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ENDOMORPHISMS OF EXPANSIVE SYSTEMS
ON COMPACT METRIC SPACES

AND THE PSEUDO-ORBIT TRACING PROPERTY

MASAKAZU NASU

Abstract. We investigate the interrelationships between the dynamical prop-
erties of commuting continuous maps of a compact metric space. Let X be a
compact metric space.

First we show the following. If τ : X → X is an expansive onto continuous
map with the pseudo-orbit tracing property (POTP) and if there is a topologi-
cally mixing continuous map ϕ : X → X with τϕ = ϕτ , then τ is topologically
mixing. If τ : X → X and ϕ : X → X are commuting expansive onto contin-
uous maps with POTP and if τ is topologically transitive with period p, then

for some k dividing p, X =
⋃l−1
i=0Bi, where the Bi, 0 ≤ i ≤ l − 1, are the

basic sets of ϕ with l = p/k such that all ϕ|Bi : Bi → Bi have period k, and
the dynamical systems (Bi, ϕ|Bi) are a factor of each other, and in particular
they are conjugate if τ is a homeomorphism.

Then we prove an extension of a basic result in symbolic dynamics. Using
this and many techniques in symbolic dynamics, we prove the following. If
τ : X → X is a topologically transitive, positively expansive onto continuous
map having POTP, and ϕ : X → X is a positively expansive onto continuous
map with ϕτ = τϕ, then ϕ has POTP. If τ : X → X is a topologically
transitive, expansive homeomorphism having POTP, and ϕ : X → X is a
positively expansive onto continuous map with ϕτ = τϕ, then ϕ has POTP
and is constant-to-one.

Further we define ‘essentially LR endomorphisms’ for systems of expansive
onto continuous maps of compact metric spaces, and prove that if τ : X →
X is an expansive homeomorphism with canonical coordinates and ϕ is an
essentially LR automorphism of (X, τ), then ϕ has canonical coordinates. We
add some discussions on basic properties of the essentially LR endomorphisms.

Introduction

We are interested in the interrelationships between the dynamical properties of
commuting continuous maps of a compact metric space. Throughout this introduc-
tion, we assume that τ : X → X and ϕ : X → X are onto continuous maps of a
compact metric space with

τϕ = ϕτ.

If τ is expansive, then ϕ is an endomorphism of the expansive system (X, τ). Under
what conditions and to what extent is a certain dynamical property of τ handed
down to ϕ? Problems of this type arose in symbolic dynamics as problems on
endomorphisms and automorphisms of subshifts or one-sided subshifts, that is, for
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the case where X is 0-dimensional and τ is an expansive homeomorphism or a
positively expansive continuous map. Boyle and Krieger [BK] seem to be the first
in the literature to consider such a problem; they proved that if (X, τ) and (X,ϕ)
are topological Markov shifts and if τ is topologically transitive (i.e., has a dense
forward orbit) with period p, then for some k dividing p, ϕ is the union of p/k
disjoint conjugate topologically transitive topological Markov shifts of period k.
The following questions were asked for the case that X is 0-dimensional, in terms
of symbolic dynamics in Questions 2a, 3a(1), and 3c of [N1]. (a) If τ and ϕ are
expansive homeomorphisms and if τ has the pseudo-orbit tracing property (POTP),
then does ϕ have POTP? (b) If τ is an expansive homeomorphism having POTP and
ϕ is positively expansive, then does ϕ have POTP? (c) If τ and ϕ are positively
expansive and τ has POTP, then does ϕ have POTP? In [BL], Boyle and Lind
introduced a symbolic dynamics method, an analogue of the block maps between
subshifts, to systems of expansive homeomorphisms of compact metric spaces, and
extensively studied the dynamics of commuting homeomorphisms. In particular,
they showed that if τ and ϕ are expansive homeomorphisms corresponding to two
directions in the same ‘expansive component’ of directions for a Zd action, then τ
has POTP if and only if ϕ does. Actually they more generally showed a similar
fact for directions including irrational ones for Zd actions on compact metric spaces
([BL], Proposition 8.3) and posed the question (a) ([BL], Problem 9.6).

In this paper, though we do not treat irrational directions, we also investigate
similar phenomena in a different setting. But our main focus is rather on the ques-
tions (b) and (c). Recently in [N2] and independently in [K] (see [BM] and [BFF]),
the following have been proved under the assumption that X is 0-dimensional.

(1) If τ is a topologically transitive, expansive homeomorphism with POTP and
ϕ is positively expansive , then ϕ has POTP.

(2) If τ and ϕ are positively expansive with τ topologically transitive and if τ
has POTP, then ϕ has POTP.

We show that (1) and (2) can be proved without the assumption that X is 0-
dimensional (Theorems 3.5 and 3.4), though little seems to be known about the
question of where τ and ϕ satisfying the expansiveness part of the hypotheses of
(1) or (2) exist when X is of dimension greater than 0 and not a closed topological
manifold. We should note that any positively expansive onto continuous map of
any closed topological manifold has POTP (see [Hi]). Our proof is an extension
of the proof of (1) and (2) given for the case that X is 0-dimensional in [N2]. We
use the symbolic dynamics method of Boyle and Lind mentioned above and many
techniques in symbolic dynamics, in particular, ‘textile-orbit-systems’, which have
been introduced in [N2] as an analogue of textile systems introduced in [N1].

In (2) the condition that τ is topologically transitive, cannot generally be deleted,
which has been shown in [BFF] by an example with X 0-dimensional. Doris Fiebig
[F] has shown that in (1) the condition that τ is topologically transitive can be
deleted when X is 0-dimensional. As for the question (a), she has given an example
with X 0-dimensional which shows that the answer for (a) is negative when τ is not
topologically transitive [F]. Hence (a) is open now for the case that τ is topologically
transitive. The following problem is also left unsolved even for the 0-dimensinal
case (see [N1] and [BoMa]). (d) If τ is positively expansive and has POTP and if
ϕ is an expansive homeomorphism, then does ϕ have POTP?

In Section 1, we give preliminaries, show that a simple application of the proof of
the topological decomposition theorem (an extension of the spectral decomposition
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theorem due to Smale [S] and Bowen [Bow3]) given by Aoki and Hiraide [AH],
can prove that when τ is expansive and has POTP, if ϕ is topologically mixing,
then so is τ (Theorem 1.6), and show that a combination of it and the proof of
Boyle and Krieger [BK] for their result mentioned above can prove the following
satisfactory extension of this result. If τ and ϕ are expansive and have POTP and if
τ is topologically transitive with period p, then for some k dividing p, (X,ϕ) is the
disjoint union of p/k dynamical systems of topologically transitive onto continuous
maps with POTP and period k which are a factor of each other, and in particular
which are conjugate if τ is a homeomorphism (Theorem 1.7).

In Section 2, we prove a key result (Theorem 2.2) for our proofs of (1) and
(2), which is an extension of the well-known result in symbolic dynamics that
any right [left] resolving graph-homomorphism between irreducible graphs with the
same spectral radius is right [left] covering (cf. Proposition 8.2.2 of [LM]).

In Section 3, we prove (1) and (2) and obtain immediate consequences of them
and the results of Section 1 (Theorems 3.8, 3.9, and 3.6).

In Section 4, using textile-orbit-systems we define ‘essentially LR endomor-
phisms’ for systems of expansive onto continuous maps of compact metric spaces.
We prove that if τ is an expansive homeomorphism with canonical coordinates and
ϕ is an essentially LR, but not necessarily expansive, automorphism of (X, τ), then
ϕ has canonical coordinates (Theorem 4.3). This result is closely related with that
of Boyle and Lind mentioned above. We add some discussions on basic properties
of essentially LR endomorphisms of systems of expansive onto continuous maps of
compact metric spaces; in particular, we give a block-map-like characterization of
the essentially LR automorphisms (Proposition 4.4). We also prove that if X is 0-
dimensional and τ is an expansive homeomorphism, then ϕτn is an essentially LR
endomorphism of (X, τ) for some n ≥ 0 if and only if ϕ is right closing (Proposition
4.10).

I would like to thank the referee for his or her superb job. He quite carefully
read the original manuscript and gave very valuable suggestions and comments
together with correcting errors. As one of them, he pointed out that a short proof
for Theorem 2.2 is possible. By his suggestions and ideas, the proof of Theorem
2.2 has been greatly shortened. I am also grateful to K. Hiraide and M. Shishikura
for helpful conversations about dynamical systems on spaces of dimension greater
than 0.

The original version of this paper was written when I was with the Faculty
of Engineering, Mie University. I express my thanks to Mrs. Miyoko Kawamura
for the word processing of the manuscript. The revised version was prepared at
Hiroshima University. I am grateful to S. Okui (at Mie University) , M. Ito, and
especially Y. Nishino for their excellent help which enabled my own word processing
for the revision.

1. Endomorphisms of expansive systems

We give preliminaries and two results on commuting continuous maps, one con-
cerning the topological mixing property and the other concerning topological tran-
sitivity.

Standing convention: Throughout this paper, all the spaces we consider are
compact metric spaces. If X is a space, then it is assumed to be endowed with
metric dX with which it is compact. We also assume that ‘map’ means ‘continuous
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map’. We let x denote the bisequence (xj)j∈Z of points xj of a space. That is,
x = (xj)j∈Z. Similarly we let x′, ŷ, z̄(k) and so on denote (x′j)j∈Z, (ŷj)j∈Z, (z̄

(k)
j )j∈Z

and so on, each of which is a bisequence of points of some space.
Let f : X → X be a map. A bisequence x of points of X is called an orbit of

f if f(xj) = xj+1 for all j ∈ Z. For ε > 0, we say that f is ε-expansive or ε is an
expansive constant for f if for any orbits x and x′ of f , if dX(xj , x′j) ≤ ε for all
j ∈ Z then x = x′. We say that f is positively ε-expansive if for any x, x′ ∈ X , if
dX(f j(x), f j(x′)) ≤ ε for all j ≥ 0 then x = x′. We say that f is expansive if f
is ε-expansive for some ε > 0, and that f is positively expansive if f is positively
ε-expansive for some ε > 0.

For δ > 0, a bisequence y of points of X is called a δ-pseudo-orbit of f if
dX(f(yj), yj+1) ≤ δ for all j ∈ Z. For ε > 0, an orbit x of f is said to ε-trace y if
dX(xj , yj) ≤ ε for all j ∈ Z. We say that f has the pseudo-orbit tracing property
(POTP) if for any ε > 0, there is δ > 0 such that any δ-pseudo-orbit of f is ε-traced
by some orbit of f .

Let Of be the metric space of all orbits of f endowed with the metric dOf defined
by

dOf (x,y) = sup{2−|j|dX(xj , yj) | j ∈ Z}, x,y ∈ Of .

Then Of is compact. We define σf : Of → Of by

σf (x) = (f(xj))j∈Z, x ∈ Of .

Clearly σf is a homeomorphism. Moreover, h(σf ) = h(f) ([Bow1], Proposition
5.2), where h denotes topological entropy.

Let ε > 0. We define, for x ∈ Of ,

V −ε (x, f) = {y ∈ Of | dX(xj , yj) ≤ ε for all j ≤ 0}

and

V +
ε (x, f) = {y ∈ Of | dX(xj , yj) ≤ ε for all j ≥ 0}.

We say that f has canonical coordinates (CC) if for any ε > 0, there is δ > 0
such that for any x and y in Of ,

dX(x0, y0) ≤ δ ⇒ V −ε (x, f) ∩ V +
ε (y, f) 6= ∅.

It is clear that if f has POTP, then f has CC. It is well known that if f is expansive
and has CC, then f has POTP (see, e.g., [AS] or [Hi]).

In line with the definition of ‘coding’ given by Boyle and Lind [BL], we define
the following. Let A = {φi : X → Xi | i ∈ I} and B = {φ′j : X → X ′j | j ∈ J}
be two sets of maps , where I and J are indexing sets. Let ε, ε′ > 0. We say that
A (ε, ε′)-codes B if for any x, y ∈ X ,

∀i ∈ I, dXi(φi(x), φi(y)) ≤ ε ⇒ ∀j ∈ J, dX′j (φ
′
j(x), φ′j(y)) ≤ ε′.

If A (ε, ε)-codes B, then we say that A ε-codes B. (If A or B is a singleton set of a
map, then we will abuse the map to denote the set.)

The following lemma is well known or a trivial extension of a well-known fact, but
it is a key observation for the symbolic dynamics method introduced by Boyle and
Lind [BL] for studying endomorphisms and automorphisms of expansive systems
on compact metric spaces.
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Lemma 1.1. Let ε > 0. Let f : X → X and φ : X → Y be onto maps.
(1) If f is ε-expansive, then for any ε′ > 0 there is an integer m ≥ 0 such that

{f j | 0 ≤ j ≤ 2m} (ε, ε′)-codes φfm (i.e., for any x, x′ ∈ X, if dX(f j(x), f j(x′)) ≤ ε
for 0 ≤ j ≤ 2m, then dY (φfm(x), φfm(x′)) ≤ ε′).

(2) If f is positively ε-expansive, then, for any ε′ > 0, there is an integer m ≥ 0
such that {f j | 0 ≤ j ≤ m} (ε, ε′)-codes φ.

