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THE CALCULUS OF PARTITION SEQUENCES,
CHANGING COFINALITIES, AND
A QUESTION OF WOODIN

ARTHUR W. APTER, JAMES M. HENLE, AND STEPHEN C. JACKSON

ABSTRACT. We study in this paper polarized infinite exponent partition rela-
tions. We apply our results to constructing a model for the theory “ZF+DC+wq
is the only regular, uncountable cardinal < wy,, +1.” This gives a partial answer
to a question of Woodin.

In 1994, J. Steel proved what had long been suspected: that assuming AD,
the regular cardinals of L(R) below © are all measurable, where © is the least
ordinal onto which the real numbers R cannot be mapped [St3]. This remarkable
theorem motivated the work of [A], which showed essentially that the cofinality
of any regular cardinal below © can be changed to w without perturbing cardinal
structure. Specifically, the following theorem was proved.

Theorem 0.1. Assume V' EAD, and let V.= L(R)V'. Then for any subset A of
the regular, uncountable cardinals below OV, there is a partial ordering P € V and
a symmetric inner model N of ZF such that

(1) VCNCV?P,

(2) N and V contain the same cardinals,

(3) N =0V,

(4) for all k, cofN (k) = w if cof¥ (k) € A and cof™ (k) = cof¥ (k) otherwise, and
(5) the measurable cardinals not in A remain measurable in N.

What was left unanswered is whether similar facts can be proven if the cofinality
of kK < © is to be made uncountable.

Consideration of this question was the genesis of this paper. The principal tool,
infinite—exponent partition sequences, proved as interesting as its application.

We begin, in the first three sections, with background material on infinite—
exponent partition properties of cardinals, their abundance in models of AD, and
their use in “Magidor-like” forcing to change cofinalities.

The second three sections deal with infinite-exponent partition properties of car-
dinal sequences. With appropriate notation, the basic theory of partition sequences
and the associated Magidor—like forcing exactly parallels the cardinal theory.

In “Finite Support,” we apply the theory to show the extent to which possi-
bly uncountable cofinal sequences can be added if we sacrifice DC. In “Countable
Support,” we preserve DC.
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In general, uncountable cofinalities present difficulties. In [G], M. Gitik estab-
lished the consistency relative to an almost huge cardinal of the theory “ZF + w;
is the only regular, uncountable cardinal.” In his model, all cardinals above w; are
given cofinality w and consequently DC fails (in fact AC,, fails). DC is most desir-
able in analysis. A. Kechris proved that DC holds in L(R) assuming AD [Ke2]. W.
H. Woodin has asked if the theory “ZF 4+ DC + w; is the only regular, uncountable
cardinal” is consistent.

“Including Ultrapowers” and “Including Ultraproducts” discuss how ultrapowers
and ultraproducts of cardinals in the most powerful partition sequences can be
included in new but less powerful partition sequences.

The final section applies our results to obtaining a partial answer to Woodin’s
question. In particular, relative to Con(AD), we construct a model for the theory
“ZF+DC+w; is the only regular, uncountable cardinal < wy,,4+1.”

Some remarks on notation: When forcing, we will use V[G] and V7 interchange-
ably to indicate the generic extension obtained when P is our partial ordering, G,
the generic set. If p € P is a condition and ¢ is a formula in the forcing language
with respect to P, then p||¢ will mean that p decides ¢. We adopt the NESTS
convention for the forcing partial order; that is, if p, ¢ € P and ¢ extends p, we will
write ¢ IF p.

We will refer to and use certain weak versions of the Axiom of Choice throughout
the course of this paper. AC,, the Principle of Countable Choice, says that if (X, :
n < w) is an w-sequence of non—empty sets, then [], . X, is non—empty. DC, the
Principle of Dependent Choices, says that if R C X x X satisfies Va3y[(x, y) € R],
X # 0, then there is a sequence {x,, } n<. of elements of X with (z,,2,41) € R, for
each n < w.

If s is a set of ordinals, we use 5 to indicate the order—type of s. If x and y are
sequences, "y denotes their concatenation.

General references for results on AD include [Mo2] and [St1].

1. PARTITION CARDINALS

We assume the reader is familiar with infinite—exponent partition cardinals, but
we include the definitions in this section for convenience. [H1], [H2], [H3], [Kl1],
[K12], and [KI13] can be consulted for matters left unexplained here.

For cardinals x and ~, []” is the set of all subsets of « of order—type v. We warn
readers that we will identify elements of [«]|” with their increasing enumerations.
In practice, this will cause no confusion; the meaning will follow from the context.
We define [p]” as {q C p: ¢ = ~}, for p € [x]", for example, and it is clear we are
treating p as a set. Similarly, we define ,,p as

{Upla+n):a<q},
n<w
i.e., the set of successive w—sups of elements of p, and it is clear we are treating p
as a sequence.

Definition 1.1. For ordinals &, 7, d,

k= (k)5

means that for all partitions f : [k]Y — §, there is a set X € [k]" such that f is
constant on [X]7. X is called homogeneous for f. If 6 = 2, the subscript is omitted,
and we write simply k£ — (k).
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For ordinals «,~,d, the relation x — (f<a)5<V means that for all partitions f :
U5<,Y[l€]ﬁ — 8, there is a set X € [x]" such that f is constant on [X]?, for all
B <.

A few elementary results:

Fact 1.2. If 8 <, then k — (k)] implies k — (H)?.

Fact 1.3. If k — (k)<7, then k — (K:);'Y, for all § < k. (See [H1].)

Fact 1.4. If k — (k)“1¥, then k is measurable. (See [K13].)

Fact 1.5. If v is a cardinal, then k — (k)7 implies kK — (k)<7. (See [H1].)
Fact 1.6. (DC) If k — (k)", then kK — (k). (See [H4].)

Fact 1.7. If k — (k)717, then k — (k)Y for all @ < k. (See [KI3].)

Definition 1.8. A cardinal satisfying k — (k)" is called a strong partition cardinal,
or simply, strong.

This definition reflects current usage of the term, though originally ([KeKIMW])
strong partition cardinals were required to satisfy x — ()5, for all v < .

For proving instances of partition properties under AD, we will need an alterna-
tive formulation of this property. For the rest of this section, we assume AD+DC.

We say a function F' : A — ON has uniform cofinality w if there is a function
F’ : wx A — ON which is strictly increasing in the first argument and is such
that VB8 < A F(8) = sup F'(n,3). We say F : A — ON is of the correct type

n
if F is increasing, of uniform cofinality w, and everywhere discontinuous; that is,
VB < X F(B) > sup F(0).
B'<pB

“k strong” is equivalent to the statement: for every partition P : [k]® — {0, 1},
there is an ¢ € {0,1} and a c.u.b. C' C k such that P(F) =i for all F: k —» C
of the correct type. The equivalence of these two definitions is a straightforward
partition argument left to the reader.

In Definition 1.9 below, we isolate the “minimal hypothesis” on a cardinal x from
which one can carry out Martin’s proof of the strong partition relation.

Definition 1.9. A regular cardinal x is said to be reasonable if there is a non—
selfdual pointclass T' closed under 3“° and a map ¢ with domain w* satisfying:
1. Vzo(x) C K X K.
2. For every function F': Kk — k 3z ¢(z) = F.
3.V8,y < k Rg, € A = T NT, where z € Rg., < ¢(z)(8,7) Ay <
ki (¢(@)(8,7) =7 =)
4. Suppose f < k, A € I A, and A C Rg = {z : 3y < k Rg~(z)}. Then
Iyo < k VYo € A Iy < Rp ().

For x reasonable, we will use the notation Rg, Rz~ as above (of course, this
depends on the coding function ¢). Also, if z € Rg, we let ¢(z)(5) denote the
unique 7y such that ¢(z)(8,7).

We present a sketch of Martin’s proof, assuming AD+DC, that such cardinals
have the strong partition property. We will show later that I" is necessarily closed
under finite (in fact countable) unions and intersections, and A is closed under
< k unions and intersections; we borrow these facts for the following proof and
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Proposition 5.3. One more useful general fact which we use below, and later, is
that if T is a non-selfdual pointclass with T' = 3*“ A (where A = T'NT), then T
is closed under finite unions and intersections. To see this, note that if I' = 3“° A
where A is non-selfdual and closed under V*”, then it is easy to see directly that
T is closed under countable unions and intersections. The only remaining case (cf.
[St1]) is when T' is the base of a type I hierarchy. That is, I' = [J_, A for some
selfdual A closed under quantifiers (and where cof(o(A)) = w). In this case, easily
T is closed under finite intersections.

Proposition 1.10 (Martin). Every reasonable k has the strong partition property.

Proof. Fix a partition P : [k]® — {0,1}. Play the integer game where I plays out
x € w¥, II plays out y € w®. If there is a least ordinal § <  such that = ¢ Rg or
y ¢ Rp, then II wins provided ¢ Rg. Otherwise, let f, f, : K — & be the functions
they determine. Define f, 1k — Kk by fo4(8) = sup max(fz(8'), fy(5)). I

B! <w-(B+1)

then wins iff P(f5,,) =1.

Assume without loss of generality that II has a winning strategy 7. Define
x € 8Sgy = V8 < I <vae Rg.. Thus, Sz, € A. An easy computation
shows that V3,7 < & 7[S5,] € 3*" A (take cases as to whether 3*” A = T, and
use the closure of I' under A in this case). Now, Vy € 7[S5,] y € Rg. Thus,
0(8,v) = sup{¢p(z)(5) : € 7[Ss,4]} < k. Let C C k be the set of points closed
under 6, and C’ C C the set of limit points of C.

Suppose F' : k — C” is of the correct type. We show that P(F) = 1. Let  be such

that ¢(z) determines a function f, : kK — C such that F(8) = sup  f.(8'). We
B’ <w-(B+1)

may assume f(3) > 0 for all 5. Let y = 7(x). Easily ¢(y) determines a function

fy ik —rkand fy () < fo(8+1) for all 3. Thus, F' = f, 4, so P(F) = 1. |

We now introduce a slight strengthening of the notion of reasonableness.

Definition 1.11. A regular cardinal k is very reasonable if there are T', ¢ witness-
ing k is reasonable, and for all § < & there is an 3 A relation B C w* x w* such

that for z,y € Rg, ¢(x)(B) < é(y)(B) < B(z,y).

We note again that in all cases where the strong partition relation on x has been
shown to hold, x has been shown to be very reasonable.

2. AD AND PARTITION CARDINALS

Our focus in this paper is on models of AD plus V = L(R). As noted, this
implies DC as well. Under these assumptions, there are many partition cardinals.
Conceivably, all regular cardinals below © possess some sort of infinite—exponent
partition property.

Martin showed that the first projective ordinal, § } = w1, has the strong partition
property. Martin and Solovay also computed 6:1,, = wy+1 and showed that the only
regular cardinal strictly between 6% and 5% is ws, which is the ultrapower of 6% by
the unique normal measure on &7 (given by the c.w.b. filter).

Jackson ([J1], [J3]) later proved the strong partition relation on 3, computed
5% = w,wv 41, and showed that the only regular cardinals strictly between 6% and
% are the ultrapowers of 83 by the three normal measures on 3 (generated by
the c.u.b. filter and points of cofinality w, wy, or wy respectively). These three
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regular cardinals turn out to be 5411 = Wyt2, We-2+1, and wye1. (In [JKh] some
additional results along these lines are obtained. For example, the cofinality of all
the successor cardinals between &3 and d; is determined. )

In [J2] it is shown how to generalize the main ideas of [J1] (the theory of “descrip-
tions”) to the general projective level. One thus gets the strong partition property
for all the &5, 11, and likewise every regular cardinal strictly between LI 41 and
83,43 is an ultrapower of 83, ; by one of the (2"! — 1 many) normal measures
on &5, 41- Although the full details of the general projective case have not yet
appeared, they are basically the proofs of [J1] augmented with the general theory
of descriptions of [J2].

In fact, the projective ordinal analysis extends with essentially no modifications
to the transfinite 8, for a < w;. Thus, all of the “odd” &) (as usual, limit
ordinals are regarded as even) have the strong partition property, and every regular
k< sup{d.: o < wi} = w,, is the ultrapower of an odd &', by a normal measure
on it.

Past w,,, the arguments of [J1], [J2] no longer suffice for the &), analysis. Al-
though somewhat tentative (and not written up), unpublished work appears to
show that this generalized projective analysis (the “very fine structure of L(R)”)
can be extended to the first inaccessible cardinal in L(R). Up to this point, it
appears that every regular Suslin cardinal has the strong partition property, and
that every regular cardinal is an ultraproduct of regular Suslin cardinals by a nor-
mal measure. Although these results must be regarded as tentative, they would
nevertheless, combined with Corollary 5.12, allow us to extend the results of the
final section up to the first inacessible. Some of the problems arising in attempting
to extend the L(R) analysis further are discussed in [J4].

We conjecture (assuming AD+V = L(R)), that every regular Suslin cardinal
Kk < O has the strong partition property, and every regular A < © is an ultraproduct
of regular Suslin cardinals by a normal measure. Granting this, the results of the
final section can be extended to ©, although Theorem 5.10 falls short of showing
that every (increasing, discontinuous) sequence of very reasonable cardinals (see
section 5) has the strong polarized partition property.

