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A FINITELY AXIOMATIZABLE UNDECIDABLE
EQUATIONAL THEORY WITH RECURSIVELY
SOLVABLE WORD PROBLEMS

DEJAN DELIC

ABSTRACT. In this paper we construct a finitely based variety, whose equa-
tional theory is undecidable, yet whose word problems are recursively solv-
able, which solves a problem stated by G. McNulty (1992). The construction
produces a discriminator variety with the aforementioned properties starting
from a class of structures in some multisorted language (which may include
relations), axiomatized by a finite set of universal sentences in the given mul-
tisorted signature.

This result also presents a common generalization of the earlier results
obtained by B. Wells (1982) and A. Mekler, E. Nelson, and S. Shelah (1993).

1. INTRODUCTION

This paper grew out of an attempt to address the following problem, stated in
[13):
Problem 1.1. Is there a finitely based undecidable equational theory with recur-
sively solvable word problems?

We say that a variety V axiomatized by a set X of identities has recursively
solvable word problems (or, simply, that V has solvable word problems), if every
finitely presented algebra A in V has a solvable word problem.

In [14], the authors give an example of a recursively based variety of an infinite
signature with the aforementioned properties. Similar examples of a recursively
based variety in a finite language were given in [H] and [17].

By strengthening the concept of the recursive solvability of the word problem
for a given variety V', we arrive at the notion of the uniform solvability of the word
problem for V. Namely, if we require that there exists a uniform algorithm, which
solves the word problem for every finite presentation, relative to V', we say that the
word problem for V' is uniformly solvable.

Trivially, the uniform decidability of the word problem for V' implies the recursive
solvability of all word problems in V'; but is the converse true, as well?

Namely, every familiar example of a variety with solvable word problems ap-
peared to be such due to the existence of a uniform algorithm. The classical ex-
amples involve abelian groups, abelian semigroups, lattices etc. A comprehensive
survey of the known results is given in [13].
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This question was finally answered in a negative way in a paper by A. Mekler,
E. Nelson and S. Shelah ([I4]), where an intricate way of interpreting a Turing
machine with the undecidable halting problem produced a finitely based variety
which separates the two levels of solvability of word problem.

It might also be interesting to point out that most of the varieties which are
known to have uniformly solvable word problem are such that their uniform word
problem is co-NP-complete. These include e.g., distributive lattices, Boolean al-
gebras, varieties generated by a finite nonsolvable group, any finitely generated
variety of lattices, etc.

On the other hand, Kozen ([6]) proved that the variety of all algebras in a
language containing no relational symbols has uniformly solvable word problem in
polynomial time.

A particularly remarkable result from the point of view of computational com-
plexity concerns the variety of commutative semigroups. Namely, Mayr and Meyer
([9]) proved that word problems for this variety are polynomial time solvable, yet
its uniform word problem is exponential space complete. It is also interesting to
point out that the time complexity of the latter problem is not known; it cannot
be polynomial, while it can be shown that it is at most double exponential.

A good reference for the computational complexity of the uniform word problem
is [2].

Another aspect of different levels of “recursiveness” of algorithmic problems in
varieties of algebras is reflected in the existence of pseudorecursive varieties.

We say that a variety V' is pseudorecursive, if its equational theory is undecidable,
yet the theory consisting of the equations involving at most n variables, true in V,
is decidable, for every n < w.

The existence of finitely based pseudorecursive varieties was first established in
[18], again, using a suitable encoding of computations of a Turing machine with the
undecidable Halting problem in the equational theory of a variety.

In this paper we provide a positive answer to the problem stated at the very
beginning of the paper, i.e., we construct a finitely based variety V' whose equational
theory is undecidable, yet whose word problem is solvable. This will subsume the
main results of [14] and [18], since:

1° The theory of quasi—identities of V' will be undecidable, which is, according
to a result of Mal’cev ([§]), equivalent to the non—existence of a uniform algorithm,
which would solve the word problem for any finite presentation relative to V. Hence,
the uniform word problem for V' will be unsolvable, and the main result of [14]
follows.

2° On the other hand, since in V, for every n < w, the n—generated free algebra in
V is finitely presented and the solvability of the word problem for this n—generated
free algebra in V' is equivalent to the decidability of the n—variable equational theory
of V; V will be pseudorecursive.

Our approach, instead of trying to encode the undecidability of the Halting
problem directly into the equations defining V', will be to use a class of structures,
defined in some multisorted signature (including relations), and then, to translate
different (un)decidability properties of that class into the corresponding properties
of a variety in a 1-sorted language without relation symbols.

This construction will be driven by the following version of the Halting problem:
there is a Turing machine T' such that there is no uniform algorithm to decide for
which initial configurations T' eventually halts; on the other hand, for each n, the
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set of initial configurations of length at most n from which T halts is decidable.
This nonuniformity for the Halting problem is essentially what makes things work
out nicely. For more on the theory of computability and recursive functions, see

.

One of the main tools throughout this paper will be multisorted logic (with the
identity) and we shall freely make use of standard notions and results of it. An
introduction to the basic model theory of multisorted structures is given, e.g. in
Chapter 5 in [7], and the reader is invited to consult it for the sake of a further
reference.

In order to make the exposition more readable, we have decided to deviate from
the standard practice of designating different sets of letters for the variables of
different sorts. Instead, we use the same standard, letters for variables (z,y, z,...)
of all sorts, yet, being almost exclusively interested in sentences, we indicate the
sort of a variable by restricting the range of the quantifier in question. For example,

(Vz € S;)¢(z)
means: “for every x of sort S;, ¢(x)”, while
(Jz € S)o(z)

should be interpreted as: “there exists x of sort S;, such that ¢(x) 7.

Where the multisorted formula is not a sentence, we indicate explicitly the sort
of a variable, as necessary.

A brief discussion on the theory of multisorted varieties can be found in either [16]

r [I2]. Actually, the techniques developed in section [2 of this paper were inspired

by the first part of Chapter 11 in [12], where the authors describe the categorical
equivalence between the varieties of multisorted algebras and the varieties in 1—
sorted algebraic signatures.

The most important tool in our proof is McKenzie’s reduction of first order logic
to equational logic using discriminator varieties, which is described in [10].

For basic facts from universal algebra and theory of discriminator varieties the
reader is referred to [3] and [11].

The most exhaustive reference on algorithmic problems for varieties of algebras
is [B], where further information can be found.

Next, we adopt several notational conventions and give some definitions that will
be used throughout the paper.

If a is an n-tuple from, say, A1 X As X -+ X A,, where Aq,..., A, are any sets,
the i-th component of a will sometimes be referred to as

al e A,
or as
CE[Z] € A;,

depending on which form will be more convenient in a given context.

By a universal theory of a class K in a (multisorted) signature £, we mean the
theory of all universal sentences, in the prenex normal form, true in every structure
in IC, and it will be denoted by

Thy(K).
If K is a (multisorted) class of structures,
Thy.(K)
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will denote the fragment of the universal theory of I, consisting of the sentences
from Thy(K) containing at most n variables of each sort.
Given a (multisorted) class K of algebras,

Thpen(K)

will stand for the set of equations in the signature of I, having at most n variables
of each sort.

We say that the (multisorted) class K is universally pseudorecursive, if
Thy(K) is undecidable, while Thy ,(K) is decidable, for every n < w.

Similarly, the class K is said to be pseudorecursive, if Thg,(K), the equa-
tional theory of K is undecidable, while all Thgq ,(K), n—variable fragments of the
equational theory, are decidable.

Section B constitutes the proof of the following theorem.

Theorem 1.2. Given a universally pseudorecursive class K of multisorted struc-
tures axiomatized by a finite set ® of universal sentences in a multisorted language
L, one can construct a finitely based pseudorecursive discriminator variety V whose
word problems are solvable.

2. FROM A MULTISORTED UNIVERSAL CLASS TO A PSEUDORECURSIVE VARIETY

The idea of the proof of Theorem is the following:

(1) Eliminate the relation symbols. Given a universally pseudorecursive class K
of multisorted structures in a language £, axiomatized by a finite set ® of
universal sentences, construct a universally pseudorecursive multisorted class
K*, in a language L£*, which does not contain relation symbols, and which is
axiomatized by a finite set of universal sentences ¥ in L*.

(2) Eliminate the constant symbols. Given a universally pseudorecursive class K
of multisorted structures in a language £, which does not contain relation
symbols, and which is axiomatized by a finite set ® of universal sentences in
L, construct a universally pseudorecursive multisorted class £* in a language
L*, which does not contain either relation or constant symbols, and which is
axiomatized by a finite set W of universal sentences in L*.

(3) Reduce to a single sort. Given a universally pseudorecursive class K of mul-
tisorted structures in a language £, not containing any relation or constant
symbols, and axiomatized by a finite set ¥ of universal sentences in £, con-
struct a universally pseudorecursive class of structures £* in an ordinary
1-sorted algebraic language L£*, such that K* is axiomatized by a finite set of
universal sentences.

(4) Reduce to an equational class. Given a universally pseudorecursive class of
algebras IC, axiomatized by a finite set of universal sentences in £, the associ-
ated discriminator variety denoted V(K?!) is a finitely based pseudorecursive
variety in the language £!, whose word problems are solvable.