Let f : X → X and g : Y → Y be onto maps. Let ε > 0. Let m,n be nonnegative
integers. Then a factor map φ : (X, f)→ (Y, g) between dynamical systems is said
to be of (m,n) type with respect to ε if {f j | j = 0, . . . ,m+ n} ε-codes gmφ.

Throughout this paper we do not assume that a factor map is necessarily onto.
Boyle and Lind gave a ‘finite’ version of expansiveness which is an analogue of

the block maps of symbolic dynamics ([BL], Lemma 3.2). The following is a version
of it and a direct corollary to Lemma 1.1.

Corollary 1.2 (Boyle and Lind). Let f : X → X and g : Y → Y be onto maps.
Let φ : (X, f)→ (Y, g) be a factor map. Let ε > 0.

(1) If f is ε-expansive, then there are integers m,n ≥ 0 such that φ is of (m,n)
type with respect to ε.

(2) If f is positively ε-expansive, then there is an integer n ≥ 0 such that φ is of
(0, n) type with respect to ε.

An onto map f : X → X is said to be (one-sided) topologically transitive if for
any nonempty open sets U, V ⊂ X , there is n ∈ N such that fn(U) ∩ V 6= ∅.

By Bowen’s theory ([Bow2], [Bow4], [Bow5]) the following is known (see [AH]):
if f : X → X is a topologically transitive, expansive homeomorphism with POTP,
then there exist an irreducible topological Markov shift σ : Σ→ Σ and a bounded-
to-one factor map of (Σ, σ) onto (X, f), and hence (X, f) is a finitely presented
system, in the sense of Fried [Fr], with canonical coordinates. It is known (see
Section 1 of [Boy]) that if f : X → X and g : Y → Y are topologically transitive,
expansive homeomorphisms and have POTP and if φ : (X, f) → (Y, g) is an onto
factor map, then h(f) = h(g) if and only if φ is bounded-to-one. This is considered
to be a natural extension of a well-known property of the factor maps between
irreducible topological Markov shifts (cf. [CP]).

Lemma 1.3. Let f : X → X and g : Y → Y be onto maps. Let φ : (X, f)→ (Y, g)
be an onto factor map. Let φ̃ : (Of , σf ) → (Og, σg) be the factor map induced by
φ, i.e., for each x = (xj)j∈Z ∈ Of , φ̃(x) = (φ(xj))j∈Z. Then φ̃ is onto.

Proof. Let y ∈ Og. Since φ is onto, for each j ∈ Z there is xj ∈ X with φ(xj) = yj.
Since f is onto, for each j ∈ Z there is x(j) ∈ Of such that x(j)

j = xj and hence

x
(j)
j+l = f l(xj) for all l ≥ 0. Since Of is compact, there are a sequence 0 > j1 >

j2 > · · · of integers and a point x̄ of Of such that limi→∞ x
(ji) = x̄. We shall show

that φ̃(x̄) = y.
Let ε > 0. Let δ > 0 be such that idX (δ, ε)-codes φ. Let r ∈ Z. There is k ∈ N

such that jk < r and dOf (x(jk), x̄) ≤ 2−|r|δ. Since sup{2−|i|dX(x(jk)
i , x̄i) | i ∈ Z} ≤

2−|r|δ, we have dX(x(jk)
r , x̄r) ≤ δ, so that dY (φ(x(jk)

r ), φ(x̄r)) ≤ ε. Since jk < r, we
have φ(x(jk)

r ) = φ(f r−jk(xjk )) = gr−jk(yjk) = yr. Thus dY (yr, φ(x̄r)) ≤ ε. Since
ε > 0 and r ∈ Z are arbitrary , we have y = φ̃(x̄).
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Lemma 1.4. Let f : X → X and g : Y → Y be topologically transitive, expansive,
onto maps with h(f) = h(g) and with both having POTP. If φ : (X, f)→ (Y, g) is
an onto factor map, then φ̃ is bounded-to-one.

Proof. The hypotheses imply that σf : Of → Of and σg : Og → Og are expan-
sive, topologically transitive homeomorphisms and have POTP (see [AH]). Hence
h(σf ) = h(f) = h(g) = h(σg). Since φ is onto, φ̃ : (Of , σf ) → (Og, σg) is onto, by
Lemma 1.3. Hence by the fact stated before Lemma 1.3, φ̃ is bounded-to-one.

Let f : X → X be a map. We say that x ∈ X is a nonwandering point of f if for
any open neighborhood U of x there is n ∈ N such that fn(U) ∩ U 6= ∅. Let Ω(f)
denote the set of all nonwandering points of f . We say that f is topologically mixing
if for any nonempty open sets U, V ⊂ X there is N ∈ N such that U ∩ fn(V ) 6= ∅
for all n ≥ N .

The following ‘topological decomposition theorem’ was given by Aoki and Hiraide
[AH] as an extension of the ‘spectral decomposition theorem’ due to Smale [S] and
Bowen [Bow3].

Theorem 1.5 (Aoki and Hiraide [AH]). Let f : X → X be an expansive onto map
with POTP.

(1) Ω(f) contains finitely many closed subsets Bi, 1 ≤ i ≤ l, such that (i) Bi ∩
Bj = ∅ if i 6= j, and f(Bi) = Bi, (ii) Ω(f) =

⋃l
i=1Bi, and (iii) f |Bi : Bi → Bi

is topologically transitive and has POTP (the subsets Bi are called the basic sets of
f).

(2) For a basic set B of f , there exist a ∈ N and closed subsets Ci, 0 ≤ i ≤ a−1,
such that (i) Ci ∩ Cj = ∅ if i 6= j, and f(Ci) = Ci+1moda, (ii) B =

⋃a−1
i=0 Ci, and

(iii) fa|Ci : Ci → Ci is topologically mixing and has POTP (the subsets Ci are
called the elementary sets in B).

Theorem 1.6. Let f : X → X be an expansive onto map with POTP. If there is a
topologically mixing map g : X → X with fg = gf , then f is topologically mixing.

Proof. For δ > 0 and x, y ∈ X , we write x δ∼ y to mean that there are sequences
x0, . . . , xk and y0, . . . , yl of points of X with k, l ≥ 0 such that

x0 = x, dX(f(xi), xi+1) < δ for 0 ≤ i ≤ k − 1, xk = y,

y0 = y, dX(f(yi), yi+1) < δ for 0 ≤ i ≤ l − 1, yl = x.

We write x ∼ y to mean that x δ∼ y for any δ > 0. It is found in Section 3.4 of [AH]
that ∼ is an equivalence relation on Ω(f) and the equivalence classes constitute the
basic sets of f . Since fg = gf and g is uniformly continuous, it follows that for
x, y ∈ Ω(f), if x ∼ y, then g(x) ∼ g(y).

Let Per(f) denote the set of all periodic points of f . For p ∈ Per(f), let B(p) be
the basic set of f containing p, and let Cp be the subset cl(W s(p, f) ∩B(p)) with

W s(p, f) = {x ∈ X | lim
n→∞

dX(fn(p), fn(x)) = 0}.

As is found in Section 3.4 of [AH], Cp is an elementary set in B(p) for p ∈ Per(f).
Since fg = gf , we have g(p) ∈ Per(f) for p ∈ Per(f).

Let p ∈ Per(f). Then by the above, if x ∈ B(p), then g(x) ∈ B(g(p)). If
x ∈ W s(p, f), then g(x) ∈ W s(g(p), f). Therefore

g(W s(p, f) ∩B(p)) ⊂W s(g(p), f) ∩B(g(p)).
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Thus

g(Cp) = g(cl(W s(p, f) ∩B(p))) ⊂ cl(g(W s(p, f) ∩B(p)))

⊂ cl(W s(g(p), f) ∩B(g(p))) = Cg(p).

Since there are only finitely many elementary sets in the basic sets of f , there are
integers 0 ≤ i < j such that Cgi(p) = Cgj(p). Hence

gj−i(Cgi(p)) ⊂ Cgj(p) = Cgi(p).

Thus if Cgi(p) 6= X , then gj−i would not be topologically transitive. But this is not
the case, because g is topologically mixing. Therefore we have Cgi(p) = X , which
implies that f is topologically mixing.

If f : X → X is a topologically transitive, expansive onto map with POTP, then
X itself is a basic set of f . We call the number of elementary sets in the basic set
X the period of f .

The following theorem is a generalization of a result of Boyle and Krieger (Lemma
2.13 of [BK]).

Theorem 1.7. Let f : X → X and g : X → X be commuting expansive onto maps
with POTP. Suppose that f is topologically transitive with period r. Then, for some
k dividing r, X =

⋃l−1
i=0 Bi, where Bi, 0 ≤ i ≤ l − 1, are the basic sets of g with

l = r/k such that all g|Bi : Bi → Bi have period k, and the dynamical systems
(Bi, g|Bi) are a factor of each other, and in particular they are conjugate to each
other if f is a homeomorphism.

Proof. The proof is a natural extension of the proof of Lemma 2.13 of [BK]. We
use the same notation as in the proof of Theorem 1.6.

Let p ∈ Per(f). As is found in Section 3.4 of [AH], Cp, Cf(p), . . . , Cfr−1(p) are
the elementary sets of f with Cfr(p) = Cp. There is 0 ≤ L ≤ r − 1 with g(p) ∈
CfL(p). Since g(f i(p)) ∈ f i(CfL(p)) = Cfi+L(p) and gf i(p) ∈ Per(f), it follows that
Cgfi(p) = Cfi+L(p) for 0 ≤ i ≤ r−1. By the proof of Theorem 1.6, for 0 ≤ i ≤ r−1,
we have Cgfi(p) ⊃ g(Cfi(p)), so that Cgfi(p) = g(Cfi(p)) because g is onto. Thus we
have

g(Cfi(p)) = Cfi+L(p) for 0 ≤ i ≤ r − 1.

Since f and g have POTP and Cfi(p), 0 ≤ i ≤ r− 1, are disjoint closed sets each of
which is f r-invariant and gr-invariant, it follows that f r|Cfi(p) and gr|Cfi(p) have
POTP for 0 ≤ i ≤ r − 1. By Theorem 1.5, f r|Cfi(p) is topologically mixing for
0 ≤ i ≤ r − 1. Therefore by Theorem 1.6, gr|Cfi(p) is topologically mixing for
0 ≤ i ≤ r − 1.

Let l = gcd(r, L) and let k = r/l. Then for each i, the sets

gj(Cfi(p)) = Cfi+jL(p), 0 ≤ j ≤ k − 1,

are disjoint closed sets and gk(Cfi(p)) = Cfi(p). Since gk|Cfi(p) has POTP and
gr|Cfi(p) is topologically mixing, it follows from Theorem 1.6 that gk|Cfi(p) is
topologically mixing. Let

Bi =
k−1⋃
j=0

gj(Cfi(p)), 0 ≤ i ≤ l − 1.
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Then
⋃l−1
i=0 Bi = X , with the sets Bi disjoint, closed, and g-invariant, and each g|Bi

topologically transitive. Therefore Bi, 0 ≤ i ≤ l − 1, are the basic sets of g, and
gj(Cfi(p)), 0 ≤ j ≤ k − 1, are the elementary sets in Bi, so that g|Bi has period k
for 0 ≤ i ≤ l − 1.

For any 0 ≤ i, j ≤ l − 1, since f j−i+L(Bi) = Bj and gf j−i+L = f j−i+Lg,
(Bj , g|Bj) is a factor of (Bi, g|Bi) , and if in particular f is a homeomorphism,
then (Bj , g|Bj) is conjugate to (Bi, g|Bi).

2. Resolving factor maps

Let f : X → X and g : Y → Y be onto maps. Let ε > 0. Let φ : (X, f)→ (Y, g)
be a factor map. We say that φ is ε-closeness preserving, or ε-preserving for short,
if idX ε-codes φ. The notion of an ε-preserving factor map is an analogy of that
of a one-block map in symbolic dynamics. It is easily proved by using Corollary
1.2 that if f is expansive and ε is an expansive constant for f , then, as every block
map between subshifts becomes a one-block map passing through a higher block
system of sufficiently large order, φ becomes ε-preserving passing through a higher
block system (X ′, f ′) of sufficiently large order of (X, f) (see the second paragraph
of the next section), that is, there is a natural conjugacy ρ : (X, f)→ (X ′, f ′) such
that φρ−1 is an ε-preserving factor map of (X ′, f ′) into (Y, g).

Let φ be ε-preserving. We say that φ is right ε-resolving if {idX , gφ} ε-codes f ,
and φ is said to be left ε-resolving if {φ, f} ε-codes idX .

Let φ̃ : (Of , σf ) → (Og, σg) be the factor map induced by φ, i.e., for x ∈
Of , φ̃(x) = (φ(xj))j∈Z. Since φ is ε-preserving, for every x ∈ Of ,

V −ε (φ̃(x), g) ⊃ φ̃(V −ε (x, f)) and V +
ε (φ̃(x), g) ⊃ φ̃(V +

ε (x, f)).

We say that φ is right ε-complete, if for all x ∈ Of ,

V −ε (φ̃(x), g) = φ̃(V −ε (x, f)).

We also say that φ is left ε-complete, if for all x ∈ Of ,

V +
ε (φ̃(x), g) = φ̃(V +

ε (x, f)).

