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THE q-SCHUR2 ALGEBRA

JIE DU AND LEONARD SCOTT

Abstract. We study a class of endomomorphism algebras of certain q-permut-
ation modules over the Hecke algebra of type B, whose summands involve both
parabolic and quasi-parabolic subgroups, and prove that these algebras are in-
tegrally free and quasi-hereditary, and are stable under base change. Some
consequences for decomposition numbers are discussed.

The notion of a q-Schur algebra was introduced by Dipper and James [DJ2],
who used these algebras to parametrize the irreducible representations of the finite
general linear groups in non-describing characteristics. With hindsight, these alge-
bras had already appeared earlier in an entirely different quantum group context
[Ji] inspired by physics. In [Ji] Jimbo considered the endomorphism algebras of
tensor spaces as Hecke algebra modules. In his context, a q-Schur algebra can be
viewed as a quotient of the quantized enveloping algebra associated to gln. In [PW],
these algebras were shown to be quasi-hereditary. The quasi-heredity property is
an embodiment in classical algebra of the geometric derived category stratification
exhibited by perverse sheaves [PS]. It means more applications can be deduced
from a ring-theoretic point of view (see e.g., [DPS3]), and the possibility is raised
of even deeper results in the future, as suggested by [CPS2].

Certainly, these algebras play a central role in the representation theories of
the finite and quantum general linear groups. Naturally, one asks: Are there such
algebras for types other than A? Our paper [DS] showed that there were similar
quasi-hereditary quotients of quantized enveloping algebras for all types of root
systems. However, no connection with Hecke algebras and finite groups of Lie type
was found there.

This paper aims at the same question and constructs possible algebras directly
from Hecke algebras (hence from finite groups of Lie type). We restrict attention
to the type B case. Imitating the definition of a q-Schur algebra, we introduce
the notion of a q-Schur2 algebra. These algebras are the endomorphism algebras
of certain modules over the Hecke algebra of type B — called “tensor” spaces —
whose summands involve not only parabolic subgroups but also quasi-parabolic
subgroups of the Weyl group of type B. A main result of our paper shows that q-
Schur2 algebras are quasi-hereditary. We speculate that similar constructions exist
for other classical types (only type D remains, actually, since type C is equivalent
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to type B in our context), while a weaker variation, at least, applies in general. See
our papers [DPS1] and [DPS2] with Brian Parshall.

We outline the contents of the paper. Section 1 collects some facts about Young
tableaux and bitableaux. The notion of a semi-standard bitableau is new. In section
2, we introduce the notion of a quasi-parabolic subgroup of the Weyl group of type
B in the restricted sense. We describe the distinguished coset and double coset
representatives for these subgroups. The notion of a q-Schur2 algebra is given in
section 3. In section 4, we first characterize q-permutation modules associated to
quasi-parabolic subgroups in terms of certain eigenspaces in §4.1. Then we prove
the freeness of the q-Schur2 algebras and their base change property. In section 5,
we generalize the classical Young rule to the type B case, that is, we prove that the
number of semi-standard bitableaux is equal to the multiplicity of a Specht module
in a permutation module. Integral Specht filtrations for permutation modules are
discussed after introducing “Murphy” type bases for these modules. Finally, in
section 6, we prove the quasi-heredity of a q-Schur2 algebra. We also discuss some
consequences for decomposition numbers for related algebras of known interest, and
make further remarks. Over a field our theory applies in all characteristics, without
exception.

The major part of the work, that is, the freeness and quasi-heredity of the integral
q-Schur2 algebras, was completed in late 1995. Parts of the ideas and results have
been communicated since then, both privately and publicly, and were announced
briefly by the second author at the AMS (summer institute) conference in Seattle,
July, 1996. All results here were presented by the first author at a seminar at the
University of Chicago in November, 1996. We thank R. Dipper for letting us know
in late September about a base change property he and James had just obtained for
an endomorphism algebra of type B. After an earlier version of this manuscript was
completed, we received a preprint by R. Dipper, G. James and A. Mathas entitled
“The (Q, q)-Schur algebra”. It turns out that their algebra is Morita equivalent to
the q-Schur2 algebra that we introduce in this paper.

1. Young tableaux

In this section we collect some definitions and results on partitions and Young
tableaux.

1.1 Standard and semi-standard tableaux. A composition α of a nonnegative1

integer r, denoted α |= r, is a finite sequence α = (α1, · · · , αn) of nonnegative
integers with sum |α| =

∑
i αi = r. A composition α is tight if all zero parts appear

at the right hand side of the sequence, and α is called a partition, denoted α ` r, if
the sequence is non-increasing. We denote by Λ(n, r) the set of all compositions of r
with n parts (counting zeros). Elements of Λ(n, r) may be identified with elements
of Λ(m, r), if m ≥ n, by adding zeros on the right, though often we will want to
keep track of n.

Let E be the dominance order on compositions. Thus, α E β if and only if∑j
i=1 αi ≤

∑j
i=1 βi for all j. For a composition α of r, we may identify α with its

corresponding diagram which consists of boxes arranged in a manner as illustrated

1It is useful to allow r = 0 here and in the definitions below, to avoid special cases.
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by the example α = (421), for which we have

α =
� � � �
� �
�

.

Let α′ be the dual partition of α |= r: thus α′i = #{αj ≥ i}. The double dual is
denoted α′′; if α is a partition, then α = α′′.

An α-tableau t is obtained by replacing boxes by positive integers. We will call
the α-tableau regular if its entries are the numbers 1, 2, · · · , r with no repeats. The
symmetric group Sr acts on the set of regular α-tableaux by permuting the entries.
A regular tableau t is called row-standard if each row of t is an increasing sequence,
and standard if both row and columns of t are increasing. Let tα be the α-tableau in
which the numbers 1, 2, · · · , r appear in order along successive rows. Let Sα be the
row stabilizer of tα and put D̄α = {w ∈ Sr | tαw is row-standard}. Thus, we have
a bijection δ = δα from the set of all row-standard α-tableaux to D̄α, satisfying
s = tαδ(s) for any s. We remark that D̄α is the distinguished cross section of
minimal length for Sα\Sr, in the sense of Coxeter groups. (As a permutation, δ(s)
has the smallest number of order inversions among elements in its right coset.)

For a partition β of r, let tβ be the standard β-tableau in which the numbers
1, 2, · · · , r appear in the same order down successive columns. Let wβ be the element
in Sr defined by tβwβ = tβ . Thus, by [DJ1, (1.5)], the set of all standard β-tableaux
consists of all tβd where dx = wβ for some x with `(d) + `(x) = `(wβ).

A β-tableau of type α is a β-tableau such that, for each i, the number of entries
i is equal to αi. A β-tableau t of type α is called semi-standard if its entries are
nondecreasing along each row and increasing along each column. We denote by
T(β, α) the set of all β-tableaux of type α and by Tss(β, α) the set of all semi-
standard β-tableaux of type α. Clearly, Tss(β, ω) is the set of all standard β-
tableaux, where ω = (1r).

We now define a map δ(∗, ∗) : W × T(β, α) → D̄α as follows: If w ∈ W and
s ∈ T(β, α), we define δ(w, s) ∈ D̄α by letting tαδ(w, s) be the row-standard α-
tableau for which i belongs to row a if the place occupied by i in tβw is occupied
by a in s.
(1.1.1) The map δ(1, ∗) gives a bijection between T(β, α) and D̄α, and s has non-

decreasing rows if and only if δ(1, s) ∈ D̄αβ = D̄α ∩ D̄−1
β ([DJ1, (1.7)]).

As a Coxeter group, Sr is generated by basic transpositions (1, 2), · · · , (r− 1, r)
and every Sα is generated by the subset consisting of those (i, i+1) which stabilize
the rows of tα. If α is tight, it may be recovered from, and identified with, this
subset. For d ∈ D̄αβ , let αd∩β and α∩dβ denote the subsets defined by the Young
subgroups

Sαd∩β = d−1Sαd ∩Sβ and Sα∩dβ = Sα ∩ dSβd
−1,(1.1.2)

respectively. We also identify αd ∩ β and α ∩ dβ with the corresponding tight
compositions.

1.2 Bitableaux. A multi-composition of r is a finite sequence λ = (λ(1), · · · , λ(m))
of compositions λ(i) |= ri such that the total sum |λ| =

∑
i ri = r. When m = 2, λ

is called a bicomposition. A bicomposition λ is tight if both λ(1) and λ(2) are tight,
and λ is called a bipartition if both λ(1) and λ(2) are partitions.

Let λ = (λ(1), λ(2)) be a bicomposition. Thus, λ(i) = (λ(i)
1 , · · · , λ(i)

mi) (i = 1, 2)
is a finite sequence of non-negative integers with sum |λ(1)| + |λ(2)| = r, where
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|λ(i)| =
∑

j λ
(i)
j . Let Πr be the set of all bicompositions of r and Π+

r the set of
all bipartitions of r. Later in §3, we shall consider for a positive integer n the set
Π(n, r) of bicompositions λ such that each λ(1) (resp. λ(2)) has max(n, r) parts
(resp. n parts), some possibly zero.2 Clearly, when n ≥ r, Π+

r can be viewed
as a subset of Π(n, r) naturally. Note that Π(n, r) identifies the orbits of the set
I2(n, r) = {(i1, · · · , ir) | −n ≤ ij ≤ n, ij 6= 0, ∀j} on which the symmetric group
Sr acts by “place permutations”.

For a bicomposition λ, we sometimes identify λ with its corresponding diagram
which consists of boxes arranged in a manner as illustrated by the example λ =
(331, 21), for which we have

λ =
� � �
� � �
�

� �
�

(1.2.1) Definition and Notation. Let λ ∈ Πr.
(a) The dual bipartition λ′ of λ is defined as λ′ = (λ(2)′, λ(1)′) where λ(i)′

denotes the dual partition of λ(i). The double dual is denoted λ′′; if the bi-
composition λ is a bipartition, then λ = λ′′. Let E denote the dominance or-
der on bicompositions, that is, λ E µ iff

∑j
i=1 λ

(1)
i ≤

∑j
i=1 µ

(1)
i for all j and

|λ(1)| +
∑j′

i=1 λ
(2)
i ≤ |µ(1)| +

∑j′

i=1 µ
(2)
i for all j′. Then we clearly have that, for

bipartitions λ, µ, λ E µ if and only if µ′ E λ′.
(b) For compositions α and β, let α∨β be the composition obtained by concate-

nating α and β, i. e., α ∨ β = (α1, α2 · · · , β1, β2, · · · ). Let λ̄ = λ(1) ∨ λ(2). Then λ̄
is a composition of r. Sometimes, we also identify λ̄ with the bicomposition (−, λ̄)
in Πr. (We could make a similar identification for any composition.) Thus, for
λ, µ ∈ Π(n, r), we have λ E µ if and only if λ̄ E µ̄.

(c) Let λ = (1 · · · 1︸ ︷︷ ︸
|λ(1)|

, 1 · · · 1︸ ︷︷ ︸
|λ(2)|

) and λ̂ the bicomposition (|λ(1)|, λ(2)).

As in §1.1, replacing boxes by positive integers, we obtain a λ-bitableau. A regular
λ-bitableau t = (t1, t2) is obtained by replacing each box by one of the numbers
1, 2, · · · , r, allowing no repeats. We call λ the shape of t. A regular bitableau
t = (t1, t2) is called row-standard if each row of each ti is an increasing sequence,
and standard if both rows and columns of the ti are increasing. We define tλ to be
the standard λ-bitableau in which the numbers 1, 2, · · · , r appear in the same order
down successive rows in the first diagram of λ and then in the second diagram, and
tλ the standard λ-bitableau in which the numbers 1, 2, · · · , r appear in the same
order down successive columns in the second diagram of λ and then in the first
diagram. For example, if λ = (331, 21), then

tλ =
1 2 3
4 5 6
7

8 9
10 and tλ =

4 7 9
5 8 10
6

1 3
2 .

Let Sr act on the set of regular bitableaux by permuting the entries and define wλ
to be the element of Sr satisfying tλwλ = tλ.

For a λ-bitableau t = (t1, t2), we define t̄ = t1
t2

. This is a tableau of shape λ̄.
Note that t̄λ = tλ̄. We define t′ = (t′2, t

′
1), where t′i denotes the transpose of ti. So

we have (tλ)′ = tλ
′

and (tλ)′ = tλ′ .

2This definition slightly modifies an earlier version, motivated by remarks of A. Mathas in a
different context [DR2].
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We now define semi-standard bitableaux. Let µ be a bipartition and λ a bicom-
position. A µ-bitableau of type λ (indeed, of type λ̄) is a µ-bitableau with possibly
repeated positive integer entries such that, for each i, the number of entries i is equal
to λ̄i where λ̄ = (λ̄1, λ̄2, · · · ). (Recall λ̄ is defined as the composition λ(1) ∨ λ(2).)

(1.2.2) Definition. A µ-bitableau t = (t1, t2) is called semi-standard if

(ss1) t is a µ-bitableau of type λ, for some bicomposition λ,
(ss2) both t1, t2 are semi-standard (i.e., have nondecreasing rows and increasing

columns), and
(ss3) t1 contains an α-tableau of type λ(1) as a subtableau for some partition

α. This subtableau must appear at the top-left corner in t1.

