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COUNTING SOLUTIONS TO TRINOMIAL THUE EQUATIONS:
A DIFFERENT APPROACH

EMERY THOMAS

ABSTRACT. We consider the problem of counting solutions to a trinomial Thue
equation — that is, an equation

(%) |F(z, )| =1,

where F' is an irreducible form in Z[z,y] with degree at least three and with
three non-zero coefficients. In a 1987 paper J. Mueller and W. Schmidt gave
effective bounds for this problem. Their work was based on a series of papers
by Bombieri, Bombieri-Mueller and Bombieri-Schmidt, all concerned with the
“Thue-Siegel principle” and its relation to (x). In this paper we give specific
numerical bounds for the number of solutions to (x) by a somewhat different
approach, the difference lying in the initial step — solving a certain diophantine
approximation problem. We regard this as a real variable extremal problem,
which we then solve by elementary calculus.

1. INTRODUCTION

We consider the Diophantine equation
(%) |F(2,y)| =1,
where F' is an irreducible form in Z[z, y] with degree at least three. F is often called
a Thue form and (%) the Thue equation. In 1909 Thue [23] showed that (%) has
only a finite number of solutions. Davenport and Roth [6] — using material from
the proof of Roth’s theorem [I8] — gave an effective upper bound for the number
of solutions to (). In a recent series of papers (Bombieri-Schmidt [5], Mueller-
Schmidt [16], [I7]) Bombieri, Mueller and Schmidt obtain an effective upper bound
by quite a different method. This approach uses the “Thue-Siegel principle”, in
the sense of Bombieri [3] and as further developed in Bombieri-Mueller [4] and
Bombieri-Schmidt [5]. At the end of the section we give a brief summary of the
Bombieri-Mueller-Schmidt method. (Note important earlier work by Siegel [21],
Dyson [7], Mahler [I3], Lewis-Mahler [I2] and Evertse [§].)

In this paper we suggest a somewhat different approach to the above problem.
We apply this approach to give explicit numerical bounds when F'is a trinomial (= 3
non-zero coefficients) Thue form (cf. [16]). One can also treat Thue tetranomials
(= 4 non-zero coefficients) in a similar way.

We regard a solution (p, q) and its negative (—p, —q) as equivalent, and so count
the pair as a single solution. Also, we do not count trivial solutions — i.e., solutions

Received by the editors May 23, 1997 and, in revised form, July 29, 1998.

2000 Mathematics Subject Classification. Primary 11D41, 11J68; Secondary 11Y50.

Key words and phrases. Thue equation, Thue-Siegel principle, diophantine approximation,
trinomial equation, counting solutions.

(©2000 American Mathematical Society
3595



3596 EMERY THOMAS

TABLE 1.
n 516|718 (91011 12-16 | 17-37 | > 38
w(n) ||2716 13119 8 7 6 5

with |pg| < 1. We will say that a solution (p, q) to (x) is regular if:
(1.1) p#0, Ipl#¢ ¢>0.

Note that every non-trivial solution is equivalent to a unique regular solution. For
any Thue form F, set

Np = number of regular solutions to () for F.

In order to state the main theorem — giving an upper bound for Ng, for Thue
trinomials — we need two numerical functions, v and w. For n a positive integer,
set

(1.2) u(n) = {

Define w(n) by Table 1.
We will prove

3, if n odd,
4, if n even.

Theorem 1.1. Let F(x,y) be a trinomial Thue form of degree n, where n > 5.
Then,
Np <w(n) - w(n).

Thus if n = 6, then Nr < 64, while if n = 39, then Np < 15.
Theorem [T.1] will follow from a second theorem, proved in section 2] which gives
a more precise value for the upper bound.

Remark 1. Mueller—Schmidt [16] show that there is an effectively computable uni-
versal constant bounding Ng for all Thue trinomials, though no explicit numerical
computations are given in [I6]. (See also [I7].) As noted below, the approach taken
here differs from that used in [I6] at several key points.

Comparison of methods: We describe briefly the steps in the Bombieri-Mueller—
Schmidt approach. We then indicate where the approach taken here differs. The
common starting point is a Thue form F together with a regular solution (p, q) to
(%) for F; set f(x) = F(x,1).

Step 1. With the solution (p,q) associate the (real or complex) root w of f(z)
closest to p/q. The first step then consists in giving an effective answer to the
question: how well does p/q approximate w?

Step 2. Let Y be a (large) number. Using the data from the approximation result
above together with the “gap principle”, one shows that there is an effective (and
efficient) procedure for bounding the number of solutions (p,q) with ¢ < Y. (In
fact the ¢’s increase very rapidly.)

Step 3. Using data from F', one constructs a large number Yr. Suppose that (p, q)
and (p’,q’) are two solutions to (x) with Yr < ¢ < ¢. By the “Thue-Siegel
principle”, one shows that ¢’ is then bounded in terms of ¢ and F. And thus one
is able to bound (using the gap principle again) the number of solutions (p, ¢) with
q>Yr.
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The approach taken here differs from the above mainly in Step 1. Here, given
a form F' and solution (p,q), we associate to (p,q) either a real root of f(z) or
a real root of f'(x), i.e. a critical point of f(x). (Only certain critical points—
called proper—will be used.) We call the set of all these roots the exceptional set of
F. If (p,q) is associated with an exceptional point 7, we again have the question:
how well does p/q approximate the (real) number 77 The method used here to
solve this approximation problem is quite different from that used above. We work
with polynomials with real coefficients, and we regard a given Thue trinomial as a
member of a 1-parameter family of real trinomials. In this family we then select one
or two trinomials called maximal. These trinomials have two key properties: first,
the approximation problem is readily solved for these trinomials (and the solution
is “almost” sharp); and second, the solution for these trinomials is “maximal” for
all trinomials in the family. In this way we solve the approximation problem for an
arbitrary Thue trinomial. With Step 1 completed, Steps 2 and 3 follow much as
above.

Remark 2. There is an entirely different approach to studying (x), initiated inde-
pendently by Gelfond [10] and Schneider [20], and culminating in the fundamental
work of Baker [I] and of Feldman [9] on linear forms in logarithms. One conse-
quence of this work is the celebrated theorem of Baker [2]: if (p,q) is a solution to
(%), then |p| and |q| are effectively bounded. However, this method does not seem to
work if one wishes to find a universal bound for N for an infinite family of Thue
forms—e.g., all trinomials or all forms of a given degree. See Bombieri [3] for a
discussion of pre-1980 work — also Schmidt [19] and Stewart [22] for more recent
work.

Remark 3. Equation (x) is the “classical” form of the Thue equation. In recent
years considerable research has been done on bounding the number of solutions
to Thue inequalities—see, for example, Mueller—Schmidt [I6],[I7]. In a subsequent
note we will indicate how the approach taken here can be modified to give explicit
numerical bounds for the number of solutions to Thue inequalities for trinomial
Thue forms.

We conclude the section by giving a brief description of the remaining material.
In section Plwe define the exceptional set and use this to state a more precise version
of Theorem[TTl SectionBlcontains several results on approximation. In sectionHlwe
show how the gap principle enables one to bound the number of “small” solutions
to (x), while section [ does the same thing for “large” solutions using the Thue-
Siegel principle. In sections Bl and [ we use these results to calculate the specific
numbers occurring in Theorem [Tl Section [{ is the heart of the new approach.
We define the mazimal polynomials and show how, using these, one proves the
main approximation theorem in section Bl In section @ we give conditions for
finding upper and lower bounds for “small” roots of polynomials; we then use this
result in section [I0 to estimate the roots of the maximal polynomials. Finally, in
section [11] we prove a different approximation theorem, involving the height H of
the polynomial.

