ at
infinity must be radially symmetric about some point in R™. 1In [3], Caffarelli,
Gidas and Spruck introduced an alternative approach. Instead of directly develop-
ing asymptotics at infinity, they used a Kelvin transform to carry out the moving
plane procedure. As a result, for certain nonlinearities with a critical or subcriti-
cal growth, they were able to obtain radial symmetry without imposing any decay
assumption on solutions.

In recent papers [19]-[21], the author developed the following asymptotic expan-
sion at infinity

v(|zl|, 0
ula) = w(ol) + )

for ‘slow decay’ solutions of (I), where (|z|,8) are spherical coordinates, & > 0 is
determined by the growth of f, and v is a smooth function of its arguments having
‘nice’ properties near |x| = oco. Using this expansion, symmetry was obtained again
via moving planes.

It is observed that, for suitable nonlinearities, appropriately fast decay solutions
of (I) have a removable singularity at infinity. That is, there exists a critical decay
rate a > 0 only depending on the nonlinearity in the sense that if

(1.1) u(z) = of|x[~?),
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1218 HENGHUI ZOU

then necessarily
(1.2) u(x) = O(|2]*™).

(Of course av < n —2.) Positive solutions with the decay (1.2) (or equivalently (1.1)
are called fast decay. Near infinity, one can expect that fast decay solutions behave
very ‘nicely’ and therefore the procedure of moving planes can be proceeded.
In the contrary, positive solutions satisfying
u(z) = O(|z| ™), lim sup |z|“u(z) > 0
|| — o0

are called slow decay. Slow decay solutions exist naturally, for example, for the
well-known Lane-Emden equation (see [19], [21] and references therein)

n+2
= uP >
fy=w, p> "2
and the equation (with mixed Sobolev growth)
n n—+2
=u? +uP, <g< < p.
flu)=u?+u T SIS T <P

One can always obtain a fast decay at infinity via the Kelvin transform (see [3]),
however, a subcritical or critical growth is essential to the completion of the moving
plane procedure, due to a possible resulted singularity at the new origin. Indeed,
in the presence of a slow decay (i.e., supercritical growth), the Kelvin transform
simply inverts a non-removable singularity from infinity to the origin and is no
longer useful in this case.

In this paper, we consider a prototype model of 2-systems
(II) Au+f(u) =0, z € R" (n > 3),
where u = (u1,u2) and

f(u) = (ugvug)v P, q> 1
This system, referred to as the Lane-Emden system, and its parabolic analogue,
referred to as the Fujita system, arise in chemical, biological and physical studies,
and have been broadly investigated, see for example [5]-[7], [11], [10], [13]-[15] and
references therein.

The so-called critical hyperbola

1 . 1 n-2
p+l q¢+1 n
plays an important role in the theory of existence and non-existence for (II). Indeed,
it has been shown that system (IT) admits positive solutions if and only if (p, ¢) is on
or above the hyperbola, for certain important cases ([14], [15]). In particular, (IT)
has infinitely-many positive radial solutions when (p, q) is critical, or supercritical,
i.e., on or above the hyperbola (1.3); see [15]. This should not be surprising in
view of the well-known fact that the Sobolev exponent | = (n + 2)/(n — 2) divides
existence and non-existence for the Lane-Emden equation.

We shall investigate the symmetry and the local behavior of positive solutions
of (II). Specifically, we want to extend the results for the scalar case (cf. [19]) to
the vector case (system (II)). Similarly as in the scalar case (cf. [19]), the critical
hyperbola corresponding to the dimension n — 1 given by

1 1 n—3

p—|—1+q—|—1_n—1

(1.3)

)

comes into play.
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We first introduce some notation. Put

2 1 2 1

o= 22ty 22D

pg—1 pg—1
/\1:a1(n—2—a1)>0, )\QZO[Q(TL—Q—OQ)>O.

and
Ly = (A Ap) Y/ (pa—1) Ly = (M g)Y/(Pa=1),

Throughout the paper we write vector-valued functions using bold face type, e.g.,
u’(z) = (uy(x), uz(z)), and we say that u is positive (non-negative) if both com-
ponents are positive (non-negative).

Denoting spherical coordinates by (r, ) with r = |z|, we have the following main
result.

Theorem 1.1. Let u be a positive solution of (II). Suppose
(1.4) lim (7 up, r%%us) = MT = (My, My) > 0.

Also assume that
2+a)n—2—a1)(n—4—2a;)

1.5
(1:5) + 24+ a)(n—2—a2)(n—4—2a3)#0
and

1 1 n—3 1 1 n—2
1.6 + > , +
(1.6) p+1 qg+1 n-1 p+1 q+17é n

Then u is radially symmetric with respect to some point in R™.

The main ingredients in proving Theorem 1.1 consist of the well-known Alex-
androv-Serrin moving plane method (see [1, 8, 12, 19]) and appropriately strong
asymptotics at infinity. When the domain is the entire space, asymptotics play an
important role in the procedure; that is, replacing boundary lemmas at infinity and
providing a starting point (see for example [3, 5, 8, 19, 21]). We have the following
general result.

Theorem 1.2. Let u be a positive solution of (II). Suppose that the following
conditions hold.
(Hy) There exists M > 0 such that for r > M and |z1| > M we have
iUy, (z) < 0.
(Hy) There ezist aj,b; >0 and ¢; € R, j = 1,2, such that if {6;} € R — § and
{z'} € R, with |2*] — oo, §; # x%, then
|$i|aj+2

hm - (’UJJ($1) - Uj(xiéi )) = 20,jbj5 - 2Cj7 j = 1, 2,
71— 00 61 — szl

where z% is the reflection of x* with respect to x; = &; with
. a . C
Yo = a1b1 o a2b2.

Then u is symmetric with respect to the hyperplane x1 = q.

Remark. Theorem 1.2 holds for more general systems.
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With the aid of Theorem 1.2, one immediately concludes the symmetry by using
suitably sharp asymptotics at infinity. Therefore, as in [19], our focus is to establish
the following asymptotic expansion.

Theorem 1.3. Let u be a positive solution of (II). Suppose that the conditions
(1.4)~(1.6) hold with M #£ 0. Then we have the following expansion at infinity

wie) = L+ g+ 200) o

r

where (r,0) are spherical coordinates. Moreover,
1. For j =1,2, (r) = u;(r)r* — L;, and there exist k = k(n,p,q) > 0 and
M = M(u,n,p,q) > 0 such that

&< Mr kg < Mk

4 <
for r >0 large.

2. LetT and 1 be two non-negative integers. Then there exists M = M (u, T, 71)
such that

Dy*Dlv;| < Mr™T, r>1, j=1,2.
3. Let T be a non-negative integer. Then
lim v;(r,0) = k;V(6), j=12,
uniformly in C™(S"1), where
pLy”

ki = > 0,
! paz(n —2—a1) +qai(n —2 — a)

—9_
ke = pas(n 2 — o) >0
paz(n —2—a1) +qai(n —2 — az)

and

for some xyp € R™ fized.

