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ABSTRACT. We consider the general initial-boundary value problem

(1) % — F(z,t,u,Dlu, D%u) = f(z,t), (x,t) € Qr =Q x (0,T),

(2) G(z,t,u,D'u) = g(z,t), (x,t) € Sp =80 x (0,T),

3) u(z,0) = h(z), =z €Q,

where 2 is a bounded open set in R™ with sufficiently smooth boundary. The
problem (1)-(3) is first reduced to the analogous problem in the space
W3£4)’O(QT) with zero initial condition and

(3-21)0
Few?Qr), gew, ¥ (Sr).

The resulting problem is then reduced to the problem Au = 0, where the
operator A : W1§4)’0(QT) — [W1§4)’0(QT) " satisfies Condition (S)+. This re-
duction is based on a priori estimates which are developed herein for linear
parabolic operators with coefficients in Sobolev spaces. The local and global
solvability of the operator equation Au = 0 are achieved via topological meth-
ods developed by I. V. Skrypnik. Further applications are also given involving
relevant coercive problems, as well as Galerkin approximations.

1. INTRODUCTION AND PRELIMINARIES

This paper is devoted to the reduction of fully nonlinear parabolic problems
to operator equations involving operators satisfying Condition (S)4. This process
enables us to employ topological methods based on Skrypnik’s degree theory in
[14]. For simplicity, we consider only second order parabolic equations. However,
an analogous approach can be developed for nonlinear parabolic equations of higher
order with general nonlinear boundary operators satisfying Lopatynskij’s condition.

In what follows, the symbols R, R4 denote the real line and the set [0, 0),
respectively. The symbols 9D, D denote the strong boundary and the strong closure
of the set D, respectively, in a Banach space. We use the notation B(z,r) to denote
the open ball around the point « with radius r > 0. The symbols “—” (“—=") denote
strong (weak) convergence. Unless otherwise specified, the term “continuous”, for
a mapping f acting between two real Banach spaces, means that f is strongly
continuous.
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Let Q denote a bounded open set in R™ with sufficiently smooth boundary. We
consider initial-boundary value problems of the type

(1) P Pt D D) = fad), (1) € Qr =90 % (0.T),
(1.2) G(z,t,u,D'u) = g(x,t), (x,t) € Sp =090 x (0,T),
(1.3) u(z,0) = h(z), xe€Q,

in the space WZ§4)(QT) = Wé’Q(QT) for p > ”T*Q, p#£ 3.

We assume that F(z,t,€), (z,t,6) € Qr x RN N =1+n+ W), and
G(y,t,¢), (y,t,¢) € S x R"*! are sufficiently smooth functions. We also assume
that the following inequalities hold:

(14) Y Fala, .6 2 v(€D?,  (2,t,6) € Qr x RN, n e R,

lor|=2

(1.5) > Galy,t,Onaly) = v(C]),  (y.t,¢) € Sp x R

jal=1

Here, Fy(x,t,6) = %F(m,t,ﬁ), Gao(y,t,¢) = %G(y,t,g), N 1s the unit vector
in the direction of the outward normal to 99 at the point (y,t) € Sy, and v : Ry —
R+ is some continuous function. We have not imposed any growth restriction on
the behavior of the functions F(x,t,£), G(y,t, () with respect to £ and (.

The functions on the right-hand sides of (1.1)-(1.3) satisfy the inclusions

1 2

(16) FeWP(@n). gews s, hew, F@),
as well as some compatibility conditions for z € 992, t = 0. Note that from our
restriction on p and Sobolev embeddings (see Lemma 2.2 below) it follows that
f(z,t), g(x,t), h(xz) and the solution u(z,t) belong to Holder functions spaces. In
particular, f € C®%/2(Qr) and u € C>T%1%9/2(Q7), where 0 < § < 2 — (n + 2)/p.

In a standard way, it is possible to reduce the problem (1.1)-(1.3) to the analogous
problem in the space W*):%(Qr) with zero initial condition and f € W,EQ)’O(QT),

3-1),0 . . . :
g € Wp( ») (S7). In the rest of this section we assume that this reduction has
already taken place.
The main result of this paper consists of the reduction of the problem (1.1)-(1.3)

with zero initial condition to the operator equation

(1.7) Au=0

in the space W,§4)’O(QT) with a bounded and continuous operator A acting from
the space W,§4)’O(QT) into the dual space {W,S‘l)’o(QT)} . The operator A satisfies
“Condition (S)1”, which is defined as follows: for every sequence of functions
u; € W,§4)’O(QT), which converges weakly to some function uy and is such that
(1.8) lim sup(Au;, u; —up) <0,
Jj—oo

we have that u; converges strongly to ug.

We note that Condition (S)4 is Condition « in the monograph [13].

These properties of the operator A allow us to study the solvability of the equa-
tion (1.7) via topological methods developed by Skrypnik in [I3], [14]. Namely,
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Skrypnik created a topological degree function, Deg(A, D, 0), for such operators A,

where D is an open and bounded subset of WZ§4)’O(QT), provided that 0 ¢ A(0D).

The reduction of the problem (1.1)-(1.3) to an operator equation is based upon a
priori estimates for linear parabolic operators with coefficients from Sobolev spaces,
obtained in this paper, which are analogous to well known a priori estimates for
linear operators with smooth coefficients.

We also develop in this paper some applications of the topological approach. In
particular, we show the local solvability of the problem (1.1)-(1.3), the conditional
solvability of the same problem for an arbitrary time T, the solvability of the relevant
coercive problem, and the strong convergence of the Galerkin approximants.

In the case of a fully nonlinear elliptic boundary value problem analogous topo-
logical methods were developed in the monograph [14].

The local existence of the Cauchy-Dirichlet problem for fully nonlinear parabolic
equations was established by other methods in the papers of Hudjaev [4], Kruzhkov,
Castro and Lopes [6], and Sopolov [16]. The problem of the existence in the large
has been studied by Krylov [7], Lunardi [10] and Wang [I8]. The local approach
for problems with nonlinear boundary conditions was developed by Amann [2] and
Acquistapace and Terreni [1].

A priori estimates and the solvability of the problem (1.1)-(1.3) in the space
C2HAIHA2(Qr) with natural restrictions on the coefficients were established by
Dong [3], Lieberman [9] and Uraltseva [17]. The results of this paper involving the
solvability in W,§4)(QT) cannot be obtained from the results in [3], [9], [I7] and well
known a priori estimates of solutions of linear problems with smooth coefficients
[8]. On the other hand, using our approach and results from [3], [9], [I7], we can
establish the solvability in W,§4)(QT) of the problem (1.1)-(1.3) if we know a priori
estimates in C(Qr) for the solutions of the corresponding parametric nonlinear
problem.

This paper is organized in the following way. In Section 2 we formulate some
auxiliary propositions for the function spaces considered herein. We also state the
initial-boundary value problem and the corresponding problem with zero initial
condition. In Section 3 we reduce the differential problem to the operator equation
and formulate our main results. In Section 4 we derive a priori estimates for linear
parabolic problems with coefficients from Sobolev spaces. The properties of the
nonlinear operator A are studied in Section 5. Some applications of the topological
method to the study of the solvability of nonlinear parabolic problems are contained
in Section 6. In Section 7 we establish the strong convergence of the Galerkin
approximants for the parabolic problems under consideration.

2. STATEMENT OF THE PROBLEM AND PRELIMINARIES

1. Function spaces. We study below the initial-boundary value problem for
nonlinear parabolic equations in the cylindrical domain Q7 = Q x (0,7) x R"1,
where T" > 0 is a finite number and €2 is a bounded open set in R™ with smooth
boundary. We now elaborate on our notations, definitions and auxiliary results.
We use well known Sobolev spaces which can be found in [8]. Namely, we use

the spaces W,ﬁ’l/ 2 (Qr) for positive, non-integer, or even, numbers [, and the spaces
,i’l/Q(Q), WZI,’Z/Q(ST) for positive, non-integer [, which are defined in [8] pp. 5, 70,
81]. We assume that the boundary of the domain 2 belongs to the class C'°, where
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lo = max{l, 1}. We also use the notation

I, I,L
(2.1) W (Qr) =Wy (Qr), W (Sr) =W, (Sr),
and denote the norms in the spaces L,(Qr), W,Sl)(QT), Wzgl)(ST), Wi(Q) by
. o) o) @ tivel
I llp.@rs I lprs I+ sz [+ Il 00 Tespectively.
Analogounsly, we use the notation
(2:2) cV(@r) = H"2@r), C€"(Sr)=H"(5r),
for positive, non-integer I/, and denote the norms in these spaces by || - Hg)T and

I| - ||g;, respectively. The spaces H"'/2(Qr), H“'/2(S7) can be found in [8] pp. 7,
81].

We use multi-index notation. Let o = (a1, ... , @) be a multi-index with non-
negative integer components «; and length || = ay+. . .+ay,. For £ = (&1,...,&,) €
R™ we let £€* = &7 -+ - £, We also let

D%@,t):( 0 >a< 0 )a w(zt), Drulw,t) = {Du(z,t) : |a] = k}.

Oy s

The study of initial-boundary value problems for parabolic equations is based on

properties of traces of functions from the spaces W,El)(QT) which are given in the
following lemma.

Lemma 2.1. Assume that | is a positive even number and 1 < p < co. Then, for
an arbitrary function u € Wzgl)(QT), we have

8 S1 (k) (l) 2
(2.3) (E) D% < Cillullyg,, 281+ laf <1- -,
P,820 p

and
a S2 (]) (l) 1
(2.0 (5) P . <Calullll, zsatial <t
p,ST / p

where k =1—2s1 — |a| — %, Jj=1-2s2—|08|— 1—1), Qo = Q x {0}, and the constants
C1, Cy are independent of u.

The proof of Lemma 2.1 can be found in [5].
We also need some interpolation estimates for domains of small diameters. We
formulate these estimates only for the model domains considered herein.

Lemma 2.2. Assume thatl is either an even integer or a non-integer positive num-
ber, 1 < p < 0o, Gr(r) = B(r) x (0,T), B(r) = {z e R" : |a| <r}, GP(r) =
Gr(r)n{z, =0}, G(Tl)(r) = Gr(r), and let u(x,t) be an arbitrary function in the
space W,gl)(GT(r)). Then, for i = 0,1, the following estimates hold with 0 < h <
min{r,VT} and constants C3, Cy, Cs independent of u, h.

(i) The inequality

o\’

(2.5)

€ l -
' < C3h! {|u|;§),)GT(r) +h l||u||p7GT(7")}
.Gy (r)



PARABOLIC PROBLEMS 4607

holds for all s, «, €; satisfying the condition

(2.6) G =1-

—a; >0, wherea; =0, ag = —.

2s + | 1
] Ip

(ii) The inequality

o |(2)

holds, where s, «, €; satisfy the condition (2.6) and the non-integer numbers
k; are such that 0 < kg < egl, 0 < k1 < €1l.
(iii) The inequality

(ki)
< C’4hl61 {|U'|p Gr(r) + h_lHqu,GT(T)}

p.GY(r)

(2.8) Jul @), < Cs

T {1l + 0l

p,Gr(r) ILGT(T)}

holds, where Ip > n + 2 and the number j is such that 0 < j < [ — 2+2

The assertions of Lemma 2.2 follow from the results in [5]. Another interpolation
inequality is given by the the next lemma.

Lemma 2.3. Let! be a positive integer and 1 < p < oo. There exists a constant Cg,
independent of u and T, such that for any u € Wzgl)(QT) N Loo(Qr) the inequality

(2.9) oDl o, < Co ] D 1Dl g - Ul 8y + TlulL g,

ol =7 loe| =t
holds with j =1,...,1—1, r; = lj—’,’. Here, || - |loo,Qr 1S the norm of Loo(Qr).