For x ∈ Of , let φ̃−ε,x : V −ε (x, f)→ V −ε (φ̃(x), g) be defined as the restriction of φ̃,
and let φ̃+

ε,x : V +
ε (x, f)→ V +

ε (φ̃(x), g) be similarly defined. Then we say that φ is
right ε-closing if φ̃−ε,x is 1-1 for all x ∈ Of , and φ is said to be left ε-closing if φ̃+

ε,x

is 1-1 for all x ∈ Of . Hence we see that φ is right ε-closing and right ε-complete if
and only if φ̃−ε,x is bijective for all x ∈ Of , and the left version of this also holds. As
is easily seen by using Lemma 1.1, when f is ε-expansive, if φ is right ε-resolving,
then it is right ε-closing, and if φ is left ε-resolving, then it is left ε-closing.

Proposition 2.1. Let f : X → X and g : Y → Y be onto maps. Let ε > 0. Let g
be ε-expansive. Let φ : (X, f)→ (Y, g) be an ε-preserving conjugacy.

(1) If φ is right ε-resolving, then it is right ε-complete.
(2) If φ is left ε-resolving, then it is left ε-complete.

Proof. To prove (1), let x,x′ ∈ Of with φ̃(x′) ∈ V −ε (φ̃(x), g). We shall show that
x′ ∈ V −ε (x, f). Since Of is compact, there are a sequence 0 < k1 < k2 < · · · of inte-
gers and points x̄, x̄′ of Of such that limi→∞ σ−kif (x) = x̄ and limi→∞ σ−kif (x′) =
x̄′. Let ȳ = φ̃(x̄) and let ȳ′ = φ̃(x̄′). Let r ∈ Z. Then



ENDOMORPHISMS OF EXPANSIVE SYSTEMS 4739

σrg(ȳ) = σrg(φ̃( lim
i→∞

σ−kif (x))) = lim
i→∞

σr−kig φ̃(x) and σrg(ȳ′) = lim
i→∞

σr−kig φ̃(x′).

Since φ̃(x′) ∈ V −ε (φ̃(x), g), for all i with ki ≥ r, the distance between the 0-th
coordinate of σr−kig φ̃(x) and that of σr−kig φ̃(x′) is not greater than ε. Hence so is the
distance between the 0-th coordinate of σrg(ȳ) and that of σrg(ȳ′) , i.e., dY (ȳr, ȳ′r) ≤
ε. Since r ∈ Z is arbitrary and g is ε-expansive, we have ȳ = ȳ′, so that x̄ = x̄′

because φ̃ is 1-1. Thus dOf (σ−kif (x), σ−kif (x′)) ≤ ε for all sufficiently large i, so that
dX(x−ki , x′−ki) ≤ ε for all sufficiently large i. Therefore, since dY (φ(xj), φ(x′j)) ≤ ε
for all j ≤ 0 and φ is right ε-resolving, it follows that dX(xj , x′j) ≤ ε for all j ≤ 0,
which implies that x′ ∈ V −ε (x, f).

The proof of (2) is similar to the above.

To prove the main theorem of this section, it is convenient to introduce some
notations. Let δ, ε > 0. Let f : X → X be a 2ε-expansive, onto map such
that any δ-pseudo-orbit of f is ε-traced by some orbit of f . This orbit is unique
for the δ-pseudo-orbit because f is 2ε-expansive. For x ∈ Of and k, l ∈ Z with
k < l, let x[k,l), x(−∞,l), and x[k,∞) denote the finite, left infinite, and right infinite
sequences (xj)k≤j<l, (xj)j<l, and (xj)j≥k, respectively. Let x(0), . . . ,x(n) ∈ Of
with n ∈ N. Let l0, k1, l1, . . . , kn−1, ln−1, kn ∈ Z with ki < li, i = 1, . . . , n − 1.
Then an expression E of the form

E = x
(0)
(−∞,l0)∗

δ◦ x(1)
[k1,l1)

δ◦ · · · δ◦ x(n−1)
[kn−1,ln−1)

δ◦ x(n)
[kn,∞)

means that dX(x(i−1)
li−1

, x
(i)
ki

) ≤ δ for i = 1, . . . , n and denotes the δ-pseudo-orbit y

of f such that yj = x
(0)
j for j < l0, and for i = 1, . . . , n, y(

∑i−1
m=0 lm)−(

∑i
m=1 km)+j =

x
(i)
j for ki ≤ j < li, with ln = ∞. Hence ∗ indicates the real time interval. Let

traceε(E) denote the orbit of f which ε-traces the δ-pseudo-orbit denoted by E.
Let φ : (X, f) → (Y, g) be an onto factor map between dynamical systems, where
f : X → X and g : Y → Y are topologically transitive, expansive, onto maps with
the same topological entropy and with f having POTP. For convenience we define
a constant-triple for φ to be the triple (c, ε0, δ0) of positive numbers such that both
f and g are c-expansive, idX (ε0, c/2)-codes φ with ε0 ≤ c, and any δ0-pseudo-orbit
of f is ε0-traced by some orbit of f with δ0 ≤ ε0.

Theorem 2.2. Let f : X → X and g : Y → Y be topologically transitive, expan-
sive, onto maps with h(f) = h(g) and both having POTP. Let φ : (X, f)→ (Y, g) be
an onto factor map. If ε > 0 is sufficiently small, that is, if there is a constant-triple
(c, ε0, δ0) for φ with ε < δ0/2 , then the following hold.

(1) If φ is ε-preserving and right ε-resolving, then φ is right ε-complete.
(2) If φ is ε-preserving and left ε-resolving, then φ is left ε-complete.

Proof. Let φ̃ : (Of , σf )→ (Og, σg) be the factor map induced by φ. By Lemmas 1.3
and 1.4, φ̃ is bounded-to-one and onto. To prove (1), assume that φ is ε-preserving
and right ε-resolving. Let y be a point of Og with the maximum number of inverses,
say x(1), . . . ,x(n), under φ̃. We claim that

φ̃−1(V −ε (y, g)) =
n⋃
i=1

V −ε (x(i), f).
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For otherwise there would be x′ /∈
⋃n
i=1 V

−
ε (x(i), f) with φ̃(x′) ∈ V −ε (y, g). Since

Of is compact, there is a sequence 0 < k1 < k2 < . . . of integers such that the
sequences (σf−kj (x(i)))j∈N, i = 1, . . . , n, and (σf−kj (x′))j∈N converge. Let their
limits be x̄(i), i = 1, . . . , n, and x̄′, respectively. By the same discussion as in the
proof of Proposition 2.1, we have φ̃(x̄′) = φ̃(x̄(i)), i = 1, . . . , n. Since φ is right
ε-resolving and f is ε-expansive, using a similar argument to one in that proof, we
see that x̄(i), i = 1, . . . , n, are distinct. Since n is the maximum number of inverses
for φ̃, we have x̄′ = x̄(k) for some 1 ≤ k ≤ n. The same argument as in the proof
of Proposition 2.1 shows that x′ ∈ V −ε (x(k), g), which is a contradiction.

Let z be a point of Og which has the minimum number of inverses under φ̃
among all points in

⋃∞
j=0 σ

j
g(V −ε (σ−jg (y), g)). We may assume that z ∈ V −ε (y, g).

(For if z ∈ σJg (V −ε (σ−Jg (y), g)) with J ∈ N, then we may reuse z, y and x(i), i =
1, . . . , n, to mean σ−Jg (z), σ−Jg (y) and σ−Jf (x(i)), i = 1, . . . , n, respectively.) Let
w(1), . . . ,w(m) be the inverses of z under φ̃. Then, by the above, they are contained
in
⋃n
i=1 V

−
ε (x(i), f). If there were 1 ≤ l < l′ ≤ m and 1 ≤ i ≤ n with w(l),w(l′) ∈

V −ε (x(i), f), then w(l) and w(l′) would be left ε-asymptotic, i.e., dX(w(l)
−j , w

(l′)
−j ) ≤ ε

for all sufficiently large j, because f is ε-expansive. Since φ̃(w(l)) = φ̃(w(l′)) and φ
is right ε-resolving, we would have w(l) = w(l′), which is not the case. Therefore
we may assume that w(i) ∈ V −ε (x(i), f), i = 1, . . . ,m. We claim that m = n.

Assume the contrary. Then there is no u ∈ V −ε (x(n), f) with φ̃(u) = z. Let
δ > 0 be such that any 2δ-pseudo-orbit of f is ε-traced by some orbit of f . Since
Of is compact, there is 0 < β < ε such that

⋃m
i=1 Uδ(w

(i)) ⊃ φ̃−1(Vβ(z)), where
Uδ(w(i)) and Vβ(z) denote the open ball with center w(i) and radius δ and the
closed ball with center z and radius β, respectively. For otherwise, there would
be a point w̄ /∈

⋃m
i=1 Uδ(w(i)) with φ̃(w̄) = z. Since Og is compact and g is

β-expansive, it follows that there is an integer K ≥ 2 such that, for any ẑ ∈ Og, if
dY (zj , ẑj) ≤ β for −K + 1 ≤ j ≤ K − 1, then dOg(z, ẑ) ≤ β. Let α > 0 be such
that any α-pseudo-orbit of g is β-traced by some orbit of g. Since z ∈ V −ε (y, g)
and g is ε-expansive, there is M > 0 such that dY (y−M , z−M ) < α/2. Let γ > 0
be such that idX (γ, α/2)-codes φ with γ < δ. Since f is topologically transitive,
there are s ∈ Of and L ≥ 1 such that dX(s0, w

(1)
K ) < γ and dX(sL, x

(n)
−M ) < γ.

We have dY (φ(s0), φ(w(1)
K )) ≤ α/2, and we also have dY (φ(sL), z−M ) ≤ α, because

dY (φ(sL), φ(x(n)
−M )) + dY (φ(x(n)

−M ), z−M ) = dY (φ(sL), φ(x(n)
−M )) + dY (y−M , z−M ) ≤

α/2 + α/2. We can define

ẑ = traceβ(z(−∞,K)∗
α◦ φ̃(s)[0,L)

α◦ z[−M,∞)).

We have dY (zj, ẑj) ≤ β for j ≤ K − 1, so that dY (ẑj , yj) ≤ ε + β < 2ε for j ≤ 0.
Since g is 2ε-expansive, there is N ∈ N such that dY (ẑj , yj) ≤ ε for j ≤ −N . That
is, ẑ ∈ σNg (V −ε (σ−Ng (y), g)). Let ŵ(1), . . . , ŵ(l) be the inverses of ẑ under φ̃. Then
m ≤ l ≤ n, and

m⋃
i=1

Uδ(w(i)) ⊃ φ̃−1(Vβ(z)) ⊃ φ̃−1(ẑ) = {ŵ(1), . . . , ŵ(l)}.

If Uδ(w(p)) 3 ŵ(q) with 1 ≤ p ≤ m and 1 ≤ q ≤ l, then we can define

w(p,q) = traceε(ŵ
(q)
(−∞,1)∗

2δ◦ w(p)
[1,∞)) ∈ Of .



ENDOMORPHISMS OF EXPANSIVE SYSTEMS 4741

Since dX(w(p,q)
j , ŵ

(q)
j ) ≤ ε for j < 1 and φ is ε-preserving, dY (φ(w(p,q)

j ), ẑj) ≤ ε for

j < 1. Hence we have dY (φ(w(p,q)
j ), zj) ≤ ε + β for j < 1, because dY (ẑj , zj) ≤ β

for j < 1. We also have dY (φ(w(p,q)
j ), zj) ≤ ε for j ≥ 1. Since g is (ε+β)-expansive,

we have φ̃(w(p,q)) = z, so that w(p,q) = w(i) for some 1 ≤ i ≤ m. Therefore, by
the definition of w(p,q), ŵ(q) ∈ V −ε (w(i), f) for some 1 ≤ i ≤ m. If there were no
q with ŵ(q) ∈ V −ε (w(1), f), then there would be distinct q and q′ and 2 ≤ i ≤ m

such that ŵ(q), ŵ(q′) ∈ V −ε (w(i), f), because l ≥ m. This is not the case, as seen
by the same discussion as above. Thus we may assume that ŵ(1) ∈ V −ε (w(1), f).
Since γ < δ, we can define

t = traceε(w
(1)
(−∞,K)∗

δ◦ s[0,L)
δ◦ x(n)

[−M,∞)).

Since φ is ε-preserving and g is (ε + β)-expansive, it follows that

φ̃(t) = traceβ(φ̃(w(1))(−∞,K)∗
α◦ φ̃(s)[0,L)

α◦ φ̃(x(n))[−M,∞))

= traceβ(z(−∞,K)∗
α◦ φ̃(s)[0,L)

α◦ y[−M,∞)).

Since

φ̃(ŵ(1)) = ẑ = traceβ(z(−∞,K)∗
α◦ φ̃(s)[0,L)

α◦ z[−M,∞))

and we can have chosen β so that 2β < ε and idY (2β, ε)-codes g, we have

dY (φ(tj), φ(ŵ(1)
j )) ≤ ε for j ≤ K + L.

Since ŵ(1), t ∈ V −ε (w(1), f) and f is ε-expansive, ŵ(1) and t are left ε-asymptotic.
Therefore, since φ is right ε-resolving, it follows that

dX(ŵ(1)
j , tj) ≤ ε for j ≤ K + L.