Such an expansion was obtained in [19] for scalar equations. The key was to
study a new equation, via a suitable transform, which has singular coefficients of a
critical degree 2. Treating (II) seems somewhat different, namely, difficulties arise
partly due to the imbalance between the two exponents p and ¢. For instance, the
components v and v of solutions of (II) cannot both have fast decay at infinity
everywhere on the critical hyperbola (cf. the fast decay O(r?~") when p = [ for the
Lane-Emden equation). Moreover, the Kelvin transform approach applies only in
the square [0, 1] x [0, ] of the pg-plane (see [5]), rather than in the entire subcritical
region below the hyperbola (1.3), as is in the scalar case.

In an ‘evolution’ setting, Simon [16], [17] studied the question of asymptotics
for elliptic systems (see also [2]). It was shown that, with quite general assump-
tions, bounded solutions must tend to an equilibrium as ‘time’ ¢t approaches infinity.
And moreover, the convergence actually occurs at an exponential ‘speed’ under fur-
ther restrictions (see [17] for details). Turning back to system (II), one loses the
‘homogeneity’-like structure because of the imbalance between p and ¢, which was
used in [17]. Furthermore, due to supercritical growth, there is a structural flaw;
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that is m < 0 (see [17] for definition), whose opposite plays a crucial role in the
derivation of exponential decay in [17]. Therefore a new and different approach is
employed. In an effort to extend our results, we shall further develop such asymp-
totics in a general setting, see a forthcoming paper [22].

It is worth remarking that the comparison results obtained in Section 2 (Lemma
2.1 and Proposition 2.1) seem new and are of independent interest. They can be
regarded as generalizations of maximum principles for cooperative systems.

The organization of the paper is as follows. In Section 2, we derive two compari-
son results (Lemma 2.1 and Proposition 2.1), which are crucial for decay estimates.
In Section 3, we obtain better (optimum) bounds for fast decay solutions. Sections
4-6 are devoted to establishing various estimates related to the ‘slow decay’ solu-
tions v of (3.8). Indeed, Section 4 contains the derivation of a system of inequalities
for the L2-average w of the difference between v and its S™ !-spherical average,
while decay estimates are developed for w and Vv in Section 5 and for v itself in
Section 6, respectively. In Section 7, we establish the crucial asymptotic expansion
(Theorem 1.3). Finally, our main theorem (Theorem 1.1) and the general symmetry
theorem (Theorem 1.2) will both be proved in Section 8.
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2. SOME COMPARISON RESULTS

In this section, we establish two comparison results for a linear two-system of
inequalities, which are crucial in developing our asymptotic estimates later on. The
proof is based on the classical maximum principle.

Let A and B be two 2 x 2-matrices, with A being constant and diagonal, i.e.,

a; 0 bii(x) bia(x)
A= , B(z) = .
( 0 ag ) ((E) ( b21($) b22 (Q?)
For 2 C R™ open, consider the linear system of inequalities

/
(2.1) Au+ AW B@u
T

5— =0, x €,
r

where u’ is the partial derivative of u with respect to the radius r and

ul = (ug,u9).
In the sequel throughout the paper, we shall denote by £ the linear operator asso-
ciated with the system (2.1), namely,

/
L(u) = Au+ ATu + B(?u.

r
Denote

Bij = sup bij(‘r)v Za.] = 132
€N
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We shall assume

(22) H_léll)é B;; <0, bij (ZZ?) >0, z€Q,1 75 7
and
Bi1 B
2.3 Koy = det > 0.
(23) 0= ( By B )

We have the following maximum principle.

Lemma 2.1. Let u”(x) = (u1(x),uz(z)) be a solution of (2.1). Suppose 0 ¢ Q
and that (2.2) and (2.3) hold and

(2'4) u|r€8§l <0.
Then
(2.5) u(x) <0, x €.

Remark. For simplicity, Lemma 2.1 is stated only for (2.1). In fact, the conclusion
holds for general N-systems. Moreover, a corresponding conclusion holds for general
boundary conditions.

Proof. Suppose for contradiction that (2.5) is false, say, ui(zo) > 0 for some z € Q.
Then u; assumes a positive maximum, say at zo. Using (2.1)1, one deduces that
(noting A is diagonal)

bia(wo)ua(wo) > —b11(wo)u1(wo) > —Briui(xo) > 0.
It follows that ug assumes a positive maximum at z; € Q. But by (2.1)3, one has

bo1(w1)ur (1) > —baa(21)ua(w1) > —Bagua(w1) > 0.
Therefore, we derive that

Biaua(wo) > —Biiui(xo), Bajuy(w1) > —Bagua (1)
In turn,
BiaBoyuy (21)uz(x0) > Bi1Baaui (zo)uz(21).
This is impossible, since
uy (wo)ua(w1) > ur(21)ua(wo) > 0, B11Baa > B12B9y > 0.

The proof is complete.
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Using Lemma 2.1, we are able to obtain a useful comparison result for such
systems.

Proposition 2.1. Let u”(z) = (ui(x),u2(x)) be a positive solution of (2.1) on
Q= {r > R} for some R > 0. Suppose (2.2) and (2.3) hold and

(2.6) lim u(z) =0.
Then there exists kg > 0 such that
u(z) = O(r_k), r— 00

for all k € (0, ko).
Proof. For K1, K5 >0 and k € R, denote
o7 (z) = (¢1(x), d2(x)) = (K1, Ko)r~*

It is by direct calculations

(2.7) L(g) = ( %; ) k=2 r > R,
where
Ki[k(k+2—n—a1) + b11(z)] + Kabi2(z)
g Ki(k* — (n — 2+ a1)k + Byy) + Ko By,
Kolk(k+2—n+az) + baa(x)] + K1boy(x)
< Ko(k? — (n — 2+ a2)k + Bag) + K1 Bo;.
Plainly for ¢1,co > 0, by (2.2) and (2.3), the linear system

B11 K1 + Bi1a Ky = —cy,
Bo1 K1 + By Koy = —

(2.8)

has a unique positive solution
Ky = Kj *(Biaca — Baacy) > 0, Ky = Ky *(Baica — Biica) > 0.
It follows from (2.8) that, by making the above choice of K7 and Kj
My < (k* = (n—2+a1)k)K1 —c1 <0,
» < (K —(n—2+4as)k)Ky — ¢y <0,

provided k € (0, min[k1, ko)), where
1

(2.9) =§(n—2+a1+\/n—2+a1) +4c1/K1)>0,
1

(2.10) z—(n—2+a2+\/n—2+a2) +402/K2)>0,

respectively, since K1, Ko, ¢1,c2 > 0. It follows, from (2.7), that
(2.11) L(¢) = (M, My)Tr %2 <0,  r>R.
Next take K > 0 large enough so that
(u-Ke)| <o,
and put
2" (z) = (Z1(x), Za(2)) = u — K¢
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Therefore, by (2.1) and (2.11), for r > R
L(Z) = L(u) — KL(¢) >0,
and, by (2.6) and the fact k& > 0, clearly

Z <0, lim Z(z) = 0.

r=R r—o0

Now Lemma 2.1 implies that Z < 0 for » > R. In particular, our claim follows by
taking ko = min(ky, ko).