The inequality (2.9) follows from the Nirenberg-Gagliardo interpolation inequal-
ity [12] for a fixed value of ¢ and a subsequent integration over t.

We shall study the solvability of nonlinear initial-boundary value problems with
zero initial condition. To this end we need some particular subspaces of the spaces

(l)(QT) and W, [Sl)(ST) consisting of functions vanishing on €.

For a positive and even [, we define W, (l) %(Qr) to be the subspace of W,S”(QT)
consisting of all u € W, (l)(QT) satisfying the zero initial conditions

OFu(z,t)

(2.10) o

=0, (z,t)eQ, k=0,1,...,=—1.

N |~

The space W,Sl)’O(ST) is defined, for a non-integer [, to be the subspace of W,S” (St)
consisting of all u € W,Sl)(ST) satisfying the conditions (2.10) as follows:

(i) for k=0,1,...,[§] = 1,if p (% — [i}) <1

(ii) for k=0,1,...,[t] ifp($ = [£]) >
The following properties are known (see [8 Chapter 4, Section 4]). If a(x,t) is

the extension of the function u € Wpl °(Qr) on the domain Q x (=T, T), so that
w(z,t) =0, (z,t) € Q x (=T,0), then the function v(z,t) = a(z,t — T) belongs to

the space W,Sl)(QQT). An analogous property is valid for functions in W;”’O(ST).
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2. Formulation of the main assumptions. We denote by A the number
14+n+ "TH We shall write the vectors of ¢ € RY in coordinate form as & =
{&a : |a] <2}. In what follows we shall always assume, without further mention,
that the boundary of the domain €2 belongs to the class C* and that the number p
satisfies the condition

n+2
(2.11) p > 5 p # 3.

We shall investigate the solvability in Wp (QT) of the nonlinear initial-boundary
value problem (1.1)-(1.3), and assume that the following conditions are satisfied:

Fy) the real valued function F(z,t,£) is defined for (z,t) € Qr, ¢ € RV, and has
continuous derivatives up to the third order; moreover, F(z,t,0) = 0;

F,) there exists a continuous nonincreasing function v : Ry — R such that for
every (z,t) € Qr, £ € RN, n € R" the inequality

(2.12) > Fala,t,On* = v((€))nl®
|a]=2
holds, where n® = n{"* ... 09" and Fy(z,t,§) = 85 F(z,t,¢);
G1) the function G(z,t,() is defined for (z,t) € S, ¢ € {¢o @ |a <1} € R™H!
and has continuous derivatives up to the fourth order; moreover, G(z,t,0) =
0;
Go) for every (z,t) € S7, ¢ € R™*! the inequality

(2.13) > Gala,t,Onal@) > v(¢))

jal=1

holds, where n(z) = {n.(z) : |a| =1} is the unit vector in the direction of
the outward normal to 99 at the point z and G, (z,t,() = 8{ G(z,t, Q).

The functions on the right-hand side of (1.1)-(1.3) satisfy the inclusions (1.6).
We shall assume that these functions satisfy the compatibility conditions for = €
09, t = 0. These conditions involve the fact that the function kA and the derivative
%u, which can be determined for ¢ = 0 by means of the equation and initial con-
dition, must satisfy, for x € 09, ¢t = 0, the boundary condition and the inequality
which follows from the boundary condltlon after differentiation with respect to t.

We use the notation u(?(z) = at u(z,t)|t=0, = € Q. In view of (1.1) and (1.3),
this function is determined by the equality

(2.14) uM(z) = F(x,0, h(z), D h(x), D*h(z)) + f(z,0).

We say that the “compatibility condition of the first order” is fulfilled for the
problem (1.1)-(1.3) if for € 99 the following equalities hold, where Gi(x,t,() =

G (@, 1,0) :
G(z,0, h(z), Dlh(x)) = g(z,0),

Gy(z,0,h Gol(x,0, h(z), D h(z))D*u (2

(2.15) ( (z) |az<:1 () (z)
_9g(,0)
ot

If only the first equality in (2.15) is true, we say that the “compatibility condition
of zero order” is fulfilled for the problem (1.1)-(1.3).
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Definition 2.1. We say that the initial-boundary value problem (1.1)-(1.3) sat-
isfies the “compatibility condition” if the compatibility condition of zero order is
fulfilled for ”T“ < p < 3, or the compatibility condition of the first order is fulfilled

forp>”T+2,p>3.

We shall reduce the problem (1.1)-(1.3) to the problem with zero initial data. In
this case the fulfillment of the compatibility condition follows from the fact that the

right-hand sides of the equation and the boundary condition belong to WISZ)’O(QT)
and W,§3_5)’0(ST), respectively.

We start with two elementary lemmas which will be useful in this section as well
as later.

Lemma 2.4. Let p > "T*Q, and let ®(x,t,v) be defined for (x,t) € Qp, v =
(v1,...,var) € RM, and have continuous derivatives up to the second order. Then

the operator ® defined by

(2.16) (8(0)] (@,6) = B(a.t, v(a, 1))

. . : (2),0 M (2)
is bounded and continuous acting from the space {Wp ’ (QT)} into Wp™ (Qr),
where v(z,t) = (vi(z,t),... ,op(z,1)).

Lemma 2.5. Let p > ”T*Q, and let U(x,t,w) be defined for (z,t) € Sp, w =
(wi,...,wr) € RM, and have continuous derivatives up to the third order. Then

the operator ¥ defined by
(2.17) ()] (,0) = Wi, t,w(a, 1))

for w(z,t) = (wi(x,t),... ,wp(z,t)) is bounded and continuous acting from the

1 M 1
space [WISB_E)’O(ST)] into W;E3 ”)’O(ST).

The proofs of the two lemmas above follow from direct evaluation of the norms
of the functions in the right-hand sides of (2.16) and (2.17), Lemmas 2.2 and 2.3,
and the embedding theorems.

We formulate the problem with zero initial condition in the following manner:
find a function u € WZ§4)’O(QT) such that

ou

(2.18) i F'(z,t,u,D'u, D%u) = f'(z,t), (x,t) € Qr,
(2.19) G'(z,t,u, D u) = ¢/(x,t), (x,t) € Sr,
where

3—-1)0
(2.20) [ e w®0Qr), ¢ e Wy (sp),

and the functions F(z,t,£) = F'(x,t,§), G(z,t,() = G'(z,t, () satisfy Conditions
F,) and G3), as well as the following smoothness conditions:
F3) the function F(z,t,€) is defined for (z,t) € Qr, € = {& : || <2} € RV,
and has continuous derivatives of the first order with respect to &,, |a] < 2;
moreover, F(z,t,0) = 0;
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Fy) the operators ﬁa, defined by
(221)  [Fa()] (@) = Fale,t,u(z, 1), D'u(z,1), Du(z,t), o <2,

are bounded and continuous acting from WIE4)’O(QT) to W,§2> (Qr) with p
satisfying Condition (2.11) and F,(x,t,&) defined in Condition F5);

G'3) the function G(z,t,(), defined for (z,t) € Sr, ( = {(o : |a] <1} € R™T,
has continuous derivatives of the first order with respect to (,, |a| < 1;
moreover, G(z,t,0) = 0;

G4) the operator (N?g, defined by

(222)  [Ga(w)] (5,1) = Ga(a, b, u(e, 1), D'ul, 1)), 18] < 1, (2,1) € Sr.,

31
is bounded and continuous acting from W,g4)’0(QT) into VV,E‘3 ”)’O(ST) with

p satisfying Condition (2.11) and Gg(z,t,() defined in Condition Gs).
Now we elaborate on the reduction of the problem (1.1)-(1.3) to the problem with
zero initial condition by assuming the above conditions. Using extendability results

from [5] and [8, Theorem 4.4], we define a function v € WZ§4)’O(QT) which satisfies
the initial conditions

k
(2.23) S0 (@ t)li=0 = uM(x), k=0,1,
and the estimate
1 2
(4—2k—2)
4 P
(2.24) loll$, < Co > H“(k) e 7
k=0 ’

where u(®)(2) = h(x) and u®) (x) is the function defined by (2.14).
We now introduce a new function u; (z,t) by the equality

(2.25) up(x,t) = u(z, t) — v(z, t).

If u(x,t) is the solution of the problem (1.1)-(1.3), then u(z,t) is the solution of
the boundary value problem

e20) - At D D) = filed), (00 € Q.
(2.27) Gi(z,t,ur, D'uy) = g1 (z,t), (x,t) € Sr,
where
Ov(z,t) L )
(228) fl(x’t) - f(x’t) - ot + F(m,t,v(x,t),D ’U(:L‘,t),D U((E,t)),

g1(z,t) = g(x,t) — Gz, t,v(x, 1), Dlv(x,t)),

and the functions F;, GGy are easy to evaluate.
We can check that if Conditions Fy), F3), G1), G2) and the compatibility con-
ditions are satisfied, then the following three conditions hold.

a) the functions Fy(z,t,£), Gi(z,t,(), defined by (2.46), satisfy Conditions
F,), Ga) (with some function v;(s) instead of v(s)) and Conditions F3), Fy),
G3), Ga);
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b) the functions uq(x,t), fi(z,t), gi(x,t), defined by (2.25), (2.28), satisfy the
inclusions

3-1)0
(229)  w e WHQr), fL e WOOQr), g1 € W (80);

¢) u(z,t) is a solution of the problem (1.1)-(1.3) if and only if u; () is a solution
of the problem (2.26), (2.27).

Consequently, we only need to study the solvability of the boundary value problem
with zero initial data.

Remark 2.1. We should note here that the problem (1.1)-(1.3) can be formulated
under weaker smoothness conditions on the functions F(z,t,£), G(x,t, () than
Conditions F1), G1). This can be achieved by replacing Fy), G1) by the conditions
F5), Fy), G3), G4).

3. REDUCTION TO THE OPERATOR EQUATION
AND FORMULATION OF THE MAIN RESULTS
(4),0 (4),0 :
We shall construct a nonlinear operator A: Wy (Qr) — [Wp ’ (QT)} satis-

fying Condition (S)+ (see [13], [T4]) and such that the solvability of the boundary
value problem (2.18), (2.19) is equivalent to the solvability of the operator equation

(3.1) Au=0, ueWHQr).

By [W#)’O(QT)} we mean the dual space of the space WIE4)’O(QT).

We shall omit the primes in our notation for the problem (2.18), (2.19). Thus,
we shall consider the problem

ou

(3.2) Frie F(x,t,u, D'u, D*u) = f(z,t), (x,t) € Qr, uc W]§4)’O(QT),
(3.3) G(z,t,u,D'u) = g(z,t), (x,t) € Sr,
where
3—-1)0
(34) FeWPQr), gew,” P (Sy),

and the functions F(x,t,£), G(z,t,() satisfy conditions F») — Fy, G2) — G4), re-
spectively, while p satisfies (2.11).
We introduce the operators L(u), B(u) by

(3.5) Lwp =3 Fale,t,u,D'u, D*0)D6, (1,t) € Qr,
<2
(3.6) B(u)¢ = Z Gg(x,t,u,Dlu)Dﬁqb, (z,t) € St,
[B]<1

where u, ¢ € W,§4)’O(QT) and Fo(z,t,§), Gg(x,t,¢) are defined in Conditions
Fy), Gs). It is clear that, for a fixed function w, the operators L(u), B(u) are
linear.