The general method that will be used in steps (1)—(3) will depend on the following
definition:

Definition 2.1. Let £ and £* be two multisorted languages, and X a finite set
of universal sentences in £*. The system of transformations (x,X) is called a -
equivalence system if it satisfies the following conditions:



A FINITELY AXIOMATIZABLE EQUATIONAL THEORY 3069

1. For any structure A of signature £, A* is a structure of signature £*, which
satisfies . Conversely, for any structure B of signature £*, satisfying 3, B.
is a structure of signature £, so that

(A"), = A,
and
(B.)" 2 B.

2. For any sentence ¢ in L, sentence ¢* is a sentence in L£* constructed effec-
tively from ¢, and, conversely, for any sentence v in L*, 1, is a sentence
constructed effectively from ¢ in £, so that, for any structure A of signature
L, any structure B of signature £* satisfying 3, and ¢, ¢ sentences in L, L*,
respectively, we have the following:

Abo i ATEG
and

B+ if B,

Moreover, these two transformations are such that they carry universal sentences
into universal sentences.

Then, I* is defined to be the class
K*=I{A": A € K},
where I denotes the closure of the class under isomorphisms.

Definition 2.2. Suppose that the language £ is k—sorted, with the sorts S1,... , Sk.
The transformation @ — 1., which, given a universal sentence v in L* associates
to it a universal sentence 1, in L, is said to be variable bounded if and only if
there are functions 61,... ,60; on the natural numbers such that for every formula
1, if 1 has at most n variables of each sort, then 1, has at most 6;(n) variables of
sort S;, foreachi=1,... k.

If a Y-equivalence system (x,X) is such that its transformation function on the
sentences from £ into £* is variable-bounded, then (x, 3) will be said to be variable-
bounded, as well.

In that case, the following theorem will be true:

Theorem 2.3. If K is a universally pseudorecursive class axiomatized by a set ®
of universal sentences, and (x,X) is a variable-bounded Y -equivalence system, then
K* is a universally pseudorecursive class axiomatized by ®* U X, where

" ={¢*: ¢ € D}.
Proof. 1t is quite a straightforward exercise to show that K* is axiomatized by
®* U X, and that Thy(K*) is undecidable.
Let 9 be a universal sentence in L£*, which contains at most n variables of

each sort, and let 64,... ,0; be the functions which witness variable-boundedness.
Consider

m = max{61(n),02(n),... ,0k(n)}.
Then,
W € Thy o (K*) iff s € Thy m(K).
Since Thy ., (K) is decidable, so is Thy,,(K*). O
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This concludes our preliminary discussion on how steps (1)—(3) will be carried
out. In the sequel, we shall refer to these results and confine ourselves to defining
L*, Y and the corresponding transformations for each particular case.

2.1. Getting rid of relations. Suppose L is a k-sorted language with sorts
S1,...,Sk. We define L* to be a (k + 1)-sorted language whose sorts are those of
L, plus a new sort Sit1, which is the sort of two new constant symbols 0 and 1.

Also, L* retains all function and constant symbols from £, but the relation sym-
bols of L are replaced by function symbols intended to denote their characteristic
functions in the following way: if p is an m—ary relation symbol of L,

pCSiy X XS,
then p is replaced by an m—ary function symbol R in £*, so that
RZSiIXH'XS i—>Sk+1.

Let X consist of the following universal sentences:
(Vx € Sk41)(z =0V =1),
0#1.

The transformation on the level of structures is now obvious and therefore will
be omitted.

Next, we define the corresponding transformations on the sentences in £ and £*.

Let ¢ be a sentence in L. Replace every atomic subformula of ¢ of the form

p(tl(-i); CIE atﬂ’L(i‘))7
where

pQSilx---xSi

m?

is a relation and ¢;() is a term of the sort S;,, for 1 < j < m by
R(t1(z), ... tm(2)) =1,

where R is the corresponding function symbol in £*. Denote the formula in £*,
obtained from ¢ in this way by ¢*.

Now, suppose 1 is a sentence in L£*, which can be assumed to be in prenex
normal form. If ¥ is of the form

Qz(Vz € Sk41)9(7, 2),
where QT is a quantifier prefix in v, this formula will be equivalent, modulo ¥, to
(2.1) Qz(¥(z,0) AN (z,1));
while, if ¢ is of the form
Qz(3z € Sk+1)9(7, 2),
it will be equivalent to
(2.2) Qz(¥(z,0) vV I(z,1)).

Hence, after putting each of (Z1J), (Z2)) into prenex normal form, we may assume
that 1 does not contain variables of sort Sk1.

Thus, the atomic subformulas of ¢, which involve terms of the sort Sk41, are of
one of the following forms.
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(1) R(t1(Z),... ,tm(Z)) =1,

where
R: Sil X X Sim i Sk+1,
and every ¢;() is a term of the sort .S;;.
(2) R(t1(2),... ,tm(2)) =0,
where
R: Sil X oo X Sim — Sk+1,

and every ¢;() is a term of the sort .S;,.

(3) Ru(t(),-.. tm(2)) = Rolur(2),. .. ,un(2)).
(4) 0=0.
(5) 1=1
6) 0=1

If an atomic subformula of 1 is of one of the forms (1) or (2), we replace it by

p(tl(f), ce atm(i‘))7

or

—p(t1(Z), ... , tm(T)),
respectively, where p is the relation symbol in £ corresponding to R.
When an atomic subformula of ¢ is of the form (3), we first replace it by
(R1(t1(Z), ... ,tm(Z)) = 0A Ro(ur(Z),... ,un(z)) =0)
V (R1(t1(Z), ... ,tm(Z)) = 1A Ra(u1(Z), ... ,un(Z)) = 1),
and then handle this formula as in the previous case.

The construction of ¥, with the required properties is now easy and is left as an
exercise to the reader.

2.2. Elimination of constants. Throughout this part, we assume that the class
K of structures in the language £, which does not include relation symbols, is
universally pseudorecursive and axiomatized by a finite set ® of universal sentences
in L. Let Sq,..., Sk be the sorts of L.

Let £* be the language with the same sorts as £, obtained from £ by replacing
all the constant symbols ¢ € L of sort S; by the corresponding unary function
symbols

fe:S;i—S;.
Let X be the set of the following universal sentences in £*:
(Vx € S;)(Vy € Si)(fe(z) = fely)), ce L\ L.

If A is a structure of signature £, let A* be the structure with the same universe
as A, such that, for every function symbol g € £ N L*,

gt =g,
and, for f. € L*\ L, where c is of the sort S;, let
fe:Si— S

be such that fA" has the constant value c.
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On the other hand, if B is any structure of signature L£*, which satisfies 3,
define B, to be the structure of signature £, whose universe is that of B, and for
geLNL

9o =%,
while, for f. € £*\ L, the corresponding ¢ € £ will be interpreted in B, as the
constant value of fB.

It is straightforward to check that, for any structure A of signature £, and any
B of signature £*, which satisfies the universal sentences in X,

(A"). = A
and
(B.)" = B.

Given a formula ¢(Z) in L, let ¢/(Z,u) be a formula obtained from ¢(Z) by
replacing each occurrence of ¢ € £ of the sort .S; with a variable u of the same sort
which does not occur freely in ¢(z). We assume that a systematic, effective way to
choose such variables is set up in advance. Finally, let ¢*(z) be Yu¢'(z, ).

Proposition 2.4. Let A be a structure of signature L, $(Z) a formula in L, and a a
tuple of elements of A of the appropriate sorts. Then, for allby € S, ... by € S,?,

ARola) i ATEd@D)
Corollary 2.5. If A is a structure of signature L, and ¢ a sentence in L, then
Abo i AR

If ¢(Z) is a term in £*, which contains an occurrence of some f, € £*\ L, and if
fe(u(z)) is a subterm of ¢(Z), which is not nested inside any other subterm of ¢(z)
of the form fy(v(Z)), where fq € L*\ L, then replace f.(u(Z)) by the corresponding
ce L\ L.

Now, given a formula t(Z) in £*, define 1.(Z) to be the formula in £, which
is obtained from (%) by transforming each term t(Z) occurring in ¢(Z) in the
above described manner, plus deleting all the quantifiers that refer to the variables

eliminated in this process.
Hence, we have the following proposition, whose proof is straightforward:

Proposition 2.6. For a structure B of signature L*, which satisfies the univer-
sal sentences in X, a formula ¥(Z) in L*, and a tuple b of elements of B of the
appropriate sorts,

BlE4®) f B.Ev)

This transformation does not increase the number of the variables of any sort in
1, so that the class K* will have all the desired properties.

2.3. From the multisorted to a 1-sorted class. In this part, we make the
transition from multisorted to 1-sorted structures. The standard approach of taking
the disjoint union of the sorts (an early reference is [15]) will not be used here;
instead we opt for the technique developed in [12] for classes of unary algebras, and
put it in a more general setting.

Let I be a multisorted class of algebras of signature £, axiomatized by a finite
set @ of universal sentences in £, and which is universally pseudorecursive. L is



A FINITELY AXIOMATIZABLE EQUATIONAL THEORY 3073

also assumed not to contain any relation or constant symbols, and its sorts will be
denoted by S1,59,...,S5,.