3. MAGIDOR—LIKE FORCING

Assuming that # — (k)<7 and that v is a regular, uncountable cardinal,
“Magidor—like” forcing changes the cofinality of x to v without adding any bounded
subsets to k (thereby preserving the fact that k is a cardinal). No use is made here
of AD+DC. The conditions are defined as follows.

Definition 3.1. We define the set P, .. by

Pyw=1{(s,z):s € k], x€ [H]K,US < ﬂx}

The partial ordering for P, . is: (s',2’) IF (s, z) iff s C &', (2’) C (z), and s'\s = ,t
for some t € [z]<7. We use (z) to denote {,q: g € [z]*}. For p € P, ., we denote
the coordinates of p by pg and p1, i.e., p = (po,p1)-

The sets (x) generate a filter on [k]*. With the strong partition property, this is
a k—complete ultrafilter ([H3]). Note that any two conditions p,p’ are compatible

if po = pg-
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Given k — (k)<7, and 7, a regular, uncountable cardinal, Propositions 1.1, 1.3,
and 1.5 of [H2] show the following;:

Fact 3.2. If ¢ is a formula in the forcing language with respect to P, . and p €
P ks then there is an x € [k]" such that (po, z)||$.

Fact 3.3. VPv~ and V have the same bounded subsets of k.

Fact 3.4. The cofinalities of cardinals in VPv+ are the same as in 'V, except that
a cardinal having cofinality k in 'V has cofinality v in VFr~.

We will sometimes be interested in changing the cofinality of k to w instead of
to an uncountable regular cardinal. k£ — (k)<“* is sufficient to show that Py,
changes the cofinality of £ to w and also satisfies Propositions 1.1, 1.3, and 1.5 of
[H2].

We can improve on [H2]. First we add some notation, in light of Fact 3.2. For
s € [k]<7, we will write s |~ ¢ iff for some = € [k]%, (s,z) IF ¢. Read this as
“s insinuates ¢”. Note that by compatibility, it is impossible for s to insinuate
contradictory statements.

Proposition 3.5. If k satisfies kK — (k)", then forcing with P, ., v < K, preserves
all cardinals.

Proof. By Fact 1.2 and Fact 1.5, K — (k)<7 and hence, by Fact 3.3, no bounded
subsets of k are added. This guarantees that cardinals x and below are preserved.

Suppose that ¢ is a cardinal greater than x, and p IF “f : 6 — (, onto.” For
any s € [p1]<7, let ng = {B < ¢ : Ja < 8(po " ws) |; f(@) = B}. We must have
[Ins|| < 0 < ¢, since ny € V and ¢ is a cardinal in V.

For t € [p1]*, let ny = U {nej(gua) : @ < B, B~ a <~} ie., the union of all n,,
where s is an interval of ¢t of order—type less than . There are exactly x of these
intervals, ¢[(5 \ «), and each comes with a natural mapping from a subset of ¢ into
¢. Consequently ||n¢]| < ¢, otherwise we would have a mapping in V from § X &

onto (.
Let h : [p1]® — ¢ be defined by:

h(t) =) (C~ne).
Define g : [p1]® — 2 by

g(t) = 0 iff g € [t]" implies h(t) < h(q).

Let ¢ € [p1]*® be homogeneous for g. ¢”[q]® = {0}, since if we pick ¢ € [¢]® with
h(t) least possible, we will have g(t) = 0. Let 8 = h(q). Choose s € [¢]<"7 with
B € ns. Let ¥ = g~ Us. Then h(q) < h(sUr) < h(r) by homogeneity for g.
But by definition, h(r) < h(q), since any interval of r is an interval of ¢. Thus, all
these: h(r), h(q), h(s Ur), are equal and equal to S. This is impossible, however,
as B € ng C nsyr- O

4. PARTITION SEQUENCES

More powerful than partition cardinals are sequences of such cardinals satisfying
“polarized partition properties.” The results presented here make no use of AD+DC
except as noted in the counterexample below.
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Definition 4.1. Suppose k is a sequence of cardinals and ¢ is an ordinal. We write:
(k) — (k)5

if for all f : [].c, [5]" — 9, there is a sequence C' € [], ¢ [5]" such that f is
constant on [], o, [C(a)]”. This is a streamlined version of the original notation,
due to Erdos and Rado ([ER]):

%(0) k(0)
k(1)

k(0),k(1),...
—

s
C is called homogeneous for f. If § = 2, the subscript is omitted, and we write
simply (k) — (k)*.

We may on occasion consider properties in which the exponents are taken from
an arbitrary sequence d of ordinals. We write this: (k) — (k). If each element in
the sequence d is the same, §, we will write: (k) — (k)°.

We will also be working with “Ramsey—like” infinite-exponent polarized par-
tition relations. Specifically, we will write: (k) — (k)<° to mean that if f :
Us<s (Hnek [H]B) — 2 is a partition, then there is a sequence C' € [], ¢ [k]"

such that for each 8 < 4§, f is constant on [], ., [C(@)]®. Note that we only
consider partitions on products where each factor has the same length. A more
extravagant definition of exponent “< §” can fail even for § = w. (Assume AD and
let k& be a sequence of cardinals below ©. Suppose we allowed partitions of [k]
for all 0 € [w]*. Since k(0) < O, there is a surjection s : [w]* — k(0). Then the
partition f on (U, ¢, [k]” defined by f(p) = 0iff p(0) < s(o) is a counterexample.)

For brevity and to emphasize the connection between sequences and cardinals,
we define further:

Definition 4.2. For k a sequence of cardinals,
[k]* = TTIx)
rek
Similarly, if z € [k]*, then [z]* = T[,..[z(x)]". If v is a cardinal, then [k]7 =
[.crlc]?s and [K]<7 = U, (Hﬁek [n]ﬂ), with [2]7 and [2]<7 defined similarly.
If z,y € [k], then z < y means that |Jz(k) < Ny(k) for each k € k. If « is

an ordinal, then « < z, * < « are defined similarly. In the same manner, define
all operations, = \ y, for example, component—wise. Finally, let x "y denote the

sequence: [], o, [2(k) ~y(k)].

We list a few results. The proofs are either elementary or exactly analogous to
corresponding facts for partition cardinals.

Fact 4.3. If 3 < v, then (k) — (k)] implies (k) — (k)5 .
Fact 4.4. If (k) — (k)] and m is a subsequence of k, then (m) — (m)].
Fact 4.5. (k) — (k)° implies k — (k)° for every k € k.

Fact 4.6. (k) — (k)* implies (k) — (k)3; for all § < k(0) and d such that d(k) <
forall k € k.

Fact 4.7. If~ is a cardinal, then (k) — (k)7 implies (k) — (k);'y, for all § < k(0).
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Definition 4.8. A sequence k satisfying (k) — (k)*

partition sequence.

Fact 4.9. (DC) If (k) — (k)*, then (k) — (k). .

is called a strong polarized

An easy consequence of Fact 4.9 is that one can obtain a set homogeneous si-
multaneously for countably many partitions of [k]* into 2. See, for example, [H1].

We prove the following proposition as an example of how a cardinal argument
can produce a sequence argument. For a reference, see Theorem 1 of [H1].

Proposition 4.10. Ify < k(0) is a cardinal, then (k) — (k)" implies (k) — (k)<7.

Proof. Suppose we are given f : [k]<7 — 2. We define g : [k]" — 2 as follows. For
W € [k]7, consider the sequence of equations:

f (H (W(F»)(O))> f (H (W(H:)(l))) :

K€k KEK

f<H(W(H)(2)7W(H)(3))> = f(H(W(H)(4)7W(H)(5))>

K€k KEK

As « is a cardinal, there is enough room in v to have ~ equations in the list. Let
g(W) = 0 iff all of the equations are true. Let C' be homogeneous for g.

Claim. ¢"[C]" = {0}.

Proof of claim. With simple pigeon—holing, we can construct a W € [C]Y with
g(W) =0 (start by comparing

f (H (C(Fé)(O))> S <H (C(Fé)(l))> S (H (C(H)@))) ,

K€k KEK KEK

taking two of them, and so on).
To conclude, we claim that C” € [k]* is homogeneous for f, where C’(x) = C(k) |

(K~7).

Proof of claim. Suppose 3 < 7, X, X’ € [C']°. For each r € k, take enough of
C(k) to fill the first < 8 equations in the list and the left side of the Sth equation.
Add to this X (k) plus v much of C(x) above to form W (x), and do the same with
X'(k) to form W’(k). Homogeneity then gives us that f(W) and f(W’) are both
equal to the same number, hence equal to each other. O

Once again, for working with AD, we will use an alternative characterization of
“strong.”

Definition 4.11. Let k be a discontinuous pu—sequence of regular cardinals, that
is, k(a) > sup k() for all o« < p. If X = sup k(a), and F': X — A, we say F' is a
f<a a<p
block function if Vo < pu V3 € [sup k(o), k() F(B) € [sup k(d'), k(a)). We say
a'<a a'<a
C C \is block c.u.b. if Va < p CNk(w) is cub. in k(«). Such a sequence has the
strong polarized partition property if for every partition P of the block functions
on A into {0,1}, there is an S C A such that Yo < A |S N k()] = k(«) which is
homogeneous for P; that is, 3i € {0, 1}V block functions F' : A — S P(F) = i.
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Easily, this property on k is equivalent to the c.u.b version: for every partition P
of the block functions on A into {0, 1}, there is a block c.u.b C C A and an ¢ € {0,1}
such that P(F) =i for all block functions F': A — C of the correct type.

5. AD AND PARTITION SEQUENCES

Throughout this section we assume AD+DC. We will indicate when we are
assuming V = L(R) as well.

Definition 5.1. A regular cardinal k is very reasonable if there are T, ¢ witnessing
k is reasonable, and for all 3 < x there is an 3*° A relation B C w® x w® such that

for z,y € Ry, ¢(2)(8) < ¢(y)(B) < B(z,y).

We note that in all cases where the strong partition relation on s has been shown
to hold, x has been shown to be very reasonable.

The main result of this section, Theorem 5.10, implies (cf. Corollary 5.11) that
any sequence of very reasonable cardinals of length less than sup 5; has the desired

n

strong polarized partition property (in fact Corollary 5.12 extends this to longer
length sequences). This has the effect of “decoupling” the arguments of this section
with those of the (generalized) projective hierarchy analysis. Thus, the arguments
of this section do not require knowledge of the projective hierarchy analysis of [J1]
or [J2]. For the purposes of this paper, the reader may “abstractly” assume that
all of the odd 6;, « < wq, are very reasonable, and that all of the regular cardinals
below w,, are ultrapowers of these by normal measures.

One of the main ideas in the arguments of this section involves the Kechris—
Woodin theory of generic codes (see [KeW]) as well as a category argument in-
volving the generic codes. Similar ideas were used in [J5] to establish the &5
supercompactness of the projective ordinals.

We present now a result giving sufficient conditions for a sequence k to have the
strong polarized partition property. It is similar in spirit to the “abstract form” of
Martin’s Proposition 1.10 earlier.

Definition 5.2. Let k£ be an increasing, discontinuous p—sequence of regular car-
dinals. We say the sequence is reasonable if there is a sequence of non-selfdual
pointclasses {T's}a<, each closed under 3, and a function ¢ with domain w®
satisfying:

1. For all x € w¥, ¢(x) C X\ x A, where A\ = sup k(«).
a<p

2. For every block function F' : A — A\, 3z € w* ¢(x) = F.
3. Va < u Ry € Apt1, where z € R, — Va/ < a V5 € [ sup k(o) k(a)))

a//<a/
Iy € [ sup k(a"),k(a)) [¢(x)(8,7) AVY < X ¢(z)(8,v") — v =~]. Thus,
a//<a/
x € Ry iff ¢(x) is a block function through k(«).
4. Yo < p VB,v € [sup k(d/),k(e)) Rapy € Ay, where x € Rop, <
a’<a

o(@)(B,7) AVY' < k(@) (6(2)(B,7') =" =7).
5. Suppose o < u, B € [sup k(o),k(e)), A € ¥ A,, and A C R, 3, where
a’'<a

z € Rop > Iy < k(a) z € Rag~. Then sup{o(z)(8) : z € A} < k().
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We note that (3) is the new requirement. Likewise, we say the sequence is
very reasonable if it is reasonable and Va < p VB € [sup k(o/),k(e)) 3B €

o' <a
3 A Ve, y € Ra,sld(2)(8) < 6(y)(8) < Bz, )]
We will also use the notation R, Ra,g, Ra,g,y throughout, relative to a coding
function ¢ for the sequence {k(a)}a<p.

Proposition 5.3. Every reasonable p—sequence k has the strong polarized partition
property.