For example, if µ = (321, 21) and λ = (211, 32), the following are semi-standard
µ-bitableaux of type λ:

1 1 5
2 4
3

4 4
5

1 1 3
2 4
4

4 5
5 .

The first one has a semi-standard (211)-tableau of type (211) as a subtableau, and
the second has a semi-standard (31)-tableau of type (211) as a subtableau.

Let T(µ, λ) be the set of all µ-bitableaux of type λ and Tss(µ, λ) the set of all
semi-standard µ-bitableaux of type λ.

For a bipartition µ ∈ Π+
r , a bicomposition λ ∈ Πr and each semi-standard

bitableau s ∈ Tss(µ, λ), the induced tableau s̄ is a µ̄-tableau of type λ̄ with non-
decreasing rows. So, it defines a distinguished double coset representative δ(1, s̄) ∈
D̄λ̄µ̄ (cf. (1.1.1)). We write δ(s) = δ(1, s̄). For example, if µ = (321, 21) and
λ = (211, 32), we take

s =
1 1 5
2 4
3

4 4
5 .

Then

tµ =
1 2 3
4 5
6

7 8
9 and tλδ(s) =

1 2
4
6

5 7 8
3 9 .

Note that tµδ(s)−1 can be obtained by replacing all the numbers i in s by the
sequence obtained by reading the i-th row in tλ̄. The replacements in s are made
from left to right, down successive rows. (For a proof, observe that replacing tλ by
tλδ(s) in this procedure gives tµ.) Thus, in the previous example, we have

tµδ(s)−1 =
1 2 8
3 5
4

6 7
9 .

Let µ be a bipartition of r, and let Ts(µ) be the set of all standard µ-bitableaux.
We define f : Ts(µ) → T(µ, λ) by sending t to f(t) which is obtained by replacing
each number in t by its row index in tλ̄. Thus, f(tµδ(s)−1) = s from the above. We
put

Ts = Ts(µ, λ) = f−1(s)

for any s ∈ T(µ, λ). Note that, if f(t) is a semi-standard µ-tableau of type λ, then
there are no two elements in the same row of tλ̄ and in the same column of t. The
following result will be useful in §5.
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(1.2.3) Lemma. Keep the notation introduced above and let s, s′ ∈ Tss(µ, λ).
(a) We have {1, · · · , |λ(1)|}δ(s) ⊆ {1, · · · , |µ(1)|}.
(b) Let α = λ̄ ∩ δ(s)µ̄. Then Sλ̄ ∩ Dα = {x ∈ Sλ̄ | tµδ(s)−1x is standard}.
(c) Ts ∩Ts′ = ∅ if s 6= s′, and Ts = {tµδ(s)−1x | x ∈ Sλ̄ ∩Dα}.

Proof. (a) is obvious from the definition of semi-standard µ-bitableaux of type λ.
To prove (b), we first note that tµδ(s)−1 is standard, as s has strictly increasing
columns. So, for x ∈ Sλ̄, if tµδ(s)−1x is standard, then δ(s)−1x ∈ D̄µ̄, forcing
x ∈ D̄α since δ(s) ∈ D̄λ̄µ̄. Conversely, for x ∈ Dα ∩Sλ̄, write x = w1 · · ·wk with
wi ∈ S and `(x) = k, and put tm = tµδ(s)−1w1 · · ·wm. We apply induction on
k. (Note that w1 · · ·wk−1 ∈ D̄α ∩Sλ̄, so we may apply induction to this element.)
The result is clear if k = 0. Suppose wk = (j, j + 1). Then j and j + 1 are not
in the same row of t̄k−1, as tk = tk−1(j, j + 1) is row-standard. So j and j + 1
belong to distinct rows of t̄k−1. Since f(tµδ(s)−1) = s and w1 · · ·wk−1 ∈ Sλ̄, we
have s = f(tk−1). So, f(tk−1) is semistandard. Now, the fact that j and j + 1
are in the same row of tλ̄ forces that j and j + 1 are not in the same column of
tk−1. Therefore, tk is standard by induction, proving (b). Finally, the inclusion
“⊇” in (c) is obvious, since tµδ(s)−1 ∈ Ts, and x ∈ Sλ̄. Thus, Ts is a subset of
{t ∈ Ts(µ) | t = tµδ(s)−1x for some x ∈ Wλ̄} which is contained in the set at the
right hand side.

Suppose λ(2) ∈ Λ(n, b). If d is a nonnegative integer, and b ≥ d, put Π(λ(2)) =
Π(λ(2), d) = {(α, β) | α ∈ Λ(n, b − d), β ∈ Λ(n, d), α + β = λ(2)}; otherwise, put
Π(λ(2)) = ∅. The following lemma needed in §5 gives the relation between semi-
standard tableaux and bitableaux.

(1.2.4) Lemma. Let µ ∈ Π+
r and λ ∈ Π(n, r). Put b = |λ(2)| and d = |µ(2)|. If

b ≥ d, let ρ = (b− d, d) |= b. Then we have
(a) #D̄λ(2)ρ = #Π(λ(2)) if b ≥ d, and in general
(b) #Tss(µ, λ) =

∑
(α,β)∈Π(λ(2)) #Tss(µ(1), λ(1) ∨ α)#Tss(µ(2), β).

Proof. (a) follows from [JK, (1.3.10)], and (b) is obvious since

Tss(µ, λ) =
⋃

(α,β)∈Π(λ(2))

Tss(µ(1), λ(1) ∨ α)× Tss(µ(2),0 ∨ β)

where 0 = (0, · · · , 0) with the number of zeros equal to the number of parts of
λ(1).

2. The Weyl group W of type B

2.1 The function n0. Let W = Wr = W (Br) be the Weyl group of type Br.
Then W has the following equivalent characterizations.

(W1) W is the group with generators s0, s1, · · · , sr−1 and relations s2
k = 1 and

(sisj)mij = 1, where 0 ≤ k ≤ r − 1, m01 = 4, mij = 2 if |i − j| ≥ 2 and
mij = 3 if j = i + 1, 0 < i < r − 1. As usual, we denote the set of these
generators by S.

(W2) W is isomorphic to the wreath product Z/2Z o Sr. So Sr is a subgroup
of W , which will be denoted by W̄ = W̄r in the sequel.

(W3) W is the reflection group consisting of orthogonal transformations on Rr
defined by all permutations and sign changes of an orthonormal basis. So
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we may identify W with the group of permutations(
r r − 1 · · · 1 −1 · · · −(r − 1) −r
i1 i2 · · · ir −ir · · · −i2 −i1

)
.

We shall write w = (i1, · · · , ir,−ir, · · · ,−i1) for simplicity.
If we put t1 = s0 and ti = si−1ti−1si−1, 2 ≤ i ≤ r, then t2i = 1 and titj = tjti

and the subgroup C ∼= Cr2 generated by ti is a normal subgroup of W isomorphic to
the subgroup (Z/2Z)r in (W2). Clearly, W/C ∼= W̄ . We shall call a subgroup of C
generated by a subset of T = {t1, · · · , tr} a parabolic subgroup of C. This definition
agrees with the definition of parabolic subgroups of W which are generated by a
subset of S = {s0, s1, · · · , sr−1} if we view C as a Coxeter group. Note that the
mapping sending t1 to the permutation (r, r−1, · · · , 2,−1, 1,−2, · · · ,−(r−1),−r)
and si to (r, · · · , i, i+1, · · · , · · · ,−i−1,−i, · · · ,−r) gives an isomorphism between
the groups described in (W1) and (W3). For 1 ≤ i ≤ r we shall view Wi =
〈s0, s1, · · · , si−1〉, W̄i = 〈s1, · · · , si−1〉 and C[1,i] = 〈t1, · · · , ti〉 as subgroups of W ,
W̄ and C, respectively, in a natural way.

As a Coxeter group, we have the length function ` and Bruhat-Chevalley order
≤ on W . For w ∈W the expression w = w1 · · ·wm with wi ∈ S is called reduced if
m = `(w). Note that each ti, as given recursively above, is reduced, as follows using
the exchange condition. Also, note that the longest element w0 of W is t1 · · · tr.
Multiplied by any si, it becomes shorter. Therefore, we have for any subset T ′ of
T , `(

∏
x∈T ′ x) =

∑
x∈T ′ `(x). (One way to prove all the assertions of this paragraph

is to notice t1 · · · tr is central and not equal to 1, so must be w0. The latter has
length r2 = 1 + 3 + · · ·+ (2r − 1) by an easy root system argument.)

We define a function n0 : W → N such that n0(w) is the number of times s0

occurs in some (any — see below) reduced expression of w.

(2.1.1) Lemma. (a) The number n0(w) (w ∈ W ) is the same for any reduced
expression of w, and the image of the function n0 is the set {0, 1, · · · , r}.

(b) If `(yw) = `(y) + `(w), then n0(yw) = n0(y) + n0(w).
(c) n0(xwy) = n0(w) for all x, y ∈ W̄
(d) If w = (i1, i2, · · · , ir,−ir, · · · ,−i2,−i1), then n0(w) is the number of negative

numbers in the sequence i1, i2, · · · , ir.

Proof. (a) follows from the relations in (W1) and the fact that any two reduced
expressions can be transformed to each other by a sequence of relations (with two
s0’s appearing on each side or none). (b) follows from (a). To see (c), it suffices to
show n0(sw) = n0(w) for any s ∈ S and s 6= s0. It is obvious from (b) if `(sw) =
`(w) + 1. Suppose now `(sw) = `(w) − 1 and n0(sw) < n0(w). Since w = s(sw)
and `(w) = `(sw) + 1, we have from (b) n0(w) = n0(s) + n0(sw) = n0(sw), a
contradiction. We now prove (d). Let m be the number of negative integers in the
sequence i1, i2, · · · , ir. Then there exists an element y ∈ W̄ such that yw sends i to
−i for 1 ≤ i ≤ m and fixes the others. That is, we have yw = t1 · · · tm. Now the
assertion follows from (c).

2.2 Quasi-parabolic subgroups and distinguished coset representatives.
Associated to each bicomposition λ ∈ Πr, let W̄λ̄ be the Young subgroup of W̄ , i.e.,
W̄λ̄ is the row stabilizer of tλ in W̄ . We define Wλ = CλW̄λ̄ where Cλ = C[1,a] is the
subgroup generated by {t1, · · · , ta} with a = |λ(1)|. We sometimes use W̄λ or Wλ̄

to denote the “top” part W̄λ̄ of Wλ. Thus, using the notation in (1.2.1b,c), we have
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W̄λ = Wλ̄ = W̄λ̄, Cλ = Wλ and Wλ = WλWλ̄ with top part Wλ̄ and “bottom” part
Wλ. Clearly we have the “sandwich”: Wλ̄ ⊆Wλ ⊆Wλ̂, where Wλ̄ (resp. Wλ̂) is the
largest (resp. smallest) parabolic subgroup of W̄ (resp. of W ) contained in (resp.
containing) Wλ. If Wλ 6= Wλ̂ (see (1.2.1c)), then Wλ is not a parabolic subgroup
of W . However, Wλ is a Weyl subgroup of type B

λ
(1)
1
× B

λ
(1)
2
× · · · × A

λ
(2)
1
× · · · .

We call Wλ a quasi-parabolic subgroup of W .

(2.2.1) Remark. It would also be possible to consider a more general notion of a
quasi-parabolic subgroup in which the factors Bm did not all come at the begin-
ning. This would be a perfectly reasonable approach, even having the advantage
that many intersections of conjugates one works with would be again of this type.
The disadvantage would be in a more complicated notion of distinguished coset
representative, a notion which is quite simple for our restricted quasi-parabolic
subgroups above.

Recall that, in the classical parabolic subgroup case, a distinguished representa-
tive of a coset or double coset is an element of minimal length. We begin in (2.2.2)
with left cosets, but later apply the corollary (2.2.3) to right cosets in (2.2.4) and
(2.2.5).

(2.2.2) Lemma. For w ∈ C, write w = d′w′ with w′ ∈ W̄ and d′ distinguished
(as a left coset representative for the parabolic subgroup W̄ ). Then `(d′) ≥ `(w′)
with equality iff w = 1.

Proof. We first note that if j < i, then sjti+1 = ti+1sj (obvious, in terms of
permutations). So if w = ti1+1 · · · tim+1 with i1 < · · · < im, then w = d′w′ where
d′ = si1 · · · s1s0 · · · sim · · · s1s0 and w′ = s1 · · · sim · · · s1 · · · si1 . Clearly, `(d′si) =
`(d′) + 1 for all i with 1 ≤ i ≤ r − 1. This can be seen by induction on m and
the fact that xs > x, sy > y ⇒ xsy > xy ([Sh, Thm1]). This proves that d′ is
distinguished and `(d′) = m+ i1 + · · ·+ im > i1 + · · ·+ im = `(w′) if w 6= 1.

(2.2.3) Corollary. For w ∈ C and y ∈ W̄ , we have `(wy) ≥ `(y) with equality iff
w = 1.

Proof. Write w = d′w′(6= 1) as in (2.2.2). Then `(wy) = `(d′) + `(w′y) ≥ `(d′) +
|`(y)− `(w′)| > `(w′) + |`(y)− `(w′)| ≥ `(y).

