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CENTER MANIFOLDS FOR SMOOTH INVARIANT MANIFOLDS

SHUI-NEE CHOW, WEISHI LIU, AND YINGFEI YI

ABSTRACT. We study dynamics of flows generated by smooth vector fields in
R™ in the vicinity of an invariant and closed smooth manifold Y. By apply-
ing the Hadamard graph transform technique, we show that there exists an
invariant manifold (called a center manifold of Y') based on the information of
the linearization along Y, which contains every locally bounded solution and
is persistent under small perturbations.

1. INTRODUCTION

This paper is devoted to the study of existence and smoothness of a local center
manifold for invariant manifolds of flows. By extending the classical center manifold
theory, our primary goal is to build up a geometrical foundation which allows one to
study dynamics of a differential equation in the vicinity of an invariant set Y (e.g.
a torus or a heteroclinic cycle) in addition to an equilibrium point or a periodic
orbit.

The classical center manifolds theory of equilibria, since first introduced by Pliss
(B9]) and Kelley ([30]) in the 1960’s and later developed by many others (e.g. [7],
[26], [48], [51], [53] etc.), has become an important subject and found tremendous
applications in the study of flows and diffeomorphisms (see [7], [11], [12], [17], [21],
[24] and references therein). Besides generalizations to various cases of infinite
dimensional semiflows (e.g. [3], [, [8], [L3], [25], [35], [62]), there have been several
important extensions of the classical center manifolds theory in the case of invariant
sets. Center manifolds along a trajectory of a diffeomorphism were constructed
in [26] and H7]. In [19], as part of the geometric theory of singularly perturbed
ordinary differential equations, Fenichel showed the existence of center manifolds for
invariant manifolds consisting of equilibria (see also [29], [32] for more applications
of the theory). Related to perturbation and bifurcation problems, some cases of
center manifolds for invariant tori were studied in Chenciner and Iooss ([10]), Chow
and Lu ([14]). Center manifolds for skew-product flows were studied in Chow and Yi
([15]). Recently, Homburg ([27]) and Sandstede ([45]) constructed center manifolds
for certain homoclinic orbits to study various global bifurcation problems.

We shall show in this paper that, if a smooth flow in R™ admits a connected,
invariant and closed (i.e., compact without boundary) smooth manifold Y, then
under certain exponential rate conditions on an invariant splitting of the lineariza-
tion along Y, the flow has a smooth locally invariant manifold M.(Y) (a center
manifold of Y') corresponding to the splitting, which contains Y and all locally
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bounded solutions, and is persistent under small perturbations (see Section 2 for
details).

The center manifolds theory we shall present is also closely related to the theory
of normally hyperbolic invariant manifolds—a subject which has been extensively
studied (see [16], [18], [26], [31], [34], [42], [55] and references therein). In the 1970’s,
Sacker ([42]), and Fenichel ([18]) showed that an r-normally hyperbolic overflow-
ing compact invariant C” manifold Y of a flow is C" persistent, and the invariant
manifold obtained after perturbation is unique (see [26] for parallel results for dif-
feomorphisms, [5], [82] for infinite dimensional semiflows, and [23], [25], [44], [56] for
non-autonomous systems). Later, it was shown by Mané ([34]), and by Bronstein
and Kopanskii ([6]) that, if Y is a C” invariant closed manifold of a C" flow, then
r-normal hyperbolicity is equivalent to C" persistence and isolation. Recently, Pliss
and Sell ([40]) introduced the concept of a weakly, normally hyperbolic invariant
set and showed persistence results for such a set.

Our result can be viewed as a generalization to both the theory of normally
hyperbolic invariant manifolds and the center manifolds theory of Fenichel ([19])
and Chenciner and Iooss ([I0]). Related to the former theory, our work simply
provides information when normal hyperbolicity fails. Comparing with [T9] in which
the invariant manifold consists of equilibria and with [10] in which a subsystem of
the linearization along the invariant torus is independent of the points on the torus,
our center manifolds theory deals with general flows on an invariant manifold, and
the ‘center bundle’ associated to the linearization along the invariant manifold need
not have a constant structure.

Like many studies on invariant manifolds of dynamical systems, our work is
based on the standard Hadamard graph transform technique ([22]). However, with
a general invariant manifold involved, several technical difficulties need to be re-
solved when we apply the Hadamard graph transform technique. The first one is
to choose a function space to which the graph transform applies. In the equilib-
rium case, such a function space can be chosen as the space of Lipschitz functions
from the center eigenspace to the hyperbolic eigenspaces. For the general case we
consider, although an invariant splitting of the linearization along the invariant
manifold is assumed, the ‘center subspaces’ associated to the invariant splitting do
not form a manifold of desired dimension. Therefore, we need to construct an ap-
proximate center manifold which is tangent to the ‘center subspaces’. This is done
by introducing a new Riemannian structure on the tangent bundle of the invari-
ant manifold and employing the exponential map. By defining a smooth bundle
structure over the approximated center manifold in a neighborhood of the invariant
manifold, a function space is then chosen as sections of the bundle. Another key
step in applying the graph transform technique is to modify the original vector field
near the invariant manifold to satisfy the so-called ‘overflowing’ property. Unlike
the case of [19], the modified vector field in our case cannot be made to be C*
close to the original one in general-—which results in a large perturbation problem.
Therefore, a careful choice and estimations on the modified vector field are crucial
in our analysis.

Besides the Hadamard graph transform, another fruitful technique which has
been frequently used in the classical center manifolds theory as well as other in-
variant manifolds (such as inertial and integral manifolds) theory is the Lyapunov-
Perron method ([33], [38]). This method allows more detailed analysis on and near
an invariant manifold especially when a natural coordinate system is available for
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a particular problem (e.g. [9], [20], [25], [30], [39], [56]). The Lyapunov-Perron
method does not seem to directly apply to our problem. On one hand, to be able
to work directly with integral equations as the Lyapunov-Perron method suggested,
one more or less needs to construct a center manifold by obtaining its invariant fo-
liations based on the invariant manifold. This is indeed the case of Chow and Lu
([14]) in a nearly integrable system and the case of Chow and Yi ([15]) for flows with
skew product structures. However, such foliations of a center manifold cannot be
generally expected, for example, in many Hamiltonian systems. On the other hand,
to apply the Lyapunov-Perron method in our current situation, a uniform separa-
tion rate associated to a linear invariant splitting should be generally assumed. But
this would be a major restriction to many interesting applications.

This paper is organized as follows. We state our main results along with several
examples in Section 2. In Section 3, we modify the original vector field near an
invariant manifold of the flow following the constructions of an approximated center-
unstable manifold and a local bundle structure. Section 4 is a rather technical
section which is devoted to the estimations of the modified flow. To avoid reading
too much technical details, one may skip most materials in this section and only
take Proposition 1 for granted. Our main theorem is proved in Section 5.

2. MAIN RESULTS AND EXAMPLES

2.1. Statement of main theorem. Consider the following ordinary differential
equation

(1) 2= f(z)
where z e R™, f € C" (r > 3).
Let Y be a smooth invariant manifold of (Il). For simplicity, we denote the

induced flow on Y by y -t (y € Y, t € R). Consider the linearization of (I) along
Y:

(2) Z=Ay-t)z

where A(y) = Jf(y) is the Jacobian of f at y € Y. We let ®(y, ) be the principal
matrix of (Z)), i.e., the fundamental matrix solution of () with ®(y,0) = I—the
identity matrix.

We make the following hypotheses.

(H1.) System (Z) admits a continuous invariant splitting of the tangent spaces
T,R™ (y € Y), that is,

T,R" = Vi(y) @ Ve(y) © Vu(y),

where T,Y C V.(y), Vi(y) varies continuously in y € Y and ®(y,t)Vi(y) = Vi(y - t),
i=s,c,u, forallte Rand y € Y.

(H2.) With respect to a fixed Riemannian structure R on the tangent bundle
TyR™, there exist constants «, 8 and integer d satisfying 0 < d < r, a < 0, and
0<pB< é such that

@y, vl < €, t>0;
2@, lvall < e, t<0;
m(®(y, Olv.wy) = 1@, Dlvayll”, ¢ >0;
m(@y, vy = @yl t<0;
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for all y € Y, where, for a linear operator L, ||L|| denotes the operator norm of L
with respect to R and m(L) = min{||Lz|| : ||z]| = 1}.

For i = s,c,u, and y € Y, if we denote P;(y) : T,R" — V;(y) as the projec-
tions associated to the invariant splitting, then ®(y,t)|v,) = ®(y,t)P;i(y). For
simplicity, sometimes we shall also denote ®(y,t)|y,,) as ®i(y,t) for i = s,c,u
respectively.

Remark 1. Since ®(y, )@ (y,5) = Oy - 5,t — 5), Pi(y - By, 1) = d(y, H)Pi(y),
one has ®(y,t)P;(y)® (y,s) = ®(y - s,t —s)P;(y - s) (i = s,c,u) for all t,s and
y € Y. It follows that the first two inequalities in (H2.) are equivalent to

@@y, P (y,5)l] < ™79, =5, yeY;

@@y, DP)® (y,5)l| < e, 1<, yeY;

respectively.

