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THE CONLEY INDEX OVER A BASE

MARIAN MROZEK, JAMES F. REINECK, AND ROMAN SRZEDNICKI

Abstract. We construct a generalization of the Conley index for flows. The
new index preserves information which in the classical case is lost in the process
of collapsing the exit set to a point. The new index has most of the properties
of the classical index. As examples, we study a flow with a knotted orbit in R3,
and the problem of continuing two periodic orbits which are not homotopic as
loops.

1. Introduction

The Conley index is a useful tool in the study of flows. To obtain the index of
an isolated invariant set S, one takes an index pair (P1, P2) for S and collapses P2

to a point. (Recall that P1 is an isolating neighborhood for S, and P2 is a subset
of P1 such that each trajectory which leaves P1 passes through P2.) The homotopy
type of the resulting quotient space is independent of the choice of index pair.
Indeed, given two index pairs, after collapsing the exit sets there is a flow-defined
homotopy equivalence between the resulting quotient spaces. The homotopy type
of the quotient space, or more precisely, the collection of all such quotients and
homotopy equivalences, is called the Conley index of S, and is denoted h(S).

One weakness of the index is that information may be lost when P2 is collapsed
to a point. An example from Conley’s monograph [Co, II.2.4] illustrates this.

In Figure 1, P1 is a cylinder from which a tubular neighborhood of a knotted
orbit has been removed, and P2 is the punctured disc at the bottom of P1. P2

is not a strong deformation retract of P1, so by Ważewski’s theorem, there is a
point whose forward orbit is contained in P1, and the omega-limit set of this orbit
is an invariant set contained in P1. However, when P2 is collapsed to a point, the
resulting quotient space is homotopic to a point, and thus the Conley index does not
detect the invariant set. Indeed, a question posed in [Co, IV.8.B, C] asks whether
there exists a finer invariant, independent of the choice of index pairs, which retains
some information lost under the collapse.

The Conley index is a continuation invariant. If one has an isolating neighbor-
hood N , and deforms the flow in such a way that N remains an isolating neigh-
borhood throughout the deformation, then the sets isolated by N are related by
continuation, and have the same index. An obvious question is the converse: if
two sets have the same index, are they related by continuation? It is easy to find
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Figure 1. A knotted orbit in R3

examples to show that this need not be the case. For example, if the phase space is
disconnected, it is easy to construct flows with critical points of the same index in
different components, and these sets are not related by continuation. The problem
here is that the index does not take into account how the set lies in the phase
space. In the example with a disconnected phase space, it is obvious that there is
no continuation, but a more subtle question is the following: can two periodic orbits
which are not homotopic as loops be related by continuation? A repelling periodic
orbit in the punctured plane has the same index as the disjoint union of two critical
points, so it is not so clear that there is no continuation between periodic orbits in
different homotopy classes.

In this paper, we generalize the index by gluing the exit set P2 of a regular
index pair to a topological space Z, which we call the base space. The gluing map
ω : X → Z is defined on the phase space X , and the index of a set S over Z is the
so-called fiberwise deforming homotopy type of the adjunction space P1 ∪ω|P2

Z.
The precise definition of fiberwise deforming homotopy type is given below, but it
is a finer invariant than the usual homotopy type of the adjunction, as Example
8.2 illustrates. If Z is a point, then this gives the classical Conley index. Another
possibility for an arbitrary flow is Z = X,ω = idX . These two examples represent
the maximal and minimal information loss due to collapsing. Other spaces Z and
maps ω lie somewhere in between in terms of information lost upon collapse.

The index over a base has properties similar to the classical Conley index. The
fiberwise deforming homotopy type of the quotient P1∪ω|P2

Z is independent of the
choice of regular index pair, and is invariant under continuation. The construction
of the index over a base is fully functorial. In particular, this means that the new
index extends to a connected simple system, and one may also obtain a Conley
functor as in [KM]. By making a judicious choice of Z and ω, one can often obtain
more information than in the classical case. For example, in the flow from Figure 1,
if one chooses Z to be P1, and ω to be the identity, then the space P1∪ω|P2

Z is not
homotopically equivalent to Z, hence the index over Z of the maximal invariant set
S inside of P1 is nontrivial. This fact not only means that S 6= ∅ (like the theorem
of Ważewski), but implies that the nearby continuations of S are also nonempty.

In the case of periodic orbits in different homotopy classes, let X denote the
punctured plane R2 \ {0}, Z be the unit circle, and ω(x) = x/|x|. Suppose S is a
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repelling periodic orbit, with P1 an annulus, and P2 = ∂P1. If S is homotopically
nontrivial, then the index of S over Z is a 2-torus, but if S is homotopically trivial,
it is the wedge of a 2-sphere and two 1-spheres. Thus these sets are not related by
continuation in any family of flows on the punctured plane.

We were originally led to this generalization of the index by studying the classical
Conley index for periodic orbits. In the case of hyperbolic periodic orbits, our
generalized index has a structure similar to that of a bundle over the circle as in the
noncontractible orbit in the punctured plane. Bundles over the circle are classified
by a single gluing map on the fiber. In the periodic orbit case that map is related
to the Poincaré map. In particular, all information carried by the discrete-time
Conley index of the Poincaré map may be regained from an appropriate Conley
index over S1. This result will be described precisely in a future paper.

In this paper, our setting is the case of semiflows on locally compact metric
spaces, but the same ideas can be applied to infinite dimensional semiflows such
as those generated by partial differential equations in the setting studied by Ry-
bakowski (see [Ry]). Since the additional technical details needed in the infinite
dimensional case would obscure the main ideas of this paper, we only deal with the
finite dimensional case. However, we work with semiflows, and all the topological
background is developed to work in the general case; in particular, in Section 4
we deal with pairs of closed subspaces instead of compact ones. Thus the reader
familiar with the Rybakowski approach will be able to extend the theory presented
here to the Rybakowski setting.

A very special case of our index has already been considered in the paper [Ba]
by Bartsch; the phase space X in that paper is the total space of a locally trivial
bundle p : X → Λ, and the flow is fiber-preserving. The Bartsch index of an isolated
invariant set in X is equal to the index defined by us with Z = Λ and ω = p.

We denote the sets of all reals, integers, nonnegative integers, and nonpositive
integers by R,Z,Z+, and Z−, respectively. For a given topological space X and
A ⊂ X , we denote the closure of A by clA, its interior by intA and its boundary
by bdA. By I we denote the closed interval [0, 1].

The organization of the paper is as follows. Section 2 contains main results.
In Section 3 we introduce the fiberwise deforming map and homotopies between
fiberwise pointed spaces and we study in detail their properties. Section 4 is devoted
to fiberwise pointed spaces generated by closed pairs. Regular index pairs needed
in our construction are discussed in Section 5. The formal definition of the Conley
index over a base together with the proof of its correctness is presented in Section
6. In Section 7 we prove the main properties of the Conley index over a base. The
last section contains examples.

The concept of the fiberwise deforming homotopy required in our construction
seems to be a new idea. Therefore we devoted a substantial part of the paper
(Sections 3 and 4) to it. In order to understand only the construction of the Conley
index over a base the reader may prefer to skip Section 3 beyond Proposition 3.3
and Section 4 beyond Proposition 4.3 in the first reading.

2. Main results

In this section we state our main results. We assume the reader is familiar with
the standard concepts of Conley index theory as presented in [Co, Sm]. Precise
definitions are given later. Let X be a locally compact metric space and let ϕ be a
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semiflow on X . For an index pair P = (P1, P2) in a neighborhood of some isolated
invariant set, define the map τP : P1 → [0,∞] by

τP (x) :=

{
sup{t ≥ 0|x · [0, t] ⊂ P1 \ P2} if x ∈ P1 \ P2,

0 if x ∈ P2.

Recall that an index pair in a flow is called regular if τP is continuous. In the case
of semiflows the definition is somewhat more complicated, and is given in Section 5.
A pair (B,B−) consisting of an isolating block B and its exit set B− is an example
of regular index pair. Every neighborhood of an isolated invariant set contains a
regular index pair.

Let Z be a Hausdorff space and ω : X → Z be a continuous map. For the regular
index pair P = (P1, P2) we define Uω(P ) as the adjunction P1 ∪ω|P2

Z, i.e.

Uω(P ) := Z × 0 ∪ P1 × 1/ ∼,
where ∼ denotes the minimal equivalence relation which identifies a point (x, 1) ∈
P2 × 1 with (ω(x), 0) ∈ Z × 0. Denote by [u, i] the equivalence class of (u, i) in
Uω(P ). There are a natural embedding sP : Z → Uω(P ), z 7→ [z, 0] and a natural
projection rP : Uω(P ) → Z; rP ([x, 1]) = ω(x) and rP ([z, 0]) = z. Obviously,
rP ◦ sP = idZ .

