TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 352, Number 11, Pages 5357-5379

S 0002-9947(00)02475-2

Article electronically published on June 13, 2000

COTORSION THEORIES AND SPLITTERS

RUDIGER GOBEL AND SAHARON SHELAH

ABSTRACT. Let R be a subring of the rationals. We want to investigate self
splitting R-modules G (that is Extg(G, G) = 0). Following Schultz, we call
such modules splitters. Free modules and torsion-free cotorsion modules are
classical examples of splitters. Are there others? Answering an open problem
posed by Schultz, we will show that there are more splitters, in fact we are able
to prescribe their endomorphism R-algebras with a free R-module structure.
As a by-product we are able to solve a problem of Salce, showing that all
rational cotorsion theories have enough injectives and enough projectives. This
is also basic for answering the flat-cover-conjecture.

1. INTRODUCTION

Jutta Hausen [I3] showed in her PhD-thesis, under the supervision of Reinhold
Baer in 1967, that any countable, torsion-free abelian group G with Ext (G, G) =0
is free over some ring R C Q. This interesting result, at that time motivated by
studies on automorphism groups, received new support recently from investigations
of cotorsion theories; see Salce [2I] and Schultz [22]. Our paper will deal with
Hausen’s result, that is, with groups G such that Ext (G, G) = 0. Following Schultz
[22], we call these modules splitters. Because of their importance, also other names
are in use, see the ‘Dictionary’ on p. 351 in Ringel [I7]. These self splitting modules
are also called ‘stones’ by Kerner [15] (in contrast to ‘bricks’, which refers to the
case that the endomorphism ring is a division ring, see [1§]), exceptional modules
by Rudakov [20], and Schur modules in Unger [24], see also [25]. We will stick to the
name ‘splitters’ introduced by Schultz [22]. Our interest in splitters comes partly
from their relatives, Whitehead groups, which have been investigated thoroughly
over the last two decades; see results in [4] and in the more recent paper [1]. On the
other hand, we are motivated in the study of splitters by open problems concerning
the algebraic structure of such modules and questions on cotorsion theories related
to splitters.

First we notice a big difference between Whitehead groups and splitters, one
that makes splitters more attractive. In the case of Whitehead groups one of the
components in Ext (-, ) is Z, hence countable!
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Before we state our main results we will discuss the connection of cotorsion
theories and splitters; see § 2 for more details. Cotorsion theories were introduced
by Salce [21I] in 1978. They are dual to the well-known classical torsion theories,
replacing the crucial Hom-functor by Ext. For reasons which will be clear soon,
even if we only want to know about splitters in the category of abelian groups we
are bound to consider, and will restrict ourselves to, R-modules over subrings R of
the rationals Q.

Following [21], a pair (F,¢) of maximal classes §, € of R-modules is a cotorsion
theory if Ext (§,€) = 0 in an obvious sense. Then € is the cotorsion part and §
is the torsion-free part of this theory (§,€). The most important example of a
cotorsion theory is the ‘classical’ cotorsion theory, developed in the 60s by Harrison
and many other algebraists, is the pair (torsion-free, cotorsion), see Fuchs [6]. It
is easy verified that in the classical cotorsion theory the cotorsion groups C' come
from the rationals Q in the sense that

Ext (C,Q) =0 if and only if C € €,

so Q cogenerates the cotorsion theory. Cotorsion theories cogenerated by subgroups
of Q are called rational cotorsion theories; they are well-studied, and are the main
objects in Salce’s paper [21]. From the homological point of view it is important
to know whether rational cotorsion theories have enough projectives and injectives.
Only then will we be ready to introduce cotorsion hulls! This question was raised
in Salce [21] and remained open so far. We will answer it positively in Section 6.

The answer to Salce’s question is a byproduct of our study of splitters. As
already indicated, the study of abelian group splitters can be reduced to torsion-
free, reduced R-modules (R C Q) by a “Reduction Theorem ZB' due to Schultz
[22], where R = nuc G is the nucleus of G. The nucleus of G is the largest subring R
of Q such that G is (canonically) an R-module. The first step towards the structure
of splitters is Hausen’s theorem, which can be slightly extended (Theorem [2.6]):

Splitters of cardinality < 2%° are N -free modules over their nuclei.