2. THE EXCEPTIONAL SET

We “localize” the problem of bounding N as follows. Consider polynomials with
real coefficients, say g(x), with deg g(z) = n > 5. (From now on we assume that



3598 EMERY THOMAS

TABLE 2.

n ||5|6-7]|8]>9
z(n) || 8] 4 | 3] 2

any such polynomial has a positive leading coefficient.) As usual, a real number
A is a real root of g(x) if g(A) = 0, and a real number u is a real critical point if

9'(p) = 0.
Definition 2.1. We will say that a real critical point p is proper (resp. improper)
if g(p) # 0 and if there is a deleted neighborhood U of p such that

9"(z)g(z) >0 (resp. <0),

for all z in U.

We define the exceptional set of g(z), £(g), to be the set of all real roots and all
proper critical points. (Note Lagrange [11].)

Suppose that F(x,y) is a Thue form with associated polynomial f(x) (= F(z,1)).
Define
Rp = number of real roots of f(x),

(2.1) Cr = number of non-zero proper critical points of f(x).

Recall the function w(n) defined in Table 1. Define a numerical function z(n)
by Table 2.
Our main result is

Theorem 2.1. Let F(x,y) be a trinomial Thue form with deg F =n > 5. Then,
Nr < wn)Rp+ 2(n)Cr.

For example, suppose that F'(z,y) is a trinomial Thue form such that f(z) has
a non-zero proper critical point. If deg F' = 6, then Np < 36; while if deg F' = 39,
then Np < 7.

Let v(n) be the function defined in (L2). Since F(z,y) is a trinomial form, it
follows that Rp + 2Cr < v(n). Also, z(n) < w(n), and so Theorem [IT] follows at
once from Theorem 2]

In the remainder of this section we show how Theorem [Z1] in turn, follows from
a result (Theorem Z2) bounding the number of solutions that “belong to” a given
exceptional point. The rest of the paper is then devoted to proving Theorem 22

We continue to work with polynomials g(x) in R[z]. Let £(g) be the exceptional
set of g as above, say

(2.2) E(g)={m,...,7c} with m< - <7, ¢>1.
By calculus we then have

Lemma 2.1. Let g(x) be a polynomial in Rx], with exceptional set E(g). If ¢ > 1,
there are improper critical points n1,...,N.—1 such that

T1I<m<m< < MNe-1 < Te.

For completeness, we set g = —00, 1. = +00, and we write J; = [;-1,7;), 1<
i < c. Note that 7; isin J;. (If c=1, J1 =R.)

Definition 2.2. Given any real number p, we say that p belongs to 7; (and 7;
belongs to p), if p is in J;.
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Let F(x,y) be a Thue form with f(z) the associated Thue polynomial. Suppose
that (p,q) is a regular solution to (x) for F'; then,
F(p,q) =w, w==l,
and so, f(p) = «a, where
p=ple, a=w/q", 0<|a]<1, p#0.
We carry this over to polynomials g(z) in R[z].

Definition 2.3. A pair of non-zero real numbers (p, ), with 0 < |a] < 1, is a
solution for g(x) if g(p) = a.

By Definition we then have

Proposition 2.1. Let g(x) be a polynomial in Rlz] and let (p, ) be a solution for
g(x). Then there is a unique exceptional point of g, say T, such that p belongs to 7.

Remark 1. Let (p,q) be a pair of co-prime integers. By analogy with ([L1)), we will
say that (p,q) is a regular solution for g(x) if (L)) holds and g(p/q) = +1/q". If
p/q belongs to the exceptional point 7 we often will say that the solution (p,q)
belongs to T.

Suppose now that F'(z,y) is a Thue form and that 7 is an exceptional point for
f(z) (= F(z,1)). We set

Npg(1) = number of regular solutions (p, q) to (*) such that p/q belongs to 7.
Note that if 7 = 0, then Np(7) = 0; thus, by Proposition [Z1] we obtain

Corollary 2.1. For any Thue form F,
Np =Y Np(7),

where the sum is over all non-zero exceptional points in E(f).
For any Thue form F', define
S = set of all regular solutions to (x) for F.

Thus, NF = |SF|

We proceed to partition Sp. Denote by RY the subset of R obtained by deleting
the three points {—1,0,1}. Partition R® into four disjoint subsets, R(1),...,R(4),
by setting:

R(1) = (=00, —1), R(2) =(-1,0), R(3)=(0,1), R(4)=(1,+00).
Using this, we partition Sp. For 1 < j < 4, define
Sr(j) = {(p.q) € Sr | p/q is in R(j)}.
Thus,

4
(2:3) Sp=J ki), Sr()NSk(j) =0, i#j.
j=1

With each Thue form F(z,y) we associate three other Thue forms:

(24) Fl(xay)::tF(_x7y)v FQ(l',y)::tF(—y,(E), F3((E,y):Z|ZF(y,£C),
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where in each case the sign is chosen so that the new form has positive coefficient
on z". We also set

We then have the following important fact.
Lemma 2.2. Suppose that F is a fized Thue form and that (p,q) is in Sp. Then,

(—p, q) is a solution for Fy, (—q,p) is a solution for F», and (q,p) is a solution for
Fs.

Consequently, if we define
Si(4) =Sk (4), 0<i<3, 1<j<4,
then by Lemma 2.2, we obtain
Corollary 2.2. For 1 <i<3,1S;(4)] =1So(7)].
Thus, by (2:3]) we have

(2.6) Ne=>_[Si(4)].

This motivates our next result.

Theorem 2.2. Let F(z,y) be a trinomial Thue form, with degree F' = n > 5.
Suppose that T is an exceptional point of f(z) (= F(x,1)) and that T is in R(4),
i.e., 7> 1. Then,

w(n), if T is a root \,
<
Np(r) < { z(n), if T is a proper critical point p.

The remainder of the section is devoted to showing that Theorem implies
Theorem 2. We then prove Theorem [22 in sections[@ and [7

Suppose then that F(x,y) is a given trinomial Thue form, and let F;, 0 < ¢ < 3,
be the Thue forms defined in (2.4)-(2.5). Set

(2.7) fi(z) = Fi(x,1).
In counting solutions, we need to distinguish between those that belong to a root
and those that belong to a proper critical point. For 0 < <3, 1 < j <4, we set

R;(j) = number of real roots of f;(x) that lie in R(j),

C;(j) = number of proper critical points of f;(x) that lie in R(j),

N;(j, R) = number of solutions in S;(j) that belong to a root,

N;(j,C) = number of solutions in S;(j) that belong to a proper critical point.

We need to establish some elementary facts before we will be able to show that

Theorem [Z2 implies Theorem 2Tl Note that if g(z) is any trinomial, then g has at
most two non-zero real critical points, and these—if they both occur—have opposite

signs. Using this fact, one readily sketches the graph of y = g(x), from which one
reads off the following information. (We now take g(x) = f(z) = fi(z), as given in

Z3).)
Lemma 2.3. Let F(z,y) be a trinomial Thue form, with F; and f;, 0 <i <3, as
defined above. Then, for 1 < j <4,

(0)0< Ri(j)<2,0<C(j) < 1.

(ii) Ri(j) - Ci(j) = 0.
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The proof is immediate, from the above remarks.
For any integer ¢, |f(c)] > 1, since f(z) is irreducible and is in Z[z]. As a
consequence we have

Lemma 2.4. Let (p,q) be a solution in Sp(j), 1 < j <4, and let T be the excep-
tional point that belongs to p/q. Then T is in R(j).