Since dX(tK+L, x
(n)
−M ) ≤ ε (by the definition of t), we have dX(ŵ(1)

K+L, x
(n)
−M ) ≤ 2ε <

δ0. Thus we can define

u = traceε0(x(n)
(−∞,−M)∗

δ0◦ ŵ(1)
[K+L,∞)).

We have dY (φ(uj), zj) ≤ dY (φ(uj), φ(x(n)
j ))+dY (yj , zj) ≤ c/2+ε for j < −M , since

idX (ε0, c/2)-codes φ. Recalling the definition of ẑ, we also have dY (φ(uj), zj) ≤
dY (φ(uj), φ(ŵ(1)

K+L+M+j)) + dY (ẑK+L+M+j, zj) ≤ c/2 + β for j ≥ −M . Hence we
have dY (φ(uj), zj) ≤ c/2 + c/2 = c for all j ∈ Z. Thus we have φ̃(u) = z, because
g is c-expansive. Further we recall that φ̃(x(n)) = y and z ∈ V −ε (y, g), and we
note that u and x(n) are left ε-asymptotic. Therefore, since φ is right ε-resolving, it
follows that u ∈ V −ε (x(n), f), which is the desired contradiction. Thus we conclude
that m = n.

Therefore it follows that φ̃(V −ε (x(i), f)) = V −ε (y, g) for i = 1, . . . , n. Putting
x(1) = w, we particularly have

φ̃(V −ε (w, f)) = V −ε (φ̃(w), g).

Let x ∈ Of . Let z′ ∈ V −ε (φ̃(x), g). There is M ′ > 0 with dY (φ(x−M ′ ), z′−M ′) <
α/2. Let K ′ = 1. There are s′ ∈ Of and L′ ≥ 1 such that dX(s′0, wK′) < γ and
dX(s′L′ , x−M ′ ) < γ. Then, as we could define ẑ above, we can define

ẑ′ = traceβ(φ̃(w)(−∞,K′)∗
α◦ φ̃(s′)[0,L′)

α◦ z′[−M ′,∞)).
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Then ẑ′ ∈ V −ε (φ̃(w), g), and hence there is ŵ ∈ V −ε (w, f) with φ̃(ŵ) = ẑ′. By the

same arguments as above (consider t′ = traceε(w(−∞,K′)∗
δ◦ s′[0,L′)

δ◦ x[−M ′,∞))),
we see that

u′ = traceε0(x(−∞,−M ′)∗
δ0◦ ŵ[K′+L′,∞))

can be defined, and that φ̃(u′) = z′ and u′ ∈ V −ε (x, f).
Thus we have shown that, for each x ∈ Of , V −ε (φ(x), g) = φ̃(V −ε (x, f)), so that

the proof of (1) is completed.
The proof of (2) is similar.

Lemma 2.3. Let ε > 0. Let f : X → X and g : Y → Y be ε-expansive, onto maps
with POTP with g topologically transitive. Let δ > 0 be such that any δ-pseudo-orbit
of f is ε-traced by some orbit of f . Let φ : (X, f)→ (Y, g) be a both right ε-closing
and left ε-closing, ε-preserving, onto factor map.

(1) Any distinct orbits x and x′ of f with φ̃(x) = φ̃(x′) are totally δ-separated,
i.e., dX(xj , x′j) > δ for all j ∈ Z.

(2) If φ is both right ε-complete and left ε-complete, then φ̃ is constant-to-one
and open.

Proof. (1) Let x,x′ ∈ Of with dX(x0, x
′
0) ≤ δ and φ̃(x) = φ̃(x′). Then there is

w ∈ V −ε (x, f) ∩ V +
ε (x′, f). Since φ is ε-preserving, we have φ̃(w) ∈ V −ε (φ̃(x), g) ∩

V +
ε (φ̃(x′), g). Since φ̃(x) = φ̃(x′) and g is ε-expansive, we have φ̃(w) = φ̃(x) =
φ̃(x′). Since φ is right ε-closing, we have w = x, and since φ is left ε-closing, we
have w = x′. Hence x = x′. Thus (1) is proved.

(2) By Lemma 1.3 φ̃ is onto, and from (1) it follows that φ̃ is bounded-to-one. Let
y,y′ ∈ Og. To prove that φ̃ is constant-to-one, it suffices to show that #(φ̃−1(y)) ≤
#(φ̃−1(y′)). Let γ > 0 be such that any γ-pseudo-orbit of g is ε-traced by some
orbit of g. Since g is topologically transitive, there are m ∈ N and z ∈ Og such
that dY (y1, z0) < γ and dY (zm, y′0) < γ. Let ŷ = traceε(y(−∞,1)∗

γ◦ z[0,m)
γ◦ y′[0,∞)).

Then

ŷ ∈ V −ε (y, g) and σm+1
g (ŷ) ∈ V +

ε (y′, g).

Let φ̃−1(y) = {x(1), . . . ,x(k)}. Then we have

V −ε (x(i), f) ∩ V −ε (x(j), f) = ∅ for 1 ≤ i < j ≤ k.
For otherwise, since f is ε-expansive, it follows from Lemma 1.1 that there would be
n ∈ N such that dX(x(i)

−n, x
(j)
−n) < δ, which is not the case because x(i) and x(j) are

totally δ-separated, by (1). Since φ is right ε-complete, there is x̂(i) ∈ V −ε (x(i), f)
with φ̃(x̂(i)) = ŷ for i = 1, . . . , k. Thus we have

#(φ̃−1(ŷ)) ≥ k = #φ̃−1(y).

Since y′ ∈ V +
ε (σm+1

g (ŷ), g), an argument similar shows that

#(φ̃−1(y′)) ≥ #(φ̃−1(σm+1
g (ŷ))).

Thus we have #(φ̃−1(y′)) ≥ #φ̃−1(y), as desired.
Using (1) and the fact that φ̃ is constant-to-one, a similar argument to that in

the proof of Theorem 16.3 of [H] proves that φ̃ is open.
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3. Commuting expansive onto maps

Throughout the remainder of this paper we assume the following. For a finite
number of spaces Xi, i = 1, . . . , n, if we consider a subset S of the Cartesian product∏n
i=1 Xi as a metric space, then S is endowed with the max metric, that is, for

u = (xi)1≤i≤k and u′ = (x′i)1≤i≤k in S, xi, x′i ∈ Xi

dS(u, u′) = max{dXi(xi, x′i) | i = 1, . . . , n}.
Let f : X → X be an onto map. Let k ∈ N. We define the higher block system

of order k of the dynamical system (X, f) to be the dynamical system (X [k]
f , f [k]),

where

X
[k]
f = {(f i(x))0≤i≤k−1 | x ∈ X},

d
X

[k]
f

is the max metric, and f [k] is given by

f [k]((f i(x))0≤i≤k−1) = (f i(x))1≤i≤k , x ∈ X.
It is clear that if f is c-expansive [positively c-expansive] with c > 0, then f [k] is
c-expansive [positively c-expansive].

Lemma 3.1. Let f : X → X be a c-expansive onto map with c > 0. Let ε0, δ0 be
numbers such that 0 < δ0 ≤ ε0 < c/3 and any δ0-pseudo-orbit of f is ε0-traced by
some orbit of f . Let k ∈ N. Then any δ0-pseudo-orbit of f [k] is ε0-traced by some
orbit of f [k].

Proof. Let (uj)j∈Z be a δ0-pseudo-orbit of f [k]. Then there is a sequence (xj)j∈Z

of points xj of X such that, for all j ∈ Z, uj = (f i(xj))0≤i≤k−1 and

max{dX(f i(xj), f i−1(xj+1)) | i = 1, . . . , k} ≤ δ0.
It follows that, for i = 0, . . . , k − 1, (f i(xj))j∈Z is a δ0-pseudo-orbit of f , so that
there is (y(i)

j )j∈Z ∈ Of which ε0-traces (f i(xj))j∈Z. Hence, for all j ∈ Z,

dX(y(i)
j , f i(xj)) ≤ ε0, i = 0, . . . , k − 1,

and hence

dX(y(i−1)
j+1 , f i−1(xj+1)) ≤ ε0, i = 1, . . . , k.

Therefore we have, for i = 1, . . . , k−1, dX(y(i)
j , y

(i−1)
j+1 ) ≤ 2ε0+δ0 < c for j ∈ Z. Since

(y(i)
j )j∈Z ∈ Of and f is c-expansive, we have y(i)

j = y
(i−1)
j+1 for i = 1, . . . , k−1 and j ∈

Z, so that we have y(i)
j = y

(0)
j+i for i = 0, . . . , k−1 and j ∈ Z. Let vj = (y(0)

j+i)0≤i≤k−1

for j ∈ Z. Then (vj)j∈Z ∈ Of [k] . Since dX(f i(xj), y
(0)
j+i) = dX(f i(xj), y

(i)
j ) ≤ ε0 for

i = 0, . . . , k − 1 and all j ∈ Z, we have d
X

[k]
f

(uj , vj) = max {dX(f i(xj), y
(0)
j+i) | i =

0, . . . , k − 1} ≤ ε0 for all j ∈ Z, so that (vj)j∈Z ε0-traces (uj)j∈Z.

Lemma 3.2. Let f : X → X and g : X → X be commuting onto maps. Let g be
c-expansive with c > 0. Let k ∈ N. Let g[k]

f : X [k]
f → X

[k]
f be defined by

g
[k]
f ((f j(x))0≤j≤k−1) = (f jg(x))0≤j≤k−1, x ∈ X.

Let ε0, δ0 > 0 be such that ε0 < c/2, idX (ε0, c/2)-codes f , and any δ0-pseudo-orbit
of g is ε0-traced by some orbit of g. Then any δ0-pseudo-orbit of g[k]

f is ε0-traced

by some orbit of g[k]
f .
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Proof. We may assume that k ≥ 2. Let F (x) denote (f j(x))0≤j≤k−1 for x ∈ X .
Any δ0-pseudo-orbit of g[k]

f is of the form (F (xi))i∈Z, where (xi)i∈Z is a sequence
of points such that dX(gf j(xi), f j(xi+1)) ≤ δ0 for i ∈ Z and j = 0, . . . , k − 1.
Hence (f j(xi))i∈Z is an δ0-pseudo-orbit of g for j = 0, . . . , k − 1. Thus for each
j = 0, . . . , k− 1, there is an orbit (y(j)

i )i∈Z of g which ε0-traces (f j(xi))i∈Z, i.e., for
each i ∈ Z, dX(y(j)

i , f j(xi)) ≤ ε0 for j = 0, . . . , k− 1. Therefore, for 0 ≤ j ≤ k− 2,

dX(y(j+1)
i , f(y(j)

i )) ≤ dX(y(j+1)
i , f j+1(xi)) + dX(f(f j(xi)), f(y(j)

i )) ≤ ε0 +
c

2
< c.

Since (f(y(j)
i ))i∈Z is an orbit of g and g is c-expansive, we have y(j+1)

i = f(y(j)
i ) for

0 ≤ j ≤ k−2. Hence (F (y(0)
i ))i∈Z is an orbit of g[k]

f which ε0-traces (F (xi))i∈Z.

Let ε > 0. We define an ε-textile-orbit-system T to be a quadruple of ε-preserving
onto maps

iX : X →W, tX : X →W, pY : Y →W, qY : Y →W

such that iX and pY are 1-1 and

qY p
−1
Y tXi

−1
X = tXi

−1
X qY p

−1
Y .

We write T = (iX , tX : X → W ; pY , qY : Y → W ). We call z = (y, y′, x, x′) ∈
Y × Y ×X ×X a square of T if

iX(x) = pY (y), qY (y) = iX(x′), tX(x) = pY (y′), and qY (y′) = tX(x′).

Let Z be the set of all squares of T and let it be endowed with the max metric.
We call Z the square space of T . We define projections iZ , tZ , pZ , qZ as follows: for
z = (y, y′, x, x′) ∈ Z, iZ(z) = y, tZ(z) = y′, pZ(z) = x, and qZ(z) = x′. Then all
the projections are ε-preserving, and the following diagram commutes:

W
iX←−−−− X

tX−−−−→ W

pY

x xpZ xpY
Y

iZ←−−−− Z
tZ−−−−→ Y

qY

y yqZ yqY
W ←−−−−

iX
X −−−−→

tX
W.

Since iX and pY are 1-1, iZ and pZ are 1-1. A two-dimensional configuration
(zij)i,j∈Z of squares is called a textile-orbit of T if for all i, j ∈ Z,

tZ(zi,j−1) = iZ(zij) and qZ(zi−1,j) = pZ(zij).

We say that T is LR if {tZ , pZ} and {iZ , qZ} ε-code each other. We also say
that T is LL if {tZ , pZ} ε-codes idZ and {tZ , qZ} ε-codes idZ .

Lemma 3.3. Let ε > 0. Let T = (iX , tX : X → W ; pY , qY : Y → W ) be an ε-
textile-orbit-system. Let Z be the square space of T . Let f = i−1

Z tZ , let f∗ = p−1
Z qZ ,

and let g∗ = p−1
Y qY . Assume that g∗ is topologically transitive and expansive and

has POTP (and hence f∗ has the same properties, because iZ is a homeomorphism)
and that there is a constant-triple (c, ε0, δ0) for the factor map tZ : (Z, f∗)→ (Y, g∗)
with ε < δ0/2.
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(1) If T is LR, then, for any textile-orbits (zij)i,j∈Z and (z′ij)i,j∈Z of T , if

V −ε ((zi0)i∈Z, f
∗) ∩ V +

ε ((z′i0)i∈Z, f
∗) 3 z,

then there is a textile-orbit (z̄ij)i,j∈Z of T such that (z̄i0)i∈Z = z,

dZ(z̄ij , zij) ≤ ε ∀i, j ≤ 0, and dZ(z̄ij , z′ij) ≤ ε ∀i, j ≥ 0.