For λ ∈ Πr with |λ(1)| = a, let D̄λ(1) denote the distinguished cross section of the
right Sλ(1) -cosets in Sa = W̄a and Dλ̂ the distinguished cross section of the right
cosets of the parabolic subgroup Wλ̂ in W .

(2.2.4) Corollary. If λ = (λ(1),−), then every coset Wλd has a unique element of
minimal length and D̄λ(1) is the set of minimal length representatives for the cosets
Wλ\W .

Proof. Clearly, every right coset of Wλ has a unique representative in D̄λ(1) . For
d ∈ D̄λ(1) and 1 6= x = wy ∈ Wλ with w ∈ C and y ∈ Wλ̄, we have that, if
w 6= 1, then `(xd) = `(wyd) > `(yd) ≥ `(d) by the corollary above. Also, if y 6= 1,
then `(xd) = `(wyd) ≥ `(yd) > `(d) as `(yd) = `(y) + `(d). So `(xd) > `(d)
whenever x 6= 1, and d is the shortest element in the coset Wλd. The uniqueness is
obvious.

(2.2.5) Theorem. Keep the notation introduced above. Let λ = (λ(1), λ(2)) be
a bicomposition of r. Then every coset Wλd has a unique element of minimal
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length and Dλ
def
= D̄λ(1)Dλ̂ is the set of minimal length representatives for the cosets

Wλ\W .

Proof. This reduces to the previous case. For any d = xy ∈ Dλ with x ∈ D̄λ(1) and
y ∈ Dλ̂, we have `(d) = `(x) + `(y) as x ∈ Wλ̂. Now if w ∈ Wλ and w 6= 1, then
wx ∈ Wλ̂. So `(wd) = `(wx) + `(y) > `(x) + `(y) = `(xy) = `(d), by the corollary
above. Therefore, d is the shortest element in Wλd. The fact that Wλd contains a
unique element in Dλ can be proved similarly.

Though we have not needed root systems above, the existence of distinguished
representatives can also be established with root system arguments, as in [L, (1.9)],
using type C. With further effort, the factorization of (2.2.5) can also be demon-
strated this way, noting the minimal length representatives in [L] are all charac-
terized by taking the positive roots in a subsystem to positive roots in the larger
system, and checking that the factored representatives we gave have this property.
We thank M. Geck for pointing out the reference to [L].

For parabolic subgroups WJ and WK , it is well known that DJK = DJ ∩ D−1
K

is the set of distinguished representatives of double cosets WJ\W/WK . So, one
might expect that the same is valid for quasi-parabolic subgroups Wλ and Dλ. The
following theorem confirms this.

(2.2.6) Theorem. For bicompositions λ and µ of r, let Dλµ
def
= Dλ ∩ D−1

µ . Then
(a) each double coset WλwWµ contains a unique element of Dλµ;
(b) if d ∈ Dλµ, then d is the unique element of minimal length in its coset

WλdWµ.

Proof. Let w be an element of minimal length in its double coset WλwWµ. Then
w has minimal length in Wλw and in wWµ. Thus w ∈ Dλµ. So part (a) will imply
part (b).

Each double coset certainly contains an element of minimal length, hence an
element of Dλµ. We must show the element is unique. So let d1, d2 ∈ Dλµ have
the property that D = Wλd1Wµ = Wλd2Wµ. Then n0(WλdiWµ) is a union of
the subsets n0(Wλ̄diWµ̄), n0(CλdiWµ̄), n0(Wλ̄diCµ) and n0(CλdiCµ) where Cν =
C ∩Wν . Clearly, the mapping n0 on Wλ̄diWµ̄ is constant, say m. We claim that

Dm := {w ∈ WλdiWµ | n0(w) = m} = Wλ̄diWµ̄.(2.2.6.1)

Thus, we have Wλ̄d1Wµ̄ = Wλ̄d2Wµ̄, and therefore, d1 = d2 by [C, (2.7.3)].
We now prove our claim. Let d = di and write d = ud̂v, where d̂ ∈ Dλ̂µ̂

and u ∈ D̄λ(1) as in (2.2.5) and some v ∈ W̄µ̂. (By Howlett’s result [C, (2.7.5)]
discussed in (2.3.1) below, we can write d = ud̂v for some u ∈ Wλ̂, v ∈ Wµ̂ with
additivity of lengths. Applying (2.2.3) forces u, v ∈ W̄ . Additivity now also shows
u ∈ D̄λ ∩Wλ̂ = D̄λ(1) .) If x = cdw ∈ CλdiWµ̄ with c ∈ Cλ, w ∈ Wµ̄ and c 6= 1,
then n0(cud̂) = n0(cu) + n0(d̂) by (2.1.1b). Since vw ∈ Sr it follows from (2.1.1c)
that n0(x) = n0(cud̂vw) = n0(cud̂) = n0(cu) + n0(d̂) = n0(c) + n0(d) > n0(d), as
n0(c) > 1. This proves that Dm ∩ CλdiWµ̄ = diWµ̄ ⊆ Wλ̄diWµ̄. Similarly, one has
Dm ∩Wλ̄diCµ ⊆Wλ̄diWµ̄.

It remains to show that Dm ∩ CλdiCµ ⊆ Wλ̄diWµ̄. Take x = c1dc2 ∈ Dm ∩
CλdiCµ. Since C is normal in W , we have x = c1ud̂vc2 = uc′1d̂c

′
2v for some

c′1 ∈ Cλ and c′2 ∈ Cµ. Since n0(x) = n0(d̂), we find, using (2.2.3) and (2.1.1b), that
c′2 ∈Wν̂ = W d̂

λ̂
∩Wµ̂. So c′2 = d̂−1c′′2 d̂ for some c′′2 ∈Wλ̂∩C and x = uc′1c

′′
2 d̂v. Now
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uc′1c
′′
2 ∈Wλ̂ and we must have c′1c

′′
2 = 1. (Otherwise, n0(x) = n0(uc′1c

′′
2) + n0(d̂) >

m.) Consequently, we have x = d ∈Wλ̄dWµ̄. Our claim is proved.

We shall call the elements in Dλ and Dλµ distinguished coset and double coset
representatives for quasi-parabolic subgroups. If, for λ ∈ Πr, we view λ̄ as a
bicomposition (see (1.2.1)), then Wλ̄ is a parabolic subgroup of W . Thus, we have
a reversed “sandwich”: Dλ̂µ̂ ⊆ Dλµ ⊆ Dλ̄µ̄ for all λ, µ ∈ Πr. Also, Dλ̄∩W̄ = Dλ∩W̄
and Dλ̄µ̄∩W̄ = Dλµ∩W̄ . We denote these sets by D̄λ and D̄λµ, respectively. Thus,
with the notation introduced in §1.1 for symmetric groups, we have D̄λ = D̄λ̄ and
D̄λµ = D̄λ̄µ̄. The following result will be useful in §4.2.

(2.2.7) Corollary. Let x ∈ W̄λ̂ and y ∈ W̄µ̂. Then d ∈ Dλµ ⇔ xdy ∈ Dλµ.

Proof. Since Wλ = Cλ is normal in Wλ̂, we have WλxdWµ = xWλdWµ. So
n0(xd) = n0(d) is minimal in this double coset. Apply (2.2.6.1) to λ and µ, we
see that xd is the shortest element in WλxdWµ. Therefore, xd ∈ Dλµ by (2.2.6).
Now our assertion follows easily.

(2.2.8) Remark. We remark that, for d ∈ Dλµ, W d
λ ∩Wµ is not in general a quasi-

parabolic subgroup in our restricted sense (2.2.1). This subgroup is, however, gen-
erated by a set of reflections contained in {s1, · · · , sr−1} ∪ {t1, · · · , tr}. We will
call this set λd ∩ µ and define λ ∩ dµ similarly as in (1.1.2). In case W d

λ ∩Wµ is
quasi-parabolic, λd ∩ µ may be identified with the corresponding tight bicomposi-
tion. Note that this case is equivalent to that where Wλ ∩W d−1

µ is quasi-parabolic.
If V is a subgroup of W (e.g., V = C) and J is a set of reflections, it is useful to
write VJ for the subgroup of V generated by the elements of J contained in V .

2.3 Distinguished decomposition. For any d ∈ Dλµ, there is a unique element
d̂ ∈ Dλ̂µ̂ such that d ∈Wλ̂d̂Wµ̂. Thus, by a result of Howlett [C, (2.7.5)], there exist
(unique) u ∈ Wλ̂ and v ∈ Dλ̂d̂∩µ̂ ∩Wµ̂ such that d = ud̂v, and then d̂v ∈ Dλ̂ and

`(d) = `(u) + `(d̂) + `(v). By the definition in (2.2.5), we have u ∈ D̄λ(1) . We shall
call such a decomposition the right distinguished decomposition of d. Similarly,
we have also a left distinguished decomposition d = u0d̂v0 with v0 ∈ Wµ̂ and
u0 ∈ D−1

λ̂∩d̂µ̂ ∩Wλ̂. Thus, u0d̂ ∈ D−1
µ̂ , and `(d) = `(u0) + `(d̂) + `(v0).

(2.3.1) Lemma. For d ∈ Dλµ, let d = ud̂v be a right distinguished decomposition
of d. Then v−1 ∈ D̄µ(1) . A similar result holds for left distinguished decompositions.

Proof. Let d = ud̂v as above, and let d = u0d̂v0 be a left distinguished de-
composition of d. Then (v0)−1 ∈ D̄µ(1) and (u0d̂)−1 ∈ Dµ̂. So x = v0v

−1 =
(u0d̂)−1ud̂ ∈ Wλ̂d̂∩µ̂ = W d̂

λ̂
∩Wµ̂. Since v ∈ Dλ̂d̂∩µ̂ ∩Wµ̂, it follows that v0 = xv

and `(v0) = `(x) + `(v). Therefore, v ∈ W̄ , and v−1 ∈ D̄µ(1) .

Let d = ud̂v be as above. As d̂ is a distinguished representative of a double coset
of parabolic subgroups, there exists a (tight) bicomposition ν̂ such that W d̂

λ̂
∩Wµ̂ =

Wν̂ . Clearly, we have C d̂
λ̂
∩ Cµ̂ = Cν̂ , and every element in Cν̂ is fixed under

conjugation by d̂.
Certainly, for any d ∈ W , we have d−1tid = tj for some j. The subgroup

Cλd∩µ = d−1Cλd ∩ Cµ is a parabolic subgoup of C. Since v−1Cµv = Cµ, we have
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Cλd∩µ = v−1Cν̂v. Thus, we have a decomposition

Cµ = Cλd∩µ × Cµ\λd∩µ(2.3.2)

where Cµ\λd∩µ is the “parabolic” complement of Cλd∩µ in Cµ generated by ti’s.
Similarly, we have Cλ∩dµ = Cλ ∩ dCµd−1 = uCν̂u

−1 and a decomposition as above
for Cλ.

Note also that, since Wλ̄ is parabolic and d ∈ Dλ̄µ̄, W d
λ̄
∩Wµ̄ is parabolic by a

well-known result of Kilmoyer [C, (2.7.4)], call it Wν̄ . Clearly, W d
λ∩Wµ = Cλd∩µWν̄ .

The following result is an easy group-theoretic consequence.

(2.3.3) Proposition. Maintain the notation introduced above, and let d ∈ Dλµ.
Then every element w ∈ WλdWµ is uniquely expressible in the form w = xdcy
where x ∈Wλ, c ∈ Cµ\λd∩µ and y ∈ Dν̄ ∩Wµ̄.

We shall call the decomposition in (2.3.3) the generalized distinguished decompo-
sition of w with respect to quasi-parabolic subgroups in the restricted sense (2.2.1).

3. q-Schur
2

algebras

3.1 The Hecke algebra H = H(W ). Let Z = Z[q, q−1, q0, q
−1
0 ] be the ring of

Laurent polynomials in two variables, andK the quotient field of Z. LetH = H(W )
be the Hecke algebra over Z associated with W . Thus, H is a free Z-module with
basis {Tw | w ∈ W} and multiplication defined by all the rules:

TwTs =

{
Tws, if `(ws) = `(w) + 1,
(qs − 1)Tw + qsTws, if `(ws) = `(w)− 1

for all w ∈W and s ∈ S, where

qsi =

{
q0 if i = 0,
q if i 6= 0.

For any Z-moduleM and any commutativeZ-algebraZ ′, we writeMZ′ = M⊗ZZ ′.
In particular, we write H′ for HZ′ and Tw for Tw ⊗ 1 by abuse of notation. Note
that the images of q0 and q are invertible in Z ′. The defining basis of H′ has the
following useful property.

(3.1.1) Lemma. (a) For x, y ∈ W , put TxTy =
∑

z∈W fx,y,zTz. Then xy ≤ z

whenever fx,y,z 6= 0. Also, fx,y,xy = qa0q
b for some nonnegative integers a and b.

(b) For x, z ∈ W̄ , y ∈W , put TxTyTz =
∑

w∈W fx,y,z,wTw. Then n0(w) = n0(y)
whenever fx,y,z,w 6= 0.

