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ENDOMORPHISMS OF EXPANSIVE SYSTEMS
ON COMPACT METRIC SPACES
AND THE PSEUDO-ORBIT TRACING PROPERTY

MASAKAZU NASU

ABSTRACT. We investigate the interrelationships between the dynamical prop-
erties of commuting continuous maps of a compact metric space. Let X be a
compact metric space.

First we show the following. If 7 : X — X is an expansive onto continuous
map with the pseudo-orbit tracing property (POTP) and if there is a topologi-
cally mixing continuous map ¢ : X — X with 7¢ = 7, then 7 is topologically
mixing. If 7: X — X and ¢ : X — X are commuting expansive onto contin-
uous maps with POTP and if 7 is topologically transitive with period p, then
for some k dividing p, X = Ué;é B;, where the B;, 0 < i < [ — 1, are the
basic sets of ¢ with | = p/k such that all ¢|B; : B; — B; have period k, and
the dynamical systems (B;, p|B;) are a factor of each other, and in particular
they are conjugate if 7 is a homeomorphism.

Then we prove an extension of a basic result in symbolic dynamics. Using
this and many techniques in symbolic dynamics, we prove the following. If
7 : X — X is a topologically transitive, positively expansive onto continuous
map having POTP, and ¢ : X — X is a positively expansive onto continuous
map with o7 = 7, then ¢ has POTP. If 7 : X — X is a topologically
transitive, expansive homeomorphism having POTP, and ¢ : X — X is a
positively expansive onto continuous map with ¢7 = 7, then ¢ has POTP
and is constant-to-one.

Further we define ‘essentially LR endomorphisms’ for systems of expansive
onto continuous maps of compact metric spaces, and prove that if 7 : X —
X is an expansive homeomorphism with canonical coordinates and ¢ is an
essentially LR automorphism of (X, 7), then ¢ has canonical coordinates. We
add some discussions on basic properties of the essentially LR endomorphisms.

INTRODUCTION

We are interested in the interrelationships between the dynamical properties of
commuting continuous maps of a compact metric space. Throughout this introduc-
tion, we assume that 7 : X — X and ¢ : X — X are onto continuous maps of a
compact metric space with

TY = T.

If 7 is expansive, then ¢ is an endomorphism of the expansive system (X, 7). Under
what conditions and to what extent is a certain dynamical property of 7 handed
down to ¢? Problems of this type arose in symbolic dynamics as problems on
endomorphisms and automorphisms of subshifts or one-sided subshifts, that is, for
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the case where X is O-dimensional and 7 is an expansive homeomorphism or a
positively expansive continuous map. Boyle and Krieger [BK] seem to be the first
in the literature to consider such a problem; they proved that if (X, 7) and (X, ¢)
are topological Markov shifts and if 7 is topologically transitive (i.e., has a dense
forward orbit) with period p, then for some k dividing p, ¢ is the union of p/k
disjoint conjugate topologically transitive topological Markov shifts of period k.
The following questions were asked for the case that X is O-dimensional, in terms
of symbolic dynamics in Questions 2a, 3a(1), and 3c of [N1]. (a) If 7 and ¢ are
expansive homeomorphisms and if 7 has the pseudo-orbit tracing property (POTP),
then does ¢ have POTP? (b) If 7 is an expansive homeomorphism having POTP and
 is positively expansive, then does ¢ have POTP? (c) If 7 and ¢ are positively
expansive and 7 has POTP, then does ¢ have POTP? In [BL], Boyle and Lind
introduced a symbolic dynamics method, an analogue of the block maps between
subshifts, to systems of expansive homeomorphisms of compact metric spaces, and
extensively studied the dynamics of commuting homeomorphisms. In particular,
they showed that if 7 and ¢ are expansive homeomorphisms corresponding to two
directions in the same ‘expansive component’ of directions for a Z? action, then 7
has POTP if and only if ¢ does. Actually they more generally showed a similar
fact for directions including irrational ones for Z¢ actions on compact metric spaces
(IBLY, Proposition 8.3) and posed the question (a) ([BL], Problem 9.6).

In this paper, though we do not treat irrational directions, we also investigate
similar phenomena in a different setting. But our main focus is rather on the ques-
tions (b) and (c). Recently in [N2] and independently in [K] (see [BM] and [BFE]),
the following have been proved under the assumption that X is 0-dimensional.

(1) If 7 is a topologically transitive, expansive homeomorphism with POTP and
 is positively expansive , then ¢ has POTP.

(2) If 7 and ¢ are positively expansive with 7 topologically transitive and if 7
has POTP, then ¢ has POTP.

We show that (1) and (2) can be proved without the assumption that X is 0-
dimensional (Theorems 3.5 and 3.4), though little seems to be known about the
question of where 7 and ¢ satisfying the expansiveness part of the hypotheses of
(1) or (2) exist when X is of dimension greater than 0 and not a closed topological
manifold. We should note that any positively expansive onto continuous map of
any closed topological manifold has POTP (see [Hi]). Our proof is an extension
of the proof of (1) and (2) given for the case that X is O-dimensional in [N2]. We
use the symbolic dynamics method of Boyle and Lind mentioned above and many
techniques in symbolic dynamics, in particular, ‘textile-orbit-systems’, which have
been introduced in [N2] as an analogue of textile systems introduced in [NT].

In (2) the condition that 7 is topologically transitive, cannot generally be deleted,
which has been shown in [BFE] by an example with X 0-dimensional. Doris Fiebig
[E] has shown that in (1) the condition that 7 is topologically transitive can be
deleted when X is O-dimensional. As for the question (a), she has given an example
with X 0-dimensional which shows that the answer for (a) is negative when 7 is not
topologically transitive [E]. Hence (a) is open now for the case that 7 is topologically
transitive. The following problem is also left unsolved even for the 0-dimensinal
case (see [N1] and [BoMal). (d) If 7 is positively expansive and has POTP and if
 is an expansive homeomorphism, then does ¢ have POTP?

In Section 1, we give preliminaries, show that a simple application of the proof of
the topological decomposition theorem (an extension of the spectral decomposition
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theorem due to Smale [S] and Bowen [Bow3|) given by Aoki and Hiraide [AH],
can prove that when 7 is expansive and has POTP, if ¢ is topologically mixing,
then so is 7 (Theorem 1.6), and show that a combination of it and the proof of
Boyle and Krieger [BK] for their result mentioned above can prove the following
satisfactory extension of this result. If 7 and ¢ are expansive and have POTP and if
7 is topologically transitive with period p, then for some k dividing p, (X, ¢) is the
disjoint union of p/k dynamical systems of topologically transitive onto continuous
maps with POTP and period k& which are a factor of each other, and in particular
which are conjugate if 7 is a homeomorphism (Theorem 1.7).

In Section 2, we prove a key result (Theorem 2.2) for our proofs of (1) and
(2), which is an extension of the well-known result in symbolic dynamics that
any right [left] resolving graph-homomorphism between irreducible graphs with the
same spectral radius is right [left] covering (cf. Proposition 8.2.2 of [LM]).

In Section 3, we prove (1) and (2) and obtain immediate consequences of them
and the results of Section 1 (Theorems 3.8, 3.9, and 3.6).

In Section 4, using textile-orbit-systems we define ‘essentially LR endomor-
phisms’ for systems of expansive onto continuous maps of compact metric spaces.
We prove that if 7 is an expansive homeomorphism with canonical coordinates and
© is an essentially LR, but not necessarily expansive, automorphism of (X, 7), then
¢ has canonical coordinates (Theorem 4.3). This result is closely related with that
of Boyle and Lind mentioned above. We add some discussions on basic properties
of essentially LR endomorphisms of systems of expansive onto continuous maps of
compact metric spaces; in particular, we give a block-map-like characterization of
the essentially LR automorphisms (Proposition 4.4). We also prove that if X is 0-
dimensional and 7 is an expansive homeomorphism, then 7" is an essentially LR
endomorphism of (X, 7) for some n > 0 if and only if ¢ is right closing (Proposition
4.10).

I would like to thank the referee for his or her superb job. He quite carefully
read the original manuscript and gave very valuable suggestions and comments
together with correcting errors. As one of them, he pointed out that a short proof
for Theorem 2.2 is possible. By his suggestions and ideas, the proof of Theorem
2.2 has been greatly shortened. I am also grateful to K. Hiraide and M. Shishikura
for helpful conversations about dynamical systems on spaces of dimension greater
than 0.

The original version of this paper was written when I was with the Faculty
of Engineering, Mie University. I express my thanks to Mrs. Miyoko Kawamura
for the word processing of the manuscript. The revised version was prepared at
Hiroshima University. I am grateful to S. Okui (at Mie University) , M. Ito, and
especially Y. Nishino for their excellent help which enabled my own word processing
for the revision.

1. ENDOMORPHISMS OF EXPANSIVE SYSTEMS

We give preliminaries and two results on commuting continuous maps, one con-
cerning the topological mixing property and the other concerning topological tran-
sitivity.

Standing convention: Throughout this paper, all the spaces we consider are
compact metric spaces. If X is a space, then it is assumed to be endowed with
metric dx with which it is compact. We also assume that ‘map’ means ‘continuous
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map’. We let « denote the bisequence (z;);ez of points z; of a space. That is,
x = () ez. Similarly we let 2’, ¢, 2(*) and so on denote (})jez (U5)jez (2§k))jez
and so on, each of which is a bisequence of points of some space.

Let f: X — X be a map. A bisequence x of points of X is called an orbit of
fif f(xj) = 41 for all j € Z. For € > 0, we say that f is e-ezpansive or € is an
expansive constant for f if for any orbits  and x’ of f, if dx(zj,2}) < € for all
j € Z then x = x’. We say that f is positively e-expansive if for any z,2’ € X, if
dx (f(z), fi(a")) < e for all j > 0 then x = 2’. We say that f is expansive if f
is e-expansive for some € > 0, and that f is positively expansive if f is positively
e-expansive for some € > 0.

For § > 0, a bisequence y of points of X is called a d-pseudo-orbit of f if
dx (f(y;),yj+1) < 0 for all j € Z. For € > 0, an orbit « of f is said to e-trace y if
dx(xj,y;) < e for all j € Z. We say that f has the pseudo-orbit tracing property
(POTP) if for any € > 0, there is 6 > 0 such that any d-pseudo-orbit of f is e-traced
by some orbit of f.

Let Oy be the metric space of all orbits of f endowed with the metric do, defined
by

dof(way):SUP{Z_‘j‘dX(xjvyj) |j€Z}, =z,y €Oy
Then Oy is compact. We define o¢ : Oy — Oy by

op(x) = (f(x)))jez, =€ Oy.

Clearly o is a homeomorphism. Moreover, h(cy) = h(f) ([Bowl], Proposition
5.2), where h denotes topological entropy.
Let € > 0. We define, for © € Oy,

Vo(z, f)={y € O | dx(z;,y;) <€ forall j <0}
and

Vi(x, f)={y e Oy | dx(xj,y;) <e forall j>O0}.