Remark. The choice of k; and ko depends on the choice of ¢; and cs.

3. DECAY ESTIMATES: FAST DECAY
In this section, we turn back to study the Lane-Emden system
(3.1) Au+f(u) =0, u>0, z e R,
where
u = (uy,us), f(u) = (uh,uf), p, ¢>0.
Consider solutions of (3.1) satisfying either
(3.2) up(z) = o(r—), or wug(z) =o(r ?)

as 7 — 00. We shall refer to such solutions as fast decay solutions. Indeed, one can
show that in the case of (3.2), there necessarily holds

Ul({E) _ O(,r,maux(2—1172—17(11—2)))7 UQ({E) _ O(,,,max(?—n72—q(n—2)))
as r — o0; see Proposition 3.1. We begin with two elementary lemmas.

Lemma 3.1. Let u = (uy,u2) be a positive solution of (3.1). Suppose pqg > 1.
Then one has

(3.3) u (r) = O(r=1), s (r) = O(r=22)
as r — oo, where
_2(p—|—1) _2(q+1)
1 — ) - .
pg—1 pg—1

with w1 (r) and a(r) being the spherical average of ur and us, respectively.
Proof. For the proof, we refer the reader to [14]. O

Lemma 3.2. Let u be a positive solution of (3.1). Then one has
1 flu(y))
3.4 =— | —————=d
(3.4) a(e) = - [
where ¢, = (n — 2)wy, with w, the volume of the (n — 1)-sphere S™~1.
Proof. Standard and thus omitted.

Now we are ready to derive asymptotic estimates of positive solutions of (3.1)
of fast decay, with the aid of Proposition 2.1.
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Proposition 3.1. Let u be a positive solution of (3.1). Suppose that (3.2) holds
and

(3.5) p>1, q¢>1, max(a, az) <n— 2.
Then
(3.6)
uy (z) = O(,,,max(?—mZ—P(n—Z)))’ us(z) = O(,,,max(?—n72—q(n—2)))
as r — 00.

Remark. When max(a1,a2) > n — 2, (3.1) has no non-trivial and non-negative
solutions (see [11, 13, 14]), while (3.5) guarantees

min(2 —p(n —2),2 —gq(n —2)) <2 —n.
That is, one of the exponents appearing in (3.6) is 2 — n.
Proof. By Lemma 3.2, (3.2); and (3.2)5 are equivalent to each other. That is,
(3.7) vi(x) =r“u(z) = 0, wvo(z) =7r*us(x) — 0

as r — oco. By a direct calculation, v = (v, v2) satisfies

(3.8) L(v) =0,
where

_ —20[1 0 _ —)\1 ’Ug_l
(3.9) A= ( 0 20, ) , B(z) = ( U'f_l T .

Plainly, one has
a; = _2a17 az = —2052,
By = bll(l') =—-)\ = —al(n —2— 041) <0,
Booy = bQQ(IIJ) =)y = —OZQ(TL —2— 052) < 0,

and as R — oo,

0 < Bi2(R) = supbia(z)(R) = sup Ug_l(x) — 0,
r>R r>R
0 < B21(R) = supbo(z) =sup U‘f_l(x) — 0.

r>R r>R

Therefore, conditions (2.2), (2.3) and (2.6) hold, and we can apply Proposition 2.1.
The choice

¢1 = =B, C2 = —Ba»
yields
Ki(R) = Ky (Ko + Biah2) — 1, Ko(R) = Kj' (Ko + Baih1) — 1, R — 0.
Using (2.9) and (2.10) for any € > 0, there exists Ry > 0 such that for R > Ry

ki = (n—2+a1—|—\/n—2+a1) —4311/K1)

—2— 2+ /(1 — 2 — 20)? +4)\1/K1)

(n—2—2a1+\/n—2—2a1) +4a1(n—2—a1))—e

—2—a1 — ¢,

Il
3 N = N =N =
/_\
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and, similarly,

kp = %(n—2+a2+\/(n—2+a2)2—4B22/K2> Sn—2—as—e
It follows that (without loss of generality, assume p > q),
min(ky, ko) >n —2 —max(ag,a2) —e=n—2—a3 —e > 0.

Therefore, by Proposition 2.1, for any k € (0,n —2 — 1)

vy = O(r=F), vy = O(r=F)
since € > 0 is arbitrary. In turn,

ui(z) = O(r~F—o1), ug(z) = O(r=F—22),
A simple calculation yields (recall p > ¢q)
pn—24+as—a1)—n=(p—-1)(n—2—ay) > 0.
since pas = 2 4+ 1. Using Lemma 3.2, one then deduces that
ur(@) = O(r* "), uz(x) = O(rm¥Em2man=2)),

and the proof is complete.

4. A SYSTEM OF INEQUALITIES

In the next four sections, we shall employ a device introduced in [19] to establish
an asymptotic expansion at infinity for solutions u of (3.1), which is crucial to our
moving plane argument.

Put

vi(z) = (vi(@), va(x)) = (r**ua(z), 7 uz (@),
and its spherical average

vl (2) = (01(2),02(2)) = (r* @ (2), 1T (2)).
Throughout the following four sections, we shall consider solutions satisfying

(4.1) lim vT(z) = LT = (L1, Ly) = [(\AR)Y PI=D (XI)\,)/ (Pa—1)]

(referred to as slow decay solutions), where, as before,

011:72(]?—*—1) >O, 042:72((1—’_1) >0,
pg—1 pg—1
and
/\1:o<1(n—2—a1)>0, )\22012(71—2—052)>0.
Denote
(4.2) WT(x) = (Wi(x), Wa(z)) = vI - 5T
and
(4.3)

1/2
wl(r) = (wi,ws) = <( WE(r, 9)d6‘) , (
where (r,0) are spherical coordinates.

For any 6 € (0,1), we first show that w(r) decays at infinity of rate ¢, i.e.,
w(r) = o(r=%) as r — oo. It follows that ¥ decays at infinity of rate k for some

1/2
wi0)a9) )

Sn—1 Sn—1



SYMMETRY OF GROUND STATES FOR A SEMILINEAR ELLIPTIC SYSTEM 1227

k = k(n,p,q) > 0. Combining above we then show that W(z) = O(r~1), and
moreover,
rW (z) — (ki k2)V(6)
as r — 00, where k1, ko > 0 are given by (1.7) and V(9) is a first eigenfunction of
(—A) on S L
In this section, we derive the following fundamental system of differential in-
equalities, from which decay estimates of w can be drawn.