Using these facts, we prove
Lemma 2.5. Let F(x,y) be as above. Then, for 1 <i <3,

(i) Ri(4) = Ro(i).

(ii) N;(4, R) = No(i, R).

(iii) No(i,C) = N;(4,0).

(iv) If No(i,C) # 0, then Co(i) = C;(4).

Proof. Let A be any real root of f(z). Then, —\ is a root of fi(z), —A~! is a root
of fo(z) and A~! is a root of f3(x). Using this, one easily deduces (i) above.

To prove Lemmal[Z.5[(ii), suppose that Ny(i, R) > 0, for some i, 1 < ¢ < 3. Then,
by Lemma [2:4] Ry(i) > 0, and so by Lemma [Z3|(ii), Cy(¢) = 0. Consequently,
|So(2)| = No(i, R). But by Lemma EZH(i), R;(4) = Ry(i) > 0, and so by the same
argument,

Ni(4,R) = [S:(4)] = |So(i)| = No(i, R),
by Corollary[2:2l Since the argument is reversible, No(i, R) = 0 implies N;(4, R) =
0. This proves part (ii) above. The proof for parts (iii) and (iv) is similar and is
left to the reader.

Remark 2. In general it is not true that Cy(3) = Cs(4). See for example the form
x® — xy* + 5.

‘We now have:

Proof of Theorem [21] (assuming Theorem 22). Suppose then that F(z,y) is a tri-
nomial Thue form, with degree F' = n > 5, and that F; and f; are the forms and
polynomials defined above, for 0 < ¢ < 3. Then, by Corollary 2],

4

4
Ne =Y " No(j,R)+>_ No(j, C).

But by Lemma and Theorem [22] for 1 <14 < 3,
No(i,R) = N;(4, R) < w(n)R;(4) = w(n)Ro (7).

Therefore,

Thus,

as required.
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3. APPROXIMATION

We are left with the proof of Theorem 2.2. For this we will need a result from
this section on Diophantine approximation — see Theorem 3.2. Combining this
result with the “gap principle” (section 4) and the “Thue-Siegel principle” (section
5), we then prove Theorem 2.2 in sections 6 and 7. The remainder of the paper,
sections 8 through 11, is devoted to the proof of Theorem 3.2.

We begin by studying the approximation problem in a broader setting. Suppose,
as in section [J that g(z) is a polynomial with real coefficients, where degree g =
n > 5. Let (p, ) be a solution for g(z), see Definition 3. We say that (p,a) is a
special solution if

(i) p>1,
3.1 ..
(3:1) () p>po(n)- la|'/",
where
3,if5<n<S8,
(32) min={ 30

For a given special solution (p, @), if 7 is the unique exceptional point of g(x) that
belongs to p, how well does p approximate 77
Suppose that
(3.3) g(x) = ax™ — sz¥ +t, n>k>0 n>5
where a, s and t are non-zero real numbers with a > 1. We set

(3.4) Aa,n, k) = m.

Our main technical result is

Theorem 3.1. Let g(x) be a trinomial in R[x], as above, and suppose that (p, )
is a special solution for g(x). Let T be the unique exceptional point of g(x) that
belongs to p. Then,

lT—p| < A ol A = Aa,n, k).

n—2"

The proof is given in sections 8-10. We note several corollaries to the theorem.

Let p and g be positive co-prime integers. Set
p=plqg, a==x1/q"

We have at once
Lemma 3.1. (p, ) is a special solution for a polynomial g(x) in Rlx] if and only
i
! glp)=ca, p>gq, and p > po.

Combining Theorem [3:1] with the above result, we obtain
Corollary 3.1. Suppose that g(z) is a trinomial in R|z], as in (33), and that

(p/q,+1/q™) is a special solution for g(z), as in Lemma [Z1l Let T be the unique
exceptional point of g(x) that belongs to p/q. Set n* = (n —2)/2. Then,

A A

IT—p/al < \/W:P”*q'
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From this result we have

Corollary 3.2. Let g(z), p/q, and T be as above. Then, p/q is a principal conver-
gent in the continued fraction expansion of the number 7.

Proof. By hypothesis, a > 1 and p > 2 (see (3:3) and (3:2)). Thus, by Corollary
B.1,

7 —p/al <1/2¢%,
which implies the desired result. For a related result (on polynomials with integer
coefficients) see Lagrange [L1], page 680.

Given any form F (or polynomial f) with real coefficients, we denote by H(F')
(or H(f)) the maximum of the absolute values of the coefficients. (H is commonly
called the height.) In order to prove Theorem [2.2] we need a result analogous to
Theorem Bl that involves the height H of g(x). We now state such a result.

Let n be an integer > 5; for b a real number, with 0 < b < n*, define a number
Ky(n) as follows: Let

(3.5)
My = I Ty = Un 4 = /#
n=2 CERICED) , n = (2.032)"/" n e .
Define
(3.6) Kp(n) = my (rn (1 +uy))°.

We will prove

Theorem 3.2. Let g(z), (p/q,£1/q¢™) and 7 be as in Corollary 31l Choose a
number b such that 0 < b < n*; set c=n* —b. Then,
Ky(n
[ plal < gt H = H)

2Hb/npcqb+1 ’

The proof uses Theorem Bl and is given in section [Il Note that for all n > 5
and all b as above, K(n) < 2.44.

4. COUNTING SMALL SOLUTIONS: THE GAP PRINCIPLE

In this section we see how the “gap principle” can give information about the
following problem.

Suppose that g(z) is a trinomial in R[z], as in section[2, and that \ is a real root
of g(z), with A > 1. Let Y be a large positive number.

Problem. How many special solutions (p, q) are there (for g(x)) that belong to A
and have
1<¢g<LY?

We will need the following result. Combining Theorem B2lwith the gap principle
(e.g., see [6], [15], [16], [19]), we obtain

Theorem 4.1. Let (p,q), (p',q") be two special solutions that belong to the root \.
Suppose that ¢ > q. Then,
Hb/npcqb
Ky(n)
where the notation is given in Corollary [Tl [B6), and Theorem [T 4.

q >
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Suppose that ¢ is an integer (> —1) such that there are precisely ¢ + 2 special
solutions that belong to A, say {(po,q0),- - -, (Pt+1,qt+1)}, with

7 <Y, 0<i<t+1.
By Corollary 3.2 we can index these solutions so that
1<qgp<--<q+1 <Y

Since (po, qo) is a special solution, we have py > po(n), see (3.2). Choose a number
by so that 0 < by < n* — 1.4, where n* = (n — 2)/2. Set

(4.1) co=n"—by, Ko=Kp(n), Q1=py/Ko;
choose by so that Q7 > 1. By Theorem A.1]
(4.2) ¢ > HO"Qy,  p1> Q1+ 1.

In order to bound the ¢;’s for i > 1, we choose a second number b, with 1 < b < n*,
and set

(4.3) c=n*—b, K=FKyn)/(Qi+1)° B=(bo+1)/n.

Choose b (and by) so that Q1 > K. By iteration of Theorem [4.1], applied to (£.2),
we obtain

t t
Q)

(4.4) qt+1 > TKEO)

where P;(z) = (z! —1)/(x — 1), t > 1.
Suppose that ¢t > 1. We consider 2 cases: (i) K > 1, (ii) K < 1.
Case (i), K > 1. Then, by ([@4), since P;(b) < b',

(4.5) Gr+1 > HBthgt, where Q2 = Q1/K > 1.
Case (ii), K < 1. Then by (@&4), since b'~1 < Py(b),
(4.6) g1 > HPY QY Qs = QUK.
Since qi+1 <Y, by (4.5) and (4.6) we obtain
Lemma 4.1. (a) In Case (i),
Bb'log H + b'log Q2 < log Y.