We say that f has canonical coordinates (CC) if for any € > 0, there is § > 0
such that for any « and y in Oy,

dX(x07y0) < d= Vvei(waf)m‘/;r(yaf) #@

It is clear that if f has POTP, then f has CC. It is well known that if f is expansive
and has CC, then f has POTP (see, e.g., [AS] or [Hil).

In line with the definition of ‘coding’ given by Boyle and Lind [BL], we define
the following. Let A ={¢;: X — X; |i€ [} and B={¢): X — X |j € J}
be two sets of maps , where I and J are indexing sets. Let €,¢/ > 0. We say that
A (e,€')-codes B if for any =,y € X,

Viel, dx,(¢i(x),¢i(y)) <e = VjeJ, dx(¢}(x),¢;(y) < €.

If A (e, €)-codes B, then we say that A e-codes B. (If A or B is a singleton set of a
map, then we will abuse the map to denote the set.)

The following lemma is well known or a trivial extension of a well-known fact, but
it is a key observation for the symbolic dynamics method introduced by Boyle and
Lind [BL] for studying endomorphisms and automorphisms of expansive systems
on compact metric spaces.
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Lemma 1.1. Let e > 0. Let f: X — X and ¢: X — Y be onto maps.

(1) If f is e-expansive, then for any € > 0 there is an integer m > 0 such that
{f710<j<2m} (e,€)-codes f™ (i.e., for any x,2" € X, if dx(f7(x), f7(2')) < e
for 0 < j < 2m, then dy (pf™(x),pf™(z')) < € ).

(2) If f is positively e-expansive, then, for any ¢’ > 0, there is an integer m > 0
such that {f7 | 0 < j < m} (e, €)-codes ¢.

Let f: X — Xandg:Y — Y be onto maps. Let € > 0. Let m, n be nonnegative
integers. Then a factor map ¢ : (X, f) — (Y, g) between dynamical systems is said
to be of (m,n) type with respect to € if {f7 | j=0,...,m+n} e-codes g™o.

Throughout this paper we do not assume that a factor map is necessarily onto.

Boyle and Lind gave a ‘finite’ version of expansiveness which is an analogue of
the block maps of symbolic dynamics ([BL], Lemma 3.2). The following is a version
of it and a direct corollary to Lemma 1.1.

Corollary 1.2 (Boyle and Lind). Let f : X — X and g : Y — Y be onto maps.
Let ¢ : (X, f) — (Y, g) be a factor map. Let € > 0.

(1) If f is e-expansive, then there are integers m,n > 0 such that ¢ is of (m,n)
type with respect to e.

(2) If f is positively e-expansive, then there is an integer n > 0 such that ¢ is of
(0,n) type with respect to e.

An onto map f: X — X is said to be (one-sided) topologically transitive if for
any nonempty open sets U,V C X, there is n € N such that f*(U)NV # 0.

By Bowen’s theory ([Bow?], [Bow4], [Bow5]) the following is known (see [AH]):
if f: X — X is a topologically transitive, expansive homeomorphism with POTP,
then there exist an irreducible topological Markov shift o : ¥ — ¥ and a bounded-
to-one factor map of (X,0) onto (X, f), and hence (X, f) is a finitely presented
system, in the sense of Fried [Fr], with canonical coordinates. It is known (see
Section 1 of [Boy]) that if f: X — X and g : Y — Y are topologically transitive,
expansive homeomorphisms and have POTP and if ¢ : (X, f) — (Y, g) is an onto
factor map, then h(f) = h(g) if and only if ¢ is bounded-to-one. This is considered
to be a natural extension of a well-known property of the factor maps between
irreducible topological Markov shifts (cf. [CP]).

Lemma 1.3. Let f: X — X and g:Y — Y be onto maps. Let ¢ : (X, f)—(Y,9)
be an onto factor map. Let ¢ : (Of,05) — (Og4,04) be the factor map induced by
@, i.e., for each x = (x;)jez € Of, d(x) = (¢(x;))jez. Then ¢ is onto.

Proof. Let y € Og4. Since ¢ is onto, for each j € Z there is z; € X with ¢(z;) = y;.

Since f is onto, for each j € Z there is V) ¢ Oy such that xg-j) = x; and hence
G _

xil, = fl(xj) for all [ > 0. Since Oy is compact, there are a sequence 0 > j; >
ja2 > --- of integers and a point & of Oy such that lim;_. xU) = z. We shall show
that ¢(Z) = y.

Let € > 0. Let 6 > 0 be such that idx (9, €)-codes ¢. Let r € Z. There is k € N
such that ji <1 and do, (xU) 2) < 27I"l§. Since sup{2"i|dx(x§”‘),:fi) |ieZ} <
271715, we have dx(mgjk),jtr) < 4, so that dy(qb(a:gjk)),qb(i,«)) < e. Since ji <1, we

have ¢(z) = G(f"(a;,)) = g"(ys,) = gy Thus dy (g, 6(z,) < €. Since
e > 0 and r € Z are arbitrary , we have y = ¢(&). O
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Lemma 1.4. Let f: X — X and g: Y — Y be topologically transitive, expansive,
onto maps with h(f) = h(g) and with both having POTP. If ¢ : (X, f) — (Y, g) is
an onto factor map, then ¢ is bounded-to-one.

Proof. The hypotheses imply that oy : Oy — Oy and o4 : O, — O, are expan-
sive, topologically transitive homeomorphisms and have POTP (see [AH]). Hence
h(og) = h(f) = h(g) = h(oy). Since ¢ is onto, ¢ : (Of,0p) — (O4,0,) is onto, by

Lemma 1.3. Hence by the fact stated before Lemma 1.3, ¢ is bounded-to-one. O

Let f: X — X be a map. We say that € X is a nonwandering point of f if for
any open neighborhood U of z there is n € N such that f*(U)NU # 0. Let Q(f)
denote the set of all nonwandering points of f. We say that f is topologically mizing
if for any nonempty open sets U,V C X there is N € N such that U N f™(V) # ()
for all n > N.

The following ‘topological decomposition theorem’ was given by Aoki and Hiraide
[AH]| as an extension of the ‘spectral decomposition theorem’ due to Smale [S] and
Bowen [Bow3].

Theorem 1.5 (Aoki and Hiraide [AH]). Let f : X — X be an expansive onto map
with POTP.

(1) Q(f) contains finitely many closed subsets B;,1 < i <1, such that (i) B; N
Bj =0 if i # j, and f(B;) = By, (ii) Q(f) = Uizl B, and (iii) f|B; : B; — B;
is topologically transitive and has POTP (the subsets B; are called the basic sets of
f)-

(2) For a basic set B of f, there exist a € N and closed subsets C;,0 <1i < a—1,
such that (i) C;NC; =0 if i # j, and f(C;) = Citimoda, (i) B = U?:_()l C;, and
(iii) f*|C; : C; — C; is topologically mizing and has POTP (the subsets C; are
called the elementary sets in B).

Theorem 1.6. Let f: X — X be an expansive onto map with POTP. If there is a
topologically mizing map g : X — X with fg= gf, then f is topologically mizing.

Proof. For § > 0 and z,y € X, we write x 2 y to mean that there are sequences
xg, ...,z and yo, ...,y of points of X with k,I > 0 such that

xo=z, dx(f(x:),zit1)<d for0<i<k-—1, zp=uy,
Yo=Y, dx(f(¥i),yi+1) <0 for0<i<Il-1, y =z

We write x ~ y to mean that z 2 y for any 6 > 0. It is found in Section 3.4 of [AH]
that ~ is an equivalence relation on Q(f) and the equivalence classes constitute the
basic sets of f. Since fg = gf and g is uniformly continuous, it follows that for
z,y € Q(f), if © ~ y, then g(x) ~ g(y).

Let Per(f) denote the set of all periodic points of f. For p € Per(f), let B(p) be
the basic set of f containing p, and let C, be the subset cl(W?*(p, f) N B(p)) with

W(p, f) = {x € X| limm_dx(f"(p), f"(x)) = 0},

As is found in Section 3.4 of [AH]|, C), is an elementary set in B(p) for p € Per(f).
Since fg = gf, we have g(p) € Per(f) for p € Per(f).

Let p € Per(f). Then by the above, if z € B(p), then g(z) € B(g(p)). If
x € W3(p, f), then g(x) € W2(g(p), f). Therefore

gW=(p, f)N B(p)) € W*(g(p), f) N B(g(p))-
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Thus

9(Cp) = g(cl(W*(p, f) N B(p))) C cl(g(W*(p, f) N B(p)))
C (W2 (g(p), f) N B(g(p))) = Cy(p)-

Since there are only finitely many elementary sets in the basic sets of f, there are

integers 0 < ¢ < j such that Cgi(p) =C

99 (p)- Hence

9 (Cgip)) C Cyip) = Cyi(p)-

Thus if Cyi(,y # X, then ¢ % would not be topologically transitive. But this is not
the case, because g is topologically mixing. Therefore we have Cji(,) = X, which
implies that f is topologically mixing. O

If f: X — X is a topologically transitive, expansive onto map with POTP, then
X itself is a basic set of f. We call the number of elementary sets in the basic set
X the period of f.

The following theorem is a generalization of a result of Boyle and Krieger (Lemma
2.13 of [BK]).

Theorem 1.7. Let f: X — X and g: X — X be commuting expansive onto maps
with POTP. Suppose that f is topologically transitive with period r. Then, for some
k dividing r, X = Ué;(l) B;, where B;, 0 < i <1 —1, are the basic sets of g with
I = r/k such that all g|B; : B; — B; have period k, and the dynamical systems
(Bi,g|Bi) are a factor of each other, and in particular they are conjugate to each
other if f is a homeomorphism.

Proof. The proof is a natural extension of the proof of Lemma 2.13 of [BK]. We
use the same notation as in the proof of Theorem 1.6.

Let p € Per(f). As is found in Section 3.4 of [AH], Cp, Cyp, ..., Cpr1(y) are
the elementary sets of f with Cr,y = Cp. There is 0 < L < r — 1 with g(p) €
Cyr(p)- Since g(f(p)) € fUCr(p)) = Cpivr(p) and gf(p) € Per(f), it follows that
Cgfi(p) = Cf11+L(p) for 0 < ¢ < r—1. By the proof of Theorem 1.6, for 0 <i <r—1,
we have Cyrip) D g(Cri(p)), so that Cyyiy = g(Cyip)) because g is onto. Thus we
have

g(Cfi(p)) = Cfi+L(p) for 0 S ) S r—1.
Since f and g have POTP and Cfi(,),0 <4 <r — 1, are disjoint closed sets each of
which is f7-invariant and g"-invariant, it follows that f"|Ci(,y and g"|Ci(,) have
POTP for 0 < i < r — 1. By Theorem 1.5, f"|Cy:(,) is topologically mixing for
0 < i < r — 1. Therefore by Theorem 1.6, g"|Cyi(p is topologically mixing for
0<i<r—1.
Let I = ged(r, L) and let k = r/l. Then for each i, the sets

9 (Criy) = Criviry 0<j<k—1,

are disjoint closed sets and g*(Cyi(,)) = Cji(p). Since g¥|Cyi(,) has POTP and
g"|Cyi(py is topologically mixing, it follows from Theorem 1.6 that gk|Cfi(p) is
topologically mixing. Let
k—1
Bi: Ugj(Cfa‘,(p)), 0§Z§l—1
j=0
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Then Ui;(l) B; = X, with the sets B; disjoint, closed, and g-invariant, and each g|B;
topologically transitive. Therefore B;,0 < i < [ — 1, are the basic sets of g, and
¢ (Cti(p));0 < j < k — 1, are the elementary sets in B;, so that g|B; has period k
for0<i<l-1.