Proof. Play the integer game where I plays out « € w* and II plays out y € w*. Say

x is (o, B)-good if x € R, g, and similarly for y. Otherwise, say = is (o, §)-bad. If

there is a 8 < A such that x or y is (o, 3)-bad (where 8 € [sup k(o), k(«))), then
a'<a

IT wins provided z is (a, 3)-bad for the least such 8. If both z, y are («, 3)—good for
all § < A, then ¢(x), ¢(y) are block functions. In this case, II wins iff P(f;,) =1,

where oy ()= sup max(9(@)(#), o))

B/ <w-(B+1
Suppose that II wins by 7 (if I wins, the argument is similar but slightly easier).
If 3, € [sup k(a/), k(c)), define x € S g — (V&' <ax € Ry) ANV < Ty <
a'<a

v x € Rap ). Let g(8,7) = sug{qﬁ(T(x))(ﬁ) : T € Sap,4). Since Sop, € Aq,
and A = 7[Sa 8,4] € Ra,p is in 3¥ Ag, g(8,7) < k(). Let C C X be block c.u.b.
and closed under g, and let C’ be the limit points of C. Suppose F': A — C' is a
block function of the correct type. There is an increasing block function f: A — C

such that Va < p V3 € [sup k(¢/),k(e)) F(B) = sup  f(F'). Let ¢(z) = f,
a'<a B’ <w-(B+1)

and y = 7(x). From the definition of C, ¢(y)(8) < ¢(x)(8 + 1) for all 8 < A, and

thus F' = f; . Hence, P(F) = 1. O

We recall some results in the abstract theory of pointclasses which we will need
below. The reader not wishing to trudge through the pointclass arguments of
the next several lemmas (which assumes some familiarity with [St1]) may skip to
Proposition 5.7, and strengthen the definitions of reasonable, very reasonable, by
requiring the additional closure properties of I, A.

First, if T' is a non-selfdual pointclass closed under 3 or V¥, then either
PWO(T) or PWO(T"). This is shown at the end of [St1], and generalizes a result of
[KeSoSt]. Secondly, if T' is a non-selfdual pointclass closed under 3 and PWO(T),
then T is closed under well-ordered unions. If T is closed under V** as well, this
is Theorem 1.1 of [JMa]. If T' is closed under countable intersections (note: T' is
closed under countable unions), then this follows from Lemma 2.4.1 of [KeSoSt].
This includes the case where I' = 3“T", for some non-selfdual I closed under
V", The only remaining case (cf. the analysis at the end of [St1]) is when T is at
the base of a type I hierarchy. That is, A = I'N T is closed under 3¢, v*”, and T
is the collection of countable unions of sets in A. We sketch the proof in this case.

Towards a contradiction, let  be the least cardinal so that |J, T Q I'. Thus, &
is regular and by the Coding Lemma x > o(A), the Wadge ordinal of A (which
is also the supremum of the A pre-well-orderings; see [KeSoSt]). Also, k # o(A)
as cof(0(A)) = w. Thus, & > o(A). Let Ty = 3*°I'. By Wadge, I C |J,. T, and
so 't € |, I'. Using the regularity of «, let (A, : @ < k) be a strictly increasing
k sequence of sets in T' whose union A is in T'. Let B = {z : S, C A}, where
S is universal £}. B € T' as T is closed under ¥** and V. Let B = |J__, Ba,

a<k
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where B, € T'. If we replace A, by {y : 32 € B, (y € Sz)}, then the A, form
a X}-bounded union of T' sets; that is, every X7 subset of A is contained in some
Ag. Let C be a universal T' set. Play the game where I plays x, II plays y, z, and
Il wins iff 2 € A — Ja > [2|(Cy = Aa Az € Ao — U, Ap), Where || is the least
o < k such that z € A,. By X} boundedness, IT wins, say by 7. Define x < y iff
v,y € ANT(Y)1 & Criz),- Thus, <is a I’ pre-well-ordering of length . By the
Coding Lemma, then, |J, I' € T'1, and hence |J.I' =T'1. Now, A; =T\ N I is
clearly also not closed under  unions, and any x union of sets in A is in I';. Thus,
'y = U, A1, where &’ < & is least such that A; is not closed under &’ unions.
This, however, shows PWO(T;), a contradiction, since by periodicity PWO(T;)
(this last part is an argument of Martin).

The next several lemmas develop the abstract theory of reasonable pointclasses.

Lemma 5.4. Suppose K1 < Kg are reasonable with corresponding pointclasses
'y, Ts. Then 3“°I) C Ay =Ty NTs.

Proof. 1If not, then I's = waf‘l. Then either I'y or I's has the pre—well-ordering
property. Assume first PWO(T'1). Thus, I'; is closed under well-ordered unions.
For v < k1, consider Ry, = {z : ¢(x)(0) is defined and < v}. ¢ here refers to the
coding for x;. By reasonableness, each Ry, € Ay, and so R = U'y<m Ry, €Ty
This contradicts reasonableness if I'; = 3““ A;. So assume A is closed under real
quantifiers. Note that Ty is not closed under V¥~ by assumption. By PWO(T'y), an
inspection of the hierarchy analysis (cf. [St1]) shows that T’y is the base of a type
I hierarchy, that is, I'y = [J_, A1. Since cof(0(A)) = w, we must have o(A1) # k.
We cannot have k1 < o(A1), as then (by the Coding Lemma and the fact that
cofinally many of the Ry, lie in some fixed A C A;) R € Ay, a contradiction to
reasonableness. So o(A1) < k. Since k is regular, there is a non—selfdual A C A,
closed under 3*° with PWO(A), and such that x many of the Ry ., are in A. Since
A is closed under well-ordered unions, R € A (note: the Ry~ form an increasing
sequence), a contradiction to reasonableness. Assume now PWO(T'3). We may
assume As is closed under real quantification, arguing as above. This, however,
contradicts T'y = 3¢°Ty. O

Lemma 5.5. Let k be reasonable, with corresponding pointclass T', and map @.
Then k is the supremum of the A pre—well-orderings of the reals. Furthermore,
T is uniquely determined from k. Finally, PWO(f‘) if T is not closed under real
quantification.

Proof. Let A = I'NT, and first assume A is closed under real quantification. Thus,
o(A) is the supremum of the A pre—well-orderings (cf. [KeSoSt]). We cannot
have k < o(A), as then by the Coding Lemma there is an unbounded subset of
Ry = U,., o,y in A, violating the reasonableness of x. If kK > o(A), then by
regularity of x, x many of the Ry, lie in some non-selfdual pointclass A C A
closed under 3*” with PWO(A). Then Ry € A C A, violating reasonableness.
Thus, £ = o(A). In particular, o(A) is regular, so I" cannot be the base of a type I
or IT hierarchy. If T is not closed under real quantification, then from [St1] we have
PWO(T), as T is closed under 3*° ([St1] shows that PWO falls on the side closed
under V¥ at this level).
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Assume now I' = 3*“ A. We cannot have PWO(T'), as then T is closed under
well-ordered unions, so Ry € 3*” A, violating reasonableness. Thus, PWO(T"). Let
0 be the supremum of the lengths of the A pre—well-orderings.

Suppose first that T' = 3““T'_ for some non-selfdual T'_ closed under V< (this
covers all cases except for I' = I'_VI'_ where I'_ is closed under real quantification).
The Coding Lemma again shows § < k. Suppose towards a contradiction that
§ < k. Let Ty = 3T, so I'y is closed under well-ordered unions. By PWO(T),
Us T # T, and hence | J; T' = I'y. In particular, Ry = |J,.5 Aa, where each A, € T
One of the A, must be unbounded in k(a) (with respect to the sequence Ry ),
contradicting reasonableness.

In the remaining case, I' = T'_ VI'_ where I'_ is closed under real quantification.
We will show this case cannot occur. Without loss of generality assume PWO(T_).
First, the Coding Lemma easily shows that x > d_ = the supremum of the A_
pre—well-orderings. Also, we cannot have x = J§_. If so, then by the Coding
Lemma we could get a I'_ set A C |J,_, Ro,, which is unbounded, that is, not
contained in any R .. This contradicts reasonableness. So assume x > §_. Let
Iy =3 (I'_ AT_). From [St1] we have PWO(T') and thus PWO(T';). Hence, T';
is closed under well-ordered unions. In particular, Ry = U'y <o~ € T'1. Also,

we easily have I'y = (J;_ I'_. Write Ry = Uacs Aa where A, € I'_. By the

regularity of s, some A, is unbounded in the Ry, union. Since A, € I'_ C A,
this contradicts reasonableness.

It remains to show that x determines I'. Suppose I';, I's both witness the rea-
sonableness of k, and suppose I'1 C I's. If I'; is closed under countable intersections
but not real quantification, then by standard arguments using PWO(f‘) there is a
I'; pre-well-ordering of length x = the supremum of the lengths of the A; pre—
well-orderings. Since I';y C A,, we contradict x being the supremum of the A,
pre—well-orderings. In the remaining cases, A; is closed under real quantification.
If Ty is not closed under real quantifiers, then by Lemma 5.4 (the proof still holds
when k1 = Ka) T C As. However, there is an S0 A pre—well-ordering of
length x, a contradiction. Finally, if I'; is closed under real quantifiers, then there
is a T'; ATy pre-well-ordering of length . Since PWO(3*” (T'; A T)), we must
have 3¢” (T A f‘l) C A, a contradiction. O

Lemma 5.6. Let s be reasonable with corresponding pointclass T' and map ¢. Then
T is closed under countable unions and intersections. Furthermore, A is closed
under < K length unions and intersections.

Proof. If T' = 3““ T for some Iy closed under V¥, easily T is closed under count-
able intersections. As observed in the previous lemma, for the remaining cases we
have A closed under real quantification. We must show I" is closed under countable
unions. From Theorem 2.2 of [St1], it suffices to show I" is closed under finite unions.
Let T be the collection of X}-bounded unions of A sets of length x = o(A). Let
I likewise be the collection of A-bounded unions. Clearly I C I''. The proof of
Theorem 3.1 of [St1] shows that T = I'. By reasonableness, the Ry, 7 < K, form
a A-bounded union of A sets whose union Ry is not in A. Thus, I'"' = I'". We now
follow the argument of Theorem 3.2 of [St1]. Let A, B € T, and by RED(T") we may
assume AN B = (). Write A =, Aa, B = Uy, Ba as A-bounded unions. It
suffices to show the union AUB = J,,_,.(Aa UB,) is B{-bounded. Let S C AUB
be £1. SN A eI as T is closed under conjunction. Also, SNA=SNB°eT,
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as T is closed under conjunction with X} sets as Steel points out (the union of a
I' set and a IT; set can be written in the form Vz(U V T') where U is open, and T'
is easily seen to be closed under unions with open sets). Thus, SN A € A, and
likewise SN B € A. By A—boundedness, S C A, U B, for some a < k.

The closure of A under < x unions follows easily from the Coding Lemma and
the regularity of k if A is closed under quantifiers. Otherwise, Martin’s argument
shows PWO(T'), a contradiction to Lemma 5.5. O

The next is a special case of Theorem 5.10 (with reasonable replaced by very
reasonable), but is simple enough to present separately.

Proposition 5.7. Let k be an w—sequence of reasonable cardinals with correspond-
ing pointclasses T';. Then k has the strong polarized partition property.

Proof. By countable choice, let ¢;, along with the I';, witness the reasonableness of
k(). We may identify k(i) with [sup k(i'), k(i)), and thus ¢;(z) C [sup k(i'), k(i) %

i/ <i i<

[sup k(i’), k(7). With this convention, let ¢(x) = |, ¢i(x;), where x — (o, 21,...)
is; recursive bijection. Properties 1,2 are immediate, and 3,4,5 follow easily pro-
vided we show that R; € A;11 for all &. Now z € R; iff x € R;—1 and V8 < k(i)
Iy < k(i) z € Ri g,y By induction, R;—1 € A; C A;y1. Also, each R, 5, € A;.

Assume first that T'; is closed under real quantifiers, and without loss of generality
assume PWO(T") (the reasonableness hypothesis in this case is symmetric between
T'; and 1:‘1-). Thus, T'; is closed under well-ordered unions, and hence R; is a
intersection of T'; sets. It suffices to show that a & union of I' sets is in A;4;. Let
I'* = 3 (' AT). Then PWO(T™) (see [St1]), so T'* is closed under well-ordered
unions. In the proof of Lemma 5.5 we showed I'* = I'; 11 is impossible, and thus
" C A

Assume now that T; is not closed under real quantification, so PWO(T;). Let
Ty = 3“°Ty, so PWO(T}) and T is closed under well-ordered unions. It suffices
to show that Uk(i) Iv‘;-* C Aj41. First note that there is a I'; pre—well-ordering of
length k(). This follows from the existence of a k(i) increasing sequence of sets in
A, and the closure of I'; under well-ordered unions. From the Coding Lemma, it
follows that [y, Ty € 3*"T. If equality holds here, then easily PWO(3*"T),
a contradiction. This gives the desired result unless T';;; = I'Y. This, however,
contradicts Lemma 5.4. O

It is natural to ask how far Proposition 5.7 can be extended. That is, for which
a < O can we show that an increasing, discontinuous « sequence of reasonable
cardinals has the strong polarized partition property?

We assume V = L(R) for the remainder of this section, though AD+DC+
“within scales” would suffice for many of the results (e.g., Corollaries 5.12 and 5.13).
Recall 2 is the largest Suslin cardinal in L(R). If o < 82, let s() be the least
Suslin cardinal > « such that the class of s(«)-Suslin sets is of the form 3 (Jg(R))
for some (3 beginning a 31—gap. Thus, we “skip over” the Suslin cardinals ocurring
at the end of a gap. Let Sy, be the pointclass of s(a)-Suslin sets.