Proof. The proof of (a) for Z is similar to the proof of the case q = q0 given by Shi
in [Sh, Thm8]. For general Z ′, it follows by base change. The second statement
follows from (a) and (2.1.1)

(3.1.2) Corollary. If W = G1G2 with |W | = |G1||G2|, then the set

{Tx1Tx2 | xj ∈ Gj}

forms a basis for H′. In particular, the set {TxTy | x ∈ Wλ, y ∈ Dλ} forms a basis
for H′.
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Proof. Choose an order w1, w2, · · · on W satisfying wi ≤ wj implies i < j. Then we
see, by the previous lemma, the transition matrix from the set {Tx1Tx2 | xj ∈ Gj}
to the basis {Tw | w ∈ W} is upper triangular with invertible diagonal product.
Hence the set forms a basis.

3.2 q-Permutation modules. For a subset X of W , we define TX =
∑

w∈X Tw.
Clearly, if X = Wλ is a parabolic subgroup of W , the submodule H′λ = H′(Wλ)
generated by all Tw, w ∈ Wλ, is a subalgebra and Z ′TWλ

is a freeH′λ-module of rank
1. This is the q-analogue of the trivial representation of Wλ. For the non-parabolic
subgroup C of W , we introduce the element πr =

∏r
i=1(qi−1 +Tti), following [DJ4,

(3.2)]. This element is central in H′ and πrTtj+1 = q0πrTsj ···s1Ts1···sj . We also note
that (πr)2 = zrπr where zr is central in H(W̄ ) and invertible in HK(W̄ ) (see [DJ4,
(4.5)]). In general, for a bicomposition λ ∈ Πr with a = |λ(1)|, we define

πλ = πa =
a∏
i=1

(qi−1 + Tti).(3.2.1)

Clearly, πλ is in the center of H′(Wa). Following [DJM, §4], we define the element
xλ = πλxλ̄ where xλ̄ = TWλ̄

. The element xλ serves as (a generator for) the
“trivial representation” for Wλ and put Tλ = xλH, T ′λ = xλH′. Recall that the
q-permutation module Tλ for a parabolic subgroup Wλ is free of rank #Dλ. The
following result generalizes this to quasi-parabolic subgroups.

(3.2.2) Proposition. (a) The H′-module T ′λ is free with basis {xλTw | w ∈ Dλ}.
(b) If Wλ is parabolic, then T ′λ = TWλ

H′.
(c) T ′λ ∼= T ′λ′′ . (Recall λ′ is the dual bipartition of λ, and λ′′ is the double dual.)
(d) Let K be the quotient field of Z. Then Tλ = TλK ∩H.

Proof. To see (a), we first note that the linear independence of the set follows
from Corollary 3.1.2. To prove the set spans, it suffices to prove the corresponding
statement for the case W = Wλ̂, in view of the factorization Dλ = D̄λ(1)Dλ̂. (Note
that Wλ̂ ∩ Dλ = D̄λ(1) .) Since xλTs = qxλ and xλTti+1 = q0xλTsi···s1Ts1···si for all
s ∈ Wλ̄ ∩ S and ti+1 ∈ Cλ, this follows easily (rewrite the product of T ’s as TuTd
with u ∈ W̄λ and d ∈ D̄λ(1)), proving (a).

The statement (b) follows from the claim that πrTW̄ = q(
r
2)TW , which we

now establish: For a subsequence i = {i1, · · · , im} of {0, 1, · · · , r − 1}, let ti =
ti1+1 · · · tim+1 and ic = {0, 1, · · · , r − 1}\{i1, · · · , im}, the complementary subse-
quence of i. Since

ti = ti1+1 · · · tim+1 = (si1 · · · s1t1 · · · sim · · · s1t1)(s1 · · · sim · · · s1 · · · si1) = diw

where the first product di is in D−1
(−,r) (as in the proof of (2.2.2)), `(w) is the

composition sum-of-parts |i|, and πr =
∑

i q
|ic|Tti , it follows that

πrTW̄ =
∑
i

q|i
c|TtiTW̄ =

∑
i

q|i
c|+|i|TdiTW̄ = q(

r
2)
∑
i

TdiTW̄ = q(
r
2)TW ,

proving (b).
Since |λ(1)| = |λ(1)′′| and |λ(2)| = |λ(2)′′|, the partitions obtained by reordering

λ(1) and λ(2) are just λ(1)′′ and λ(2)′′. So there exists d ∈ Dλ̄λ̄′′ ∩ W̄ such that
T−1
d xλ̄Td = xλ̄′′ and T−1

d πλTd = πλ′′ = πλ. Therefore, T−1
d xλTd = xλ′′ , and the

map sending xλh to T−1
d xλh gives the required isomorphism for (c).

We leave (d) as an exercise, (using (3.1.2)).
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3.3 The q-Schur2 algebras S2
q (n, r). Recall from §1.2 that Π(n, r) is the set of

bicompositions of r in which each single composition λ(1) (resp. λ(2)) has max(n, r)
parts (resp. n parts). Then Π(n, r) is a poset with the dominance order E, and
we have λ E µ if and only if λ̄ E µ̄ (cf. (1.2.1b)). For our later use, we list some
interesting subsets of Π(n, r). Let

Π̂(n, r) = {λ ∈ Π(n, r) | Wλ = Wλ̂},
Π̄(n, r) = {λ ∈ Π(n, r) | Wλ = Wλ̄},
Ω0 = {(λ(1), λ(2)) ∈ Π(n, r) | λ(1) ∈ Λ(n, r), λ(2) = 0}.

(3.3.1)

Clearly, we have Π̄(n, r) ⊂ Π̂(n, r) ⊂ Π(n, r), and Ω0 is an (order) coideal of Π(n, r)
isomorphic to the poset Λ(n, r). Note that Π̄(n, r) is an ideal. Let Π+(n, r) be the
subset of all bipartitions in Π(n, r) and define Π̂+(n, r) and Π̄+(n, r) similarly. Note
that Π+

r = Π+(r, r).
Recall from §3.2 the q-permutation modules T ′λ = xλH′ for any λ ∈ Π(n, r). We

now consider their direct sums — the “tensor spaces” — and associated endomor-
phism algebras

T ′ = T (n, r)′ =
⊕

λ∈Π(n,r) T ′λ, S2
q (n, r,Z ′) = EndH′(T ′);

T̂ ′ = T̂ (n, r)′ =
⊕

λ∈Π̂(n,r) T ′λ, Ŝ2
q (n, r,Z ′) = EndH′(T̂ ′);

T̄ ′ = T̄ (n, r)′ =
⊕

λ∈Π̄(n,r) T ′λ, S̄2
q (n, r,Z ′) = EndH′(T̄ ′).

(3.3.2)

By (3.2.2a), we see that Ŝ2
q (n, r,Z ′) (resp. S̄2

q (n, r,Z ′)) is the endomorphism
algebra of the tensor space involving only parabolic subgroups of W (resp. of W̄ ).
We will call S2

q (n, r,Z ′) the q-Schur2 algebra (pronounced as q-schur-two-algebra)
of degree (n, r). It is also convenient to name Ŝ2

q (n, r,Z ′) and S̄2
q (n, r,Z ′) the q-

Schur2 algebra of parabolic type (or the Hecke endomorphism algebra of type B as
in [DPS1]) and the q-Schur2 algebra of Young type (compare [GH], respectively).
For simplicity, we write S2

q (n, r) for S2
q (n, r,Z).

Comparing with q-Schur algebras, it is natural to ask the following questions:
(1) Is a q-Schur2 algebra Z ′-free? (2) Is a q-Schur2 algebra quasi-hereditary? (3)
Does base change induce an isomorphism S2

q (n, r)Z′ ∼= S2
q (n, r,Z ′)? In the next

three sections, we shall give affirmative answers to all three questions.

3.4 Bistandard bases and twisted Specht modules. We recall some recent
results obtained in [DJM] in this subsection. Recall, for a bipartition µ of r, the set
Ts(µ) of all standard µ-bitableaux. For t ∈ Ts(µ), let δ(t) ∈ Dµ̄ ∩ W̄ be given by
tµδ(t) = t. The element δ(t) should not be confused with the coset representative
δ(s) associated to a semi-standard bitableau defined in §1.2.

Define, for any s, t ∈ Ts(µ), the elements xst = xµst = T ιδ(s)xµTδ(t) where (−)ι

is the anti-involution on H′ satisfying T ιw = Tw−1 . By [DJM, (4.14)], the set
{xst | s, t ∈ Ts(µ), µ ∈ Π+

r } forms a basis for H′. We shall call the basis {xst} the
bistandard basis or Murphy basis (or Green-Murphy basis) of H′. For λ ∈ Π+

r , let
H′≥λ (resp. H′>λ) be spanned by all xµst with µ D λ (resp. µ.λ). Then both H′≥λ
and H′>λ are ideals of H′ ([DJM, (4.18)]). We also record the following useful fact
which is implicit in [DJM, (4.11)].

(3.4.1) Proposition. For any h, h′ ∈ H′ and s, t ∈ Ts(λ), write for some ξs′ , ζt′ ∈
Z ′
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hxλst ≡
∑

s′∈Ts(λ)

ξs′x
λ
s′t mod(H′>λ) and xλsth

′ ≡
∑

t′∈Ts(λ)

ζt′x
λ
st′ mod(H′>λ).

Then ξs′ and ζt′ are independent of t and s respectively.

Further, for a bipartition λ of r, let T ′+λ = T ′λ ∩ H′>λ and S\′λ = T ′λ/T
′+
λ . Then

S\′λ is Z ′-free with basis

{xλt + T +
λ | t ∈ Ts(λ)},(3.4.2)

where xλt = xtλt = xλTδ(t). Moreover, if F is a field which is also a Z-algebra
such that HF is semi-simple. Then {S\λF | λ ∈ Π+

r } is a complete set of simple
HF -modules and H≥λF /H>λF ∼= S\⊕dλλF with dλ = #Ts(λ). In particular, we have a
decomposition

TλF = S\λF ⊕ (
⊕
λCµ

S
\⊕mλµ
µF )(3.4.3)

for some integers mλµ ∈ Z.
We remark that the modules S\λ are actually the so-called “twisted” Specht

modules. They appear at the top of permutation modules. In a later paper, we
will realize them as submodules of the twisted permutation modules. Thus, we are
able to define the notion of Specht modules and their bistandard bases (compare
[DJ1]).

4. Freeness of the intertwining modules HomH′(T ′µ, T ′λ)

In the rest of the paper, we aim at answering the questions raised at the end
of §3.3, especially the quasi-heredity of q-Schur2 algebras. The approach we shall
adopt is the direct constructions of two bases — the natural “T -type” basis and the
“bistandard” basis — for a q-Schur2 algebra. The latter may be regarded as a kind
of generalization of the method of J. A. Green [G]. A second approach, when q0 is
a fractional power of q as in [DPS2], will be sketched later. We follow the notation
introduced in last section. Thus, Z ′ is a commutative Z-algebra, H′ = H ⊗Z Z ′
and T ′ = TZ′ , etc.

4.1 Characterization of q-permutation modules. Recall from (3.2.2) that, for
any 0 ≤ a ≤ r, the module πaH′ is free with basis {πaTw | w ∈ D〈t1,··· ,ta〉}. The
following lemma gives another basis for πaH′ like that given in (3.1.2) for H′.

(4.1.1) Lemma. For any non-negative integers a, i with a+ i ≤ r, the set

{πaT ε1ta+1
· · ·T εita+i

Tw | w ∈ D〈t1,··· ,ta+i〉, εj ∈ {0, 1}}

is a basis for πaH′.

Proof. Clearly, by (3.1.2), the set is linearly independent. (Note: T ε1ta+1
· · ·T εita+i

=
Ttε1a+1···t

εi
a+i

.) So it generates a free submodule M of πaH′. Now, for any field k

which is also a Z ′-algebra, Mk = πaH′k by comparison of dimensions. Therefore,
M = πaH′ by [CPS1, (3.3.1)].

The following result is the key to characterizing the q-permutation modules T ′λ.
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(4.1.2) Theorem. For 0 ≤ a < r we have

πa+1H′ = (1 + Tt1)H′ ∩ Ts1(1 + Tt1)H′

∩ Ts2s1(1 + Tt1)H′ ∩ · · · ∩ Tsasa−1···s1(1 + Tt1)H′.

Proof. We apply induction on a. Clearly, the result is true for a = 0. Assume now
a > 0 and the result is true for all numbers ≤ a− 1. Thus, we need to prove that

πaH′ ∩ Tsasa−1···s1(1 + Tt1)H′ = πa+1H′.

Let h = Tsasa−1···s1(1+Tt1)h1 ∈ πaH′. Then Tsa−1···s1(1+Tt1)h1 = T−1
sa h ∈ πa−1H′,

that is, T−1
sa h ∈ πa−1H′ ∩ Tsa−1···s1(1 + Tt1)H′. Thus, T−1

sa h ∈ πaH′, or h ∈
Tsa(πaH′) by induction. Therefore, it suffices to prove πaH′∩Tsa(πaH′) = πa+1H′.