For any 0 < 4,5 < | — 1, since fi=*L(B;) = B; and gfi—"+L = fi-itlg
(Bj,g|B;) is a factor of (B;, g|B;) , and if in particular f is a homeomorphism,
then (Bj, g|B;) is conjugate to (B;, g|B;). O

2. RESOLVING FACTOR MAPS

Let f: X > X and g: Y — Y be onto maps. Let € > 0. Let ¢ : (X, f) — (Y, g)
be a factor map. We say that ¢ is e-closeness preserving, or e-preserving for short,
if idx e-codes ¢. The notion of an e-preserving factor map is an analogy of that
of a one-block map in symbolic dynamics. It is easily proved by using Corollary
1.2 that if f is expansive and € is an expansive constant for f, then, as every block
map between subshifts becomes a one-block map passing through a higher block
system of sufficiently large order, ¢ becomes e-preserving passing through a higher
block system (X', f') of sufficiently large order of (X, f) (see the second paragraph
of the next section), that is, there is a natural conjugacy p: (X, f) — (X', f/) such
that ¢p~! is an e-preserving factor map of (X', f’) into (Y, g).

Let ¢ be e-preserving. We say that ¢ is right e-resolving if {idx, gé} e-codes f,
and ¢ is said to be left e-resolving if {¢, f} e-codes idx.

Let ¢ : (Of,01) — (Og4,0,) be the factor map induced by ¢, ie., for x €
Oy, q@(w) = (¢(z;))jez. Since ¢ is e-preserving, for every « € Oy,

Vo (0(@).9) D 6V (. f)) and VH(d(x).g) D o(VH (. f)).
We say that ¢ is right e-complete, if for all © € Oy,

Vo (0(@),9) = (V. (=, f)).
We also say that ¢ is left e-complete, if for all x € Oy,

V(o) 9) = oV (2, f)).

For © € Oy, let g?);m Vo (x, f) — V.o (¢(x), g) be defined as the restriction of ¢,
and let ¢, : V.5 (z, f) — V.H((), g) be similarly defined. Then we say that ¢ is
right e-closing if é;w is 1-1 for all x € Oy, and ¢ is said to be left e-closing if éjw
is 1-1 for all € O. Hence we see that ¢ is right e-closing and right e-complete if
and only if ngm is bijective for all € € Oy, and the left version of this also holds. As
is easily seen by using Lemma 1.1, when f is e-expansive, if ¢ is right e-resolving,
then it is right e-closing, and if ¢ is left e-resolving, then it is left e-closing.

Proposition 2.1. Let f: X — X and g: Y — Y be onto maps. Let € > 0. Let g
be e-expansive. Let ¢ : (X, f) — (Y, g) be an e-preserving conjugacy.

(1) If ¢ is right e-resolving, then it is right e-complete.

(2) If & is left e-resolving, then it is left e-complete.

Proof. To prove (1), let @, ' € O with ¢(z') € V.”(4(z), g). We shall show that
' € V. (x, f). Since Oy is compact, there are a sequence 0 < k1 < kg < -- - of inte-
gers and points &, &’ of Oy such that lim,; o;k" () =& and lim;_, U;k"' (') =
Z'. Let § = ¢(&) and let §’ = 4(Z'). Let r € Z. Then
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05(9) = 0y (d(lim 07" (2))) = lim oy~ G(x) and oy(y’) = lim oy Mo(a’).
Since (z') € V.~ (¢(x),g), for all i with k; > r, the distance between the O-th
coordinate of o7, ¥ i¢(x) and that of oy h ip(x') is not greater than e. Hence so is the
distance between the 0-th coordinate of o, (y) and that of o (y') , i.e., dy (¥r, 7;) <
€. Since r € Z is arbitrary and g is e expanswe we have y = ¥/, so that x = &’
because ¢ is 1-1. Thus do, (0} Fi(x), oy Fi(2')) < e for all sufficiently large i, so that
dx(x_k,, 2" },) < e for all suﬂiciently large i. Therefore, since dy (¢(z;), d(z})) < €
for all j <0 and ¢ is right e-resolving, it follows that dx (v;, ) < € for all j <0,
which implies that ' € V" (z, f).

The proof of (2) is similar to the above. O

To prove the main theorem of this section, it is convenient to introduce some
notations. Let d,e > 0. Let f : X — X be a 2e-expansive, onto map such
that any J-pseudo-orbit of f is e-traced by some orbit of f. This orbit is unique
for the d-pseudo-orbit because f is 2e-expansive. For & € Oy and k,l € Z with
k <1, let T 1y, T(—oo,1); and Z[k ) denote the finite, left infinite, and right infinite
sequences (z;)x<j<i, (7;)j<i, and (x;);>k, respectively. Let z(® ... 2™ € Oy
with n € N. Let lg, k1,01, kn_1,ln—1,kn € Z with k; < l;, i =1,...,n— 1.
Then an expression E of the form

(0) s (1 9 g (n—1) g (n)

FE = x(—oo,lo)* o m[kflall) 0---0 w[k’n—l,ln—l) ¢} w[kn,oo)

means that dx(z; (Z 1) ( /) < dfori=1,...,n and denotes the §-pseudo-orbit y
of f such that y; = x§ ) for j<lp,and fori=1,.. T Y5 L (5 k)4

xy) for k; < j < l;, with I,, = co. Hence * indicates the real time interval. Let
trace.(E) denote the orbit of f which e-traces the d-pseudo-orbit denoted by E
Let ¢ : (X, f) — (Y, g) be an onto factor map between dynamical systems, where
f:X —Xand g:Y — Y are topologically transitive, expansive, onto maps with
the same topological entropy and with f having POTP. For convenience we define
a constant-triple for ¢ to be the triple (¢, €g, do) of positive numbers such that both
f and g are c-expansive, idx (€g, ¢/2)-codes ¢ with €y < ¢, and any Jp-pseudo-orbit
of f is eg-traced by some orbit of f with §y < €q.

Theorem 2.2. Let f: X — X and g : Y — Y be topologically transitive, expan-
sive, onto maps with h(f) = h(g) and both having POTP. Let ¢ : (X, f) — (Y, g) be
an onto factor map. If e > 0 is sufficiently small, that is, if there is a constant-triple
(¢, €0,00) for ¢ with € < §o/2 , then the following hold.

(1) If & is e-preserving and right e-resolving, then ¢ is right e-complete.

(2) If & is e-preserving and left e-resolving, then ¢ is left e-complete.

Proof. Let ¢ : (Of,0¢) — (Oy, 04) be the factor map induced by ¢. By Lemmas 1.3
and 1.4, ¢ is bounded-to-one and onto. To prove (1), assume that ¢ is e-preserving
and right e-resolving. Let y be a point of O, with the maximum number of inverses,
say M, ... 2™ under d; We claim that

) = U v,

i=1
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For otherwise there would be =’ ¢ U, V.- (2, f) with ¢(=') € V. (y,g). Since
Oy is compact, there is a sequence 0 < k; < ko < ... of integers such that the
sequences (o7 % (2™));en,i = 1,...,n, and (07 7% (2'))jen converge. Let their
limits be 2% ,i = 1,...,n, and &', respectively. By the same discussion as in the
proof of Proposition 2.1, we have ¢(&') = ¢(2?),i = 1,...,n. Since ¢ is right
e-resolving and f is e-expansive, using a similar argument to one in that proof, we
see that 2", i = 1,..., n, are distinct. Since n is the maximum number of inverses
for ¢, we have # = z® for some 1 < k < n. The same argument as in the proof
of Proposition 2.1 shows that =’ € V.”(x(*), g), which is a contradiction.

Let z be a point of O, which has the minimum number of inverses under o
among all points in U2, 03 (V." (0,7 (y),9)). We may assume that z € V. (y,g).

(For if z € U;]](V'E_(Ug_‘](y),g)) with J € N, then we may reuse z, y and =V, i =

—J

1,...,n, to mean o, ”(z), J;J(y) and J;J(w(i)),i =1,...,n, respectively.) Let

g
w® ... w(™ be the inverses of z under ¢. Then, by the above, they are contained

in U, V.~ (™, f). If there were 1 <[ <1’ <m and 1 <i < n with w®, wl) e
V.o (2, ), then w® and w®) would be left e-asymptotic, i.e., dX(wg;,wg,j)) <e
for all sufficiently large j, because f is e-expansive. Since ¢(w®) = ¢(w)) and ¢
is right e-resolving, we would have w(®) = 'w(l'), which is not the case. Therefore
we may assume that w® € V.~ (¥, f),i =1,...,m. We claim that m = n.
Assume the contrary. Then there is no w € V.” (™, f) with ¢(u) = 2. Let
0 > 0 be such that any 2§-pseudo-orbit of f is e-traced by some orbit of f. Since
Oy is compact, there is 0 < § < ¢ such that ", Us(w®) D ¢~1(Vj(z)), where
Us(w™) and V3(z) denote the open ball with center w® and radius § and the
closed ball with center z and radius 3, respectively. For otherwise, there would
be a point w ¢ U7, Us(w®) with ¢(w) = z. Since O, is compact and g is
[B-expansive, it follows that there is an integer K > 2 such that, for any 2 € Oy, if
dy(zj,2;) < B for =K +1 < j < K —1, then do,(2,2) < 3. Let a > 0 be such
that any a-pseudo-orbit of g is -traced by some orbit of g. Since z € V. (y, g)
and ¢ is e-expansive, there is M > 0 such that dy (y_a,2-nm) < /2. Let v > 0
be such that idx (v, a/2)-codes ¢ with v < 4. Since f is topologically transitive,
there are s € Oy and L > 1 such that dX(so,wg)) < ~ and dX(sL,x(f]%/[) < 7.
We have dy (¢(so), qﬁ(wg))) < a/2, and we also have dy (¢(sr), z—m) < a, because

dy (6(s1), o(z"3))) + dy (6(x ")), 2-01) = dy (8(s1), 6(x")) + dy (y-nr, 2-n1) <
a/2+4 a/2. We can define

2 = traceg(z(—oo, )+ o q}(s)[O’L) o Z[—M,o0))-
We have dy (z;,2;) < § for j < K —1, so that dy (2;,y;) < e+ 3 < 2¢ for j < 0.