The point here is that the construction of scales for such pointclasses is uniform,
according to the analysis of [St2]. That is, there is a function which assigns to each

a < 67 a universal Sy set Py, and an Sy(,)-scale 65 on Py(o) with (;53(0‘)
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onto s(c). For x € Py, we let |zy4) abbreviate qﬁg(a) (x), and similarly for other
scales.

Definition 5.8. Let k£ be an increasing, discontinuous p—sequence of reasonable
cardinals with corresponding pointclasses T',, for each k(«). We say that k is proper
if Va < i (V" Sy C Ta).

In general, properness requires the k(«) to be sufficiently spread out, although
the requirement is trivial for short sequences. For example, an w1 sequence is proper
provided only k(0) > &3.

We recall some facts from the Kechris—Woodin theory of generic codes that we
will need for the proof of our main theorem. Fix for the moment ag < 87, and
thus Pa(ag)s $n = 05 °°). The main lemma of [KeW] says there is a Lipschitz
continuous function G : s(ag)® — w® such that V£ = (a, 8o, f1, . ..) € s(a)* Vn €
w G, € Py(ao) (Where y — (yo,¥1,...) is a recursive bijection). Furthermore, if
t enumerates an honest set T, then ¥n ¢o(G(f),) = Bn. Recall T € P, (s(ap)) is
honest if V3 € T' 3z € Py ao [¢0( ) =B AVn ¢p(x) € T].

Recall also that w; is 87— supercompact (Solovay), that is, there is a fine normal
measure on P, (82). By Woodin [W], this measure is in fact unique. We write
V*T € Pu, (s(ap)) to mean almost all with respect to this measure. By normality,
almost all T" are honest.

Fix now p < 5% and a proper u—sequence k. The proof of the generic Coding
Lemma of [KeW] shows that the coding function G is obtained uniformly in the
set Ps(qy) and the scale ¢fl(°‘0) on Py, for ag < p. G is obtained as a winning
strategy in a Suslin, co—Suslin ordinal game on s(ag). The trees witnessing that the

game is Suslin, co-Suslin are obtained uniformly from Py(4,), On s(x0) , and the third
periodicity argument of [Mol] shows G is obtained uniformly from these trees.
Thus, we have a Lipschitz continuous function G satisfying:
1. Ya < p (B, Ba,...) € s(a)® G(I) € Py(a), where t= (o, B1,02,...).
2. If (o, B1,B2,...) € s(a)* enumerates an honest set (with respect to Py,
¢fl(a)), then Vn ¢8(a) G(t)n) = Br_1 (with By = ).
We fix this function G for the remainder of this section.

Lemma 5.9. There is a Lipschitz continuous function F : pu* — w* such that
Vo < u VB € s(a)?, ift = (o, B) enumerates an honest set then u = F(t) codes the
following:
1. AT, universal set A,.
2. A map ¢y such that (k(a),Ta, ¢u) is reasonable. We let Ry, Ry g, Ry 5.4
denote the corresponding sets.

The exact manner in which v codes these objects is not important, say by the
Coding Lemma relative to a fixed set of high Wadge degree.

Proof. Consider the game where I plays o < p, (1,0s3,... € s(a), and II plays
B2, B4, ... € s(a) and also u(0),u(1), ... building v € w*. II wins in case 1,2 above
hold, Where in place of a we use %(a) G(t)o).

First note that the game is determined by a variation of the usual reflection
argument. The payoff set for II is of the form (a, 3) € A iff (o, G(f)) € B, where
B CuxwY and G : pu¥ — w® is continuous. If the game is undetermined, then
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there is a § < &5 and A', B, G', i’ € J5(R) such that Js5(R) |= (enough of ZF) +
(A’ is not determined). However, if B, = {z : (a,z) € B'}, then the B/ are
uniformly X;(J5 (R)) for some & < 87 (that is, there is a function sending a to
a X1(Js (R)) definition of B,). This shows that A" C p/* is Suslin, co-Suslin in
L(R), and thus determined. By the Coding Lemma, a winning strategy for A’ lies
in J5(R), a contradiction.

It is easy to see that I cannot win this game, for II just enumerates an honest
set containing I's first move a (relative to ¢ ®) and plays an appropriate u. A
winning strategy for II gives F. O

We fix this F for the proof of the theorem below.

We shall deal below with Lipschitz continuous functions o : u* — w* such that
for o < p, § € s(a)* and £ = (v, 3) enumerating an honest set T, y = o(£) codes a
comeager set A, C T* and a continuous function f, : A, — w*. By this we mean
precisely that o is a strategy for IT in a game where I plays o < p, 81, 03, ... < s(«),
IT plays B2, B4, ... < s(a) and y(0),y(1),.... If the a, 3 enumerate an honest set
T, then we require y to code the comeager set A, and the continuous function f,
as follows. y codes dense open sets D, C T%, and A, = (), Dn. Also, D, =
U{Ns : s € T<‘“ A 3mﬂy(<0,n,m, (2ag,...,2a5))) = 1A s = (B2agy--- s P2a1)}-
Here Ny = {t € T% : t extends s}. Also, y codes the continuous function f, :
Ay — w* by fy(Ay N Nig,,, ... faa,)) © Ny, for r coding a sequence in w=*, iff
y({1, (2ap, ... ,2ax),r)) = 1, and for all basic neighborhoods N in Dy, 3r coding a
sequence of length k such that f,(Ns) € N,. Note that only II’s ordinal moves are
used in the coding. Also, for fixed ordinal moves ¢ by I and II, the set of y coding
a comeager set A, and a continuous function f, : A, — w* is Hg.

Any o € w® codes a relation Ry C U, ,(s(a)<¢ x s(a) X w) via the Uniform
Coding Lemma and S,(,)—pre-well-orderings of Py, of length s(c). Note that the
analysis of [St2] shows that these pre-well-orderings are obtained uniformly in o.
Thus, uniformly in «, the relation R, ((xo, ... ,zn), ¥, k) < ((|zol,- . ,|zal), |yl k) €
Ry is in Sgay. That is, Ry [ s(a)<* X s(a) X w is Sy(4) in the codes, uniformly
in a. We usually just write (8,7, k) in place of R (3,v,k), or 0(5) = (v,k) if o
defines a strategy.

The next result is the main theorem of this section.

Theorem 5.10. If k is proper, then it has the strong polarized partition property.

Proof. Let p be the length of k. We define the function ¢ which together with the
T, satisfies Definition 5.2. Let 0 € w*, a < u, 3,7 € [sup k(’), k(a)). We define
a'<a

d(0)(B,7) to hold provided:

1. o | s(a)<¥ x s(a) X w is a strategy for IL If £ = (a, ) € s(a)®, let o(f) denote
the real formed from the integer moves of o against ¢.

2. V*T € P, (s(e)) VT = (o, B) € T o(f) codes a comeager set Ay €T
and a continuous function o (%, —) : A, — w* such that Vi o€ T, if
x=o(t, 1), u= F(f), then z € Ry 5.
To finish the proof of the theorem, it suffices to show properties (1)—(5) of Defi-

nition 5.2 for the coding ¢. Property (1) is trivial.

To verify (2), let H : A — X be a block function, where A = sup k(a). Play the
a<p
game where I plays a < pu, then I and IT alternate playing out 1, fa, ... < s(«), and
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1T makes additional integer moves y(0), y(1), ..., building up y € w*. Let = (v, §),
and T be the set they enumerate. Let &’ = (|G(£)o|s(a), |G(E)1ls(a)s--- »), and T’
the set enumerated by #’ (thus 7' = T’ if T is honest). II wins provided y codes
a comeager set A, C (7”)* and a continuous function f, : A, — w* such that for
all i) € Ay, if u = F(t) and w = f,(£1), then ¢, (w) = H | [sup k(a'), k(a)) ¥
a’'<a

[sup k(a’), k(a)). This game is determined by the usual reflection arguments (as
a’'<a

before; see also [KeW]) since the payoff depends only on G(#). T cannot have a
winning strategy o, for if ¢’s first move is «, IT enumerates an honest subset of s(«)
containing a closed under the strategy o, and enumerates also a y € w* as required
for T = T’. The fact that y exists follows easily from the fact that any relation
R C w¥ x w* can be uniformized on a comeager set by a continuous function. A
winning strategy 7 for II produces the desired code for H.

Property (3) follows easily from (4), since a set R, which is a k(«a) intersection
of sets, each of which is a k(«) union of sets in A,, lies in T'yy; since Ayyq is
closed under k(a)) unions and intersections from Lemma 5.6.

To verify (4), fix a < p, 8,7 € [sup k(¢/), k(a)). Consider first the case where

a'<a

T, = 3““A for some A closed under ¥*“ contained in A, Thus, A is closed under
finite unions and intersections. Fix a universal set U C (w*)3 for A subsets of (w*)?.
By a game argument as above, there is a strategy 7 : s(a)¥ — s(«)*¥ xw such that for
all § € s(a)” with & = («, 3) enumerating an honest set T closed under 7, 7(f) codes
a comeager set A,z C T and a continuous function Tt —) : A, # — w* such that
for #; € Ay i wr = 7(f,11), and u = F(t;), we have Vo[RE ., < IrU(w,z,7)].
Suppose now o € R, 3. By the game argument again, there is a strategy p :
s(a)® — s(a)¥ x w such that for all § € s(a) with £ = (a, §) enumerating an
honest set T’ closed under p, p(f) codes a comeager set A o T and a continuous
function p(i,—) : o) — w such that Viy € Ay p(t, 1) codes a comeager set
Ap(t 7,y © T* and a continuous function p(tto,—): A p(f7y) — w* such that for all
ftheA o(77y) We have: if z = o(to, 1), w = 7(ty, t1), then U(w, z, p(t, 1, t1)). Thus
we have:

Ir € w¥ (r codes a strategy p : s(@)¥ — s(a)¥ xw)

such that VT € P,, (s(a)) V£ enumerating T [(T

closed under p) — (f@ codes a comeager /3 (@)

and a continuous p(t,—) : 4,5 — w¥) AVl €

ccRop, &
Ay p(t,t) codes a comeager A, 7, and a con-

tinuous (£, fo, —) : Ap(t iy — w such that
Vi1 € Az iz = o(to,11),w = 7(to, 1), then

U(w, z, p(t 0, 11))]].

This shows that R, g, € I'a. To see this, note that (r codes a strategy p :
s(a) — s(a)? x w) is a V“’WS’S(Q) relation on 7, using the Coding Lemma applied
to the pointclass S,(4) (there is a Sy(,) pre-well-ordering of length s(a)). Likewise,
to say b codes a sequence ¢ closed under p is an Ss(a) relation, and also to say
p(f) = c defines an S,(4) relation in b, c. Since e Ss(a) € A, the claim follows. A
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similar computation shows =R, 5, € Ty (use a strategy 7 as above with 7(Z, ;)
coding {x : Rj__}°).

The proof when A, is closed under real quantification is similar, so we just give a
sketch. An easy game argument shows that if cof (k) > s(«) and G : P, (s(a)) — &,
then 36 < k V*T € Py, (s(a)) G(f) < §. Using this and the additivity of category
it follows that 30 < k(a) such that V*T € P, (s(a)) V*3 € T% if £ = (a, 3) and
U = f) then Rj . has Wadge degree < 0. Fix a universal set U C w* x w"
for some non-selfdual pointclass of Wadge degree d < o(U) < k(o). There is a
strategy 7 : s(a)* — s(a)¥ x w such that if £ = (o, 3) enumerates an honest set
T closed under 7, then 7(#) codes a comeager set AT(B and a continuous function
(T, —) : A7 — w* such that Vi, € A ifu = F(t1) and w = 7(t,11), then
Uy = Rjz . We may then compute directly:

VT € P, (s(a)) VT = (a,f)
T V*tleT‘“ ( ( t1 ,O'(t,tl)

Since A, is closed under quantifiers, this shows R, 5.4 € Aq.

Finally, we verify (5). Assume first again that T', = 3*” A as above. Fix a < p,
B € [sup k(a’), k(c)), and suppose D C R, s is in 3" A,. Let now 7 : s(a)* — w

a’'<a

oc€Rapy & )e

be such that V*T € P, (s(a)) V& = (o, f) € T 7(£) codes a comeager A q CT?
and a continuous function 7(Z, —) : A7 — w* such that Vit € A g ifw= (i, 1)
and u = F(t1), then By, = {(z1,22) : 3rU(w, (1, 22),7)} along with Ty, ¢, witness
the very reasonableness of k(). Define a relation < on D by:

VT € Py, (s(a) V'T = (o, f) € T V*Ty € T [if
01 <02 < 11 = O’l(t,tl), To = 0'2(t, tl), w = T(t,tl), then
((El,xz) S Bw]
Ir € w¥ (r codes a strategy p : s(a)¥ — s(a)¥ Xw)
VT € P, (s(a)) V& = (a,3) € T Vi € T¥
Vi € T [if m1 = o1(fo,11), 22 = o(f,11), w =
T(%vfl)? then U(’UJ, <T’1’$2>7 P(ﬁﬁ)aﬁ))]

This shows <€ T'y, = 3*“A,. Easily < is a pre-well-ordering, and thus has
length 6 < k(«). The regularity of k(«) then gives that sup{¢(c)(8) : 0 € D} <
k(«), verifying (5) in this case. The case where A, is closed under quantifiers is
easier, and is left to the reader.