Definition 1. (a) A submanifold M of R"™ with boundary OM is called locally
invariant under (), if, for any point p € M\OM, there exists an € > 0 such that
z(t,p) € M for ¢t € (—e¢,€), where z(¢,p) is the solution of [@) with z(0,p) = p.

(b) A locally invariant C* (k < r) manifold M of a C" vector field f is called C*
persistent if there exists a neighborhood U(f) of f in the space of C* vector fields
with the C* topology, such that for each g € U(f), there exists a locally invariant
C* manifold M (g) (not necessarily unique) of g which is C* close to M with respect
to the Hausdorff metric.

Our main theorem is stated as follows.

Theorem 1. Suppose Y is a connected, invariant and closed C™ manifold of ()
for which (H1) and (H2) are satisfied. Then there exists a manifold M.(Y') with
the following properties.
(i) M.(Y) is C¢ and locally invariant;
(i) T,M.(Y) = Valy) for ally € Y;
(iii) M.(Y) is C¢ persistent;
(iv) M.(Y) contains all locally bounded solutions, that is, there exists a neigh-
borhood N(Y) of Y such that M.(Y) contains all solutions lying entirely in
N(Y).

The property (iv) above particularly implies that M.(Y") contains Y.

We refer to a manifold M.(Y) as a center manifold of Y if all properties (i)—(iv)
above are satisfied. By (ii) and (iii) above, if the invariant splitting in (H1) is
‘optimal’, then M.(Y") more or less gives a normally hyperbolic invariant manifold
containing Y with the least dimension (comparing (iii) with [6], [34]).

We shall leave the proof of this theorem to Section 5.

2.2. Spectral conditions. A natural (but not necessarily optimal) linear invariant
splitting satisfying (H1) and (H2) above can be constructed by applying the well
known Sacker-Sell ([43]) spectral theory (see also [46]).
Consider for each A € R the skew-product flow on Ty R” = R"™ x Y:
7Tk(2:7 Y, t) = ((bk(:% t)Z, Y- t)7
where ®(y,t) = e ®(y,t) is the principal matrix of
2= (Aly -t) — N)z.
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The flow 7y is said to admit an exponential dichotomy (ED) over Y, if there exist
a continuous family of projections P(y) : TyR™ — T,R™ (y € Y) and constants
K > 0,a < 0 such that

Oy (y, ) P(y)®7 (y,s)] < Ke*t=9) >
[P (y y)®3(y
| (y. ) — P()]®} " (y,5)] Ke =) ¢ <5,

where | - | denotes the operator norm with respect to the Euclidean metric on R™.
The set

IN

() ={X € R:m\ admits no ED over Y}

is called the S-S spectrum of (2)).
Let

S\Y) = {(zy):[®r(y,t)z] = 0ast — +oo},
UY) = {(z,y):|Pr(y,t)z] — 0 ast — —oo}.

The following was shown in [43].
1) X(Y) is a union of k compact intervals, that is,

2Y) =[a1,b1]U---U[ag, b,

where k <n and a1 < by < as <bg <--- < ap < bg.
2) If Mo, M1, -+ , Ak are chosen so that

A <ap <bp <Ay < <bp <A\,
then for 1 <i <k
Vi= Vi(Y) :SAi(Y)muAi—l(Y) # {0} xY

is an invariant subbundle (called the spectral subbundle associated to the spectral
interval [a;, b;]) of TyR™. Moreover, V;(Y)NV;(Y)={0} xY fori# j and

TyR" = Vi(Y) @ - @ Vi (V).
In terms of fibers Vi(y) (y € Y) of Vi, the above is equivalent to
T,R"=Vi(y) & & Vi(y)

for ally € Y, where dimVi(y) =n; (y €Y, n; > 1 and n1 +nz + -+ +n = n).
Now consider, for ¢ < j, a union of spectral intervals of form ¥, ; = U;zi[ap, by)
and denote the corresponding spectral subbundle by V; ; = V; @ --- @ V;. Let

io=max{i: TY C Vi x}, jo=min{j: TY C Vi ,},

where T'Y is the tangent bundle of Y, that is, Vj, j, is the smallest spectral sub-
bundle which contains TY. Clearly, ig and jo are uniquely defined. We refer to
Ye = Yiggor Ve = Viy,jo as the generalized center spectrum and the generalized
center subbundle of Y, respectively. Note that, since Y is compact and invariant,
0 € X, and ¥, may contain more than one spectral intervals (see Example 22)).
To unify the notation, we let aj,+1 = 400 if ig = k and let b;,—1 = —o0 if jo = 1.

Corollary 1. Let Y be as in Theorem 1 and let ¥, = X;, ;, be the generalized
center spectrum of Y for which the following spectrum gap conditions are satisfied:
there is a positive integer d < r such that

—aiod < _bio—la bjod < Qjy+1-
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Then there exists a manifold M.(Y") which satisfies all properties (1)—(iv) stated in
Theorem [

Proof. Without loss of generality, we assume that a;,4+1 and b;,—1 are finite.
Consider (@) and denote

Vi) = Vi), Vauly) =Vierrkly) (v €Y).
Let
Pi(y) : T,R" = Vi(y), yeY, i=s,cu,
be the associated projections. Then
T,R™ = Vi(y) & Ve(y) @ Vuly), y ey,

is a continuous invariant splitting of ().

We now define an equivalent metric on Ty R™ following the ideas of [20], [28], [42].
Fixald< A< min{(aio — bio—l)/27 (aj0+1 — bjo)/2}. For Yy < Y and 21,29 € Tan,
we let

0
(21,22)y = / e~ 201 =Py, 5) Py (y) 21, P(y, 5) Pu(y)22)ds
0
+/ e 20~ N3(D(y, 5)Pu(y) 21, ®(y, 5) Pe(y) 22)ds
—00
“+o0
* / =250 03 (B(y, 5) Pu(y) 21, By, 5) Pe(y) 22} ds
0
+o0o
+/ e~ 201t (@ (y, )P, ()21, By, 5) Py (y)22)ds.
0
Since
Oy, )Ps(y)® Ly, s)| < Kelbio1tA2)(t=s) ¢ >
| (yv) S(y) (ya )| —_ 9 - 9
|y, ) Pe(y)@ (y,5)| < KelaotMDU=s) 1y > 5
|y, ) Pe(y)@ My, 5)| < Kel®o 2D p <,
1(y, )P (1)@ (y,s)| < Kel@ot=2/2U=9) 1y < g,

for some K > 0, the above integral converges and clearly defines an inner product
(-,-)y on T,R™ (y € Y). We denote || - ||, and || - ||, respectively, as the induced
norm on T,R" (y € Y') and its associated operator norm, respectively. To show the
uniform equivalence between || - ||, and the Euclidean norm | - | on T,R" (y € ),
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on one hand, we have

0
e 20173 B(y, 5) Py (y) 20| ds

llzol 3
+ e~ 20 =N3 P (y, 5)P(y)z0|*ds
e~ 20t 03B (y, 5) P (y) 20/ ds

e~ 2Wi0 105Dy, 5) P, (y) 20| ds

IN

+

3

0
+/ e—Q(aiO—)\)sKQeQ(a,;O—/\/2)s|ZO|2dS

—0o0

+oo
+/ e 2(bjg+A)s (2 02(bjy +)\/2)S|ZO|2dS
0

—+oo
+/ e~ 2big 1403 220 14/2)s | 1240
0

0 +o00
= (2K2/ e”\sds—i—QKQ/ e_’\sds) | 20)?
—oo 0

= 5l

On the other hand, since Y is compact and ®(y,0) = I, there exists a § > 0 such
that [®(y, s)| > 1/2 as |s| < 4. It follows that

1

0 0
1
ol = Mo TP (y)zofds + 4 / (e P(y)zo s

1 g 1 /0

1 +/ e 2OtV P (y)zods + / R LA BN
0 0

> ey '(|Pu(y)z0* + | Pe(y)z0* + | Ps(y)20]?) > ¢3! |20]?,

for some ¢y > 0 which is independent of y € Y. This verifies the equivalence of the
two metrics.
Since

+oo
12y, ) Pa(y)z0ll2, = / e 201 H3\D(y - 1, 5)D(y, t) Py (y) 20| ds

0
+oo

B / e~ 201N (y, 5 + 1) Py (y)20|*ds
0
—+o00

:/ e 20 NE0 0 (y, 5) P (y)zol*ds
t

o0
< eQ(b"O*lH‘)t/ e 201t D (y, 5) Py (y) 20| ds
0

= bt
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W w

FIGURE 1. Stable set W*(0) of 0 along

for any ¢ > 0, we have
1(y, 1) Ps(y)@ " (y, 5)|| < o1 FVE=)
for t > s. Similarly,
19(y, ) Pe(y) @~ (y, 9)I| < ePro V=) g >

|1 ®(y, t) Po(y) @y, 5)|| < el@o= V=) < g

| @ (y, t)Pu(y)®(y, s)|| < el@or1=NE=s) 1 < 5.