As in the case of the classical Conley index theory, the homotopy type of Uω(P ) is
independent of the choice of (regular) index pair. In fact, a stronger result is true. In
order to state it, we introduce the notion of fiberwise deforming homotopy type over
Z (its detailed description will be presented in Section 3). Let (U, r, s) be a triple
consisting of a topological space U and continuous maps r : U → Z and s : Z → U
such that r ◦ s = idZ . Following [J3] we call such a triple a fiberwise pointed space
over Z. If Z is a one-point space, then this notion coincides with the notion of a
topological space with a base-point. As we have shown above, (Uω(P ), rP , sP ) is a
fiberwise pointed space. Two fiberwise pointed spaces (U, r, s) and (U ′, r′, s′) are
equivalent if there exist continuous maps f : U → U ′ and f ′ : U ′ → U satisfying

f ◦ s = s′, f ′ ◦ s′ = s,

r′ ◦ f ' r rel s(Z), r ◦ f ′ ' r′ rel s′(Z),

f ′ ◦ f ' idU rel s(Z), f ◦ f ′ ' idU ′ rel s′(Z).

The equivalence class is called the fiberwise deforming homotopy type over Z (in
contrast to the notion of fiberwise pointed homotopy type introduced in [J3] where
it is assumed additionally that r′ ◦f = r and r◦f ′ = r′). The proof of the following
theorem is postponed to Section 6.

Theorem 2.1. If P and Q are two regular index pairs for an isolated invariant
set S, then (Uω(P ), rP , sP ) and (Uω(Q), rQ, sQ) have the same fiberwise deforming
homotopy type over Z.

The fiberwise deforming homotopy type over Z described in Theorem 2.1 is
denoted by hω(S, ϕ) and is called the Conley index of S over the base Z. In
particular, the index over a one-point space, up to a natural identification, is equal
to the classical Conley index h(S, ϕ). Of course, the index over Z also depends on
the map ω (called the base map), hence the notation. A detailed discussion on the
dependence on the base map and relations to the classical index is postponed to
Section 7. Now we concentrate on the results which indicate that the new index
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has all of the basic properties of the classical one. Proofs of the theorems contained
in the remaining part of this section can be found in Section 7.

Let us call the fiberwise deforming homotopy type of (Z, idZ , idZ) trivial and let
us denote it by 0Z . A direct consequence of the introduced notions is

Theorem 2.2. hω(∅, ϕ) = 0Z .

The wedge sum ∨ of fiberwise deforming homotopy types is defined in an obvious
way (compare Section 3), hence we can state the additivity property of the index:

Theorem 2.3. Suppose S and S′ are disjoint isolated invariant sets. Then

hω(S ∪ S′, ϕ) = hω(S, ϕ) ∨ hω(S′, ϕ).

On the other hand, the smash product ∨ of fiberwise deforming homotopy types
is not defined in general; in order to define it correctly one should consider fiberwise
well-pointed spaces over Z, i.e. fiberwise pointed spaces (U, r, s) such that s is a cofi-
bration (see Section 3). Actually, if P is a regular index pair, then (Uω(P ), rP , sP )
is well-pointed (Proposition 6.1), hence we are able to establish the multiplicativity
property of the index: Let ϕ and ω be as above and let ϕ′ be a semiflow on X ′. By
ϕ# denote the product flow on X ×X ′, i.e. ϕ#

t (x, x′) = (ϕt(x), ϕ′t(x′)). Let Z ′ be
another Hausdorff space and let ω′ : X ′ → Z ′ be a continuous map.

Theorem 2.4. Assume that S and S′ are isolated invariant sets ; S for ϕ and S′

for ϕ′. Then

hω×ω′(S × S′, ϕ#) = hω(S, ϕ) ∧ hω′(S′, ϕ′).

As in the classical case, the index over Z is invariant under continuation. Con-
sider a family of semiflows ϕλ : X × R+ → X continuously depending on λ ∈ I.
We have the following theorem.

Theorem 2.5. If N is an isolating neighborhood with respect to ϕλ for all λ ∈ I
and Sλ is the maximal invariant set of ϕλ inside N , then hω(Sλ, ϕλ) does not
depend on λ.

We can now present the example with a knotted periodic orbit from the Intro-
duction in more detail.

Example 2.6. Consider the flow ϕ pictured in Figure 1. Let the phase space X
of the flow be R3 minus the knotted curve. Let the index pair be P = (P1, P2),
let P1 be the cylinder (with the bases at the levels z = 0 and z = 1) minus a
tubular neighborhood of the curve, and let P2 be the punctured disc at the base in
the level z = 0 of P1. Put S = InvP1. Let Z = P1 and ω be the natural strong
deformation retraction of X onto P1, i.e. ω|P1 is the identity and ωX\P1 projects the
point (x, y, z) onto (x, y, 0) if z ≤ 0, onto (x, y, 1) if z ≥ 1, and then retracts (via
the natural retraction in the tubular neighborhood) all the points with z ∈ [0, 1]
onto the boundary of P1. Uω(P ) consists of two copies of P1 glued in P2. Its
fundamental group is equal to the fundamental group of the doubled knot, hence it
is different from the fundamental group of Z (i.e. the group of the knot, see [Ro]),
hence the index hω(S, ϕ) of S = InvP1 is not trivial. In particular, it follows that
any continuation of S is also nonempty—this fact cannot be directly obtained from
the Ważewski Theorem.

More examples will be presented in the last section.
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3. Fiberwise pointed spaces over a base

In the sequel, Z denotes a fixed topological space. A triple U = (U, r, s) is called
a fiberwise pointed (topological) space over Z if U is a topological space, r : U → Z
and s : Z → U are continuous maps, and r ◦ s = idZ (compare [J3, p. 41–42]). In
[J1, p. 163] and [J2, p. 98] such a space is also called a sectioned space over Z. We
refer to Z as the base space, to r as the projection, and to s as the section of U.
The projection is an r-map in the sense of [Bo]. In particular it follows that s(Z)
is a retract (hence a closed subset) of U , s ◦ r : U → s(Z) is a retraction, and s and
the restriction of r are mutually inverse homeomorphisms between Z and s(Z).

We want to turn the fiberwise pointed spaces into a category. Let U′ = (U ′, r′, s′)
be another fiberwise pointed space over Z. A natural choice for a morphism from
U to U′ is to take a fiberwise pointed map, i.e. a continuous map φ : U → U ′ such
that r′ ◦ φ = r and φ ◦ s = s′ (comp. [J1, J3] for instance). For our purposes such
a definition is too restrictive.

We define a fiberwise deforming map (shortly: an f.d. map) f : U → U′ as a
continuous map f : (U, s(Z))→ (U ′, s′(Z)) such that

r′ ◦ f ' r rel s(Z).

Obviously, a fiberwise pointed map is an f.d. map. Note that there always exists a
fiberwise pointed map (and consequently an f.d. map) between U and U′, namely
s′ ◦ r (it is called the fiberwise constant map).

Proposition 3.1. If f : U → U′ is f.d., then f ◦ s = s′ and the restriction of f
to a map s(Z) → s′(Z) is equal to the homeomorphism s′ ◦ r|s(Z). In particular,
f(s(Z)) = s′(Z).

One can easily verify that the identity map is an f.d. map and the composition
of f.d. maps is an f.d. map. Thus fiberwise pointed spaces over Z together with f.d.
maps constitute a category. We will call it the fiberwise deforming category and we
will denote it by FibZ .

We define U∨U′, the fiberwise pointed wedge, as the triple (U ∨U ′, r∨, s∨) such
that U ∨ U ′ is the disjoint union of U and U ′ with s(z) and s′(z) identified, i.e.
U ∨U ′ := U ×0∪U ′×1/ ∼∨, where ∼∨ denotes the equivalence relation generated
by (s(z), 0) ∼∨ (s′(z), 1) for any z ∈ Z. The maps r∨, s∨ are given by

r∨([x, i]) :=

{
r(x) if x ∈ U,
r′(x) if x ∈ U ′,

and s∨(z) := [(s(z), 0)] = [(x′(z), 0)]. It is easy to check that r∨ is well-defined, that
U ∨U′ is a fiberwise pointed space, and that this agrees with the usual definition
of wedge when Z is a single point.

Let U = (U, r, s) and U′ = (U ′, r′, s′) be two fiberwise pointed spaces over Z
and Z ′, respectively. In the cartesian product U ×U ′ define an equivalence relation
∼∧ by (u, u′) ∼∧ (v, v′) if (u, u′) = (v, v′) or u = v ∈ s(Z), r′(u′) = r′(v′) or
r(u) = r(v), u′ = v′ ∈ s′(Z). Put

U ∧ U ′ := U × U ′/ ∼∧
and denote by u∧u′ the equivalence class of (u, u′). Define maps r∧ : U∧U ′ → Z×Z ′
and s∧ : Z × Z ′ → U ∧ U ′ by

r∧(u ∧ u′) := (r(u), r′(u′)), s∧(z, z′) := s(z) ∧ s′(z′).
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The triple

U ∧U′ := (U ∧ U ′, r∧, s∧)

is a fiberwise pointed space over Z × Z ′ and is called the fiberwise pointed smash
product of U and U′. Again, if both Z and Z ′ are one-pointed spaces, then this
notion agrees with the usual smash product.

By the homotopy in the category FibZ we mean a collection of f.d. maps Ft :
U → U′, t ∈ I such that the map F : U × I 3 (x, t) → Ft(x) ∈ U ′ is continuous.
We say that two f.d. maps f, g : U → U′ are homotopic in FibZ if there exists a
homotopy Ft : U→ U′, t ∈ I in FibZ such that F0 = f, F1 = g.