(b) In Case (i),
Bb'log H + b 'log Q3 < logY.

Suppose we are given a (large) positive number Yz, that depends upon F in the
following way: Assume that we have two sequences of positive numbers {x,} and
{mn}, n > 5. Define Y by

(47) log(YF) = Xn 1Og(H) + T,
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where degree ' =n (> 5), H(F) = H. Set

B 'log(Xn) - IOg(B)
= I log(b) ] ’
1 [eEE] e
(4.8) i
T, log(ﬂn)g;?bg)log(%)] . K <1,

T+ — max(Ty +2,T» +2), if K >1,
T max(Th +2,T3+3), if K<1.

By Lemma 4.1 and (4.7) we have proved

Theorem 4.2. Let g(x) be a trinomial in Rlz|, with degree g = n > 5, and let A
be a real oot of g(x) with A > 1. Suppose that either Ty > 1 or Ty > 1 or T35 > 0.
Then, there are at most T* special solutions (p,q) for g(x) that belong to X\ and
have

1<qg<Yp.

Note that T* > 3. We now give conditions that ensure that there are at most 2
“small” solutions, relative to Yz, that belong to the root A. By (&4, taking t=1,
we obtain

Corollary 4.1. Let g(x) be a trinomial with real coefficients and \ a real root of
g(x), as above. If

(i) Bb> Xn,
and

(i) blog(Q1) — log(K) > mp,
then there are at most 2 special solutions (p,q) for g(x) that belong to the root A
and have

1<q¢g<Yp.

5. COUNTING LARGE SOLUTIONS: THE THUE—-SIEGEL PRINCIPLE

In the previous section we considered the problem of counting “small” special
solutions for a trinomial g(z) in R[z]. In this section we assume that g(z) = f(z) =
F(z,1), where F(z,y) is a Thue form; we take up the problem of counting “large”
special solutions that belong to a real root A of f(x), where A > 1. We show
that by using the recent striking results of Bombieri [3], Bombieri-Mueller [4] and
Bombieri-Schmidt [5], we obtain a good bound for the number of such solutions
that are large, relative to Yp—i.e., solutions (p,q) with ¢ > Yr. Here Yr is a
number that depends inter alia on the height H of F.

Following Bombieri—Schmidt [5], we fix an integer n > 5 and choose numbers u
and v so that

(5.1) O<u<ov<l-(Qw)?, w=(n+u’)/n’
In terms of n, u and v, define

(5.2) L=Q2mn+u*)?/1-v), D=L/(n—L), U=u"2
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Given any trinomial Thue form F', with n = degree F' and H = H(F'), define a
positive number Yz by
(53) log(YF) = Xn 1Og(H) + T,
where
(5.4)
Xn=DU+1)+1, 7w =(DA+U)+2)log(2)+ (D+1)log(n)/2+nUD/2.
To bound the number of large solutions, relative to Yz, we use the Thue—Siegel
principle in the sense of Bombieri [3], as further developed in Bombieri-Mueller [4]
and Bombieri-Schmidt [5]. (With a change in notation we essentially follow [5].)
Set
(5.5)
_ [log E +2log(n) —log(L — 2)
B log(n — 1)
By Lemma 2 in Bombieri-Schmidt [5] we obtain

E=020w-u)™, Z + 2.

Proposition 5.1. Let F(x,y) be a trinomial Thue form with degree F' at least 5.
Suppose that A is a real root of f(x) (= F(x,1)), with A > 1. Let Yrp and Z be the
numbers defined above. Then there are at most Z special solutions (p,q) in Sg that
belong to the root A\ and have ¢ > Y.

Remark. In the notation of section 3 of [5], Yy < YF, and so it is appropriate to
use Lemma 2 of [5] to prove Proposition (1],

6. PROOF OF THEOREM [2.2] 7 A REAL ROOT

By combining the results given by Theorem .2, Corollary 1], and Proposition
B, we now can prove Theorem [2:2 for the case 7 = A, a real root of f(z).

For this section let F'(x,y) be a trinomial Thue form, with deg F = n > 5, and
let A be a real root of f(z) (= F(z,1)). By (26) and Lemma 2.4 we may assume
that A > 1. Let Yr be the number defined in (5.3), using the values of u and v
given in Table 3 below, and let Z be the integer defined in (5.5). At the end of the
section we prove

Lemma 6.1. If n > 38, then F(x,y) has at most two special solutions (p,q) that
belong to A and have 1 < g < Yp. Moreover, Z = 3.

Define functions d(n) and T'(n) by

Definition 6.1. (a) 6(n) =1,if 5 <n <8;§(n) =0,if n > 9.
(b) T(n) = T*,if 5 < n < 37; T(n) = 2, if n > 38.

Here T* is the integer defined in (&8)—we show below that the hypotheses of
Theorem are satisfied for 5 < n < 37.

The integers T', Z and ¢ have the following interpretation. T is an upper bound
for the number of small special solutions, and Z an upper bound for the number
of large special solutions, relative to Y, that belong to the root A\. The fact that
0 = 0 for n > 9 indicates that in this case every regular solution that belongs to A
is also special; whereas, for 5 < n < 8, there is possibly one regular solution that is
not special, namely (2,1). Hence, for this case we set § = 1.

Thus, we now set

(6.1) w(n) =T+ Z +d(n), n > 5.
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TABLE 3.

n 5 6 7 3 9 10-11 | 12-16 | 17-37 > 38
bo,b || 0,15 0,2 |1,25] 1,3 | 1,35 ]| 1,n* | 2, n* | 3.5, n* | .65n%, n*
w,v || .19, 25 | .16, 28 | .2, .3 | .25, .45 | .3, .45 | .3, .44 | 32, .44 | .41, 48 | .46, .50
T,Z || 21,5 11,4 | 8,4 7.3 6, 3 5,3 1,3 3,3 2,3

By the above remarks, we have Ng(\) < w(n).

To complete the proof of Theorem 2.2, in this case, we are left with showing that
w(n) has the values shown in Table 1 (in section[I]). In Table 3 we give values for
(bo, b) and (u,v) to be used for each n. One may then check that, for 5 <n < 37,
T and Z have the values shown. Combining this with Lemma 6.1, we see that w(n)
takes on the values given in Table 1.

We are left with proving Lemma 6.1. Using the values given in Table 3 for b,
b, u and v, one finds by direct calculation that conditions (i) and (ii) in Corollary
4.1 hold for 38 < n < 43. Also, for n > 44 we have D < 3/4 and U < 5; and so,

Xn <55 and w, < (2.1)n.

Thus, conditions (i) and (ii) in Corollary [f]are satisfied for all n > 44. Finally,
it follows directly from (5.5) that Z = 3. This completes the proof of the lemma.

7. PROOF OF THEOREM [2.2] 7 A PROPER CRITICAL POINT

We continue to assume that F' is a trinomial Thue form with degree F' =n > 5.
Suppose that p is a proper critical point; as in Theorem [2.2] we may assume that
> 1. We wish to show that the function z(n), see Table 2, is an upper bound for
Np(p).

Theorem 7.1. Suppose that (p,q) is a reqular solution to (x) that belongs to the
proper critical point p. Then,

1<q¢<132pH™ Y/ H = H(F).