(1,7;0—)\
big—1+A < ﬂ <

min{ bio_ | _Gig } It is easy to see from the above inequalities that (H2) is sat-

@jo+17 big—1

isfied with such « and g. O

Now let o« = max{b;;—1 + A\, A — aj,+1} and choose [ such that

2.3. Examples. We now give some examples to illustrate certain fundamental
aspects of our results. The first is an example to which Corollary [Mlis applicable.

Example 2.1. Consider a flow
2 =f(z), z€R® feC,

where z = 0 is a saddle-node equilibrium with eigenvalues \;, i = 1,2, 3, satisfying
Az < A1 = 0 < Xg. Assume that (t) is a homoclinic orbit to z = 0 which
approaches z = 0 along the eigendirection of A\; as t — oo (see Fig. 1).

Let Y = {y(t); t € R}U{0}. We further assume that, in a neighborhood of (%),
the closure of the stable set W*(0) of z = 0 is a manifold (i.e. a cylinder or a M&bius
band). By the Lambda Lemma ([I], [49]), W"(0) is also a manifold of the same
topology type as W#(0), and, on the stable set of 0, there exists a unique locally
invariant stable foliation of W#(0) with fibers transversal to Y (see [I], [2]). By the
Lambda Lemma again, the foliation can be extended to the entire W#*(0) by using
the backward flow. Similarly, there exists an invariant unstable foliation on W*(0).
Therefore, for y € Y, the tangent lines to the fibers at y of the stable and unstable
foliations together with 7,Y form an invariant splitting of T, R? of the linearization
along Y. It can be easily verified that the S-S spectrum of the linearization along
Y is ¥ = {\1, A2, A3} and the spectral subbundle corresponding to {A\; = 0} is TY.
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Thus, conditions in Corollary [ are satisfied with V,(y) = T,Y (y € Y). We then
conclude that the flow admits a one-dimensional C” center manifold of Y, that is,
Y itself.

Next, we adopt an example from [43] to indicate the necessity of choosing the
generalized center spectrum when applying Corollary [l

Example 2.2. Let T? = R?/Z? be the two-dimensional torus. As usual, we co-
ordinate z € T? by = = (z1,72) € R? (mod 1). Let # = Az be the Anosov
diffeomorphism on T2, where
1 1
a=(13)

The eigenvalues of A are oy = (3 +/5)/2.

Let 2z’ = F(z) denote the Anosov flow on a 3-manifold Y generated by the
standard suspension of the Anosov diffeomorphism. Recall that Y can be identified
as the collection of all z = (z, s) where x = (z1,22) € R?, s € R, and (z, s) = (, 3)
if and only if & = A"z (mod 1) and § = s+ n for some integer n. Since the Anosov
diffeomorphism on T2 is a Poincaré map of the Anosov flow, the S-S spectrum of
the linearization of the Anosov flow along Y is simply X(Y) = {\, =\, 0} where
A=1In 04.

We now consider the following flow on the four-dimensional manifold W =Y x
St

Z = F(z)+ h(z,0),
¢ = asinf+g(z,0),

where (z,0) € W, « is a parameter, h and g are smooth functions satisfying
h(z,0) = 0 and |g(2,0)| = O(|#]?). Clearly, Y is an invariant manifold of W
given by # = 0 and the S-S spectrum of the linearization of this flow along Y is
{a, A\, =\, 0}. Moreover, it follows from the suspension procedure that the spectral
subbundle corresponding to 0 is of dimension one. But Y is of dimension three,
which implies that its center manifold is at least three dimensional. Therefore, con-
sidering the spectral interval {0} alone is not sufficient to generate a desired center
manifold of Y. In fact, if || > A, then Y is normally hyperbolic and the center
manifold of YV is just Y itself. If |a| < A, then Y is not normally hyperbolic and a
center manifold of Y is of dimension four, that is, a neighborhood of Y in W.

We now give an example in which Corollary [ fails but Theorem [1 can be still
applied to obtain an optimal center manifold for an invariant manifold.

Example 2.3. Consider a flow
2 =flz), ze€R? fecC,

which has two heteroclinic orbits v1(¢t) and 2(t) connecting a saddle point z; =
(—1,0) to a stable point z2 = (1,0) (see Fig. 2). Denote by «;, §; as the eigenvalues
of z; (i = 1,2) respectively, where a1 < 0 < 81, as < B2 < 0. For simplicity,
we assume that, for ¢ = 1,2, the eigendirections corresponding to «; and [; are
e1 = (1,0) and ez = (0, 1) respectively.

With the above assumptions, the closure Y of 77 U~ is clearly a one dimensional
invariant manifold of the flow. We denote by X, 3, respectively, as the generalized
center and S-S spectrum, respectively, of the linearization of the flow along Y. Since
~1(t) is a solution of the linearization along v; with 8; and B2 as the asymptotic
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Y1

By

z z
1 2 a, Boa; 0 By

y2

FIGURE 2. The invariant manifold Y and the eigenvalues of the equilibria

rates, one has [32, 1] C X.. Hence, if oy > f33, then ¥, = ¥ = [ag, 81] and the
dimension of the generalized center spectral subbundle will be two. In this case, a
center manifold of Y obtained from Corollary [l will be a neighborhood of Y in R2.

However, we can apply Theorem [ to show that, in any case, Y is a center
manifold of itself. Similar to the argument in Example[ZT] there exists a continuous
invariant splitting of the linearization along Y, that is,

T,R? = Vi(y) @ Ve(y),

where V,(y) = T,Y and V;(y) is transversal to T,Y (y € Y'). Moreover, it is easy
to see that there are positive constants K (y) and K (z;) such that, for y € Y'\{z1},

[®s(y,t)] < K(y)e™', t>0;

[@e(y,t)] > K(y)e™', t>0;
and

|®(21,8)] < K(z1)e™', t>0;

[Pe(z1,t)] > K(z1)e™, ¢>0;

where ®;(y,t) = ®(y,t)|v,(y) (i = s,¢) and ®(y,t) denotes the principal matrix of
the linearization along Y.

By the Uniformity Lemma in [I8], there are constants «, 3, K with o < 0,0 <
% < %,K > 0 such that |®4(y,t)| < Ke®, |®.(y,t)| > K|®s(y,t)|? forally € Y
and t > 0. Similar to the proof of Corollary [Il one can show that, for y € Y and
21,22 € TyR2,

—+o00
(21,22)y = / 2N D (y, 8)21, Dy (y, 5)20)ds
0

(oo}
[ 1l el )20, 5)22)
0
defines an equivalent metric on Ty R?, where A > 0 is a small constant. Moreover,
if || - || denotes the operator norm with respect to the new metric, then
19s(y, )] < el
m(®e(y,t) = [|@u(y, 1)l

for t > 0 (we note that, since dim V.(y) = 1, m(®.(y,t)) = ||Pc(y,t)|| ). This
verifies the condition (H2).
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3. MODIFICATION OF THE VECTOR FIELD

We shall apply the graph transform induced by a time T-map ¢7 of the flow
to show the existence of a local center-unstable manifold. The existence of a local
center-stable manifold can be obtained similarly after reversing time, and the in-
tersection of the center-stable and the center-unstable manifolds in a neighborhood
of Y will give a desired local center manifold.

Our construction of a local center-unstable manifold will be based on the follow-
ing crucial steps: 1) To find an approximate center-unstable manifold which will
serve as a base space of graphs; 2) To define a bundle structure in a neighborhood
of Y in which graphs can be defined as sections; 3) To modify the original vector
field locally so that the overflowing property is satisfied. These constructions are
closely tied up together in a way that each later step depends heavily on the former
ones.

3.1. An approximate center-unstable manifold. By an approzimate center-
unstable manifold of Y, we mean a smooth manifold which is tangent to V., (y) =
Ve(y) @ Vau(y) at all points y € Y.

Since Y is smooth, such an approximate manifold can be obtained easily by using
the exponential map (see [26] for example). Let Ry be a new Riemannian metric
on TyR"™ under which V;(y) is orthogonal to V., (y) at each y € Y. For a fixed
neighborhood N(Y') of Y, this metric can be extended smoothly to Ty R™ (we
denote the extended metric again by Ro). Let V/(Y') be the orthogonal complement
of TyY in V,,(Y). For € > 0 sufficiently small, we let B(e) be the e-neighborhood
of Y in TyR™. Then M,,(Y) = exp(V'(Y) N B(e)) defines a desired approximate
center-unstable manifold since T, M, (Y) = V.,(y) for all y € Y, where exp :
TnyyR™ — R™ is the exponential map with respect to Ro.

3.2. A local bundle structure. We now construct a fiber bundle structure over
Mcu(Y) in a neighborhood of Y.

By the tubular neighborhood theorem, there exists a neighborhood Ny(Y') of
Mw(Y) in N(Y') with the property that, for any z € Ny(Y"), there exists a unique
P2 € My (Y) with dist(z, Mo, (Y)) = dist(z,p.). Define e, : No(Y') — M, (Y) by
Teu(2) = pz, ms : No(Y) = No(Y) by ms(2) = 2 — meu(2) := ¢, and Q : Moy (Y) —
Y by Q(p) = yp, where y, € Y is the unique point satistying dist(p,Y) = dist(p, yp).
By jiggling the bundle slightly if necessary, we can assume by Whitney’s Embed-
ding Theorem ([54]) that the bundle and the maps defined above are C” (see also
[18]). Denote the differentials of 7y, 75 at z by Dmey(2) and D7s(z) respectively.
We then have D¢y, (y) = Peu(y), Drs(y) = Ps(y), y € Y.