The type of a term in £ is defined in a usual way. If the type of the term
t(ﬂ?l, cen ,J)k) is

<Si1ﬂ e 7S’ikvsj>a
S; will be referred to as the sort of .
We define the signature £* in the following way: If
f:Sil X"'XSik_)Sj

is a k—ary operation symbol in £, we define f* to be a k—ary operation symbol in
L*. Besides the operation symbols f* corresponding to f € L, the language £* will
contain an n—ary function symbol d.

Let X consist of the following identities in L£*:

(2.3) dlz,x,... ,z) =z,
(2.4) Ad(), dz2), () = (st a3, . o),
where #; = (z%,... ,2%) is an n—tuple of variables in £*, and

(25) f*(d(fl)v 7d(fk)) = d(x%v 7x}—17f*(x'}17"~ 7xvl,‘ck)7le‘+1v~'~ 7:C}L)

for f € L k-ary of type (Si,,... ,Si,,5j).
Given a multisorted algebra

A= (SA,..., 58
of signature £, we define an algebra A* of signature £* in the following way:

e the universe of A* is
Sf‘ X oo X Sﬁ‘;
o if f € L1is k-ary of the type (Si,,... ,S:,,5;), and a1,... ,ar € A* such that
a; = (at,...,al), al € Si(1<r<n),
then
(A7 (A0 = a0
is defined by

A 11 A 1 k
(S (a1,...,ax) = {aj,asq,... ,a}fl,f (ai,,- - ,aik),a}ﬂ,... ,al);
e dA" is the natural n-ary decomposition operation on A*, given by
A* 12
d® (a1,...,an) = (aj,a3,... ,a;).

It is a rather straightforward exercise to verify that, in any A* defined in this
way, all the identities in ¥ are satisfied.

Now, given any algebra B of signature £*, which satisfies X, we show how to
construct the corresponding B..

Since B satisfies (2.3),([2.4), d® will be the natural n-ary decomposition oper-
ation on B (see [12]). In other words, there exist Bi,..., B, such that B is in a
bijective correspondence with By X --- X B, via the bijection

t:B— By X--- X Bp;
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then,
dB(by,...,by) = ub1)[1],... ,e(bn)[n)).

For the sake of simplicity, we shall identify B with By x - - - x B,,, i.e., we assume
that

B=DB; x---X By,
and
dB(by,... ,by) = (b1[1],... ,bu[n]),
for all b1,...,b, € B.

Fix some ¢; € By,...,c, € By,. The n—sorted algebra B, will have the universe
(Bi,...,Bny).

The interpretation of the k—ary function symbol f € £ of the type (S;, , ..., Si,, S;)
is defined in the following way: if by € B;,, ..., by € By, fB(b1,... ,bs) is defined
to be the jth component of

(f*)B(<Cla sy Cip—1, blv Ciy 41y - 7Cn>7 <Cla sy Cig—1, b27 Cig41y--- 7Cn>7

<Clv vy Cip—1, bka Cij415- - 7cn>)~

It is readily seen that, for any algebra A of signature £ and any algebra B of
signature £*, satisfying 3,

(A"). = A,
and
(B.)* =< B.
For each term t(z1,... ,zx) in £, we define the term
t*(xl, e ,xk)
in £*, as follows:
1° If t(z1,... ,xk) is a variable x;, then ¢*(x1,... ,xy) is an (unsorted) variable
ZTj.
2° If t(xq,... ,xk) is of the form
flsi(xe, oo yxp), ... ysi(z, ... k),
where f € L is [-ary of type (S;,,...,Si,95;), and s;,, (z1,... ,2k) is of the
sort S;,. (1 <m <), we define t*(x1,...,x) to be
i@, k), -y 87 (21,0 L 2Tk)),
and all the variables x1, ... ,x; are unsorted.

If ¢ is an equation in £ of the form
t1(x1,. .. ,xk) = ta(x1,... ,2k),

where t1,t are terms, which are both of the sort .5;, define ¥* to be the following
equation in L£*:

d(:cl,... ,xl,tf(:cl,... ,:ck),:cl,... ,xl)

=d(z1,...,21,t5(x1,. ., Xk), X1, ... ,T1),

where t] and ¢5 occur as the i—th entries in the list of arguments of d.
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Given a formula ¢ in £, we define ¢* to be a formula in £* obtained by replacing
every atomic subformula 1 of ¢ by ¥* and making all variables unsorted.

Lemma 2.7. Let A be an algebra of signature L, and let a1, ... ,ar € A*, where
a;i=(at,...,al) €SP x-- x S& (1<i<k).
If t(z1,... ,2) is a term of the type (Si,,...,S:,,S;) in L, then in A*, the jth

component of

*

(t*)A (al, . ,ak)
18

tAal ... af).
Proposition 2.8. Let A be an algebra of signature L and ¢(x1,... ,x) a for-
mula in L, whose variables are of the sorts S;,,...,S:,, respectively. Let a; €
S;?, .o, ay € Sﬁ:, and let by, ... by € A* be such that

bili1] = a1,. .., bilix] = ak.
Then,
A Eg(ar,... a) iff A* E ¢*(b1,... , br).
Proof. The proof is by induction on the complexity of ¢.
1° ¢ is an equation of the form
ti(xr, ..., x5) =to(z1,... ,2k).
Then,
A= tHay, ... ax) =t (a1, ... ,ax)
if and only if
A= d® (bry . by, ()2 (bry e by), bry e by)

=d® (by,... by, (&2 (b, ... b)), b1, ... b)),

where 7, t5 occur as the i—th entries in the list of the arguments of d. (Here,
we have made use of the Lemma [Z7]) This is, in turn, equivalent to

A* ': ¢*(b1a 7bk)

2° If ¢(xq,. .. ,xx) is either (a1, ... ,x) or ¥(x1,... ,xk) A O(x1,... ,zk), for
some formulas ¥ (z1,...,zk),0(z1,...,2k), the claim follows immediately.
3° Assume that ¢(z1,...,2g) is of the form

(Fy € Si)v(y,x1,... ,xk).
Then,
AE3yeSHv(y,al,...,ar)
iff there exists a € S# such that
A EY(a,ay,...,a;).

Choosing b € A* to be an arbitrary n—tuple whose i—th coordinate is a, and
applying the induction hypothesis, we get

AEYaar,...  ap) iff A E Y (b b, ... by
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Since ¢* is
(Fy € Si)v(y,x1,... ,xk),
this yields
AE3yeSHvly,al,...,ar) iff A* E Gy (y, b1, ..., bi).
O

Corollary 2.9. If A is any algebra of signature L, and ¢ a sentence in L, then
Ao if  ATE4

Our next task is to define the corresponding effective transformation on sentences
in £*. We first establish certain properties of terms in L£*.

Lemma 2.10. Let B be an algebra of signature L*, satisfying X. If t(z1,... ,xx)
is a term in L of the type (Si,, ... ,Si,Sj), and by, ... by € B, then any coordinate
of

(t*)B(b1,... ,bk)
is equal to
sB(by[i1], ... , brlix]),
for some subterm s(x1,... ,xy) of t.

Proof. The proof is by induction on the complexity of t.

1° t(x1,... ,xk) is a variable z,, (1 < m < k), of sort S;, . In this case, the
claim is trivial.
2° Suppose t(z1,... ,2g) is of the form
f(si(z, o)y ooy Sm(T, . oy 2k)),
where each s, (x1,...,zx) is of the type (Si,,...,S:,,95;,.) (1 <r <m), while f is

of the type (Sj,,...,S},,S;). Then,

R M(CH ORI ES ()
= (DB (s1)PO) =1 P (SDP O, - ()P O, -
(DO +1],-.., ()P 0)[n)),

and the claim follows from the induction hypothesis applied to s%(b),... ,s* (b). O

r m

Moreover, observe that, from the proof of the lemma, we have the following:
for each t(z1,...,z) and by,... b € B, we can effectively recover the subterms
S1,...,8p of t, which determine the coordinates of t*(by,...,b;) in a unique way.

Lemma 2.11. Modulo ¥, every term t*(x1,... ,xx) in L* is equal to a term of the
form

Aty (z1, ... xk), ...yt (T1,. .. x)),

and d does not occur in any of t7,... ,tr.
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Proof. The proof is by induction on the complexity of ¢*.

1° If t* (a1, ... ,x) is f*(x1,... ,zk), then
(@1, xk) =d(f (X1, k), s [T (21, 2)).
If t*(z1,...,2x) is d(zsy, ... , 24, ), where {z;,... ,x;,} C {z1,...,2%}, then ¢*
itself will do.
2° If t*(x1, ... ,xk) is of the form
A(sT(@1y oo @k ey Si(T1y e, X)),
let
si(xy, . osxk) =d(t(ze, o xk), (T, T)),
where none of ¢7,,... ,t; ; contains d, for 1 <7 < n. Then,

(w1, k) = dd(E] (7). 8, (B)), - d(t, 1 (T), - 1, (7))
= d(til(j)v t;,Q(j)a e 7tz,n(j))'
If t*(z1,... ,2%) is of the form
Fr(s1(@), ..., s6(T)),
where f* is k—ary, using the induction hypothesis, we get
5i(z) = d(t;1(2), ..., 1;,(Z)),
where none of ¢ ; contains d. Then,
t*(j) = f*(d( T,I(E)a e 7tin(j))a e 7d(tl>;,1(j)a e 7t;;,n(j)))
= d(tif,l(‘f)7 s at;ffl,l(i‘% f(tylﬂ,z(‘f)a s at;;,i(‘f))a t;+1,1(i‘)7 s vt:z,l(j)))

This concludes the proof of the lemma. O

Hence, we can effectively transform any equation 1 in L£* into one of the form

from the statement of Lemma B.11l So, by Lemma R.11], without any loss of gener-
ality, we may assume that any equation in £* is of the form

d(ﬁ(l‘l,... ,xk),... ,t:b(xl,... ,xk))

(2.6) =d(ui(z1,. .. 2k), . yur(T1,. .. 2k)),

where the terms ¢, u} contain no occurrences of d.