Lemma 3.1. Assume that Conditions (2.11), Fy) — Fy), G2) — G4) are satis-
fied. Then there exists a continuous nondecreasing function wi : Ry — Ry such
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that the inequalities

(3.7) IL(w)o )2, < wi(llull$h,) - | ,,QT,
(3.8) 1B@s S5 <wn(lulh,) - 16155,

hold for arbitrary functions u, ¢ € WZ§4)’O(QT).

Proof. We set R = ||u||p 0.+ By Condition Fjy), the norms of the coefficients of

the linear operator L(u) in W;E )(QT) are bounded above by C’(R), where C' is a
nondecreasing function. Using Lemma 2.4, we obtain the estimate

IL(u)o| 7, < C"(R), for [|]|\'%, =1,

where C” is a nondecreasing function. From the last estimate we immediately obtain
(3.7). The proof of (3.8) is similar, using Lemmas 2.1 and 2.5. O

Noting that
1
F(z,t,u,D'u, D*u) = / L(su)uds,
0
(3.9) )
G(x,t,u,D'u) = / B(su)uds,
0
we obtain from Lemma 3.1 the following corollary.

Corollary 3.1. Assume that the conditions of Lemma 3.1 are satisfied. Then for
URS WIE4)’O(QT) the inequalities

2
10) I1F (- u, D u, D) |2, < wi(] ,,QT>-Hu|,,QT,
’ (3-1)
||G(7 7U' D2 )|p7ST <w1( pQT) pQT

hold with the same function w1 as in Lemma 3.1.

We now introduce the operators

Ap  WEIQr) x W(Qr) — WiV @n)]

sy - [wEoen]

Ap : WIY(Qr) x Wy
the first of which corresponds to the differential equation (3.2) and the second to
the boundary condition (3.3). We define, for u, ¢ € W, (4) 2(Qr), ve W(Q) 2(Qr),

(Ap(u,v),¢) = /Q ) w[(%) Dav(a:,t)}

(3.11) " 2st|af<2
0 O¢(z,t)
A=) po
(o) > [
where the function v, : R — R is defined by
(3.12) byls) =I5l 5.
In (3.11) and later, we use, for ¢ € W,§4)’O(QT), le [Wé‘l)’O(QT)} , the symbol
(1,6) to denote the value of the functional [ at the function ¢. From Lemma 3.2,

— L(u)é(x, t)} dxdt,
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which will be formulated below, it follows that the operator Ag is well defined by
(3.11).

For the definition of the operator Ap we introduce local coordinate systems near
the boundary 052, which belongs, by our assumption, to the class C*. Let n(£) be
the unit vector in the direction of the outward normal to 92 at the point £ € 9. A
cartesian coordinate system {y}, with the origin at £ and its y,-axis directed along
n(€), is called a “local coordinate system”. We choose a finite collection {U/;}, i =

, I, of open sets such that (a) Ule U; O 99, and (b) for some point &; € U;NON
and some positive number d the set U; N OS2 is given in a local coordinate system
{y} at the point &; by the equation

Yn=hi(y), ¥ =@1,....yn—1) € B'(d)={y : |y| <d},

where h; € C*(B’(d)). For the function u(z,t) defined on Sz we define u)(y/,t),
(y',t) € Dr(d) = B'(d) x (0,T), by u)(y/,) = u(z,1), for = = oy, hi(y')), where
¢ is the transformation corresponding to the system {y} at &;.

We define, for u, ¢ € W(4) O(QT) and w € W ) (ST)

(3.13) (Ap(u,w),0) = > (AY (u,w), 9),

where

(3.14) i=1

o1 / / W [(8) o (3) oranic]

{ <8t) D2 [Bu)g]™ (1) — (%)S D8 (B(u)g]? (Z/,t)}

dz'
’ Iy — z/|n+p72’

=1 7=125+|B|=j 0
(3.16) v K%ypgw%/’” ) <%>SDE’“’@ (y/’ﬂ]
{(5) 22Bwa® w0 - () DiBwa® w0
dr
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where p(1) =p+ 1, p(2) = 3(p+1) and S denotes the sum over multi-indices 3
with last component §, equal to zero. The function 1), in (3.14)-(3.16) is defined
in (3.12).

From the following lemma we obtain that the right-hand sides of (3.11) and
(3.13) generate continuous linear functionals with respect to ¢ € Wé4)’O(QT) for
fixed functions u, v, w that make the operators Ag, Ap well defined.

Lemma 3.2. Assume that the conditions of Lemma 3.1 are satisfied. Then there
exists a continuous nondecreasing function wy : Ry — Ry such that the inequalities

p—1
(Ap(u,0), 0 < walllull§y,) - (1155, - el

p,QT’
(317) @ (3_1) p—1 @
[(Ap(u, w), §)| < wa(llull,q,) - {IIWIP,ST”} ol o,
hold.

Proof. The estimates (3.17) follow immediately from Lemma 3.1 and Hdlder’s in-
equality. [l

We now define the operator A : W,§4)’O(QT) — [W#)’O(QT)} by

Au = Ag(u, % — F(x,t,u, D u, D*u) — f(z,1))

+ Ap(u, G(z,t,u, D'u) — g(z,1)).

Taking into consideration Corollary 3.1 and Lemma 3.2, we obtain that the operator
A is well defined.

For the formulation of the main properties of the operator A we need the notion
of Condition (S)4, which we state below for an arbitrary reflexive Banach space X
with dual space X*. For arbitrary elements v € X and [ € X* we denote by (I, u)
the value of the functional [ at u.

(3.18)

Definition 3.1. We say that an operator H : X — X* satisfies Condition (S)+
on X if for every sequence {u;} C X satisfying the conditions
(3.19) uj — up, limsup(Hu;,u; —ug) <0,
Jj—o0
for some element ug € X, we have u; — uo.
The fundamental results of this paper are given in the following theorems.

Theorem 3.1. Assume that Conditions (2.11), (3.4), F2) — Fy), Ga) — G4) are
satisfied. Then the operator A, defined by (3.18), is bounded and continuous, and

satisfies Condition (S)4+ on W,§4)’O(QT).

Theorem 3.2. Assume that the conditions of Theorem 3.1 are satisfied. Then a
function u € W,§4)’O(QT) is a solution of the boundary value problem (3.2), (3.3) if

and only if it is a solution of the operator equation (8.1) with the operator A defined
by (5.18).

Theorems 3.1 and 3.2 will be proved in Section 5 after we establish, in Section
4, a priori estimates and solvability results for linear parabolic problems in Sobolev
spaces. In addition, by using the results of Section 4, we shall prove the following
uniqueness theorem.
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Theorem 3.3. Assume that the conditions of Theorem 3.1 are satisfied. Then the
boundary value problem (3.2), (3.3) can have at most one solution.

Obviously, a uniqueness theorem analogous to Theorem 3.3 is also valid for the
initial-boundary value problem (1.1)-(1.3) if Conditions (2.11), (1.6), Fy), F»),
G1), G2) and the compatibility condition are satisfied. This follows immediately
from the reduction of the problem (1.1)-(1.3) to the problem with zero initial con-
dition in Section 2 above.

On the basis of Theorem 3.1 we can now see the feasibility of applying the degree
theory of the monograph [14] to the operator A. Let D be a bounded open set in

WI§4)’O(QT) and let
(3.20) Au#0, u e oQ,

where the operator A is defined by (3.18). Then from [I4] we see that the degree
Deg(A,D,0) is well defined with respect to D and the point 0 € {W,ﬁ‘l)’O(QT)}

This degree function is integer-valued.

Theorem 3.4. Assume that the conditions of Theorem 3.1 are satisfied. Then for
every open and bounded set D C Wé4)’O(QT), such that Condition (3.20) is satisfied,
the degree Deg(A,D,0) of the operator A in (3.18) is well defined.

The degree of the operator A provides us with a topological characteristic for
the nonlinear parabolic problem (3.2), (3.3). Using the degree theory from [13] and
[14], it is possible to study the solvability of this problem via topological methods.

We formulate below two results which will be proved by topological methods. We
first state a result on the local solvability of the problem (1.1)-(1.3).

Theorem 3.5. Assume that Conditions (2.11), Fy), F»), G1), G2) and the com-
patibility condition are satisfied, and let IKC be a positive number. Then there exists
a positive number Ty such that the initial-boundary value problem (1.1)-(1.3) has a

unique solution u € WI§4)’O(QT) if the inequalities

(3.21) /]

are satisfied and 0 < T < Ty.

2 -1 (a-2)
par <K lgls,” <K Il qp <K

The following theorem contains a result on the global solvability of the nonlinear
problem provided that we have an a priori estimate for a solution of it. We include
the problem (3.2), (3.3) in the parametric family of similar problems with functions
F.(x,,€), Gy(z,t,), 7 € [0,1], such that

(322) F((E,t,f) = Fl(xvtag)v G((E,t,C) = Gl(xat7C)'

In particular, this family can be chosen as follows:

(3.23) Fr(a,t,8) =7F(2,6,§) + (1= 7) Y Fal@,1,0)a,
lo]<2

(3.24) G:(z,t,¢) =7G(z,t,{) + (1 —7) Z Gp(x,t,0)g.
181<1

Theorem 3.6. Let F(1,z,t,&), G(1,y,t,{) be defined and continuous for T €
0,1, 2 € Q, y € 0Q, t € [0,T], ¢ € RN, ¢ € R*"'. Assume that for every
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T € [0,1] the functions

(3'25) FT(x5t7 E) = F(T7 x? t? 5)7 GT(y7 t’é’) = G(T7y5t7 C)

satisfy Conditions Fy) — Fy), Gao) — Gy4) of Section 2, respectively, and assume that
(2.11) and (3.4) hold. In addition, assume that for the given functions f, g there
exists a constant R such that for an arbitrary possible solution u, € W154)’0(QT) of
the problem

0
(3.26) 5‘_1: — (2, t,u, D u, D*u) = 7f(2,t), (x,1) € Qr,
(3.27) G, (x,t,u,D'u) = 7g(z,t), (x,t) € Sr,
the a priori estimate
(4)
(3.28) lurll ), < R

is valid. Then the problem (3.2), (3.3) has a unique solution u € WZ§4)’O(QT).

Theorems 3.3, 3.5 and 3.6 will be proved in Section 6. As a particular case of The-
orem 3.6 we obtain the solvability of coercive nonlinear parabolic problems. We say
that the initial-boundary value problem (3.2), (3.3) satisfies a coercivity condition
if

lim H@ — F(-,-,u, D'u, D?u)
(329)  Jullly,, —oo

P,QT

&) (3_1)
+ HG(-, -,u,Dlu)HpﬂTp }
p,QT

= to00.
From Theorem 3.6, with F.(z,t,§) = F(x,t,§), G-(z,t,{) = G(z,t,(), we have
the following corollary.

Corollary 3.2. Assume that Conditions (2.11), Fy) — Fy), G2) — G4) are sat-
isfied and the problem (3.2), (3.8) satisfies the coercivity condition (3.29). Then

the problem (3.2), (5.3) has a solution u € W154)’0(QT) for arbitrary functions
)0
(ST).