Assuming this for the moment, we complete the proof of Theorem 22 Let ¢
be a non-negative integer, and suppose there are ¢ 4+ 2 special solutions to (*) that
belong to u, say (pi,qi), 0 <i <t+ 1. By Corollary 3.2 we assume that

1<qg<q < - <quy1,
and by Theorem [7.1] we have
(7.1) log(ge+1) < ((n—1)/n)log(H) + log(1.32n).

Suppose that n > 8. As in section H] set n* = (n — 2)/2, and choose by = 1.5
and ¢y = n* — 1.5, b = n*, ¢ = 0. Using these numbers and (@1]), (£3)), define the
numbers Ky, @1 and K. Note that @1 > K. One easily shows that, for n > 8,

(bo+1)b>(n—1), and blog(Q1)—log(K) > log(1.32n).
Thus, by ([#4) and (1l), we must have ¢ = 0, i.e., there are at most 2 special
solutions to (x) that belong to .

Recall that in section [Glwe introduced the numerical function §(n) that measures
how many solutions there could be in Sg(4) that are not special. Thus we have
shown: If n > 8, then

Ni() <2+ 5(n) = 2(n).
Thus we have completed the proof of Theorem 2] for n > 8.
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TABLE 4.
n 5 6 7
bo, b1 0,1.3].3,2]0,2.5
T 6 2 2

Suppose now that 5 < n < 7. In Table 4 we give the values of by and b to take
for each such n. Using these, set Q2 = @Q1/K, as in ([LH). We find that if we take
t =T (see the table), then

(i) (bo + 1)b" > (n—1)
and
(ii) b'log(Q2) > log(1.32n), Q2 = Q1/K.

Consequently, we must have t < T — 1, and so there are at most T' + 1 special
solutions that belong to p. Since §(n) =1 for 5 <n < 7, there are at most

T+2=2z(n)
regular solutions that belong to . This completes the proof of Theorem
Proof of Theorem [T} Set f(z) = F(x,1) and suppose that
f(z) = ax™ — sa* +t.

Here a is a positive integer, as is s (since p > 1). The integer ¢ is also positive,
as we show below. Since f(z) is a trinomial, g must be a local minimum, with
f(p) > 0. Hence,

(7.2) 1> f(p/q) =1/q" = f(n) > 0.
Set
Q= f(p)>0.
Then, by (Z2),
(7.3) 1<g<Qlm,
Note that u"~* = ks/an, since f’(11) = 0. Consequently,
n/(n—k)
ks
Q=t—(aln—k)/k) (%) .
Set
(7.4)
kt ks\ ™/ (R ok

One readily proves
Lemma 7.1. W = kQ/a(n — k) and T" % — S"k > 6.
Note that

R osrh = (- 8). > TSI < W(n— k)T
itj=n—k—1
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Therefore, by Lemma [7.1]
)
w>——.
~ (n—k)Trn-k-1
Hence, by (Z4) and Lemma [[T],
Q> (a®(n— k)" o™= > (n - k)yn"H" 1)L,
Since 41/% < 1.32, we obtain Theorem [T1] by [3).

8. MAXIMAL POLYNOMIALS

With Theorem 2.2 now proved, we are left with proving Theorems 3.1 and 3.2.
In sections 8-10 we prove Theorem 3.1; Theorem 3.2 is then proved (using Theorem
3.1) in section 11.

We now revert to the general situation of a trinomial g(x) with real coefficients,
say

g(x) = az™ — spz® + 1o, n>k>0 n>5
where a, sg, to are non-zero real numbers with a > 1. We proceed to embed g(z)
in a l-parameter family of real trinomials.

Suppose that (p, @) is a solution for g(x); i.e., by Definition [Z3]

(.1) 9(p) = o
Keeping a and sq fixed, (BJ) holds if, and only if,

g9(x) = awn(z) — sowi () +

where

(8.2) wj(z) =2 — p, j>1, pfixed, all .
For s in R define

(8.3) gs(x) = awp (z) — swp(x) + a.

We denote by F the 1-parameter family {gs(z)}, s € R. Note that g5, (z) = g(z);
also, for every s in R, gs(p) = a. Thus, we say that (p, ) is a solution for the family
F.

A key role will be played by the following polynomial. Define
(84) ¢(z) = (an/k)a"™" (= aw;,(2))/w(@)).

Note the identity
gu(x) = wi(2)(d(x) — 5).

Hence, we have
Lemma 8.1. Let s and p be real numbers with u # 0. Then,
9s(n) =0 s = ().

In Lemma [B] we regard s as a function of the critical point . In like fashion
we may regard s as a function of a root A. Define

(8.5) R(z) = (awa (@) + 0) fwn(@), @ #p.
Then,
gs(\) =0 s =R(N).
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L]

8 =¢(z)

-

0 o, A(s), o, 0 A

FIGURE 1. a >0 FIGURE 2. aa <0

Suppose now that (p, a) is a special solution for F—in particular, by B1l), p > 1
and p” > |a|. Thus,

(5.6) R(0) = (5" — a)/p" > 0.
Moreover, by (84) and (8E), we obtain
' wi(z) ’

_ wi(@)(¢(z) — R(z)) + wy,(2)(¢'(2) — 2R'(z))

(8.8) R"(x) e

In particular, we have
Corollary 8.1. For o >0, R'(c) =0 < R(o) = ¢(0).
We wish to graph the functions
s=¢(x), s=R(x).

Note that the second function depends in a crucial way on the sign of a. Thus,
we now consider two cases, a > 0 and o < 0.

Case I: a > 0. Suppose first that 0 < z < p. For z small and positive, (Rf) and
(B) imply that R'(z) > 0, and hence R(z) is an increasing function. But for x
close to p and z < p, R(z) is large and negative. Thus, there is a point o1, with
0 < 01 < p, such that oy is a local maximum for R(x). Moreover, by (), we see
that R”(x) < 0, for o1 <z < p. Thus, we obtain the graph shown in Figure 1 (the
drawing is highly schematic!) for 0 < x < p. A similar argument gives the graph
in Figure 1 for p < z. Here, the point o2 > p is a local minimum.

How do we find the key numbers o7 and 057 For this we will use an auziliary
polynomial. Define

(8.9) A(z) = —(awn(z) — ¢(x)wg(z) + ).
We will show that A(z) has the following properties.
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Proposition 8.1. Let A(z) be defined as above. Then,
(i) A'(p) =0,

(ii) there are unique numbers, o1 and o2, such that

A(oq) = A(o2) =0, 0< o1 <p<og,

2|al

(ili) |o; — p| < \/a(n— = i=1,2.

Assuming Proposition [8:1] we have at once

Corollary 8.2. Let 01 and o2 be the two positive roots of the polynomial A(x), as
above. Then,

(a) R'(0;) =0,i=1,2, and

(b) if x ¢ {01, p, 02}, then R'(x) # 0.

Proof. (a) By (89) and Proposition[R.]
(8.10) 0= —A(Ji) = awn(ai) — qﬁ(ai)wk(ai) + .

Thus, by &H), R(0;) = ¢(0;), and hence by Corollary BRIl R'(0;) = 0. Part (b)
follows from (R7).
Now set

S = ¢(Ui)7 1= 17 27 S* = ¢(p)7
and define, for i = 1,2,

(8.11) M;(z) = awp () — s;wp(x) +a (= gs, ().

We call M;(z) and Ma(z) the mazimal polynomials in F, for a positive.