Since g is 2e-expansive, there is N € N such that dy (2;,y;) < € for j < —N. That

is, 2 € JéV(VE’ (ag’N(y),g)). Let ﬁi(l), e ,ﬁ)(l) be the inverses of Z under ¢. Then

m <1 <mn,and

G Us(w®) o ¢7'(Va(2)) D ¢7'(2) = {&W,... oW}

i=1
If Ug(w(p)) 5> w'? with 1 <p<mand1l<q<I, then we can define

w®? = tracee(lbgq_)wl)* Qéswfﬁ)oo)) € Oy.
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<efor j <1 and ¢ is e-preserving, dy (¢(w; (P, Q)) ;) < € for
j<1. Hence we have dy (¢(w (p’q)) zj) < e+ G for j <1, because dy (25,2z;) < B
for j < 1. We also have dy (¢(w (p’q)), zj) < efor j > 1. Since g is (e+3)-expansive,
we have ¢(w(p ‘1)) = z, so that w®% = w® for some 1 < i < m. Therefore, by
the definition of w®9, ®? € V.~ (w®, f) for some 1 < i < m. If there were no

q with w'? ¢ | (w®, f), then there would be distinct ¢ and ¢ and 2 < i < m
such that w(q) @) ¢ Vo (w (@), f), because I > m. This is not the case, as seen

by the same discussion as above. Thus we may assume that o e Vo (w) f).
Since v < J, we can define

Since dX( (P,9) A§Q))

é 5 n
t= tracee(wgl_)oo,K)* o 8jo,1) © a:f_)Moo)).

Since ¢ is e-preserving and g is (e + 3)-expansive, it follows that
é(t) = traceg(gg(w(l))(_oo7K)* o q@(s)[O,L) 5 q@(a:(”))[_M,oo))

= traceﬁ(z(foo,K)* 5 é(s)[O,L) 5 y[—M,oo))-

Since

qg('tli(l)) = 2 = traceg(z(— oo, K)* o qg(s)[O’L) o Z[—M,o0))
and we can have chosen [ so that 28 < € and idy (20, €)-codes g, we have

dy (¢(t;), o)) <e  for j<K+L.

Since w'V, t € V.o (wW, f) and f is e-expansive, @ and ¢ are left e-asymptotic.
Therefore, since ¢ is right e-resolving, it follows that

d((l) tj) <e for j< K+ L.

Since dx (tx+1, () ) < € (by the definition of t), we have dx(wglL,x(n) ) <2<
do. Thus we can deﬁne

(n) S . (1) )

u = traceeo(a:(_oo —M)ys © WK L o))

We have dy (¢(u;), zj) < dy (¢(u;), p(x (n)))—f—dy(y],zj) < c¢/2+efor j < —M, since
idx (eo,c/2)-codes ¢. Recalling the definition of 2, we also have dy (¢(u;),z;) <
dy (6(u3), () 1 sy i) + dy (Bxciriariss ) < ¢/2+ f for j > —M. Hence we
have dy (¢(u;),z;) < ¢/2+¢/2 = c for all j € Z. Thus we have ¢(u) = z, because
g is c-expansive. Further we recall that gz;(w(")) =y and z € V_ (y,g), and we
note that w and (™ are left e-asymptotic. Therefore, since ¢ is right e-resolving, it
follows that w € V.~ (™, f), which is the desired contradiction. Thus we conclude
that m = n.

Therefore it follows that g?)(‘/:(a:(i),f)) = V. (y,g) for i = 1,...,n. Putting
x(1) = w, we particularly have

SV (w, f)) = V. (dw), g)-
Let ® € Of. Let 2/ € V. (¢(x), g). There is M’ > 0 with dy (¢(z_arr), 2" ) <
a/2. Let K" = 1. There are s’ € Oy and L’ > 1 such that dx (s, wg/) < v and
dx(sh,,x—n) < ~y. Then, as we could define 2 above, we can define

%' = traces(¢(w)(—oo, k- 0 H(8)0,17) © 2 A 00)-
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Then 2’ € V.~ (¢(w), g), and hence there is w € V.~ (w, f) with ¢() = 2’. By the
same arguments as above (consider ¢’ = tracee (W (—oo,k7)* 3 sEO’L,) 3 T M ,00)))s

we see that
do .
U/ = traceeo (CB(,OO,,M/)* C[)) w[K'JrL’,OO))
can be defined, and that ¢(u') = 2z’ and u' € V" (x, f). )
Thus we have shown that, for each € Oy, V. (¢(x), 9) = ¢(V. (x, f)), so that
the proof of (1) is completed.
The proof of (2) is similar. O

Lemma 2.3. Lete > 0. Let f: X — X and g:Y — Y be e-expansive, onto maps
with POTP with g topologically transitive. Let § > 0 be such that any d-pseudo-orbit
of [ is e-traced by some orbit of f. Let ¢ : (X, f) — (Y, g) be a both right e-closing
and left e-closing, e-preserving, onto factor map.

(1) Any distinct orbits @ and ' of f with ¢(x) = ¢(x') are totally §-separated,
i.e., dx(zj,2}) > 6 for all j € Z.

(2) If ¢ is both right e-complete and left e-complete, then qg s constant-to-one
and open.

Proof. (1) Let @, &' € Of with dx (z0,2}) < ¢ and ¢(x) = ¢(x'). Then there is
w e V. (x, )NV (a!, f). Since ¢ is e-preserving, we have ¢~)(w) eV~ (g?)(w),g) N
VH(p(x'),g). Since ¢(x) = ¢(«') and g is e-expansive, we have p(w) = ¢(x) =
d(x'). Since ¢ is right e-closing, we have w = @, and since ¢ is left e-closing, we
have w = &’. Hence & = &’. Thus (1) is proved.

(2) By Lemma 1.3 ¢ is onto, and from (1) it follows that ¢ is bounded-to-one. Let
¥,y € O,. To prove that ¢ is constant-to-one, it suffices to show that #(¢~1(y)) <
#(cﬁ_l(y’)). Let v > 0 be such that any y-pseudo-orbit of g is e-traced by some
orbit of g. Since g is topologically transitive, there are m € N and z € Oy such
that dy (y1,20) < v and dy (zm, y) < 7. Let § = tracee(y(fooﬁl)* 3 2[0,m) 3 yEO,oo))'
Then

yeV (y,9) and oy (g) e VI(y'.9g).
Let ¢~ (y) = {z™,...,2®}. Then we have
Vo@D, )NV (@D, f)=0 for1<i<j<k.

For otherwise, since f is e-expansive, it follows from Lemma 1.1 that there would be
n € N such that dx (x(f)n, 1:(7]21) < 6, which is not the case because (¥ and /) are
totally d-separated, by (1). Since ¢ is right e-complete, there is AR Vo (2@, f)
with g?)(:i:(i)) =g fori=1,...,k Thus we have

#(07 (9)) = k=#0""(y).
Since y' € V(a7 (9), g), an argument similar shows that
#(071 (W) = #6707 ().

Thus we have #(¢~(y')) > #qé_l(y), as desired.
Using (1) and the fact that ¢ is constant-to-one, a similar argument to that in
the proof of Theorem 16.3 of [H] proves that ¢ is open. |
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3. COMMUTING EXPANSIVE ONTO MAPS

Throughout the remainder of this paper we assume the following. For a finite
number of spaces X;,7 = 1,...,n, if we consider a subset .S of the Cartesian product
[T7_, X; as a metric space, then S is endowed with the maz metric, that is, for
u = (xi)lgigk and v = (l‘;)lgigk in S, J)i,l‘; S Xi

ds(u,u’) = max{dx, (z;,z}) | i =1,...,n}.
Let f: X — X be an onto map. Let k& € N. We define the higher block system

of order k of the dynamical system (X, f) to be the dynamical system (X}k], fID,
where

X = {(fi(=))ocick1 | = € X},

d v is the max metric, and fU¥ is given by
5

MR @)ocich) = (F1(@)h<ick, =€ X.
It is clear that if f is c-expansive [positively c-expansive] with ¢ > 0, then f (%] is
c-expansive [positively c-expansive].
Lemma 3.1. Let f : X — X be a c-expansive onto map with ¢ > 0. Let €y, 09 be
numbers such that 0 < 6y < €y < ¢/3 and any dp-pseudo-orbit of f is eg-traced by

some orbit of f. Let k € N. Then any o-pseudo-orbit of fI* is eg-traced by some
orbit of fI¥l.

Proof. Let (u;);ez be a dp-pseudo-orbit of f¥l. Then there is a sequence (z;)jcz
of points z; of X such that, for all j € Z, uj = (f!(z;))o<i<k—1 and

max{dx (f'(z;), [ (wj41)) | i=1,....k} < do.
It follows that, for i = 0,...,k — 1, (fi(x;));ez is a dp-pseudo-orbit of f, so that
there is (yj(-z))jez € Oy which ep-traces (f*(z;));jecz. Hence, for all j € Z,

(y](t)vf(x]))geoﬂ iIO,...,k—l,

and hence

dx (yy(zrll)afi71($j+1)) <e, i=1,...,k.
Therefore we have, fori =1,...,k—1, dX(yJ(z)’yJ(f|r1 )) < %eg+00 < cfor j € Z. Since

(yj( ))gez € Oy and f is c-expansive, we have y(z) = y(le) fori=1,...,k—landj e

Z, so that we have y(» Q. yj(Jr)Z fori=0,...,k—1land j € Z. Let v; = (y](Jr)z)0<z<k 1
for j € Z. Then (v;)jez € Osu. Since dX(f( D) = dx (Fi(x;),5\") < eo for
i:O,. ;k—1and all j € Z, we have d e ) (ug,v5) = max {dx (fi(z )y](_gz)|z:
0,...,k—1} < e for all j € Z, so that (v;)jez €o-traces (u;)jez. O

Lemma 3.2. Let f : X — X and g : X — X be commuting onto maps. Let g be
c-expansive with ¢ > 0. Let k € N. Let g[k] X[k] ][ck] be defined by

(1 @)ogjcr—1) = (F1g(x))ogjcr-1, =€ X.
Let €9, 00 > 0 be such that eg < ¢/2, idx (€o,c/2)-codes f, and any dp-pseudo-orbit
of g is eg-traced by some orbit of g. Then any Jg-pseudo-orbit of ggck] s €g-traced

by some orbit of ggck}.
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Proof. We may assume that k > 2. Let F(z) denote (f7(x))o<j<k—1 for z € X.
Any dg-pseudo-orbit of ggfk] is of the form (F(z;))icz, where (z;);cz is a sequence
of points such that dx(gf’(z;), f?(zit1)) < 6 for i € Z and j = 0,...,k — 1.
Hence (f7(z;))iez is an 60—pseudo—?1;bit of g for j = 0,...,k — 1. Thus for each
J

j=0,...,k—1, there is an orbit (y,”’)icz of g which ep-traces (f(x;))icz, i-e., for

each i € Z, dx(y§j),fj(xi)) <e¢pfor j =0,...,k—1. Therefore, for 0 < j < k —2,
. , . , , , c
dx (V. Fu) < dx @D P @)+ dx (F(F @), fu”) < e+ 5 <e

Since (f(y§j)))iez is an orbit of g and ¢ is c-expansive, we have y§j+1) = f(ygj)) for

0 <j <k-—2. Hence (F(yz@)))iez is an orbit of ggck] which eg-traces (F/(z;))iez. O

Let € > 0. We define an e-textile-orbit-system T to be a quadruple of e-preserving
onto maps

ix : X—->W, tx: X—-=W, py:Y—-W, g :Y—->W
such that ix and py are 1-1 and

gvpytxiy! = txix qypy .