Theorem 4.1. Let w be given by (4.3). Then for r > 0 sufficiently large, one has,
(4.4) L(w) >0,

where
_ —20[1 0

A= ( 0 —20[2 > ’

(4.5) —1
B(x) = —(n—14+X)) pLy  +2F(r) >

LI 4 2G(r) —(n—14 X\2)

with
F(r)= max pvs~ (@) —pL5' [ =0, G(r)= max i~ () — LT =0

as r — oo.

Proof. Tt amounts to showing (4.4);, with (4.4)2 being essentially the same. Take

the spherical average of (3.8) and then the difference between the result and (3.8)
AW' B -B

aw 4 AW By B0y

r r

:O’

where A and B are given by (3.9), namely,

_ —20[1 0 _ —)\1 ’Ug_l
A0 ) ree ()
Thus W; satisfies the equation
20&1W1/ )\1W1 + Ug - E
r

AW, — 2 =0.
r

r2
Using spherical coordinates (r,6), we multiply by W; and integrate over S"~! to
get
wiw, 4 nolTZo WiW, — A—; W2
Sn—1 r Sn—1 r Sn—1
(4.6)
1

7'2 Sn—1

1
W1iAgWy + —2/ [’Ug — Ug]Wl =0.
T Sn—1

_|_
We shall estimate (4.6) term by term. Clearly one has

(4.7) WiW, = wyw, wi < Wi
Snfl Snfl

Therefore,

" 12 " 12 ' 12
WiW; + Wi* = ww] +w;” <wwy + Wi,
Snfl Snfl Snfl
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and in turn

(48) W{/Wl S wlwi’.
S'n.fl
Using the Wirtinger inequality, integration by parts gives
(4.9)
WiAgW;p = —/ VoW1 |* < —(n—1) WE =—(n— 1w
Snfl S'n.fl S'n.fl

since W = 0. To estimate the last term in (4.6), we have

/S MG W)Wy

(410) / [’Ug - pLg_lvg — (E — pLg_152) +pLg_1WQ]W1
Snfl

| o) =Foimpzg™ [ wiw,

where
f(t) =t —pLb~'t.

By the mean value theorem, there exists a & = £(x) between ve(x) and v2(r) such
that

f(v2) = f(@2) = f(§)(v2 —T2) = f'(§)Wo.
Note that
lim () = lim p(¢*~" — L5 =0,

by assumption (4.1), and
-1

Flva) Ty) = — ve) — f(T2)) = !
Flon) — f(@) = == [ )= sy = = [ rewe.

It follows that, with the aid of the Schwartz inequality,

/ (o) — T Wi
gn—1

/Snl [(f(v) — f(2)) — (f(va) — f(v2)]W1

W o [ ) - sl i+ [ - S )
Sn—1 Sn—t
F(r) _
< F(r) /Snil |W1Woa| + o /SM |Wh] /SM |Wa|
< 2F(T)’LU11U2,
where
F(r) zlmla_tx|f’(§)| — 0, as r — 00.

Combining (4.10) and (4.11), we obtain

/ [Wh — WB]W | < (pLY™" + 2F(r))wi ws.
Snfl

(4.12)
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Substituting (4.7)—(4.9) and (4.12) into (4.6), we obtain

—1-2 — 1+ Ly +2F
wiwy + oo s wiw) — L Lw? + P (r)
r T T

w1 wr Z 0.

Dividing both sides by w;, one gets (4.4)1 ((4.4)2 similarly) and the proof is com-
plete.

5. DECAY ESTIMATES: SLOW DECAY—RADIAL
In this section, we shall develop decay estimates for w(r) and ¥v(r) at infinity.
The following fundamental hypothesis
1 n 1 < n—3
p+1 q+1 n-1’

(5.1)

comes right into play.

Theorem 5.1. Let w be given by (4.3), thus satisfying (4.4). Suppose that (p,q)
is subcritical with respect to the dimension n — 1, i.e., (5.1) holds. Then for all
ke (0,1)

w(r) = 0()
as r — o0o.
Proof. By Theorem 4.1, w satisfies (4.4) with A and B given by (4.5); namely,

ayp = _2a17 az = _20527

Bii=—(n—1+X)<0, Byp=-(n—1+X)<0,
and

By = pLg_1 + 2sup F(r) — pLg_l, By = qL‘f_1 +2sup G(r) — qL‘f_1
r>R r>R

as R — oo. Clearly there exists Ry > 0 such that for R > Ry
Ko(R) = det B = By1Bss — B13Bay
=(n—-14+X)n—14+X2) —pgriAa+o0(1) >0,
provided that
(n—=14X)(n—14X2) —pgrira >0,

which is equivalent to (5.1) by a simple calculation. Hence the conditions (2.2)
and (2.3) are satisfied (clearly (2.6) ia satisfied by (4.1)), and Proposition 2.1 is
applicable. Therefore, for all k¥ € (0, min[k, k2]), where k; > 0 and k2 > 0 are
given by (2.9) and (2.10), respectively (e.g., taking ¢; = —By; and ¢z = —Bag),
there holds,

(5.2) w(r) =0(r™"), r — 00.
Denote
ko = sup{k € (0,1) | (5.2) holds }.

We claim k¢ = 1.
Suppose for contradiction that ky < 1. For o € (0, 1), put

w(r) = r7w(r).
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One readily verifies that w(r) satisfies the system (4.4), while A and B have the
entries

a1 = —20 — 2041, as = —20 — 20[2,

Bii=—-(n—-14+X)—0(n—2—0—-—2a1) <0,
and

Byy=—-(n—1+MX) —0o(n—2—0—2a3) <0,
(with By2 and Bs; unchanged), and moreover,

De)=[n—14+X)+0c(n—2—0—2a0)][(n =14+ X2) +0(n —2—0 — 2as)]
> pgAidz,
if (5.1) holds. Therefore
Ko=detB = D(c) — pgh1A2 +0(1) >0

for o € (0,1). In particular, for o € (0, k), we may apply the previous argument
to w(r) to obtain

w(r) =0(r"), r— 00

for all k € (0, min(k, k2]). Clearly k1 > 0 and kg > 0 can be chosen depending only
on kg <1 (i.e., independent of o) for all o € (0, ko). It follows that

W(r)=0@r"""),  r— oo,
for some € > 0, a contradiction and the proof is complete.
Abusing notation, denote
(5.3) v =vT — (L1, Ly).

Using the decay estimate of w obtained in the last section, we see that v satisfies
an ‘almost’ linear system.