Given an equation ¥ in L£* of the form (Z6), define v, as follows:

7/1* = /\ 9i;
i=1

where 6; is constructed in the following way: let p; be the subterm of ¢;, such that,
for every by,... ,b; € B,

tf(bl, e ,bk)[l] = pi(bl[il]a N ,bk[ik]),
where t; is of the type (S;,,...,S:.,S;), and let ¢; be the subterm of u; with the
same property, namely

ur(bla cee 7bk)[z] = Qz(bl[jl]a cee 7bk[jk])~
Set #; to be equal to

pi(lel,... ,xfk)
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Now, if ¢(x1,... ,xx) is a formula in £*, let
1 1.2 2 k k
Ou(TYy oo Ty XYy oo Ty XY, X))

be the formula in £, obtained by replacing all equations (atomic subformulas) ¥ of
¢ by 1, as described above. Also, each quantifier Qx; in ¢ will be replaced by

Clearly, if ¢ contains m variables, ¢, will contain m - n variables.

Proposition 2.12. Suppose

BEZX
For
by = (bl,...,bL) ... b = (bF,... DF)
in B, and a formula ¢(z1,... ,xx) in L*, we have

BE ¢(by,...,br) iff  Bul¢gu(b],... bL, ... b8 bE).

Proof. If ¢ is an equation in L*, the validity of the claim follows from the preceding
discussion. The only remaining case, which is nontrivial, is when ¢(x1,... ,xp) is
of the form

(Fx)(z, z1, ..., zk).
Then,
B E (Fz)v(x, by, ..., bi)
if and only if there exists
bo = (B9, ...
in B such that
B E (b, by, ..., bg).
Then, by the induction hypothesis,
B E ¢(b,b1,...,bk)
if and only if
B, = ¢.(07,...,00, b}, .. bk bh bR,
but observe that

is actually

By - )u(T1, oo Ty 1,2 k).

An immediate corollary of Proposition [Z12]is:

Corollary 2.13. For any algebra B of signature L* and any sentence ¢ in L,
BEo if B.Eo.
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2.4. Adding the discriminator. Let K be a class of algebras of a 1-sorted signa-
ture £ , axiomatized by a finite set of universal sentences ® in £, which is universally
pseudorecursive.

Definition 2.14. Let A be a nonempty set. The ternary discriminator func-
tion t on A is defined by

if
Habe)={ @ TO7h
c, ifa=0b,
for a,b,c € A.

Let K be a class of algebras of signature £ U {t} , where t is a ternary function
symbol not occurring in £, and which is axiomatized by ® U {d;}, where §; is a
universal sentence asserting that ¢ is interpreted by the discriminator function in
every algebra in K!. Also, for any algebra A € K, let A! stand for the expansion
of A by the discriminator function on A.

Clearly, we have the following:

Proposition 2.15. K! has the undecidable universal theory.

Now, given a universal sentence ¢ in £! = £ U {t}, one can effectively construct
a universal sentence ¢, in £ with the same number of variables, so that

AEg, iff  AlkEg,

where A is any algebra in .
Here is how the construction proceeds. If ¢ contains an atomic subformula of
the form

t(sla 52, 53) =S,
where s1, $2, 53, 5 are terms in £!, replace it by
(2.7) (s1 =82 A\s3=35)V (s17# S2/A\s1=25).

Since t(s1, s2, $3) = s is equivalent to (E7) in any model of ® U {4}, eliminating ¢
successively in ¢, in the manner described above, one obtains ¢, such that

Allo  iff AR ..
Now, it is easy to prove the following:
Proposition 2.16. Thy ,(K") is decidable, for every n < w.

Consider the variety V(K?). A result from [10] shows that, for each universal
sentence ¢ in L!, one can effectively construct an identity ¢ in £! such that, in
every subdirectly irreducible algebra A in V(K!),

AE¢ iff  AE.

But K! consists of the subdirectly irreducible algebras in V(K!) plus the one-
element algebras (in case K has any one-element algebras). Therefore, an equation
is true in V(K!) if and only if it is true in K'. Hence, the undecidability of the
universal theory of K! implies the undecidability of the equational theory of V(K?).

Theorem 2.17. V(K!) has the undecidable equational theory.
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Another result from [I0] shows that V(K?') is finitely based. Namely, the axiom-
atization of V(K?) is given by the equational translations of universal sentences in
® U {d;} plus the identities relating the discriminator to other symbols in L.

Since Thy,,(K") is decidable, for every n < w, Thg ,(K"), the theory of quasi-
identities of X! with at most n variables, is decidable.

It is a well-known fact that the Thq(K") is precisely Tho(V(K')), whence
Tho»(V(K")) is decidable, for every n < w.

Yet another well-known fact is that the decidability of Thq ,(V(K")) implies the
existence of a uniform algorithm, which solves the word problem for any finitely
presented algebra in V(K?) with at most n generators in its finite presentation.
This yields the following theorem:

Theorem 2.18. Every finitely presented algebra in V(K') has solvable word prob-
lems.

By combining all the steps so far, we complete the proof of Theorem [L2.

3. DEFINITION OF THE CLASS K

In this section, our goal is to construct a class K of structures in some multisorted
language £, axiomatized by a finite set of universal sentences in £, which will have
the desired properties; namely, its universal theory will be undecidable, while the
theory consisting of the universal sentences true in X involving at most n variables
of each sort will be decidable, for every n € w.

To ensure that the universal theory of I is undecidable, we design K so as to
reflect the computations of a Turing machine with the undecidable Halting problem.

On the other hand, the decidability of every (n,n,...,n)-universal theory will
follow from the fact that, given a universal sentence ¢ in £ containing at most n
variables of each sort, we can effectively check whether ¢ is false in some structure
in IC, by listing effectively all structures in K generated by at most n elements of
each sort and (n,n,...,n)-elements belonging to them.

Namely, if a structure is generated by at most n elements of every sort, there
will be only finitely many finite components (which will be defined later) in such
a structure, and that number will be bounded by some computable function of
n. These finite components, together with their location in the structure, and at
most n configurations of our Turing machine will, speaking informally, completely
determine the structure.

The version of a Turing machine that we use is such that the tape of T, is semi-
infinite (to the right), and, if it happens that the machine head is scanning the
leftmost cell of the tape and the appropriate instruction directs it to the left, the
machine halts in no state.

Throughout the rest of the paper, the machine T in question is assumed to be
such that its halting problem in state go is undecidable. The version of the Halting
problem that we have in mind, as mentioned in the introduction, is the following:
there is a machine T for which the set of the initial configurations which lead to
the halting state is undecidable.

By a Turing machine we mean a quintuple

T= <Qa Sa 57 QOaQI>7
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where

o S ={s0,81,... ,8m, B} is the set of the tape symbols of T, where B stands
for the blank symbol;

Q ={q0,q1,--.,qn} is the set of the states of T}

qo € Q is the unique halting state of T

q1 € Q is the initial state of T,

0:5%xQ — S %xQx{L,N,R} is a partial mapping (the transition function
of T') and the intended interpretation of

8(s,q) = (s',¢,T), re{L,N,R}

is: T, upon reading s in the scanned cell, with its head in the state ¢, prints s’
in place of s, moves in the direction I' (L-left, N-no move, R-right) changing
the state of its head to ¢'.
Also, the transition function § of T is assumed to satisfy the following: for every
se s

5(s,90) = (8,40, N).
I.e., once the halting state has been reached there is no further action of 7T'.

By a configuration we mean a finite initial portion of the tape, together with the
current position of the head and its current state (we also allow for the case where
the head is off the tape); i.e. a configuration is a finite sequence from S'U (S x @),
having at most one coordinate from S x Q). The set of all configurations of T" will
be denoted by Config.

T determines a unary function T' : Config — Config via its transition function 6.
For practical purposes, we shall assume that 7', acting on Config, always increases
the length of the configuration by 1, by, if necessary, adding a blank symbol to the
right.

If C € Config is of the form

C= (si1 ) Q)siz Tt S,

and

d(sir,q) = (5,4, L),
then

T(C)=5"si, s, B.

Before proceeding to the axiomatization of I, we sketch the idea of a computa-
tion structure. These structures will be in /C. They are intended to fully capture
computations of T. Our axiomatization for K results from assembling finitely many
universal sentences which are true in these structures and which describe how these
structures capture computations.