As an easy consequence of Proposition 3.1 we obtain the following:

Proposition 3.2. Assume f : U→ U′ is an f.d. map and g : U → U ′ is continu-
ous. If

f ' g rel s(Z),

then g is also an f.d. map from U to U′ and f and g are homotopic in FibZ .

Proof. We have f ' g rel s(Z), thus also r′ ◦ f ' r′ ◦ g rel s(Z). Since f is an f.d.
map, r ' r′ ◦ f ' r′ ◦ g rel s(Z). This shows that also g is an f.d. map. Let Ft be
the homotopy joining f to g. Then Ft ' f rel s(Z) for each t ∈ I. It follows from
what we have already proved that Ft is an f.d. map and consequently f and g are
homotopic in FibZ .

Obviously, the homotopy in the category FibZ induces an equivalence relation
between the f.d. maps. Taking equivalence classes of f.d. maps as a new collection of
morphisms we obtain another category, which we will call the fiberwise deforming
homotopy category. We will denote it by Htp FibZ . Obviously, we have also the
homotopy functor Htp : FibZ → Htp FibZ sending each f.d. map to its equivalence
class. An f.d. map φ will be called a fiberwise deforming homotopy equivalence if
Htp(φ) is an isomorphism in Htp FibZ .

Proposition 3.3. Assume f : U→ U′ is an f.d. map. If there exists a continuous
map f ′ : U ′ → U such that

f ′ ◦ f ' idU rel s(Z), f ◦ f ′ ' idU ′ rel s′(Z),

then f ′ is also an f.d. map and f and f ′ are mutually inverse fiberwise deforming
homotopy equivalences.

Proof. First observe that f ′ ◦f ' idU rel s(Z) implies that f ′f(s(Z)) = s(Z). From
the homotopy equivalence f ◦ f ′ ' idU rel s(Z) we get r′ ◦ f ◦ f ′ ' r′ rel s(Z ′) and
r ◦ f ′ ' r′ rel s′(Z), because f is an f.d. map. It follows that f ′ is also an f.d.
map and consequently f and f ′ are mutually inverse fiberwise deforming homotopy
equivalences.

We say that two fiberwise pointed spaces U and U′ over Z have the same fiberwise
deforming homotopy type over Z if there exists a fiberwise deforming homotopy
equivalence between them. The equivalence class of spaces with the same fiberwise
deforming homotopy type as U is denoted by [U]Z . A distinguished role is played
by

0Z := [(Z, idZ , idZ)]Z ,

the trivial fiberwise deforming homotopy type over Z.
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We compare various homotopy types on a simple example.

Example 3.4. For x ∈ R \ 0 put Vx = (R \ 0)× 0 ∪ {x} × 1, i.e. Vx is the disjoint
union of R \ 0 and {x}. Define rx : Vx → R \ 0 and sx : R \ 0→ Vx by rx(y, i) = y
and sx(z) = (z, 0). Then Vx = (Vx, rx, sx) is a fiberwise pointed space over R \ 0.
Each of the spaces Vx has the same (ordinary) homotopy type of a three-point
space. It is easy to see, that for x 6= x′ there is no fiberwise pointed map Vx → Vx′

except for the constant one, hence the fiberwise pointed homotopy types (i.e. the
homotopy types in the sense of [J1, J3]) of Vx are all different. On the other hand,
there are no nonconstant f.d. maps between Vx and Vx′ only in the case where
the signs of x and x′ are opposite, hence there are exactly two different fiberwise
deforming homotopy types, and [Vx]R\0 = [Vx′ ]R\0 iff xx′ > 0.

In the above example we compared the fiberwise pointed homotopy types of
spaces with several connected components. This can be generalized to the following
simple observation.

Proposition 3.5. Let {Ti}i=0,...,r and {T ′i}i=0,...,r be the sets of path components
of U and U ′, respectively. Let

s(Z) ⊂ T0, s
′(Z) ⊂ T ′0.

If f : U → U′ is a fiberwise deforming homotopy equivalence, then there is a per-
mutation σ, σ(0) = 0, such that for i = 0, . . . , r : f(Ti) ⊂ T ′σ(i) and the restriction
fi : Ti → Tσ(i) of f is a homotopy equivalence such that r′ ◦ fi ' r|Ti .

In order to distinguish fiberwise deforming homotopy types of U and U′ one
should compare the homotopy types [U ] and [U ′] first. If they are equal, further
necessary information can be provided by Proposition 3.5 as the next example
shows:

Example 3.6. Let W1 = W2 = S1 × 0 ∪ S1 × 1, i.e. W1 and W2 are equal to
the disjoint union of two copies of the circle S1 = {x ∈ C : |x| = 1}. Define
ri : Wi → S1 and si : S1 →Wi, i = 1, 2 by

r1(x, i) = x, s1(y) = (y, 0),

r2(x, 0) = x, r2(x, 1) = x2, s2(y) = (y, 0).

Then Wi = (Wi, ri, si), i = 1, 2 are fiberwise pointed spaces over S1. It follows by
Proposition 3.5 that if f : W1 →W2 is a fiberwise pointed homotopy equivalence,
then f(S1 × 1) ⊂ (S1 × 1) and r2 ◦ f |S1×1 ' r1|S1×1, which is impossible. Thus
[W1]S1 6= [W2]S1 .

Remark 3.7. If we consider the question of comparison of [U]Z and [U′]Z on the
homotopy level, one would expect that the information provided by the triples
(H(U), H(r), H(s)) and (H(U ′), H(r′), H(s′)) is essentially better than the one
provided by H(U) and H(U ′) alone (H denotes a homology functor). However,
this is not the case, at least in reasonable situations: if H(U) ∼= H(U ′) and H(Z)
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is a finitely generated abelian group, then the diagram

H(Z)

H(s)
{{vvvvvvvvv

H(s′)

$$HHHHHHHHH

H(U)
φ

//

H(r)

##HHHHHHHHH
H(U ′)

H(r′)zzvvvvvvvvv

H(Z)

is commutative for some isomorphism φ.
Indeed, let j : U ↪→ (U, s(Z)) and j′ : U ′ ↪→ (U ′, s′(Z)) be the inclusions. Since

s(Z) is a retract of U , the exact sequence

0→ H(Z)
H(s)−−−→ H(U)

H(j)−−−→ H(U, s(Z))→ 0

splits and (H(r), H(j)) : H(U) → H(Z) ⊕ H(U, s(Z)) is an isomorphism. Up to
this isomorphism H(r) and H(s) are represented as the maps

H(Z)⊕H(U, s(Z)) 3 (u, v)→ u ∈ H(Z),

H(Z) 3 u→ (u, 0) ∈ H(Z)⊕H(U, s(Z)),

respectively. The same holds true for the triple (H(U ′), H(r′), H(s′)). It follows
by the assumption on H(Z) and by [Coh] or [W] that there exists an isomorphism
ψ : H(U, s(Z))→ H(U ′, s′(Z)), and we can put

φ = (H(r′), H(j′))−1 ◦ (idH(Z)⊕ψ) ◦ (H(r), H(j)).

It is easily seen that if [U]Z = [U′]Z and [V]Z = [V′]Z , then [U ∨ V]Z =
[U′ ∨V′]Z , hence we can define

[U]Z ∨ [V]Z := [U ∨V]Z ,

the wedge of fiberwise deforming homotopy types. Obviously, for every space U,

[U]Z ∨ 0Z = 0Z ∨ [U]Z = [U]Z .

On the other hand, we cannot provide a general definition of smash product of
fiberwise deforming homotopy types, as the following example shows:

Example 3.8. Let

U = I × 0 ∪ {(0, 1)} ⊂ R2, U ′ = I × 0 ∪ {(1, 1)} ⊂ R2.

Assume that both r : U → I and r′ : U ′ → I are given by (x, y) 7→ x, and both
s : I → U and s′ : I → U ′ are given by x 7→ (x, 0). Let

V =
{

1
n

: n ∈ Z+

}
∪ {0} ⊂ R,

ρ : V → {0} and σ : {0} → V, σ(0) = 0. Put U = (U, r, s),U′ = (U ′, r′, s′), and
V = (V, ρ, σ). One can show that [U]I = [U′]I , but

[U ∧V]I×0 6= [U′ ∧V]I×0.

In order to verify this assertion we introduce new, simpler spaces

W = I × 0 ∪
{(

0,
1
n

)
: n ∈ Z+

}
, W ′ = I × 0 ∪

{(
1,

1
n

)
: n ∈ Z+

}
,
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mappings R : W → I, (x, y) 7→ x, S : I → W,x 7→ (x, 0), and analogous mappings
R′ and S′ for W ′. Put W = (W,R, S) and W′ = (W ′, R′, S′). The map U∧V →W
given by [((0, 1), z)] 7→ (0, z) and [((x, 0), z)] 7→ (x, 0) establishes the isomorphism
(up to the identification I = I × 0) between U ∧V and W. Similarly, there is an
isomorphism between U′∧V and W′, hence it suffices to prove that [W]I 6= [W′]I .