Lemma 5.1. The spherical average V satisfies the following nonhomogeneous sys-
tem

(5.4) V' + AV + BV = O(Jv|?) + h(t),

where t = Inr,

[ n=2-2m 0 =\ pLE!
A‘( 0 n—2—2a2)’ B_<ng—1 )

and for all k € (0,1)
|h(t)] < |(B2 + La)? — (v2 + Lo)?|

(5.5) 3 . e
+ (@1 + L1)? = (v1 + L1)?] = O(|w]) = O(e™™")
as t — oo.
Proof. 1t is by direct calculations, with the aid of Theorem 5.1. O

Using Lemma 5.1, we immediately derive the asymptotic behavior of ¥ at infinity.
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Theorem 5.2. Suppose a1 + ag # n—2. Then there exists k = k(n,p,q) > 0 such
that
(5.6) v=0(")
as r — o0.

Remark. The condition a1 + ag # n — 2 is equivalent to

1 1 n—2
+ # .
p+1 qg+1 n

Proof. We first convert the system (5.4) into a first order system by introducing

T:( /

— —/ — —
X 5E1,$2,$3,CC4), Ty =v1, T2=701, T3=0V2, T4 =0y

Then x satisfies the system
(5.7) x' = Ax + O(|x|*) + h(t),
where h(t) satisfies (5.5) and

0 1 0 0
A A1 —(n—2—2a;) —pLb! 0
0 0 0 1

—qL4! 0 A2 —(n —2 —2as)

It is easy to check that the characteristic polynomial of A is given by
c(m) = m*+2Dm3 +[(n—2—2a1)(n —2 —2a2) — A\; — AoJm?
—[A(n =2 =2a2) + Aa(n — 2 = 2a1)|m — (pg — 1)1 X2
= m*+2Dm3 + (D? — (a1 + a2)D — o2 — a2)m?
—[M1+ Ao+ (1 — a2)’]Dm — (pg — 1) A1 do
where
D =D(a1,a3) =n—2— a1 —as.
Thus one readily sees that all roots of ¢(m) have nonzero real part provided that
D=n—-2—a;—a3#0, ie, n—2%#a;+ as.
Therefore, without loss of generality (by changing coordinates), we assume
()
where there exists ¢ > 0 such that
eMt <t >0 efrt <t <.
Using the variation of parameters, we solve (5.7) for x for t > to

x(t) = eA =g (1) + / A1 =9 hy (s) 4+ O(x|?)]ds

to

_ / " A=) 1y (s) + O(Ix[2)]ds,
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which is justified since |x| — 0 as t — oo. It follows that

t
x(0)] < JeMTIx(to)[ + [ AT hi(s) + O(Ix[))|ds

to

n /too A1 =) [hy(s) + O(|x|?)]|ds

t

< et [ (e + O(x)ds

to
—|—/ e” =) [hy(s) + O(|x]?)]ds
t
t o)
< e re M [ e IO(Pds + [ e I0(xpds
to t
For € > 0, there exists g > 0 such that
()] <e, >t
It follows that
t [e'e]
(5.8) et x(t)] < (14 €e"Mh 4 e/ e?’|x|ds + 20’6/ e (21=9)|x|ds.
to t
Put
t [e%s}
x(t) = / e?|x(s)|ds > 0, y(t) = / 27798 x(s)|ds > 0,
to t
and
2(t) = z(t) + y(b).

Plainly,

Z(t) = a'(t) + 3/ (t) = e x(t)| — 7 |x(t)] + 20 /OO e*71 7% x(s)|ds = 20y(t).
t
It follows that from (5.8),
2/ (t) < (1 4 e 4 ex(t) + 20ey(t),
and in turn,
o' (t) — 2ex(t) — doey(t) < c(1 + TP — ex(t) — 20ey(t);
or rather,
2/ (t) — 2ex(t) — 2e2'(t) < e(1 + 7P — ex(t) — 20ey(t).
Add 4€2z(t) to both sides to get

o' (t) — 2ex(t) — 22/ (t) + 4€%2(t)
< (14 e —ex(t) — 20ey(t) + 4€2(t)
= (14 e —ex(t) — 20ey(t) + 4e%x(t) + 4€3y(t)

< C(l + e(o k)t)7
provided that € is chosen sufficiently small. Rewrite the left-hand side to get

(e—2et[x(t) i 2€Z(t)])/ < 0(6—2615 + 6(0_26_k)t),
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Integrate from ¢y to t >ty to get
e 2 (x(t) — 2e2(1)) < (1 + e T2 o720 (3(tg) — 2ez(to)).
But
e 2 (x(tg) — 2ez(ty)) = —2ee 2y (tg) < 0,
since z(tg) = 0. Finally, we arrive at
(5.9) z(t) < (et + el 4 2ez(1).
Putting (5.9) into (5.8) yields

e x(t)] < ce(e2 D e (@R 4 95 4 e)e/ e 7%|x(s)|ds.
t

Now the standard Gronwall inequality immediately implies (for e sufficiently small)
e~ |x(t)] < (X 4 o= HRE),

In particular,

(5.10) x(t)| < e(e Dt 4 eH,

It is clear that (5.6) is equivalent to (5.10) after changing variables back and the

proof is complete.

6. DECAY ESTIMATES: SLOW DECAY—NON-RADIAL

Utilizing the decay estimates for both v and w obtained in last section, we are
able to apply a local maximum principle to obtain the desired decay estimates for
v and W as well as similar estimates for their derivatives.

We first have the following local maximum principle for elliptic systems.
Lemma 6.1. Let Q C R™ be an open domain. Suppose that

u(z) = (u'(z),u?(@), -, u(x) € (W)Y
satisfies the system
(6.1)
aj;(x)ug; + i (2)u; + ci(z)u’ = h'(z), x€Q,  1=1,2,---,N,

where h € (L™(Q))N. Assume that there exist three positive numbers k, k1 and ko
such that

kISP < alj(2)&& < kléf?, € €R™, 1=1,2,---,N,
and
0| < K2k, || < kks, 1=1,2,--- N,
where
b = max (;@W) L1 = max (Z lci-(:v)|> .
Then for any ball B = Bag(y) C Q and g > 0, we have

1 Vi R
(62 supfue)l <04 (g Lulr) o hlenca .
2€Br(y) 1Bl /b k

where C' = C(n, q, k1 /k, ko R?).
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Lemma 6.1 is proved for the scalar case in [9, Theorem 9.20, p. 244] and the
proof involves the so-called ‘upper contact set’. Since only ‘mixed terms’ appearing
in (6.1) are of zero order, the proof remains virtually applicable (de-couple) with
little modification and we thus omit it.