Namely, given a configuration C' of T, we can associate to it the computation
structure S¢. See Diagram 1.

Each horizontal line captures a particular configuration from the computation
of T' when started on C. The computation proceeds upwards, one line at a time,
in the following manner: assume that, given a configuration

Cl : Si15i2"'(SiJ;Q)"'Si,,”
T(C1) = Cy, where Cs is, say,

. A
Cy: SiySiy =+ (Si;_1,4)85, ++8i, B.
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DIAGRAM 1.

C5 will constitute the next “level” of our structure, being immediately “above” Cf.
In other words, we introduce a new relation — which will connect the encodings of
C; and Cj in the following way:

P>
S ,0)S;. _ B
ol oo 7_;'% 444444444 S;J_qQ;Li+l ........ _D?j_w
m F--- S e — T, W ;A — E
E 351 3;2 S':J (Siij,q) Es’ij+1 %:n E E
0 1 2 j-1 i j+1 n n+l n+2 Pl
DIAGRAM 2.

The language £ in which configuration structures, as well as the rest of the class
K, will be defined, has four sorts that will be denoted by A, P;, P5, and C. The
symbols of £ will be the following:

e Function symbols

diam : A> — A bord: A2 — A
h:A3 > A T A— Py
f:A* = A ot A— Py
g: A2 > A x:A—-C

e Relation symbols
—CAx A <GC P x Py

—»QAXA <2§P2><P2
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e Constant symbols

oo in A seSinC

001 in Py (s,q) € SxQinC
009 In Py cin C

oo’ in C din C

$in C Qin C

The computation structure is intended to correspond to a two-dimensional pat-
tern in the grid that is coordinatized by two linear orderings, (P, <1) and (Pa, <2).
w1 and mo represent the projections of the “main structure part” A on the coordi-
nate axes P; and P,. The role of f, g, h,diam and bord is to build A according to
the sequence of computations of T, started on C. If, at some point, a pattern is
detected which cannot be a part of a genuine configuration of T, the appropriate
structure-building operation has the default value co. oo and cos are the projec-
tions of co onto P; and P», respectively. Finally, the role of the constant symbols
c and d is to detect whether T eventually halts; if at some point, the halting state
qo is reached, the axioms force ¢ = d in S¢.

The role of y is to assign a “label” from S U (S x Q) to each element of A, so
that this label indicates the tape/state symbol of T' at the corresponding position
on the tape.

Definition 3.1. A computation structure S, where C is the configuration

s182.-.(8i,q) .- Sn

is a structure in the language £ which is generated by elements ag, a1, ... ,an,
an+1 € A such that

X(GO) = Oax(al) = S1,... aX(a/i) = (5i7q)a R 7X(an) = STMX(G/TL + 1) = Q?a
apg—ay — ... = Ay — Ap41
(similarly for the case where C contains no elements of S x Q).

We adopt the following convention: given a structure S € IC, the sets of elements

of S of corresponding sorts, will be denoted by AS, PS P$ CS, and
S = <A57P1Sap2sa CS>

The class I will be axiomatized by a finite list of universal sentences ® in the lan-
guage L, whose explicit statements will be deferred to the appendix. These axioms
ensure that all members of IC share certain simple properties with the structures
actually arising from computations of the Turing machine T'. For example, some of
the asserted properties of I are the following;:

1. Every element of A is labelled, via x, by some element of S U (S x Q) U
{0, 0, 00}, so that the first element of each line is labelled by ¢, and the last one
by Q.

2. <; linearly orders P;, with the largest element co;.

3. The structure-building operations f, g, and h reflect the computations of T
If the portion of a horizontal line of the computation structure looks like a genuine
portion of the tape of T', the operations emulate the action of T on that piece of
the tape one level upwards; if this is not the case, the operations output the default
element oc.

4. diam puts { to the first position of the line representing a configuration,
while bord marks the right end of a configuration by putting ©.



3084 DEJAN DELIC

5. —» connects vertically the lines arising from two successive configurations in
the computation of T', so that the elements labelled with < are vertically aligned,
while there is no © € A which is —-connected to an element labelled by ©.

6. oo is isolated: i.e, there is no x € A such that either z — oo or x — oo.

7. For every s € S, there is an axiom which detects whether the final state g
has been reached:

(Vz € A)(x(z) = (s,90) = ¢ =d).
4. SOME IMPORTANT FEATURES OF K

In this section we investigate the structure of finitely generated models in the
class IC, which was axiomatized by the set ® of universal sentences in the previous
section.

We assume that S = (AS, PS, PS CS) is a finitely generated member of K, for
which AS is nonempty.

Let

S = Sg(X7Y17Yé7Z)7

where X # (), and X,Y7,Y5, and Z are all finite. Also, define < to be the reflexive—
transitive closure of =5 U —5 in A4S,

The following lemma, whose proof will be omitted, follows essentially from the
very definition of the class K.

Lemma 4.1. IfS € K is such that X = {aq, ... ,an}, where

apg — a1 — ... = Qm—-1 — Am,
XS(G/O) = OaXS(am) = @7
xS(a;) € SU(SxQ),1<i<m—1,
so that for at most one i such that 1 <i<m—1,
Xs(ai) €8x Qa
then, for Sy, where S1 is generated by X, < S, Sy is a computation structure in K.

Definition 4.2. Let C be an intial configuration of the Turing machine 7. We
define 0¢, the halting sentence corresponding to C, to be

(Vzoxy -+ Xpg1 € A)(xp > @1 — -+ = Ty, — Ty

Ax(zo) = O A x(x1) = (siy,q1) A+ Ax(@n) = 8i, AX(@ng1) =90 = c=d).

Proposition 4.3. For any initial configuration C of T, 0 € Thy(K) if and only
if T halts when started on the configuration C.

Proof. Suppose the halting sentence is in the theory. Let S be the computation
structure for C. Clearly, the elements corresponding to C' in S will fulfill the
hypotheses of . Thus,

SEc=d.

Therefore, T' halts when started on C.

Conversely, suppose 0c & Thy(K). Then, there exists a structure S € K and
elements in S, which witness the failure of #c in S. These elements will fulfill
all the hypotheses of 6¢, yet ¢ # d in S. The selected elements will constitute a
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configuration line, and according to Lemmal[ZT] the substructure S; of S generated
by this line will be a configuration structure, in fact, the one which corresponds
to C. Since ¢ # d in Sy, no element from A5 can be labelled with (s, qo) by .
Hence, T' does not halt when started on C. O

As an immediate consequence of Proposition [£.3] we obtain
Theorem 4.4. Thy(K) is undecidable.

Our next task is to show that Thy ,(K) is decidable, for every n < w. In view
of the Completeness Theorem, since K is finitely axiomatizable, it follows that
Thy »(K) is recursively enumerable, for every n < w. Thus, it remains to produce
a recursive enumeration of the universal sentences with at most n variables of each
sort that are false in K.

To do that, we construct an algorithm which lists finite fragments of the struc-
tures in K that are generated in each sort by at most n elements. This will suffice
since, as we show in the forthcoming series of arguments, in order to check for the
failure of a given sentence from Thy ,,(K) in such a structure, one only needs to
recover a finite, “sufficiently large” portion of the structure.

We start with a series of lemmas about structural properties of such an S.

Lemma 4.5. For every a € AS\ {o0S}, there exists x € X such that x < a.
Proof. For an arbitrary subset B C AS, define

EB)=({yec AS:y=FS(,...,x,), for some z1,...,z, € B,

and some F : A" — Ain L} UB) \ {oc®}.
Now, let
EO(X)=X, and E"Y(X)=EE"™ (X)), for n < w.
It is easily seen that, for ¢ < j,
EO(X) C B9(X),

and

A8\ {8} = ] EM(X).

n<w

We prove the lemma by induction on n such that a € E(™(X).
If n =0, then a € E(O(X) = X, so = a would do.
Suppose that the lemma is true for every n < k and let

a e EM(X).
Then, either a € E*~1(X) and we are done, or a = FS(by,... ,b,), for some
F: A" — Aand by,...,b, € E* 1 5o that, for some i, i € {1,...,n} b; = a, or,

in case when a = bord(by, by), for some by, by € EF~1(X),
by —» b1 — a.
In any case, the induction hypothesis yields
rxa

for some = € X. O
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Lemma 4.6. For every b € PS (i = 1,2), either b € Y; or b = m;(x), for some
x € AS.
Proof. Immediate, from the fact that the only operation which involves elements
from PS is 75 : AS — PS. O
Let X = {x1,... ,z,}. For 1 <i < n we define
Bj={a€ AS:z; < a}.

Then, from Lemma E3, we conclude that

AS\ {oc®} =By U---UB,.
Lemma 4.7. For every j € {1,... ,n},

P (Bj) = {nf(a) : a € By}
is well-ordered by <;, fori=1,2.
Proof. If x,y € PS 2 #y, x <; y and there is no z € PS, 2 # z, 2 # y such that

A A
we write
T <; Y.