(2),0 (3~
FeWw,”(Qr),ge W, *
4. A PRIORI ESTIMATES FOR LINEAR PARABOLIC PROBLEMS
WITH COEFFICIENTS FROM SOBOLEV SPACES

The study of the properties of the operator A, introduced in the preceding sec-
tion, is based on results involving the solvability of and estimates for linear parabolic
problems with coefficients from Sobolev spaces which are proved in this section. Let
us consider the initial-boundary value problem

(4.1) Lu= % — ao(z,6) D% = f(z,t), (z,t) € Qr,
laf<2
(4.2) Bu= Z bg(z,t)DPu = g(x,t), (x,t) € Sr,
|B1<1
(4.3) u(z,0) = h(z), =z

We assume that the domain 2 is a bounded set in R™ and that its boundary belongs
to the class C*. We also assume that the following conditions are satisfied:

a1) The functions aq(z,t), |a| < 2, are defined for (x,t) € Qr and belong to the
w2 0.
space Wp™ (Qr);
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az) there exists a positive constant vy such that for every (z,t) € Q5, n € R™ we
have

(4.4) Z ao (T, )N > voln|*;
|a]=2
b1) the functlons bg(x,t), |B| < 2, are defined for (z,t) € S and belong to the

space W ;)(ST);
ba) for every (x,t) € S5 the inequality

(4.5) > ba(, hng(x) > v
1Bl=1

holds, where n(z) = {ng(x) : |B] =1} is the unit vector in the direction of

the outward normal to 92 at the point x, and v is the same number as in

(4.4).
We also assume that

31 4—2
(4.6) fe WP (Qr), ge W, " (S1), he W, " (9)
and that the compatibility condition holds for the problem (4.1)-(4.3) in the sense
of Definition 2.1 for
n+2

(4.7) P> p#3

Theorem 4.1. Assume that the boundary of the bounded domain ) belongs to the
class C*, T € (0,T), and Conditions (4.7), a1), az), b1), ba) are satisfied. Then, for
any functions f, g, h, satisfying (4.6) and the compatibility conditions the initial-
boundary value problem (4.1)-(4.83) has a unique solution u € Wp (QT) This so-
lution satisfies the following a priori estimate:
3—1 412
e+ lalls? + Il | <

e
< {112, b

with positive constants K1, Ko dependz'ng only on Q, T, n, p, vy and the norms
1

10 QT
(4.8)

of the coefficients ao, bg in the spaces Wp (QT) 153_;)(ST), respectively.

Remark 4.1. We use the symbols IC;, i = 3,4, ..., to denote constants that depend
only on the same parameters as those of Iy, Ko above.

Proof of Theorem 4.1. Thanks to the reduction of the problem (4.1)-(4.3) to the
problem with zero initial data, shown in Section 2, it is sufficient to prove Theorem
4.1 for

(4.9) FeWD0Qr), ge W (S, hiz) =0.

We are going to show below that the solution of the problem (4.1)-(4.3) lies in the
(4),0
space Wy """ (Qr).
First, Theorem 4.1 will be proved for sufficiently small Ty. To this end, we
construct a bounded operator

(2,3-1),0 (3-1),0

(4.10)  R:W, ~ *(Qr,S7) = WP(Qr) x Wy~ " (Sr) — WV (Qr)
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so that for every pair of functions ¢ = (f,g) satisfying condition (4.9) and every
function v € WZ§4)’O(QT) the equalities

(4.11) PR =¢+ M¢p, RPv=v+ Nv
hold, where
(4.12) Pv = (Lv, Bv)

1
and M, N are bounded operators in the spaces WZEQ’?’?;)’O(QT, St) and WZ§4)’O(QT),
respectively. The norms of these two operators are bounded above by % if Tp is suf-
ficiently small.

Let A be a positive number. We choose a finite cover of Q by open balls B(xy, %),
k=1,...,K,sothat z;, € Q, r,, < X. We choose three collections of functions {&;},
{me}, {¢}, k=1,...,K, so that the following conditions are satisfied:

1) &, nk, G € CP(R™), k = 1,...,K; the supports of these functions are

subsets of B(xg, ), respectively;

2) the identities

ng(m) =1, ze€q,
k

Ee(@)ni () = & (@), me ()G () = me(2), = € RY,

hold for k = 1,... ,K; here and below the sum over k is meant to be from 1
to KC;
3) for every z € R" and k =1,..., K, we have

0<&(@) <1, 0<mi(z) <1, 0<G(z) <1,
D6k ()| + D ()] + [D*Clw)| < CoA™*l, for |a < 4,

(4.13)

(4.14)

with the constant Cy depending only on n.

We may also make the above choice so that the estimate

(4.15) > xilx) <Gy
k

holds, where the constant C is independent of A and xj is the characteristic func-
tion of the ball B(xg, ). We assume that A is sufficiently small to guarantee that
B(zg, ) NOQ C Uy, for some ¢ = i(k), 1 < i < I, where {U;} is the covering of
0 which was chosen for the definition of the operator Ap by (3.13)-(3.16).

We introduce the operator R(*) which maps the pair (f, g) satisfying (4.6) to the
solution of the initial-boundary value problem

k o 811, -
(4.16) Liv= =~ % to(zk, 0)D% = f(x,1), (x,1) € Qr,
(4.17) BMv= 3" bs(ax,00D% = g(a,t), (x,t) € Sr,
161=1
(4.18) v(z,0) =0, ze€l.

The unique solution v = R¥)(f, g) of this problem exists in Wé4)’O(QT), and the a
priori estimates
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(3-1)
(4.19) ), < {||f||,,QT+||g|p,sT }

are valid (see, e.g., [8], [TH]).
We define the operator R, which acts according to (4.10), by

Ro =" &,
(4.20) k

v = R®) (g, f, 11,9,

where ¢ = (f, g). We are going to verify that under this definition of R the equalities
(4.11) hold true and the norms of the operators M, N are sufficiently small if Tj
is small enough. We use the notation

(4.21) Mi¢ = LR$— f, Map = BR¢ —g.

Using (4.13) and the definition of vy (z,t), we have

(4.22) Mg = Z { (§xvr) — Ep Loy + & (Luy, — L(()k)vk)} ,

(4.23) Mggﬁ Z { fk’l)k kavk + fk (B’Uk — Bék)vk} .

We interrupt this proof for two lemmas.

Lemma 4.1. Assume that the conditions of Theorem 4.1 are satisfied. Then there

exist positive numbers A1, ki1, depending only on the same parameters as those of
K1, Ko of Theorem 4.1, such that for

(4.24) T=Mk 0<A<)\, 0<rx<min{l, s},

the inequality

p 1 2 13V\ P
az9) (a0, )"+ (aol’s?) < 5 {(10186,)" + (lals?) |
holds.

Proof. We consider only the evaluation of the principal summands in the represen-
tation of M1¢ :

(4.26) Mip=>">" &(2)laa(z,t) — an(zk,0)] Dvi(a, 1),
k |a|=2
(4.27) M, ¢ = Z Z DY &, () an (z, )D vp(z, 1),
a+a '=a
lal=2, a'>0

and the analogous summands in the representation of Ma¢p. We assume that T =
A2k, 0 < k < 1. Using the inequality (4.15), we obtain

!’ p
(128) {ImiolC0,} <k rP 1P+ S 1.6 ¢

k |8+B" 46| <2
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where

= Baa(@. )| | pa ’
W= 2 /(k)[ ‘ ot [D%vg(z,t)|| ddt,

lee|=2

(2) _ z) laa(z,t) — an(x gavx
- —6;2/? 60 o0 (0.1) = an 0,01 |5 D01

@, 6,6 = Z /(k) ‘DB (e ‘ ‘DB aa(x,t)—aa(xk,o)]‘
la|=2

P
] dxdt,

1 p
"Dwfﬁ vk(x,t)H dxdt,

where Q(Tk) ={B(xk,A) x (0,T)} N Q7.
For the evaluation of the integrals in (4.29) we shall use the following estimates:

o\° 1)
4.30 Z) p < KsT2 % (
N O
for 2s + |y| = j < 4,
s (6)
0 1 o
(4.31) ‘(E) Dl < KTy |(6Q(k)7
QY
and
s (0) s (9)
(4.32) <2> Dlu| < K;T%- (2> Du|
ot QP ot k)

for 2s+|y| =4, 0<d<4—j— "TJjQ and any function u € W1§4)’0(Q¥)).
The inequalities (4.30), (4.31) follow from Lemma 2.2 and Poincaré’s inequality,

while (4.32) follows from the definition of the space W,g4)’0( gc))
Using Lemma 2.3 and (4.30), (4.31), we obtain the estimate

) s 2p . 7,+2 “ 2p
(4.33) H(&> Du < KsT5! ){|u| Qw} ,

2p,Q%
for 2s 4+ |y| =3, u € W,§4)’O(Q(7{€)).
Now we are able to find upper bounds for the summands on the right-hand side
of (4.28). Using (4.30)-(4.32) for the function vy(x,t), we obtain the estimate

p
(4.34) 10+ 3 1P(0,87,0) < KeT350) {Ivkl( QW} :
[B”|<2

From Condition a;), (4.7) and Lemma 2.2 it follows that a, € C®)(Qr,) with
0<dp<2— "TTQ. Using these and (4.14), (4.30), we have the estimate

p
(4.35) P+ Y 1o, 6”’)<K10Ap5°{|vkl(Q<k>} :

|8+6"|<2
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The inequality

p(g_nt2
(4.36) > Y @887 <knTte ﬂ{w;“gw}
|67]=1 |6"+6""|=1 o

can be obtained from Lemma 2.3 (for D?" a,(x,t)), the estimates (4.30), (4.33) for
the function vg(z,t), and Hélder’s inequality.
Taking, the estimates (4.34)-(4.36) into consideration, we obtain from (4.28)

n+2 5 p 4 p
» )_|_/\0} .zk:{|vk|;7)Q¥>} .
From this inequality and (4.19), (4.20) we get the estimate
’ 2 p 1o _n+2 p
{||M1¢||,(,722T} < Kis {T4(2 v )\60}

@) 3-3)"
> ||77kf||p7Q¥e> + ||77k9||p,S<Tk> g

k

’ p 1o
(3 {IM6ly, | < K {T5¢

(4.38)

where S(Tk) = {B(zk,A) x (0,7)} N Sp. We note that K13 depends on the same
parameters as K1, Iz in Theorem 4.1. In particular, K13 depends on T, but not on
T itself.

We evaluate the right-hand side of (4.38) by using the estimates

©) el (@)
(4.39) ||D"f|\p7Q¥c) < Ky T2 |f|p7Q¥c), for |o| < 2,

\° ;
(4.40) H(&> D), g%

a_ s 3—1
< KuTHE ) g * 2] for 25+ Ja] = j <2,
Do

p,D(Ti’k)
and
(4.41) DO < KT 0 1% for 0 < 1 <i<3-1
. g p’,Déj,k) S Ag g p,S(Tk)v = p.
Here, [] is the greatest integer function, v = (y1,... ,7m_1), ¢ (¥/,1) is the value

of the function g(z,t) in the local coordinate system corresponding to the set

U;, © = i(k), and the set D(Tz’k) corresponds to S(Tk) after transformation to the local
coordinates. The inequalities (4.39), (4.41) follow from Lemma 2.2 and Poincaré’s
inequality.