Let f : W→W′ be an f.d. map. Then there is an n0 6= 0 such that f(0, 1/n0) ∈
I × 0 ⊂ W ′ because f(0, 0) = (0, 0). If f : W′ → W is any f.d. map, then
(f ′ ◦ f)(0, 1/n0) = f(0, 1/n0) is contained in I × 0, hence in a different path com-
ponent than {(0, 1/n0)} and thus f ′ ◦ f cannot be homotopic to the identity, hence
the types must be different.

By the previous example it is clear that in order to define the smash product of
fiberwise deforming homotopy types one should introduce a more restrictive class
than fiberwise pointed. Recall that the pair of spaces (X,A), with A closed, is
called cofibered if X × 0 ∪ A × I is a retract of X × I or, equivalently, if (X,A)
admits a Strøm structure, i.e. a pair (G, a) of continuous maps a : X → I and
G : X × I 3 (x, t)→ Gt(x) ∈ X such that a−1(0) = A and

G0 = idX , Gt(x) = x if (x, t) ∈ A× I, G1(x) ∈ A if a(x) < 1

(compare [J2, pp. 168, 169, 172] and [Wh, pp. 22, 26]; in the latter reference the
term “NDR-pair” is used).

We call (U, r, s) a fiberwise well-pointed space over Z provided it is fiberwise
pointed and (U, s(Z)) is a cofibered pair (or equivalently: s is a cofibration). In
[J2, p. 180] such a space is called well-sectioned over Z.

Remark 3.9. In proofs of some results presented below, the following fact will be
useful: If ∼ is an equivalence relation on a topological space X and H : X× I → Y
is continuous such that H(x, t) = H(x′, t) if x ∼ x′, then the induced map H ′ :
(X/ ∼)× I → Y given by H ; ([x]∼, t) = H(x, t) is continuous (compare [Sw, 0.8]).

Proposition 3.10. Assume that U,U′,V, and V′ are fiberwise well-pointed
spaces, U and U′ over Z, V and V′ over Ω. If [U]Z = [U′]Z and [V]Ω = [V′]Ω,
then

[U ∧V]Z×Ω = [U′ ∧V′]Z×Ω.

Proof. In order to simplify notation, we assume (without loss of generality) that
V = V′. Let U = (U, r, s),U′ = (U ′, r′, s′), and V = (V, ρ, σ). Let f : U→ U′ and
f ′ : U′ → U be mutually inverse homotopy equivalences in FibZ . We first observe
that one cannot usually factor the map (u, v) 7→ f(u) ∧ v because r(u) − r(u1)
does not imply r′f(u) = r′f(u1) in general, hence the definition of a homotopy
equivalence from U ∧V to U′ ∧V must be essentially more complicated.

Denote by h : U×I → Z a homotopy joining r with r′ ◦f , i.e. h0 = r, h1 = r′ ◦f ,
and ht ◦ s = idZ for t ∈ I. Let h′ be an analogous homotopy joining r′ with r ◦ f ′.
Let (G, a), (G′, a′), and (Γ, α) be Strøm structures for (U, s(Z)), (U ′, s′(Z)), and
(V, σ(Z)), respectively. For u ∈ U, u′ ∈ U ′, and v ∈ V put

m(u, v) = min{a(u), α(v)}, m′(u′, v) = min{a′(u′), α(v)}.
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For t ∈ (0, 1] define maps Ft : U ∧V→ U′ ∧V and F ′t : U′ ∧V→ U ∧V by

Ft(u ∧ v) :=


s′h 4

tm(u,v)G 4
tm(u,v)(u) ∧ Γ 4

tm(u,v)(v) if u ∈ cl a−1([0, 1
4 t)),

or v ∈ clα−1[[0, 1
4 t)),

fG2− 4
tm(u,v)(u) ∧ Γ2− 4

tm(u,v)(v) if 1
4 t ≤ m(u, v) ≤ 1

2 t,

f(u) ∧ v if 1
2 t ≤ m(u, v),

F ′t (u
′ ∧ v) :=


sh′4

tm
′(u′,v)

G′4
tm
′(u′,v)

(u′) ∧ Γ 4
tm
′(u′,v)(v) if u′ ∈ cl(a′)−1([0, 1

4 t))

or v ∈ clα−1[[0, 1
4 t)),

f ′G′
2− 4

tm
′(u′,v)

(u′) ∧ Γ2− 4
tm
′(u′,v)(v) if 1

4 t ≤ m′(u′, v) ≤ 1
2 t,

f ′(u′) ∧ v if 1
2 t ≤ m′(u′, v).

By the definitions of smash product and Strøm structure one can verify that the
above formulas give correctly defined continuous maps which are f.d. We will prove
that F1 and F ′1 are mutually inverse homotopy equivalences. For t ∈ (0, 1] put

Yt =
{
u ∧ v ∈ U ∧ V : m(u, v) ≥ 1

2
t

}
.

For u ∧ v ∈ Yt and τ ∈ I put

n(u, v, τ) := m′(f(u), v) + 2τ
(
m(u, v)− 1

2
t

)
and define maps Kt,τ : Yt → U ′ ∧ V by

Kt,τ (u ∧ v) :=

sh′4
t n(u,v,τ)

G′4
t n(u,v,r)

f(u) ∧ Γ 4
t n(u,v,τ)(v)

if f(u) ∈ cl(a′)−1((−∞, 1
4 t− 2τ(m(u, v)− 1

2 t)),
f ′G′

2− 1
4 tn(u,v,τ)

f(u) ∧ Γ2− 4
t n(u,v,τ)(v)

if m′(f(u), v) ∈ [1
4 t− 2τ(m(u, v)− 1

2 t),
1
2 t− 2τ(m(u, v)− 1

2 t)],
f ′f(u) ∧ v if m′(f(u), v) ∈ [1

2 t− 2τ(m(u, v)− 1
2 t),∞).

It follows in particular that Kt,0 = F ′t ◦ Ft|Yt , if m(u, v) = 1
2 t, then Kt,τ (u ∧ v) =

F ′tFt(u∧ v) and if m(u, v) ≥ 3
4 t, then Kt,1(u∧ v) = f ′f(u)∧ v. Let D : U × I → U ,

(u, t) 7→ Dt(u) be the homotopy relative to s(Z) joining f ′ ◦f with the identity, i.e.

D0 = f ′ ◦ f, D1 = idU .

For t ∈ (0, 1] and τ ∈ I define maps Ht,τ : U ∧ V → U ′ ∧ V by

Ht,τ (u ∧ v) :=


F ′tFt(u ∧ v) if m(u, v) ≤ 1

2 t,

Kt,1(u ∧ v) if 1
2 ≤ m(u, v) ≤ 3

4 t,

D 4τ
t m(u,v)−3τ (u) ∧ v if 3

4 ≤ m(u, v) ≤ t,
Dτ (u) ∧ v if t ≤ m(u, v).

It follows that F ′1 ◦F1 ' H1,0 rel s∧(Z×Ω) via the homotopy {F ′1 ◦F1|Y1 ∪K1,t}t∈I
and H1,0 ' H1,1 rel s∧(Z ×Ω) via the homotopy {H1,t}t∈I . Define the final homo-
topy J : (U ∧ V )× I 3 (u ∧ v, t)→ Jt(u ∧ v) ∈ U ′ ∧ V by

Jt :=

{
idU∧V if t = 0,
Ht,1 if t > 0.
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Observe, that J is continuous in {(u ∧ v, 0) : u ∈ s(Z) or σ(Ω)} (hence continuous
everywhere) and it is a homotopy relative to s∧(Z × Ω) joining H1,1 with idU∧V .
By composing the above homotopies we conclude that F ′1 ◦ F1 is homotopic to the
identity in FibZ×Ω. By the symmetric argument one can show that F1◦F ′1 ' idU ′∧V
in FibZ×Ω, hence, by Proposition 3.3, the proof is finished.

By Proposition 3.10, for fiberwise well-pointed spaces U over Z and U′ over Z ′

we can define

[U]Z ∧ [U′]Z′ := [U ∧U′]Z×Z′ .

The role of the unit element for smash product is played by the homotopy type Σ0

(also denoted 1), i.e. the homotopy type of pointed 0-dimensional sphere (S0, s0)
over {s0}. Up to obvious identifications, for every fiberwise well-pointed space U
over Z,

[U]Z ∧ Σ0 = Σ0 ∧ [U]Z = [U]Z .

4. Fiberwise pointed spaces generated by closed pairs

Let X be a topological space and let ω : X → Z be a continuous map. For
P = (P1, P2) a pair of closed spaces in X (i.e. P2 ⊂ P1 ⊂ X), we define Uω(P ) as
the adjunction P1 ∪ω|P2

Z (see [E]), i.e.

Uω(P ) := Z × 0 ∪ P1 × 1/ ∼,
where ∼ denotes the minimal equivalence relation such that (x, 1) ∼ (ω(x), 0) for
every x ∈ P2.

The equivalence class of an element (y, i) ∈ Z× 0∪P1× 1 with respect to ∼ will
be denoted by [y, i]ω,P or briefly [y, i]P . We define the quotient map by

qω,P : Z × 0 ∪ P1 × 1 3 (y, i)→ [y, i]ω,P ∈ Uω(P ).