The following result justifies the terminology. Let g(z) be the polynomial we
considered at the beginning of the section. Since g(p) = a, there is a unique
exceptional point, say 79, that belongs to p. We will prove

Theorem 8.1. Let M;(x) be the polynomials and o; the numbers defined above.
Then,
(1) Mi((fi) = M{(O’z) = 0, 1= 1,2,
(i) (a) 7o — p| < o1 — pl, if 70 < 5%
(b) |’7’0 —p| < |(72 —p|, Zf T > S*.

Combining Proposition Bl and Theorem [R] we have proved Theorem B for
the case when « is positive.

Case II: o < 0. With « changed in sign, the function R(z) behaves very differently;
by [&4), BE) and [BZ) we see that R'(z) > 0, for all x > 0,  # p. Thus, R(x)
is a strictly increasing function which has no point in common with ¢(x). The line
T = p is again a vertical asymptote, but with the directions switched from those in
Case 1. These properties are shown in Figure 2.

Set s* = ¢(p); define

(8.12) M(z) = awp(x) — s*wi(x) + o (= gs=(2)).

We call M (z) the mazimal polynomial in the family F, a negative. We will prove
that M (x) has the following properties.
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Theorem 8.2. Let M(x) be the mazimal polynomial in the family F, when « is
negative. Then,

(i) M'(p) = 0,

(i) there are real numbers Ay and Ay such that M(A\1) = M(X2) = 0, with
1< A <p< A, and

(iii) fori=1,2

- 2ol
Al \/ aln =D — R *

(iv) Let gso(x) be the initial trinomial g(x); suppose that 1y is the exceptional
point of g(x) belonging to p. Then
(a) [0 — p| < |\ = pl, if so > 5™,
(b) |10 — pl < A2 —pl, if s* > so.

By Theorem (iii)—(iv) we have proved Theorem Bl for the case when « is
negative, and hence the theorem is now proved.

It remains to prove, Proposition Bl and Theorems and The proofs
for Proposition BIli) and Theorem BA(i) are routine calculations, while Theorem
BI(i) follows from (BII). In this section we prove Theorem 8.1(ii) and Theorem
8.2(iv), while in sections 9 and 10 we prove parts (ii) and (iii) of Proposition 8.1
and Theorem 8.2.

Proof of Theorem [81(ii) and Theorem[8Z(iv). The functions R(z) and ¢(x) have
inverse functions:

x = A(s), inverse to s = R(z),

x = u(s), inverse to s = @(x).

By (84), (R7) and the inverse function theorem, we obtain

Proposition 8.2. Let A(s), u(s) be inverse functions as above. Then,

I SR R

@ W= gmem -y T
du 1

®) T T = uls).

Recall that Theorems Rl and correspond respectively to the case « positive
and « negative. Thus to complete the proofs of these theorems we again consider
these two cases.

Case I: o > 0. Write R as the union of three intervals:
Ji = (=00, 81], Jo = (s1,82), J3 = [s2,+00).

Note that by Corollary[B2(b) and Figure 1 there is a unique inverse function \;(s)
defined on all of J;, i = 1,3, such that \;(s) is the unique exceptional point of g,(x)
that belongs to p. Moreover, there is a unique inverse function p(s) defined on all
of Jo; and again, pu(s) is the exceptional point of gs(z) that belongs to p.

For s in R, define a function 7(s) by

7(s) | Ji = Ni(s), i=1,3;  7(s) | J2 = p(s).

Thus, 7 is continuous for all s, but is not differentiable for s in {s1,s*,s2}. Also,
as noted above,
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Lemma 8.2. For all s in R, 7(s) is the unique exceptional point of gs(x) that
belongs to p.

Note that if s = s*, then 7(s*) = p, and so Theorem Bl is trivially true. Thus,
from now on we assume that s # s*. Define

(8.13) h(s) =1|7(s) — p| > 0.
Let v = £1 be defined by
(8.14) 7(s) = p+vh(s), s #s".

For m a positive integer, define a polynomial in Z[z, y] by

(8.15) P (z,y) = Z ziyl.
itj=m—1
Using the fact that, for all j > 1,
wj(t) =11 — p! = vh(s)P;(1,p), T =7(s),
we obtain, from Proposition 82 [§13), (814) and BIH)
Corollary 8.3. (a) Suppose that s € Jy U Js, s & {s1,s2}. Then,
dh(s) __ h(s)Py(r.p)
ds  wi(r)(e(r) =)
(b) Suppose that s € Ja, s # s*. Then,
dh(s) v

s ¢/(1)

By Figure 1 we have
Lemma 8.3. (i) If s < s1, then v = —1 and ¢(7(s)) > s.
(ii) If s > sa, then v = +1 and ¢(7(s)) < s.
Consequently we obtain
Corollary 8.4. (i) If s < s1 or s* < s < s, then dh/ds > 0.
(i) If 51 < s < 8™ or sg < s, then dh/ds < 0.

Recall the maximal polynomials M;(z) and the positive roots o;, i = 1,2. By
Corollary B:3, Lemma [8.3] and Corollary 8.4 we have

|01_p|a if8<8*7
hs) < { log — pl, if s* <s.
This completes the proof of Theorem [BLii).

Case II: « < 0. This case is simpler (see Figure 2), so we only sketch the proof.
Set R R

J1= (S*,-l—OO), Ja = (—OO,S*].
As before, for i = 1,2, there is a unique inverse function l}(s), defined on all of J;-,
such that [;(s) is the unique exceptional point of gs(z) that belongs to p. For all s
in R, define a function 7(s) by
Thus, 7(s) is continuous and differentiable for all s # s*. As before, set

h(s) = |7(s) — p|, 7(s) = p + Dh(s), b = +1.
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We then have

Lemma 8.4. (i) dh/ds <0, if s € Ji;
(ii) dh/ds > 0, if s € Jy, s # s*.

The proof is similar to the proof for Corollary [B4—we leave the details to the
reader. And the proof of Theorem RZ(iv) then follows at once from Lemma

It remains to prove (ii)—(iii) in Proposition[8Il and in Theorem[82. This will be
done in sections 9 and 10.

9. FINDING SMALL ROOTS

In this section we give sufficient conditions for a polynomial in R[z] to have a
“small” root. If these conditions are satisfied, we then give (fairly sharp) upper and
lower bounds for such a root. In section 10 we apply this result to complete the
proofs of Proposition 8.1 and Theorem 8.2.

Let n and d be fixed positive integers with n > d + 1. Suppose that B(z) is a
polynomial with real coefficients, given by

n—d
(9.1) B(z) = —a+ fa’ + Y Bysia™",
i=1
where a and ( are positive numbers and B,, # 0.
Let @ be a positive number such that

(9.2) |Batil/B < @, 1<i<n-—d.
We prove

Theorem 9.1. Let B(x) be a polynomial as given in (9.1), with ® as above. Choose
a real number ¢ > 1. If

(9.3) Bla = (2(1+)2)'(1+ch),
then there is a positive number yo such that B(y2) =0, and
(9.4) 0<{(L—e)a/BY  <yo < {(1+e)a/B}" (e =1/e).

Moreover, if d is even there is a positive number y1 such that B(—y1) = 0, where
y1 also satisfies the inequalities in (9.4).

Proof. Set D(z) = —a + Bx%, and for any number ¢, with 0 < ¢ < 1, let
ve={(1+e)a/B}"", 3 ={(1—-e)a/s}/".

Note that D(v:) = e, D(5.) = —ea. Consequently, we have

Lemma 9.1. Suppose that

(9.5) |Bari| - 74T < ea)/2t, 1<i<n-—d.

Then there is a positive root y2 of B(x) such that (9.4) holds.