By Lemma 4.1.1, πaH′ has a basis {πaTw, πaTta+1Tw | w ∈ D〈t1,··· ,ta+1〉} while
πa+1H′ has a basis {πa(qa + Tta+1)Tw | w ∈ D〈t1,··· ,ta+1〉}. It follows that

πaH′ = πa+1H′ ⊕
∑
w∈D
Z ′πaTta+1Tw,

where D = D〈t1,··· ,ta+1〉, is a direct sum of free submodules. Thus, we obtain

Tsa(πaH′) = Tsa(πa+1H′)⊕M = πa+1(TsaH′)⊕M = πa+1H′ ⊕M
where

M = Tsa

(∑
w∈D
Z ′πaTta+1Tw

)
=
∑
w∈D
Z ′πa−1[Tsa(qa−1 + Tta)Tta+1 ]Tw.

Now, it is equivalent to prove M ∩ πaH′ = {0}.
Suppose h ∈M ∩ πaH′ and write, for some elements αw ∈ Z ′

h =
∑
w∈D

αwπa−1[Tsa(qa−1 + Tta)Tta+1 ]Tw

=
∑
w∈D

αwπa−1[qaTtasa + qa−1(q − 1)Tta+1 + qTtasata + (q − 1)Ttata+1 ]Tw.
(*)

(Note TtaTta+1 = Tta+1Tta .) On the other hand, we have by (4.1.1)

h =
∑
w∈D

βwπaTw +
∑
w∈D

βta+1wπaTta+1Tw

=
∑
w∈D

[βwπa−1(qa−1 + Tta) + βta+1wπa−1(qa−1Tta+1 + Ttata+1)]Tw,
(**)

for some βy ∈ Z ′. Using the basis for πa−1H′ with i = 2 in (4.1.1), we have βw = 0
for all such w by equating the coefficients of πa−1Tw in both (*) and (**). (Note
that any term πa−1TtasataTw in (*) is a linear combination of basis elements of the
form πa−1Ttata+1Ty, where y = w or saw ∈ D; cf. (2.2.7).) Thus, equating the
coefficients of πa−1TtaTw, we obtain that

βw =

{
qaαsaw + qa(q − 1)αw, if saw < w,

qa+1αsaw, if saw > w.

Since βw = 0 for all w ∈ D〈t1,··· ,ta+1〉, the relation above implies that αw = 0 for
all w. Therefore, h = 0, and the result is proved.
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LetOti = T−1
si−1
· · ·T−1

s1 Ts0T
−1
s1 · · ·T−1

si−1
and Ôti = T−1

si−1
· · ·T−1

s1 T
−1
s1 · · ·T−1

si−1
. We

now have the following characterization of permutation modules.

(4.1.3) Corollary. For any bicomposition λ = (λ(1), λ(2)) of r with a = |λ(1)|, we
have

xλH′ = xλ̄H′ ∩ πaH′

= {h ∈ H′ | Tsh = qh, ∀s ∈Wλ̄ ∩ S,Otih = q0Ôtih, 1 ≤ i ≤ a}.

Proof. Clearly, we have xλH′ ⊆ xλ̄H′ ∩ πaH′ since xλ = xλ̄πa = πaxλ̄. Suppose
h = πah1 ∈ xλ̄H′ and write, for some ξw ∈ Z ′ with w ∈ D := D〈t1,··· ,ta〉, h =∑
w∈D ξwπaTw. Then we have Tsh = qh where s = si ∈Wλ̄ for which we have also

sw ∈ D whenever w ∈ D (see (2.2.7)). Equating the coefficients of πaTw in Tsh
and qh, we obtain ξw = ξsw . Consequently, we have ξd = ξwd for any w ∈ Wλ̄

and d ∈ Dλ. Therefore, we have h1 = xλ̄h2 with h2 =
∑

d∈Dλ ξdTd, and hence,
h = xλh2 ∈ xλH′, proving the first equality.

Now, by (4.1.2), we have πaH′ = {h ∈ H′ | Otih = q0Ôtih, 1 ≤ i ≤ a}, while
xλ̄ = {h ∈ H′ | Tsh = qh, ∀s ∈ Wλ̄ ∩ S} (see, for example, [DPS1, (2.1.2)]). So the
second equality follows from the first one.

4.2 Bases for HomH′(T ′µ, T ′λ). Let λ, µ be bicompositions of r. Fix d ∈ Dλµ and
let d = ud̂v be a right distinguished decomposition of d as in §2.3. Thus, d̂ ∈ Dλ̂µ̂,
u ∈ D̄λ(1) and v−1 ∈ D̄µ(1) (see (2.3.1)). Also, we have `(d) = `(u) + `(d̂) + `(v) and
d̂v ∈ Dλµ. Since d̂ is a distinguished representative of a double coset of parabolic
subgroups, the subgroup W d̂

λ̂
∩Wµ̂ = Wν̂ is parabolic, where ν̂ identifies with a tight

bicomposition. Clearly, Cν̂ is a subgroup of Cµ = Cµ̂, and we have a decomposition
Cµ = Cν̂ × Cµ\ν̂ . Accordingly, we may write πµ = πν̂πµ\ν̂ where πµ\ν̂ is in the
span of {Tw | w ∈ Cµ\ν̂} and πµ, πν̂ are given by (3.2.1). (The element πµ\ν̂
is unique in H.) Note that this decomposition is different from the one given in
(2.3.2), though it uses a similar notation scheme. The relation is v−1Cν̂v = Cλd∩µ,

and v−1Cµ\ν̂v = Cµ\λd∩µ. On the other hand, if tj ∈ Cλ and d̂−1tj d̂ ∈ Cµ, then
d̂−1tj d̂ = tj by the additivity of lengths, and of n0 (see (2.1.1b)) for tj d̂ = d̂(d̂−1tj d̂).
So we have Cν̂ = ZCλ∩Cµ(d̂), the centralizer of d̂ in Cλ ∩ Cµ. Thus we may also
write Cλ = Cν̂ × Cλ\ν̂ and πλ = πν̂πλ\ν̂ .

Let d = u0d̂v0 be the left distinguished decomposition of d. By definition,
u0 ∈ D−1

τ̂ ∩ Wλ̂, where τ̂ = λ̂ ∩ d̂µ̂. Also, u0 ∈ D̄−1
λ(1) ⊆ D−1

λ . Consider the

subgroup W1 = Wλ̂ ∩W
(d̂v0)−1

µ of Wτ̂ and the subgroup Wν1 = Wu0
λ ∩W

(d̂v0)−1

µ =
Wu0
λ ∩W1 of W1, and put Wλ ∩W d−1

µ = Wν0 . Clearly, Wν1 is conjugate to Wν0 ,
and Wν1 = u−1

0 Wν0u0 = Cu0
ν0 W̄

u0
ν0 has top part W̄ν1 = Wν̄1 = W̄u0

ν0 and bottom
part Cu0

ν0 = Cτ̂ = Cν̂ . We have the following.

(4.2.1) Lemma. Keep the notation introduced above.
(a) Td̂πν̂ = πν̂Td̂.
(b) W̄ν1 is parabolic, and hence, Wν1 is quasi-parabolic (in the restricted sense

(2.2.1)). Moreover, we have xν̄0Tu0 = Tu0xν̄1 .
(c) xν̄1πλ\ν̂ = πλ\ν̂xν̄1 .

Proof. We have seen that ti = d̂−1tid̂ for any ti ∈ Cν̂ . So (a) is obvious. Since
`(u0y) = `(u0) + `(y) for all y ∈ W1, and W̄ν1 = u−1

0 W̄ν0u0, we have, for all
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x ∈ W̄ν0 , y = u−1
0 xu0 ∈ W̄ν1 , xu0 = u0y and `(x) + `(u0) = `(u0) + `(y). In

particular, x ∈ S if and only if y ∈ S. Since W̄ν0 is parabolic (see (2.2.8)), so is
W̄ν1 . On the other hand, Wν1 is a subgroup of Wτ̂ with the same bottom Cτ̂ = Cν̂ .
So it is quasi-parabolic. The last assertion in (b) follows easily. The assertion (c)
follows, calculating in H, from the fact that Cν1 = Cν̂ and the fact that, if sw = ws
with s ∈ S, then TsTw = TwTs.

With the notation above, let hλ̄d∩µ̄ = TDλ̄d∩µ̄∩Wµ̄ and hλ̄∩dµ̄ = TDλ̄∩dµ̄∩Wλ̄
. Then

xλ̄ = hι
λ̄∩dµ̄xν̄0 and TWλ̄dWµ̄ = TWλ̄

Tdhλ̄d∩µ̄ = hι
λ̄∩dµ̄TdTWµ̄ . Here ι is the Z ′-linear

anti-involution on H′ given by T ιw = Tw−1 which clearly fixes the elements πλ and
xλ̄, for any λ.

(4.2.2) Proposition. Maintain the notation introduced above. For any d ∈ Dλµ
with right distinguished decomposition d = ud̂v, let

XWλdWµ = xλTud̂πµ\ν̂Tvhλ̄d∩µ̄.(4.2.2.1)

(a) If d = u0d̂v0 is a left distinguished decomposition for d, then

XWλdWµ = xλTu0d̂
πµ\ν̂Tv0hλ̄d∩µ̄.(4.2.2.2)

(b) XWλdWµ = (XWµd−1Wλ
)ι.

(c) For d ∈ Dλµ and s ∈ W̄λ̂ ∩ S, we have XWλdWµ = πλTud̂πµ\ν̂Tv, sd ∈ Dλµ,
and

TsXWλdWµ =

{
XWλsdWµ if sd > d,

qXWλsdWµ + (q − 1)XWλdWµ if sd < d.

A similar result holds for s ∈ W̄µ̂ ∩ S and XWλdWµTs.
(d) Let HλµZ′ be the submodule of H′ generated by all XWλdWµ , d ∈ Dλµ. Then it

is a free Z ′-module of rank #Dλµ.

Proof. The statement (a) is easy. (Write v0 = xv where x ∈ Wν̂ (see the proof
of (2.3.1)), and u = u0x

′ where x′ ∈ Wτ̂ = d̂Wν̂ d̂
−1. Then d̂x = x′d̂ with length

additivity on both sides, since d̂ ∈ Dλ̂µ̂.)
From (4.2.1) above, we have by (a)

XWλdWµ = xλ̄Tu0πλTd̂πµ\ν̂Tv0hλ̄d∩µ̄

= xλ̄Tu0πλ\ν̂Td̂v0
hλ̄d∩µ̄πµ by (4.2.1a)

= hιλ̄∩dµ̄xν̄0Tu0πλ\ν̂Td̂v0
hλ̄d∩µ̄πµ

= hιλ̄∩dµ̄Tu0xν̄1πλ\ν̂Td̂v0
hλ̄d∩µ̄πµ by (4.2.1b)

= hιλ̄∩dµ̄Tu0πλ\ν̂xν̄1Td̂v0
hλ̄d∩µ̄πµ by (4.2.1c)

= hιλ̄∩dµ̄Tu0πλ\ν̂T
−1
u0
xν̄0Tdhλ̄d∩µ̄πµ by (4.2.1b) again

= hιλ̄∩dµ̄Tu0πλ\ν̂Td̂v0
xµ

= (XWµd−1Wλ
)ι,

proving (b). The first assertion in (c) is from the definition, since xλ = πλ, and the
rest follows easily, since sd ∈ Dλµ by (2.2.7).
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Observe from (3.2.1) and the definition of πµ\ν̂ that

πµ\ν̂ =

{
qmT1 +

∑
16=y∈Cµ\ν̂ q

myTy, if Cµ\ν̂ 6= {1},
1, otherwise.

Note n0(u0d̂yv0x) = n0(d̂y) > n0(d̂) = n0(d) for every such y and x ∈ Wµ̄, by
(2.1.1b,c). Write y = d′y′ with y′ ∈ Wµ̄ and d′ (left) distinguished with respect to
Wµ̄ (cf. (2.2.2)). Then u0d̂d

′ ∈ Dλµ̄ since u0d̂ ∈ D−1
µ̂ . Thus, in (4.2.2.2), every term

in Tu0d̂
πλ\ν̂Tv0hλ̄d∩µ̄ of the form Tu0d̂

TyTv0Tx = Tu0d̂d′
Ty′Tv0Tx where x ∈ Wµ̄ is

a linear combination of Tw’s with w ∈ Wλ̄u0d̂d
′Wµ̄. Since XWλdWµ̄ = xλTdhλ̄d∩µ̄,

we have by (3.1.1b) and (3.2.2)

XWλdWµ = qmXWλdWµ̄ +
∑
d′∈Dλ

n0(d′)>n0(d)

ξd′xλTd′ ,

with ξd′ ∈ Z ′. By (3.1.2), the set {XWλdWµ̄ | d ∈ Dλµ} is linearly independent. An
argument by induction on n0(d) proves (d).

For d ∈ Dλµ, let ν̂(d) = ν̂(d̂) = λ̂d̂ ∩ µ̂, ν̄(d) = λ̄d ∩ µ̄ be as before.

(4.2.3) Lemma. Maintain the notation introduced above, and let d = ud̂v ∈ Dλµ
be the left or right distinguished decomposition of d.

(a) W is a disjoint union W =
⋃
d∈DλµWλud̂Cµ\ν̂(d)v(Dν̄(d) ∩Wµ̄).