Proposition 4.1. If ω|P2 is a closed map, then the quotient map qω,P is also
closed.

Define rω,P : Uω(P )→ Z and sω,P : Z → Uω(P ) by

rω,P ([x, 1]ω,P ) := ω(x), rω,P ([z, 0]ω,P ) := z,

sω,P (z) := [z, 0]ω,P .

It is easy to verify that the maps rω,P , sω,P are well defined and continuous and
the triple Uω(P ) := U(P ) := (Uω(P ), rω,P , sω,P ) is a fiberwise pointed space over
Z.

The following result is a straightforward consequence of definitions and facts
presented at the end of Section 3.

Proposition 4.2. If P is a cofibered closed pair, then Uω(P ) is a fiberwise well-
pointed space over Z.

If P ⊂ Q are closed pairs in X , then the inclusion induces a fiberwise pointed
map (hence f.d. map, i.e. a morphism in FibZ):

Uω(ιPQ) : Uω(P )→ Uω(Q), [u, i]P 7→ [u, i]Q.

Proposition 4.3. If P ⊂ Q are closed pairs such that P1 \P2 = Q1 \Q2 and ω|Q2

is closed, then Uω(ιPQ) is an isomorphism in FibZ .
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Proof. In order to prove the result it suffices to show that Uω(ιPQ) is a homo-
morphism. Since Uω(ιPQ) is a continuous bijective map, we only need to prove
that Uω(ιPQ) ◦ qω,P is closed. Actually, the latter map is the composition of the
inclusion Z×0∪P1×1 ↪→ Z×0∪Q1×1 and qω,Q. Since P1 is closed, the inclusion
is a closed map, and thus the assertion follows by Proposition 4.1.

Now we present examples and results concerning fiberwise deforming homotopy
type of the spaces introduced in this section. We begin with a trivial observation
that for every map ω : X → Z,

[Uω(∅)]Z = 0Z .

More interesting fiberwise deforming homotopy types are described in the following:

Example 4.4. Let C1 = S1 and C2 = {x : |x − (2, 0)| = 1} be two circles in the
plane. Consider four closed pairs in R2 \ 0:

P1 = (C1,∅), P2 = (C2,∅), P3 = (C1, {(1, 0)}), P4 = (C2, {(3, 0)}).
Putting ω = idR2\0, we get [U(Pi)]R2\0 6= [U(P3)]R2\0 for i = 1, 2, because P3 is
connected. By Proposition 3.5, we also have [U(P1)]R2\0 6= [U(P2)]R2\0. However,
one can show that [U(P3)]R2\0 = [U(P4)]R2\0.

The following example shows that for a given pair P the fiberwise deforming ho-
motopy types of Uω(P ) can be distinct for various maps ω from the same homotopy
class.

Example 4.5. Let X = Z = R and let P = (P1, P2) be given by

P1 =
{

1
n

: n ∈ Z+

}
∪ {0}, P2 = {0}.

Denote by τ1 the translation x 7→ x+ 1. Then τ1 ' idR, but

[Uτ1(P )]R 6= [UidR(P )]R.

This can be shown by essentially the same argument as in Example 3.8.

In the next proposition we indicate that [Uω(P )]Z depends only on the homotopy
class of ω if P is cofibered. Let φ, ψ : X → Z be continuous maps.

Proposition 4.6. If P = (P1, P2) is a cofibered closed pair and φ|P2 ' ψ|P2 : P2 →
Z, then

[Uφ(P )]Z = [Uψ(P )]Z .

Proof. Let (G, a) be a Strøm structure for P and let ωt : P2 → Z, t ∈ I, be a
homotopy joining ω0 = φ|P2 with ω1 = ψ|P2 . Define maps f : Uω0(P ) → Uω1(P )
and f ′ : Uω1(P )→ Uω0(P ) by

f([z, 0]ω0,P ) := [z, 0]ω1,P ,

f([x, 1]ω0,P ) :=

{
[ω2a(x)G1(x), 0]ω1,P if x ∈ cl a−1([0, 1

2 )),
[G2−2a(x)(x), 1]ω1,P if 1

2 ≤ a(x),

f ′([z, 0]ω1,P ) := [z, 0]ω0,P ,

f ′([x, 1]ω1,P ) :=

{
[ω1−2a(x)G1(x), 0]ω0,P if x ∈ cl a−1([0, 1

2 )),
[G2−2a(x)(x), 1]ω0,P if 1

2 ≤ a(x).



4184 MARIAN MROZEK, JAMES F. REINECK, AND ROMAN SRZEDNICKI

Both the maps f and f ′ are f.d. as one can directly check. Define a homotopy
h : Uω0(P )× I → Uω0(P ) by

h([z, 0]ω0,P , t) := [z, 0]ω0,P ,

h([x, 1]ω0,P , t) :=

[ω2ta(x)G1(x), 0]ω0,P if x ∈ cla−1([0, 1
2 ]),

[ωt(1−2a(G2−2a(x)(x))G1G2−2a(x), 0]ω0,P if 1
2 ≤ a(x),

G2−2a(x)(x) ∈ cl a−1([0, 1
2 )),

[G2−2a(G2−2a(x)(x))G2−2a(x)(x), 1]ω0,P if 1
2 ≤ a(x),

1
2 ≤ aG2−2a(x)(x).

Thus f ′ ◦ f ' h0 rel sω0,P (Z). Define another homotopy j : Uω0(P )× I → Uω0(P )
by

j([z, 0]ω0,P , t) := [z, 0]ω0,P ,

j([x, 1]ω0,P , t) :=

[ω0G1(x), 0]ω0,P if x ∈ cla−1([0, 1
2 )),

[ω0G1G2−2a(x)(x), 0]ω0,P if 1
2 ≤ a(x),

G2−2a(x)(x) ∈ cl a−1([0, 1
2 )),

[Gt+(1−t)(2−2a(G2−2a(x)(x)))G2−2a(x)(x), 1]ω0,P if 1
2 ≤ a(x),

1
2 ≤ aG2−2a(x)(x),

hence h0 ' j1 rel sω0,P (Z). The next homotopy k : Uω0(P ) × I → Uω0(P ) is given
by

k([z, 0]ω0,P , t) := [z, 0]ω0,P ,

k([x, 1]ω0,P , t) :=
[ω0G1Gt(x), 0]ω0,P if a(x) ≤ 1

2 ,

[ω0G1Gt(2−2a(x))(x), 0]ω0,P if 1
2 ≤ a(x), aGt(2−2a(x))(x) ≤ 1

2 ,

[G1Gt(2−2a(x))(x), 1]ω0,P if 1
2 ≤ a(x), 1

2 ≤ aG2−2a(x)(x).

Since G comes from the Strøm structure, G1G1(x) = G1(x) if a(x) < 1, hence
k1 = j1 and thus j1 ' k0 rel sω0,P (Z). The last homotopy m : Uω0(P )×I → Uω0(P )
is simply defined by mt([z, 0]ω0,P ) = [z, 0]ω0,P , mt([x, 1]ω0,P ) = [Gt(x), 1]ω0,P . It is
easy to check that k0 = m1, hence k0 ' idUω0(P ) rel sω0,P (Z). By composing the
above homotopies we conclude that f ′ ◦ f ' idUω1 (P ) rel sω0,P (Z). Similarly, one
can prove that also f ◦ f ′ is homotopic to the identity, hence by Proposition 3.3,
the proof is finished.

Let z0 be a point in Z and let c := cz0 : X → Z, x 7→ z0, be a constant map. If
P is a closed pair, then Uc(P ) = P1/P2 ∨ (Z, z0) and rc,P ([x, 1]c,P ) = z0 for every
x ∈ P1. In that case the fiberwise deforming homotopy type [Uc(P )]Z is called
simple.

Corollary 4.7. If P = (P1, P2) is cofibered and P1 is contractible in X, then
[Uω(P )]Z is simple for every ω : X → Z.
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Let P be a closed pair in X and let ζ : Z → Z ′ be a continuous map. Define
ζP : Uω(P )→ Uζ◦ω(P ) by

ζP ([z, 0]ω,P ) = [ζ(z), 0]ζ◦ω,P , ζP ([x, 1]ω,P ) = [x, 1]ζ◦ω,P .

Since ζP ◦ qω,P = qζ◦ω,P ◦ (ζ × 0 ∪ idP1×1), the map ζP is continuous. Assume
that Q is another closed pair and let f : Uω(P ) → Uω(Q) be an f.d. map. Define
f ′ : Uζ◦ω(P )→ Uζ◦ω(Q) by

f ′([z′, 0]ζ◦ω,P ) = [z′, 0]ζ◦ω,Q, f ′([x, 1]ζ◦ω,P ) = (ζQ ◦ f)([x, 1]ω,P ).

The correctness of the definition of f ′ is a consequence of the fact that f([z, 0]ω,P ) =
[z, 0]ω,Q for every z ∈ Z (recall that f is f.d.). The map f ′ is continuous because the
restrictions (f ′ ◦ qζ◦ω,P )|Z′×0 and (f ′ ◦ qζ◦ω,P )|P1×1 are continuous, which follows
from the description of f ′. Moreover, f ′ is also f.d. Indeed, let h : Uω(P )×I → Z be
a homotopy relative to sω,P (Z) joining rω,Q◦f with rω,P . Define h′ : Uζ◦ω(P )×I →
Z ′ by

h′([z′, 0]ζ◦ω,P , t) = z′, h′([x, 1]ζ◦ω,P , t) = (ζ ◦ h)([x, 1]ω,P , t).