Using (4.40), (4.41) and the condition on T, we obtain the estimate

2 B-H1" 2 e-H1"
@i S {1+ gl B b < {11, + ol |

k

and, consequently, from (4.38) and (4.42),

’ 2 lg_n+2 2 (37%)
(4.43) M0, < K (THE55) 4 x%) {llflli,,gT+llgllp,sT }
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As in (4.28), we establish the following estimate for M, ¢ :

1" p
(4.44) {||M1 ¢>||§j’gh} <k IO 1 19 e Y
k |5/+5//+ﬁ///|§2

where

Oag(z,t)
ot

"

‘ .}Da i, 1)

p
0=y / (k){ ‘ } ddt,

o o

O o
I(5 Z /(k)[ D& (x ’ laa(x,t)| - &D“ v (2, t)

(4.45) o' a’"
I(G)(ﬂ 8" 3" Z/W ‘DaJrﬁfk )‘ ‘ DA aa(x,t)‘

o ,a

P
] dxdt,

‘ 11

DY e (a, t)dexdt,

where the sums are over all o/, o such that o/ + o’ =a, |a| =2, o/ > 0.
Using the boundedness of a,(z,t) and the inequality (4.30), we obtain

p
(4.46) 2+ S 19w, 06”’)</C18\/_{|vk|(4Q<k>} :

|B'+8""|<2

The estimates for I,i4), I,iﬁ) 8,p",8"), B # 0, are similar to those for I,il),

1153)([3’,[3”,[3”’), B # 0, respectively, which were obtained in (4.34) and (4.36).
From these estimates and (4.19), (4.42) we establish the inequality

” 2 l(o_n+2 2 )
(447) MG, < g { Vi + THETS >}{|f|§,,gT+||g||,,sT }

Now, we pass on to the evaluation of the principal summands in the representation
of M2¢ :

(4.48) Myg=>">" & (x) [bs(w,t) — b(zk,0)] D vy(x, 1),
ko 18l=1
(4.49) Myo=>">" Dg(x) ba(x,t) - vr(x,1).

k |B]=1
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We consider the evaluation of some typical terms corresponding to the norms of
3—1)0
these functions in W;E ») (St) :

(4.50)

Jo = / dt / /
po ) INCAD)

Y —Z’I"*””

T p
J<2>:/ dt/ d // (i) 9yt Dy )| Do (' 1
k 0 S~ Y DGR k (y) 8t ( ) 8t el (Z ) Uk (y )
/

/ /|n 2+4p’

I = / a [ [ e w0 <10
(k) (k)

9 0 v || 4
|:8tD; Vg (y t) atDv,vk (Zat) W’

g = / dt / dy’ /
0 T (ik) (i k)
dz'

’ ly — Z/|n—2+p’

A A i 0 A b
&) 1960 - 0] G300

i i i p
Dy b5 (1) - [P ' 1) = DL (1)

where |[y| =1, [6| =2, v = (71,--- Y1), 6 = (61,... ,0,_1), and the set T
and the point ' correspond to 9Q N B(x, A) and x in local coordinates, respec-

tively. The function g (y/,t) is the function g(z,t) on S(Tk) in terms of local coor-
dinates.

For the evaluation of the integrals from (4.50) we shall use the following esti-
mates:

(4.51) H (at) Doy

for 2s + |a| = 5 < 3,

lig_i_1 (4-1)
< Koo 72770 gt
=T

p, DR

(4.52) [0219) ) < KaoT 24778 oy, ||

p,T(R) s"“ g

for a non-integer and positive j which satisfies the condition j < 4 — %, and

; 1(4j_nt2 (4-3)
(4.53) |Uk|(sj<)k> < KaoT2 7757 |y FOE
T psor

for 0 < j <4- ”TTQ. The inequalities (4.51)-(4.53) follow from Lemma 2.2 and

Poincaré’s inequality. From b;) and Lemma 2.2 it follows that bs € CY)(St) for
j<3- "TfQ. Then by using (4.51) and a simple calculation we obtain the inequality

P
(.54 50+ 5 < e Lol (B}
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The next estimates are obtained by using the inequalities (4.52), (4.53) and Con-
dition by):

p
71+ )
52 < krt 3 L
4 » a-91"
I < Kt { Il (1 ]

Evaluating in an analogous way, we establish the following estimates by using the

inequalities (4.19), (4.42):
(3-1)
U, + ol b

i)
MGl < K (R T3 112, + 01}

The inequality (4.25) now follows by a suitable choice of A1, k1 from (4.24),
(4.43), (4.47), (4.56) and the analogous estimates for lower terms in My¢, Ma¢. This
completes the proof. [l

(4.55)

;o(3=1 1
Myl < Ko { A4+ T3
(4.56)

Let us define an operator IV : WIE4)’O(QT) — WIE4)’O(QT) by
(457) Nu = &R (L — L), meBu = B(ngu)).
k

Lemma 4.2. Assume that the conditions of Theorem 4.1 are satisfied. Then there

exist positive numbers Ao, Ko, depending on the same parameters as K1, Ko in
Theorem 4.1, such that for

(4.58) T=Xk 0<A<), 0<rk<min{l, ks},
we have
4 4
(4.59) INulS, < S,
Proof. We choose T = A2k with x < 1. The summands in
Mk ((E)LU - L(nku) = Z a’a(x)Da/nk(x)Da"u(q;)v
o] <2

o’ +a =a, a’'>0

mk(z)Bu — B(mru) = Y ba(x)D i (a)u(z)
81=1

are analogous to the summands in M fcﬁ, M;qb, respectively. In a manner analogous
to that of the proof of the estimates (4.47), (4.56), we obtain the inequalities

l(ig_m+2
(4.60) e Lu — L(mn) [, < Kas {\/E+ Tie- >} ¢kl

1 1 7n+2
(4.61) B — Bl s, < Kaa { v+ T35 L a2,

Using the a priori estimate (4.19), the inequalities (4.30), (4.60), (4.61) and the
choice of T, we establish the estimate
n+2 4
'} 221

(4.62) INu) (), < Kas {f 4 i
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The last sum can be evaluated by the inequality

4 4
(4.63) S licrull Sy, < Kasllullh,
k

which follows from (4.15) and (4.30).

We now obtain the estimate (4.59) from (4.62) and (4.63) by suitable choice of
)\17 K2. O

Proof of Theorem /4.1, Continued. Let us fix the numbers A\g = min{A1, A2}, ko =
min{1, k1, ke} and T = M2ko so that inequalities (4.25) and (4.59) are satis-
fied. By the contraction mapping principle, we can conclude that the operators

I+ M, I+ N have bounded inverses (I + M)~!, (I + N)~! defined on the spaces
3.8
W,g2’3 p)’O(QT, St), WZ§4)’O(QT), respectively. Applying the operator (I + N)~! to

the second equality in (4.11) and replacing ¢ in the first of (4.11) by (I + M)~ 1%,
3_3

we obtain, for any ¢ € W,g2’3 p)’O(QT, St) and v € W,§4)’O(QT),

(4.64) PRI+ M) =1, (I+N)'RPv=v.

This means that the operator P has a bounded inverse, and completes the proof of
the assertion of the theorem for 7' = T,

Taking into consideration the fact that 7" depends only on the same parameters
as the constants Ky, Ko, we can apply the result just proved successively on the

intervals (j#, (j+ 2)#) , k = 0,1,.... Using the reduction of the initial-
boundary value problem to the problem with zero initial data, we can complete the
proof of the theorem in the standard way. O

5. PROOF OF THEOREMS 3.1 AND 3.2

In order to further study the properties of the operator A, defined in (3.18), we
need the following four auxiliary lemmas. We always assume that the number p
satisfies condition (2.11), and that € is a bounded open set in R™ with 9 of class
c4.

Lemma 5.1. Let ®(z,t,v) be a function defined for (z,t) € Qr and the vector
v = (vi,va,...,00) € R™. Assume that ®(z,t,v) is a continuous function and
that the operator ®, defined by

(5.1) 3] @) = @, 1, v(w,1),
. : . (2),0 M (2)
is bounded and continuous acting from {Wp ’ (QT)} to Wp(Qr). Then for ar-

bitrary sequences v (z,t) (resp. wj(z,t)), j = 1,2,..., weakly convergent in the

space {W(Q)’O(Q )]M( w0 to v (2,t t)), th
pace [WE20Qr)| " (resp. W°(Qr)) to v (a,) (resp. wo(x,1)), the sequence
pj, defined by

(52 piet) = {[80D)] @.0) = [$0O)] (@.0)} (wj (@) = wolx,1),

converges strongly to zero in WIEQ)’O(QT).
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Proof. By the compactness of the embedding of WI(QT) in Ly(Qr) and Lemma
2.2 we obtain the strong convergence of the sequences v\ (x,t), w;(z,t) in the
spaces [C(‘S)(QT)] , CO)(Qr), respectively, for 0 < § < 2 — "TfQ. Thus, from the
continuity of the function ®(x,t,v) we immediately obtain the strong convergence
of the sequence p;(x,t) to zero in L,(Qr) and the uniform convergence to zero of
the sequence

Pl (w,t) = [&»(v@)} (z,1) — [&S(M)} (. 1).

In the relation

(5:3) mrpie0) = 500} Ol (1) — wola, )] + 5 s (2,1) — wo(e, )] 2. 1)

both summands on the right-hand side tend to zero in L,(Qr), since their first fac-
tors are bounded in L, (Qr) and their second are uniformly convergent to zero. Anal-
ogously, we can verify the strong convergence in L, (Q) of the derivatives D*p;(z, t)
with |o| = 1.
For the second order derivatives with respect to = we have
Dpj(z,t) = D*ply(x, t)[w;(z,t) — wo(w,t)]
D[y, 6) — wo(z, ]} ) )

+2 > DY (@, t)DY [wy(x,t) — wo(w,1)].
o |=]a|=1
o' +a'=a

(5.4)

The strong convergence to zero in L, (Qr) of the first and second terms on the right-
hand side of (5.4) follows in the same way as for the terms in (5.3). By Lemma 2.3 we
obtain the strong convergence, in Lo, (Q71), to zero of the sequences Da'p;-(x, t) and

D [w;(x,t) — wo(x,t)] for |o/| = [o/| = 1. This guarantees the strong convergence
in L,(Qr) of the last summand on the right-hand side of (5.4). The proof of Lemma
5.1 is complete. O

Lemma 5.2. Assume that the conditions of Theorem 3.1 are satisfied and let u;
be a sequence mn W,g4 (Qr) which converges weakly to some function ug. Then the
sequence r deﬁned by

(5.5) 1§ (1) = F(x,t,u;, Duj, D*u;) — F(x,t, D ug, D*ug) — L(uo)(u; — o),

converges strongly to zero in Wéz)’O(QT), where the operator L(ug) is defined in

(3.5).

Proof. We rewrite r(-l)(x, t) as follows:

(1) Z/{F (z,t,u$”), Dl D)

(5.6) la|<2
— Fy(x,t, Dlug, DQUO)}dS - Duj(x, t) — uo(z, t)],
where u;s)(x t) = su;(z,t) + (1 — s)ug(x,t) and Fy(z,t,§) is defined in Condition

F5). Now, the strong convergence of the sequence r( ) follows immediately from
Conditions F3), Fy) and Lemma 5.1. O
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Lemma 5.3. Let U(z,t,v) be defined for (x,t) € Qr, v = (vi,...,vy) € RM.
Assume that V(x,t,v) is continuous and that the operator ¥, defined by

{\T/(p)} (z,t) = ¥U(z,t,v(z,1)),

a1 M a1
is bounded and continuous acting from [VV;3 ”)’O(ST)} to Wf p)(ST). Then for

M
. 3-1)0
any sequences v\9) (resp. w;), j =1,2,..., weakly convergent in [WIE ») (ST)}

3.1
(resp. VV,E‘3 ")’O(ST)) to v(© (resp. wy), the sequence o;, defined by

61 o) = {[TeD)] @1 - [TeO)] @0} (w0 - vz, 1),

3-1),0
converges strongly to zero in W,E ») (St).