We write T = (ix,tx : X — Wipy,qv : Y — W). We call z = (y,y/,z,2') €
Y xY x X x X a square of T if

ix(x) =py(y), av(y) =ix(@), tx(x)=py(y), and qv(y)=tx(a").

Let Z be the set of all squares of T' and let it be endowed with the max metric.
We call Z the square space of T. We define projections iz, tz,pz, qz as follows: for
z = (yay/axwrl) € Zv ZZ(Z) = yth(Z) = y/a pZ(Z) =, and qZ(Z) = z’. Then all
the projections are e-preserving, and the following diagram commutes:

WX x X w

o [ [or

y 2 gz 72 .y
"Yl lQZ lqy
W oe—— X W.
X tx

Since ix and py are 1-1, iz and pz are 1-1. A two-dimensional configuration
(zij)ijez of squares is called a textile-orbit of T if for all 4,j € Z,

tz(zij—1) = iz(zi;) and qz(zi-15) = pz(2ij)-

We say that T is LR if {tz,pz} and {iz,qz} e-code each other. We also say
that T is LL if {tz,pz} e-codes idz and {tz,qz} e-codes idz.

Lemma 3.3. Let € > 0. Let T = (ix,tx : X — Wipy,qv : Y — W) be an e-
textile-orbit-system. Let Z be the square space of T'. Let f = igltz, let f* = pglqz,
and let g* = p{,lqy, Assume that g* is topologically transitive and expansive and
has POTP (and hence f* has the same properties, because iz is a homeomorphism,)
and that there is a constant-triple (c, €9, 6o) for the factor map tz : (Z, f*) — (Y, g%)
with € < 8o/2.
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(1) If T is LR, then, for any textile-orbits (zij)i,jez and (z;;)ijez of T, if

Vo ((zi0)iez: 1) NV ((Zlo)iez, [*) 3 2,
then there is a textile-orbit (Z;5)i jez of T such that (Zio)icz = 2,
dz(fij,zij) <e VZ,] <0, and dz(fij,z,gj) <e VZ,] > 0.

(2) If T is LL, then the endomorphism fof (Op+,04+) induced by f : (Z, f*) —
(Z, f*), is constant-to-one and open, and moreover for any textile-orbits (zi;)i jez
and (2};)ijez of T,

Vo ((zi0)iez, [*) NV ((2ig)icz [7) # 0
= Vo ((205)jez, F) N V5 ((20)jez, f) # 0-
Proof. (1) Since T is an LR e-textile-orbit-system, it follows that iz is a left e-
resolving conjugacy of (Z, f*) onto (Y, ¢g*) and tz is a right e-resolving factor map
of (Z, f*) onto (Y, g*). From Proposition 2.1, Theorem 2.2, and the assumptions
of the lemma, it follows that iy is left e-complete and ¢ is right e-complete.

Let (2ij)ijez and (2;):jez be textile-orbits of T, let z € V" ((zi0)iez, f*) N
VX (zhodiez, f*), and put z = (=) ez

Let (yij)iez = (iz(zij))icz for j € Z. Let (1i”)iez = (iz(2"))icz. Since iz is
e-preserving and (zfo))iez € V. ((#i0)iez, f*), we have (yEO))iez € V. ((Yi0)iez, 9%)-
Since tz is right e-complete and (y0)icz = (tz(2i,-1))icz = tz((2i,—1)icz), we have

Vo ((Wi0)iez: 97) = Vo (E2((21,-1)iez). 97) = t2 (VT ((2i,-1)iez: [))-

Therefore, since (yﬁo))iez € Vo ((yio)iez, g*), there is

(2 ez € Vo ((2i,-1)iez, 1)
such that
t2((z iez) = 4 iez = iz2((=()ica).
Let (y§71))iez = gz((zi(*l))iez). Then the same argument shows that there is

(2572))1‘6Z € V;((Zi,—Q)ieZ, )
such that

F2((27)iez) = (0 Viez = i2((20 Viez).

Continuing in this way, we know that there are (zi(j))iez € Oy-,j <0, such that
(" )iez € Vo ((z)iez. ) and iz((=)iez) = i2((2 V)iez) forallj <0,
Furthermore, a similar argument, using the e-preserving property of t; and the
left e-completeness of iz, shows that there are (zx(j))iez € Oy«,j > 0, such that

(2)iez € VI (())iez, f*) and iz((27)iez) = iz((27)icz) forallj > 0.

If we define (Z;;)i jez = (zfj))mez, then (Z;)i jez is a textile-orbit of T such that
(Zio)iez = z, dz(Zij, zi5) < € for all 4, j <0, and dz(zi5, z{;) < € for all i,j > 0.

(2) Since T is an LL e-textile-orbit-system, it follows that ¢z is a factor map of
(Z, f*) onto (Y, g*) which is both left e-resolving and right e-resolving. Therefore,
by Theorem 2.2, the assumptions of the lemma imply that ¢z is both left e-complete

and right e-complete.
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Since tz is both left e-resolving and right e-resolving and f* is e-expansive, it is
both left e-closing and right e-closing. Therefore it follows from Lemma, 2.3 that ¢
is constant-to-one and open, so that f = 521{ 7 is constant-to-one and open.

Let (2ij)ijez and (2{;)ijez be textile-orbits of T' such that there is an orbit

(zi(o))iez of f* with
(3.1) (2{")iez € V7 ((z0)iezs f7) NV (Fhodieas /-
The discussion using the e-preserving property of iz and the right e-completeness

of tz in the proof of (1) has shown that there are (zx(j))iez € Oy-,j <0, such that

3

(3:2) (27)icz € V7 ((2i)iez. f*) forall j<0
and

(3.3) i2((z)iez) = 12((z9 " P)iez) forall j <.
By (3.2) we have

(3.4) dz(z(()j),zoj) <e for j<O.

By (3.1) we have

0 *
(zlo)iez € V" ((5")iez. 7).
Let
(0
(3.5) (Zz( ))iez = (zi0)iez.
By using the e-preserving property of iz and the left e-completeness of 7 together

with (3.3), it is similarly proved that there are (ij))iez € Oy+,j <0, such that for
all j < 0

E)icz € VI(()iez, £) and  i((ZP)iez) = t2((Z8 ™ )iez).

Hence it follows that

(3.6) dz(z), ) <€ for j <0
and
(3.7) iz(i(()j)) = tz(é(()jfl)) for j <0.

Define 2 = (2;) ez, where 2; = Z(()j) for j <0 and 2; = 2y, for j > 0. Then 2 € Oy
by (3.5) and (3.7), dz(Z;, 205) < 2¢ for j < 0 by (3.4) and (3.6), and dz(%;,z);) =0
for j > 0. Thus we have 2 € V,_((205)jez, f) N V0+((Z(,)j)jez, 1) O

Let ¢ : X — X and 7 : X — X be onto maps with o7 = 7¢. Let m,n € N. Let
T n(p, T) be defined by

Tonlp,7) = {iv,tv : U = W;py,qv : V — W}
U = {(¢'77(2))o<i<m—1,0<j<n | T € X},
V = {(¢"T7 (2))o<i<m,o<j<n—1 | T € X},
W = {(¢'77 ())o<i<m—1,0<j<n-1 | T € X};
for u = (¢'77(x))o<i<m—1,0<j<n € U,

iv(u) = (977 (2))o<icm-1,0<j<n-1,  tr(w) = ("7 (2))o<icm—1,1<j<n;
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and for v = (¢'77(x))o<icmo<j<n-1 €V,
pv(v) = ("7 (2))o<icm-1,0<i<n—1, v (V) = (&7 (2))1<i<m,0<j<n-1-

It is clear that iy, ty, py, and gy are e-preserving onto maps for any € > 0 and iy
and py are 1-1. Hence T}, » (¢, T) is an e-textile-orbit-system for any ¢ > 0. The
square space of Ty, ,, (¢, T) is given by

Z ={(¢'77 (2))o<i<m,o<j<n | © € X}.

Theorem 3.4. Let p: X — X and 7 : X — X be positively expansive, onto maps
with o1 = 1. If ¢ is topologically transitive and has POTP, then T has POTP.

Proof. Since 7 is expansive, if it has CC, then it has POTP (see, e.g., [AS] or
[Hi]). Thus it suffices to show that for any € > 0, there is 6 > 0 such that for any
z,x' €O, ,

dx(wo,z0) <8 = V. (z,7)NVI(z' 1) #0.

Let (c,€0,00) be a constant-triple for the factor map 7 : (X, ) — (X,¢). We
may assume that ¢g < ¢/3. Let € be a number such that 0 < € < Jp/2 and 7 is
positively e-expansive.

Since ¢ and T are positively e-expansive, it follows from Corollary 1.2 that there
are m,n € N such that {¢’ | 0 < i < m} ecodes 7 and {77 | 0 < j < n}
e-codes p. We define an e-textile-orbit-system 7' by T = Ty, n(p, 7). It readily
follows that T is an LR e-textile-orbit-system. Let f = igltz, let f* = p}lqz, and
let g* = p(,lqv7 where Z is the square space of T. Since (V,g*) and (Z, f*) are
conjugate to (X, ), f* and g* are topologically transitive, expansive, onto maps
with the same topological entropy and having POTP. We shall show that (¢, g, do)
is a constant-triple for the factor map ¢z : (Z, f*) — (V, g*).

Since ¢ is c-expansive, so are f* and ¢*, by construction. Since any §g-pseudo-
orbit of ¢ is eg-traced by some orbit of ¢ with 0 < dg < €y < ¢/3, it follows from
Lemma 3.1 that any do-pseudo-orbit of ol +1] XLmH] — X([Pmﬂ] is €p-traced by

some orbit of @™+ If we define 7 : XI" ™ — x [ by
?((‘Pi(x))oﬁiém) = (Sﬁi(T(J?)))ogigm, zc X,
then
Z ={(#(y))o<j<n | y € X(Eom+1]} _ (Xg[om-i-l])LnJrl].
Since idx (€0, c/2)-codes 7, it follows that id (m+1) (€0, c/2)-codes 7. We note that

f* sends (77 (y))o<j<n to (F1olmT(y))ocj<n for y € Xiomﬂ]. Hence, by Lemma
3.2, any dp-pseudo-orbit of f* is eg-traced by some orbit of f*. Since tz is €o-
preserving (by construction) and €y < ¢/2, idz (eo,c¢/2)-codes tz. Thus we have
shown that (c, €9, dg) is a constant-triple for tz : (Z, f*) — (V, g*).

Since f* has POTP, there is §; > 0 such that any §;-pseudo-orbit of f* is
e-traced by some orbit of f*. Let z,2’ € Of with dz(zo,2)) < d1. There are
textile-orbits (zij)i jez and (z];)ijez with (20j)jez = z and (z(;)jez = 2’. Since
dz (200, 200) < 01, we have V7 ((zi0)icz, f*) N VI ((2)o)iez, f*) # 0. Hence, by
Lemma 3.3 (1), we have V" (2, f) NV (2/, f) # 0.