The proof is routine.
If we divide both sides of (9.5) by 3, use (9.2) and rearrange terms, we obtain

Lemma 9.2. If
(9.6) (B/a)' > (2 (1 + e 1)1 + ), 1<i<n-—d,
then (9.5) holds.
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Note that (9.3) is simply the case i = 1 in (9.6), taking e = ¢~!. Suppose then
that (9.3) holds. Then,

(B/a)' = (21 +e7 1)) (1 +e)’
> (20 (1+e )Yl +e),
since (1 +¢&71) > 1. Thus, (9.6) holds, and hence so does (9.5).

This completes the proof of Theorem 9.1 for the root y,. To show the existence
of the root —yy, simply note that if d is even then D(—z) = D(x) for all x.

We will use a special case of the above theorem in section 10 to complete the
proofs in section 8. For this we will take d = 2, n > 5, and ® (= ®(n)) = 2(n—2)/3.
Moreover, for all n we will have
(97) Bla> /2
where pg is defined in (3.2). Taking ¢ = (n — 2)/2, we find that condition (9.3) is
always satisfied by this data. Thus, we have

Corollary 9.1. Let B(y) be a polynomial as in (9.1) with d = 2 and n > 5.
Suppose that ®(n) satisfies (9.2) and that B/« satisfies (9.7). If we take ¢ =
(n—2)/2, then (9.3) holds and hence (since d is even) there are two roots of B(y),

(=1)%y;, i = 1,2, each y; satisfying (9.4).
10. PrROOF OF PROPOSITION [R.1] AND THEOREM [R.2]

We will use the material from section[d] to prove these results. We begin with a
result needed for the two proofs. Let N and K be integers, with N >4, 0 < K <
N — 1; and let 7 be a fixed positive number. For each j, with 1 < j < N, set

(10.1) e =+ {( )= (%)}

We prove

Lemma 10.1. (i) C;/C; =(N+ K —1)/3.
(11) 02/01 > 03/02 > > CN/CN—l-

Part (i) follows at once from (10.1). The proof of (ii) is given at the end of the
section.
By repeated use of part (ii) we have

Corollary 10.1. For 1 <j < N —1,
Cr/C1 < (N + K —1)/3).

We apply this to the material in section 8, beginning with Proposition 8.1; this
corresponds to the case o > 0. Recall the polynomial A(z), defined in (829). Using

(B)), we see that
A(z) = (a(n — k)/E)x" — (an/k)p*z" "% +ap" — a n>k>1 n>5.

By construction, A(p) = —a < 0; and by Proposition Bl(i), A’(p) = 0. To find the
roots o;, set

(10.2) oi = p(1+vy;), v = (—1)7, i=1,2,

and define
B(y) = A(p(1 +vy)), v==£1
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Therefore,
B(y) = ) Bj(vy),

where, for 0 < j < mn,

B; = AW (p)p? /1 = (an(n—k)/jk;){( 7:11 ) _ ( o )}pn.

j—1
Thus,
(10.3) By=-a, B1=0, B;=ian(n—k)p".

If we set 3 = Bs, then we may take B(y) to be the polynomial B, given in (@.1)),
with d = 2. We apply (10.1), taking N=n—1, K =n—1—k, v =an(n —k)/k.
Then, Bj+1 = Cj, as given in (10.1). Hence, by Corollary 10.1,

(10.4) Boyj/B < ®1(n, k),  1<j<n-2,

where @1 (n, k) = (2n — k —3)/3. Note that by (3.1) and (10.3), 5/« satisfies (9.7);
also, for 1 <k <n-1,

®1(n, k) <P(n) (=2(n-2)/3).

Thus, we may apply Corollary (9.1), taking ¢ = (n — 2)/2; and so we obtain the
two roots (—1)%y;, i = 1,2. By Theorem 9.1,

(10.5) 0<yi<A1/%, A = Aa,n, k),
since (1+c™ 1) /(an(n—k)) = 1/(a(n—2)(n—k)). Parts (ii) and (iii) of Proposition
8.1 now follow, since o; = p(1 + (—=1)%y;), i = 1,2.

The proof of Theorem 8.2(ii)—(iii) is similar, using the polynomial M (z), given
in (8.12), with M (p) = a < 0. Proceeding as above, set

B(y) = M(p(1+vy)) = > Bj(vyy ,  v==+l.
0

=i {( 120 ) (520

B =0, By= fan(n —k)p", Bji1 = Cj 1<j <N,

Thus,

and so,

where N =n—1, K = k—1, v = an. If we take 8 = B, then B(y) is a polynomial
as in (9.1), with d = 2. By Corollary 10.1,
B2+j/_é2§(1)2(n,k)j, ].S]SH—Q,
where ®3(n, k) = (n+ k — 3)/3. Since
Dy(n, k) < P(n) =2(n—2)/3, 1<k<n-1,

we obtain the proof of Theorem 8.2(ii)—(iii) by using Corollary 9.1. We leave the
details to the reader.

We are left with proving Lemma 10.1(ii). Given integers b and ¢, with b > 0 and
c >0, set

[e,b] =cle=1)---(c+1-0).
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Note the key identity:
(10.6) [c, b+ 1] = [¢,b](c — b).
For 1 <i< N, set
D; = [N,i] — [K,1].

Thus by (10.1), for 2 < j < N,

Cj/Cj1=(1/(j+1))D;/Dj-1 .
Set
(10.7) Ej=D;/D;1 — Dy /D;,  2<j<N-1.
Since 1/(j + 1) is a decreasing function, to prove part (ii) it suffices to show:

Lemma 10.2. For all j, with2 <j <N -1, E; >0.

This follows at once from three simple identities, each proved by repeated use of
(10.6).
Lemma 10.3. For 1 <j< N —1,

() Dy — Dy(N — ) = [K, (N - K),

(i) Dj1 — D;(K —j) = [N, jI(N - K),

(iil) Djy1[K, j] — D;[K, j + 1] = [N, j][K, j](N — K).

Combining (10.7) with (i) and (ii), we obtain
[K,j] _ [K,j+1]
D; Dijia

Ej+1:1+{ }(N—K), 1<j<N-2

Thus, by (iii)

Ej1=1+ (7[]\[511[1[7(;‘7]) (N — K)?>0.

This completes the proof of Lemma 10.2 and hence of Lemma 10.1.

11. PROOF OF THEOREM [3.2]

We return to the situation considered in section Bt g(z) is a polynomial in R[z],
(p/q, £1/q™) is a special solution for g(x) and 7 is the exceptional point that belongs
to p/q. Let

(11.1) g(x) = ax™ — sz 4+, n>k>0 n>35,

where a, s,t are non-zero real numbers with a > 1.
We first state 3 lemmas, without proof. Using these, we prove Theorem B2 We
then go back and prove the 3 lemmas. Set

(11.2) Vi = |s|pk, Vi =ap”, W =max{Vi,V.}, p=0p/q
We will prove

Lemma 11.1. Let H = H(g). Then H < (2.032)WV.