It follows by Remark 3.9 and an argument similar to the one above that h′ is
correctly defined and continuous, and is the required homotopy joining rζ◦ω,Q ◦ f
with rζ◦ω,P , hence f ′ : Uζ◦ω(P ) → Uζ◦ω(Q) is f.d. By a suitable modification of
the above arguments one can show that if f ' g : Uω(P ) → Uω(Q) in FibZ , then
also the corresponding f.d. maps f ′, g′ : Uζ◦ω(P ) → Uζ◦ω(Q) are homotopic in
FibZ′ . As a conclusion we get the following:

Proposition 4.8. If [Uω(P )]Z = [Uω(Q)]Z and ζ : Z → Z ′ is continuous, then
[Uζ◦ω(P )]Z′ = [Uζ◦ω(Q)]Z′ .

As immediate corollaries from the above proposition we get results which assert
that the information provided by [Uω(·)]Z is maximal in the case ω = idX and
minimal if ω is a constant map onto a one-point space.

Corollary 4.9. If [Uω(P )]Z = [Uω(Q)]Z for some ω : X → Z, then [P1/P2] =
[Q1/Q2].

Corollary 4.10. If [UidX (P )]X = [UidX (Q)]X , then for every space Z and every
continuous map ω : X → Z, [Uω(P )]Z = [Uω(Q)]Z .

Propositions 4.6 and 4.8 imply

Corollary 4.11. If P and Q are cofibered pairs, and ζ : Z → Z ′ is a homotopy
equivalence, then [Uω(P )]Z = [Uω(Q)]Z if and only if [Uζ◦ω(P )]Z′ = [Uζ◦ω(Q)]Z′ .

We conclude this section by results on sums and products of closed pairs. Let
P = (P1, P2) and Q = (Q1, Q2) be disjoint closed pairs in X , i.e. P1 ∩ Q1 = ∅.
Then

Uω(P ∪Q) = Uω(P ) ∨Uω(Q),

hence

Proposition 4.12. If P and Q are disjoint closed pairs in X, then

[Uω(P ∪Q)]Z = [Uω(P )]Z ∨ [Uω(Q)]Z .
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Now let P be a closed pair in X and P ′ in X ′, and let ω : X → Z and ω′ : X ′ →
Z ′ be continuous. Recall that P × P ′ = (P1 × P ′1, P1 × P ′2 ∪ P2 × P ′1). Then, up to
a natural isomorphism,

Uω×ω′(P × P ′) = Uω(P ) ∧Uω′(P ′).

As a consequence of Proposition 4.2 we get

Proposition 4.13. If P and P ′ are cofibered closed pairs, then

[Uω×ω′(P × P ′)]Z×Z′ = [Uω(P )]Z ∧ [Uω′(P ′)]Z′ .

5. Regular index pairs and isolating blocks

Let X be a metrizable locally compact space and let the map ϕ : X × R+ 3
(x · t) → x · t ∈ X be a semiflow. We recall several concepts from the theory of
isolated invariant sets; cf. [Co], [Ch], [Ry], and [Sm].

Let I be an interval in R with 0 ∈ I and let A ⊂ X . A single valued mapping
σ : I → A is called a solution for ϕ through x ∈ A if σ(t + s) = ϕ(σ(t), s) for all
t, t+ s ∈ I, s > 0, and σ(0) = x.

Given an arbitrary set A ⊂ X , we define the maximal invariant part of A by

InvA := {x ∈ A : ∃σ : R→ A a solution for ϕ through x}
the exit function on A by

εA : A 3 x→ sup{t ≥ 0 |x · [0, t] ⊂ A} ∈ [0,∞],

and the exit set A− := ε−1
A (0).

A set S ⊂ X is called an isolated invariant set if S is compact and there exists
U , a neighborhood of S, such that S = InvU . A compact subset N ⊂ X is called
an isolating neighborhood for ϕ if InvN ⊂ intN . It is easy to check that if N
is an isolating neighborhood, then InvN is an isolated invariant set. An isolating
neighborhood B is called an isolating block iff B− is closed. The following result is
a variant of Ważewski’s theorem ([Co, Sec. II.2]):

Proposition 5.1 (Ważewski). An isolating neighborhood B is an isolating block if
and only if the map εB is continuous.

Let N be an isolating neighborhood for ϕ. A pair P = (P1, P2) of compact
subsets P2 ⊂ P1 ⊂ N is called an index pair in N if the following conditions are
satisfied:

x ∈ Pi, t > 0, x · [0, t] ⊂ N ⇒ x · [0, t] ⊂ Pi (i = 1, 2),(5.1)

x ∈ P1, t > 0, x · t /∈ N ⇒ ∃t′ ∈ [0, t] with x · t′ ∈ P2, x · [0, t′] ⊂ N,(5.2)

InvN ⊂ int(P1 \ P2).(5.3)

For an index pair P we define functions σP , τP : P1 → [0,∞] by

σP (x) :=

{
εcl(P1\P2)(x) if x ∈ cl(P1 \ P2),
0 if x ∈ intP1 P2,

(5.4)

τP (x) :=

{
sup{t ≥ 0 |x · [0, t] ⊂ P1 \ P2} if x ∈ P1 \ P2,

0 if x ∈ P2.
(5.5)

Proposition 5.2. σP is upper semicontinuous, τP is lower semicontinuous and
τP (x) ≤ σP (x) for x ∈ P1.
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Figure 2. An index pair for a semiflow with σP 6= τP

One easily verifies the following proposition.

Proposition 5.3. If ϕ is a flow, then the following three conditions are equivalent.
1. σP is continuous.
2. τP is continuous.
3. σP = τP .

This proposition is not true for semiflows as the example in Figure 2 illustrates.
The large rectangle is P1, and the shaded area is P2.

We call the index pair P regular if τP (x) = σP (x) for x ∈ P1.

Proposition 5.4. If P is a regular index pair, then cl(P1\P2) is an isolating block.

Proof. Since σP = τP , by Proposition 5.2 they are both continuous. In particular,
εcl(P1\P2) = σP |cl(P1\P2) is continuous and therefore the exit set (cl(P1 \ P2))− is
closed. It follows that cl(P1 \ P2) is an isolating block.

A convenient way of constructing regular index pairs or isolating blocks is by
means of Lyapunov functions. A function α : A→ [0,∞] is called strictly increasing
(decreasing) along the trajectories of ϕ if for any x ∈ A and t > 0 such that
x · [0, t] ⊂ A and α(x) > 0 there is α(x · t) > α(x) (α(x · t) < α(x)). A pair of
functions µ = (µ1, µ2), where µi : N → [0,∞] for i = 1, 2 will be called a Lyapunov
pair in N if µ1 is strictly decreasing, µ2 is strictly increasing along the trajectories
of ϕ and InvN = µ−1

1 (0) ∩ µ−1
2 (0). The following theorem is a by-product of the

proof of Theorem 1.5.1 in [Ry].

Theorem 5.5. If N is an isolating neighborhood for S which is sufficiently close
to S, then it admits a Lyapunov pair.

A standard compactness argument leads to the following:

Proposition 5.6. Assume U ⊂ N is an open neighborhood of S = InvN and µ is
a Lyapunov pair in N . Then there exists an ε > 0 such that

µ−1
1 ([0, ε]) ∩ µ−1

2 ([0, ε]) ⊂ U.(5.6)

Lyapunov pairs may be used to construct regular index pairs. Let N be an
isolating neighborhood which admits a Lyapunov pair µ. Let U ⊂ intN be open
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and let ε > 0 be such that (5.6) is satisfied. Put α1, α2 ∈ (0, ε) and for α := (α1, α2)
define

Pα := (Pα1 , P
α
2 ),

where

Pα1 := {x ∈ N |µ1(x) ≤ α1},(5.7)

Pα2 := {x ∈ Pα1 |µ2(x) ≥ α2}.(5.8)

We have the following:

Theorem 5.7. Pα is a regular index pair in N which satisfies Pα1 \ Pα2 ⊂ U .

Proof. Property (5.1) is obvious. To see (5.2) take x ∈ Pα1 and t > 0 such that
x · t /∈ N . Put t′ := σN (x). Then x · t′ ∈ bdN , i.e. µ2(x · t′) ≥ ε ≥ α2. This proves
(5.2). Property (5.3) is obvious. It remains to show that Pα is regular. We have

Pα1 \ Pα2 = {x ∈ N |µ1(x) ≤ α1, µ2(x) < α2}
and

cl(Pα1 \ Pα2 ) ⊂ {x ∈ N |µ1(x) ≤ α1, µ2(x) ≤ α2}.
This if x ∈ P1, we get µ2(x · τP (x)) = α2 and µ2(x · σP (x)) ≤ α2. Since µ2 is
increasing along solutions, it must be σP (x) ≤ τP (x). The other inequality follows
from Proposition 5.2.