The key tool of this paper can be found in Section 3. Here we will prove our
Ext-Lemma [B23] Our original proof of the Ext-Lemma was based on constructing
solutions of certain systems of equations. However, following the later paper [12]
we will replace this by a homological shortcut. Nevertheless homological arguments
often conceal details of the structure under investigation even though the arguments
may lead more quickly to the desired result. The Whitehead problem, only settled
after two decades, may explain this very well; this is one reason why we also include
a non-homological proof [{12) of (28]) as well. This will also shed light on the Ext-
Lemma [33

Obviously free groups and torsion-free cotorsion groups are splitters, the first for
trivial algebraic reasons the latter by completion. Before we state the Ext-Lemma
we also need a definition of n-free-by-1 R-modules, and we explain its connection
with classical results. Similarly to simply presented groups, n-free-by-1 groups
are easy represented by free generators and relations. If we want to find non-free
splitters GG, which are necessarily of cardinality > R; by (Z6]), one of the obstacles
are “small” non-free subgroups of G. If G has non-free countable subgroups, then
by Pontryagin’s theorem G also has non-free subgroups of some minimal finite rank
n 4+ 1. These groups are investigated under the name n-free-by-1 R-modules in
Section 3 first. The name is easily explained; see Observation Bl and (3.2) for their
elementary properties. Rational groups are the special 0-free-by-1 Z-modules, but
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those for n > 1 or n = w are particular important. Such groups G’ are canonically
connected with certain “easy” systems of equations (32)), and another group G is
called G’-complete if these equations are always solvable in G. This observation
surely is connected with ideas of type in model theory; see Prest [16]. Our crucial
Ext-Lemma now reads as follows:

Ext-Lemma [B:3] Let G’ be an n-free-by-1 R-module. Any torsion-free module
G over the nucleus R is G'-complete if and only if Ext (G',G) = 0.

As indicated, Z-adically complete modules are G’-complete modules for a suit-
able module G'. If Ext(Q,G) = 0 and G is torsion-free and reduced, then G
is complete in the Z-adic topology by classical results due to Kaplansky, see [6].
Hence splitting quite often implies completion. Such torsion-free modules are also
cotorsion modules, hence algebraically compact. They have a nice structure the-
ory by cardinal invariants studied by many algebraists; see Warfield [26], Ziegler
[27) and work by Los, Kaplansky and others, see e.g. [0} [4]. Moreover, they are
the cotorsion-splitters of the classical cotorsion theory. If Q is replaced by another
rational group, this can also be seen in Salce [2T]. Note that the structure the-
ory for these rational cotorsion theories in Salce [2T] extends easily for n-free-by-1
R-modules.

In the first part of Section 4 we deduce classical results, like Kaplansky’s theorem
(above), from the Ext-Lemma. Then we clarify the new situation shown by B3}
G’-complete R-modules do not need to be complete in any S-adic topology. There
are n-free counterexamples (where any submodule of rank < n is free). Their endo-
morphism ring (with free additive structure) may be prescribed as well (Theorem
). This shows that, in contrast to classical Z-adically complete groups, these
G’-complete R-modules G cannot be classified by any reasonable invariants. This
is the case even if G has a nice-looking filtration built up by copies of G’ (Theorem
ELIT). Some of these n-free examples turn out to be splitters, as shown in Section 5,
and we are able to prescribe endomorphism rings of splitters. We will see that for a
given number n > 1 there are n-free splitters of size 2%° (and larger), which answers
an open problem. These n-free modules are obviously cotorsion-free. Modifying our
arguments, Eklof noticed that n-free can be replaced by Ni-free if the size of the
splitter is at least (2%°)*. Changing the construction again slightly as in [12], it is
now also possible to show that there are non-free but N;-free and slender splitters
of this cardinality, see [I2]. Hence it should be interesting to study N;-free splitters
of cardinality Ny. This earlier part of Section 7 grew to an individual joint paper
[11]. We would like to thank Paul Eklof for pointing out a wrong argument in that
first version part of Section 7, which as a consequence gave rise to [I1]. Here we
show that these modules are free indeed in ordinary set theory (ZFC).