Theorem 6.1. Let 7 > 0 be an integer, v(x) and W (z) given by (5.3) and (4.2),
respectively. Then there exists a constant M = M(v,n,p,q,7) > 0 such that for
some k = k(n,p,q) >0

(6.3) max |D7v(z)| < Mr=*"7,

|z|=r

and for all k € (0,1)
(6.4) max |D"W (z)| < Mr=F=7.

|z|=r

Proof. Clearly, by Theorems 5.1 and 5.2, v(z) and W (z) satisfy the systems

/
Av + AV + B(:g)v =0,
r r
and
!
aw 4+ AW Bl(‘?w =O0(r %),

r r
respectively, where k = k(n,p,q) > 0,

o —20[1 0
A= ( 0 —20[2 > ’

- vy (v p_rh
5@ = (g * ) er
and
_ -\ Wy (vz + La)? — (B2 + La)P] o
Bulo)= < Wi (01 4 L1)? = (B1 + L1)] A2 > L

In particular, Lemma 6.1 applies. Similarly, as in [19], it suffices to deduce that for
zo and 7 > 0, there exists M > 0 such that

/ |DTV($,)|2 S M’I”g_Qk_2T,
B7‘0/2

for some k = k(n,p,q) > 0, and

/ |DTW(£L')|2 < M,,,g—?k—%’

Bry/2

for all k € (0,1), where 79 = |z9|/2 > 0 and B = B,,(z¢). But, for example, say
7 =0, one has

| wwp < 2f

ro/2

(W + ) < | (WP +[P)
B3rq/2(0)\Br/2(0)
n—Qk)

n a 2_|_ |2 _ n a —2:O
ery mase (wf* + [¥[?) = erf ma, [9]2 = O(rf

ro/2

IN

and

[owes W2 < erfp max |wf2 = O(r=2").
r>rg/2
B B3y /2(0)\B. /2(0) ="o

ro/2
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The estimates (6.4) can actually be refined further. In fact, we have the following
result.

Theorem 6.2. Let 7 > 0 be an integer. Then there exists a constant M =
M(v,7) > 0 (independent of r) such that

(6.5) max [D"W (z)| < Mr=1=T,

||

The proof of Theorem 6.2 is essentially the same as that of Theorem 6.1, which is
a consequence of the local maximum principle and the following local L2-estimate
for W near infinity.

Lemma 6.2. There exists a constant M = M(v) > 0 such that
(6.6) / |IDTW|? < My =272,
B

where B = B, j2(x0) and ro = |zo| > 0.

Proof. Tt suffices to prove (6.6) for 7 = 0. By the definitions of W and w, we need
to show

w(r) =0, r — 00.
From (4.4), by Theorems 5.1 and 5.2, we have
(6.7) L(w) > O(r=37%), r>0

for some ¢ € (0, 1), where

—2a 0 —(n—=1+X) pLy !
A= B= .
< O —2042 > ’ ( qL‘ll_l —(n —1 + )\2)

For K1, K5,k € R, put
i, (r) = (K1, Ko)r .
It is by direct calculations that
L(¢r) = B(k)(Ky, K2)Tr 27",

where
B(k) = —(n=14X)—k(n—2—k—2ay) pLy !
- qL?! —(n=14X)—k(n—2—k—2as)

Plainly there exists a ko € [1 +6/3,1 4 20/3] such that
det(B(ko)) # 0.

K\ _ ([ -1
s ()= ()
has a unique nontrivial solution Ko’ = (KY, K9). In turn

L(pr,) = < :1 ) p=27ko, br, = Kor—Fo.

Therefore, the system

Note that
b11 = —pag(n—2—a1) <O7 b12 :pLg_l >0
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and
det(B(1)) = pag(n — 2 — ay) - qay (n — 2 — ag) — pLy ' - gL' = 0.
It follows that there exist K{ > 0 and K3 > 0 such that

L(¢1) =0, ¢ = ( gi ) rt
Fix ro > 1, and take K > 0 large enough so that
(K¢1 + dro)|r=ro > 0.
For Ky > 0, denote
O(r) = w(r) — Ko(Ké1 + dr,).-
Choose K so large that both

(r)|r=r, <0
and
L(®) = L(w)—KoKL(¢1) — KoL(Px,)
—  L(w)+ Ko ( | ) P2k > 0(37%) 4 K, ( | ) P3-20/3 5 ),
Thus by Lemma 2.1, we have
o(r) <0, for r > ro,
since
lim ®(r) = 0.

The proof is complete.

7. AN ASYMPTOTIC EXPANSION

In this section, we are going to complete the last step to obtain the desired
expansion. Introduce the function

(7.1) W(T‘, 0) = rW(r,6),

where W is given in (4.2). We shall show that W (r, ) approaches kV (0) as r —
oo, where k is given by (1.5) and V(f) is a first eigenfunction of —Ag on S"~1.
Consequently, we obtain an expansion of v in terms of v with the ‘good’ remainder
W.

The proof is divided into several technical lemmas and is similar to that of [19].
Therefore, we shall omit most of the proofs.

Lemma 7.1. Let W be given by (7.1). Then for any non-negative integers T and
71, there exists a constant M = M (7,71) > 0 such that

(7.2) |Dj*DIW| < Mr™",  r>M.

Moreover, W satisfies the system

(7.3) LW)=0@"2F%),  r>0

for some k € (0,1), where

(22 0
A‘( 0 —2—2a2)’
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and

B_ —(A1+n—3-2a;) pLy~!
qLi™! —(N+n—3-2a3) )

Proof. This lemma is a direct consequence of Theorems 6.1 and 6.2.

The following lemma follows from Lemma 7.1.
Lemma 7.2. There holds

r/ W2 € LI(1, ), 7"3/ W72 € L'(1, 00).
Sn—1 Sn—1

1237

Proof. The idea is similar to that for single equations (see [19]), with a more com-
plicated proof. We shall only prove the first inequality. Multiply (7.3); by rWi,

(7.3)2 by rWsy and integrate over S”~' and from 7 to R > r to obtain

f 4 = = = )
/ / ) {[|V0W1|2 —b11W12 —b12W1W2}/s+sW’l}
r Sn—
R R B
—|—/ O(s_l_k) Wy
™ Sn—l

/TR An*l { [|V9W2|2 — by W3 — bzlwlﬁ/g}/s + SW’;}
2+ as .~

- - R R -
- / [sWQW’g + 7W2 +/ O(s™7k) Ws.
Sn—l 2 r Sn—l

Multiply the first equality by b21 and the second by b12 and add them to

/ / cW’ + s H(s) } /
Sn—1 71 Sn—1 i—1

(74) +/S 1 [bgl(n—2—|—a1)W1 b12( 2+CL2)W2] )

- 2
- / {swlwq + le
Sn 1 2

and

+0(r "),

2 2

where ¢ = ¢(a;, b;j) > 0 (may vary from one to another) and

1) = [ [en(900 = (0= )W)+ bia (Voo = (= D)

(7.5) +bor1(n—1-— bll)Wl +bi2(n—1-— bgg)W — 2b12()21W1W2}
Clearly all the terms on the right-hand side of (7.4) are bounded for all R > r
by Lemma 7.1.
Obviously,

b12>0, bo1 >0, n—1-—>b1 >0, n—1—by > 0.
It follows that

[ (90 = = D)+ oV = (0 = 1)173)] 2 0
Sn—1

by Wirtinger’s inequality, since

Moreover,
(7.6) bor(n — 1= b11) - bia(n — 1 — bag) — (b12b21)* =0
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In turn
bar(n — 1 —bi1)W7 + bia(n — 1 — boo) W5 — 2b12b1 W1 Wa > 0.
Therefore,
H(r)>0 for r > 0.
It follows that from (7.4)

7‘/5 1 |[W'|2, »—YH(r) € L'(1, 0).
The proof is complete.
Using Lemma 7.2, one has the following two limits.
Lemma 7.3. Let 7 be a non-negative integer. Then we have
lim rW'(r,0) =0, lim r*W" (r,0) = 0
in C™(S™ 1) uniformly.