The new Riemannian metric Ry under which V¢, (y), Vs(y) are orthogonal will
play an important role later in simplifying our analysis. Without loss of generality,
we may assume that Ry agrees with the Euclidean metric in R™. This is because
of Nash’s Embedding Theorem ([36]), which says that any Riemannian n-
manifold with C™ metric, r > 3, has a C" isometric embedding in ng = 3/2n3 +
7n? + 11/2n dimensional Buclidean space. To be more precise, let (No(Y),Ro) be
as above. By Nash’s Embedding Theorem, it can be C” isometrically embedded in
R™. By considering a tubular neighborhood A of Ny(Y) in R™, we can extend
our vector field to N in such a way that the extended flow on the fibers of N is
unstable with sufficiently large rate. That is, the new flow in N is essentially the
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FI1GURE 3. Lack of overflowing property

same as in No(Y') with some extra unstable directions, which, of course, does not
affect the existence of a center manifold.

In the sequel, we identify Ry with the Euclidean metric in R”™ and denote (,), d
and | - | as the Euclidean metric, distance and norm, respectively.

3.3. A modified vector field.

Definition 2. Let N C R™ be a submanifold of dimension n with smooth boundary
ON, and A C ON. We say that a vector field f satisfies the overflowing property
with respect to (N, A) if at each point z € A the vector field f is either tangent to
or points outward to JIN.

The overflowing property is essential in performing a graph transform induced
by a flow in a neighborhood of an invariant manifold (see [I8], [19], [47] etc.). This
is simply because the image of a graph under a graph transform should lie entirely
in the neighborhood. For center manifolds problems, due to the existence of center
directions in a vector field, the overflowing property cannot be generally expected.
For example, even a simple vector field like

-y

—N
< 8
[
8
v

does not satisfy the overflowing property near O = (0,0) for any choices of € and ¢
(see Fig. 3). Specifically, on x = —¢, the vector field points inward to the interior
of the box [—¢, €] x [=4,d].

Therefore, for the sake of performing a graph transform, we need to modify
the vector field () so that the overflowing property will be satisfied within an
appropriate neighborhood of Y.
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For ¢y > 0 small and 0 < € < ¢y, we consider the following sets:

U = {z€My(Y): d(z,Y)<e},
Ul(zo) {ze No(Y) : d(z, Meo(Y)) = d(z0, Meu(Y))}, 20 € No(Y),
S(z0) {ze No(Y): d(z, M (Y)) = d(z,20)}, 20 € Meu(Y),
S(20) {z€8(z): d(z,20) <€}, 20€ Mu(Y),
N, = U Seo(zo)a
zo€Ue
N = |J Selz)-
20 €0U,

Note that 9* N, is the portion of N, over dU,, and dim 0* N, = n — 1.

Our goal is to construct a modified vector field of ()] which satisfies the overflow-
ing property with respect to (Ne,, 0*N¢,). To do so, we let x; : R = R, i = 1,2,
be cut-off functions satisfying the following properties:

1, x>¢€/2,
X“@:{o,x<£/

0, z< —6(2),
1, >0,

with x5(z) > 0, [x5(2)] < 2¢°.

For z € 9*N,, let {v;(2)}}_; be an orthonormal basis of T, N¢ such that v(z) =
v1(2),v2(2), ..., Umy(2) € T.U(z), where v(z) is the inward normal vector to T,0* N,
and Vg1, - -, Un(2) € T2S¢, (Tenz). Using the orthonormal basis, we can decom-

pose f(z) = 17ﬂs( )f(2) + Dreu(2) f(2) as

D7Tcu Z EJ
D'/Ts Z gj

j=mo+1

where §;(z)’s are coordinates of f(z) with respect to the basis. Note that £(z) =
&1(2) = (f(2),v(z)) is independent of the choices of vj(z) for j =2,--- ,n
We now modify the vector field to the following:

(3) 2= f(z) = f(2) = (1= xam(2)x2(€()é(2)v(2),

where 1(z) = d(meuz,0U,). This new vector field clearly coincides with (@) in
N¢y/2- Moreover, this modified vector field satisfies the overflowing property with
respect to (Ne,, 0* N, ). Indeed, if z € 9* N, then x1(n(z)) = 0, and therefore

(f(2),0(2)) = (J(2),0(2)) = x2(E())E(=){v(2), v(2))
(1= x2(£(2)))¢(2)-
Since x2(€(z)) = 1if £(z) > 0, and (1 — x2(£(2))) > 0 if £(2) < 0, we see that

(f(2),v(2)) <0 for z € &*N,,, that is, the vector field (@) is either tangent to or
points outward to 0% N, .
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Remark 2. Unlike the equilibrium case, the modified vector field (@) is in general
not a regular perturbation of the original one in the sense that, within N, it differs
from the original vector field by an order of ¢y with respect to the C° but not C*
norm. To give an example, let us consider

{ = )\lx+gl(x7y)a

/

yo= Xyt ge(x,y),

where Ay < A1 < 0 and g1, g2 are higher order terms of x and y. It is known that,
near O = (0,0), there exists a locally invariant manifold ¥ which is tangent to the
x-axis at O = (0,0). If the above vector field is to be modified similarly to (B)), say
in a small box [—¢, €] X [—0, 0] near YV, then the modified vector field would be

{ o' = x@)(Mz+g(2,y),

/

v = Xy ga(z,y)

where x(x) = 0 for |z| > e. Now, the Jacobian of the new vector field is

X (@) Az +g1) + (A + 0zg1)x(x)  x(2)0y01
0z 92 Ao+ 0yg2 )’

which, at (%e,0), reduces to

0+ h.ot O+hot
0292 Ao+ 0yg2 )

But the Jacobian of the original vector field at (Le, 0) is simply

A1+ h.o.t h.o.t
0z92 A2+ 0yg2 )’

where h.o.t stands for higher order terms of x and y. Therefore, Jacobians for the
two vector fields are not close to each other, that is, the new vector field is not C!
close to the original one.

Although non-regular perturbations seem to be an unavoidable problem in the
modification of vector fields of this type, our modified vector field (B) was chosen to
single out the non-regular factors. Roughly speaking, near 9* N,,, we have projected
the vector field f(z) to T,0*N,, for z € N, and left the component along V(Y
and Y unchanged. Therefore, the components of the new vector field along the
stable directions still remain as a regular perturbation to the original ones, that is,
these components and their associated derivatives differ from the original ones by
an order of €3, and order of €, respectively (see Proposition [a) and Lemma H).
Consequently, the lower bound of the decay rate along these non-regular directions
is close to the one associated to the original vector field (see Proposition[lb)). The
non-regular perturbation will only arise in the modification of the center-unstable
directions, which however results in a slowing down of the modified flow when
entering U,,. As we shall see in Section 4, such a ‘slowing down’ will actually
provide a positive effect to our analysis.

4. ANALYSIS ON THE MODIFIED VECTOR FIELD

Recall that for 0 < € < €9, N admits a bundle structure Ne = {J, <y Se,(20)
over the approximate center-unstable manifold MCH(Y). Throughout rest of the
paper, for z = p+ g € N, where p € MCM(Y) and q € S, (p), we simply use the
notation z = (p, q).
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In this section, we shall prove the following proposition which gives the key
estimates to the modified flow.

Proposition 1. Given T > 0, C > 0 and ¢y small. If (pi,q;) € N, and z;(t) =
(pi(t), qi(t)) are solutions of B) with z;(0) = (pi,q:) (i =1,2) and |p2 — p1| < Cey,
then there exists a C(T) > 0 such that, as long as z;(t) € Ne, for t € [0,T], the
following holds.

(a) (stable contracting rate)

(1) —a(T)] < (CT)0,(y, )]+ C(T)eo ) laz — a1
(4) +C(T)eo|p2 — p1l,
where y = Q(p1).
In particular,
1026 |75, ()| < e“D|@4(y, T)|| + C(T)eo,

and

1D=(m:6")lrus) || < C(T)eo,

where Yy = QTey 2.
(b) (center-unstable expending rate)

p(D) =i (D) = (OT|2u(y, D))" = C(T)eo ) Ip2 = 1]
(5) —C(T)eolg2 — q1l,

where y = Q(p1).
In particular,

D= (meut™)lruz) | 2 e“Dl|@s(y, )| — C(T)eo,
where Yy = QTey 2.
We first study some properties of v(z), n(z) and £(z).

Lemma 1. There is a C > 0 depending only on Y such that for any z € 0* N, the
following holds.
(i) v (2)Jv(z) =0, |Jv(2)v;(2)] < Ceo for j < ko or j > mo,
v (2)Jv(z)v;(2) — 6ot < C for ko < j < mo;
(i) [Vn(2) — v(2)| < Ceo;
(iil) |¢(2)| < Ceo for j=1 and j > ko;
(iv) [VE(z)[ < C.