(2) If T is LL, then the endomorphism f̃ of (Of∗ , σf∗) induced by f : (Z, f∗)→
(Z, f∗), is constant-to-one and open, and moreover for any textile-orbits (zij)i,j∈Z

and (z′ij)i,j∈Z of T ,

V −ε ((zi0)i∈Z, f
∗) ∩ V +

ε ((z′i0)i∈Z, f
∗) 6= ∅

⇒ V −2ε ((z0j)j∈Z, f) ∩ V +
0 ((z′0j)j∈Z, f) 6= ∅.

Proof. (1) Since T is an LR ε-textile-orbit-system, it follows that iZ is a left ε-
resolving conjugacy of (Z, f∗) onto (Y, g∗) and tZ is a right ε-resolving factor map
of (Z, f∗) onto (Y, g∗). From Proposition 2.1, Theorem 2.2, and the assumptions
of the lemma, it follows that iZ is left ε-complete and tZ is right ε-complete.

Let (zij)i,j∈Z and (z′ij)i,j∈Z be textile-orbits of T , let z ∈ V −ε ((zi0)i∈Z, f
∗) ∩

V +
ε ((z′i0)i∈Z, f

∗), and put z = (z(0)
i )i∈Z.

Let (yij)i∈Z = (iZ(zij))i∈Z for j ∈ Z. Let (y(0)
i )i∈Z = (iZ(z(0)

i ))i∈Z. Since iZ is
ε-preserving and (z(0)

i )i∈Z ∈ V −ε ((zi0)i∈Z, f
∗), we have (y(0)

i )i∈Z ∈ V −ε ((yi0)i∈Z, g
∗).

Since tZ is right ε-complete and (yi0)i∈Z = (tZ(zi,−1))i∈Z = t̃Z((zi,−1)i∈Z), we have

V −ε ((yi0)i∈Z, g
∗) = V −ε (t̃Z((zi,−1)i∈Z), g∗) = t̃Z(V −ε ((zi,−1)i∈Z, f

∗)).

Therefore, since (y(0)
i )i∈Z ∈ V −ε ((yi0)i∈Z, g

∗), there is

(z(−1)
i )i∈Z ∈ V −ε ((zi,−1)i∈Z, f

∗)

such that

t̃Z((z(−1)
i )i∈Z) = (y(0)

i )i∈Z = ĩZ((z(0)
i )i∈Z).

Let (y(−1)
i )i∈Z = ĩZ((z(−1)

i )i∈Z). Then the same argument shows that there is

(z(−2)
i )i∈Z ∈ V −ε ((zi,−2)i∈Z, f

∗)

such that

t̃Z((z(−2)
i )i∈Z) = (y(−1)

i )i∈Z = ĩZ((z(−1)
i )i∈Z).

Continuing in this way, we know that there are (z(j)
i )i∈Z ∈ Of∗ , j ≤ 0, such that

(z(j)
i )i∈Z ∈ V −ε ((zij)i∈Z, f

∗) and ĩZ((z(j)
i )i∈Z) = t̃Z((z(j−1)

i )i∈Z) for all j ≤ 0.

Furthermore, a similar argument, using the ε-preserving property of tZ and the
left ε-completeness of iZ , shows that there are (z(j)

i )i∈Z ∈ Of∗ , j ≥ 0, such that

(z(j)
i )i∈Z ∈ V +

ε ((z′ij)i∈Z, f
∗) and t̃Z((z(j)

i )i∈Z) = ĩZ((z(j+1)
i )i∈Z) for all j ≥ 0.

If we define (z̄ij)i,j∈Z = (z(j)
i )i,j∈Z, then (z̄ij)i,j∈Z is a textile-orbit of T such that

(z̄i0)i∈Z = z, dZ(z̄ij , zij) ≤ ε for all i, j ≤ 0, and dZ(z̄ij , z′ij) ≤ ε for all i, j ≥ 0.
(2) Since T is an LL ε-textile-orbit-system, it follows that tZ is a factor map of

(Z, f∗) onto (Y, g∗) which is both left ε-resolving and right ε-resolving. Therefore,
by Theorem 2.2, the assumptions of the lemma imply that tZ is both left ε-complete
and right ε-complete.
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Since tZ is both left ε-resolving and right ε-resolving and f∗ is ε-expansive, it is
both left ε-closing and right ε-closing. Therefore it follows from Lemma 2.3 that t̃Z
is constant-to-one and open, so that f̃ = ĩ−1

Z t̃Z is constant-to-one and open.
Let (zij)i,j∈Z and (z′ij)i,j∈Z be textile-orbits of T such that there is an orbit

(z(0)
i )i∈Z of f∗ with

(z(0)
i )i∈Z ∈ V −ε ((zi0)i∈Z, f

∗) ∩ V +
ε ((z′i0)i∈Z, f

∗).(3.1)

The discussion using the ε-preserving property of iZ and the right ε-completeness
of tZ in the proof of (1) has shown that there are (z(j)

i )i∈Z ∈ Of∗ , j ≤ 0, such that

(z(j)
i )i∈Z ∈ V −ε ((zij)i∈Z, f

∗) for all j ≤ 0(3.2)

and

ĩZ((z(j)
i )i∈Z) = t̃Z((z(j−1)

i )i∈Z) for all j ≤ 0.(3.3)

By (3.2) we have

dZ(z(j)
0 , z0j) ≤ ε for j ≤ 0.(3.4)

By (3.1) we have

(z′i0)i∈Z ∈ V +
ε ((z(0)

i )i∈Z, f
∗).

Let

(z̄(0)
i )i∈Z = (z′i0)i∈Z.(3.5)

By using the ε-preserving property of iZ and the left ε-completeness of tZ together
with (3.3), it is similarly proved that there are (z̄(j)

i )i∈Z ∈ Of∗ , j ≤ 0, such that for
all j ≤ 0

(z̄(j)
i )i∈Z ∈ V +

ε ((z(j)
i )i∈Z, f

∗) and ĩZ((z̄(j)
i )i∈Z) = t̃Z((z̄(j−1)

i )i∈Z).

Hence it follows that

dZ(z̄(j)
0 , z

(j)
0 ) ≤ ε for j ≤ 0(3.6)

and

iZ(z̄(j)
0 ) = tZ(z̄(j−1)

0 ) for j ≤ 0.(3.7)

Define ẑ = (ẑj)j∈Z, where ẑj = z̄
(j)
0 for j ≤ 0 and ẑj = z′0j for j ≥ 0. Then ẑ ∈ Of

by (3.5) and (3.7), dZ(ẑj, z0j) ≤ 2ε for j ≤ 0 by (3.4) and (3.6), and dZ(ẑj , z′0j) = 0
for j ≥ 0. Thus we have ẑ ∈ V −2ε ((z0j)j∈Z, f) ∩ V +

0 ((z′0j)j∈Z, f).

Let ϕ : X → X and τ : X → X be onto maps with ϕτ = τϕ. Let m,n ∈ N. Let
Tm,n(ϕ, τ) be defined by

Tm,n(ϕ, τ) = {iU , tU : U →W ; pV , qV : V →W};
U = {(ϕiτ j(x))0≤i≤m−1,0≤j≤n | x ∈ X},
V = {(ϕiτ j(x))0≤i≤m,0≤j≤n−1 | x ∈ X},
W = {(ϕiτ j(x))0≤i≤m−1,0≤j≤n−1 | x ∈ X};

for u = (ϕiτ j(x))0≤i≤m−1,0≤j≤n ∈ U ,

iU (u) = (ϕiτ j(x))0≤i≤m−1,0≤j≤n−1, tU (u) = (ϕiτ j(x))0≤i≤m−1,1≤j≤n;
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and for v = (ϕiτ j(x))0≤i≤m,0≤j≤n−1 ∈ V ,

pV (v) = (ϕiτ j(x))0≤i≤m−1,0≤j≤n−1, qV (v) = (ϕiτ j(x))1≤i≤m,0≤j≤n−1.

It is clear that iU , tU , pV , and qV are ε-preserving onto maps for any ε > 0 and iU
and pV are 1-1. Hence Tm,n(ϕ, τ) is an ε-textile-orbit-system for any ε > 0. The
square space of Tm,n(ϕ, τ) is given by

Z = {(ϕiτ j(x))0≤i≤m,0≤j≤n | x ∈ X}.

Theorem 3.4. Let ϕ : X → X and τ : X → X be positively expansive, onto maps
with ϕτ = τϕ. If ϕ is topologically transitive and has POTP, then τ has POTP.

Proof. Since τ is expansive, if it has CC, then it has POTP (see, e.g., [AS] or
[Hi]). Thus it suffices to show that for any ε > 0, there is δ > 0 such that for any
x,x′ ∈ Oτ ,

dX(x0, x
′
0) ≤ δ ⇒ V −ε (x, τ) ∩ V +

ε (x′, τ) 6= ∅.
Let (c, ε0, δ0) be a constant-triple for the factor map τ : (X,ϕ) → (X,ϕ). We

may assume that ε0 < c/3. Let ε be a number such that 0 < ε < δ0/2 and τ is
positively ε-expansive.

Since ϕ and τ are positively ε-expansive, it follows from Corollary 1.2 that there
are m,n ∈ N such that {ϕi | 0 ≤ i ≤ m} ε-codes τ and {τ j | 0 ≤ j ≤ n}
ε-codes ϕ. We define an ε-textile-orbit-system T by T = Tm,n(ϕ, τ). It readily
follows that T is an LR ε-textile-orbit-system. Let f = i−1

Z tZ , let f∗ = p−1
Z qZ , and

let g∗ = p−1
V qV , where Z is the square space of T . Since (V, g∗) and (Z, f∗) are

conjugate to (X,ϕ), f∗ and g∗ are topologically transitive, expansive, onto maps
with the same topological entropy and having POTP. We shall show that (c, ε0, δ0)
is a constant-triple for the factor map tZ : (Z, f∗)→ (V, g∗).

Since ϕ is c-expansive, so are f∗ and g∗, by construction. Since any δ0-pseudo-
orbit of ϕ is ε0-traced by some orbit of ϕ with 0 < δ0 ≤ ε0 < c/3, it follows from
Lemma 3.1 that any δ0-pseudo-orbit of ϕ[m+1] : X [m+1]

ϕ → X
[m+1]
ϕ is ε0-traced by

some orbit of ϕ[m+1]. If we define τ̄ : X [m+1]
ϕ → X

[m+1]
ϕ by

τ̄ ((ϕi(x))0≤i≤m) = (ϕi(τ(x)))0≤i≤m , x ∈ X,

then

Z = {(τ̄ j(y))0≤j≤n | y ∈ X [m+1]
ϕ } = (X [m+1]

ϕ )[n+1]
τ̄ .

Since idX (ε0, c/2)-codes τ , it follows that id
X

[m+1]
ϕ

(ε0, c/2)-codes τ̄ . We note that

f∗ sends (τ̄ j(y))0≤j≤n to (τ̄ jϕ[m+1](y))0≤j≤n for y ∈ X [m+1]
ϕ . Hence, by Lemma

3.2, any δ0-pseudo-orbit of f∗ is ε0-traced by some orbit of f∗. Since tZ is ε0-
preserving (by construction) and ε0 < c/2, idZ (ε0, c/2)-codes tZ . Thus we have
shown that (c, ε0, δ0) is a constant-triple for tZ : (Z, f∗)→ (V, g∗).

Since f∗ has POTP, there is δ1 > 0 such that any δ1-pseudo-orbit of f∗ is
ε-traced by some orbit of f∗. Let z, z′ ∈ Of with dZ(z0, z

′
0) ≤ δ1. There are

textile-orbits (zij)i,j∈Z and (z′ij)i,j∈Z with (z0j)j∈Z = z and (z′0j)j∈Z = z′. Since
dZ(z00, z

′
00) < δ1, we have V −ε ((zi0)i∈Z, f

∗) ∩ V +
ε ((z′i0)i∈Z, f

∗) 6= ∅. Hence, by
Lemma 3.3 (1), we have V −ε (z, f) ∩ V +

ε (z′, f) 6= ∅.
Let z(x) = (ϕiτ j(x))0≤i≤m,0≤j≤n for x ∈ X . Since ϕ and τ are uniformly

continuous, there is δ > 0 such that idX (δ, δ1)-codes z : X → Z. Hence it follows
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from the above that for any x,x′ ∈ Oτ , if dX(x0, x
′
0) < δ, then V −ε ((z(xj))j∈Z, f)∩

V +
ε ((z(x′j))j∈Z, f) 6= ∅, so that V −ε (x, τ) ∩ V +

ε (x′, τ) 6= ∅.
Theorem 3.5. Let ϕ : X → X be a topologically transitive, expansive homeomor-
phism and τ : X → X a positively expansive onto map. If ϕτ = τϕ and ϕ has
POTP, then τ has POTP and is constant-to-one.