After these technical preparations, we are able to prove the main result of this
section.

Theorem 7.1. Let W be a solution of (7.3). Suppose
77 24+a1)(n—2—a1)(n—4—2a1)
: + 24+ a2)(n—2—az)(n—4—2a3) #0.

Then there holds

lim W(r, ) = ( Z; )V(o),

T™—00

where ki and ky are given by (1.7), and V is a first eigenfunction of —A on S™~*
(with eigenvalue n — 1), i.e.,

(7.8) AgV + (n—1)V =0, V=o.

Proof. First, fix a sequence {r;} — oco. Using Lemmas 7.1 and 7.3, we have

(7.9) Jim Wi(r;,0) =Vi(0),  i=1,2,

in C™(S™~1) for any fixed 7 > 0 (subject to a subsequence, with V; and V5 possibly

depending on the sequence) where

AgVi(0) + b11VA(0) + b12Va(0) = 0,

NpVa(0) + 6211/1(9) + baa V2 (6) = 0.

We shall show that V; and V5 are independent of the choice of the sequence. Fol-
lowing the same idea of proving Theorem 7.1 in [19], we put (abusing notation)

WT(r,0) = WT(r,0) — (Vi,Va),
and we want to show that

(7.10) lim W(r,0) = 0.

T™—00
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Multiply (7.3); by r2W/{ and (7.3) by 72W}, and integrate over S”~! and from
r to R > r to obtain

R
/ (|V9W1| —bqu)‘ —2b12/ WoW!
Sn—1 r Sn—1

(e f e [ o2t oty

and

R ~ ~
by / Wy W,
r Sn—1

/ (|V9W2| —522992)

Snfl

1] s s o
r Sn—1

where a; and b;; are entries of A and B, respectively. Multiplying the first equality
by b21 and the second by b2 and adding them together yields

R
+o [ /S 20— 2+ )W+ O(s )]

~ 2
L
Sn—1
R _ o\ (R
= b21(82 Wll)
T S’nfl T

W)

H(s)

R R ~ 92 ~
+b1o (52 + b12 / / [2(n — 2 + az)sW'y + O(s~F)IW4],
Snfl T r Snfl

where H(r) is given in (7.5). With the aid of Lemma 7.3 and (7.9), let R — oo
along the sequence {r;} to obtain

HE) = b [ Wb [ [ (-2 a)si] 0]
Sn— T Sn—

tbr? [ Wb [ [ 2024 a)s 4 OGN,
Snfl r Snfl

Therefore, by Lemmas 7.2 and 7.3,
H(r) = o(1), as r — oo.
It follows that,
0 S / |:b21(n —1- bll)Wl + b12(n —1- b22) — 2b12b21W1W2:|
Sn—1
< H(r)=o0(1)
as r — oo. Therefore, by (7.6)
(7.11) / |:b21(n —-1- bll) - b12(n —1- b22)W2:| = 0(1)
Snfl
On the other hand, letting R — oo along the sequence {r;} in (7.4) yields
bgl(n—2+a1) blz(n—2+a2)
I L PR HOA

(7.12) :T/Snli W W4 ( / /Sn 1;cW’f

as r — Q.
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Combining (7.11) and (7.12), one concludes the proof of (7.10) since by (7.7)
b21(n —1- bll)blg(n —2+4 ag) + blg(n —1- bQQ)le(n -2+ al)
= b12b21[(2 + Oél)(’fl —2— al)(n —4 — 20{1)
+ (24 a2)(n—2—az)(n—4—2a3)] #0.
Now put

b21 T I
—W; 4+ Wa.
n—l—b11 1+ 2

W(r,0) =
By (7.3), W (r,0) satisfies the equation
(7.13) AgW + (n — D)W = rhy (W) + r2hy(W") 4+ O(r—27F),
where h1 and ho are smooth functions of their arguments and satisfy

hi(Z) = O(1Z)), i=1.2,
as |Z| — 0. Similarly, as in proving (7.10), letting » — oo in (7.13), one has
Tim W (r,0) = V(0)
uniformly in C7 for some V() satisfying (7.8). Clearly
b

21

—Vi+ V=V

n—1-— b11 1+ V2
In other words,

b21 _
(7.14) AgVi(0) + b11Vi(0) + brz (V(ﬁ) - 7%) = 0.
n—1-— b11
Obviously,
b12b21
L Y
b11 n—1-by, <n

Thus the equation (7.14) has a unique solution

_ b12V (0)
Vl(o) - 2n — 2 _bll — bzg'

Consequently,
b21V1(9) _ (n —-1- bll)V(G)
n—l—b11 27’L—2—b11—b22.
Now one readily verifies that k1 and ko satisfy (1.7) and the proof is complete. O

Va(0) = V(0) -

We are able now to establish the desired asymptotic expansion at infinity for
slow decay solutions of (I), which enables us to proceed with the moving plane
procedure. The following explicit formula of the first eigenfunctions of —A on
S™~1 also plays a role.

Lemma 7.4 (First eigenfunctions of —A on S"~1, [4]). Let V(0) be a solution of
the eigenvalue problem

AgV + (n—1)V =0, V= i/ V(6)do = 0.
Wn Jgn—1
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Then necessarily V' has the form
V = E - X
r
for some xg € R fized, where x € R™.

Simply collecting the results obtained in Sections 4-7, one immediately proves
the asymptotic expansion formula, Theorem 1.3.

8. THE SYMMETRY

In this section, we apply the well-known Alexandrov-Serrin moving plane method
(see [1, 8, 12, 19]) to establish the desired radial symmetry for solutions of (I) with
an algebraic decay at infinity. Specifically, consider the system

(8.1) Au+f(u)=0, u>0, z € R",
where
T _ T\ _ ()P .4
u —(Ul,UQ), f (u)_(u27u1)7 D, q>1
Assume
(8.2) lim v7(z) = lim (r* uy, r%%us) = ML = (M1, My) > 0.