Proof. We identify T,,Y, V'(yo) and V(yo) with RFo, R™o—k0 and R™~™0 respec-
tively. Let

G : N(yo) C R™ — RFo x Rmo—ko » Rr=mo

be the inverse of exp, : Ty,R™ — R™. Then DG is ¢ close to the identity and D2g
is bounded. Moreover,

g(yO)*O g() ( 060,0,"',0)

G:N(y)NnY — Rko X {0} {0}, and

G : N(yo) NU,, — Rko x Rmo—ko x {0}

g(aUm) = Cﬁoa
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nfmo
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FIGURE 4. The image under G

(see Fig. 4) where

mo

) 2_ 2
Cc=<Rz= (1,22, ,Tmy,0,---,0): g T =c¢
j=ko+1

To prove (i), we note that the inward normal vector at = € C, is

1
n(x) = m(oa T 705 —Tko+1,"" " _xm0507 e 50)
Therefore,
L { Okoxko o) o)
‘]n(x) = W o D(mo—ko)x(mo—ko) 0o )
0] 0 O(n—mo)x(n—mo)

where D = (d;;) with d;; = x? — |z|? and dij = wixj for i # 7, ko +1 < 4,5 < my.
The matrix D has zero as a simple eigenvalue with n(x) as the corresponding
eigenvector and has —ﬁ as the other eigenvalues. If we assume, without loss of
generality, that x; = 0 for j # ko + 1, then dij; = 0 for ¢ # J, drg+1,k0+1 = 0
and d;; = —|z|~! for i # ko + 1, that is, D has a Jordan form with the desired
eigenvalues. The property (i) easily follows.

Next, let 7j(z) = o — |x|, for & € C, which is related to n by G. Since
1
]

and DG is ¢ close to the identity, we have |V (n(2)) — v(z)| < Cep. The property

(ii) is proved.

The property (iii) clearly holds by the choice of v;’s.
It remains to prove (iv). Note that

Vﬁ(x) = (07 7Oaxk0+17"' 7xm070a' te aO)T = nT(x)v
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Then

Multiplying the above equation by v (z) on the left, we obtain
v (2)A(2) = (VE(2) " +€(2)v )+ Z@ 2)Jv;(2).

Since (v;(2),vj(2)) = 6i;, we have

v (2)Ju(z) = 0 and (Jv;(2)) Tv(z) = —(Jv(2)) Tv;(2).

Therefore,
VE(z) = AT (2)v(2) — ij(z)(J’Uj(Z))Tv(z)
(6) 7
2+ Y () (Ju(2) Ty (2).
j=2
By (i) and (iii), |V&(2)| < C. O

The following generalized Gronwall’s inequality will be frequently used later.

Lemma 2. If 5(t) > 0, a(t) and ¢(t) are continuous functions on |a,b] and

t
—l—/ B(s)p(s)ds, a<t<hb,

/[3 efﬁ d"ds, a<t<hb.

holds, then

If, in addition, o/ (t) > 0, then ¢(t) < oz(t)efcf Bls)ds g < ¢ <b.
Proof. See [24]. O

Lemma 3. Let z1(t) and z3(t) be trajectories of M) and @Bl respectively. For any
T, if zo(t) € Ne, and Az2(t) + (1 — XN)z1(t) € No(Y), for all |t] < T and X € [0,1],
then

|21(t) = 22(t)] < (122(0) = 21(0)] + Ceoft])e! P11
for all |t| < T, where |Df| = |D f|n,(v) and C is the constant defined in Lemmal[Il
Proof. We only prove the case when ¢ > 0. By (I) and (@),

(z1() = 2z2(t)) = f(a(t) = f(z2(1)
= [f(z(t) = f(2(1))
+( = xa(n(z2(8)))x2(€(22(8))€ (22 (8))v(22(2))-
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It follows that

|21(2) = 22()] = |22(0) — 21(0)]

Zl
/ F(z1(8)) — Fza(s))lds + / €(za(5))u(z2(s)|ds
< D/ / |21 (s) — 22(s)|ds + / € (22(5))v(z2(s)) | ds.

Since |£(22(s))| < Ceo, Lemma Rlimplies that

|21 (t) — 22(t)| < (|22(0) — 21 (0)] + Ceot)e! P/t 0 <t <T.

This completes the proof.

Lemma 4. For a given T > 0, there exists C(T) > 0 such that if
z2(t) = (p(1), q(t) = (meuz(t), ms2(1))
is the solution of (3) with z(0) = (po,qo) € Ne,, then
la(t)] < e*[2(0) — yl + C(T)ej
for0 <t <T, where y=Q(po) €Y.

Proof. Below, we fixaT >0 and let 0 <t <T.
Denote F(z,y) = f(2) — f(y) — A(y)(z — y). Then

) = fly-t)+ Ay -t)(z(t) —y-t)+ F(2(t),y-1t)
—(1 = xa(n(2)))x2(&(2))E(=(1))v(2(t)).

The variation of constant formula yields that

)yt = By 6)((0)—y)+ / By, )0 (y, 5)F(2(s),y - 5)ds

—/O Oy, )2 (y,5)(1 = x1(1(2)))x2(£(2)&(2 () v(2(s) ) ds.

Therefore, by noting that y -t € Y C Mcu(Y), there exists a Co(T") > 0 such that

lq(t)] [ms2(t)| = [ms2(t) = 7s(y - 1)
[Drs(y - )(2(t) =y - )] + Co(T)]2(t) —y - t]?
[Pu(y - )(2(t) =y - )] + Co(T)|2(t) — y - t?

Py 9, 00) )
+] / y, 8)F(2(s),y - s)ds|

IN A

0
Py(y - s)o(z(s))ds| + Co(T)|2(t) — y - .

By Lemma Bl [2(s) — y - s| = O(eo) and hence [F(2(s),y - s)| = O(e3).

‘1>(y7t)P W2 (g, 8)(1 = x1(n(2(9))))x2(&(2(5)))€ ((5))

Since

v is tangent to M., (Y"), we also have |Ps(y - s)v(z(s))| = O(ep). The lemma then

follows easily from the above inequality, (H2) and Remark 1, and Lemma [I

O
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Let T > 0 and z;(t) = (p:i(t), qi(t)) be solutions of ([B) with 2;(0) = (pi, ¢;) € Ne,
(i = 1,2) such that |ps — p1| = O(e2). Denote y = Q(p1) € Y. By Lemma [3] there
is a C( ) such that |y -t — z;(¢)| < C(T)ep for t € [0,T].

Set w(t) = z2(t) — z1(¢). Since, by (B),

(zi(t) —y-t) Fzi(t) = fy-t)
= Ay -t)(zi(t) —y-t)+ F(z(t),y-t)
—(1

(
where F(z,y) = f(2) — f(y) — A(y)(z — y), we have
(y-

) W' = Aly - tyw+ B(y - thu + Oeow)
where
Bly-thw = (VOa(n(2))), w)x2(£(2))E(Z)v(z)
—(1=x1(n(2))(V(x2)(£(2)), w)§(2)v(2)
—(1 = x1(n(2)))x2(£(2)))(VE(2), w)v(2)
—(1=xa(m(2))x2(£(2))¢(2) Jo(2)w
with Z(t) = A(t)z2(t) + (1 — A(t))z1(t) for some A(t) € [0,1]

Since, for i = s, ¢, u,

(Pi(y-t)®(y,1)) = (Pi(y - 1)) @(y,t) + Pi(y - t) Ay - )@ (y, 1),

(@(y,t)Pi(y)) = Aly - )®(y,t)Pi(y) = Ay - t)Pi(y - t)®(y, 1),

we have
(Pi(y-t) =A(y-t)Pi(y - t) — Pi(y - ) Ay - t).

By (@),

(Pi(y-thw) = Ay-t)P(y-thw — Pi(y - t) Ay - hw + Py - t)w'
(8) = A(y-t)P(y-thw+ Pi(y-t)B(y - t)w + Oleo Li(y - t)w).
Lemma 5. Let w, B be as above. Then, for T > 0, there is a C(T') > 0 such that
(9) [Ps(y-t)B(y - hw(t)] < C(T)eolw(t)],
(10) [B(y - t)Ps(y - hw(t)] < C(T)eolw(?)],
(11) |Peu(y - t)B(y - hw(t)] < C(T)|w(t)|

forally €Y andt € [0,T].

Proof. We only prove [@). Let y € Y,¢t € [0,7] and let w = w(t),z = Z(t) be as
above. We note that
|Ps(y - t)B(y - thw(t)] < |
+(1 = x1(n(2)(V(x2(§
(1 =xa(n(2)))x2(£(2
(L =xa(n(2)))x2(£(2
By Lemma[and the definitions of x1, x2, there isa C' > 0 such that |V¢(z)| < C,

X1,
IV (n(2)] < 4ep !, Ix2(£(2))€(2)] < Ceo, [Vn(z ) v(z)| < Ceo, [Vx2(8(2)) < C,
|£(2)| < Ceg, and |PsJu(Z)v;(2)] < C for j =1,--- ,n. Since v(Z) is tangent to
)l

z)v;(2)|
Mcu(Y), we also have |Psv(Z)| < Cy(T)ep for a constant Co(T) > 0. It follows

|
(
)
)E(2
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that there is a constant Cy(T) > 0 such that all terms above are bounded by
C1(T)eo|w(t)|. O

Proof of Proposition[ll Below, for simplicity, we denote all constants which depend
only on T as C(T'). Let w, B be as above and let t € [0,T], y = Q(p1).
To prove (a), let Z(t) be such that

|g2(t) — q1(8)] = [msza(t) — w21 (8)] = [Dms (2(2)) (22(8) — 21(8))]-
By LemmaBl |2(t) —y - t| < C(T)eo. Therefore,

2(t) — ()] = |msza(t) — mez1 (1)
(12) < [Py - hw(t)] + C(T)eolw(?)].