This completes the proof of Theorem 5.10. O

We note that the proof of Theorem 5.10 actually showed that the sequence k is
very reasonable.

Corollary 5.11. Let p < sup 6711. Then any increasing, discontinuous sequence
new

{k(a)}a<u of very reasonable cardinals has the strong polarized partition property.

Proof. Split the sequence into an initial part {k(a)}a<w+1 and a terminal part
{k(®)}wt1<a<p. From Theorem 5.10, {k(c)}w+1<a<p is very reasonable, say wit-
nessed by 1. The proof of Proposition 5.7 shows that from ¢ and {¢a}a<w+1
witnessing the very reasonableness of k(«) for a < w4 1 we may construct a ¢
witnessing the very reasonableness of the entire sequence {k(a)}a<p- |
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Using the same sort of argument, we may extend the corollary somewhat further.

Corollary 5.12. Let p < the first inaccessible cardinal. Then any increasing,
discontinuous p—sequence k of very reasonable cardinals has the strong polarized
partition property.

Proof. (sketch) Suppose not, and let u € ON be least such that there is an in-
creasing, discontinuous sequence k of very reasonable cardinals which is not very
reasonable. The proof of Proposition 5.7 shows that p is a limit ordinal of un-
countable cofinality. Note that u < &%, the Wadge ordinal of the class of inductive
sets (the first non—selfdual pointclass closed under real quantification). Also, [St1]
shows that for k < kF, Ss(r) (recall Sy, denotes the s(x)-Suslin sets; here s(x)
is the next Suslin cardinal after k) is the next non—selfdual pointclass closed under
347 after S(k), that is, 3 S(k). An easy induction then shows Voo < p1 Sy(a) C Ta.
Using Lemma 5.5, one has V" Sy(0) € A(Taq1).

Suppose first 4 = xT for some cardinal x. Then, Yo < p V&~ Ssa) € AT ).
Thus, we split the sequence into the initial part & | (k + 1) and a terminal part
k| (u~ k). A coding function 7 can be found for the terminal sequence from
Theorem 5.10, and a coding function ¢ for the initial part by induction. The proof
of Proposition 5.7 allows us to combine these to produce the desired coding function
for the entire sequence.

We may assume now cof(pu) = A < p. Fix an increasing, continuous, cofinal
map 7 : A — pu. By the splitting argument, we may assume V“wSS(A) C A(Ty).
For § < A, by the “4*"”—block we mean [sup k(7 (d")), k(7(5))). By induction, for

6'<o

all § < X there is a very reasonable coding function for the §**~block (though we
may not be able to choose them uniformly). The proof of Theorem 5.10, however,
goes through for “blocks” of cardinals which are very reasonable (in Theorem 5.10
the blocks were singletons). This shows the entire sequence is very reasonable, a
contradiction. O

The first two paragraphs of the previous proof actually show the following.

Corollary 5.13. Let p < k%, and k an increasing, discontinuous p—sequence of
very reasonable cardinals such that for all limit o < p, k(«) > the least very rea-

sonable cardinal greater than sup k(o). Then k has the strong polarized partition
a'<a

property.

Corollary 5.12 shows that any sequence of very reasonable cardinals of not too
great a length has the strong polarized partition property. Corollary 5.13 allows
greater length sequences, but imposes a mild “spreading out” condition on the
sequence. The next result shows that we may obtain sequences of any length
< © with the strong polarized partition property, provided we spread the k()
sufficiently. The proof is easier than that of Theorem 5.10, and uses only the
Coding Lemma.

Theorem 5.14. Let u < ©. Then there is an increasing, discontinuous pi—sequence
k of reqular cardinals having the strong polarized partition property.

Proof. We construct a § > u sequence k of cardinals and corresponding pointclasses
T, satisfying:
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1. There is a pre—well-ordering < of length § such that Vo < § <[ a+1 € A,.
Here, <[ a denotes the pre—well-ordering restricted to reals of rank < a.

2. T, is closed under quantifiers and has the pre—well-ordering property uni-
formly in «. That is, there is a function which assigns to a < § a I',—universal
set A, and a I',—pre-well-ordering ¥, on A,. Also, k(«) is the supremum
of the lengths of the A, pre—well-orderings.

Granting this, we define the desired coding function ¢ as follows. Via the Uniform
Coding Lemma and the pre-well-ordering <, every real = codes a relation R, C
dom(=<) x w*. Likewise, for all @ < ¢, every real z codes a relation R with
dom(A,) via the Uniform Coding Lemma and the pre—well-ordering ¢,. For av < ¢
and B, € [sup k(o) k(a)) we define

a' <o

y, z, wy, wely € dom(<) A |y|l< = a A Ry(y,2)
AN wi,we € Ay A |w1|¢a = A A |’LUQ|¢,CY = v

o(x)(B,7) & A RI(wi,wz) A VY 2w wslly[< = lyl< A
Ru(y, ) A [wily, = |wily, A RE(wi,wy) —
(wy € Aa A |whlp, = |waly,)]]-

It is straightforward to check properties (1)—(5) of Definition 5.2 for the coding ¢.
To check (4), for example, note that for o, 3, v as above, R 3,4 = {2 : ¢(x)(8,7)} €
A,, as A, is closed under quantifiers. (5) follows easily from the fact that every
A, subset of A, is bounded below k(«) with respect to 1.

The k(a),T, may be constructed in several ways. For example, let T' = 33(u)

=3 (L(R); ) ! the sets 3}, definable in L(R) from parameters p and reals. Then
T is closed under countable unions, intersections, 3¢, ¥*“. The pointclass %7 (1)
resembles E% (except it doesn’t have the scale property). Let o be the least ordinal
such that Ls(R) < L(R), that is, elementary for 3; formulas with parameter u
(and reals). Then T has Wadge degree §, and A = J,_5 La(R) Nw® (cf. Lemma
1.12 of [St2]). Define k(«), I‘ for a < § by induction: let k(a) be the least ordinal
> sup k(a/) such that T'y, = El(Lk(a) (R); ) is closed under countable unions,
a'<a
intersections, 3*”, V¥, and is not equal to 3;(Lg(R);u) for any 3 < k(). The
regularity of § and a reflection argument show that k(«) is well-defined. For <,
we may take the natural pre—well-ordering on reals x viewed as coding X1 (Z, p)
statements 6, (where Z(n) = z(n + 1)). Namely, < y iff 3o Lo(R) = 0, A =0,
Likewise we define 1, (so 1, is an initial segment of <). O

In view of Corollary 5.12 and Theorem 5.14, the following conjecture seems
plausible.

Every increasing, discontinuous p—sequence k of (very) reasonable cardinals of
length p < © has the strong polarized partition property.

A proof of this conjecture may depend on further extensions of the detailed L(R)
analysis.

Finally, we present a result which extends Theorem 5.10 to partitions into more
than 2 pieces.

Proposition 5.15. Suppose k is a proper p—sequence. Then k has the strong po-
larized partition property for partitions into < k(0) many pieces.

Proof. Fix k and the associated pointclasses I',, and fix a partition P of the block
functions into 6 < k(0). For all 5 < §, P induces a partition Ps defined by:
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Ps(F) = 1iff P(F) = 3. Towards a contradiction, we may assume each Pg is
homogeneous for the 0 side.

From Lemmas 5.5, 5.6 it follows that for all o < p there is a pre-well-ordering
of length k(a) such that every A, subset of the field is bounded in the norm
(use PWO(T',) and the closure of T',, under A which allows the usual boundedness
argument to be carried out). By the usual game argument, there is a strategy F'
such that Vo < p Vt = (o, §) € s(a)” enumerating an honest set closed under F,
u = F(t_) codes a set B, and a pre-well-ordering <, of B, with the boundedness
property for A, sets. Again, the exact manner in which u codes these objects is
not important, say by continuous pre—images of a fixed set of high Wadge degree.

For § < 4, we say a real o is f—good if o codes a strategy (also denoted by o)
such that:

1. Va < p vt = (a, E) € s(a)* enumerating an honest set closed under F and o,
o(t) codes a comeager set A, (7 and a continuous function o(t,—): Ay — w”
such that Vi; € A, fw= o(t,t1), u = F(t1), then w codes a strategy on
B, that is, Vx € B, w(x) € B,, (where we view w as a strategy in an integer
game).

2. For o < p, define G% : k(a) — k() as follows. If v < k(«), let G¥(7) be
the least ordinal 5 such that V*T € P, (s(a)) V'L = (a,3) € T* V*i; € T*
if w=o(f,t1), u= F(f), then sup{|w(z)|<, : ¢ € By A|z|<, <~} <n. It
is not difficult to check that G%(y) < k(«). Let C¥ C [sup k(a/), k(a)) be
the set of closure points of G. We then require that thg ;eats C& are block
homogeneous for Pg.

Note that if C' C k() is c.u.b., and <, is a pre-well-ordering of some set B,
with the A, boundedness property, then Jw € w* C% C C, where C¢ is the
set of closure points of G¢, and G%(v) = sup{|w(x)|<, : © € By, A |z]<, < v}
This follows by a simple Solovay game argument. The usual game argument (as in
Theorem 5.10) then shows that V3 < § do € w* o is f—good.

Fix a A pre-well-ordering <¢ of length §. The Coding Lemma gives an 3° Ag
relation R C dom(=<() X w* such that Va € dom(=<¢) JoR(a, o) and YaVo[R(a, o) A
lal<, = B — o is f-good].

Define now a block function G on sup k(«) as follows. For o < p and v €

a<p

[sup k(a’), k(a)), define G(y) = sup{G%(7) : Ja € dom(=<p) R(a,0)}. If G really
a’'<a
is a block function (i.e., G(y) < k(«)), then if we let C' be the set of closure
points of G, C is block homogeneous for all of the partitions P simultaneously, a
contradiction.

So, fix & < p, v € [sup k(&'), k(e)). We must show that G(v) < k(«). Sup-

o' <a
pose T' € P,, (s(a)) is an honest set containing o and closed under F, t = (a, f)
enumerates T, and ©; € T%. Define o € Dy < JaR(a,0) A (T is closed un-

der o) A (f] € A7) A straightforward computation shows Dz € F*“A,. By
boundedness and the definition of R it follows that 0;; < k(a), where 077 =
sup{|w(7)|<, : 3o € Dy pw = o(t,t) Alz|<, =~}, where v = F(t;). By the addi-
tivity of category, V*T' € P, (s(a))30 < k(a) V*i = (a, §) € T* V*i) € T¥ Oz < 0.
The game argument then shows 30 < k(a)V*T € P, (s(e)) Vi = (o, ) € T¥
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Vet e T 9;7;1 < 0. However, if o € ran(R), then V*T VEVEE o € Dy . Hence,
G&(v) <0 for all 0 € ran(R), and so G(y) <. O

6. POLARIZED MAGIDOR—LIKE FORCING

With the product of a number of Magidor—like partial orderings, we can change
cofinalities of many cardinals simultaneously. Because of considerations of choice,
we will restrict our attention to products that are at most countable. For this
section, let k£ be a countable sequence of cardinals with « an uncountable cardinal
below k(0). Let

Py = {p € H’P%H : 30 < yVk € k either po(k) =0 or po(k) € [/i][s} .
K€k
Ifpe Py, let p;= Hp(li)i, for 1 = 0, 1. Extend the definition of | to [k]<7 in

rEk
the natural way.

Many of the facts in section 3 have analogues here.

Proposition 6.1. If (k) — (k)<7, ¢ is a formula in the forcing language with
respect to Py i and p € P, then either p [ ¢ orp || —¢.

Proof. The proof is close to that of Fact 3.2 (1.1 of [H2]). Define f : [p1]<7 — 3 by

FOV) = 1 iy~ (W) [ o,
2 otherwise.
Let C' be homogeneous for f. We claim that ¢ = (pg, C) decides ¢. To see this,
suppose that 7, 7’ IF ¢ decide ¢ differently. We may assume that these are of uniform
length, i.e., 79,7} € [k]?, for some 3 < «. Using AC,, choose t € [C]<7 such that
ro N po = ot, and choose ¢’ similarly for '. Then f(¢) # f(t'), contradicting the
homogeneity of C. Finally, if ¢ IF ¢, then p ||~ ¢ and if ¢ IF —¢, then p |~ —¢. O

Proposition 6.2. If (k) — (k)<7, then VP»* and V have the same bounded sub-
sets of k(0).

Proof. This is a consequence of Proposition 6.1 together with Fact 4.7. See, for
example, the proof of 1.3 in [H2]. O

We have two preservation theorems involving splitting a polarized sequence. Let
ko, k1 be consecutive halves of k, that is, k = kg ~ k1.

Proposition 6.3. If (k) — (k)¥, then VFPvr1 k= (ko) — (ko)ko.