We prove the lemma for the case ¢ = 1, the proof for i = 2 being similar.
Let y € 75 (B;) be arbitrary. Then,

y = (a)

for some a € AS such that z; < a. Let

Tj =0bo =101 =2 —p_1 b1 = by =a,
where <1,...,—=,€ {—=5=5} by,... b1 € AS. We can also assume that
bo, b1, ... b, are all distinct.
Let {c1,...,c1} = {nd(b;) : 1 <i<m— 1}, so that

€1 <162 <1 ... <1 ¢
If <4, =—5, then
3 (b-1) <1 7 (bi).
Hence,
ﬂls(a:j) <16 <1 <11 <1 Y.

Also, 79 (B;) is at most countable, since AS is such. Thus, 75 (B;) is either a finite
or countable well-ordering, isomorphic to (w, <). O

Proposition 4.8. (PS5, <;) is a well-ordering, fori=1,2.

7
Proof. If S = Sg(X,Y1,Ys,Z), due to Lemma F6|,
PS =Y, Un¥(B))U---Und(B,) U{cS}.
Clearly, each of the sets in this finite union is well-ordered, with respect to the
restriction of <;, ¥; and {oof} being finite, and 75 (B;) by Lemma B
Since every linearly ordered set that is a finite union of well-ordered sets is itself
well-ordered, the proposition is proved. O
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Thus,
(P8,<i) =2 (M, <),

(3

where ); is some, at most countable, ordinal which is yet to be determined.

From now on, we shall assume that
PS =\, i=1,2.

(2

A (horizontal) line in AS is the set of all elements with the same P,—coordinate;
i.e. if m € Ay, the m-th horizontal line in AS is

Im = {z € AS : 78 (x) = m}.
Definition 4.9. If [ is a horizontal line in A5, then its index is an ordinal m < Ao
such that
I =1y ={z € A5 : my(zx) = m}.
Lemma 4.10. Every horizontal line in AS is finite.

Proof. We use the transfinite induction on the index of a line.
1° If the index of a line is a limit ordinal, then {j C X, since there is neither an
a € AS such that

a —» x,
nor b, c € AS such that
b—c— .

Since X is finite, then so is .
2° Now, assume that p is a successor ordinal in Ag, 4 = v + 1, and consider [,,.

Every x € I, is either a generator in X or FS(ay,... ,a,), for some F : A" — A,
and ay,...,a, € l,. Since [, is finite (by the induction hypothesis) and £ is such,
l,, is finite as well. O

Definition 4.11. A configuration line in AS is a line consisting of ag,a1,... ,
U, Gmy1 € AS, such that

ag — ap — -+ = Am =7 Qm+1,
X3 (a0) = &, x5 (amt1) = ©,
x3(a;) € SU(S x Q), 1<i<m,
so that for at most one 1 < ¢ < m,
x3(a;) € 5 x Q.

Definition 4.12. A non—configuration segment in AS is a sequence ag, a1, ... ,
ar € AS such that

ap — a1 — - — Ak,
and either
(a) xS(a;) € SU(S x Q), for 0 <i <k, or
(b) x3(a0) = 0, x%(a;) € SU(S x Q), 1 <i <k, or
(c) xS(ar) =V, x5(a;) € SU(SxQ),0<i<k—1.

Note that the axioms in ® imply that, in every line, at most one element has a
label in (S x Q).
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Lemma 4.13. Non-—configuration segments generate finite substructures of S whose
A-parts, omitting 005, have one of the following three forms:

1)
-
Si;  Si, Sipa Siy
or
2
s, s, s, Si,, Si,
or
(©)
| |
(I
i
Si0 Sil Si2 Sik—l
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Proof. The proof follows from the axioms which determine the behaviour of diam,
f,9,h and bord. O

We define the binary relation ~ on AS to be the equivalence relation on AS
generated by —5 U —5; i.e. ~ is the smallest equivalence relation on AS containing
S U Y

Definition 4.14. A (— U —)-connected component (or, simply, (— U —)—
component) in AS is an equivalence class of the binary relation ~.

Let B be an arbitrary (— U —)-component in AS, and let

Xp=XnNB.
Letl,,,... ,l,,, where ;t1; < pa < --- < p, be the lines in AS in which the elements
of Xp occur. Clearly, since
| XB| <n,

where n is the number of elements in X, we have
k< n.
Also, define
Xi=XpNLy, 1<i<k.
Then,
Xp=XjU---UXg.
Suppose that
| Xi| = m;, 1<i<k,

which yields

n>|Xgl=mi+ - +myg.

The proof of Lemma S, in fact, shows that if B is a (— U —»)—component of
AS | its projection onto P, is either finite or isomorphic to (w, <). This fact will be
used in the proof of the following lemma:

Lemma 4.15. Let B be an arbitrary (— U —)—component. Let p1,... , g, m,
.,mk be as defined above.
For all j < Ay such that j > p1, if none of

B0y, BNly,,...,BNl,, BN

are configuration lines, then

(4.1) BN < max(0, Y mi — (j — ).

ni<J

Proof. By induction on j > .
1° If j = pa, the inequality is obvious, for

BAL|= 1B | = X5 01,] = ma.
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2° Suppose j =i+ 1, for some p1 < A2. Then, BN; will be a non-configuration
line; otherwise, B N ; will generate a computation structure which will include
BNi;. In this case,

BOL| < [BOL|-1
<> mi—(i—pm)—1
ni<k
< Zmi—(j—ul)-
ni<J

3° If j is a limit ordinal < Ag, then either j = p; or BN; is empty. If j = pq,

|B n ljl =mj.
Thus,
IBOLI< Y mi— (= ).
Hi<J
O
Corollary 4.16. 1. If a (— U —)—component B contains no configuration lines,

then B is finite, and
height(B) < n, width(B) < n?.
2. If B does contain a configuration line, and j is the line number of the first
configuration line occurring in B, then
J < pr+n.

Furthermore, the lines in B which precede B N1; are bounded in height and

width by n and n?, respectively.
Proof. Lemma EETH tells us that, in the case when B contains no configuration lines,
if j > pg, then

BNl <n—(j—m).

In case B has an element on [;, we see that j — 1 < n. Thus only lines with indices
from py to g1 +n — 1 can cross B. The same applies to all the configuration lines

that touch B, even if B contains configuration lines.
Hence,

height(B) < n,
and
width(B) < height(B) - max |B N 1;| < height(B) -n = n?.
J

O

Definition 4.17. An infinite (— U —)-component will be called standard, if its
first line (with respect to the ordering <3) is a configuration line. Otherwise, it
will be called a nonstandard component.

An immediate corollary of the definition above and Lemma is the following
proposition.

Proposition 4.18. FEvery infinite (— U —)—component is either standard or is a
copy of a standard component preceded by finitely many lines.
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Lemma 4.19. If S is a computation structure, PS and PS are of order—type w.
Proof. Let the configuration line generating AS be
ap —air — = Ak, k=2,
X3 (a0) = ¢, x5 (ar) = 0, x5(a;) € SU(S x Q), 1<i<k—1.
It is easy to see that, for every a € AS,
ap X a.
Hence, in P, for every a € AS| there exist ci, ... ,c, € AS, such that
75 (ag) <1 7 (c1) <1 -+ <1 7 (em) <1 75 (a),
and
PP = a7 (A°).
Since the elements a € AS, for which x5(a) = ©, all have distinct P;—coordinates,

we see that PS is countably infinite, and order—isomorphic to w.
The proof for (P$,<5) is analogous. O

:

In a similar fashion, one can show that, if S is a structure whose single (— U —)—
component is infinite nonstandard, and PS, PS are (-generated, then P and PJ
are of order—type w.

The results obtained so far can now be summarized in the form of the following
proposition.

Proposition 4.20. If S = (AS, P3PS CS) is a finitely generated structure in K,
then

PS =~ aw +my, a€{0,1},m <w,
PQS%kw—i—mg, k,mo < w.
Therefore, we have the following theorem:

Theorem 4.21. Every finitely generated structure S = (AS, PS, P$,CS) in K sat-
isfies the following:
(a) AS is a disjoint union of finitely many (— U —»)-components, such that each
(— U —»)—component is either
1. finite, or
2. standard,or
3. a component which contains a copy of a standard component preceded by
finitely many lines, or
4. {008},
(b) P3,PS are well-orderings of types
Pls: aw +my, a=0,1,and m < w,
P2S : kw 4+ ma, k,mo < w.
(c) CS is finite, and either
1. S =4d8, or
2. S #£dS.
All the other symbols in C are interpreted by different elements in CS, and,

conversely, every element in CS is the interpretation of some constant symbol
in C.
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Hence, a typical finitely generated structure in K can be visualized as:

Our next task is to show that Thy ,(K) is decidable, for every n < w. To do
that, we construct an algorithm, which, given a universal sentence (or, equivalently,
a quantifier—free formula) in £ with at most n variables of each sort, lists all the
pairs (S, a) of structures in K, generated by at most n elements of each sort and
4dn—tuples a of elements in S (with n elements of each sort), and checks whether a
satisfies the given universal sentence in S or not.

We have already seen that all finite (— U —)—components in a structure in K,
generated by at most (n, n, n, 0)—elements, are bounded in depth and width by n and
n2, respectively. Therefore, we may assume that every finite (— U —)—component
is represented by an n x n?-matrix, whose entries are either y—labels of elements,
or some distinguished symbol, say &, if such an element is not present in the finite
component. Also, such a matrix contains all the data concerning the relations —
and —», restricted to the elements in that finite component. For practical reasons,
we also allow for the possibility of the empty finite component.