Applying the variation of constant formula to (B]), we have
Ps(y-thw(t) = @(y,t)Ps(y)w(0)

+ / Oy, )0 (y, 5)Po(y - 5)Bly - Hyw(s)ds
0

(13) + / By, )0 (5, $)0(eo Pa(y - s)uw(s))ds.
By @),

|Ps(y - hw(t)] < eatIPs(y)U)(O)le/o e IO(T)eo| Poly - s)w(s)|ds

t
+/ ea(t_s)C(T)€0|Pcu(y . 5)’[11(5)|d8
0

It follows from Lemma [2 that
(14)

|Poly - hw(t)] < ext+CDe <|Ps(y)w(0)| + C(T)eo/o Py (y - S)W(8)|d5> :
Similarly,
(15)

|Pealy - yw(t)] < D) (IPcu(y)w(O)I + C(T)/O iV AUR S)w(S)IdS) ;

where v > 0 is such that |®(y.,t)] < Ce?* (y. € Y) for some C > 0.
Substituting ([5) into ([4) and applying Lemma 2] we have

(16) |[Py(y - yw(t)] < e T (|Py(y)w(0)] + C(T)eo| Peu(y)w(0)]) -
Substituting (IG) into (I5) and applying Lemma 2] again, we have
(17) |Peu(y - yw(t)] < eI Py (y)w(0)] + C(T)| Py (y)w(0)].
Finally, applying (), (I6) and (I7) to (I3), we conclude that
92(T) = 1(T)] < (“T10,(y, T) |+ C(T)eo) laz — 1| + C(T)eolpz = pul-

This completes the proof of (a).
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Next we prove (b). Similar to the proof of (a), we have

p2(t) =1 ()] = |meuza(t) — meuz1 (t)]
= [Dmeu(2(1))(22(t) — 21(¢))]
(18) = |Peu(y - thw(t)] = C(T)eo|w(t)],
where Z(t) is such that |2(¢) —y-t| < C(T)eo. It remains to estimate | P, (y-t)w(t)|.
By (7), (9) and (10),
(Peuly - t)w)’ = A(y-t)Peu(y - t)w + Peu(y - t)B(y - t)w + O(éo Peu(y - t)w)
= (Aly-t)+ By 1)) Peuly - t)w + Peuly - ) By - ) Ps(y - thw
—Pi(y - t)B(y - t) Pew(y - t)w + O(eg Pey(y - t)w)
= (Aly-t)+B(y- 1)) Peuly - thw
+O0(eoPey(y - t)w) 4+ O(eg Ps(y - t)w).

V

A direct computation yields

(517t 00F ) = (Al 0Pty 0. Praly- )
(19) By 1) Pealy -, Py - )
+0(€o| Pew(y - t)wl?).

We claim that the following inequality holds:

(5Pl 00l) = wing(Ay - 0Py 0 Pouly - t10).0)

(20) +O0(€o| Pew (v - )w]?).

Let z = Z(t) be as in (8).

Case 1: £(2) =0

In this case,

(By - 1) Peu(y - t)w, Peu(y - hw)
—(1 = x1(n(2)))(VE(2), Peuy - )w)(Pewv(2), Peuw).

By expressing P.,(y-t)w as a linear combination of P.,(y-t)v(Z) and its orthog-
onal complement, we see that either (i) P.,(y - t)w L P, (y - t)v(Z) or (i) Popw =
AP, v for some \.

If (i) holds, then (B(y - t) Peyw, Peyw) = 0 and (20) is clearly true.
If (ii) holds, then by (@)

(VE(2), Paw) = (AT(2)v(2), Poyw) +ng ){(Jv;(2)) "v(2), Peoyw)

= (A(2)Peyw,v(z Zgj )"0, (2), Peyw),

where Ju(Z) Peyw = AJv(Z)Peyv(Z) = O(€p). It follows that

((Aly - t) + B(y 1)) Peu(y - t)w, Peu(y - t)w>
= x1((2){A®Y - t)Peu(y - t)w, Pew(y - t)w) 4 O(eo| Peu(y - t)w[?).
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If (A(y - t) Peu(y - t)w, Py (y - t)w) > 0, then the first term above is nonnegative. If
(A(y - ) Peu(y - t)w, Py (y - t)w) < 0, then the first term above is greater than or
equal to (A(y - t) Peyw, Poyw). Hence, ([Z0) holds.

Case 2: {(z) > 0.

In this case, x2(£(2)) = 1. Therefore,

(B(y - t) Peu(y - thw, Peu(y - t)w) =(V(x1(1(2))), Peuw)&(2) (Peuw, Peuv(2))
= x1(n(2))){V&(2), Peuw) (Peww, Peuv (%))

— x1(n(2))&(2){PeuJv(Z) Peuw, Peyw)
+ (Pou(y - )JF(Z,y - t) Poyw, Poyw).
By Lemma [[land the fact that V(x1(n(2))) = xi(7(2))Vn(Z), the first term above
is a sum of a nonnegative term and a term of order ¢y. The second term above is

of order ¢ as in (ii) above. By Lemmalll (i), the third term above is positive. The
last term is of higher order in ¢y. Therefore,

(Aly - t) + B(y - 1)) Peu(y - t)w, Peu(y - t)w)
> min{(A(y - t) Peu(y - t)w, Peu(y - t)w), 0} + O(eo| Peu(y - t)w|?),

that is, (20) holds.
Case 3: £(2) <0
In this case, |x2(£(2))€(2)| = O(€2). Therefore,

(v ( 1(n(2))); cuw>><2(£( DEZ)(Peu(y - t)v(2), Peww)]
C(T)(e0) ™" €| Pewrw]* = C(T)eo| Peww]?,

and

|(1—X1( (2)))x2(£(2))&(2) (Peu(y - ) Jv(2) Peww, Peyw)|
(T)5(2)( 0)” 1|Pcuw|2 cr )50|Pcuw| .

Thus,
((A(y - t) + B(y - t)) Peu(y - t)w, P (y - t)w)
= (A(y - ) Peu(y - )0, Peu(y - tYw) + O(eo| Peu(y - Yw?).

Therefore, 20) holds in any case.
Now let 6(t), C(t) be nonnegative continuous functions on ¢ € [0, T] such that

(31PP) = (A 0Pyt Pty - 00),0)
(21) () + Clt)eo) Pealy - Ol
Denote
T= {1 € 0.7]: (Aly- )Puu(t), Pon(t)) < 0}

and Z¢ = [0, T]\Z. Since Z is open, we can express Z as a countable union of non-
overlapping intervals, say, 7 = j_zof (t;, 7). It can be verified directly that, for any
te (t;,t7),

exp (/ (9(T)+C(T)eo)d7> DOy -1y, t — L) Peuly - £;)w(ty)

L
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is a solution of (Z2I)). Since P, (y - t)w(t) is also a solution, we have

| Peu(y - t)w(t)]

> exp </t 0(r) + C(T)€O)d7'> |®(y - Zj; t— Ej)Pcu(y ) Ej)w(zj)l

=J

> ec(t)fo@(y it — ﬁj)Pcu(y : ij)w@j)|

(22) > e“OOm(euly - £yt — 1)) |w(ty)]
By (1)), for [s,t] € Z¢, we have
(23) |[Peuly - hw(t)] = XU Puy(y - s)w(s)|-

Applying (22) and (23)), and also using (H2) and Lemma [I], we have

| Pew(y - t)w(?)] GC(T)EOm((I)cu(y Lyt —1,))  m(Peu(y, ty))|p2 — p1l
—C(T)eo(lg2 — q1| + [p2 — p1l)
> DD (y -ty t —L,)17 - [|@aly, 1)1 |p2 — p1
—C(T)eo(lgz — q1| + [p2 — p1l)
> (YD dy(y, 1)]|7 — C(t)eo)lp2 — pr| — C(T)eolgz — aa .