Let z(x) = (¢'77(x))o<i<m,0<j<n for ¥ € X. Since ¢ and 7 are uniformly
continuous, there is § > 0 such that idx (,01)-codes z: X — Z. Hence it follows
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from the above that for any x, x’ € O, if dx (xo, z) < d, then V.~ ((2(x;)) ez, f)N
VEr((z(2)) ez, f) # 0, so that V™ (z, ) NV (2!, 7) # 0. O

Theorem 3.5. Let ¢ : X — X be a topologically transitive, expansive homeomor-
phism and 7 : X — X a positively expansive onto map. If o7 = Ty and ¢ has
POTP, then 7 has POTP and is constant-to-one.

Proof. Let € > 0 be sufficiently small as in the proof of Theorem 3.4. Since 7 is
positively e-expansive, it follows from Corollary 1.2 that there is n € N such that
{7 |j=0,...,n} ecodes {¢, p~1}. Let T be the e-textile-orbit-system defined by
T =T n(p,T) (see the paragraph before Theorem 3.4). Let Z be the square space
of T

Since {77 | j = 0,...,n} ecodes {p, 7'}, it readily follows that T is LL.
Let f and f* be defined in the same way as in the proof of Theorem 3.4. Then
by Lemma 3.3(2), f is constant-to-one and open, and so is f, because f* is a
homeomorphism (because ¢ is a homeomorphism). Since (X,7) and (Z, f) are
conjugate, T is constant-to-one and open.

We give two proofs that 7 has POTP. The first is given by appealing to the
known result (see [AH]) that a positively expansive onto map has POTP if (and
only if) it is an open map. The second is given by showing that for any x, 2’ € O,
if dx (wo,x)) < 6, then V,_(z,7) NV (z',7) # 0, by following the discussions in
the proof of Theorem 3.4, letting m = 1 and using Lemma 3.3(2) instead of Lemma
3.3(1). O

We state a combination of Theorems 3.4 and 1.7.

Theorem 3.6. Let 7 : X — X be a topologically transitive, positively erpansive
onto map with POTP and with period p. Let ¢ : X — X be a positively expansive
onto map with o1 = 7. Then ¢ has POTP and, for some k dividing p, X is
partitioned into the p/k basic sets B; of ¢ such that the maps ¢|B; have period k
and the systems (B;, p|B;) are a factor of each other.

Young-One Kim has conjectured the following refinement on Theorem 3.4, a
special 0-dimensional case of which was proved by F. Blanchard and A. Maass
IBM]. The general 0-dimensional case of it has been proved by M. Boyle, D. Fiebig,
and U. Fiebig [BEF].

Corollary 3.7. Let 7: X — X be a topologically mizing, positively expansive onto
map with POTP. Let ¢ : X — X be a positively expansive onto map with o1 = Ty.
Then @ has POTP and is topologically mizing.

We also state a combination of Theorems 3.5 and 1.7, and a combination of
Theorems 3.5 and 1.6.

Theorem 3.8. Let 7 : X — X be a topologically transitive, expansive homeomor-
phism with POTP and period p. If ¢ : X — X is a positively expansive onto map
with o7 = T, then ¢ has POTP and, for some k dividing p, X is partitioned
into the p/k basic sets B; of ¢ such that the maps ¢|B; have period k and are
constant-to-one, and the systems (B;, p|B;) are conjugate to each other.

Theorem 3.9. Let 7 : X — X be an expansive homeomorphism with POTP. Let
@ X — X be a positively expansive onto map with ot = Tp. If either one
of T and ¢ is topologically mizing, then so is the other and ¢ has POTP and is
constant-to-one.
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4. ESSENTIALLY LR ENDOMORPHISMS

Lemma 4.1. Let € > 0. Let T = (ix,tx : X — W;py,qv : Y — W) be an LR e-
textile-orbit-system with tx 1-1. Let Z be the square space of T'. Let f = z}ltz, let
= p}lqz, and let g* = p{,lqy with g* e-expansive. Then, for any textile-orbits
(Zij)i,jez and (Zzl'j)i,jez Of T, Zf
Vo ((zi0)iez: 1) NV ((Zlo)iez, [*) 3 2,
then there is a textile-orbit (Zij)i jez of T such that (Zi)icz = 2,
dz(fij,zij) <e VZ,] <0, and dz(fij,z,gj) <e VZ,] > 0.

Proof. Since T is an LR e-textile-orbit-system and ¢x is a homeomorphism, it fol-
lows that iz and tz are respectively left e-resolving and right e-resolving conjugacies
of (Z, f*) onto (Y, g*). Since ¢g* is e-expansive, it follows from Proposition 2.1 that

iz is left e-complete and tz is right e-complete. The remainder of the proof is the
same as in the proof of Lemma 3.3(1). O

Let € > 0 and let n € N. We define the higher block system T of order n
of an e-textile-orbit-system T' = (ix,tx : X — Wipy,qy : Y — W) as follows.
T[l] =T. Forn > 2, T[n] = (iX/,tX/ X — W/;py/,qY/ Y — W/), where,
letting g = i)_(ltx and f = igltz,

W' ={(¢’(@))ogjcn—2 | € X}, X' = {(¢’(@))o<jcn—1 | 2 € X}
V' = {(f(2))ozjzn—2 | 2 € Z};
for 2’ = (¢’ (x))o<j<n—1 with z € X,
ix(a') = (¢ (2))ogjcn—2 and tx(z') = (¢’ (2))1<jzn1;

and for y' = (f7(2))o<j<n—2 with z € Z,
py(y) = (pzf? ())ogjcn—2 and gy (y) = (a2’ (2))ogj<n—2-

We easily see:

Remark 4.2. In the above notation, the following statements are valid.

(1) T is an e-textile-orbit-system.

(2) If T is LR, then so is T,

(3) If g is e-expansive, then ¢’ = i}}txl is e-expansive for all n > 1.

(4) There are homeomorphisms ¢y : W — W' ¢x : X - X' and ¢y : Y — Y’
such that Ywix = ix¥x, Ywitx =txx, Ywpy = py vy, Yway = qviby.

We define the dual T* of T = (ix,tx : X — Wipy,qy : Y — W) by

T = (iy,ty : Y — Wipx,qx : X = W)
with
iy =Dy, ty = ¢y, px =ix, qx =tx.
It is clear that if T is an LR e-textile-orbit-system, then so is T™*.

Let 7 : X — X be an expansive onto map. An onto map ¢ : X — X is
called an LR endomorphism of (X,7) if there are ¢ > 0 and an LR e-textile-
orbit-system T = (ix,tx : X — W;py,qv : Y — W) such that 7 = i;(ltx and
p = qugl with 7 e-expansive, where Z is the square space of T. We define a
positively LR endomorphism of (X, 7) by replacing ‘with 7 e-expansive’ by ‘with 7
positively e-expansive’ in the preceding definition. We say that ¢ is an essentially
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LR endomorphism of (X, ) if there are an expansive onto map 7 : X’ — X', an
LR endomorphism of ¢’ of (X’,7'), and a conjugacy ¢ : (X,7) — (X’,7') with
@ =1 1", We define an essentially positively LR endomorphism similarly.

Theorem 4.3. Let 7 : X — X be an expansive homeomorphism and ¢ an essen-
tially LR automorphism of (X, T).

(1) If T has CC, then so does .

(2) If ¢ is expansive and has CC, then T has CC.

Proof. There are € > 0, an LR e-textile-orbit-system T = (iy, ty : U — Wipy,qy :
V — W) with ¢ty 1-1 and g = i, 'ty e-expansive, and a conjugacy ¥ : (X,7) —
(U, g) with z/flquglw = ¢, where Z is the square space of T'. Since ¢ is a bijection,
sois qz. Let f = z;ltz and let f* = pglqz. Since ¢ is e-expansive and pz is an
e-preserving bijection, it follows that f is e-expansive.

(1) Assume that 7 has CC. Since ¥~'pzfp,'¢ = 7, f has CC. To prove that ¢
has CC, it suffices to show that f* has CC, because w_lpzf*pglw = .

Let €9 > 0. We shall show that there is §o > 0 such that, for any z,z’ € Oy, if
dz(20,2y) < do, then V (2, f*) NV (2, f*) # 0. By Lemma 1.1, there is n € N
such that {f7 | —n < j < n} (¢, €)-codes idz. Let N =2n+ 1 and T = TV with
T = (ig,tg : U — W;pp,qp : V — W). Then T is an LR e-textile-orbit-system
such that g = igltg is e-expansive. Since gz is 1-1, so is qy. Let Z be the square
space of T. Let f = i;tz and let f* = p;qz. We note that (Z, f) is the higher
block system of order N of (Z, f). Since f has CC, so does f. Hence there is § > 0
such that, for any 2,2’ € Oy, if dz (20, 2y) < 8, then V" (2, )NV (2, ) # 0. Let
p: Z — Z be the homeomorphism defined by p(z) = (f/(2))—n<j<n, 2 € Z. Let
do > 0 be such that idz (do, d)-codes p.

Let z,2" € Oy with dz(z0,2)) < do. There are textile-orbits (z;;): ez and
(Zyl;j)i,jEZ of T with (ziO)iEZ = z and (qu;o)iEZ = Z/. Then (p(zij))i’jez and
(p(2i;))ijez are textile-orbits of T. Since dz(p(200), p(2hg)) < 8, we have

Vo ((p(205))jez, ) NV ((p(205)) ez, f) # 0.

Hence, by the dual version of Lemma 4.1, we have

Ve ((p(zi0)iez, £*) NV ((p(2h0)iez, f1) # 0.

Therefore, since p (€, €9)-codes idz, we have V (z, f*) NV I (2', f*) # 0.

(2) We shall show that 7 is an essentially LR automorphism of (X, ¢) assuming
that ¢ is expansive, because this and (1) prove (2). By the above, ¥ ~lgy) = 7
and Y"1yt = ¢, where ¢’ = qzp,'. Since p is expansive, so is ¢’. Let ¢ be an
expansive constant for ¢’. Since f is e-expansive, it follows from Lemma 1.1 that
there is k > 0 such that {f7 | —k < j < k} (¢,€')-codes pz. Let T = T25+2] with
T = (ig.ty U— W;p‘;,qf, V= W) Then 7T is an LR e-textile-orbit-system.

Lety : U — V be the homeomorphism defined by
b(w) = (Fpy' (W) k<j<k, ueU.

Then (e, €')-codes idy. Let §* = p‘T/lq‘;. Let ¢o* = tZi;, where Z is the square
space of T. We have

dgd Tt =@ and Pl =",
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Since ¢’ is €’-expansive, §* is e-expansive (because " (e, €')-codes idy and o 1is
1-1). Thus ¢* is an LR automorphism of (V,§*), so that 7 is an essentially LR
automorphism of (X, ¢). O

As was mentioned in Introduction, Theorem 4.3 is closely related with the result
of Boyle and Lind (Proposition 8.3 of [BL]) that if one direction in an ‘expansive
component’ of directions for a Z¢ action is Markov, then so are all the directions
of the component. For a ‘Markov direction’ is a generalized notion of an expansive
homeomorphism with CC, and it can be easily seen that if 7 and ¢ are expansive
homeomorphisms of a space X and ¢ is an essentially LR automorphism of (X, 7),
then the directions of 7 and ¢ are in the same expansive component of directions
for the Z2-action generated by 7 and . We note, however, that in Theorem 4.3(1),
¢ is not assumed to be expansive. There are non-expansive LR automorphisms
with CC of dynamical systems defined by expansive homeomorphisms with CC of
0-dimensional spaces (see Section 10 of [NTJ).