Proof. The strong convergence of the sequence o;(z,t) in Wp (ST) follows as in

the proof of Lemma 5.1. We need to show that |0, (x, t)|1(> ST;) converges to zero. To

this end, we show the convergence to zero of the following typical term:

IV = /dt/ dy/
! /(d

oDt — 20|
8759 vt = 5oy (@)

dz’'
’ |y/ _ Zl|n+p—2’

(5.8)

where 0'( )(y’, t) is the value of the function o;(z,t) in the local coordinate system
at the pomt &;. The index (i) below has an analogous meaning.
From Lemma 2.2 we obtain the strong convergence of the following sequences:

(5.9) o (x,1) = [@(M)} (z,) — [@(v@)} (z,t) =0 in C+9(Sy),
(5.10) wi(x,t) = wj(z,t) —wo(z,t) — 0 in CHH(Sy),
for0<d<2— %' Using the estimate

o0 - o)
PCARICON R ICARIENI]
SO0 @)

ot

0 0
(@)
< |5 @O0 - o

9 WD 1) —
AR

8 3 1+6 0 i 1+6
O P R A e A T P el e

and the convergence in (5.9) and (5.10), it is simple to check that IJ@ tends to zero

as j tends to infinity. In an analogous way we can evaluate the other summands

_1
in the norm of the function ¢;(z,t) in W,§3 p)’O(ST). The proof of the lemma is

complete. O
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Lemma 5.4. Assume that the conditions of Theorem 3.1 are satisfied, and let u;

be an arbitrary sequence in W,g4 (QT) which converges weakly to some function
ug. Then the sequence

(5.11) ) (@,t) = G(z,t,u;, D'uy) — Gz, t,u0, D ug) — Buo)(u; — uo)
. (37;)70
converges strongly to zero in W, "

(3.6).

Proof. We rewrite r(»z) (x,t) as follows:

(St), where the operator B(ug) is defined in

) (a / G, t,ul, D'ul” = Gl t,uo, Druo) b - D (u; — uo)ds,
|8]1<1

()

where u;” (z,t) = suj(z,t) + (1 — s)ug(w,t). The strong convergence of r§2) (z,t)

follows immediately from Lemma 5.3 and the properties of traces of functions from
the space W,§4)’O(QT) which were formulated in Lemma 2.1. O

Proof of Theorem 3.1. The boundedness of the operator A, defined in (3.18), fol-
lows from the estimates (3.10) and (3.17). Using (3.9), Conditions Fy), G4) and
the embedding theorems, it is simple to show the continuity of A.

We are now going to check that the operator A satisfies Condition (5)4 on the

space W( )O(QT) To this end, let u; € W(4) O(QT), j=1,2,..., be such that
(5.12) u; = up, limsup(Auj,u; —ug) <0.

j—oo
We define the sequence
8uj

(5.13) Bj = (Ap(u;, 5

— F(-, ‘Y ’LLj,’Dl’U,j,’DQ’U,j) — f),uj — ’U,Q>.
From (3.11) we obtain
Ju
E; = — | D¢ ! Fi(x,t
- = Lo G) 5 -men])
(514) 2s+|a|<2
9 SDQ g(u —uo) — L(u;)(u; —uo)| dedt
ot a7’ PR ’
where L(u) is the operator introduced in (3.5) and F}j(z,t) is defined by
(5.15) Fj(x,t) = F(z,t,uj, D'uj, D*uj) — f(x,t), j=0,1,2,....
From Lemmas 5.1 and 5.2 we know that the sequences
Fj(x,t) — Fo(z,t) = L(uo)(u; — uo),
L(uj)(uj — o) — L(uo)(u; — uo)

converge strongly to zero in W,§2>’°(QT). The convergence of these sequences implies
that
- ¥ / " {<—> D [% — Fy(a,t) — L(uo)(u; — uo)”
P\ ot ot ’ !
(5.16) 2s+|a|<2

: <%>8m {%(uj — ug) — L(uo)(u; —uo)} dodt — 0 as j — oo.



PARABOLIC PROBLEMS 4629

Using the weak convergence of u;(z,t) to ug(z,t) in W,§4)’O(QT), we obtain

R (O =)

e}
(5.17) 2S+‘a|§2

. (%) “pe [%(uj — o) — L(uo)(u; — uo)] dadt = 0.

We note that there exists a positive constant C,, depending only on p, such that
for any numbers s, so € R the inequality

(5.18) [ (s1) — ¥ (s2)l(s1 — 52) = Cpls1 — s2f”

holds for the function 1),(s) defined in (3.12).
From (5.16)-(5.18) we obtain the estimate

(5.19)

Ejch Z /

2s+| | <2

P
dzdt + €

(%) R {%(uj — o) — L(uo)(u; — uo)}

2 3P
p,QT

where e; is a sequence that tends to zero as j — oo.
Now let us define the sequence B; by

-¢, {H%(u o) ~ L(uo)u; — o)

3
(5.20) B; = ZBJ(-k), Bj(-k) = <A(Bk) (uj,G(a:,t,uj,Dluj) - g) ,Uj — u0> )
k=1

We want to derive the estimate
B-91"
(521) B = 6 {IBtun)(us ~ w5} + ¢,

where €] — 0 as j — co. The operators Ag), B(ug) were defined in (3.14)-(3.16)
and (3.6), respectively.
We are going to evaluate only a typical term in Bj, namely, B§2). The same type

of argument goes through for B](-l) and B](-g). From (3.15) we obtain

I T
B? — ' / dt / dyf /
VDY 0 (@) (@)

Jj=12s+|8|=2

ol P (8) i)

. {(%)3735 [B(u;)(u; — uo)]™ (3, 1)

0 3 8 O dz’
- <a> D [B(u;)(uj —uo)]™” (2 at)}Wa

where the function G,(z,t) is defined by
(5.23) Gj(z,t) = G(z,t,u;, D uy) — g(x,t), (w,t) €Sy, j=0,1,...,

while G;i) (y',t) and [B(u;)(u; —uo)](y', t) are the values of the functions G j(z,t)

and [B(u;)(u; — uo)](x,t), respectively, in local coordinates at the point &;.
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By Lemmas 5.3 and 5.4 the sequences

Gj(l‘, t) — Go(x,t) — B(UO)(Uj — ’LL()),

(5.24) B(u;)(u; — uo) — Bluo)(u; — uo)
. (37;)10
converge strongly to zero in W, 77 (Sr). The convergence of these sequences
implies
o8 5 L oA (3) i

i=1 2s+|3|=2 "(d) "(d)
5.25 9 (i 9 :
R <a) p2e o} -{ (5) DiB@w - w60

8 S ) dz/

el 7
- (2) DBl w0 T~ 0

as j — oo, where we have used the following notation:
Gj(x,t) = Go(x,) — Bluo)(u; — uo).

Using the weak convergence of u; to ug in W,§4)’O(QT), we have

2 5 L

i=1 2s+|8|=2

a0 wl (5) picP w0~ (5) et o}

. { (%)Spg[B(uo)(uj —uo) D (v, 1)

- (&) 2Bt - w0 |~

as j — oo. From (5.25), (5.26) and (5.18) we get

wao3: 52 [Laf, )
coy s [laf wf

i=1 25+|3|=2
(5.27) ‘ <%) DI [B(uo)(u; —uo)](i)(y’,t)

9 s dZ/
(Y Ié] _ (z) - m
() PEBC s~ ] OC0)| g +

where e;-” — 0 as j — oo. From the last estimate and analogous estimates for
Bj(l), Bj@ we obtain (5.21).
We now observe that the equality

<A’LLj,Uj —u0> = Ej —I—Bj,
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the estimates (5.19), (5.21), and the condition (5.12) imply

5 @)
imsupd || 205~ 10) = Euo)u — w0
(5.28) e

p,QT

+ [1B(uo)(u; = uo)

(3-1)
p,ST } =0.
Applying the a priori estimate (4.8) to the operators L(ug), B(uo) and the

function u; — ug, we obtain

o (2)
Jus = woll, < e | g7t = ) = Lluo)y — )

(5.29) QT

(3-1)
+ [1B(uo)(u; — uo)ll,, s, }

with constant K independent of j. The strong convergence of the sequence u; to

up in W,§4)’O(QT) follows now from (5.28) and (5.29). The proof of Theorem 3.1 is
complete. O

Proof of Theorem 8.2. From the definition of the operators Ap and Ap it follows
immediately that Ag(u,0) =0 and Apg(u,0) =0 for any function u € W[S4)’O(QT).
From (3.2), (3.3) and (3.18) we obtain that the solution of the problem (3.2), (3.3)
in W,g4)’0(QT) is the solution of the operator equation Au = 0.

Let ug € W,g4)’0(QT) be a solution of the operator equation Au = 0. Then from
Z1
Corollary 3.1 we obtain fy € WISQ)’O(QT) and gg € WISB p)’O(ST), where

(5.30) ol 1) = 22— P(e,1,u0, Do, Do) — (1)
and
(531) go(l‘,t) = G(x7t7u05D1u0) - g(x7t)

From Theorem 4.1 follows the existence of the solution vy € W,g4)’0(QT) of the
problem

Ovo(z,1)

(5.32) o

- L(UO)UO(xvt) = fO(xvt)a (l‘,t) € QTv

(5.33) B(ug)vo(x,t) = go(z,t), (x,t) € Sp.

For such a function vg(z,t) we have (Aug,vo) = 0. Consequently, from (3.11),
(3.13)-(3.16) and (3.18) we obtain

_ _ 2 )" 6-3)"
0 = {Ap(uo, fo), v0) + (Ap(uo, go),vo) = (1ol 0, ) + (oolys, ) -

Therefore, we have fo(z,t) = 0, go(z,t) = 0. Now (5.30) and (5.31) imply that
the function ug(z,t) is the solution of the initial-boundary value problem (3.2),
(3.3). This finishes the proof of Theorem 3.2. O
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6. SOLVABILITY OF NONLINEAR PARABOLIC PROBLEMS

We start with the proof of the uniqueness theorem and the proof of the local
solvability of the problem (1.1)-(1.3).

Proof of Theorem 3.3. The proof is by contradiction. We assume that uo(x,t) and
uq(x,t) are two solutions of the problem (3.2), (3.3) with ug # uy. Then the function
u(z,t) = uy(z,t) —uo(x, t) is the solution of the linear parabolic problem (4.1), (4.2)
with f(z,t) =0, g(z,t) =0 and

1
aa(xat):/ Fa(xatvusaplumDQus)dSv
(6.1) 0

1
bg(x,t):/ Ga(x,t,us, D ug)ds,
0

where us = ug(x,t) = sui(z,t) + (1 — s)uo(x,t) and Fo(z,t,§), Ga(z,t,() are
defined in Conditions F3), G2). The coefficients aq(z,t), bg(z,t) satisfy Conditions
ai), az), b1), ba) of Section 4. We thus obtain u(z,t) = 0 by Theorem 4.1. The
uniqueness of the solution of the initial-boundary value problem (3.2), (3.3) is now
proved. O

Proof of Theorem 3.5. From the reduction of the problem (1.1)-(1.3) to the problem
with zero initial conditions it follows that it is sufficient to prove the local solvability
of the problem (3.2), (3.3). For a given number X we shall prove the existence of
numbers Ry and Tp, depending on K, such that the inequalities

2 (3—3)
(6.2) 1150, <K llalys,

3_1
(3 p),O(ST% imply the following estimate:

<K,

for f € W3"(Qr), g€ W
(6.3) (Au,u) >0, for ue WDOQr), [lu)', = Ro,

where T is an arbitrary number from the interval (0,7;] and the operator A is
defined by (3.18).