(b) If c ∈ Cµ\ν̂(d) and c 6= 1, then Wλ̂d̂W̄µ̂ ∩Wλ̂d̂cW̄µ̂ = ∅.

Proof. (a) follows from (2.3.3) and the relation vCµ\λd∩µv
−1 = Cµ\ν̂(d). To prove

(b), note wc ∈ Dν̂ for some w ∈ W̄ν̂ , as follows using (2.1.1) and (2.2.6.1). We
have d̂w = w′d̂ where w′ ∈ d̂W̄ν̂ d̂

−1 ⊆ W̄ . Thus, by [C, (2.7.5)] and (2.1.1),
n0(d̂c) > n0(d̂), minimum for its coset Wλ̂d̂wc = Wλ̂d̂c, or for its double coset
Wλ̂d̂cW̄µ̂.

Put

ε(d) =

{
0, if Cµ\ν̂(d) = {1},
1, otherwise.

(4.2.4) Lemma. Keep the notation introduced above, and assume λ = λ and µ =
µ. For any d ∈ Dλµ, let d = ud̂v be a left distinguished decomposition and write
Cµ\ν̂(d) = 〈ta(d)+1, · · · , ta(d)+i(d)〉 where a(d), i(d) are non-negative integers, and
i(d) ≥ 1 if Cµ\ν̂(d) 6= {1}. Then the set

Bλ = {πλTud̂T
ε(d)ε1
ta(d)+1

· · ·T ε(d)εi(d)
ta(d)+i(d)

Tv | d = ud̂v ∈ Dλµ, εj = 0, 1 ∀j}

forms a basis for πλH′.
Moreover, if Mλ is the free Z ′-submodule of πλH′ spanned by the elements in Bλ

with εj = 1 for some j, then πλH′ = HλµZ′ ⊕Mλ. Each element of Mλ is a Z ′-linear
combination of elements Tx with x ∈Wλ̂d̂cW̄µ̂ as in (4.2.3b), with c 6= 1, c ∈ Cµ\ν̂(d̂)

and d̂ ∈ Dλ̂µ̂.
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Proof. The left distinguished decomposition d = ud̂v implies that ud̂ ∈ D−1
µ̂ . Ap-

plying (3.1.1b) to the product T ε(d)ε1
ta(d)+1

· · ·T ε(d)εi(d)
ta(d)+i(d)

Tv, we see that

Tud̂T
ε(d)ε1
ta(d)+1

· · ·T ε(d)εi(d)
ta(d)+i(d)

Tv = qaTud̂d′w′v +
∑

w∈W̄µ̂,w′v<w

ξwTud̂d′w,(4.2.4.1)

where ta(d)+1
ε(d)ε1 · · · ta(d)+i(d)

ε(d)εi(d) = c = d′w′ as in (2.2.2) with d′ a distin-
guished left coset representative for W̄ . As argued in the proof of (4.2.3b), n0(d̂c)
is minimal for Wλ̂d̂cW̄µ̂. Thus, d̂c ∈ Dλ by (2.2.6.1). It follows that ud̂d′w′v and
all ud̂d′w in the sum belong to Dλ = Dλ, by (2.2.7). Also, ud̂d′w′v < ud̂d′w, since
ud̂ ∈ D−1

µ̂ and w′v < w. By (4.2.3a) and (3.1.2), the set Bλ is linearly independent,
and spans, over any field k which is a Z ′-algebra, a subspace with the same dimen-
sion as πλH′k. Now, applying [CPS1, (3.3.1)] as in the proof of (4.1.1) proves the
first assertion.

Observe that XWλdWµ = πλTud̂πµ\ν̂(d)Tv, and, if Cµ\ν̂(d) = {1}, then XWλdWµ =
πλTd. Now, the direct sum assertion follows, using the definition of Mλ. The final
assertion is obtained by rewriting the elements ud̂d′w′v, ud̂d′w, and using the length
additivity for the products from Cµ with Dµ̂

(4.2.5) Proposition. For any bicompositions λ, µ of r, the Z ′-module xλH′∩H′xµ
is free and HλµZ′ = xλH′ ∩H′xµ. When Z ′ = Z, we have Hλµ = HλµK ∩H.

Proof. The inclusion HλµZ′ ⊆ xλH′ ∩ H′xµ follows from (4.2.2b). Conversely, by
(4.1.3), we have xλH′ ∩H′xµ = πλH′ ∩H′πµ ∩xλ̄H′ ∩H′xµ̄. It suffices to prove the
following: (1) πλH′ ∩H′πµ = HλµZ′ ; (2) HλµZ′ ∩ xλ̄H′ ∩H′xµ̄ ⊆ H

λµ
Z′ .

To see (1), it suffices to prove Mλ ∩H′πµ = {0} where Mλ is the complement of
HλµZ′ in πλH′ as given in (4.2.4). This can be seen as follows. Suppose h ∈ H′πµ.
By (4.2.4), H′πµ has a basis Bιµ (reversing the roles of λ and µ in (4.2.4)). By
looking at the constant term in πµ, there is a term Tx in h with x ∈ Wλ̂d for some
d = ud̂v ∈ Dλµ. However, by the last assertion in (4.2.4) and (4.2.3b), the elements
in Mλ do not have such a term, proving (1).

We now prove (2). Pick h ∈ HλµZ′ ∩ xλ̄H′ ∩ H′xµ̄ and write

h =
∑
d∈Dλµ

ξdXWλdWµ .

Then, for any s ∈ W̄λ̄ ∩S, s′ ∈ W̄µ̄ ∩S, Tsh = qh = hTs′ . By (4.2.2c) and equating
the coefficients, one sees easily ξd = ξsd = ξds′ for all s ∈ W̄λ̄ ∩ S, s′ ∈ W̄µ̄ ∩ S and
d ∈ Dλµ. Consequently, ξd = ξwd for all d ∈ Dλµ, w ∈ W̄λ̄ and ξd = ξdy for all
d ∈ Dλµ, y ∈ W̄µ̄. Therefore,

h =xλ̄
∑
d∈Dλµ

ξdXWλdWµ =
∑
d∈Dλµ

ξdXWλdWµ

=
∑
d∈Dλµ

ξdXWλdWµhλ̄d∩µ̄ =
∑
d∈Dλµ

ξdXWλdWµ ∈ HλµZ′

where hλ̄d∩µ̄ is as in (4.2.2), as required.
The final assertion now follows from (4.1.3).
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The basis for HλµZ′ gives actually a basis for the intertwining module between T ′µ
and T ′λ. To this end, we define for d ∈ Dλµ a function ϕdλµ : T ′µ → T ′λ by setting
ϕdλµ(xµh) = XWλdWµh ∈ xλH′ = T ′λ for all h ∈ H′. Note that ϕdλµ is well-defined,
since XWλdWµ = hλxµ for some hλ ∈ H′, and ϕdλµ is a homomorphism of right
H′-modules. Here is the answer to the first and third questions raised at the end
of §3.3.

(4.2.6) Theorem. The Z ′-module HomH′(T ′µ, T ′λ) is free with basis {ϕdλµ | d ∈
Dλµ}. In particular, the q-Schur2 algebra S2

q (n, r,Z ′) is a free Z ′-module. More-
over, base change induces isomorphisms

HomH(Tµ, Tλ)Z′ ∼= HomH′(T ′µ, T ′λ) and S2
q (n, r)Z′ ∼= S2

q (n, r,Z ′).

Proof. As noted, the mappings ϕdλµ are H′-linear, and they clearly form a linearly
independent set. It remains to check the spanning condition. Let ϕ be an ele-
ment in the Hom set. Then ϕ(xµ) ∈ xλH′ ∩ H′xµ by (4.1.3). By (4.2.5), we have
ϕ(xµ) ∈ HλµZ′ . So ϕ(xµ) =

∑
d∈Dλµ ξdXWλdWµ for some ξd ∈ Z ′. Consequently,

we have ϕ =
∑
d∈Dλµ ξdϕ

d
λµ, proving the first assertion. Noting S2

q (n, r,Z ′) ∼=⊕
λ,µ∈Π(n,r) HomH′(T ′λ, T ′µ), we have immediately the second assertion. The last

assertion follows from the fact that the definition of ϕdλµ is the same for any coeffi-
cient ring Z ′.

We remark that the first assertion in the theorem is really a version of the Frobe-
nius reciprocity and Mackey decomposition theorem for quasi-parabolic subgroups,
though we couldn’t state it in terms of induction from subalgebras. (The induced
modules have q-analogs, but not the subgroups or subgroup algebras involved.)

We remark also that, as the anti-automorphism ι takes a right ideal of H′ to a
left ideal, the elements (ϕdλµ)ι defined by setting (ϕdλµ)ι(hxµ) = (ϕdλµ(xµhι))ι for
any h ∈ H′ form a basis for HomH′(H′xµ,H′xλ).

4.3 Self duality of permutation modules. For any right H′-module M , let M ι

be the left H′-module obtained by shifting the right action on M to the left via
ι . That is, we have h ∗ m = mhι for all h ∈ H′, m ∈ M. In particular, if M
happens to be a right ideal of H′, then M ι is isomorphic to the left ideal M ι, the
image of the right ideal M under ι. The Z ′-dual M∗ = HomZ′(M,Z ′) of a right
H′-module M is a left H′-module via the action (hf)(m) = f(mh) where h ∈ H′,
f ∈ M∗ and m ∈ M . We say that M is self dual if M∗ ∼= M ι. Note that we have
(M∗)ι ∼= (M ι)∗. Define M? = (M∗)ι. Note that a ‘star’ and not an ‘asterisk’
is used for this same-side dual, though the left/right context is also a guide as to
which dual is being used. Now, self-duality is equivalent to M? ∼= M .

Let τ : H′ → Z ′ be the projection onto the identity element of H′ (with respect
to the usual basis of Tw’s) and define a bilinear form ( , ): H′ × H′ → Z ′ by
(h, h′) = τ(hh′). This is symmetric and associative, and the map h 7→ (−, h) gives
an H′-module isomorphism H′ → (H′)?. In particular, H′ is self dual.

(4.3.1) Proposition. The permutation modules xλH′ are self dual.

Proof. First, we assume Z ′ = Z. It is enough to prove that (xλH)∗ ∼= Hxλ. Let
x2
λ = zλxλ. Then zλ is a unit inHK and commutes with xλ (see [DJ4, (4.5)]). Define
〈−,−〉 : xλH×Hxλ → Z by 〈xλh, h′xλ〉 = τ(xλhh′xλ/zλ) = τ(xλhh′) = (xλh, h′).



THE q-SCHUR2 ALGEBRA 4345

For y ∈ Dλ, write

xλTy =
∑

x∈Cλ,w∈W̄λy

qmxTxTw = qaTy +
∑
z

ξzTz,

with a = m1, z ranging over Wλy, and ξz ∈ Z. Since y has minimal length among
the elements of Wλy by (2.2.3), we have by (3.1.1a) that `(z) > `(y) whenever ξz 6=
0. Order the elements of W in the way w1, w2, · · · such that `(wi) ≤ `(wj)⇒ i ≤ j.
We have for y, w−1 ∈ Dλ,

〈xλTy, Twxλ〉 = (xλTy, Tw) =

{
0, if `(w) ≤ `(y), w 6= y,

qm1 , if w = y.

Then the matrix of the form 〈−,−〉 with respect to the induced order on Dλ is
upper triangular with invertible diagonal product, and hence is non-degenerate.
The general case follows from base change. The proposition is proved.

5. Bistandard bases and Specht series for permutation modules

The classical Young rule for symmetric groups [JK, p.89] gives the multiplicity
of a Specht module in a permutation module in terms of the number of semi-
standard tableaux. We shall show in this section that a similar rule holds for
the q-permutation modules and (twisted) Specht modules introduced in previous
sections. This is in fact a character problem which will be treated in the first
subsection. Our task then is to prove the existence of Specht filtrations. We shall
achieve this by introducing the bistandard basis for Tλ with which we will get
bistandard bases for q-Schur2 algebras.

By (4.2.6), it is sufficient to look at the integral case Z ′ = Z.
From now on we will keep this assumption. The reader can easily interpret our

results for general Z ′; see (6.2.3c).