Some results, including Theorem 4.3, on essentially LR automorphisms of expan-
sive systems were announced without proofs (with somewhat different terminology)
in [N2]. Here we prove a strengthened version of another one of them, which gives
a block-map-like characterization of the essentially LR automorphisms.

Proposition 4.4. Let 7 : X — X be an expansive onto map and ¢ an automor-
phism of (X, T).

(1) If ¢ is an LR automorphism of (X, T), then there is an expansive constant
€ for T such that ¢ is of (0,k) type and ¢~! is of (k,0) type with respect to € for
some integer k > 0.

(2) If ¢ is of (0,k) type and =1 is of (k,0) type with respect to an expansive
constant € for T and with an integer k > 0, then go[TkH] is an LR automorphism of
(X!CH],TUH‘”), where @Lkﬂ] cx U e defined by go[TkH]((Tj (x))o<j<k)
= (T7¢(x))o<j<k, v € X.

Proof. (1) Since ¢ is LR, there are an expansive constant € for 7 and an LR e-
textile-orbit-system T' = (ix,tx : X — W;py,qy : Y — W) such that 7 = z';(ltx,
= qugl, and ¢z is 1-1, where Z is the square space of T'. Since 7 is e-expansive,
it follows from Lemma 1.1 that there is m > 0 such that {7°,...,72™} e-codes
{Tgbpgl,Tqugl}, where 77 = igltz. Since T is LR, {pz,tz} and {iz,qz} e-code
each other, so that

(%) for every j > 0, {pzT%', tzré} and {izT%', qu%} e-code each other.

Hence if A = {pz72,...,pz7@} U {tz72@}, then A e-codes

0 m—1 - m m 0 m—1 m—1 m
{pszw--,pZTZ JZTZ,QZTZ}Z{psz7---,pZTZ tzTy T, qz7y }-
This e-codes

{pZTgv s 7pZTgL_27 Z.ZTén_lv QZT?_la QZT?}
= {pZTga o 7pZT§n_27 tZT?_27 QZT?_17 QZT?}-
Continuing in this way, we finally see that A e-codes {izT9} U {qz75,...,qz73'},
so that A e-codes qz. Hence {pz79p,*,...,pz78p, Y U{tzT2'p,'} e-codes qzp,",
namely, {70,..., 7"} U {tz78'p,'} e-codes . Since {7°,...,72"} e-codes T'p,*
and tyz is e-preserving, {7°,...,72™} e-codes tzrg“pgl. Thus {7°,...,72™} e-codes
©.
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By (x), we similarly see that {iz }U{qz72,...,qzT0} e-codes {pz79,...,pzTR}U
{tz7T}'}, so that it e-codes pz7}'. Hence {izqgl}u{qugqgl, cee qZTglqgl} e-codes
pZTqugl, namely, {izqgl} U {r% ..., 7™} e-codes o~ 17™, so that {izqngm} U
{r™, ..., 7™} e-codes ¢~ 17?™. Since {7°,...,72™} e-codes Tglqgl and iy is e-
preserving, it follows that {7°,...,7%™} e-codes izqngm. Thus {7°,...,72"} ¢
codes o~ 172m,

If we let k = 2m, then the conclusion of (1) is obtained.

(2) Let T = (iy,tv : U — Wipy,qv : V. — W) be defined to be the e
textile-orbit-system T4 (¢, 7), the definition of which was given before Theorem

3.4. Clearly iz,ltU = 71 and qugl = @Lkﬂ], where Z is the square space of

T. Tt is also clear that 7IF*1l is e-expansive. Since ¢ is of (0,k) type and ¢!

is of (k,0) type with respect to e, it follows that T is LR. Hence <p[7k+1] is an LR
automorphism of (X!“H],T[’H‘l]). O
Corollary 4.5. Let 7 : X — X be an expansive homeomorphism and ¢ an au-
tomorphism of (X, 7). Then for all sufficiently large n, 7" is an essentially LR
automorphism of (X, 7).

Proof. This follows from Corollary 1.2 and Proposition 4.4(2). O

Proposition 4.6. Let 7 : X — X be an expansive onto map and ¢ an essentially
LR endomorphism of (X, 7). Then 7, idx, and ¢©™, m > 1, are essentially LR
endomorphisms of (X, T), and o1 is an expansive, essentially LR endomorphism of
(X,7).

Proof. (i) First we prove that 7" is an essentially LR endomorphism of (X, 1) for
n>0. Let T = (iy,ty : U — X;pv,qv : V — X) be defined as follows: U =
{(@,7(@)) | 2 € X}, V = {( (0))osizn | 2 € X}; for u= (2,7(2)) € U, ip/(u) = a
and ty (u) = 7(z); for v = (7%(z))o<i<n € V, pv(v) = z and qy (v) = 7*(x). Then it
is clear that T is an LR e-textile-orbit-system for any € > 0. We have ialtU =712,
and qugl = (7[2])", where Z is the square space of T. Let ¢ be an expansive
constant for 7. Then 712 is e-expansive. Hence (72/)" is an LR endomorphism of
(X7[—2],T[2]), so that 7" is an essentially LR endomorphism of (X, 7).

(ii) Let € > 0. Let T = (ix,tx : X — Wipy,qy : ¥ — W) be an LR e
textile-orbit-system. Let 7x = i}lt x with 7x e-expansive, let ¢y = p;/qu, and
let px = qugl, where Z is the square space of T'. It suffices to show that the
©%, m > 1, are LR endomorphisms of (X, 7x) and that px7x is an expansive, LR
endomorphism of (X, 7x).

(a) Let m > 1. Let V, py : V — W, and qy - V — W be defined as follows:
V = {(¢y (®)o<i<m | y € Y}, and for v = (¢} (y))o<i<m let py(v) = py(y) and
qp(v) = vy t(y). Let T = (ix,tx : X — Wipy,qp - V. — W). Then T' is an
e-textile-orbit-system such that i}lt x = Tx is e-expansive and qugl = 'y, where
Z is the square-space of T'. Since T is LR, it follows that 7" is LR. Thus ¢% is an
LR endomorphism of (X, 7x).

(b) Let p: Z — W and ¢ : Z — W be defined as follows: for z € Z, p(z) =
py(iz(2)) and §(2) = qv (tz(2)). Let T = (ix,tx : X = W;p,G: Z — W). Then T
is an e-textile-orbit-system such that i}lt x = Tx is e-expansive and qu; = pxTx,
where Z is the square-space of T.. Since T is LR, it easily follows that T is LR.
Thus px7x is an LR endomorphism of (X, 7x).
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There is § > 0 such that idx (J,€)-codes p,,*. Let (z1)rez and (2}, )rez be orbits
of ox7x such that dx(zr,z)) < 0 for k € Z. There are textile-orbits (z;;)i jecz
and (z;;)i,jez of T such that p, ' (x1) = zpx and pt(z},) = 2, for k € Z. We have

(%) dz(zkk, 2p) < € forall k € Z.

Let 74 = z}ltz and let pz = pglqz. Since T is LR, it follows that {idz,¢z72}
e-codes {7z,¢z}. By using repeatedly the fact that {idz, pz7z} e-codes ¢z, and
by induction on 4, it is derived from (x) that for all ¢ > 0, dz(zk+i,k,z,'€+i,k) <e
for all kK € Z. By using repeatedly the fact that {idz,pz7z} e-codes 7z, and by
induction on j , it is derived from (x) that for all j > 0, dz (2 k+j, z,’c’kﬂ-) < e for all
k € Z. Thus dz(zij, 2};)) < € for all 4, j € Z. Therefore dx (pz(2ij),pz(2;)) < € for
all 4,5 € Z. Since 7x is e-expansive and (pz(2ij))jez and (pz(z};)) ez are orbits of
Tx for i € Z, we have pz(z;;) = pz(zgj) for all 4, j € Z, so that (xx)rez = (T} )rez-
Thus ¢ xTx is d-expansive. O

Proposition 4.7. Let 7 : X — X be a positively expansive onto map and ¢ an
onto endomorphism of (X, 7).

(1) If ¢ is an essentially positively LR endomorphism of (X, 7), then 7, idx,
and ™, m > 1, are essentially positively LR endomorphisms of (X, 7), and o1 is
a positively expansive endomorphism of (X, 7).

(2) If ¢ is positively expansive, then ¢ is an essentially positively LR endomor-
phism of (X, 7).

Proof. The proof of Proposition 4.6 with minor modifications proves (1).

To prove (2), assume that 7 and ¢ are positively e-expansive with € > 0. Then the
LR e-textile-orbit-system in the proof of Theorem 3.4 shows that ¢ is an essentially
positively LR endomorphism of (X, 7). O

Corollary 4.8. If7: X — X and ¢ : X — X are commuting positively expansive
onto maps, then T is positively expansive.

Let 7: X — X and 7: X — X be onto maps. A factor map ¢ : (X,7) — (X, 7)
is said to be right closing if for any x, y € O,, lim,, oo dx(x_p,y—n) = 0 and
¢(x) = ¢(y) imply = y.

The property of being right closing is an invariant for topological conjugacy
between factor maps, which is defined as follows. Let 7; : X; — X; and 7; :
X; — X; be onto maps for i = 1,2. Factor maps ¢; : (X1,71) — (X1,71) and
b2 1 (X2, 7)) — (Xa,T2) are said to be topologically conjugate if there are conjugacies
Y (X1,7m1) — (X2, 72) and ¢ @ (X1, 71) — (X2, T2) with 9é1 = ¢

Remark 4.9. Let 7 : X — X be an expansive onto map. If ¢ is an essentially LR
endomorphism of (X, 7), then ¢ is right closing.

Proof. Since the property of being right closing is an invariant for topological con-
jugacy between endomorphisms, it suffices to prove the remark for the case that ¢
is an LR endomorphism of (X, 7). Let e > 0 and let T = (ix,tx : X — W;py,qy :
Y — W) be an LR e-textile-orbit-system such that 7 = i}ltx and ¢ = qugl with
T e-expansive, where Z is the square space of T. Let f = igltz. Since T is LR, it
follows that qz : (Z, f) — (X, 7) is right e-resolving.

Let z,’ € O, with lim, o dx(7—n,2_,) = 0 and ¢(z;) = p(z}) for j €

Z. Then there is J € Z such that dz(pgl(xj),pgl(a:;)) < e for j < J. Since
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qz(p,'(z)) = qz(p,*(2)) for all j € Z and qz : (Z, f) — (X,7) is right e-resolving,
it follows that dz (pgl(xj),pgl(x;)) < efor all j € Z. This implies that x; = 2/, for
all j € Z, because pyz is e-preserving and 7 is e-expansive.