As a consequence we obtain the following result.

Lemma 5.8. Assume N is an isolating neighborhood which admits a Lyapunov
pair. Then for any n ∈ Z+, n ≥ 2, there exists a sequence of regular index pairs
P 1, P 2, . . . , Pn in N such that P i−1 ⊂ intP i for i = 2, 3, . . . , n.

Proof. Choose numbers 0 < α1
1 < α2

1 < · · · < αn1 < ε, ε > α1
2 > α2

2 > · · ·αn2 > 0
and put P i := Pα

i

, where αi := (αi1, α
i
2). It is now straightforward to verify that

the assertion is satisfied.

Proposition 5.9.
(i) If P and Q are regular index pairs in N , then so is P∩Q := (P1∩Q1, P2∩Q2).
(ii) If P ⊆ Q are regular index pairs for N , then so are Q′ := (P1, P1 ∩Q2) and

Q′′ := (P1 ∪Q2, Q2).

Proof. It is an easy exercise to show that P ∩ Q,Q′, Q′′ satisfy properties ((5.1)–
(5.3)). To show regularity of P ∩Q,Q′, Q′′ observe first that it follows easily from
(5.5) that

P ⊂ Q⇒ τP ≥ τQ|P1 .(5.9)

We will show that

τP∩Q = max(τP |P1∩Q1 , τQ|P1∩Q1).

One inequality follows immediately from (5.9). Assume the other is not true. Then
there exists an x ∈ P1 ∩Q1 and a t ∈ R+ such that

τP∩Q(x) > t > max(τP (x), τQ(x)).

In particular, we get from (5.5) that

x · [0, t] ∩ P2 ∩Q2 = ∅
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and for some t1, t2 ∈ [0, t]

x · t1 ∈ P2, x · t2 ∈ Q2.

It follows from (5.1) that x ·max(t1, t2) ∈ P2 ∩Q2, a contradiction. Thus τP∩Q is
continuous as a maximum of two continuous functions and consequently P ∩ Q is
a regular index pair.

A similar argument shows that τQ′ = τQ|P1 and τQ′′ = τQ|P1∪Q2 and the conclu-
sion follows.

6. The Conley index over a base

In the remainder of this paper we assume that ω : X → Z is continuous and Z
is a Hausdorff space. We connect results on semiflows from the previous section
with the topological background from Section 4. First observe that a regular index
pair is cofibered. This is an immediate consequence of Proposition 5.4 and [Ry, Th.
3.7]. Actually, it can be easily verified by constructing a Strøm structure using the
exit function; similar constructions will frequently appear in the remainder of this
paper. As a consequence of Proposition 4.2, we have

Proposition 6.1. If P is a regular index pair, then Uω(P ) is a fiberwise well-
pointed space over Z.

We will prove the following two theorems. The second clearly implies Theorem
2.1.

Theorem 6.2. Let N be an isolating neighborhood and let P ⊂ Q be two regular
index pairs in N . Then Uω(ιPQ) is a fiberwise deforming homotopy equivalence.

Theorem 6.3. Let S be an isolated invariant set. Then hω(S, ϕ) := [Uω(P )]Z is
independent of the choice of an isolating neighborhood N of S and of a regular index
pair P in N .

The fiberwise deforming homotopy type hω(S, ϕ) given by the above theorem
(denoted shortly by hω(S) if ϕ is clear from the context) will be called the Conley
index of S over base Z with base map ω or just the Conley index of S over Z if ω
is clear from context.

Proof of Theorem 6.2. The proof proceeds in two steps.
Step 1. We make an extra assumption that P and Q differ by at most one

coordinate, i.e. P1 = Q1 or P2 = Q2. Let us assume first that P1 = Q1. Fix an ε >
0. For x ∈ Q1 put α(x) := σP (x)−σQ(x) and define the map f : Uω(Q)→ Uω(P )
by

f([x, i]Q) :=
[ω(x · (σQ(x) + σQ(x)

ε α(x)), 0]P if i = 1, 0 ≤ σQ(x) ≤ ε,
[x · 2ε−σQ(x)

ε (ε+ α(x)), 1]P if i = 1, ε ≤ σQ(x) ≤ 2ε,
[x, 1]P if i = 1, σQ(x) ≥ 2ε,
[x, 0]P if i = 0.

It is a lengthy but straightforward task to verify that the map is well defined and
continuous. We will show that f is a homotopy inverse of Uω(ιPQ). To this end
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consider the homotopy Fλ : Uω(Q)→ Uω(Q) given by

Fλ([x, i]Q) :=
[ω(x · (σQ(x) + σQ(x)

ε α(x)), 0]Q if i = 1, 0 ≤ σQ(x) ≤ λε,
[x · 2ε−σQ(x)

ε (ε+ α(x)) λ
2−∞ , 1]Q if i = 1, λε ≤ σQ(x) ≤ 2ε,

[x, 1]Q if i = 1, σQ(x) ≥ 2ε,
[x, 0]Q if i = 0.

Again, the map is well defined and continuous. Moreover, one easily verifies that
F0 = idUω(Q) and F1 = Uω(ιPQ) ◦ f , which means that f is the right homotopy
inverse of Uω(ιPQ). To show that it is also the left inverse first observe that the
map f also satisfies the formula

f([x, i]Q) :=

[ω(x), 0]P if i = 1, 0 ≤ σP (x) ≤ α(x),
[ω(x · (σP (x) + σQ(x)

ε α(x)), 0]P if i = 1, α(x) ≤ σP (x) ≤ ε+ α(x),
[x · 2ε−σQ(x)

ε (ε + α(x)), 1]P if i = 1, ε + α(x) ≤ σP (x) ≤ 2ε+ α(x).
[x, 1]P if i = 1, σP (x) ≥ 2ε+ α(x),
[(x, 0)]P if i = 0,

and consider the homotopy Gλ : Uω(P )→ Uω(P ) given by

Gλ([x, i]Q) :=

[ω(x), 0]P if i = 1, 0 ≤ σP (x) ≤ λα(x),
[ω(x · ( ε+α(x)

ε (σP (x)− λα(x))), 0]P if i = 1, λα(x) ≤ σP (x) ≤ λ(ε + α(x)),
[x · 2ε+α(x)−σP (x)

2ε+α(x)+λ(ε+α(x))λ(ε + α(x)), 1]P if i = 1, λ(ε+ α(x)) ≤ σP (x) ≤ 2ε+ α(x),

[x, 1]P if i = 1, σP (x) ≥ 2ε+ α(x),
[x, 0]P if i = 0.

One can verify that the map is well defined and continuous, F0 = idUω(P ) and
F1 = f ◦ Uω(ιPQ). This means that f is a homotopy inverse of Uω(ιPQ). It
follows from Proposition 3.3 that f is a representative of the inverse of [Uω(ιPQ)]Z
in Htp FibZ , which proves the case when P1 = Q1.

Assume in turn that P2 = Q2. There exists a T > 0 such that for every x ∈ Q1

we have x · [0, T ] ∩ P2 6= ∅. Put β(x) := min(T, σQ(x)) and define the function
g : Uω(Q)→ Uω(P ) by

g([u, i]Q) :=

{
[u · β(u), 1]P if i = 1,
[u, 0]P if i = 0.

One can easily verify that g is a well defined continuous function. We will show
that g is a fiberwise deforming homotopy inverse of Uω(ιPQ). To this end consider
the homotopy Fλ : Uω(Q)→ Uω(Q) given by

Fλ([u, i]Q) :=

{
[u · λβ(u), 1]Q if i = 1,
[u, 0]Q if i = 0
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and the homotopy Gλ : Uω(P )→ Uω(P ) given by

Gλ([u, i]P ) :=

{
[u · λβ(u), 1]P if i = 1,
[u, 0]P if i = 0.

One easily checks that both homotopies are well defined and join respectively
idUω(Q) with Uω(ιPQ) ◦ g and idUω(ιPQ) with g ◦ Uω(ιPQ). Thus Proposition 3.3
shows that Uω(P ) and Uω(Q) have the same fiberwise deforming homotopy type.
This completes the proof of Step 1.

Step 2. We lift the extra assumption. Put R1 := P1 ∪ Q2, R2 := P1 ∩ Q2. By
Proposition 5.9 (ii), (P1, R2) and (R1, Q2) are index pairs. We have the commuta-
tive diagram of inclusions:

(P1, R2)
j2 // (R1, Q2)

i3

��

(P1, P2)
j

//

i1

OO

(Q1, Q2)

It is clear that the pair of index pairs (P1, P2) ⊂ (P1, R2) satisfies the extra
assumption of Step 1 and so does (R1, Q2) ⊂ (Q1, Q2). Thus the inclusions i1 and
i3 induce isomorphisms in Htp FibZ . Since P1 \ R2 = P1 \ Q2 = R1 \ Q2, the
inclusion j2 induces an isomorphism by Proposition 4.3.

Proof of Theorem 6.3. We need to show that if M and N are two isolating neigh-
borhoods of S, P a regular index pair for N and Q a regular index pair for M , then
[Uω(P )]Z and [Uω(Q)]Z have the same fiberwise deforming homotopy type.