Let ¢, R be arbitrary positive numbers. Using the estimates (4.31)-(4.33), it is
possible to choose a positive number T'(R, €) such that, for

(6.4) 0<T <T(R,e), ue WIQr), l|ulll'), < R.

we have
o s (8) n+2
(6.5) Z (&) Dy <e for0<d<2———,
25-+7]<2 Qr p
(6.6) > (%) DYy <e.
2s+|v|=3 2p,Qr

For € < 1 and by using the above inequalities we get

2 4
L (w2, < D ull$,.,

2 4
IF (- u, Dlu, D?)|| ), < CDllu) S,

(6.7)

for u, T satisfying the conditions (6.4), where the positive constant CV) is inde-
pendent of u, R, €, T. The proof of the estimates (6.7) is analogous to the proof
of the estimates (3.7), (3.10).
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In a similar manner it is possible to prove the following:

I (wyu = LO)ull 7, < C'()ully,

(6.8)
IF (-, u, D u, D2u) — LOYul| S, < C'(e)ullh,

for u(z,t), R satisfying the conditions (6.4), where L(0) is the operator defined by
(3.5) for u = 0 and C’(€) tends to zero as € tends to 0.
We set

F(u)(x,t) = F(x,t,u(z,t), D u(z, t), D*u(x, 1)),

for u € W( ) *(Qr), and evaluate the difference
ou ~ ou

(6.9) dy = (Agp(u, Frie F(u) = f),u) — (Ag(0, 5 L(0)u), u).
We have
] < [{Ap(un, T~ F(u) ~ J) — Ap(0, 2% — F(u) — f), )
(AR, 58— F(u) ~ 1)~ Ap(0, 5 ~ Fla)), ]

+ (AR (0, 24— F(u))  Ap(0, 22 — L(O0)u), ).

Evaluating the summands on the right-hand side above, and using the estimates
(6.7) and (6.8), we obtain

(6.10) ldi| < CP{[RP7Y + KP7Y C'(e)R + [RP2 + KP~2] KR},

with the positive constant C(?) independent of u, R, €, K, T, for u, T satisfying
(6.4). The constant C’(e€) is the same as in (6.8).
We can also derive an analogous estimate for

(6.11) dy = (Ap(u, G(u) — g),u) — (A(0, B(0)u, u),
where G(u) = G(z, t,u(z,t), D'u(z,t)) and the operator B(0) is defined by (3.6)
with u = 0. First we establish the estimates

B (u )Ilp,sT ' <O HpsT IIG( )Ilp,sT ' < ||p,sT ,

(6.12) |B(wyu - BOYull' s sT <c(o5r,

= (4-1)
1G ()~ BOul 52" < " @llullyts,”

for u, T satisfying conditions (6.4). In (6.12), C®), C are positive constants
independent of u, R, €, T, and the positive constant C”(¢) tends to zero as € — 0.
Using (6.12) we obtain the estimate

p—1
|d2|§0(5){0”()|| IIpsT [II HpsT ]
(6.13)

p—2
I [| a5 +ic} }

where ds is defined in (6.11) and w, T satisfy the conditions (6.4). In (6.13), C"(e)
is the constant from (6.12), while the constant C®) is independent of u, R, ¢, K, T.
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We estimate the norm of u on the right-hand side of (6.13) by using Lemma 2.2
and (4.30). We assume, in addition, that
(6.14) T < d,

where d was defined in Section 3 in the introduction of local coordinates. Thus, for
u, T satisfying the conditions (6.4), (6.14) we obtain the estimate

(6.15) |da| < COR+ KJP~HC" ()R + K).

From the definition of the operator A in (3.18), the numbers d;, ds in (6.9), (6.11)

and the estimates (6.10), (6.15) we obtain the inequality

(Au,u) > (Ag(0, 5‘_1; — L(0)u),u) + (Ap(0, B(0)u), u)
—COIR+K]PH{[C(e) + C"(e)| R+ K},

where u, T satisfy the conditions (6.4), (6.14).
We estimate the sum of the two first summands on the right-hand side of (6.16)
by Theorem 4.1. We obtain, from (3.11), (3.13) and (4.8),

(6.16)

(Ap(0, 24— L(0)u),u) + (A5 (0, BO), u)
. @ ? 41
(6.17) = |5 - zon| | umouPy

4
> Colllull$, 17,

for u € W,§4)’O(QT) with a positive constant Cy independent of w, T.
From (6.16), (6.17) we obtain the estimate

(6.18) (Au,u) > {Co — C®[C'(e) +C"(e)]}R? — C®[R + K]PTIK,

for ||u||§)422T = R and u, T satisfying (6.4), (6.14). In (6.18), the constant C® is
independent of u, R, €, T. The above estimate guarantees the ability to choose
numbers Ry, Ty so that (6.3) holds.

We conclude that the estimate (6.3) has been established and that the existence
of the solution of the operator equation Au = 0 satisfying the condition HUHI(7422T <
Ry follows from well known results of the theory of generalized monotone operators
(see, e.g., [I4, Chapter 2, Corollary 4.1 and Theorem 4.4]. Using Theorem 3.2, we
complete the proof of Theorem 3.5. |

Proof of Theorem 3.6. Taking into consideration the fact that for every 7 € [0, 1]
the functions F;(z,t,€) and G, (x,t,() defined by (3.25) satisfy Conditions Fy) —
—Fy), G2) — Gy4), respectively, we can reduce the problem (3.26), (3.27) to the
operator equation

(6.19) Au=0, uwe W Qr),

where the operator A, is defined by (3.18), if in the construction of Section 3 we
replace the functions F(z,t,§), G(z,t,{) by the functions F,(z,t,§), G,(z,t,(),
respectively.

By Theorem 3.2 the solvability of the boundary value problem (3.2), (3.3) is
equivalent to the solvability of the equation A;u = 0. According to Theorem 3.1,
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for each 7 € [0, 1] the operator A, is bounded and continuous and satisfies Condition
(S)+ on W,§4)’O(QT). We introduce a domain Dg in WZ§4)’O(QT) by

(6.20) DRzﬁewym@ﬂzuwﬁh<R+Q,

where R is the number from (3.28). The estimate (3.28) guarantees that for every
T € [0,1] we have

(6.21) A;u#0, forue dDpg.

Thus, by Theorem 3.4, the degree function Deg(A,,Dg,0) is well defined for all
T €[0,1].

As in the proof of Theorem 3.1, it is possible to prove the following properties
of the operators A, :

1) For any sequences u; € W,§4)’O(QT), 7; € [0,1], such that 7; — 79, u; — uo,
we have A uj — A uo;

2) For any sequences u; € W,§4)’O(QT), 7; € [0, 1] satisfying
uj — uo, jlir{;(ATjuj,uj —ug) =0,
we have u; — uo.
Thus, by [14, Chapter 2, Theorem 4.1], we have
(6.22) Deg(Ag, Dg,0) = Deg(A;, Dg,0).

By the principle of nonzero degree [14, Chapter 2, Corollary 4.1], the solvability of
the operator equation Aju = 0 in Dy follows from the relation

(6.23) Deg(A1,Dg,0) # 0.

Therefore, we can reduce the proof of the theorem to the proof of (6.23). Recalling
(6.22), it is sufficient to check only the relation

For a given positive number ¢, it is possible to choose a positive number R(e) such
that if

(6.25) ue WQr), |ulll'y, < Re),

then the inequalities (6.5) and (6.6) hold. Then, repeating the proof of (6.3), we
can verify that for u satisfying the condition (6.25) we have

(Ao, ) > (A (0, 28— Lo(0ju), )+ (A (0, Bo0)u, u)

~ CER(] - (o),

(6.26)

where C""(¢) — 0 as € — 0. Here, the operators A%)), Ly, A(BP), By are defined

by (3.5), (3.6), (3.11), (3.13) with the functions F(z,t,§), G(z,t,() replaced by
Fo(z,t,8), Go(z,t, (), respectively.

Estimating the first two summands on the right-hand side of (6.26), obtaining
estimates analogous to those of (6.17), we see that we can choose a positive number
€o such that

(6.27) (Aou,u) >0 for [[ulll’), = R(eo).
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By [I4, Chapter 2, Theorem 4.4], we obtain from (6.27)

(6.28) Deg(Ao, D(e0),0) = 1,
where
_ (4),0 : (4)
Dleo) = {u e WIQr) : [lullfy, < Rleo)}.

From the uniqueness of the solution of the equation Agu = 0 (Theorem 3.3), [14}
Chapter 2, Theorem 5.1] and (6.28) we obtain Deg(Ag, Dg,0) = 1. Thus, we have
shown the inequality (6.24), and the proof is finished. O

Remark 6.1. Using a proof similar to that of (6.28), it is possible to establish the
following property of the degree function for the operator A defined by (3.18). Let

D be a bounded open set in W,g4)’0(QT) such that Au # 0, u € 9D. Then
Deg(A,D,0) =1

if and only if there exists a solution u of the equation Au = 0 in D. Otherwise
Deg(A,D,0) =0.

Finally, we formulate an invariance of domain result for the problem (3.2),
(3.3). An analogous result can be proved for the problem (1.1)-(1.3).

Theorem 6.1. Assume that the conditions of Theorem 3.1 are satisfied and let D
be an open set in WZ§4)’O(QT). Then the set
ou

R(D) = {(E — F(-,-,u, D*u, D?u), G(-, .,u,Dlu)> Cu € D}

1
is open in Wéz)’O(QT) X Wf’ ”)’O(ST).

Proof. Let ug € D be given and let

0
fo(ﬂ?,t) = % - F($,t,U0,D1UO,D2uO), gO(x7t) = G(x7t7u07D2uO)'

We have to show that there exists a positive number p such that for every pair of
3—-1)0 o . -
functions f € WZEQ)’O(QT), g€ W,S ») (St) satisfying the inequalities
(2) (3-2)
(6.29) If = follp.or <P llg—goll, s, <p

the boundary value problem (3.2), (3.3) has a solution v € D. We may choose a
positive number € such that

(6.30) B(ug,€) C D.
By the uniqueness Theorem 3.3,
(6.31) Aou #0  for u € 0B(uy,¢€),
where
ou 1 9
Aou = Ag(u, F(z,t,u, D u,Du) — fo(z,t))

T
+ AB(U'a G(J?, t,u, D2U’) - gO(x7 t))

Consequently, by Remark 6.1, we have

(633) D@g(AQ,B(’LL(),€),O) =1.

(6.32)
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Using (6.31), Condition (S)4+ and the continuity of the operator Ay, it is easy to
check that

(6.34) lAoul|« >n for u € IB(uo,e¢),

with some positive number 7, where || - ||« is the norm in the space {Wé4)’O(QT)} .
_1

We can now choose the number p such that for f € Wéz)’O(QT), g€ W,§3 p)’O(ST)

satisfying (6.29) we have
(6.35) | Au — Agul. < g for u € dB(uo, €),

where the operator A is defined by (3.18).
We now consider a one-parameter family of linear mappings

(6.36) A Blug,0) — [W9°(Qr) CA = (1) Agu+ T Au,

for 7 € [0,1]. Using (6.34) and (6.35), it is easy to verify that this is a homotopy
family for the operators Ag, A on B(ug,€). Thus, by [14, Chapter 2, Theorem 4.1]
and (6.33) we get

Deg(A, B(ug,€),0) = 1.

From this and the principle of nonzero degree in [14, Chapter 2, Corollary 4.1]
follows the existence of the solution of the equation Au = 0 in B(ug, €). By Theorem
3.2 we have the solution u € D of the problem (3.2), (3.3) for an arbitrary pair of
functions f, ¢ satisfying condition (6.29). This is the end of the proof. O

The next corollary follows from Theorem 6.1 and for D = W,§4)’O(QT).

Corollary 6.1. The set of pairs

1),0

RO — {(f, g) € WISQ)’O(QT) X WISB_; (St) : the boundary value problem

(3.2), (3.3) has a solution in Wé4)’O(QT)}

_1
is open in Wéz)’O(QT) X Wf’ ”)’O(ST).