The following result shows, for an expansive homeomorphism 7 : X — X of a
0-dimensional space, where to find the essentially LR endomorphisms of (X, 7). We
do not know whether it can be extended to the case when X is of dimension greater
than 0.

Proposition 4.10. Let 7 : X — X be an expansive homeomorphism of a 0-
dimensional space, and @ an onto endomorphism of (X, 7). Then 1™ is an essen-
tially LR endomorphism of (X, 1) for some n > 0 if and only if ¢ is right closing.

Before we prove this proposition, we give some basic information on symbolic
dynamics. For more details see [NT], [N2], or [LM].

Let A be an alphabet (finite set of symbols). We define a metric d on AZ as
follows. For z = (aj)jez and y = (bj)jez in A%, if x = y, then d(z,y) = 0, and
otherwise d(z,y) = 1/(1 + k), where k = min{|j| | a; # b;}. With this metric,
A% is compact. We define a homeomorphism o4 : AZ — AZ by oa((a;)jez) =
(aj+1)jez, (a;)jez € AZ. If Y C A% is closed with 04(Y) =Y andif 0 : Y = YV
is the restriction of 04 on Y, then the dynamical system (Y, o) is called a subshift
over A.

Let (Y,0) be a subshift. For any z = (a;)jez € Y, let sy(z) = (a;);>0. Let
Y = {sy(z) | € Y}and let 5 : Y — Y be defined by &(sy(z)) = sy(co(z)),
r € Y. Let Y be endowed with the metric dy such that for Z = (a;);>0 and
7 € (bj)j>0 in Y, dy(z,y) = 0 if Z = g, and otherwise dy (z,7) = 1/(1 + k) where
k=min{j > 0| a; # b;}. Then sy : Y — Y is a factor map of (Y,o) onto (Y,5).
We call (Y,5) the one-sided subshift induced by (Y,0), or a one-sided subshift.
Clearly o is (1/2)-expansive and & is positively (1/2)-expansive. For an onto map
7 : X — X of a O-dimensional space, if 7 is an expansive homeomorphism, then
(X, 7) is conjugate to some subshift, and if 7 is positively expansive, then (X, 7) is
conjugate to some one-sided subshift (Hedlund [H], Reddy [R]).

Let (Y,0) be a subshift over an alphabet A. For n € N, let L,(Y) denote the
set of all n-blocks or words of length n that appear on some point in Y, i.e.,

Ln(Y) = {ao---an_l | (aj)jgz S Y,aj S A}

Let (Y,0) and (Y’,0’) be subshifts. Let m and n be nonnegative integers. A
mapping ¢ : Y — Y is called a block map of (m,n) type if it is given by a mapping
®: Lyynt1(Y) — Li(Y') in such a way that, for (a;)jez € Y with a; € L (Y),
¢((aj)jez) = (bj)jez with bj = ®(a—pm4j - antj),J € Z. In particular, a block
map of (0,0) type is called a 1-block map. A mapping ¢ : Y — Y is a factor map of
(Y,0) into (Y',0’) if and only if ¢ is a block map of (m,n) type for some m,n > 0,
and a mapping ¢ : Y — Y is a factor map of (Y, &) into (Y’,5’) if and only if for
some n > 0 there is a block map ¢ : Y — Y of (0,n) type such that psy = sy
(Curtis, Hedlund, and Lyndon [H]). If ¢sy = sy+¢, then ¢ is said to be induced by
o.

Let k € N. We define the higher block system of order k of a subshift (Y, o) to
be the subshift (Y*, ol¥) over Ly (Y) such that

Y™ = {(aj - ajin-1)jez | (aj)jez € Yia; € Li(Y)}.
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We also define the higher block system of order k of a one-sided subshift (Y, &) to
be the one-sided subshift (Y* 5¥) over Ly(Y) such that Y* = syu(YTH). Let
pyi 1 Y — Y be defined by pyk((aj)jez) = (a; - ajyr—1)jez, (aj)jcz € Y.
Then py, is a conjugacy of (Y, o) onto (YI* 5#) and a block map of (0, k) type,
and p{,’lk is a 1-block map. Clearly py 4 is a conjugacy of (Y, ) onto (Y, g*). 1f
é: (Y,0) = (Y',0') is a factor map between subshifts, we let ¢[* denote the factor
map of (Y, ol¥) into (Y’[k},a’[k]) such that if ¢((a;)jez) = (bj)jez, (aj)jecz €
Y,a; € L1(Y), then ¢ ((a;---a;11-1)jez) = (bj - bjix—1)jez. It is clear that
Py 1d = oM py .

Let G be a graph. (A graph means a directed graph which may have multiple
arcs and multiple loops.) Let Ag and Vi denote the arc-set of G and the vertex-set
of G, respectively. Let ig : Ag — Vg and tg : Ag — Vg be the mappings such that,
for a € Ag, ig(a) and t¢(a) are the initial and terminal vertices of a, respectively.
Let

Yo ={(a;)jez | Vi € Z,a; € Ag,ta(a;) =ic(a;j41)}-
Then we have a subshift (Yo, 0q) over Ag, which is called the topological Markov

shift defined by G. For a subshift (Y,o), ¢ has POTP if and only if (Y,0) is
conjugate to a topological Markov shift (Walters [W]).

Proof of Proposition 4.10. The only-if part follows from Remark 4.9. Hence by the
above it suffices to prove that if ¢ is a right closing endomorphism of a subshift
(Y,0), there is N € N such that po? is an essentially LR endomorphism of (Y, o).
Let ¢ be a right closing endomorphism of a subshift (Y, o). We may assume that ¢
is a block map of (0, k) type with k > 0. Let @ : Ly41(Y) — L1(Y) be a mapping
which gives ¢. For convenience we extend ® to ® : ;cn Lit1(Y) — Ujen Li(Y)
as follows: for a; - axti € Let1(Y),a; € L1(Y),

(b(al a/k‘-'rl) = @(al ak+1)(b(a2ak+2)(b(alak+l)

Since ¢ is right closing, it follows from a standard compactness argument that
there is an integer r > k/2 such that there is no pair of points (a;);ecz and (b;)ecz
in Y with

a_p--a_1=b_p - b_q1, ag#by, and ®(a_,---a,)=P(b_,---b,).

Let s = 2r+1. Let B = Ly_;(Y) and let C = {®(a) | « € Ly(Y)}. Let G
be the graph such that Ag = Ls(Y), Vo = Ls—1(Y), and for & = ay - --a, with
a; € Li(Y), ig(a) =a1---as—1 and tg(e) = az---as. Let ' : Ag — C be defined
by ®'(a) = ®(a), a € Ag. Let ¢ : (Yo,06) — (C%,00) be the 1-block map given
by ®'. We shall see that ¢ is right closing.

Suppose that there are distinct (o) ez, (Bj)jez € Yo, ¢, 85 € Ag, such that
'(oy) = ¥'(B;) for j € Z and limy—.oo dyg (05" ((0))jez), 05" ((8))jez)) = 0.
This and a standard compactness argument show that there is J € Z such that

= B3; for j < J. Since (a])jez #+ (6])]6Z7 we may assume that oy # (5. Put
ozj (]) . 5«]) and §; = b] , with a() bgj) € Li(Y) for j € Z. Then
(J) . (J) = b(jr) b(‘])1 and ar‘]) # b'"). Since (0a)jez, (Bj)jez € Ya, it follows
that a<J+r> e aUFD 2 g gD ) ) ) U g )

5,‘]) #+ bSﬂJ) b(JH) These contradlct the property of r, since a(J+T) . a£J+T) and
B bS:’*” are in Lo, 11(Y) and ®(aF" .. £J+’“>) = (b‘_"f” ),
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By using the fact that ¢ is right closing and by modifying straightforwardly the
proof of Proposition 6.30 of [N1] (consider the ‘induced right resolving A-graph’ of
the ‘higher block A-graph’ GI™ of order m of the ‘A-graph’ G = (G, \) with A\ = &’
for m € N), it is proved that there are an integer N > 0, a graph I'; and a pair of
mappings p : Ar — B and ¢ : Ar — C having the following properties: (i) for any
7,7 € Ar, if tr(y) = tr(v') and p(vy) = p(7), then v = +'; (ii) for any 7,7’ € Ar,
if ir(y) =ir(y') and q(y) = q(v’), then v = +/; (iii) if £ : (Y, or) — (B%,0p) and
n: (Yr,or) — (C%,0¢c) are the 1-block maps given by p and g, respectively, then
€is 1-1, and n&|€(Yr) : £(Yr) — n(Yp) is an extension of pls=H(gls—k)N

Let W =YI=H et U = (YRR let V = ¢~ 1(VIE~H) and let iy : U — W
and ty : U — W be defined by

iv((bjbj+1)jez) = (bj)jez and ty((bjbji1)jez) = (bjs1)jez,
(bj)jez € Y b, € B,

and let py : V — W and qy : V — W be defined by

pv =€) and gy =ni(e (YEH)).

Then it is straightforward to check, using (i), (ii), and (iii), that T = (iy, ty : U —
Wipy,qv : V. — W) is an LR (1/2)-textile-orbit-system, ij;'ty (= (ol*=*)I2 =
ols=k+11) is (1/2)-expansive, and

qzpz" = (M (B THYNPE = (o )ls =kt

where Z is the square space of T. Therefore (po™¥) is an LR endomorphism of
(YW o) with I = s — k4 1. Thus @o? is an essentially LR endomorphism of
(X,0). O

Corollary 4.11. Let 7 : X — X be a positively expansive onto map of a 0-
dimensional space, and @ an onto endomorphism of (X, 7). Then 1™ is an essen-
tially positively LR endomorphism of (X, 1) for some n > 0 if and only if ¢ is right
closing.

Proof. By Remark 4.9, the only-if part holds. Assume that ¢ is right closing. Then
there are a subshift (Y,0), an endomorphism f of (Y,o) which is a block map
of (0,k) type for some k > 0, and a conjugacy ¢ : (X,7) — (Y,5) such that
Ypp~! = f, where (Y,5) is the one-sided subshift induced by (Y, o) and f is the
endomorphism of (Y, &) induced by f. Since f is right closing, so is f. Let T =
(iu,ty : U — Wipy,qy : V — W) be an LR (1/2)-textile-orbit-system constructed
in the same way as in the proof of Proposition 4.10 for f. Let N and [ be defined
in the same way as there for f. Let T = (ig,t5 : U — W;py,qp : V — W), where
U,V,W are the one-sided subshift spaces induced by the subshift spaces U, V, W,
respectively and ig, tg, py, gy are respectively iy, ty, Py, @y induced by the 1-block
maps iy, ty, pv, qv, respectively. Clearly ig is 1-1, and so is py because for € in
(iii) of the proof of Proposition 4.10 it can be seen that £~1£(Yr) @ £(Yr) — Yr is
a block map of (0, m) type for some m > 0. Thus T is an LR (1/2)-textile-orbit-
system with z—ltg =gl and qzpy = (faV )[l] where Z is the square space of T.
Therefore (fa™)¥ is a positively LR endomorphism of (Y4 51) so that o7V

an essentially positively LR endomorphism of (X, 7). D
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