If M = N , then, by Proposition 5.9 (i), P ∩Q is a regular index pair in N . Thus
Theorem 6.2 may be applied to pairs P ∩Q ⊂ P and P ∩Q ⊂ Q.

If M 6= N , one may always assume that M ⊂ N since otherwise M ∩ N can
be considered which is also an isolating neighborhood of S. Thus it is sufficient to
show the existence of one regular index pair P in N and one regular index pair Q
in M such that [Uω(P )]Z and [Uω(Q)]Z are equal.

By Theorem 5.7 there exists a regular index pair P in N such that P1 \ P2 ⊂
intM . It is easily verified that Q := (M ∩ P1,M ∩ P2) is a regular index pair for
M . Since Q1 \ Q2 = M ∩ (P1 \ P2) = P1 \ P2, the inclusion Q ⊆ P induces an
isomorphism by Proposition 4.3.

7. The properties of the Conley index over a base

We first prove the main properties of the Conley index over a base presented in
Section 2:

Proof of Theorem 2.2. Use the regular index pair (∅,∅).

Proof of Theorem 2.3. One can choose disjoint isolating neighborhoods for S and
S′, so the union is isolated. Now choose disjoint regular index pairs P for S and
P ′ for S′. The result follows from Proposition 4.12.

Proof of Theorem 2.4. This is a consequence of Propositions 4.13 and 6.1.

Proof of Theorem 2.5. Obviously it is sufficient to show that for any λ0 ∈ I there
exists a neighborhood ∆0 ⊂ I of λ0 such that hω(Sλ, ϕλ) does not depend on
λ ∈ ∆0. Thus let us fix a λ0 ∈ I. We first introduce some notation. If ∆ ⊂ I
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and A ⊂ X × I, then we will write A∆ for the set A ∩X ×∆ and we extend this
notation in the obvious way to pairs, i.e. if P = (P1, P2), then P∆ := (P∆

1 , P
∆
2 ).

For ∆ ⊂ I there is a semiflow ϕ∆ on X ×∆ given by

ϕ∆ : X ×∆× R+ 3 ((x, λ), t)→ (ϕλ(x, t), λ) ∈ X ×∆.

Since

Inv(N ×∆, ϕ∆) =
⋃
λ∈∆

Sλ × {λ} ⊂
⋃
λ∈∆

intN × {λ} = intX×∆ N ×∆,

we see that N ×∆ is an isolating neighborhood with respect to ϕ∆.
Let M ⊂ N × I be an isolating neighborhood of Inv(N × I, ϕI) which admits a

Lyapunov pair. Such an isolating neighborhood exists by Theorem 5.5. One easily
verifies that if ∆ ⊂ I and P is a regular index pair in M with respect to ϕI , then
P∆ is a regular index pair in M∆ with respect to ϕ∆. In particular, if λ ∈ I, then
Pλ is an index pair in Mλ with respect to ϕλ.

Let P,Q be regular index pairs in M such that P ⊂ intQ. We will show that
there exists a neighborhood ∆ of λ0 such that if κ, λ ∈ ∆, then Pκ ⊂ Qλ. Indeed,
if this is not true, then for some i ∈ {1, 2} there exist sequences λn, κn → λ0 and
xn → x ∈ N such that xn ∈ P κni \ Qλni . It follows that (x, λ0) ∈ Pi \ intQi, a
contradiction.

By Lemma 5.8 we can choose index pairs P,Q, P ,Q in M such that P ⊂
intQ,Q ⊂ intP , P ⊂ intQ. Choose ∆0, a neighborhood of λ0 such that for
λ ∈ ∆0

Pλ0 ⊂ Qλ ⊂ Pλ0 ⊂ Qλ

and let ι1, ι2, ι3 denote the corresponding inclusion maps. By Theorem 6.2 we have
that Uω(ι2ι1) = Uω(ι2)Uω(ι1) and Uω(ι3ι2) = Uω(ι3)Uω(ι2) are isomorphisms.
It follows that also Uω(ι2) is an isomorphism.

We conclude this section by presenting results on relations among the Conley
indices over various base maps. In particular, by considering one-point space as a
base, that results will also compare the classical index with the new one. We begin
with the case of a constant base map cz0 for some z0 ∈ Z. The index hc0(S, φ), up
to natural identifications, is equal to the (classical) wedge h(S, φ) ∨ (Z, z0), which
we called in Section 4 the simple fiberwise deforming homotopy type. If hω(S, ϕ)
is simple, then it does not contain any more information than the classical index
provided that Z is path connected.

Theorem 7.1. Suppose N is a neighborhood for S and N is contractible in the
phase space X. Then hω(S, ϕ) is simple.

Proof. This is a consequence of Corollary 4.7.

The following result states that hω(S, ϕ) depends on the homotopy class of ω
only.

Theorem 7.2. If ω0, ω1 : X → Z are continuous, and for some neighborhood N
of S, ω0|N ' ω1|N : N → Z, then hω0(S, ϕ) = hω1(S, ϕ).

Proof. This is a corollary from Proposition 4.6.

Let S′ be another isolated invariant set for ϕ.
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Theorem 7.3. If ζ : Z → Z ′ is continuous, Z ′ is Hausdorff and hω(S, ϕ) =
hω(S′, ϕ), then hζ◦ω(S, ϕ) = hζ◦ω(S′, ϕ).

Proof. The result follows from Proposition 4.8.

The following corollaries are easy consequences of Theorem 7.3:

Corollary 7.4. If hω(S, ϕ) = hω(S′, ϕ) for some ω, then the classical Conley in-
dices h(S, ϕ) and h(S′, ϕ) are also equal each to the other.

Corollary 7.5. If hidX (S, ϕ) = hidX (S′, ϕ), then also hω(S, ϕ) = hω(S′, ϕ) for
every map ω.

As a consequence of Theorems 7.2 and 7.3 we obtain:

Corollary 7.6. If ζ : Z → Z ′ is a homotopy equivalence, Z ′ is a Hausdorff space,
then hω(S, ϕ) = hω(S′,ϕ) if and only if hζ◦ω(S, ϕ) = hζ◦ω(S′, ϕ).

8. Examples

In the following examples the term “index” means hω(S) for a given isolated
invariant set S. Here we use the simplest and most natural choices of ω and Z to
obtain information which is more delicate than that obtained by the classical index.
We begin with our second example from the introduction.

Example 8.1. Suppose X is the punctured plane, γ1 is a homotopically nontriv-
ial repelling periodic orbit, and γ2 is a homotopically trivial repelling orbit. By
Theorem 7.1, the index of γ2 is simple, i.e. has the fiberwise deforming homotopy
type of the one-point wedge of the classical Conley index of γ1 and Z. In this
case the classical index is the wedge of a 1-sphere and a 2-sphere. If we let Z be
the unit circle and ω be the map z 7→ z/|z|, then the index of γ1 over Z has the
homotopy type of the 2-torus. (This can be seen either by homotoping Z to γ1

and homotoping ω in a corresponding way, or by continuing γ1 to a circle in the
plane, and using an annulus as P1.) Since γ1 and γ2 have different indices over Z,
by Theorem 2.5, they are not related by continuation.

The next example shows that fiberwise deforming homotopy type is a finer clas-
sification than ordinary homotopy type.

Example 8.2. Again, suppose X is the punctured plane, Z is the unit circle and
ω is the map z 7→ z/|z|, but this time the periodic orbits are attracting, with
γ1 homotopically nontrivial and γ2 homotopically trivial. We use annuli as the
isolating neighborhoods and as P1 in the index pair. In this example, since the exit
set P2 is empty, both indices over Z have the same usual homotopy type, namely
the disjoint union of two circles, one coming from P1, the other from Z. However,
the projections r1 and r2, for γ1 and γ2 respectively, map the annulus into different
homotopy classes in Z. It follows from Proposition 3.5 that the resulting adjunction
spaces are not fiberwise deforming homotopy equivalent, so again by Theorem 2.5,
γ1 and γ2 are not related by continuation.

Example 8.3. If x is R3 with the z-axis removed, Z is the unit circle in the x− y
plane with the obvious map ω(x, y, z) = (x/(x2 +y2), y/(x2 +y2), 0), then the index
over Z will again distinguish periodic orbits in different homotopy classes. Let γ
be a hyperbolic periodic orbit winding k times around the z-axis. Let n = 0, 1, 2 be
the dimension of the unstable manifold of the Poincaré map. If the Poincaré map
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preserves orientation on the unstable manifold, then the index is a locally trivial
bundle over S1 with the wedge of k punctured spheres Sn as the fiber. Moreover,
the holonomy map transitively interchanges the spheres in the fiber and preserves
their orientations. In particular, if k = 1, then the index is Sn × S1; if n = 0,
then it is the disjoint union of two unit circles S1 (one of them is treated as Z)
and the projection S1 → Z (where S1 denotes the other circle then Z) is given by
z 7→ zk. If the Poincaré map reverses the orientation of the unstable manifold, then
necessarily n = 1. In the case k = 1 the index is the Klein bottle; in general it
is a locally trivial bundle over S1 with the wedge of k punctured circles S1 as the
fiber and the holonomy map transitively interchanges the circles and reverses the
orientation of exactly one circle.
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