Proof. Let ε > 0 be sufficiently small as in the proof of Theorem 3.4. Since τ is
positively ε-expansive, it follows from Corollary 1.2 that there is n ∈ N such that
{τ j | j = 0, . . . , n} ε-codes {ϕ,ϕ−1}. Let T be the ε-textile-orbit-system defined by
T = T1,n(ϕ, τ) (see the paragraph before Theorem 3.4). Let Z be the square space
of T .

Since {τ j | j = 0, . . . , n} ε-codes {ϕ,ϕ−1}, it readily follows that T is LL.
Let f and f∗ be defined in the same way as in the proof of Theorem 3.4. Then
by Lemma 3.3(2), f̃ is constant-to-one and open, and so is f , because f∗ is a
homeomorphism (because ϕ is a homeomorphism). Since (X, τ) and (Z, f) are
conjugate, τ is constant-to-one and open.

We give two proofs that τ has POTP. The first is given by appealing to the
known result (see [AH]) that a positively expansive onto map has POTP if (and
only if) it is an open map. The second is given by showing that for any x,x′ ∈ Oτ ,
if dX(x0, x

′
0) < δ, then V −2ε (x, τ) ∩ V +

0 (x′, τ) 6= ∅, by following the discussions in
the proof of Theorem 3.4, letting m = 1 and using Lemma 3.3(2) instead of Lemma
3.3(1).

We state a combination of Theorems 3.4 and 1.7.

Theorem 3.6. Let τ : X → X be a topologically transitive, positively expansive
onto map with POTP and with period p. Let ϕ : X → X be a positively expansive
onto map with ϕτ = τϕ. Then ϕ has POTP and, for some k dividing p, X is
partitioned into the p/k basic sets Bi of ϕ such that the maps ϕ|Bi have period k
and the systems (Bi, ϕ|Bi) are a factor of each other.

Young-One Kim has conjectured the following refinement on Theorem 3.4, a
special 0-dimensional case of which was proved by F. Blanchard and A. Maass
[BM]. The general 0-dimensional case of it has been proved by M. Boyle, D. Fiebig,
and U. Fiebig [BFF].

Corollary 3.7. Let τ : X → X be a topologically mixing, positively expansive onto
map with POTP. Let ϕ : X → X be a positively expansive onto map with ϕτ = τϕ.
Then ϕ has POTP and is topologically mixing.

We also state a combination of Theorems 3.5 and 1.7, and a combination of
Theorems 3.5 and 1.6.

Theorem 3.8. Let τ : X → X be a topologically transitive, expansive homeomor-
phism with POTP and period p. If ϕ : X → X is a positively expansive onto map
with ϕτ = τϕ, then ϕ has POTP and, for some k dividing p, X is partitioned
into the p/k basic sets Bi of ϕ such that the maps ϕ|Bi have period k and are
constant-to-one, and the systems (Bi, ϕ|Bi) are conjugate to each other.

Theorem 3.9. Let τ : X → X be an expansive homeomorphism with POTP. Let
ϕ : X → X be a positively expansive onto map with ϕτ = τϕ. If either one
of τ and ϕ is topologically mixing, then so is the other and ϕ has POTP and is
constant-to-one.
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4. Essentially LR endomorphisms

Lemma 4.1. Let ε > 0. Let T = (iX , tX : X → W ; pY , qY : Y → W ) be an LR ε-
textile-orbit-system with tX 1-1. Let Z be the square space of T . Let f = i−1

Z tZ , let
f∗ = p−1

Z qZ , and let g∗ = p−1
Y qY with g∗ ε-expansive. Then, for any textile-orbits

(zij)i,j∈Z and (z′ij)i,j∈Z of T , if

V −ε ((zi0)i∈Z, f
∗) ∩ V +

ε ((z′i0)i∈Z, f
∗) 3 z,

then there is a textile-orbit (z̄ij)i,j∈Z of T such that (z̄i0)i∈Z = z,

dZ(z̄ij , zij) ≤ ε ∀i, j ≤ 0, and dZ(z̄ij , z′ij) ≤ ε ∀i, j ≥ 0.

Proof. Since T is an LR ε-textile-orbit-system and tX is a homeomorphism, it fol-
lows that iZ and tZ are respectively left ε-resolving and right ε-resolving conjugacies
of (Z, f∗) onto (Y, g∗). Since g∗ is ε-expansive, it follows from Proposition 2.1 that
iZ is left ε-complete and tZ is right ε-complete. The remainder of the proof is the
same as in the proof of Lemma 3.3(1).

Let ε > 0 and let n ∈ N. We define the higher block system T [n] of order n
of an ε-textile-orbit-system T = (iX , tX : X → W ; pY , qY : Y → W ) as follows.
T [1] = T . For n ≥ 2, T [n] = (iX′ , tX′ : X ′ → W ′; pY ′ , qY ′ : Y ′ → W ′), where,
letting g = i−1

X tX and f = i−1
Z tZ ,

W ′ = {(gj(x))0≤j≤n−2 | x ∈ X}, X ′ = {(gj(x))0≤j≤n−1 | x ∈ X}
Y ′ = {(f j(z))0≤j≤n−2 | z ∈ Z};

for x′ = (gj(x))0≤j≤n−1 with x ∈ X ,

iX′(x′) = (gj(x))0≤j≤n−2 and tX′(x′) = (gj(x))1≤j≤n−1;

and for y′ = (f j(z))0≤j≤n−2 with z ∈ Z,

pY ′(y′) = (pZf j(z))0≤j≤n−2 and qY ′(y′) = (qZf j(z))0≤j≤n−2.

We easily see:

Remark 4.2. In the above notation, the following statements are valid.
(1) T [n] is an ε-textile-orbit-system.
(2) If T is LR, then so is T [n].
(3) If g is ε-expansive, then g′ = i−1

X′ tX′ is ε-expansive for all n ≥ 1.
(4) There are homeomorphisms ψW : W →W ′, ψX : X → X ′ and ψY : Y → Y ′

such that ψW iX = iX′ψX , ψW tX = tX′ψX , ψW pY = pY ′ψY , ψW qY = qY ′ψY .

We define the dual T ∗ of T = (iX , tX : X →W ; pY , qY : Y →W ) by

T ∗ = (iY , tY : Y →W ; pX , qX : X →W )

with

iY = pY , tY = qY , pX = iX , qX = tX .

It is clear that if T is an LR ε-textile-orbit-system, then so is T ∗.
Let τ : X → X be an expansive onto map. An onto map ϕ : X → X is

called an LR endomorphism of (X, τ) if there are ε > 0 and an LR ε-textile-
orbit-system T = (iX , tX : X → W ; pY , qY : Y → W ) such that τ = i−1

X tX and
ϕ = qZp

−1
Z with τ ε-expansive, where Z is the square space of T . We define a

positively LR endomorphism of (X, τ) by replacing ‘with τ ε-expansive’ by ‘with τ
positively ε-expansive’ in the preceding definition. We say that ϕ is an essentially
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LR endomorphism of (X, τ) if there are an expansive onto map τ ′ : X ′ → X ′, an
LR endomorphism of ϕ′ of (X ′, τ ′), and a conjugacy ψ : (X, τ) → (X ′, τ ′) with
ϕ = ψ−1ϕ′ψ. We define an essentially positively LR endomorphism similarly.

Theorem 4.3. Let τ : X → X be an expansive homeomorphism and ϕ an essen-
tially LR automorphism of (X, τ).

(1) If τ has CC, then so does ϕ.
(2) If ϕ is expansive and has CC, then τ has CC.

Proof. There are ε > 0, an LR ε-textile-orbit-system T = (iU , tU : U →W ; pV , qV :
V → W ) with tU 1-1 and g = i−1

U tU ε-expansive, and a conjugacy ψ : (X, τ) →
(U, g) with ψ−1qZp

−1
Z ψ = ϕ, where Z is the square space of T . Since ϕ is a bijection,

so is qZ . Let f = i−1
Z tZ and let f∗ = p−1

Z qZ . Since g is ε-expansive and pZ is an
ε-preserving bijection, it follows that f is ε-expansive.

(1) Assume that τ has CC. Since ψ−1pZfp
−1
Z ψ = τ , f has CC. To prove that ϕ

has CC, it suffices to show that f∗ has CC, because ψ−1pZf
∗p−1
Z ψ = ϕ.

Let ε0 > 0. We shall show that there is δ0 > 0 such that, for any z, z′ ∈ Of∗ , if
dZ(z0, z

′
0) ≤ δ0, then V −ε0 (z, f∗) ∩ V +

ε0 (z′, f∗) 6= ∅. By Lemma 1.1, there is n ∈ N
such that {f j | − n ≤ j ≤ n} (ε, ε0)-codes idZ . Let N = 2n+ 1 and T̄ = T [N ] with
T̄ = (iŪ , tŪ : Ū → W̄ ; pV̄ , qV̄ : V̄ → W̄ ). Then T̄ is an LR ε-textile-orbit-system
such that ḡ = i−1

Ū
tŪ is ε-expansive. Since qZ is 1-1, so is qV̄ . Let Z̄ be the square

space of T̄ . Let f̄ = i−1
Z̄
tZ̄ and let f̄∗ = p−1

Z̄
qZ̄ . We note that (Z̄, f̄) is the higher

block system of order N of (Z, f). Since f has CC, so does f̄ . Hence there is δ > 0
such that, for any z̄, z̄′ ∈ Of̄ , if dZ̄(z̄0, z̄

′
0) ≤ δ, then V −ε (z̄, f̄)∩ V +

ε (z̄′, f̄) 6= ∅. Let
ρ : Z → Z̄ be the homeomorphism defined by ρ(z) = (f j(z))−n≤j≤n, z ∈ Z. Let
δ0 > 0 be such that idZ (δ0, δ)-codes ρ.

Let z, z′ ∈ Of∗ with dZ(z0, z
′
0) ≤ δ0. There are textile-orbits (zij)i,j∈Z and

(z′ij)i,j∈Z of T with (zi0)i∈Z = z and (z′i0)i∈Z = z′. Then (ρ(zij))i,j∈Z and
(ρ(z′ij))i,j∈Z are textile-orbits of T̄ . Since dZ̄(ρ(z00), ρ(z′00)) ≤ δ, we have

V −ε ((ρ(z0j))j∈Z, f̄) ∩ V +
ε ((ρ(z′0j))j∈Z, f̄) 6= ∅.

Hence, by the dual version of Lemma 4.1, we have

V −ε ((ρ(zi0))i∈Z, f̄∗) ∩ V +
ε ((ρ(z′i0))i∈Z, f̄

∗) 6= ∅.

Therefore, since ρ (ε, ε0)-codes idZ , we have V −ε0 (z, f∗) ∩ V +
ε0 (z′, f∗) 6= ∅.

(2) We shall show that τ is an essentially LR automorphism of (X,ϕ) assuming
that ϕ is expansive, because this and (1) prove (2). By the above, ψ−1gψ = τ
and ψ−1ϕ′ψ = ϕ, where ϕ′ = qZp

−1
Z . Since ϕ is expansive, so is ϕ′. Let ε′ be an

expansive constant for ϕ′. Since f is ε-expansive, it follows from Lemma 1.1 that
there is k ≥ 0 such that {f j | − k ≤ j ≤ k} (ε, ε′)-codes pZ . Let T̂ = T [2k+2] with
T̂ = (iÛ , tÛ : Û → Ŵ ; pV̂ , qV̂ : V̂ → Ŵ ). Then T̂ is an LR ε-textile-orbit-system.
Let ψ̂ : U → V̂ be the homeomorphism defined by

ψ̂(u) = (f jp−1
Z (u))−k≤j≤k , u ∈ U.

Then ψ̂ (ε, ε′)-codes idU . Let ĝ∗ = p−1

V̂
qV̂ . Let ϕ̂∗ = tẐ i

−1

Ẑ
, where Ẑ is the square

space of T̂ . We have

ψ̂gψ̂−1 = ϕ̂∗ and ψ̂ϕ′ψ̂−1 = ĝ∗.
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Since ϕ′ is ε′-expansive, ĝ∗ is ε-expansive (because ψ̂ (ε, ε′)-codes idU and ψ̂−1 is
1-1). Thus ϕ̂∗ is an LR automorphism of (V̂ , ĝ∗), so that τ is an essentially LR
automorphism of (X,ϕ).

As was mentioned in Introduction, Theorem 4.3 is closely related with the result
of Boyle and Lind (Proposition 8.3 of [BL]) that if one direction in an ‘expansive
component’ of directions for a Zd action is Markov, then so are all the directions
of the component. For a ‘Markov direction’ is a generalized notion of an expansive
homeomorphism with CC, and it can be easily seen that if τ and ϕ are expansive
homeomorphisms of a space X and ϕ is an essentially LR automorphism of (X, τ),
then the directions of τ and ϕ are in the same expansive component of directions
for the Z2-action generated by τ and ϕ. We note, however, that in Theorem 4.3(1),
ϕ is not assumed to be expansive. There are non-expansive LR automorphisms
with CC of dynamical systems defined by expansive homeomorphisms with CC of
0-dimensional spaces (see Section 10 of [N1]).

Some results, including Theorem 4.3, on essentially LR automorphisms of expan-
sive systems were announced without proofs (with somewhat different terminology)
in [N2]. Here we prove a strengthened version of another one of them, which gives
a block-map-like characterization of the essentially LR automorphisms.