Corollary 6.2. Let U : R — WIS4)’O(QT) be the operator which maps the pair
(f,9) € RO (RO is the set defined in Corollary 6.1) to the solution u of the
problem (3.2), (3.3) (i.e., U(f,g) = u). Then the operator U is continuous.

Corollary 6.2 follows from the proof of Theorem 6.1.

7. CONVERGENCE OF THE GALERKIN APPROXIMANTS

Welet v;, i =1,2,..., be acomplete system of functions in the space WI§4)’O(QT)
such that for any index I the functions vy, ve, ,...,vs are linearly independent.

By a “j-approximate solution” of the initial-boundary value problem (3.2), (3.3)
we mean a function u; such that

(7.1) uj(z,t) = c(lj)vl(x,t) 4+ 4 cgj)vj(x,t)
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and
8’(1,]'

<AE(uj; E - F(a 'aujvplujaDQUj) - f))7v’i>

+ (Ap(uj, G(-, -,Uj,DQU) —9)),vi)=0, i=1,...,7,

(7.2)

where the operators Ag, Ap are defined by (3.11), (3.13), respectively, and the cl(.])
in (7.1) are real numbers.

We say that the problem (3.2), (3.3) has a “bounded sequence of approximate
solutions” if there exists a number jy such that for each j > jy the problem (3.2),
(3.3) has a j-approximate solution u;(x,t) and the sequence {u;}, 7 = jo, jo +

1,..., is bounded in WZ§4)’O(QT).
Lemma 7.1. Assume that Conditions (2.11), (3.4), F») — Fy), G2) — G4) are sat-

isfied. Then the initial-boundary value problem (3.2), (3.3) has a bounded sequence
of approximate solutions if and only if there exists a solution of this problem in the

space Wé4)’O(QT).

Proof. Let {u;} be a bounded sequence of approximate solutions. We can choose

a subsequence {uj)}, k = 1,2,..., which converges weakly to some function
4),0
ug € Wxg ) (Qr).
Denote by Fj the linear hull of the functions vy,... ,v;. By our assumptions on
the system {v;}, there exists a sequence {ug-o)}, j=1,2,..., such that ugo) € Fj
and u;o) converges strongly in WIE4)’O(QT) to ug.

By the definition of the j-approximate solution we have
0
(7.3) (Aujiry, wice) — o) = (Aujgry, ulgh) — uo),
with the operator A defined by (3.18). The right-hand side of (7.3) tends to zero as
k — oo because A is a bounded operator. Using Theorem 3.1 and Condition (5,
we establish the strong convergence of the sequence {u;(x)} to ug. Passing to the
limit in
<A’U,j(k),’l}i> = 0,

as k — oo, we obtain, by the continuity of A, that (Aug,v;) = 0 for any 4. Since
the system {v;} is complete, we have Aug = 0 and, consequently, ug is the solution
of the problem (3.2), (3.3) by Theorem 3.2.

Let u(x,t) be a solution of the problem (3.2), (3.3). We shall prove the existence

of a bounded sequence of approximate solutions. Set R = ||11||Z()422T and

Dp = {u e WHOQr) ¢ ull'h, < R+ 1}.

By Theorem 3.3, Au # 0 for u € 9Dg. It follows that the degree Deg(A, Dg,0) is
well defined, and we have

(7.4) Deg(A,Dg,0) =1
by Remark 6.1.
Define, for j =1,2,..., the finite-dimensional mapping A; corresponding to the

operator A in the following way:
j —_—
(7.5) Aju = Z(Au,vi)vi, for u € Dr N Fj.
i=1
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By the definition of the degree Deg(A, Dg,0) (see [I3, Chapter 2, Paragraph 2|),
the finite-dimensional degree deg(A;, Dr N F},0) is well defined for all large j and

(7.6) lim deg(A;,Dr N Fj,0) = Deg(A, Dg,0) = 1.
j—o0

By the solvability property of the finite-dimensional degree we obtain from (7.6)
the existence of a sequence {u;}, j > jo, for some jo, such that

(77) u; € DrnN Fj and AjUj =0.

The equality (7.7) means that u; is a j-approximate solution of the problem (3.2),
(3.3). For this function u; we have the estimate HujH;%T < R+1 and, consequently,

{u;} is a bounded sequence of approximate solutions. This completes the proof of
Lemma 7.1. [l

Theorem 7.1. Assume that Conditions (2.11), (3.4), F») — Fy), G3) — G4) are
satisfied and the initial-boundary value problem (3.2), (3.8) has a solution uy €

W,§4)’O(QT). Then for all large j there exists a j-approximate solutioz)%j of the

problem (3.2), (3.8). The sequence {u;} converges strongly to uy in Wy " (Qr).

Proof. The existence of a bounded sequence of approximate solutions follows imme-
diately from Lemma 7.1. The strong convergence of the sequence {u;} to ug follows
from the first part of the proof of Lemma 7.1 and the uniqueness Theorem 3.3. [
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Added in Proof. The authors have now developed degree theories for densely de-
fined mappings of a type like (S+), and perturbations of maximal monotone op-
erators by such mappings. For these degree theories, the reader is referred to
“Topological Degree Theories for Densely Defined Mappings Involving Operators
of Type (S+)”, Adv. Differential Equations, 4 (1999), 413-456. For an index of a
critical point theory of such topological degrees, we cite the authors’ paper “The
index of a Critical Point for Densely Defined Operators of Type (S+) in Banach
Spaces”, to appear. Applications of the index theory to boundary value problems
for partial differential equations can be found in the authors’ paper “The Index of
a Critical Point for Nonlinear Elliptic Operators With Strong Coefficient Growth”,
J. Math. Soc. Japan, to appear.

REFERENCES

[1] P. Acquistapace and B. Terreni, Fully nonlinear parabolic systems, Recent Advances in Non-
linear Elliptic and Parabolic Problems (Nancy, 1988), Pitman Res. Notes in Math., vol. 203,
Longman Sci. Tech., Harlow, 1989, pp. 97-111. IMR 92a:35080

[2] H. Amann, Quasilinear parabolic systems under nonlinear boundary conditions, Arch. Rat.
Mech. Anal. 92 (1986), 153-192. IMR 87a:35101

[3] G. C. Dong, Initial and oblique boundary value problems for fully nonlinear parabolic equa-
tions, J. Partial Differential Equations 1 (1988), 12-42. MR 90g:35073


http://www.ams.org/mathscinet-getitem?mr=92a:35080
http://www.ams.org/mathscinet-getitem?mr=87a:35101
http://www.ams.org/mathscinet-getitem?mr=90g:35073

4640 A. G. KARTSATOS AND I. V. SKRYPNIK

[4] S. I. Hudjaev, The first boundary value problem for nonlinear parabolic equations, Dokl.
Akad. Nauk SSSR 149 (1963), 535-538; English transl., Soviet Math. Dokl. 4 (1963), 441—
445. MR, 28:1404

[5] V. P. I’in, The properties of some classes of differentiable functions of several variables
defined in an n-dimensional region, Trudy Mat. Inst. Steklov 66 (1962), 227-363; English
transl., Amer. Math. Soc. Transl. (2) 81 (1969), 91-256. MR, 27:3750

[6] S. N. Kruzhkov, A. Castro and M. Lopes, Schauder type estimates and theorems on the
existence of the solution of fundamental problem for linear and nonlinear parabolic equations,
Dokl. Akad. Nauk SSSR 220 (1975), 277-280; English transl., Soviet Math. Dokl. 16 (1975),
60-64. MR 52:14656

[7] N. V. Krylov, Nonlinear elliptic and parabolic equations of the second order, Nauka, Moscow,
1985; English transl., Reidel, Dordrecht, 1987. MR 87h:35002; MR 88d:35005

[8] O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Uraltseva, Linear and quasilinear equations
of parabolic type, Nauka, Moscow, 1967; English transl., Amer. Math. Soc., Providence, RI,
1968. MR 39:3159a; MR 39:3159b

[9] G. M. Lieberman, Second order parabolic differential equations, World Scientific, 1996, Sin-
gapore, 1996. MR 98k:35003

[10] A. Lunardi, Mazimal space regularity in nonhomogeneous parabolic problems, Numer. Funct.
Anal. Optim. 10 (1989), 323-349. IMR._90e:35093

[11] A. Lunardi, On a class of fully nonlinear parabolic equations, Comm. Partial Differential
Equations, 16 (1991), 145-172. IMR._92c:35058

[12] L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa, 13
(1959), 115-162. IMR.22:823

[13] I. V. Skrypnik, Nonlinear higher order elliptic equations, Naukova Dumka, Kiev, 1973. (Rus-
sian) IMR._55:8544

[14] I. V. Skrypnik, Methods for analysis of nonlinear elliptic boundary value problems, Transl.
Math. Monographs, vol. 139, Amer. Math. Soc., Providence, RI, 1994. [MR 95i:35109

[15] V. A. Solonnikov, A priori estimates for second order parabolic equations, Trudy Mat. Inst.
Steklov 70 (1964), 133-212; English transl., Amer. Math. Soc. Transl. (2) 65 (1967), 51-137.
MR 28:5267.

[16] N. N. Sopolov, The first boundary value problem for nonlinear parabolic equations of any
order, C. R. Acad. Bulgare Sci. 23 (1970), 899-902 (Russian). MR 51:1130

[17] N. N. Uraltseva, A nonlinear broblem with an oblique derivative for a parabolic equation, J.
Math. Sci. 70 (1994), 1817-1827. IMR 92d:35160 (Russian original)

[18] L. Wang, On the regularity theory of fully nonlinear parabolic equations, Comm. Pure Appl.
Math. 45 (1992), 27-76, 141-178. MR 92m:35126; MR 92m:35127

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTH FLORIDA, TAMPA, FLORIDA 33620-5700
E-mail address: hermes@math.usf.edu

INSTITUTE FOR APPLIED MATHEMATICS AND MECHANICS, R. LUXEMBURG STR. 74, DONETSK
340114, UKRAINE
E-mail address: skrypnik@iamm.ac.donetsk.ua


http://www.ams.org/mathscinet-getitem?mr=28:1404
http://www.ams.org/mathscinet-getitem?mr=27:3750
http://www.ams.org/mathscinet-getitem?mr=52:14656
http://www.ams.org/mathscinet-getitem?mr=87h:35002
http://www.ams.org/mathscinet-getitem?mr=88d:35005
http://www.ams.org/mathscinet-getitem?mr=39:3159a
http://www.ams.org/mathscinet-getitem?mr=39:3159b
http://www.ams.org/mathscinet-getitem?mr=98k:35003
http://www.ams.org/mathscinet-getitem?mr=90e:35093
http://www.ams.org/mathscinet-getitem?mr=92c:35058
http://www.ams.org/mathscinet-getitem?mr=22:823
http://www.ams.org/mathscinet-getitem?mr=55:8544
http://www.ams.org/mathscinet-getitem?mr=95i:35109
http://www.ams.org/mathscinet-getitem?mr=28:5267
http://www.ams.org/mathscinet-getitem?mr=51:1130
http://www.ams.org/mathscinet-getitem?mr=92d:35160
http://www.ams.org/mathscinet-getitem?mr=92m:35126
http://www.ams.org/mathscinet-getitem?mr=92m:35127

	1. Introduction and preliminaries 
	2. Statement of the problem and preliminaries 
	1. Function spaces 
	2. Formulation of the main assumptions 

	3. Reduction to the operator equation and formulation of the main results 
	4. A priori estimates for linear parabolic problems with coefficients from sobolev spaces 
	5. Proof of Theorems 3.1 and 3.2
	6. Solvability of nonlinear parabolic problems 
	7. Convergence of the Galerkin approximants 
	Acknowledgment
	References