5.1 The multiplicities mλµ. All representations in this subsection are complex
representations.

Let µ ∈ Π+
r be a bipartition and λ ∈ Πr a bicomposition. Let Tss(µ, λ) be the

set of all semi-standard µ-bitableaux of type λ (see (1.2.2)). To avoid too many
indices we just write λ = (α, β) and µ = (γ, δ). We assume γ ` c and δ ` d. Let
εδ be the sign representation of Cδ, where Cδ := C[c+1,r] = 〈tc+1, · · · , tr〉 is the
complement of Cγ := Cµ = C[1,c]. (Notice the different forms of the index ranges.
This is a slight abuse of notation. The reader should mentally attach an extra
property ‘left’ to γ and ‘right’ to δ. Similar remarks apply below for α, β, for a, b
and for c, d.) We extend it to a linear representation of C, denoted again by εδ,
such that it acts on Cµ trivially. The group W acts on εδ by wεδ(x) = εδ(w−1xw),
for w ∈ W,x ∈ C. Clearly, the inertia group of εδ is CW̄(c,d) = W((c,d),−). Thus,
εδ extends to a linear representation of W((c,d),−) by setting εδ(xw) = εδ(x) for
x ∈ C and w ∈ W̄(c,d). Let S̄γ and S̄δ be the irreducible modules of Sc and Sd,
respectively, corresponding to γ and δ. We lift their outer tensor product S̄γ � S̄δ
to an irreducible module of W((c,d),−) with C acting trivially, and form the (inner)
tensor product (S̄γ � S̄δ)⊗ εδ. Note that this can also be viewed as an outer tensor
product S̄γ � S̄εδ of S̄γ and S̄εδ = S̄δ ⊗ εδ, lifted to a module of W((c,d),−). Then one
sees easily that the induced CW -module Sµ of S̄γ � S̄εδ is irreducible. Let Tλ be
the complex permutation module of W on the right cosets of Wλ.
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(5.1.1) Theorem. The dimension of HomCW (Sµ, Tλ) is equal to the number
#Tss(µ, λ) of semi-standard µ-bitableaux of type λ.

Proof. Let a = |α| and b = |β|, and let T(α,−) and Tβ be the permutation modules
of Wa and Sb on the right cosets of C(α,−)Sα and Sβ respectively. Then

Tλ = 1Wλ
↑W(a,b)↑WW(a,b)

= (T(α,−) � Tβ) ↑WW(a,b)
.

Let P = Pβ be the power set of {a + 1, · · · , r}. For any J ∈ P , we have a cor-
responding linear representation εJ of Cβ , where Cβ = C[a+1,r] is the complement
of Cα = C[1,a] defined similarly as above, and εJ takes the sign representation on
the copies of C2

∼= 〈tj〉 with indices in J and the trivial representation on the re-
maining copies. Thus, the regular representation of Cβ is a direct sum of them:
CCβ =

⊕
J∈P εJ . This module extends to CβSb

∼= Wb by letting Sb act by conju-
gation. So we have by transitivity of induction and a well-known tensor identity of
Brauer

Tλ = (T(α,−) � Tβ) ↑WW(a,b)
∼= (Tα � (Tβ ⊗ CCβ)) ↑WW((a,b),−)

.

By Frobenius reciprocity, we have

HomCW (Sµ, Tλ)

= HomCW((c,d),−)(S̄γ ⊗ S̄εδ , (T(α,−) � (Tβ ⊗ CCβ)) ↑WW((a,b),−)
↓W((c,d),−)),

which is zero even on CC if b < d since there is no εJ equal to a conjugate of εδ
in this case. (They all take −1 values on too few elements tj .) Clearly, #Tss(µ, λ)
equals zero, too, in this case.

We now assume b ≥ d. Note that a+b = r = c+d. By the Mackey decomposition
theorem, we have

(T(α,−) � (Tβ ⊗ CCβ)) ↑WW((a,b),−)
↓W((c,d),−)

=
⊕

d∈D̄(a,b),(c,d)

(T(α,−) � (Tβ ⊗ CCβ)) ↓Wd
((a,b),−)∩W((c,d),−))↑W((c,d),−)

= (T(α,−) � (Tβ ⊗ CCβ)) ↓W((a,b−d,d),−)↑W((c,d),−)

+
(

terms with no conjugate of
εδ as a subfactor on CC

)
.

As above, we can ignore the terms in the parentheses. Frobenius reciprocity can be
applied to calculate on the left, though we prefer to keep the induction in evidence.
We view W((a,b−d,d),−) as the direct product of W(a,−) with W((b−d,d),−). Note that
any irreducible module for the latter group which contains εδ ↓ Cβ on Cβ must be in
the induction of εδ ↓ Cβ to W((b−d,d),−), so it cannot contain any other irreducible
representation on Cβ . So we have

HomCW (Sµ, Tλ)

= HomCW((c,d),−) (S̄γ � S̄εδ , (T(α,−) � (Tβ ⊗ CCβ)) ↓W((a,b−d,d),−)↑W((c,d),−))

= HomCW((c,d),−) (S̄γ � S̄εδ , (T(α,−) � (Tβ ⊗ εδ)) ↓W((a,b−d,d),−)↑W((c,d),−))

= HomCW̄(c,d)
(S̄γ � S̄δ, (Tα � Tβ ↓W̄(b−d,d)

) ↑W̄(c,d)).



THE q-SCHUR2 ALGEBRA 4347

However, by (1.2.4) and the Mackey decomposition theorem again, we have

Tβ ↓Sb−d×Sd
=

⊕
(β1,β2)∈Π(β)

(1β1 � 1β2) ↓Sβ1×Sβ2 ↑ Sb−d ×Sd.

Thus, we eventually have, using (1.2.4b)

dim HomCW (Sµ, Tλ) = dim
⊕

(β1,β2)∈Π(β)

HomCW̄(c,d)
(S̄γ � S̄δ, Tα∨β1 � Tβ2)

=
∑

(β1,β2)∈Π(β)

dim HomCSc(S̄γ , Tα∨β1) dim HomCSd
(S̄δ, Tβ2)

= #Tss(µ, λ),

as required.

As, under the specialization Z → Q such that q0 = q = 1 in Q, the Hecke algebra
HQ becomes the group algebra, which is still semi-simple, we have immediately
from Theorem 5.1.1 and the (Auslander-Goldman-)Tits deformation theorem [C,
(10.11.2)] the following.

(5.1.2) Corollary. (a) Let mλµ be the multiplicity defined in (3.4.3). Then mλµ =
#Tss(µ, λ).

(b) For bicompositions λ and ν of r, we have

#Dλν = #{(s, t) | s ∈ T
ss(µ, λ), t ∈ T

ss(µ, ν), µ ∈ Π+
r }.

Proof. (a) follows from the fact that Sµ is isomorphic to the specialization of S\µ
at q0 = q = 1. (For a proof, use (3.4.3) and induction, noting that q-permutation
modules specialize to permutation modules with the same labelling.)

The statement (b) follows from (a) and the fact that

HomHK (TλK , TνK) ∼=
⊕
µ∈Π+

r

HomHK (TλK , S\µK)⊗HomHK (S\µK , TνK).

5.2 The bistandard bases for Tλ (and T ′λ). Recall from §3.4 the bistandard
basis {xst | s, t ∈ Ts(µ), µ ∈ Π+

r } for H. We are now ready to introduce bistandard
bases for permutation modules Tλ. Let λ be a bicomposition of r and µ a bipar-
tition of r. Associated to each s ∈ Tss(µ, λ), there is a distinguished double coset
representative δ(s) ∈ Dλ̄µ̄ ∩ W̄ . Since Dλ̄µ̄ ∩ W̄ = Dλµ ∩ W̄ , we have δ(s) ∈ Dλµ
and therefore, it defines a basis element ϕδ(s)

λµ ∈ HomH(Tµ, Tλ) (cf. (4.2.6)).
The following lemma is a generalization of a result in [M, §7] to the type B case.

(5.2.1) Lemma. For s ∈ Tss(µ, λ) and any standard µ-bitableau t ∈ Ts(µ), let
Xµ

st = ϕ
δ(s)
λµ (xµt). Then the set Xλ = {Xµ

st | µ ∈ Π+
r , s ∈ Tss(µ, λ), t ∈ Ts(µ)}

forms a basis for Tλ. Putting Xµ
ts = (Xµ

st)
ι, the set Xιλ = {Xµ

ts | µ ∈ Π+
r , s ∈

Tss(µ, λ), t ∈ Ts(µ)} is a basis for Hxλ.

Proof. By the definitions given above (3.4.2), and above (4.2.6), we have Xµ
st =

ϕ
δ(s)
λµ (xµt) = XWλδ(s)Wµ

Tδ(t). Using (1.2.3a), we have δ(s)−1Cλδ(s) ⊆ Cµ. Recall
from (1.1.1) and (1.2.3) that δ(s) ∈ D̄λ̄µ̄ ⊆ Dλµ. So, putting d = δ(s) and defining
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d̂ as above (4.2.1), we have Cλ = d̂−1Cλd̂ ⊆ Cµ and πν̂ = πλ where ν̂ = λ̂d̂ ∩ µ̂. In
particular, πλ\ν̂ = T1. Therefore, using (4.2.2a,b) and (1.2.3c),

Xµ
st = XWλδ(s)Wµ

Tδ(t) =
∑

x∈D−1
λ̄∩δ(s)µ̄∩W̄λ

TxTδ(s)xµTδ(t) =
∑
s∈Ts

xµst.(5.2.2)

(See above (3.4.1) for the definition of the basis elements xµst.) By (1.2.3c), these
sums are all disjoint, and thus, linearly independent. They form a basis for TλK by
(5.1.2) and a comparison on dimension. Finally, the result follows from (3.2.2d),
since the xµst form a basis for H.

(5.2.3) Theorem. For any bicomposition λ of r, there is a submodule sequence of
Tλ:

0 = T 0
λ ⊂ T 1

λ ⊂ · · · ⊂ T sλ = Tλ
such that T iλ/T i−1

λ
∼= S\⊕mλiµ(i)

(1 ≤ i ≤ s), where the µ(i) ∈ Π+
r are distinct,

µ(s) = λ′′ and mλi = #Tss(µ(i), λ
′′). (In particular, mλs = 1.)

Proof. Since Tλ is isomorphic to Tλ′′ (3.2.2c), we may assume that λ is a bipartition.
We order Π+

r by µ(1), µ(2), · · · such that µ(i) D µ(j) implies i < j. Let µ = µ(i) be
a bipartition of r and let T iλ be the Z-submodule of Tλ generated by all Xµ(j)

st with
j ≤ i. Clearly, T iλ = 0 unless µ D λ and each T iλ is an H-submodule of T by [DJM,
(4.18)]. Moreover, T iλ/T i−1

λ is Z-free with basis {Xµ
st | t ∈ Ts(µ), s ∈ Tss(µ, λ)}.

For fixed s ∈ Tss(µ, λ)}, the set {Xµ
st | t ∈ Ts(µ)} generates an H-submodule

of T iλ/T i−1
λ , which is isomorphic to S\µ, by [DJM, (4.11)] (or (3.4.1)), (3.4.2) and

(5.2.2). Hence T iλ/T i−1
λ is isomorphic to a direct sum of #Tss(µ, λ) copies of S\µ.

Clearly, the sequence given in (5.2.3) can be refined to a sequence

0 = F0
λ ⊂ F1

λ ⊂ · · · ⊂ F tλ = Tλ(5.2.4)

with F iλ/F i−1
λ
∼= S\λ(i)

for some λ(i) ∈ Π+
r . We call such a sequence for Tλ a

(twisted) Specht filtration of Tλ. We remark that similar terminology can be used
for T ′λ. (See (6.2.3c) below.)

6. Quasi-heredity of q-Schur
2

algebras

We are now in a position to prove that a q-Schur2 algebra is quasi-hereditary.
We shall construct a “codeterminant”-type basis which gives easily the required
structure. (No actual determinants are involved.) This kind of basis was first
introduced by J. A. Green [G, §7] for classical Schur algebras (see also [D1] for the
GL2 case). A proof of the quasi-heredity property can also be given using [DPS2]
when q0 is a fractional power of q; see (6.2.3b) below. Also, see [DR1] for a more
general construction of standard bases for any split quasi-hereditary algebra.

6.1 Bistandard bases for q-Schur2 algebras. Recall from (4.2.6) the basis
{ϕdλµ} for the algebra S2

q (n, r). This is the natural basis possessed by a centralizer
algebra of a permutation module. We are now ready to introduce a new basis for
S2
q (n, r) which reflects quite well the structure of its module categories S2

q (n, r)- mod
and mod-S2

q (n, r). Since it gives rise to bases (indexed by semi-standard bitableaux)
for certain “standard” objects in both these categories, we will call it the bistandard
basis.
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(6.1.1) Theorem. Let λ, ν ∈ Π(n, r) and µ ∈ Π+(n, r). For any s ∈ Tss(µ, λ)
and t ∈ Tss(µ, ν), we define Φst = Φµst = ϕ

δ(s)
λµ ϕ

δ(t)−1

µν . Then the set

{Φst | s ∈ T
ss(µ, λ), t ∈ T

ss(µ, ν), µ ∈ Π+(n, r), λ, ν ∈ Π(n, r)}
forms a basis for S2

q (n, r).

Proof. Fix λ, ν and put

Xst = Xµ
st = Φµst(xν) = ϕ

δ(s)
λµ (XWµδ(t)−1Wν

) = ϕ
δ(s)
λµ (xµTδ(t)−1hν̄∩δ(t)µ̄).

Note that the last equality is obtained from (1.2.3a), as in the proof of (5.2.1), and
that ν̄ ∩ δ(t)µ̄ = µ̄δ(t)−1 ∩ ν̄. From the argument given in (4.2.6), we see it suffices
to show that the set

Xλν = {Xµ
st | s ∈ Tss(µ, λ), t ∈ Tss(µ, ν), µ ∈ Π+(n, r)}(6.1.2)

is a basis for Hλν . Let

h1 =
∑

x∈W̄λ∩Dλ̄∩δ(s)µ̄

Tx−1 and h2 =
∑

x∈W̄ν∩Dν̄∩δ(t)µ̄

Tx = hν̄∩δ(t)µ̄.