We may also assume that all the configuration lines (possibly degenerate) of
length < n are given in the form of an n—aray whose entries are either x—labels or
&.

Obviously, a structure in K generated by at most n elements of each sort can
have at most n (— U —»)-components, not counting {coS}.
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Now, if By, and Bs are two infinite (— U —)—components, such that, for all
x € By, and y € Bo,

ko +1 <5 (z) < (k+ 1w,
(k+Dw +m <75 (y) < (k+2)w,
where k,l, m < w, it is easy to see that
0<m<n?+ n,

for there are at most n finite (— U —)—components lying “between” B; and Ba,
each of the height at most n, plus at most n generators of PS. For our purposes,
the bound on m can be given by 2n2, which will make it easier to work with.

Our strategy will be to construct first, for every 0 < k < n, a procedure which
lists all structures in /C (up to isomorphism) with precisely k infinite (— U —)—
components, and then use these procedures to list all structures in I (up to iso-
morphism) with at most n (— U —»)-components, excluding {ooS}.

If k = 0, then P2, and PS are of order—types m1, and my, respectively and

my <n-n?4+n<2n
me <n-n+n<2n?
since there are at most n components, all of which are finite, and the procedure for
k = 0 can be realized through a brute force search through all the possibilities for
at most n finite (— U —)-components.
If k # 0, then PS and P$ have order—types

w+ mi, m1<n-n2—|—n<2n3,

~
kw + mo, m2<n~n+n<2n2.

Thus, given k, the elements of AS have horizontal and vertical coordinates within
the following ranges:

Pll OS g
P 0< 2 < kw+ 2n

We proceed to the informal description of the algorithm, when &k # 0.
1° Let C1, ... ,C; be all sequences of k configuration lines of length < n.
Let P; be the procedure which, given

Ci = liy,..., L)

lists all K-structures for which the standard parts of k infinite (— U —»)—compo-
nents start with /;,,... ,l;,. Then, once all P;, 1 < ¢ < [, have been constructed,
we can list all structures in K with precisely £ infinite components, in the following
way: list the first structure produced by P;, next, the first structure listed by P,
etc. Finally, after the first structure produced by P; has been listed, proceed to the
second structure listed by P;, the second structure listed by P, and so on.

Thus, our task reduces to constructing P; for 1 < ¢ <.

2° Let us focus our attention on a particular C; (1 < i < 1). Suppose that

Ci= i, ... L)
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Then, we assign P,—coordinates to these k lines in the following manner:
lil = 2712

l7;2 |—>w—|—2n2

— (k — 1w + 202

k

ls

Since in an (n,n, n,0)—-generated structure there are only finitely many possible
finite parts in nonstandard infinite components (including the empty finite part)
Ni, ..., Np, there are only finitely many k-sequences of them, say Dq,... , Dy.

Now, for the specified C;, let

D; = (Nj,,... ,Nj,).

We “position” each IV;; in the coordinate lattice by selecting the P—coordinate y;,
for the bottom line of each of them, so that

(i—Nw <yj, < (i—Dw+2n"—1.

)

y F - - -

The next step is to check for the compatibility of each /V; with the corresponding
standard component which starts with /;, .
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e If N; =0, the output is: “Nj_ is compatible with I, 7.

e Otherwise, if N; # 0, using the coordinatization of AS. we can effectively
determine whether N;_ and the standard part produced by [;. overlap in an
allowable way.

Next, we need to specify the finite (— U —»)—components in the structure (at
most n — k of them; but, since we allow for the empty component, we may assume
that there are precisely n — & of them), and their position.

Again, there are only finitely many types of such finite components (apart from
their location). Let Fi,..., Es be all (n — k)-sequences of finite components in a
structure generated by at most (n,n,n,0)-elements.

Now, given C; and D, consider some E; (1 <[ < s), where

E, =(Bi,...,Bi,_,)-

We shall specify the positions of B, (1 < r < n—k), by selecting the pair (x,y) of
coordinates for the left bottom entry of the matrix representing B;, .
Also,

1<x<w+n3,
y €[0,2n* — 1] U [w,w +2n% — 1] U--- U [kw, kw + 2n?].

Obviously, all such (n — k)—tuples of pairs (z,y) can be effectively enumerated,
and let Q be the procedure which performs that task.
After the procedure Q outputs a (n — k)—tuple

<<$1ay1>, ey <xn—k7yn—k>>a

assign (z,,y,) (1 <r < n—k) to By, as the coordinates of its left bottom element,
and, for each pair [;, and Nj,, (1 < ¢,m < k), check whether B;, (1 <r <n—k)
overlaps with any of I; , Nj,,. If the answer is negative, for every B, (1 <r < n—k),
and Ej is an allowable disposition of finite components in the structure (together
with the locations of Fj, given by Q), in which all infinite components are specified
by C; and D;.

Hence, the procedure P; which, given k£ (0 < k < n) and C; = (i,,...,1;,)
(1 < <) lists all structures, up to isomorphism, in which the standard parts of
infinite configurations start with [;,,... ,[;, , respectively, is given by the following:

(1) Choose 1 < j < p;ie. Dj = (Nj,,...,Nj).

(2) For all possible choices of k-tuples § = (y;,,... ,¥;,), such that

(i— 1w <y < (@ —1Dw+3n* -1,

assign y;, to N;. as the Po—coordinate of its bottom line and check whether each
N;, is compatible with ;. (1 < r < k).

(3) For each D; and g, for which D; and § are compatible with Cj, list all the
structures specified by C, D;, and g in the following way:

e choose F; (1 <1< s),

e use Q to generate all the allowable structures with E; as finite components.

(4) The last fact that we need in order to specify the structure completely is
whether ¢ = d in the structure or not. If 7', started on any of [;,, ... ,l;,, halts, we
are forced to have ¢8 = d5; otherwise, there are two structures with C;, Dj, By, and
7, s as described above, one for which ¢ = d, and the other for which ¢S # dS.
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1

steps=l -f----cfmmommomo oo - Siy’U —————————————— -
2

Steps=2 -f----cfmmommooo oo - Siy’U —————————————— -
y.S
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Thus, after generating S;’ by (here, r is the corresponding code for ) in step (3),
we check whether T" started on any of [;,,... ,l; halts. This is possible, since

{q : T started on I;, halts, 1 < ¢ <k}

is finite, and hence, recursive.
If the answer is positive, we list Sm’ : otherwise, we list both S; JS’ and S} ; fé.
Finally, we include k (the number of 1nﬁn1te components in the structure) in the

code, which now has the form

T?'si:

k5,0
or

8,7
Sk,i,j}l'

This gives an enumeration, which includes all (n, n, n, 0)-generated structures in
K, which is effective in the following sense: given the code S,:f]* ;» where x € {=, #},
we can obtain the complete specification of the structure it represents.

Now, there is an effective procedure listing all 4n—tuples

<a,1,... ,an,bl,... ,bn,Cl,... 7cn;d17--- ,dn>,

such that a; = (z;,y;), where

0<xr; <w+ 3n3,
0<y; < nw + 3n2.
(These n elements represent the elements of AS via their coordinates.) Next n
entries by, ... , b, are elements of w+3n3 (elements of PS), ¢y, ... , ¢, are in nw+2n3
(elements of P§), while dy, ... ,d, € CS.
If S1,84,Ss, ... is the listing of the structures in K having at most n components
(excluding {00S}), as described in the preceding paragraphs, and oy, 0, ... is the

listing of all the 4n—tuples as above, we check whether o; is in S;
using the information contained in the code for S; and the coordinatization of AS:.
This produces an enumeration of descriptions of pairs (S, a), where
1. for every such (S,a), S € K and a is an (n,n,n,0)-tuple from S;
2. conversely, if S € K, a is an (n,n,n,0)-tuple from S, and S is generated by
a, then the enumeration contains a description of (S, a).
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The code for S provides us with the specification of S, with one possible difficulty:
the code for S specifies only the initial line of the standard part of an infinite
(— U —»)-component in AS. In order to check the nonvalidity of a given quantifier—
free formula ¢ in S, when the variables of ¢ are substituted with the corresponding
entries from o, we must be able to recover a “sufficiently large” standard part of
any infinite (— U —)—component.