This completes the proof. O

vV

5. PROOF OF MAIN THEOREM

5.1. Existence of center-unstable manifold. Using the bundle structure con-
structed in Section 3, we first choose a function space to which the graph transform

will apply.
Define
['i={h:Ueq — Neo; h(p) € Sey(p), Vp € Uey, |hlco < o0}
and
(24) I',:={h el :Lip(h) < p},
where p > 0,

/) —
Lip(h) = sup Lip,(h), and Lip,(h) = limsup M

p€eUq, p’'—p,p' €U, lp" — pl
Lemma 6. I', is closed in T
Proof. Suppose h,, € T', and h,, — h in C%norm. We shall show that Lip,(h) < p
for any p € Ue,. For p/,p" € U, let d(p', p"") denote the induced Euclidean distance

between p’ and p” in U, (i.e., the length of the shortest path in U, joining p’ and
p"). Then for any € > 0, there exists § > 0 such that

(1—edp,p") < p —p"| <dp.p")

whenever |p’ — p”| < 4.
For any p; € U, with |p; — p| < d, we let v be the shortest path in U, from p;
to p. Then for any p’ € v, there exists §(p’) > 0 such that

[ (P") = B (P)] < (p + )" = P
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for all n and p” € v with [p” — p/| < 6(p'). Since U, (Bsgpry/2(p') N7y) covers v,
there exist
DP2,P3, " yPm =P € v
ordered from p; to p, such that ;" (Bsp,)/2(pi) N y) covers ~. By choosing &
sufficiently small, we may assume that
Pi & Bs(pi12)/2(Piv2) U Bs(p,_y)/2(pi—2) for i =3,--- ,m —2.
Thus,

pi — Pit1| < 0(pi)/2 + (pit1)/2 < max{d(pi), d(pi+1)},

which implies that either p; € Bs(,,, ,)(Pit1) or piy1 € Bsp,)(pi) (i =1, ,m—1).
In any case,

[hn(pi) — B (Pit1)] < (p + €)|pi — Pita]

for allm and i = 1,--- ,m — 1. Therefore,
(1) = ()] < D h(ps) = P (pi)|
i=1

m

< (pte) Z — Pit1]
;

< (pte Z (PisPit1)
=1

= (p+e)dp,p)

+e€
< /1) Ip1 — pl.

By taking n — 400 in the above, we have
p+e
[h(p1) = h(p)| < T— Ipr —pl.
Since € is arbitrary, Lip,(h) < p. O

For each h € T',, the graph, graph(h) := {(p, h(p)) : p € Ug}, of h is a section
of the fiber bundle N, with base space Uc,. We now define the graph transform.

Let I', (0 < p < 1) be as in (24) for a prescribed ¢y > 0 and let ¢* (T' > 0)
denote the time T map of the modified flow (@]). Define the graph transform

¢*: I'y—T, by ¢"h = H, where graph(H) = #” (graph(h)) N N, .

Remark 3. Let op(p) = ey - ¢7 - (id, h)(p) for p € U,,. Then ¢*(h) = ms - ¢T -
(id, h) - 0;1, provided that o5, maps U, to itself and is invertible.

The existence of a center-unstable manifold for the modified system (@) is an
immediate consequence of the following proposition.

Proposition 2. Fiz 0 < p < 1. There exist T > 0, ¢g = €o(T) > 0 such that the
following holds.
(i) ¢*: T, =T, is well-defined.
(ii) ¢* is a contraction mapping with respect to the C°-norm.
(i) Let h € T', be the fized point of ¢*. Then M, (Y) := graph(h) is an invariant
Lipschitz manifold of [@).
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Proof. First, by (H2), we can fix a T' > 0 such that

1 1
i 1-8 O, (y, T||° < =.
[|[®s(y, T)|] <1 @y, T)l| <3

Let C(T') be as in Proposition [l We choose an ey = ¢(T") such that

[|®s(y, 7)1

0<e < ZC(T)

Let h € T',. We wish to show that ¢*h € T',; that is, ¢ (graph(h)) N N, is a
function H with Lip(H) < p. Equivalently, we shall show that, for any (po,qo) €
#T (graph(h)) N N,, there exists a § > 0 such that if (p,q) € ¢ (graph(h)) N N,
and |(p,q) — (po,qo0)| < 8, then ‘lq qo‘l < p.

Fix a (po,q0) € ¢" (graph(h)) N Ne, and define (p*, ¢*) = ¢~ (p, q) for (p,q) €
oT (graph(h))NN,,. Clearly, p*, ¢* are continuous functions of (p, q). It follows that
there exists a § > 0 such that if |(p, ¢) — (po, q0)| < 9, then |(p*, ¢*) — (0§, q5)| < €o.
Now let (p, q) € ¢T (graph(h)) NN, with |(p,q) — (po,qo)| < § and denote (p1,q1) =
5, 48)s (p2,q2) = (p*,¢*). Due to the overflowing property of the modified flow,
we have ¢'(p;,q;) € N, (i =1,2) for all0 <t < T. By (@) and (H),

lg—ql _  1e(T) - ()

lp — ol [p2(T) — p1(T)|
(9|4 (y, T)|| + C(T)eo) lgz — 1| + C(T)eo|p2 — pa|
(eCMeo||D,(y, T)||# — C(T)eo) Ip2 — p1| — C(T)eolg2 — 1

(D@, (y, T + C(T)eo ) p < p.

IN

This proves (i).

We now prove (ii). Let hi,ho € T', and denote H; = ¢*(h;), for i = 1,2. For
any p € Ue,, we let p1,ps € Ue, be such that mcy - ¢T(pi7hi(pi)) =p(i=1,2). By
Proposition[d], |pa — p1| = O(eg). Denote y = Q(p1). Then,

|Ha2(p) — Hi(p)| [ms¢” (2, ha(p2)) — med” (p1, ha(p1))]

< |mso (01, ha(pr)) — ms0” (p1, ha(pr))|
(25) ¢t (p1, ha(p1)) — ws¢" (p2, ha(p2))].
By @),
750" (p1, ha(pr)) — msd™ (p1, ha(p1))]
( D40/ (y, )| + C(T)eo ) [ha(pr) — b (p)
(26) < (9D @, (y, T) | + C(T)eo) ha = hal,
and

7" (p1, ha(p1)) — med” (D2, ha(p2)))|
< (€|, (y, T + C(T)eo) lha(pr) = ha(p2)| + C(T)eolpz — pi]

@) < (D0 Dllo+ C(T)eo) Ip2 — pil.
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Since
Teud” (p2, h2(p2)) — Tewd” (1, h2(p1)) + Teud” (p1,h2(p1)) — Tewd” (P1, R (p1))
= Teud” (P2, ha(p2)) — Teud” (p1,h1(p1)) =0,
we have
(28)
|7Tcu¢T(p27h2(p2)) - 7Tcu¢T(p1, h2(p1))| = |7Tcu¢T(p1, ha(p1)) — 7Tcu¢T(p17h1(p1))|-
By @),
[Teud” (p2, ha(p2)) = Teud” (1, ha(p1))]

(29) > (%)@, (y, T)||7 = C(T)eo ) Ip2 = pal-
By 28), 29) and (@),
|7Tcu¢T(p2; h2(p2)) - 7Tcu¢T(p1a hQ(pl))|
P2 =il < T mal, Gy, T — CT)eo
- |7Tcu¢T(p1, h2(p1)) - 7Tcu¢T(p1a hl(pl))|
eCMeo||o(y, )P — C(T)eo
C(T)eo|ha(p1) — hi(p1)|
(30) CD)ea|[@,(y, T)||P — C(T)ey”

Substituting (26), (1) and ([B0) into (25), we see that
Ha(p) = Hi(p)] < (“D0||04(y, T)]| + C(T)eo)
C(T)Eo
1 ho — h1l.
(1+ e =) e
Let A denote the coefficient of |he — hq| in the above. By our choice of T and ey, it
is clear that 0 < A < 1. This proves (ii).

To prove (iii), we fix a small 79 > 0 such that ¢ M, (Y) is a graph for 0 < 7 < 7.
Since

¢T(¢TMcu(Y)) = ¢T(¢TMcu(Y)) = ¢TMcu(Y)a
by the uniqueness of the fixed point of ¢*, ¢" My, (V) = M (Y) for 0 < 7 < 7.
Now for any ¢, we write ¢t = [Tt—o] + 7, where 0 < 7 < 19. Then

4l S -
' Mou(V) = ¢\ 70T My (V) = 67 (170 Moo (V) = 67 Mew (V) = Mew(Y),
that is, M, (Y) is invariant to (3). O
Hereafter, M., (Y) will be referred to as a center-unstable manifold of Y.

5.2. Smoothness of center-unstable manifold. We now discuss the smooth-
ness of M., (Y) following the ideas of [1§], [26], [47]. Namely, we first show that
M, (Y) is C* following the arguments of [18] and then use the C™ Section Theorem
in [26], [47] to improve the smoothness inductively. For other approaches to prove
the smoothness of an invariant manifold (for example, the application of Henry’s
Lemma and the use of a scale of Banach spaces), we refer the readers to [13], [41],
53], 11, [56].
Recall that, for p € U,,,

hon(p)) = ms - ¢" - (id, h)(p),
where oj, = 7y, - @1 - (id, h).
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Let D,, denote the differential operator with respect to p. Formally, we obtain

Dyph(on(p))Dyon(p) = D (156" ) (p, h(p))(id, Dyh) (p),
Dyh(on(p)) = D=(me¢")(p. h(p))(id, Dyph) (p)[ Dp(7eud” ) (p: h(p))(id, Dyph)(p)] "

Motivated by the above formula, we define Ly, : T,Uey — 1o, (p),h(on () Seo (O1 (D))
as

(Lal)(on(p)) = Da(ms9") (p, h(p))(id, L(p)) [Dp(mcud” ) (p, h(p))(id, U(p))]

Let E be the vector bundle over U, for which the fiber at p € U, is the
space of bounded linear maps from T,Uc, to T, 1(p))Se, (). Define the bundle map
F,: F— E:

(2, U(p)) = (on(p), (Lrl)(on(p)))-

Then the following diagram

h
EFE—F
II II
Oh
Uy, — U,

commutes. Denote Ly as the zero section of E (that is, Lo : U, — F is such that
Lo(p) = 0 for all p € Ug,) and let L,,+1(p) = LpLn(p), n = 0,1,---. Define the
norm of a section L by |L| = sup,cy, |L(p)| where [L(p)| is the operator norm of

L(p).
Lemma 7. |L,| < % for alln > 0.