Then we have

Xµ
st = Φst(xν) = h1Tδ(s)xµTδ(t)−1h2 =

∑
u∈Ts,v∈Tt

xuv,(6.1.3)

by the above and the argument for the first part of (5.2.2), and (1.2.3c) for the
last equality. Here Ts = Ts(µ, λ) and Tt = Tt(µ, ν) as defined above (1.2.3), and
the basis elements xuv for H are discussed above (3.4.1). So the set in (6.1.2) is
linearly independent and forms a basis for HλνK by (5.1.2). Finally, by (4.2.5), we
have Hλν = HλνK ∩H and, therefore, the set in (6.1.2) is a basis for Hλν .

We remark that, if ν = (−, (1r)) ∈ Π+
r is the minimal element, then Tss(µ, ν) =

Ts(µ). In this case, the basis given in (6.1.2) for xλH is the same as the basis Xλ

given in (5.2.1). Our notation is also consistent.

(6.1.4) Corollary. For any λ, ρ, ν ∈ Π(n, r) and x ∈ Dλρ, y ∈ Dρν , the product
ϕxλρϕ

y
ρν is a linear combination of Φτst where s ∈ Tss(τ, λ), t ∈ Tss(τ, ν) and τ ∈

Π+(n, r) with τ D ρ′′. In particular, if µ ∈ Π+(n, r), the submodule SDµ (resp.
S.µ) generated by all Φλst with λ D µ (resp. λ . µ) and λ ∈ Π+(n, r) is a two-sided
ideal of S2

q (n, r).

Proof. We have ϕxλρϕ
y
ρν(xν) = h1xρh2 ∈ Hλν for some hi ∈ H. On the other

hand, there exists d ∈ D̄ρ′′ρ such that T−1
d xρTd = xρ′′ (see the proof of (3.2.2c).

Therefore, we have h1xρh2 = h′1xρ′′h
′′
2 ∈ Hλν , which, by [DJM, (4.8), (4.10)], is

a linear combination of xµst with µ D ρ′′ and s, t ∈ Ts(µ). The first assertion
follows. For the second, note any product ϕΦµstψ with ϕ, ψ ∈ S2

q (n, r) is a linear
combination of products ϕxγµϕ

y
µω for suitable x, y, γ, ω, but the same µ.

(6.1.5) Corollary. For any ϕ, ψ ∈ S2
q (n, r), we have

ϕΦµst ≡
∑

u

ξuΦµut mod (S.µ) and Φµstψ ≡
∑

v

ζvΦµsv mod (S.µ),

where ξu, ζv ∈ Z are independent of t, s respectively.

Proof. This follows from (6.1.3) using (3.4.1).
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(6.1.6) Corollary. Keep the notation introduced in (5.2.3). Let T iλ be the i-th
filtration term defined there. Then T iλ ∩Hxν is free with basis

Xλνi = {Xµ
st | µ = µ(j), j ≤ i, s ∈ T

ss(µ, λ), t ∈ T
ss(µ, ν)},

for any ν ∈ Π(n, r). Furthermore, with a suitable choice of the refined filtration F jλ
in (5.2.4), if i above is the minimal a with Fjλ ⊆ T aα , then F jλ ∩ Hxν is free with
basis Xλνi ∩ F jλ.

Proof. Recall from the proof of (5.2.3) that T iλ is spanned by all Xµ(j)
st where j ≤ i,

s ∈ Tss(µ, λ) and t ∈ Ts(µ), for µ = µ(i). By (6.1.3), Xµ
st =

∑
u∈Ts,v∈Tt

xuv =∑
v∈Tt

Xµ
sv =

∑
u∈Ts

Xµ
ut, which is in T iλ ∩Hxν , by (5.2.1). Conversely, it is easy

to see that any element in the intersection is a linear combination of the elements
in the given set. The rest of the proof follows from the definitions.

6.2 The quasi-heredity of S2
q (n, r). For simplicity, let S = S2

q (n, r). Fix a linear
ordering for the set Π+(n, r) = {µ(1) ≥ µ(2) ≥ · · · ≥ µ(N)} which refines E (i.e.,
µ(i) D µ(j) implies µ(i) ≥ µ(j)). Put ei =

∑i
j=1 ϕµ(j) , Ji = SeiS and Si = S/Ji,

where ϕλ = ϕ1
λλ. We have the following main theorem of this paper.

(6.2.1) Theorem. The q-Schur2 algebra S2
q (n, r) over Z is a (split) quasi-heredi-

tary algebra with the “defining” sequence (or heredity chain)

0 = J0 ⊆ J1 ⊆ J2 ⊆ · · · ⊆ JN = S.

Therefore, for any commutative (Noetherian) Z-algebra Z ′, S2
q (n, r,Z ′) is quasi-

hereditary.

Proof. From [CPS1, §3] we have to show that, for each 1 ≤ i ≤ N , Ji/Ji−1 is a
heredity ideal of Si−1 = S/Ji−1. To avoid using too many indices, we put µ = µ(i),
J = J (µ) = Ji/Ji−1 and S = S/Ji−1. We shall denote by a the image of a ∈ S
in S.

From the theorem and Corollary (6.1.4) above, we see that both S and J are
Z-free and have bases {Φst | s ∈ Tss(ρ, λ), t ∈ Tss(ρ, ν), λ, ν ∈ Π(n, r), ρ ≤ µ} and
{Φst | s ∈ Tss(µ, λ), t ∈ Tss(µ, ν), λ, ν ∈ Π(n, r)}, respectively. Note that ϕµ =
Φsµsµ where sµ ∈ Tss(µ, µ) is the unique µ-bitableau of type µ. So if Φstϕµ 6= 0,
then Φstϕµ = Φssµ . Therefore, we have J = SϕµS and, in particular, we have (1)
J 2 = J . Let µJ = ϕµJ and J µ = Jϕµ. Then the argument above shows also
that µJ and J µ have bases {Φsµt | t ∈ Tss(µ, λ), λ ∈ Π(n, r)} and {Φssµ | s ∈
Tss(µ, λ), λ ∈ Π(n, r)}, respectively. Thus, we have (2) ϕµSϕµ = J µ ∩ µJ = Zϕµ
and that the map f : J µ ⊗ µJ → J given by f(ξ ⊗ η) = ξη is bijective. Since
µJ = ϕµJ is a projective right S-module, it follows that (3) J is a projective right
S-module. Altogether (1)–(3), we have proved that J is a heredity ideal.

The last assertion follows easily, since S2
q (n, r,Z ′) ∼= S2

q (n, r)Z′ by (4.2.6).

From the theorem and proof above, we can easily describe the standard objects
in the category of S2

q (n, r)k-modules, where k is a field which is also a Z-algebra.
These modules are the counterparts of the q-Weyl modules for q-Schur algebras,
and have the following “semi-standard” bases (cf. [DJ3, (8.1)]).
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(6.2.2) Corollary. Maintain the notation introduced above and put ∆(µ(i)) =
Sz̃µ(i) where z̃µ(i) = ϕµ(i) + Ji−1 for all i. Then, for any field k which is a Z-
algebra, the category S2

q (n, r)k- mod of S2
q (n, r)k-modules is a highest weight cate-

gory [CPS3], and {∆(µ)k}µ∈Π+(n,r) is the set of standard objects in S2
q (n, r)k- mod.

Moreover, each ∆(µ) is Z-free with “semi-standard” basis

{ϕδ(s)
λµ z̃µ | λ ∈ Π(n, r), s ∈ Tss(µ, λ)}.

Also, (6.2.1) guarantees formally that the S2
q (n, r)-module categories are integral

highest weight categories in the sense of [DS]. We refer the reader to that paper
for further discussion of the integral concept.

(6.2.3) Remark. (a) By (6.1.5), one checks easily that the bistandard basis for
S2
q (n, r) satisfies the axioms in [DR1, (1.2.1)]. Thus, S2

q (n, r) is a standardly based
algebra in that sense. In fact, it is even cellular in the sense of [GL]. We leave
the details to the reader. Now the result in [DR1, (3.2.1)] gives a second proof of
(6.2.1) by showing that this standardly based algebra is full.

(b) When q0 is a rational power of q, the ring Z has Krull dim. 2. Thus the
theory developed in [DPS1] applies. To get the quasi-heredity using that theory,
it suffices to check the condition [DPS2, (1.7(4))] by using the filtration given in
(5.2.4), result (6.1.6) and an argument similar to [DPS1, (2.3.7)]. We leave further
details to the reader.

(c) As we have mentioned at the beginning of §5, we only consider the integral
case Z ′ = Z in §5.2 and §6. However, the definitions of bistandard bases for H, Tλ
and S2

q (n, r) are the same for any coefficient ring Z ′ (using (4.2.6) in later cases).
Therefore, all results in §5.2 and §6 remain true after base change.

6.3 Integral centralizer subalgebras. Let ϕλ = ϕ1
λλ as before. These are idem-

potents, called weight idempotents. With these idempotents, we see that both
Ŝ2
q (n, r) and S̄2

q (n, r) are centralizer “subalgebras” (without the same identity el-
ement, in general) of S2

q (n, r) of the form eS2
q (n, r)e for some idempotents e. In

addition, the q-Schur algebra is also a centralizer subalgebra of the q-Schur2 al-
gebra: Recall from [DJ3] the q-Schur algebra Sq(n, r) = EndH̄

(⊕
λ∈Π̄(n,r) xλH̄

)
,

where H̄ = H(W̄ ), and from (3.3.1) the coideal Ω0 of Π(n, r).

(6.3.1) Proposition. Let e =
∑

λ∈Ω0
ϕλ. Then e is an idempotent of S2

q (n, r) and
eS2

q (n, r)e is isomorphic to the q-Schur algebra Sq(n, r). Therefore, the restriction
of the bistandard basis described in (6.1.1) gives the (bi)standard basis for a q-Schur
algebra.

Proof. Let H′ = HZ′ where Z ′ is a commutative Z-algebra. We note that, for any
λ ∈ Ω0 (see (3.3.1)), xλH′ = xλH̄′ ∼= xλ̄H̄′ as H̄′-modules, where H̄′ = H̄Z′ . Thus
we have for λ, µ ∈ Ω0

HomH′(xλH′, xµH′) ⊆ HomH̄′(xλH̄′, xµH̄′) ∼= HomH̄′(xλ̄H̄′, xµ̄H̄′).

Now, applying [CPS1, (3.3.1)] gives the required isomorphism.

Note that the standard basis for a q-Schur algebra obtained in this way is the
q-analogue of J. A. Green’s codeterminant basis for a Schur algebra [G] (compare
[Gr]).
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Before stating our final results on S2
q (n, r), we observe a general theorem on

integral centralizer algebras. Let (O,K, k) be a local triple3 with O regular. Then
(O,K, k) determines a second local triple (Ô, K̂, k) where the completion Ô is the
completion lim

←
O/mi of O at the maximal ideal m. Let A be a finite O-free algebra

and e ∈ A an idempotent such that eAe is O-free. Put B = eAe.

(6.3.2) Theorem. The decomposition matrix of B is part of the decomposition
matrix of A. In particular, if A has a unitriangular decomposition matrix, so does
B.

Proof. Without loss of generality, we assumeO = Ô. Thus we have a decomposition
e =

∑
i ei over O such that each eiA is a PIM and e =

∑
j fj in AK with fjAK

irreducible. Then
dim HomAK (eiAK , fjAK) = dim(fjAKei)

= dim(fjBKei)

= dim HomBK (eiBK , fjBK),

as desired.

Applying this to the q-Schur2 algebras, we have immediately the following.

(6.3.3) Corollary. The decomposition matrix for each of the algebras Sq(n, r),
Ŝ2
q (n, r) and S̄2

q (n, r) is unitriangular and is part of the decomposition matrix of
S2
q (n, r).

(6.3.4) Remark. Due to the work of Dipper and James, the Hecke endomorphism
algebras Ŝ2

q (n, r) are important for the non-describing representation theory of finite
groups of Lie type (see [DPS1]), and this has largely motivated our investigation.
Several years ago (1993), we calculated that Ŝ2

q (2, 2,Fp) is quasi-hereditary when
p 6= 2 and q = q0 = 2. (More precisely, as remarked in [CPS4, p. 111], we calculated
that a Hecke endomorphism algebra associated to the finite group Sp(4, 2) is quasi-
hereditary over Fp, and used a correspondence of Dipper and James described
in [DPS1].) This result may now be viewed as a special case of our main theorem
(6.2.1), since it turns out Ŝ2

q (2, 2,Fp) is Morita equivalent to S2
q (2, 2,Fp). If q2 +1 is

not 0 in Fp, this may be seen by checking that the natural surjection π1H′ → π2H′,
defined as left multiplication by q + Tt2 , is split in this q0 = q = 2 case. If q2 + 1
is 0 in Fp, then a more detailed examination shows that π2H′ is the direct sum of
a summand of π1H′ and a ‘trivial’ module. The same arguments work whenever
q = q0 ∈ Z ′ and 2 (as well as q) is invertible in Z ′, showing Ŝ2

q (2, 2,Z ′) is quasi-
hereditary in this generality.
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