Proof. Of course, (ko) — (ko)* is true in V by Fact 4.4. In VP#1| however, there
may be new partitions. Note that since P, adds no new bounded subsets of
k1(0), the set [ko]* is the same in both V and VP~#1 | that is, there may be new
partitions, but the domain remains the same. Suppose that p IF“f : [ko]Fo — 27,
With the methods used in the proof of Proposition 4.3, we can prove from (k) —
(k)* that given any partition g of [ko]* x [k1]<7, we can find a set C' € [k]* such
that for each 3 < v, g is constant on [ko]*® x [k1]®. We could write this technical

fact as:
ko \ _ [ ko Fo.<
k1 ky ’
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Define a partition g on this set into 3 as follows. If W € [ko]*o x [k1]?,

gW) =i if [po = w(W [ k)] [ “f(W [ ko) =1,
and g(W) = 2, otherwise.

Let C' be homogeneous for g. We claim that ¢ = (pg, C) forces that [C | ko]*°
is homogeneous for f. If not, suppose r, 7’ I ¢ and r I “f(z) = 0”7 and ' IF
“fa') =1, &2’ € [C | ko]*. We may assume as before that the sets (k)0 ~ p(x)o
and 7/(k)o \ p(k)o all have the same length and choose t,¢' € [C | k1]? so that
ro NDo = ot and 1y N\ po = ,t'. We can then put = and ¢ together to form W
with g(W) = 0. Similarly, with 2’ and ¢’ we can form W’ such that g(W’) =1, a
contradiction. |

Forcing with the lower half of k is more disruptive to the upper half than vice—
versa. Still, we can prove the following.

Proposition 6.4. If (k) — (k)<%1, then VFPe100 E (k) — (kp)<“1.

Proof. The proof is quite similar to the proof of Proposition 6.3, reversing the roles
of ky and k1, and replacing the technical fact with:

ko . ko <wi,<wi
k1 Ky ’

by which we mean that for all partitions f : U, 5., [ko]® x [k1]® — 2, there is
X € [kolko, Y € [k1]¥1, with f constant on Ue<w [X]¥ X [Y]? for all o, B < ws.
Any such f can easily be coded as a partition of [k]<“!, and so this relation follows
from the hypothesis.

The restriction in the statement of the theorem to exponent “<“1” is needed

because while ([kl]kl)v # ([kl]kl)vp%ko, ([k1]<“1)V does equal ([k1]<“’1)v73%k0,
since Pk, is countably closed and we are forcing over a model of DC.

Now if pIF“f : [ko]<“* — 2” we can define a partition g of | J
into 3 as follows. If W € [ko]® x [k1]?,

g(W) =i if [po = w(W [ ko)] [ “f(W | k) =i,”

and g(W) = 2, otherwise.
Let C be homogeneous for g. In the manner of Proposition 6.3, ¢ = (po, C' | ko)
forces that [C' | k1]¥* is homogeneous for f. |

a,B<wi [ko]a X [kl]ﬁ

Using the methods of the previous two propositions, we can prove:
Proposition 6.5. If (k) — (k)<7, then VFv#1 E (ko) — (ko)<".

Simple factoring shows that finite products achieve exactly the cofinality changes
intended. For infinite products, the picture is not as nice. We can, however, deal
with countable products.

Proposition 6.6. Let k be a countable sequence satisfying (k) — (k)<7, v < k(0),
and suppose that there is no non—principal ultrafilter on w. Then for all cardinals

5 of V, cof¥ " (8) = cof ¥ (8) if cofV () ¢ k and cof V" (8) = v otherwise.

Proof. By Proposition 6.2, this is certainly true for cardinals § with cof(d) < k(0)
(if the cofinality of ¢ is changed, then so is the cofinality of cof(d)). We will next



PARTITION SEQUENCES 991

deal with the case: cof(d) > |k and show at the end how to handle cardinals
k(0) < cof(d) < |Jk.

Suppose that p IF“F : A — § is unbounded”, A\ < cof¥ (§). For s € [p1]<7,
let ng = {6 <6 :3Japy " us |~ F(a) = 8}. Note that |n,| < cof¥(8) since no
sequence can insinuate different values for a particular F'(a). Since n, is defined in
V then, Jns < 0.

Claim. There is a ¢ € [p1]* such that for any n < v, Usefgn Uns < 6. This will

give us a contradiction, since then (pg, ¢) will force that F is bounded.

Proof of Claim. We begin by defining f : [p1]<" — 3 by:

0 lfUTLSZUTlt
fsTt)y=¢ 1 ifUns <Une
2 ifUns > Une,

where s °t € [k]"T, n < 7. Let ¢ € [p1]* be homogeneous for f. Clearly, the
range of f on [¢]7" cannot be {2}. If the range is {0} for a given 7, then we have
as promised that (Jsep,n Uns < 6.

Suppose for some fixed n f | [q1]7" = {1}. Let {vp}n<w be an enumeration of
k. For any R C w, define the partition f}} : [k]"T" — 3 by:

0 if Uns=Unx
fg(s’\t) = 1 ifUns < Un(s7t)R
2 it Uns > Un(s7t)R,
where (s,t)r € [k]" is defined:
s(vp) né¢R
(5:)r(vn) = { t((un)) if n i R.
We don’t have the power to find a set homogeneous for all of these partitions at
once [(k) — (k)5.) is sufficient to produce a set homogeneous for w-many at once,
but there are 2“—many partitions and (k) — (k)5,0 is generally false] but note two
important facts. First, the range of f;} on any homogeneous set cannot be {2}, or
we could easily construct an infinite descending chain of ordinals. Second, if ¢’, ¢”
are both homogeneous for a certain f7, then the ranges of f}, on the two are the
same. This is because the partition is defined in terms of “pre-sub—omega” (),
through the definition of ng, and it is easy to find s’ € [¢']7, s’ € [¢""]” such that
wS/ — wS//-

For this reason we can unambiguously define m(R) for R C w as 4 iff the range
of f} on any homogeneous set is {i}. m is like a measure. We can prove, for
example, that if R C W, m(W) = 1, then at least one of m(R), m(W ~\ R) is 1. To
see this, choose s ~t Tu, an 1 - 3-sequence from any set homogeneous for fy},, ff.
and fii,_p. Then fy, (s,t) = 1 implies Jns < Un,y), - But fA(s,t) = 0 implies
Uns = Unene and fil, g((s,0)r, (t,u)r) = 0 implies Uns), = Unew-
Similarly, if R C W, m(W) = 0, then both m(R), m(W ~ R) are 0. This shows
that R C W = m(R) < m(W). Note that m(w) = 1.

We claim next that there cannot be an infinite collection of mutually disjoint
sets { Ry }n<w all with measure one, i.e., m(R,,) = 1. This is because we could find
x homogeneous simultaneously for all the fﬁn, and then for s "t € [z]""" we would
have

U"<s,t>w > Ums,t)m% > Un<s,t>W\<R0uR1) >
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(If s,t,u are as before, apply f t0 ((5,t)w~ Ry, (t,U)wR,) for the first inequality,
then apply f}%l to ((s,t)w\(RouRl), (t,u)w\(RouRl)) for the second inequality, and
so on.) Let Q7 = {n: m({n}) = 1}. From the discussion above, Q" must be finite.

Now we claim that m(w ~ Q") = 0. If not, we would have that for some infinite
subset R of w ~ Q", m(R) =1 and W C R implies that exactly one of the sets W,
R~ W is measure one (otherwise we could construct an infinite disjoint collection of
measure one sets). In effect, this gives us a non—principal ultrafilter on R (additivity
follows from this and the properties proved above), contradicting a hypothesis of
the proposition.

Let « € [q1]* be homogeneous for f,gn. Take

B | if n e @7, then s(vy,) is an interval of z(1,)
C_U{Uns' [ if n ¢ Q" then s(vy) = x(vn) [ 1 '
Since Q" is finite, there are no more than v,—many s in the definition of (, where
vy, € k is greatest with n € Q". Since cof(d) > v, we must have ¢ < 4. This then

gives us (J;e(yyn Uns < 6 as follows: Suppose s € [2]7 and for some y (po ™ ws,y) I

“F(a) = 7. Take t € [z]7, t > s, such that t(v,) is an interval of () for all
n € Q. Homogeneity for f gives us that | Jn: > |[Uns > 8. Homogeneity for f;’\Qn
gives us that |Jn: = |Jns, where

S ) = { t(vn) for n € Q",
" x(vn) [m forn ¢ QT
since t = (', (t,u)gn)w~qn, for any u > t. Then we have § < |Jny < .

Finally, use (k) — (k)< to obtain q € [¢1]¥ homogeneous simultaneously for all
fuw~gn, n <. This satisfies our Claim and finishes the case: cof(d) > J k.

Suppose now that cof(d) lies somewhere within the limits of the sequence. We
can factor the partial ordering into a piece below cof(d) and a piece (at and) above.
By Proposition 6.2, forcing first with the piece (at and) above either changes the
cofinality of § to v or leaves it unchanged (depending on whether cof(d) is an
element of the sequence (at and) above). By Proposition 6.5, this forcing preserves
the partition relation necessary to carry out the forcing on the piece below. All
that remains is to show that after this first forcing, there is still no non-principal
ultrafilter on w, so that the preceding proof applies.

Suppose that p IF“U is a non—principal ultrafilter on w.” We can then define an
ultrafilter U* in V as follows: For # C w, z € V, we say « € U* iff pg |v “z € U.”
U* is definable in V and it is straightforward to show that it is a non—principal
ultrafilter, contradicting our hypothesis. O

7. FINITE SUPPORT

Questions of choice limit us when dealing with products. One solution is to
use inner models based on finite products. We exploit this to prove the following
theorem.

Theorem 7.1. Suppose that V.= L(R) EAD and A is a sequence of cardinals such
that for all k € [A]<%, (k) — (k)*. Let h: A — OV \ A be any function in V such
that for k € A, h(k) < k and h(k) is a regular cardinal. Then there is a partial
ordering P € V and a symmetric inner model N of ZF such that

(1) VENCV?P,

(2) N and V contain the same cardinals,
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(3) ON =0V, and
(4) the cofinality function in N is given by:

_ [ h(r) if cof¥ (k) € 4,
cof(k) = { COfV(ﬁ) otherwise.

Proof. For convenience, we will write Py, for Py, if h(k) > w and Py, for Py x
if Kk = w. The partial ordering P with which we force to construct the model is all
elements of [], ., P, having finite support, i.e., those p such that {x € A : p(x) #
(B, k)} is finite. We will denote the support of p by supp(p). For any set B C A,
we will write Pp for [], . Px. The ordering on Pp is by component.

Let G be V-generic over P4 = P. The full generic extension fails to satisfy
the theorem if A is infinite. To define our model N, we first define G, for kK € A
as the V—generic object over P, generated by G, i.e., ¢ € G, iff for some p € G,
q = p(k). By the Product Lemma, each G,; is V—generic over P, and for k € [A]<¥,
[I.cr Gr (which we will write as G}) is V—generic over P,. We can describe N
as the least model of ZF extending V which contains, for each k € A, the set G.
More formally, let £; be the sublanguage of the forcing language £ with respect
to P which contains symbols © for each v € V, a unary predicate symbol \% (to
be interpreted V(v) iff v € V), and symbols G,; for each x € A. We can define N
inside V[G] as follows:

Ny = 0.
Not1 = {x € N, : z is definable by 7 € £ of rank < « over (N, €, ¢)ceN, }-

N, = U N, for A a limit ordinal.
a<<

N = U N,.

aEORDV
Standard arguments show N F ZF and if A is finite, N = V[G].

Lemma 7.2. Let x and y be sets with x,y € V, and let f : © — y be a function
with f € N. Then f € V [Gy], where k € [A]<%.

Proof. The proof is similar to that of Lemma 2.1 of [A]. Let p € P be so that
plF “f:x —yis a function.” Since f € N, we can choose f € £1, and k € [A]<¥,
such that f mentions only terms of the form G,, for x € k. By extending p and/or
k if necessary, we can assume supp(p) = k. We will identify p with p | supp(p), so
we may consider p both as a condition of P and as a condition of Py.

Thinking of f as a term for a set, define in V [Gy] the set

g ={(w,z) € V:3qe Gy such that ¢ IF p and ¢ Fp“(w, z) € f7}.

We claim p I-“f = ¢”. Certainly p I-“g C f7. To show that p IF“f = ¢,
suppose ¢q IF p, ¢ € G with ¢ F“(w,z) € 7. We will be done if we can show
that ¢’ = ¢ | supp(p) IF“(w, z) € f7.

If ¢ Ww, z) € £, then choose r I ¢/, 7 I “w, z) ¢ £, with supp(q) C supp(r).
Extend ¢ to s with supp(s) = supp(r). Note that s |- “(w, z) € f7. We may assume
that s | supp(p) = r [ supp(p).

By extending the appropriate sequence of ordinals as in Proposition 1.1 of [H2],

we can assume (k) and s(k)o (the first coordinates) have the same length for all k.
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Further, if we denote by cl(X) the w—closure of X, then cl(r(k)1) Ncl(s(k)1) € [K]*
and (cl(r(k)1) Nel(s(k)1)) C (r(x)1) N (s(k)1). Using this, we may assume for
all k € supp(r) that r(k); = s(k)1. Now for k € supp(r) define 7, : Kk — kK
by m.(r(k)o(§)) = s(k)o(§) for each £ < s(k)o and the identity otherwise. Define
Yy 2 P — Py by ¥u(x) = (mg0x0, Tix1). 1)y is an isomorphism of the conditions in
P, extending r(k) to the conditions in P, extending s(x). In addition, ¥, (r(k)) =
s(k).
Now define ¥ : P — P by

Y(u)(k) = { Ve (u(k)) if & € supp(r), and

u(k) otherwise.