Let B be a standard component, whose initial line is given by

ag — ap — -+ — g — Qgg1,

x3(a0) = O, x3(a1) € SU(S x Q),1 <i <k,

Xs(ak+1) =0,
5 (ag),. .., 7 (app1) =k +1,
75 (ag) = - = 73 (apy1) = m, for some m < Ag.
Set
BO Z (4O, _©) _0)
where

Given B = (A ) () we define BM™*Y in the following way:
B Z (A(n+) (k1) (n )y

where

APTD = AW G LFS (b, ), XS (FS (b -+ b)), 75 (br) (or 75 (br) + 1
when F = bord), 75 (bp) +1) | F : A™ — A, by, ... by, € A™}
where
by, F =diam,
brp = by, F =g, h or bord,
bs, F=f;
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and
=0 == U {(a,b) € (AP N AM)? aP(b) = 7P (a) + 1),
- D) — () Y {(a,b) € A™ x AP 78 (0) = 75 (b))
Then,
B = U B,
n<w
and a “sufficiently large” part of B can be effectively recovered by constructing
B n < w
Therefore, the algorithm that, given a quantifier—free formula in £ with at most
n variables of each sort, checks whether the formula belongs to Thy ,(K) or not,
is given by the following: on one hand, list all the theorems which can be deduced
from T'; on the other hand, list the pairs (S, o), as described above, and check
whether the formula is false in S when its variables are substituted by the entries

of 0. If so, list it. Eventually, the formula will appear in one of these two lists.
Hence, we have the following theorem:

Theorem 4.22. Thy ,(K) is decidable, for every n < w.
This finishes the proof that the class K is universally pseudorecursive.
5. APPENDIX: THE LIST OF AXIOMS FOR K

1. Axioms which assert that <; is a linear ordering with the maximal element

o (Vx € P)(z < x),

o (VxePi)(VyeP)(x< yhy<;z=z=y),

o VxeP)(VyeP)VzeP)x<;yhNy<,z=z<;z,
o VzeP)(VyeP)x<,yVy< ),

o (Vz € P)(z <; 00;).

2. Axioms which describe 7; and their relation to — and —»:

(Ve € A)(Vy € P1)(x(z) = 0 = m(z) <1y),

(Ve € A)(Vy € A)(x(z) = O A ma(z) = m2(y) = m(y) <1 m(2)),
(Vo € A)(Vy € A)(mi(2) = mi(y) A m2(z) = Wz(y) =z =1y),

EVw € AgEVy € A)(x(z) = 0 A mi(z) =m(y) = x(y) = 0),
( (

Vo € A)(mi(x) = 00, & = 00),
Vee A)Vy € A)(Vz € P1)(z — y = mi(x) <1 m1(y) A ~(m(z) <12 <1
T1(y)) A ma(z) = m2(y)),
(Ve e A)(Vy € A)(Vz € Po)(xz = y = ma(x) <2 m2(y) A ~(me(z) <2 2z <2
ma(y)) A mi(x) = m(y)),
Vee A)Vye A)Vze A)Vu e A)(z my Az >z ANy —>u=z— u),
Vee A)Vye A)Vze A)Vu e A)(z my A > 2z ANz—u=y—>u),
Vee A)Vye A)Vze A)Vu e A)(z my AN z—u ANy —»>u=1—>»2),
Vee A\ Vye A)Vze A)Vu e A)(z » 2z Az —u ANy —»u=x—Yy).
3. Axioms which describe the labelling by x and the detection of the halting
state:

e For each s € S

(Vz € A)(x(x) = (s,90) = ¢ = d),

o (VzeC)(V{x=s:5€ SU(SxQ)U{c,d, 00"} } AN{c1 #ca:cr,c0 €C,
except for {c1,c2} = {c,d}}),
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o (V2 € A)YV{x(®) = c:c€ SU(S x Q) U{0,D,00}}),
o (Vo € )y € Ama(z) = maly) A X(2) = xly) = 9= 2 =),
o (Vx € A)(x(z) =0 &z =00),
e For (s,q),(s',¢') € S x Q:
(Vo € A)(Vy € A)(ms(x) = (y) A x(@) = (5,0) A X(y) = (', ) = =),
o (Vx e A~ (x—>oo\/x—»oo),
o (Vo e A)(Vy e A)n(z —»y A x(y) =),
o (Vo e A)(Vye A)n(x(z) =0 Ax(y) =0 Az —y),
4. Axioms which describe bord operation:
o (Vx € A)(Vy € A)(xz — y AN x(y) = O = g(a,y) — bord(z,y) A
x(bord(z,y)) = Q),
o (Vze A)(Vy € A)(~z —y V x(y) # O = g(z,y) = 00).
5. Axioms which describe operation g:
e (VzeA)(VyeA)(z—yAxly) =0 Ax(@)=s(s€8)=y—>gxy)
A x(g(z,y)) = B),

=y Axy)=9Ax(@) = (s9) =y~ glx,y) A

(
)
o If T'(s,q) = (s, L,q") or T(s,q) = (s',N,q'):
(Vz € A)(Vy € A)(z =y A x(y) =0 A x(@) = (s,9) = y > g(z,9) A
x(g(z,y)) = B).
6. Axioms which describe diam operation:
* Vs €AY € A=y A x(E) = 0 = 2 diam(a, )\ (i (s )
o (Vxe A)(Vy € A)(—x — y V x(x) # O = diam(z,y) = 00).
7. Axioms which describe the operation f:
e For s; € S:
(Ve e A)(Vy € A)Vz € A)(Vw € A)(x —y — z — w A ((x(z) = s1)V
(x(2) = 0)) A x(y) = 52 A x(2) = 85 A (x(w) = 51) V(x(w) = ) =
z f(xayvsz) A X(f(xay7sz)) = 53)7
o If T(s4,q) = (s',N,q"), or T(s4,q) = (s, R,¢):
(Ve e A)(Vy € A)(‘v’z e A)Vw e A)(z -y — z — w A ((x(z) = s1)V

(x(@) = Q) Ax(y) = s2 A x(2) = s3 A x(w) = (s4,9) = 2z — f(z,y,2,0)
A X(f(z,y, 2,w)) = s3).

o If T'(s4,q9) = (s',L,q):
(Ve e A)(Vy € A)(Vz e A)Vw e A)(z -y — z — w A ((x(z) = s1)V
(x() O) Ax(y) = s2 Ax(z) = ss Ax(w) = (s4,q9) = 2 > f(z,y,2,w)

A X(f(2,y, z,w)) = (s3,4)).

o If T'(ss3,q) = (s',N,q¢'):
(Vz e A)(Vy € A)(Vz € A)(Vw € A)(z -y — z — w A ((x(x) = s1)V
(x(@) = Q) A x(y) = s2 A x(2) = (s3,9) N ((x(w) = s4) V (x(w) =
O) =z f(z,y,z,w) A x(f(z,y,2,w)) = (s',¢)).

o If T'(s3,q) = (s, L,q') or T(s3,q) = (s’ R,q)
(Vz € A)(Vy € A)(Vz e A)(Vw e A)(z -y — 2z - w A ((x(z) = s1)V
(x(@) = 0)) A x(y) = s2 A x(2) = (s3,9) A ((x(w) = s4) V (x(w) =
O) =z f(z,y,z,w) A x(f(2,y,2,w)) = §).

o If T(s2,q) = (s',L,q") or T(s2,q) = (', N,¢'):
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(Ve e A)(Vy € A)Vz € A)(Vw € A)(x —y — z — w A ((x(z) = s1)V
(x(2) = 0) A X(y) = (52,0) A x(2) = 55 A (x(@) = 1) V (x(w) =
Q)) =z f(xayv ,’U}) A X(f(xvyazaw)) = 53)'

o If T(s2,q9) = (s, R,¢):
(Vo € A)(Vy € A)(Vz € A)(Vw € A)(z =y — 2z = w A ((x(2) = s1)V
(x(2) = 0)) A X(y) = (52,0) A x(2) = 55 A (x(w) = 1) V (x(w) =
O) =z f(xayvz ’U)) A X(f(x y,z,w)) = (S?nq,))'

o Vxe A)(Vyec A)(Vze A)(Vwe A)(z -y —z—w A (x(x) = (s1,9) A
x(y) = 53 A X(2) = 55 A (x(w) = sV (x(w) = D)) = 2 > f(z,y, 2, )
A

X(f(x7yazaw)) - 83)

o (Vx € A)(Vy € A)(Vz € A)(Yw € A)(all previous antecedents in this

group are false = f(z,y, z,w) = 00).
8. Axioms which describe operation h:

o (Vx € A)Vy € A)Vz € A)(z — y — z A x(z) = O A x(y) = s2 A
(x(2) = s3) V (x(2) = V) = y = h(z,y,2) A x(h(z,y,2)) = s2).

o If T(s3,q) = (s',N,q) or (s',R,q'):
(Vz € A)(Vy € A)Vz € Az -y — 2 A x(z) = O A x(y) = s2 A
X(Z) = (837Q) =Yy —> h(x7y7z) A X(h(x7yvz)) = 32)'

o If T'(s3,q) = (s',L,q):
(Ve € A)(Vy € A)(Vz € A)(x =y — z A x(x) = O A x(y) = s2 A
x(z) = (83,q) = y = h(z,y,2) A x(h(z,y,2)) = (s2,¢)).

o If T'(ss3,q) = (', N,q¢'):
(Vz € A)(Vy € A)(Vz
((x(2) = s3) V(x(2) =

€ A)(z -y — 2 A x@)=0NXxy)
V) =
o If T(s2,q) = (s',L,q') or
S
V)

= (32a )
) =y = h(z,y,2) A x(h(z,y,2)) = (s',q)),
(s',R,q):
(Vz € A)Vy € A)(Vz € A)(z — y — 2 A x(x) = O A x(y) = (s2,9) A
(x(2) = s3) V(x(2) =) =y = h(z,y,2) A x(h(z,y,2)) = 5).
o (Vo € A)(Vy € A)(Vz € A)(all previous antecedents in this group are
false = h(z,y,z) = 00).
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