Proof. Clearly, |Lg| =0 < +. Assume |L,| < £ for some n > 0. If T and ¢ are as
in Proposition [Il then
| Lnt1(on(p)] = [(LnLn)(on(p))]
< |D:(ms¢") (p, h(p))(id, L (p))|| Dp(meud” ) (p, h(p))(id, L (p))|
(1 + %) (eC(T)eoH(I)S(y,T)H + C(T)GQ) < l
T (1= 5) (eCMe||@y(y, T[]~ C(T)eo) ~ 5
for all p € U,,. The proof is then complete by induction. O

Lemma 8. {L,}, % is a Cauchy sequence.
Proof. Let p € Ug,. For eachn =1,2,---, we have

Lu1(on(p)) = Ln(on(p)) = (LnLn)(p) = (LnLn-1)(p)
= D=(m:¢")(p, h(p))(id, L (p))[Dp (e ™) (p, h(p)) (id; L (p))] ™
=D=(ms¢")(p, h(p))(id, Ln—1(p)[Dy(meud” ) (p, h(p))(id, L1 (p))] "
= D:(m:¢")(p. M(p))(0, L (p) = Ln—1(p))[Dp(meudd”™ ) (p, h(p)) (id, L (p))] ™"
+D- (156" ) (p; 1)) (id, Lu—1 () ([Dp(meud” ) (0, h(p)) (id, L (p))] ™
~[Dp(mecud”) (0, h(p))(id, Lyn-1(p))] ).

A\//-\\/
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Let y = Q(p). Then

|D=(ms6") (0, h(p))(0, Ln(p) = Ln—1(p))[Dp(meud™ ) (p, h(p)) (idh, L (p))] |
< D:(msd™) (0, h(P)| L (p) = Lu—1(p)l| Dp(meud” ) (p, h(p))(id, L (p))| ™
< (0@, (y, T)|| + C(T)eo) (D0 |0 (y, T)||” — C(T)eo)

A= )7 Lap) = Loap)

< p(1= ) Ealp) ~ Laa D),

and
[Dp(7eud” ) (. h(p)) (id, L (p)] ™" = [Dp(meud” ) (p; hl(p)) (id, Lo—1(p)] |

< | Dp(eud”) (s h(p))| ™[ (id, L (p)) ™ = (i, L—1(p)) ™|

< [ Dp(meud”) (0, b)) (id, L (p))] 1|L (p) = Lu-1(p)I|(id, Ln—1(p))|*

< (“D|@s(y, T)I|° — O(T)eo) (1~ ) *|Ln(p) = Ln-1(p)]-
Therefore,

5 5
L1 = Ll < g6plln = L1l < 76l = L),

and {L,} is a Cauchy sequence. O

Lemma 9. h is C' and Dph = Ll, where L' = lim,,_00 Ln, and p € Ue,.
Proof. We need to show that
[h(p') = h(p) = L' (p)o(p', p)| = o(|p" — pl),

as p’ — p in Ue,, where exp, v(p',p) = p’. We note that p’ — p is not necessarily in
TpUey, but p' —p —(p',p) = O(|p" — p|*) (see [50]).
Following [1§], define an increasing function v : (0,1) — R by
h(p') = h(p) = L (p)v(@',p
e ap M) = L)
0<|p’—pl<a |p _p|

Then it suffices to show that v(a) — 0 as a — 0.
Note that

hon(p')) — h(on(p)) = m¢" (', h(p') — 7o (p, h(p))
D.(ms¢")(p,h(p))(®' — p, h(p") — h(p))

+0(Ip" — ),
and
on(@) —onlp) = Teud” (0, h(D) — Teud” (p, h(p))
= Dy(meud”)(p, h(p)) (@' — p, h(p') — h(p))
+O(lp’ — pI?).
Since

LY(on(p)) = D=(ms¢") (p, h(p))(id, L' (p))[Dp(meus” ) (p, h(p)) (id, L (p))] ",

we have

L (on(p))v(on(p), on(p)) = D=(m¢")(p, h(p))(id, L' (p))v(p’, p)
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and

|h(on(p") = h(on(p)) — L' (on(p))v(on (), on(p))]
= |D.(ms¢")(p, h(p)) (@' — p — v(p',p), h(p') — h(p) — L* (p)v(p', p))|

+o(lp’ - p?)
< (CD ||y, T)| + C(T)eo ) 10() — hlp) ~ L ()0 (s/ )]
+0(|p" - p*).

But by Proposition [I]
Lip,(01) > D@, (y,T)||° — C(T)eo.

Therefore,

|h(an(p)) = Mon(p)) = L (on(p))v(on(p'), on(p))|
lon(p') — on(p)l

AN et v / /a2
< (6C<T)€O||(I)5(y,T)|| + C(T)Eo) |h(p’) — h(p) |Uf:(2§%7))_(1;;§2;|+ O(lp’ —pl*)
|| @y(y, T)|| + C(T)eo |h(p') — h(p) — L' (p)o(¥, p)| -
= 0 ||, (y, T)||P — C(T)eo o —pl +0(p" = pl)
< p|h’(p/) — h(p) — Ll(p)v(plvp)l + O(|p/ _pl)
- ' = pl '

That is, there are § > 0 and (a) = O(a) such that
(31) () < py(da) + f(a).
Now, if § < 1, then y(a) < (1 — p)"18(a) — 0 as @ — 0. If § > 1, by (30), then

p"y(a) 4+ B(ad™ ™) + -+ p" Blad )

m

p"y(a) + (1= p)~tB(ad™ ).

v(ad™™)

INIA

It follows that v(a) — 0 as a — 0. This completes the proof. O

The following lemma is an immediate consequence of the general C” Section
Theorem (see [26], [47]).

Lemma 10. Let B be the disc bundle of radius ¢ in E. Suppose Ly, : By, — By, (p)
is Lipschitz with constant k, o, and F are C°, D'F and Djag1 are bounded for
1<j<s. Ifkp® <1, where p= Lip(a}:l), then L' is C*; hence h is C5T1.

Proposition 3. There exists eg such that, if h € T', is the fized point of ¢* in
Proposition [4 then h is C?, where d is the integer defined in Theorem [l

Proof. By Lemma [ h is C'. Now assume that h is C*, for s < d — 1. Since d < 7,
op and F are C®. Let T and eo(T") be as in Proposition [l and let eg < e(T"). We
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then have
CMeo||D,(y, T c(T
b < s SRl DL+ O
yey eCDe||0(y,T)||P — C(T)eo
and
p < sup (D)@, (y, T)||” — C(T)eo) .
yey
Hence

e?M]|y(y, T)|| + C(T)eo

ku® < .
1= (e@me[@,(y, TP — C(T)eo)

The right-hand side above approaches to ||®(y, T)|'~#+1) as ¢y — 0, which is less

than 1 because s +1 < d < % So, if we choose ¢y small (smaller than eo(7") in

general), then ku® < 1. It follows from Lemma [0 that h is C*T!. By induction, h
is C4. |

5.3. Proof of Theorem [I.

Proof. Proposition[Jimplies that there exists a C¢ center-unstable manifold M, (Y")
of the modified flow [@)). Since, in a small neighborhood of Y, f agrees with f,
M, (Y) is also a locally invariant manifold of (M) and T,M..(Y) = Veu(y) for
y € Y. By reversing the time, we similarly obtain a locally invariant C¢ mani-
fold Mcs(Y') of () in a neighborhood of YV with T,M.s(Y) = V,s(y) for y € Y.
The intersection M.(Y) = M., (Y) N M.4(Y) therefore gives a locally invariant C'¢
manifold of (@) with T, M.(Y) = V.(y) for y € Y, which is a desired center manifold.

If g € C" is such that |g — f|c- is small, then so is |§ — fler, where § is
the modification of g in the same fashion as that of f. By arguments of [I&]
and [6], there exists a locally invariant C% manifold M,,(g) for § which is C¢
close to M., (Y). Moreover, M.,(§) is clearly a locally invariant manifold for g
when restricting to a small neighborhood of Y. Similarly, there exists a locally
invariant C? manifold M.s(g) for g which is C? close to M.5(Y). The intersection
M(g) = Meyu(g) N Mes(g) is then a C¢ invariant manifold for g which is C¢ close
to M.(Y'). This shows that M.(Y) is C¢ persistent.

Clearly, M.,(Y") carries all the solutions locally bounded in negative time, and
M_s(Y) carries all the solutions locally bounded in positive time. We then conclude
that M.(Y") carries all solutions which are locally bounded in R. The proof of
Theorem [[]is now complete. O
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