As in section 3, set a = £1/¢", so that g(p) = a. Since (p, @) is special, 7 > 1.
Recall the distance function, h(s) = |1 — pl|, of (BI3). We will prove

Lemma 11.2. Choose a real number j with 0 < j < % Then,
[sPh(s) < ((1+un) 5"V A" ¢2)7Y, A= Aa,n, k).
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Here s* = ¢(p), see BQ), uy, is given in (FH), and n* = (n — 2)/2.
The final result we need is

Lemma 11.3. Let m,, be the number defined in (3-3). Then,
2(an/k)! A < my, A= A(a,n, k), 0<j<3.
Using these three results, we have

Proof of Theorem We consider two cases: W = Vi, or W = V,,. Suppose first
that W = V,. Take j = b/n, where 0 < b < n*. Then by Lemma [1.1, Lemma
11.2, 35), and Corollary [3.1],

HY"h(s) < (2.032)""WP/mh(s) < rb(|s|p*)P/"h(s)

< rh (L un) (s pM) A (p g 2) 7,

where 7, is given in [8.5) and A in B4). Thus by ®4), Lemma [1.3 and B.6),
taking ¢ = n* — b,

HYh(s) < (1L + wa)ang /B A" )

Kb(n) _ Kb(n) _ Kb(n)

2pn*7bqn/2 2pcqn/2 2pcqb+1 :

<

Consequently,
Ky(n)
< OV
h(S) = 2Hb/npcqb+1 :
This completes the proof for this case. The proof for W = V,, is quite similar and
is left to the reader.

Proof of Lemmal[II1l Note that H € {a,|s|,|t|}, by (11.1). If H = a or |s|, then
Lemma [1] follows trivially, since p > 1. Suppose then that H = [¢|. Since

f(p) = a, we have
H=t] < ap"+lslp" +]a| = Vy + Vi +|af
< 2W + ol = (2 + |a/W)W.

If ¢ > 1, then |o| < 1/32 and so (2 + |a|/W) < 2.032. If ¢ = 1, then p > 2 (since
(p,q) is special), and so W > 32, which implies that (2 + |a|/W) < 2.032. This
completes the proof. O

Proof of Lemma[I1.3 By assumption, j < %, so (an/k)! < (an/k)2z. Thus, the
proof follows at once from the fact that

n—kk>mn-1), 1<k<n-—1.
Proof of Lemma[IT.Z Recall that the proof of Theorem Bl hinged on a study of
the function 7(s) and its derivative. We prove Lemma [[1.2] in a similar fashion,

except that now we use a function that involves a coefficient of g(x).
Let s be a real variable, with s # 0. Set

r =|s| = ws, where w = +£1.
Thus, dr/ds = w. Given a number j, with 0 < j < %, define
(11.3) &(s) = 17h(s), s £0,

where h(s) is defined in (8I3). Suppose first that 7(s) = I(s), a root of gs(x).
Recall the function Py(z,y), defined in (8IH). Since 7 = A, the term Py (A, p)
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occurs in the formula for dh/ds, given in Corollary B3(a). Define a non-negative
number € by

(11.4) Pi.(\, p) = (1 —ve)Pr(\ )
where v = £1, see (814). By (B158), Pr(\,A) = wi(A), and so we may rewrite
Corollary B3|(a) as

dh  h(l—wve

T ﬁv ¢ = ¢(A(s)).

By a routine calculation we then obtain

Proposition 11.1. If 7(s) = A(s), then

d&;(s) hri—1 . .
ds —(¢_s){WJ¢+T(1—]—U€)}

At the end of the section we establish

Claim 11.1. 0<¢ < 3.

We break up the proof of Lemma [[1.2] (assuming that 7 = X) into several cases,
starting with: I, « > 0; II, a < 0.

Case I: a > 0. Recall the two roots, o1 and o9; as before, set
S :¢(Ui), 1= 1,2, 5* Z(b(p)
Thus,
0< s <8< s9.

We will work with the root function I(s), and so we assume that either s < s; or
s > so. In fact we need 3 cases;

A) s>s5, B) 0<s<s;, C) s<0.

Case A. s > so. Thus, r = s, so w = +1; moreover, v = +1 and ¢ < s.
Consequently, by Proposition [T.1]

d¢;(s)/ds < 0,
and so (see Figure 1)

fj(s) < S%|02 - P|,
by (I1.3)) and Theorem B:1. We will prove that
(11.5) s2 < (14 uy,)"s™.
Thus,

&(s) < (L +un)"s™) |o2 — pl,

which proves Lemma for this case.

Case B. 0 < s < s;. We now have r = s, w = +1, v = =1, ¢ > s; and so,
d¢;(s)/ds > 0, by Proposition [ITIl Since s1 < s*, the proof follows at once—we
omit the details.
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Case C. s < 0. Thus, r = —s, w = —1, v = —1, ¢ > s. Consequently,

dé;(s) _ bl Tt ,
ds _(¢—S){—j¢+r(1—j+€)}’

and so,
j—1

hr
m(r— }).

Recall that as A gets close to p, with A < p, then |R(\)| gets large. Since
¢(p) = s*, we obtain

(11.6) dg;(s)/ds >

Lemma 11.4. There is a unique number Az such that o1 < A3 < p and |[R(\3)| =

s*.

Let
83 = R()\g), r3 = |83|.
Suppose that s < s3; i.e., 7 > r3. Then, r — ¢ > 0, and so, by (11.6),
(11.7) d¢;(s)/ds > 0.
If s = s3, then
r=r3=s",
and so, by Theorem
(11.8) rih(s) < "oy — p| < (1 +uy)"s*) |01 — pl.

Moreover, if 0 > s > s3, then r < r3, and so ({I.8) continues to hold. But by
Proposition [B1], (T1.8) implies Lemma [T1.2] for this case.

Case II: a < 0. We now use Figure 2 in section [ Suppose first that s > s*.
Then,
w=+1, v=-1, ¢ <s.
Thus, by Proposition I1.1]
d&(s)/ds < 0,
and so,
sTh(s) < 8|\ — pl,

which proves Lemma for this case. If 0 < s < s*, or if s < 0, the proof of
Lemma [ITT.2is similar and is left to the reader.

This completes the proof of Lemma [T1.2] for the case 7 = \. Suppose then that
T = u, a proper critical point of gs(z). By Figures 1 and 2 we see that « is positive
and that s; < s < s9. Thus Lemma 11.2, for this case, follows at once from (11.5)
and Proposition 8.1(iii).

We are left with proving claim 11.1 and (11.5).

Proof of Claim [[11 If k = 1, the claim is trivially true since then e = 0. Suppose
now that 2 < k<n—1and e > 0.
We consider first the case when a@ > 0 and A < p, so that v = —1. By the
definition of €,
PN, p) = (1+e)Pu(\ V).
Note that

(119) Pk(P,P)>Pk(>\,P)>Pk(>\,>\)>Pk(0'1,0'1),
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where o7 is defined in Proposition Bl If we set

Py(p,p)/Pi(o1,01) =1 +¢y,

then, 0 < € < g1, since 01 < A < p, by Theorem BI(ii). Thus, we will prove Claim
[T by showing that

(11.10) 0<er <3
By (BIH) and (10.2),
(11.11) Pi(p, p)/ P(o1,01) = (p/on)* ™ = (1 —y1) "7V,

But by (10.5) and (3.4), since (p, q) is a special solution,

o 2
O<y1 <A, /— < )
n o ¢ (n—2)(n — k)pg

2(n—2)

2

Thus,

(k=Dy1 <(n—2)y < <1/3.

Consequently,
(1—y) D <@ =(k=Dy) " < (2/3)7' =3/2.

Thus, by (11.11) we have proved (11.10), and so Claim 11.1 is proved for this case.
The proofs for the remaining cases are similar; we omit the details.

Proof of (ILA). Recall that

52 = ¢(02), s* = 9¢(p).
Thus, by (8.4),
s2/8* = ¢(02)/d(p) = (02/p)" .
But, by (10.2), (10.5), (3.4) and (3.5),

o2 = p(1+y2) < p(1 + un),
and so,
(02/p)" " < (L +un)" ™" < (L4un)™
This completes the proof.
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