Proposition 4.4. Let τ : X → X be an expansive onto map and ϕ an automor-
phism of (X, τ).

(1) If ϕ is an LR automorphism of (X, τ), then there is an expansive constant
ε for τ such that ϕ is of (0, k) type and ϕ−1 is of (k, 0) type with respect to ε for
some integer k ≥ 0.

(2) If ϕ is of (0, k) type and ϕ−1 is of (k, 0) type with respect to an expansive
constant ε for τ and with an integer k ≥ 0, then ϕ

[k+1]
τ is an LR automorphism of

(X [k+1]
τ , τ [k+1]), where ϕ[k+1]

τ : X [k+1]
τ → X

[k+1]
τ is defined by ϕ[k+1]

τ ((τ j(x))0≤j≤k)
= (τ jϕ(x))0≤j≤k , x ∈ X.

Proof. (1) Since ϕ is LR, there are an expansive constant ε for τ and an LR ε-
textile-orbit-system T = (iX , tX : X → W ; pY , qY : Y → W ) such that τ = i−1

X tX ,
ϕ = qZp

−1
Z , and qZ is 1-1, where Z is the square space of T . Since τ is ε-expansive,

it follows from Lemma 1.1 that there is m ≥ 0 such that {τ0, . . . , τ2m} ε-codes
{τmZ p−1

Z , τmZ q
−1
Z }, where τZ = i−1

Z tZ . Since T is LR, {pZ , tZ} and {iZ, qZ} ε-code
each other, so that

for every j ≥ 0, {pZτ jZ , tZτ
j
Z} and {iZτ jZ , qZτ

j
Z} ε-code each other.(∗)

Hence if A = {pZτ0
Z , . . . , pZτ

m
Z } ∪ {tZτmZ }, then A ε-codes

{pZτ0
Z , . . . , pZτ

m−1
Z , iZτ

m
Z , qZτ

m
Z } = {pZτ0

Z , . . . , pZτ
m−1
Z , tZτ

m−1
Z , qZτ

m
Z }.

This ε-codes

{pZτ0
Z , . . . , pZτ

m−2
Z , iZτ

m−1
Z , qZτ

m−1
Z , qZτ

m
Z }

= {pZτ0
Z , . . . , pZτ

m−2
Z , tZτ

m−2
Z , qZτ

m−1
Z , qZτ

m
Z }.

Continuing in this way, we finally see that A ε-codes {iZτ0
Z} ∪ {qZτ0

Z , . . . , qZτ
m
Z },

so that A ε-codes qZ . Hence {pZτ0
Zp
−1
Z , . . . , pZτ

m
Z p
−1
Z }∪{tZτmZ p

−1
Z } ε-codes qZp−1

Z ,
namely, {τ0, . . . , τm} ∪ {tZτmZ p−1

Z } ε-codes ϕ. Since {τ0, . . . , τ2m} ε-codes τmZ p
−1
Z

and tZ is ε-preserving, {τ0, . . . , τ2m} ε-codes tZτmZ p
−1
Z . Thus {τ0, . . . , τ2m} ε-codes

ϕ.
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By (∗), we similarly see that {iZ}∪{qZτ0
Z , . . . , qZτ

m
Z } ε-codes {pZτ0

Z , . . . , pZτ
m
Z }∪

{tZτmZ }, so that it ε-codes pZτmZ . Hence {iZq−1
Z }∪{qZτ0

Zq
−1
Z , . . . , qZτ

m
Z q
−1
Z } ε-codes

pZτ
m
Z q
−1
Z , namely, {iZq−1

Z } ∪ {τ0, . . . , τm} ε-codes ϕ−1τm, so that {iZq−1
Z τm} ∪

{τm, . . . , τ2m} ε-codes ϕ−1τ2m. Since {τ0, . . . , τ2m} ε-codes τmZ q
−1
Z and iZ is ε-

preserving, it follows that {τ0, . . . , τ2m} ε-codes iZq−1
Z τm. Thus {τ0, . . . , τ2m} ε-

codes ϕ−1τ2m.
If we let k = 2m, then the conclusion of (1) is obtained.
(2) Let T = (iU , tU : U → W ; pV , qV : V → W ) be defined to be the ε-

textile-orbit-system T1,k(ϕ, τ), the definition of which was given before Theorem
3.4. Clearly i−1

U tU = τ [k+1] and qZp
−1
Z = ϕ

[k+1]
τ , where Z is the square space of

T . It is also clear that τ [k+1] is ε-expansive. Since ϕ is of (0, k) type and ϕ−1

is of (k, 0) type with respect to ε, it follows that T is LR. Hence ϕ[k+1]
τ is an LR

automorphism of (X [k+1]
τ , τ [k+1]).

Corollary 4.5. Let τ : X → X be an expansive homeomorphism and ϕ an au-
tomorphism of (X, τ). Then for all sufficiently large n, ϕτn is an essentially LR
automorphism of (X, τ).

Proof. This follows from Corollary 1.2 and Proposition 4.4(2).

Proposition 4.6. Let τ : X → X be an expansive onto map and ϕ an essentially
LR endomorphism of (X, τ). Then τ , idX , and ϕm, m ≥ 1, are essentially LR
endomorphisms of (X, τ), and ϕτ is an expansive, essentially LR endomorphism of
(X, τ).

Proof. (i) First we prove that τn is an essentially LR endomorphism of (X, τ) for
n ≥ 0. Let T = (iU , tU : U → X ; pV , qV : V → X) be defined as follows: U =
{(x, τ(x)) | x ∈ X}, V = {(τ i(x))0≤i≤n | x ∈ X}; for u = (x, τ(x)) ∈ U , iU (u) = x
and tU (u) = τ(x); for v = (τ i(x))0≤i≤n ∈ V , pV (v) = x and qV (v) = τn(x). Then it
is clear that T is an LR ε-textile-orbit-system for any ε > 0. We have i−1

U tU = τ [2],
and qZp

−1
Z = (τ [2])n, where Z is the square space of T . Let ε be an expansive

constant for τ . Then τ [2] is ε-expansive. Hence (τ [2])n is an LR endomorphism of
(X [2]

τ , τ [2]), so that τn is an essentially LR endomorphism of (X, τ).
(ii) Let ε > 0. Let T = (iX , tX : X → W ; pY , qY : Y → W ) be an LR ε-

textile-orbit-system. Let τX = i−1
X tX with τX ε-expansive, let ϕY = p−1

Y qY , and
let ϕX = qZp

−1
Z , where Z is the square space of T . It suffices to show that the

ϕmX , m ≥ 1, are LR endomorphisms of (X, τX) and that ϕXτX is an expansive, LR
endomorphism of (X, τX).

(a) Let m ≥ 1. Let V̂ , pV̂ : V̂ → W , and qV̂ : V̂ → W be defined as follows:
V̂ = {(ϕiY (y))0≤i<m | y ∈ Y }, and for v = (ϕiY (y))0≤i<m let pV̂ (v) = pY (y) and
qV̂ (v) = qY ϕ

m−1
Y (y). Let T̂ = (iX , tX : X → W ; pV̂ , qV̂ : V̂ → W ). Then T̂ is an

ε-textile-orbit-system such that i−1
X tX = τX is ε-expansive and qẐp

−1

Ẑ
= ϕmX , where

Ẑ is the square-space of T̂ . Since T is LR, it follows that T̂ is LR. Thus ϕmX is an
LR endomorphism of (X, τX).

(b) Let p̃ : Z → W and q̃ : Z → W be defined as follows: for z ∈ Z, p̃(z) =
pY (iZ(z)) and q̃(z) = qY (tZ(z)). Let T̃ = (iX , tX : X →W ; p̃, q̃ : Z →W ). Then T̃
is an ε-textile-orbit-system such that i−1

X tX = τX is ε-expansive and qZ̃p
−1

Z̃
= ϕXτX ,

where Z̃ is the square-space of T̃ . Since T is LR, it easily follows that T̃ is LR.
Thus ϕXτX is an LR endomorphism of (X, τX).
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There is δ > 0 such that idX (δ, ε)-codes p−1
Z . Let (xk)k∈Z and (x′k)k∈Z be orbits

of ϕXτX such that dX(xk, x′k) ≤ δ for k ∈ Z. There are textile-orbits (zij)i,j∈Z

and (z′ij)i,j∈Z of T such that p−1
Z (xk) = zkk and p−1

Z (x′k) = z′kk for k ∈ Z. We have

dZ(zkk, z′kk) ≤ ε for all k ∈ Z.(∗)

Let τZ = i−1
Z tZ and let ϕZ = p−1

Z qZ . Since T is LR, it follows that {idZ , ϕZτZ}
ε-codes {τZ , ϕZ}. By using repeatedly the fact that {idZ , ϕZτZ} ε-codes ϕZ , and
by induction on i, it is derived from (∗) that for all i ≥ 0, dZ(zk+i,k, z

′
k+i,k) ≤ ε

for all k ∈ Z. By using repeatedly the fact that {idZ , ϕZτZ} ε-codes τZ , and by
induction on j , it is derived from (∗) that for all j ≥ 0, dZ(zk,k+j , z

′
k,k+j) ≤ ε for all

k ∈ Z. Thus dZ(zij , z′ij)) ≤ ε for all i, j ∈ Z. Therefore dX(pZ(zij), pZ(z′ij)) ≤ ε for
all i, j ∈ Z. Since τX is ε-expansive and (pZ(zij))j∈Z and (pZ(z′ij))j∈Z are orbits of
τX for i ∈ Z, we have pZ(zij) = pZ(z′ij) for all i, j ∈ Z, so that (xk)k∈Z = (x′k)k∈Z.
Thus ϕXτX is δ-expansive.

Proposition 4.7. Let τ : X → X be a positively expansive onto map and ϕ an
onto endomorphism of (X, τ).

(1) If ϕ is an essentially positively LR endomorphism of (X, τ), then τ , idX ,
and ϕm,m ≥ 1, are essentially positively LR endomorphisms of (X, τ), and ϕτ is
a positively expansive endomorphism of (X, τ).

(2) If ϕ is positively expansive, then ϕ is an essentially positively LR endomor-
phism of (X, τ).

Proof. The proof of Proposition 4.6 with minor modifications proves (1).
To prove (2), assume that τ and ϕ are positively ε-expansive with ε > 0. Then the

LR ε-textile-orbit-system in the proof of Theorem 3.4 shows that ϕ is an essentially
positively LR endomorphism of (X, τ).

Corollary 4.8. If τ : X → X and ϕ : X → X are commuting positively expansive
onto maps, then τϕ is positively expansive.

Let τ : X → X and τ̄ : X̄ → X̄ be onto maps. A factor map φ : (X, τ)→ (X̄, τ̄)
is said to be right closing if for any x, y ∈ Oτ , limn→∞ dX(x−n, y−n) = 0 and
φ̃(x) = φ̃(y) imply x = y.

The property of being right closing is an invariant for topological conjugacy
between factor maps, which is defined as follows. Let τi : Xi → Xi and τ̄i :
X̄i → X̄i be onto maps for i = 1, 2. Factor maps φ1 : (X1, τ1) → (X̄1, τ̄1) and
φ2 : (X2, τ2)→ (X̄2, τ̄2) are said to be topologically conjugate if there are conjugacies
ψ : (X1, τ1)→ (X2, τ2) and ψ̄ : (X̄1, τ̄1)→ (X̄2, τ̄2) with ψ̄φ1 = φ2ψ.

Remark 4.9. Let τ : X → X be an expansive onto map. If ϕ is an essentially LR
endomorphism of (X, τ), then ϕ is right closing.

Proof. Since the property of being right closing is an invariant for topological con-
jugacy between endomorphisms, it suffices to prove the remark for the case that ϕ
is an LR endomorphism of (X, τ). Let ε > 0 and let T = (iX , tX : X →W ; pY , qY :
Y →W ) be an LR ε-textile-orbit-system such that τ = i−1

X tX and ϕ = qZp
−1
Z with

τ ε-expansive, where Z is the square space of T . Let f = i−1
Z tZ . Since T is LR, it

follows that qZ : (Z, f)→ (X, τ) is right ε-resolving.
Let x,x′ ∈ Oτ with limn→∞ dX(x−n, x′−n) = 0 and ϕ(xj) = ϕ(x′j) for j ∈

Z. Then there is J ∈ Z such that dZ(p−1
Z (xj), p−1

Z (x′j)) ≤ ε for j ≤ J . Since
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qZ(p−1
Z (x)) = qZ(p−1

Z (x′)) for all j ∈ Z and qZ : (Z, f)→ (X, τ) is right ε-resolving,
it follows that dZ(p−1

Z (xj), p−1
Z (x′j)) ≤ ε for all j ∈ Z. This implies that xj = x′j for

all j ∈ Z, because pZ is ε-preserving and τ is ε-expansive.

The following result shows, for an expansive homeomorphism τ : X → X of a
0-dimensional space, where to find the essentially LR endomorphisms of (X, τ). We
do not know whether it can be extended to the case when X is of dimension greater
than 0.

Proposition 4.10. Let τ : X → X be an expansive homeomorphism of a 0-
dimensional space, and ϕ an onto endomorphism of (X, τ). Then ϕτn is an essen-
tially LR endomorphism of (X, τ) for some n ≥ 0 if and only if ϕ is right closing.