Note that for k € supp(p), ¥ is the identity, since r(k) = s(k), hence Gy and f
can be assumed to be invariant under . Finally, w and z, being (terms for) ground
model sets, can also be assumed to be invariant under ¢ and so s = ¥(r) IF“(w, z) ¢
f”.

Since s IF“(w,z) € f”, this is a contradiction and so ¢’ IF*{w,2) € f7, i.e.,
plHef C g, 0

Our strategy is to reduce the problem to the finite case. Proposition 3.5, for
example, tells us that cardinals are preserved in VF+»-1 and Proposition 6.3 tells
us that (k [ (n—1)) — (k| (n — 1))~ is preserved as well. Working our way
down, we see that all cardinals are preserved in VF*, for k finite. Combining this
with the previous lemma gives us (2) of the theorem. In a similar fashion, Fact 3.3
gives (4). To complete the proof, we need only the following:

Lemma 7.3. For anyy € A, OV =0V,

Proof. Since v > w and V and V7~ contain the same bounded subsets of 7, RY =
RV, Thus “R” is unambiguous.

Suppose (s, X) IF¢f : R — OV is onto.” For each r € R and each t € [X]<M"),
define in V:

g(<T,t>) — {g lf (SU Wt) H\' f(’f’) =a,
otherwise.

By the fact that any two conditions (u,Y) and (u,Y”’) are compatible (as in the
proof of Lemma 7.2), g is well-defined. Further, g can easily be seen to be a
surjection onto ©V. Since any pair (r,t) as above codes a subset of 7, g can be
used to define in V a mapping h of 27 onto ©V. Since v < OV, however, there is a
pre—well-ordering of R in V of size v. We can use the Coding Lemma (see [Mo2])
to produce a mapping k from R onto 27, and then h o k is a mapping in V from R
onto OV, a contradiction. O

Note that the only differences between the cofinality function in V and N are
those that are forced to occur. Thus, since © is regular in V (see [Mo2]), Lemma 7.3
implies © is regular in N.

Note also that Theorem 7.1 does not require that (A4) — (A)4.

Note that if A is infinite, then as in [A], N ¥ AC,,. To see this, suppose k € [A]“.
For all i < w, let X (i) = {G : G is V-generic over Py;)}. The collection { X (i) }i<.
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is in N, but has no choice function f. If f is in the cartesian product, then by
identifying generic sets with cofinal sequences, f can be coded by a set of ordinals.
By Lemma 7.2, f can be obtained by forcing over V using only a finite number of
Magidor-like orderings. Such an extension, however, only destroys the regularity of
finitely—many k(4), while f witnesses the singularity of all the k(i), a contradiction.

On the other hand, if A is finite and each v € A has its cofinality changed to
some uncountable cardinal, then N F DC, since N = V[G], V E DC (recall that
assuming AD, L(R) F DC), and P is countably closed. If, however, some successor
cardinal k£ € A has its cofinality changed to w, then regardless of the size of A,
NE AC,.

8. COUNTABLE SUPPORT

In this section, we present a general theorem in which a certain polarized par-
tition property holding for a set A of cardinals is used to change the cofinality of
each member of A to w; and preserve the fact that they are cardinals. We then
apply this theorem (in section 11) to derive the existence of the model mentioned
in the Introduction which provides a partial answer to Woodin’s question on the
consistency of the theory “ZF + DC + w; is the only regular uncountable cardinal.”
The challenge is to preserve DC and the method is to move to countable support.

The general theorem we prove is

Theorem 8.1. Suppose that V. = L(R) FAD and A C ©V, A € V, is such that
all k € [A]<r satisfy (k) — (k)<“*. Then there is a partial ordering P € V and
an inner model N of ZF such that

(1) VENCV?P,

(2) N =0V,

(8) NE“ZF + DC + & is a cardinal of cofinality wy for all k € A,” and

(4) for all cardinals § of V, cof™(8) = cofV (8) if cof¥ (6) ¢ A and cof™(8) = w,
otherwise.

Proof. The proof has similarities with the proof of Theorem 7.1. For each k € A,
let P, = P, . The partial ordering P we use now will, as before, be a subset
of P4. This time, however, P will be composed of all elements having countable
support. The ordering on P is once again componentwise.

As before, we may assume our conditions have first coordinates of equal length
in all non—trivial components.

Now let G be V—generic over P. For k € A, let G, be the V—generic object over
P, generated by G, i.e., ¢ € G, iff for some p € G, ¢ = p(k). The Product Lemma
again implies that for k € [A]<%1, G, = [1,.cr Gx is V-generic over Py. This allows
us to describe N intuitively as the least model of ZF extending V which contains,
for each k € [A]<“!, the set Gi. More formally, let £; be the sublanguage of the
forcing language £ with respect to P which contains symbols ¥ for each v € V| a
unary predicate symbol V (to be interpreted V(v) iff v € V), and symbols G, for
each k € [A]<*!, which are interpreted as Gj. N can then be defined inside VI[G]
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as follows:
No = 0.
No+1 = {x € N, : x is definable by 7 € £; of rank < «a over (N, €, ¢)cen,, }-

N, = U N, for A a limit ordinal.
a<

N = U N,.

QGORDV
Standard arguments show N E ZF and if A is countable, N = VI[G].

Lemma 8.2. Let x and y be sets with x,y € V and let f : x — y be a function
with f € N. Then f € V[Gg], for some k € [A]<“'.

Proof. The proof is virtually identical to the proof of Lemma 7.2. We note that
by a coding argument, a term f for f can be assumed to mention only one term
of the form G}, where k € [A]<“1. Once this has been done, the only difference in
the proofs is that the supports used now are countable, not finite as in Lemma 7.2.
However, since we can extend the first coordinates of conditions canonically, and
since the union of two countable supports is also a countable support, all aspects
of the proof of the current lemma can be carried out as before. O

Lemma 8.3. N F DC.

Proof. Let p force:
“RCXxX,R XeN,X#0, andVz e XIye X(z,y) € R

Using the fact that V. = L(R) F DC since V = L(R) E AD (see [Ke2]), we can
define inductively a sequence of conditions (p, : n < w) and a sequence of terms
(Tn : m < w) so that

(1) each 7 € Ly,

(2) po I p,

(3) po IF“rp € X7, and

(4) for n > 0, pn IF pp_1 and p, IF“(1,_1, ) € R.”

Since V E DC and V E“P,; for k € A is countably closed,” the definition of P
ensures that V E“P is countably closed.” This means there is a single ¢ extending
every pp, so that for any n < w, ¢ IF“(m,_1,7,) € R.” By AC,, V E“The countable
union of countable sets is countable,” so | J, ., supp(7,) is countable and can be
used as a support to define a term 7 € £; for (7, : n < w). Thus, ¢q 7 € N is a
witness for DC for R.” O

Lemma 8.4. N E“If v € A, v is a cardinal.” Further, for all cardinals 6 of V,
cof™N(8) = cofV (8) if cof Y (8) ¢ A and cof™(8) = wy otherwise.

Proof. Since ZF+ADF“All sets of reals are Lebesgue-measurable” and a non—
principal ultrafilter on w is a non—-Lebesgue—measurable set, V F“There is no
non—principal ultrafilter on w.” Therefore, by Proposition 6.6 and Lemma 8.2,
the cofinality is what it should be.

For the cardinality, fix v € A. By Lemma 8.2, if ( < yand f:( — vis a
function, f € N, then f € V [Gi] for some k € [A]<¥*. Since V [Gi] C N, it
suffices to show that for any k € [A]<“*, V [G] F*“y is a cardinal.”
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Fix k € [A]<“', k € V, and assume without loss of generality that v € k. Let ko
be the part of k& below v and k; the part of k£ at and above . By Proposition 6.4,
VPro (k1) — (k1)<“1, so by Fact 4.5, VP% E v — (7)<¢1. Hence, 7 is still a
cardinal. By Proposition 6.2, forcing with Pg, over VP adds no new bounded
subsets of k1(0) = . Hence, + is still a cardinal in (Vpko)7ch1 = VP, O

Lemma 8.5. ON =@V,

Proof. The proof is similar in spirit and method to the proof of Lemma 7.3. By
Lemma 8.2, any x C w lies in some V [Gj] for some k € [A]<“!. Since all members
of k are uncountable and since V and V [G}] have the same bounded subsets of
k(0), x € V. This means that RN = RY. We will therefore once more write R
unambiguously.

Suppose now that f € N maps R onto ©V. Using Lemma 8.2, choose k so that
f € V|G, k € [A]<“*, and suppose p € Py, forces “f:R — OV is surjective.” For
each r € R and ¢ € [p1]<*“*, define

g({r,t)) = { a if (po " ut) | “f(r) =a”,

0 otherwise.

g is well-defined and the range is all of ®V. Since © is regular in V and k is
countable, | Jk = A < OV, so any t as above is coded by a subset of A\. The proof
now finishes in the manner of the proof of Lemma 7.3, with first a map in V from
R onto 2* and then a map onto OV, producing a contradiction. O

We remark that since V E“© is regular”, Lemma 8.4 and Lemma 8.5 imply
N F“O is regular” as well.

9. INCLUDING ULTRAPOWERS

In our chosen universe, not every regular cardinal is a member of a sequence
satisfying (k) — (k)*.

If 41 is a normal measure on k, we will use ,, to represent the ultrapower, " /p,
of k via u. These cardinals satisfy powerful partition properties but fall short of
being strong partition cardinals. The following is due to E. M. Kleinberg.

Fact 9.1. If k satisfies k — (k)*, then r, — (ku)°, for all 6 < wy. Further, if
K%/ = KT, then k, — (k,)°, for all § < k,,. At the same time, k, - (r,)". (See
[K11], [K12].)

This implies that if 4 is a normal measure on x € k and (k) — (k)*, then
K, cannot be in any sequence satisfying the same property. Under AD, many
regular cardinals are of this sort. Ultrapowers can, however, be in a sequence of
less extravagant power.

In this section, we assume DC throughout.

Proposition 9.2. Suppose (k) — (k)

of members of k and ultrapowers of members of k. Then (k*) — (k™)

and kT is a countable sequence composed
<wi

Proof. We will need some of the extensive machinery developed by Kleinberg. Fa-
miliarity with his work is useful, but not necessary.

For x measurable, p a normal measure on k, and for p € [k]", let Tp™ be
the ordinal below £, represented by the increasing sequence p. Let SE = {Tg" :
qg € [p]*}. Central to Kleinberg’s work are the “break” and “shuffle” functions:
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bk = [k]" — [[5]*]¢ and she - [K]F]¢ — [K]*, for all ¢ < k' . We list some of his
results.

Fact 9.3. Assume p is a normal measure on k. Then

a) For all a < ¢ < k', pe (K], Tbke(p)(a) ™ = Sh(a).

b) For all { < k', p € [k]", sh¢(bke(p)) = p.

¢) For all a < ¢ < K {ps}ts<c € [[n]“]c, Tbke(she({psto<e)) (@)™ = Tpg ™.

Now suppose we are given f : [kT]? — 2, § < w;. Let
gs : [k]* — 2 be defined by gs(W) = f(W©®)), where

B W(Ii) F ) if k € k7
W) = { [Tbks(W (1)) (@) ¥ Yacs if £ = 7 € k.

Let X € [k]¥ be homogeneous for gs. Then X’ € [k*]*" is homogeneous for f,
where

X(k) itkek,
X'(k) :{ GX()
o

since if Y € [X']°, we can construct W € [X]* such that W) =Y as follows:
There is no difficulty in dealing with a cardinal v and its ultrapower at the same
time (the value of {"bks(W (7))(@) ™ }a<s is independent of W (7) [ §), but there is
a difficulty when we have several measures on a single . For this we use a lemma.

if K =", 7€EK,

Lemma 9.4. Given {p tnew, normal measures on k, p € [k]®, and g, € [Sﬁn]é,
§ < wi, there exists v € [p]* such that for each n, g, = "bks(r)#n.

Proof. We first find ro € [p]® such that ¢,(0) = "ro ™" for all n. Begin by
partitioning « into disjoint sets, k = (J, ., An such that for each n, p,(A,) =
1. Choose for each n t, € [p]® such that "t, ™ = ¢,(0). Now set ro(a) =
Ups<a0(8) Utn(a), where o € A,. The set, {a| Uz, 7m0(8) = a}, is closed
and unbounded (closed is obvious; for unbounded, note that for any «, the sup
of ro(a), ro(ro()), ro(ro(ro(cx))), ... is in the set) and consequently for u,,—measure
one many «, 79(a) = t,(a), and so "ro ¥ = Tt = q,(0). To complete the
proof, we do this for r¢ and g, (§) for all £ < § and set r = shs({re }e<s). O

Returning to our task, from (k) — (k)* we infer (k*) — (k*)°. Given now a
partition f : [k*]<“* — 2, we can define an auxiliary partition g : [k]¥ — w; +1
by g(W) = ¢ iff § is least such that W is not homogeneous for gs. Let X € [k]*
be homogeneous for g. The range of g on [X]* cannot be § < wy, since we can
always find Y € [X]* homogeneous for a particular gs. Thus X', as defined above,
is homogeneous for f. O

The extra assumption of the subscript poses no problem for our applications.
The following proposition gives us this, assuming wi™ /p = wa.