We shall show that every solution of (8.1) satisfying (8.2) is radially symmetric
provided that

24+ a1)n—2—a1)(n—4—2a;)

8.3
8:3) +2+a)(n—2—a)(n—4—2a3) #0
and

1 1 n—3 1 1 n—2
8.4 =+ > , +
(8.4) p+1 qg+1 n-1 p+1 q+17é n

For v € R, let X, be the hyperplane
y={z= (a1, -, xn) e R" : 21 =7}
For z € R", denote z7 the reflection point of x about X,; that is,
V= (2y —x1, T, -+, Tp)-

As mentioned in the introduction, the asymptotics play an important role in
showing symmetry. Indeed, appropriately sharp asymptotics at infinity guarantees
the desired symmetry via moving planes; see Theorem 1.2. In order to prove the
theorem, we need the following special form of maximum principles, whose proof is
standard, exactly the same as that for scalar cases.

Lemma 8.1. Let v € R and u be a positive solution of (8.1). Suppose that

u(z) > u(z?), u(z)#uz), if T <.
Then
u(z) > u(z"), if x1 <
and
8;955:) <0, on x1 =",

where x7 is the reflection point of x with respect to ..
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Proof of Theorem 1.2. The proof is similar to that for scalar equations (cf. [19,
Sec. 10]). We first claim that there exists 4’ > 0 such that

(8.5) u(z) > u(z"), if 17 <~ and v >~

Suppose for contradiction that (8.5) is not true. Then there exist two sequences
{7} — oo and {z'} with 2% < ~* such that

(8.6) u(@) $uly’), y=a, i=1,2,
say (without loss of generality),
(8.7) up (z) < ug(y'), i=1,2,---
Obviously |y?| — oo, so u1(y*) — 0. In turn |z¢| — co. By (H;), we must have
xh < M, for i large.

It follows that for any v, > max(yp, M)

ur(z') < up(y') < wp (), for i large,
where 7q is in Theorem 1.2. On the other hand, by (Hz), one has

0> |Iz|aj+i2 [ul(xl) — ul(arm)] — 2a1b1y1 — 2¢1 > 0.
Y1

This is a contradiction and (8.5) follows.
Now let I" be a subset of R defined by

I ={~ € (70,00) : (8.5) holds}.
We shall prove that
(8.8) I' = (70, 00).
We first claim that_F is open. Othe_rwise, for some v € T', there exist two sequences
{7'} — v and {2’} with 27 # 7' such that (8.6) holds. Obviously there is a
subsequence of {z'} tending to either infinity or z € R™ as i — oo. If the first case
occurs, we simply use (Hsz) to derive a contradiction as before, since v > . If the
second case happens, we infer, from the definition of -, that
21 =7-.
It follows that
u(x) > u(x?), if x1 <7,

and (say, using (8.7) option),

8%1

—(z)>0.

ox1 (Z) -
This simply cannot happen by Lemma 8.1, that is, I" is open.

Put
7 =1inf{y € (y0,00) : (y,00) CT'}.
Clearly 7 < oo is finite. We want to show that
¥ = -

Suppose for contradiction this is not true, i.e., ¥ > 7. By continuity, one has

u(z) > u(z) for 1 < 7.
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Thanks to Lemma 8.1, one sees that either
u(z) =u(z?) forz <7
or
u(z’) >u(z¥) forazy <7, ie, yeT.

The latter cannot occur because (7, 00) is maximal and T' is open. The former
cannot occur either because it contradicts (Hy) since 7 > ~p. Thus ¥ = 70 and
(8.8) is proved.

By continuity again, we have
u(x) > u(z™) for 1 < 0.
Reversing the z1-axis (i.e., (z1,2’) — (—x1,2")), we conclude that
u(x) > u(z™°) for z1 > 7o.

That is, u is symmetric about the hyperplane x1 = v and the proof is complete.

We now can prove our symmetry theorem.

Theorem 8.1. Let u be a positive solution of (8.1). Suppose that the conditions
(8.2)—(8.4) hold. Then u is necessarily radial symmetric with respect to some point
in R™.
Proof. Apparently, by (8.3)3, we have either
1 n 1 < n—2
p+1 qg+1 n

or
n—2> 1 n 1 >n—3
n p+1 qg+1 n-1

We divide the proof into three cases.

(i) First, consider
1 1 n—2
+ >
p+1 q+1 n
Then u = 0 by a result of [13, see Theorem 1.1] and there is nothing left to
prove.

(ii) Next, assume either M; =0 or Mz = 0, and
n—2> 1 n 1 >n—3'
n p+1 g+1 n-1
By Proposition 3.1, we have
uy () = O(TmaX(2—n,2—p(n—2))), ug(z) = O(Tmax(2—n72—q(n—2)))'
Without loss of generality, assume p > ¢, whence
up(z) = O(r?™™), us(x) = O(Tmax(Q_"’Q_q("_Q))).

In particular, the arguments of [13, Theorem 1.1] carry over with little modification
since one can easily check that

(8.9)

(+1)2-n)<-n
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and
(p+1)max(2—n,2—q(n—2)) < —n

since (8.9) holds. Therefore, u = 0 and we are done.

(iii) Finally, consider the case M, Ma > 0 and (8.9) holds. We shall apply the
moving plane method, with the aid of Theorem 1.2. In order to apply Theorem 1.2,
we need to derive the asymptotics (H;) and (Hz). Using the expansion formula
Theorem 1.3, we have the following result.

Lemma 8.2. Let u be a positive solution of (I). Suppose that conditions of Theo-
rem 8.1 hold with My, Ms > 0. Then

(i) there holds the limit

lim v7(z) = lim (1 uy(z), r*?us(x)) = (L1, Lo).

T —00 T—00

(ii) there exists M > 0 such that for r, |z1| > M
Z1ug, (x) < 0.

(iii) ifl; € R — | and {x'} is a sequence of points going to infinity, with x% # 1;,
then

|| +? i il .

(uj(z') —u;(@"")) = 20; Ll = 2kj(w0)1,  j =12,

lim .
; . 7
i—00 lz — T

where ki, ko and xg are given in part 8 of Theorem 1.3.

Proof. To prove (i), it suffices to show the equation
(8.10) MMy = ME, XMy = MY,

This can be easily done by using the system (3.8). Indeed, taking the average of
(3.8), one can readily deduce that

T =+r My — MY +0(1)), Ty =4r"t(AaMy — M+ 0(1))

as r — oo. In turn, (8.10) must hold.

Now the proof of (ii) and (iii) is essentially the same as that for scalar equations,
with Theorem 1.3 playing a crucial role in the present case (one may readily verify
all conditions needed in Theorem 1.3). We thus omit it and refer the reader to [19,
Lemma 8.2]. O

Proof of (iii) of Theorem 8.1. By Lemma 8.2, one sees that (H;) and (Hs) in The-
orem 1.2 hold, provided
Lk ks
T L anly
which can be instantly verified by using the definitions of the structural numbers.
Hence Theorem 1.2 immediately implies u is radially symmetric with respect to the
hyperplane

x1 = vo(20)1-

Clearly the choice of z;-direction can be arbitrary, due to the symmetric structure
of the system. One concludes the radial symmetry of u with respect to the point
Yozo € R™ and the proof is complete.
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