Before we prove this proposition, we give some basic information on symbolic
dynamics. For more details see [N1], [N2], or [LM].

Let A be an alphabet (finite set of symbols). We define a metric d on AZ as
follows. For x = (aj)j∈Z and y = (bj)j∈Z in AZ, if x = y, then d(x, y) = 0, and
otherwise d(x, y) = 1/(1 + k), where k = min{|j| | aj 6= bj}. With this metric,
AZ is compact. We define a homeomorphism σA : AZ → AZ by σA((aj)j∈Z) =
(aj+1)j∈Z, (aj)j∈Z ∈ AZ. If Y ⊂ AZ is closed with σA(Y ) = Y and if σ : Y → Y
is the restriction of σA on Y , then the dynamical system (Y, σ) is called a subshift
over A.

Let (Y, σ) be a subshift. For any x = (aj)j∈Z ∈ Y , let sY (x) = (aj)j≥0. Let
Ȳ = {sY (x) | x ∈ Y } and let σ̄ : Ȳ → Ȳ be defined by σ̄(sY (x)) = sY (σ(x)),
x ∈ Y . Let Ȳ be endowed with the metric dȲ such that for x̄ = (aj)j≥0 and
ȳ ∈ (bj)j≥0 in Ȳ , dȲ (x̄, ȳ) = 0 if x̄ = ȳ, and otherwise dȲ (x̄, ȳ) = 1/(1 + k), where
k = min{j ≥ 0 | aj 6= bj}. Then sY : Y → Ȳ is a factor map of (Y, σ) onto (Ȳ , σ̄).
We call (Ȳ , σ̄) the one-sided subshift induced by (Y, σ), or a one-sided subshift.
Clearly σ is (1/2)-expansive and σ̄ is positively (1/2)-expansive. For an onto map
τ : X → X of a 0-dimensional space, if τ is an expansive homeomorphism, then
(X, τ) is conjugate to some subshift, and if τ is positively expansive, then (X, τ) is
conjugate to some one-sided subshift (Hedlund [H], Reddy [R]).

Let (Y, σ) be a subshift over an alphabet A. For n ∈ N, let Ln(Y ) denote the
set of all n-blocks or words of length n that appear on some point in Y , i.e.,

Ln(Y ) = {a0 · · · an−1 | (aj)j∈Z ∈ Y, aj ∈ A}.

Let (Y, σ) and (Y ′, σ′) be subshifts. Let m and n be nonnegative integers. A
mapping φ : Y → Y ′ is called a block map of (m,n) type if it is given by a mapping
Φ : Lm+n+1(Y ) → L1(Y ′) in such a way that, for (aj)j∈Z ∈ Y with aj ∈ L1(Y ),
φ((aj)j∈Z) = (bj)j∈Z with bj = Φ(a−m+j · · · an+j), j ∈ Z. In particular, a block
map of (0, 0) type is called a 1-block map. A mapping φ : Y → Y ′ is a factor map of
(Y, σ) into (Y ′, σ′) if and only if φ is a block map of (m,n) type for some m,n ≥ 0,
and a mapping φ̄ : Ȳ → Ȳ ′ is a factor map of (Ȳ , σ̄) into (Ȳ ′, σ̄′) if and only if for
some n ≥ 0 there is a block map φ : Y → Y ′ of (0, n) type such that φ̄sY = sY ′φ
(Curtis, Hedlund, and Lyndon [H]). If φ̄sY = sY ′φ, then φ̄ is said to be induced by
φ.

Let k ∈ N. We define the higher block system of order k of a subshift (Y, σ) to
be the subshift (Y [k], σ[k]) over Lk(Y ) such that

Y [k] = {(aj · · · aj+k−1)j∈Z | (aj)j∈Z ∈ Y, aj ∈ L1(Y )}.
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We also define the higher block system of order k of a one-sided subshift (Ȳ , σ̄) to
be the one-sided subshift (Ȳ [k], σ̄[k]) over Lk(Y ) such that Ȳ [k] = sY [k](Y [k]). Let
ρY,k : Y → Y [k] be defined by ρY,k((aj)j∈Z) = (aj · · ·aj+k−1)j∈Z, (aj)j∈Z ∈ Y .
Then ρY,k is a conjugacy of (Y, σ) onto (Y [k], σ[k]) and a block map of (0, k) type,
and ρ−1

Y,k is a 1-block map. Clearly ρ̄Y,k is a conjugacy of (Ȳ , σ̄) onto (Ȳ [k], σ̄[k]). If
φ : (Y, σ)→ (Y ′, σ′) is a factor map between subshifts, we let φ[k] denote the factor
map of (Y [k], σ[k]) into (Y ′[k]

, σ′
[k]) such that if φ((aj)j∈Z) = (bj)j∈Z, (aj)j∈Z ∈

Y, aj ∈ L1(Y ), then φ[k]((aj · · · aj+k−1)j∈Z) = (bj · · · bj+k−1)j∈Z. It is clear that
ρY ′,kφ = φ[k]ρY,k.

Let G be a graph. (A graph means a directed graph which may have multiple
arcs and multiple loops.) Let AG and VG denote the arc-set of G and the vertex-set
of G, respectively. Let iG : AG → VG and tG : AG → VG be the mappings such that,
for a ∈ AG, iG(a) and tG(a) are the initial and terminal vertices of a, respectively.
Let

YG = {(aj)j∈Z | ∀j ∈ Z, aj ∈ AG, tG(aj) = iG(aj+1)}.
Then we have a subshift (YG, σG) over AG, which is called the topological Markov
shift defined by G. For a subshift (Y, σ), σ has POTP if and only if (Y, σ) is
conjugate to a topological Markov shift (Walters [W]).

Proof of Proposition 4.10. The only-if part follows from Remark 4.9. Hence by the
above it suffices to prove that if ϕ is a right closing endomorphism of a subshift
(Y, σ), there is N ∈ N such that ϕσN is an essentially LR endomorphism of (Y, σ).
Let ϕ be a right closing endomorphism of a subshift (Y, σ). We may assume that ϕ
is a block map of (0, k) type with k ≥ 0. Let Φ : Lk+1(Y )→ L1(Y ) be a mapping
which gives ϕ. For convenience we extend Φ to Φ :

⋃
l∈N Lk+l(Y ) →

⋃
l∈N Ll(Y )

as follows: for a1 · · · ak+l ∈ Lk+l(Y ), aj ∈ L1(Y ),

Φ(a1 · · ·ak+l) = Φ(a1 · · ·ak+1)Φ(a2 · · ·ak+2) · · ·Φ(al · · · ak+l).

Since ϕ is right closing, it follows from a standard compactness argument that
there is an integer r > k/2 such that there is no pair of points (aj)j∈Z and (bj)j∈Z

in Y with

a−r · · ·a−1 = b−r · · · b−1, a0 6= b0, and Φ(a−r · · ·ar) = Φ(b−r · · · br).
Let s = 2r + 1. Let B = Ls−k(Y ) and let C = {Φ(α) | α ∈ Ls(Y )}. Let G
be the graph such that AG = Ls(Y ), VG = Ls−1(Y ), and for α = a1 · · · as with
aj ∈ L1(Y ), iG(α) = a1 · · · as−1 and tG(α) = a2 · · · as. Let Φ′ : AG → C be defined
by Φ′(α) = Φ(α), α ∈ AG. Let φ : (YG, σG)→ (CZ, σC) be the 1-block map given
by Φ′. We shall see that φ is right closing.

Suppose that there are distinct (αj)j∈Z, (βj)j∈Z ∈ YG, αj , βj ∈ AG, such that
Φ′(αj) = Φ′(βj) for j ∈ Z and limn→∞ dYG(σ−nG ((αj)j∈Z), σ−nG ((βj)j∈Z)) = 0.
This and a standard compactness argument show that there is J ∈ Z such that
αj = βj for j < J . Since (αj)j∈Z 6= (βj)j∈Z, we may assume that αJ 6= βJ . Put
αj = a

(j)
−r · · · a

(j)
r and βj = b

(j)
−r · · · b

(j)
r , with a

(j)
i , b

(j)
i ∈ L1(Y ) for j ∈ Z. Then

a
(J)
−r · · ·a

(J)
r−1 = b

(J)
−r · · · b

(J)
r−1 and a(J)

r 6= b
(J)
r . Since (αj)j∈Z, (βj)j∈Z ∈ YG, it follows

that a(J+r)
−r · · · a(J+r)

−1 = a
(J)
0 · · · a(J)

r−1 = b
(J)
0 · · · b(J)

r−1 = b
(J+r)
−r · · · b(J+r)

−1 and a(J+r)
0 =

a
(J)
r 6= b

(J)
r = b

(J+r)
0 . These contradict the property of r, since a(J+r)

−r · · · a(J+r)
r and

b
(J+r)
−r · · · b(J+r)

r are in L2r+1(Y ) and Φ(a(J+r)
−r · · ·a(J+r)

r ) = Φ(b(J+r)
−r · · · b(J+r)

r ).
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By using the fact that φ is right closing and by modifying straightforwardly the
proof of Proposition 6.30 of [N1] (consider the ‘induced right resolving λ-graph’ of
the ‘higher block λ-graph’ G[m] of order m of the ‘λ-graph’ G = (G, λ) with λ = Φ′

for m ∈ N), it is proved that there are an integer N ≥ 0, a graph Γ, and a pair of
mappings p : AΓ → B and q : AΓ → C having the following properties: (i) for any
γ, γ′ ∈ AΓ, if tΓ(γ) = tΓ(γ′) and p(γ) = p(γ′), then γ = γ′; (ii) for any γ, γ′ ∈ AΓ,
if iΓ(γ) = iΓ(γ′) and q(γ) = q(γ′), then γ = γ′; (iii) if ξ : (YΓ, σΓ)→ (BZ, σB) and
η : (YΓ, σΓ) → (CZ, σC) are the 1-block maps given by p and q, respectively, then
ξ is 1-1, and ηξ−1|ξ(YΓ) : ξ(YΓ)→ η(YΓ) is an extension of ϕ[s−k](σ[s−k])N .

Let W = Y [s−k], let U = (Y [s−k])[2], let V = ξ−1(Y [s−k]), and let iU : U → W
and tU : U →W be defined by

iU ((b̂j b̂j+1)j∈Z) = (b̂j)j∈Z and tU ((b̂j b̂j+1)j∈Z) = (b̂j+1)j∈Z,

(b̂j)j∈Z ∈ Y [s−k], b̂j ∈ B,

and let pV : V →W and qV : V → W be defined by

pV = ξ|(ξ−1(Y [s−k])) and qV = η|(ξ−1(Y [s−k])).

Then it is straightforward to check, using (i), (ii), and (iii), that T = (iU , tU : U →
W ; pV , qV : V → W ) is an LR (1/2)-textile-orbit-system, i−1

U tU (= (σ[s−k])[2] =
σ[s−k+1]) is (1/2)-expansive, and

qZp
−1
Z = (ϕ[s−k](σ[s−k])N )[2] = (ϕσN )[s−k+1],

where Z is the square space of T . Therefore (ϕσN )[l] is an LR endomorphism of
(Y [l], σ[l]) with l = s − k + 1. Thus ϕσN is an essentially LR endomorphism of
(X,σ).

Corollary 4.11. Let τ : X → X be a positively expansive onto map of a 0-
dimensional space, and ϕ an onto endomorphism of (X, τ). Then ϕτn is an essen-
tially positively LR endomorphism of (X, τ) for some n ≥ 0 if and only if ϕ is right
closing.

Proof. By Remark 4.9, the only-if part holds. Assume that ϕ is right closing. Then
there are a subshift (Y, σ), an endomorphism f of (Y, σ) which is a block map
of (0, k) type for some k ≥ 0, and a conjugacy ψ : (X, τ) → (Ȳ , σ̄) such that
ψϕψ−1 = f̄ , where (Ȳ , σ̄) is the one-sided subshift induced by (Y, σ) and f̄ is the
endomorphism of (Ȳ , σ̄) induced by f . Since f̄ is right closing, so is f . Let T =
(iU , tU : U →W ; pV , qV : V →W ) be an LR (1/2)-textile-orbit-system constructed
in the same way as in the proof of Proposition 4.10 for f . Let N and l be defined
in the same way as there for f . Let T̄ = (iŪ , tŪ : Ū → W̄ ; pV̄ , qV̄ : V̄ → W̄ ), where
Ū , V̄ , W̄ are the one-sided subshift spaces induced by the subshift spaces U, V,W ,
respectively and iŪ , tŪ , pV̄ , qV̄ are respectively īU , t̄U , p̄V , q̄V induced by the 1-block
maps iU , tU , pV , qV , respectively. Clearly iŪ is 1-1, and so is pV̄ because for ξ in
(iii) of the proof of Proposition 4.10 it can be seen that ξ−1|ξ(YΓ) : ξ(YΓ)→ YΓ is
a block map of (0,m) type for some m ≥ 0. Thus T̄ is an LR (1/2)-textile-orbit-
system with i−1

Ū
tŪ = σ̄[l] and qZ̄p

−1
Z̄

= (f̄ σ̄N )[l], where Z̄ is the square space of T̄ .
Therefore (f̄ σ̄N )[l] is a positively LR endomorphism of (Ȳ [l], σ̄[l]), so that ϕτN is
an essentially positively LR endomorphism of (X, τ).
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