Proposition 9.5. If (w1 k) — (w1 "k)“r % and w{'/pu = wa, p normal on wi,
then (w2 ~k) — (w2 "k)< .

Proof. Suppose f : [we "k]“1 " F — wy. For W € [w1 Tk[“r ¥, we will write W*
for all but the first component of W, that is, W = W (0) ~W*. Now define, for all
§<wi, f5:fwe Tk F = 2and g: [wy Tk F — 2 by f5(X) = 0iff f(X) <6,
and g(W) = 0 iff fs is constant on {SXV(O) [wl} x [W*]* for all § < W(0)(0). Let
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X € [w1 Tk]*t " ¥ be homogeneous for g. We must have ¢g”[X]“1 % = {0} since we
can use Fact 4.9 to find Y € [X*]¥ so that {(X(0)“*/u) | w1} x[Y]¥ is homogeneous
simultaneously for fs for all § < X (0)(0). We then have g(X(0),Y) = 0. Note that

if W € [X]“1" %, then f; is actually constant on {S’ZV(O) i wl} x [W*]* for all § < wy
since g(W(0) ~ a,, W*) = 0 for all & < wy, and S} ¥ = 8V 0> Consequently, f
itself is constant on {S’XV(O) [wl} x [W*]F.

With Kleinberg’s machinery, any sequence ¢ € [Sff (0)]“’1 can be written as Sf I
w; for some Z € [X(0)]“* (since wi™"/pu = wa, we can break X (0) up into a sequence

long enough to contain representatives for each member of ¢, which can then be
shuffled together to form Z). Thus, f induces a partition of [S,)f(o)]“’l into w;.

Using Fact 9.1 and Fact 1.7, we can find T' € [S,)f(o)]“’2 such that f is constant on
[T]“* x [X*]*. We then have that T~ X* is homogeneous for f. O

We can strengthen Proposition 9.2.

Corollary 9.6. Given (w1 k) — (w1 "k)“* % and Wi /p = we and k*, a count-
able sequence composed of members of k and ultrapowers of members of k, then
(wo TkT) = (wo TkT)<wL,

Proof. Fact 4.9 gives us (w1 "k) — (w; "k)®* . From this, we can find ho-
mogeneous sets for all partitions F : [wy Tk]“? “* — w; which are independent
of initial segments on the first coordinate, that is, for F satisfying F(p ~X) =
F((p | (w1 ~a)™X), for p € [w1]“?, @ < w;. (Find ¢7Y homogeneous for
G : w1 Tk]*1 % — 2 defined by G(p~X) = 0 iff F(p—X) < p(0), then ap-
ply (w1 k) — (wy "k)“r k) This is sufficient to follow the proof of Proposi-
tion 9.2. O

Combining Corollary 9.6 and Proposition 6.6, we can prove:

Proposition 9.7. Assume the hypotheses of Corollary 9.6 and suppose that there is
fval,wg ~kt (5)

no non—principal ultrafilter on w. Then for all cardinals § of V, co

P
cof ¥ (8) if cofV (0) ¢ wa ~kT and cof¥ "1 (6) = wy otherwise.

Proposition 9.8. If k > w; satisfies k — (k)5 , or k = w satisfies k — (k)" and
s a normal measure on K with K /= kT, then forcing with P, ., preserves all
cardinals.

Proof. By Proposition 9.1 and Fact 4.5, if £ > wy, we have k, — (k,)<“'. If
k = wi, Fact 1.5 and Fact 9.1 give us k, — (k,)<“'. With this, no bounded
subsets of k, are added and hence all cardinals < k,, are preserved.

Now suppose x, < ¢ < ¢ and p IF “f.8— (¢ onto”, pe Pk, - Define ng and
ng, for s € [k,]<“" and t € [k,]" as in the proof of Proposition 3.5. As before,
el < €.

Define h : [k]® — ¢ by: h(t) =) (C ~ Tbsﬁ). As before, we can find ¢ € [x]"®
so that r,7" € [¢]®, ' C r imply h(r) < h(r’). In addition, we can ensure that
Sf is thinner than p1, so that (po,Sf) extends p = (po,p1) (for example, if ¢ is
homogeneous for the partition: F(x) = 0 iff there is a member of p; between
bko(2)(0) and bka(z)(1)).

Let 3 = h(g). Choose s € [S4]¢ for some & < w; with § € n,. We wish to
proceed as before but there is a difficulty. We want to take the part of S above
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s, then add s as in the previous proof. The problem is that we are working at
the r-level. If we thin g to 7 so that the least element of S}, is above s, it may not
be true that h(r) < h(q), that is, intervals of S}, are not necessarily intervals of Sj
since the former is not a final segment of the latter.

To deal with this, choose, for each a < &, v, € [¢]* such that "v, " = s(a). Let
w = she((ve + @ < &), so that "bke(w)™ = s. Now form ¢, € [¢]F as follows:
place the first {&—many elements of w in ¢. Next place the first element of ¢ above
t in r. In general, at stage «, place the first ¢ elements of w above r so far defined
in ¢ and then place the first p elements of ¢ above this in r, where p is the least
indecomposable greater than « (indecomposable means that the sum of ordinals
less that p is again less than p). Since ¢ D tUr D r, h(q) < h(tUr) < h(r).
Kleinberg’s methods give us that "bke(t U )" = Tbke(t)" = Tbke(w)” = s (since
for a closed, unbounded set of ordinals «, ¢, t Ur, and w all have the same o*
element and the same (o + 1) elements for all n < ), so that 3 € ngiwr (and so

htur) # 3).

Claim. Every interval of S}, of length less than w; is also an interval of Sii. This
claim completes the proof, since the definition of h and n; will then give us h(r) <
h(q), so h(t Ur) = h(q) = 0, a contradiction.

Proof of the claim. Suppose that = is a 7-sequence from S, 7 < wi, forming an
interval in S},. Let a € [x]" be such that z(0) is represented by r composed with
a. For all ¢ < 7, the k—sequence {r(a(a)+ o)}, ., represents 2(c). But for each
a > 1, r(a(a)) is in a sequence of members of ¢ of indecomposable length greater
than 7, hence r(a(«) + o) is an element of ¢ and so x = "bk,(r o a)™ is an interval

of Sf{. O

10. INCLUDING ULTRAPRODUCTS

Ultraproducts of members of partition sequences can be included as well. We
assume DC throughout this section.

If 1 is a countably additive measure on k and k is a k—sequence of cardinals, we
will use k, to represent the ultraproduct, [[],cj o] /p. For q € T, c) a, we will
write "¢ for the ordinal corresponding to ¢ in [[T,c, @] /p. If X € [k]*, we will
abbreviate [[],cj, X ()] /u by I, .

Proposition 10.1. If k satisfies (k) — (k)?, p a countably additive measure on
len(k), 6 < k(0), then
ky — (ku)6~

Proof. Given a partition f on [k,]°, define g on [k]° by g(q) = f(¢'), where for
a <6, ¢ (a) ="go ™ and for B € k, ¢o(8) = q(8)(c). If W is homogeneous for g,
then HKV is homogeneous for f. O

Proposition 10.2. Suppose (k) — (k)8! and k™ is a countable sequence composed

of members of k and ultraproducts of the form k;“ k' C k, then

(k+) s (k+)<w1.
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Proof. Suppose f : [k*]® — 2, § < w;. Define gs : [k]° — 2 by gs(W) = f(W©®),
where

W((;)( )_ W(Ii) [ if kK € k,
I AW (R) (@) eew Hacs  if & = K, for some k' C k, p on len(k').

Let X € [k]¥ be homogeneous for gs. Then X’ € [k*]*" is homogeneous for f,
where
X(k) ifrkek
X'(k) = ' ’
(1) { Hffrk if k = kj,, for some &' C k, y1 on len(k’),

since if Y € [X']?, as before we can construct W € [X]*¥ such that W) =Y.
The countability of kT is needed here, along with the countable additivity of the
measures.

As in the proof of Proposition 9.2, we can diagonalize the gs to obtain the
result. O

As in the previous section, we can prove:

Proposition 10.3. Suppose that k, k™ are as in Proposition 10.2 and there is

(6) =

P kot
no non-principal ultrafilter on w. Then for all cardinals § of V, cofV 1"

P
cofV(8) if cofV (8) ¢ kT and cofV """ (6) = w1 otherwise.

Proposition 10.4. Ifk satisfies (k) — (k)¥  and p is a normal measure on len(k),

then forcing with Py, x, preserves all cardinals.
Proof. By Proposition 10.1 and Fact 1.5, we have k, — (k,)<“*. With this, no
bounded subsets of k,, are added and hence all cardinals < k,, are preserved.

Now suppose k, < < ( and p IF “f .6 — ¢, onto”, p € Pk, - Without loss
of generality, we may assume p; to be of the form ITj; for some x € [k]F, as in the
proof of Proposition 9.8. Define ns and ny, for s € [k,]<“1 and t € [k,]** and h on
[k,u])*» as in the proof of Proposition 3.5 and Proposition 9.8. As before, |[n:| < C.
In like manner, obtain ¢ € [z]¥ such that whenever r € [¢]* and 7' € [r]*, then
h () < b (Im;,).

Let 3 =nh (Hﬁ). Choose s € [Hﬂ5 for some ¢ < w; such that 3 € n,. Using
DC, or rather, countable choice, s can be represented as [s']¢/u for some s’ € [g]¢.

Take y € [][.cpr such that "y™ > (Js and set © = [],cp(q(k) ~ y(x)). Let
t =], (r(k) Us'(k)). Then as in Proposition 3.5,

h (T03) < B (TT,) < b (TT)
by our construction of ¢, and h (II},) < h (II?) by the definition of h. But 8 =
h (IT},) < h (IT},), a contradiction. O

Since the value "p™, of a sequence p in an ultrapower is independent of ini-
tial segments, we can manage both ultraproducts and ultrapowers at once. The
following proposition sums this up:

Proposition 10.5. Suppose that (wi k) — (w1 “k)“* %, k(0) > wy, W /1 = wo
for some normal measure i on wy, k™ is a countable sequence composed of members
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of k, ultrapowers of members of k, and ultraproducts of members of k, and that there
is no non-principal ultrafilter on w. Then (k1) — (kT)<“1. Further, Py, w, ~k+
changes the cofinality of cardinals with cofinalities in wa ~kT to wi while leaving
all other cofinalities unchanged.

11. APPLICATIONS

Theorem 11.1. Con(ZF + AD) = Con(ZF + DC + wy is the only regular un-
countable cardinal < wy,+1).

Proof. Let V' |= ZF + AD, and let V = L(R)"Y . By the work of [J1] and [J2], the
remarks of section 2 and the second paragraph immediately following Definition 5.1,
and Corollary 5.11, the odd 51 for @ < wy form a sequence satisfying the strong
polarized partition property such that every regular cardinal § < w,, is either so

that 6 = 4, or 6 = 4., 1% / for some normal measure z on 8. By the claim on page
152 of [St2] (using h( ) = 8., for a < w; as the function of this claim), w,, 41 is the
ultraproduct as in section 10 via the unique normal measure p,, on wy (generated
by the filter of c.u.b. sets) of the odd &, for & < w;. Thus, since Martin has shown
that assuming AD, for 8} = wy, w1®' /., = wa (see [K12] for a proof of this fact),
by Proposition 10.5, for any countable subsequence s of the regular cardinals in
the interval [wo,wy, 1], (s) — (5)=“*. This means the model N of Theorem 8.1
constructed using the set A of regular cardinals in the interval [wa, Wy, +1] is so that
N E “ZF + DC + w; is the only regular uncountable cardinal < w,,+1”. This
proves Theorem 11.1. O

We remark that by Theorem 8.1 and Proposition 10.5, in N, for ¢ a cardinal in
V, cof(8) = wy if cof(8) € A, and cof(§) = cof¥ (§) otherwise. Also, by Theorem 8.1
and Proposition 6.2, w“!/u, = wsy is true in N.

In conclusion, we remark that the desired ultimate goal is to assume V' = AD,

force over V = L(R)V/, and obtain a model N so that ON = OV and N | “ZF
+ DC + w; is the only regular uncountable cardinal < ©”. (A model N for “ZF
+ wi is the only regular uncountable cardinal < ©” in which AC,, is false was
constructed in [A].) Theorem 8.1 provides us with a possible way of constructing
such a model. If one could show that the set A of Theorem 8.1 were so that A
could be composed of all V = L(R)Y -regular cardinals in the interval [wa, ©), then
the model N of Theorem 8.1 would be our desired model. In fact, even though the
unpublished analysis mentioned in section 2 may be difficult to extend beyond the
first inaccessible, and even if the conjecture given in the last paragraph of section 2
is false, it is still conceivable that the aforementioned structural conjecture about
the regular cardinals in the interval [ws, ©) assuming AD + V = L(R) is true.
Whether this is indeed the case remains open.
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