2. COTORSION THEORIES AND SPLITTERS.
A SUMMARY OF KNOWN FACTS AND DEFINITIONS;
SOME GENERALIZATIONS

In 1966 S. E. Dickson [3] introduced torsion theories for abelian categories by
exploiting the Hom -functor. This helped to overcome difficulties in defining tor-
sion submodules and provided grounds for new research. Replacing formally the
Hom-functor by the Ext-functor, Salce [2I] developed the basic tools for a cotorsion
theory, which naturally extends the ‘classical cotorsion theory’, the notion of cotor-
sion (modules) abelian groups introduced by Harrison, Nunke, Fuchs, Kaplansky
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and others, see Fuchs [6] p.232]. We will use some notation from Gobel and Prelle
[10] to introduce Salce’s cotorsion-theory. If X,9) are two classes of abelian groups,
we say that

(i) X L 9 if and only if Ext (X,Y) =0 for all X € X and Y € 9. Moreover

(ii) Xt is the unique largest class of abelian groups with X 1 X1, and dually

(iii) +X is the unique largest class of abelian groups with +X 1 X.

The class X+ is called the injective closure of X and +X is the projective closure
of X, notions which are natural in view of Salce [21]. Following Salce [21] we say that
a pair (§, ) of classes §, € of abelian groups is a cotorsion theory if the following
conditions hold.

(iv) (a) §FLC.

() The classes are maximal: ¢ =g+ and § = 1.

¢ is the cotorsion-part and § is the torsion-free class of this theory. The ‘classical co-
torsion theory’ (F., €.) deals with the torsion-free part §. = all torsion-free groups,
and the cotorsion-part €. = all cotorsion groups.

There are two dual ways to produce new cotorsion theories from a given class X
of abelian groups. We begin either with +X or with X1, and get, respectively,

) X generates the cotorsion theory (+X,(+X)1).

v Dually, X cogenerates the cotorsion theory (+(X1),Xx1).

It is easy to check that the pairs in (v) are cotorsion theories and the ‘classical
cotorsion theory’ is cogenerated by the rationals Q, i.e. (F¢, €.) = (H(Q1), Q).
The crucial part is ¢, = Q*, i.e., Ext(Q,G) = 0 for all cotorsion modules G.
This well-known fact [6] is basic in §3. The well-studied classical cotorsion theory
suggests a close investigation of their immediate relatives coming from subgroups
of Q:

Suppose S C Q is a rank-1 group and assume that 1 € .S without loss of gener-
ality. The main task of Salce [21] is a detailed description of the cotorsion theory
(§s,Cs) cogenerated by S. These cotorsion theories (for any S C Q) are called
rational cotorsion theories. We will make use of Salce’s main theorem describing
the class S+ of S-cotorsion groups in (+(S+),S+). The following three standard
definitions are needed:

(vi) xs = x(1) = (rp)pen
(where II is the set of primes) is the characteristic of S with p™ the maximal
p-power dividing 1 in S, or r, = oo if p divides 1 infinitely often.

(Vii) Gs = ﬂperTPG,
where p*°G =, p?G is defined by the Ulm sequence inductively for all ordinals:
p" TG =p(p°G), and p’G =, ., p’G for limit ordinals o.

(viii) If r,, < oo, then G5 = G/p"*G, and G :ép: Ext (Z(p>),q) if rp, = cc.

Theorem 2.1 ([21]). If S C Q is as above, then G is S-cotorsion <= G/Gg is
cotorsion <= G/Gs =[], Gy

For homological consideration it is very important to find out whether a cate-
gory has enough injectives and projectives. A cotorsion theory (§, €) has enough
injectives if and only if for all abelian groups G there are C' € €, F € § and a
short exact sequence

0—-—G—C—F—0.
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Dually, (§,€) has enough projectives if and only if there is another short exact
sequence

0—-C—F—G-—0.

An easy lemma reduces the question about the existence of injectives and projectives
to one problem.

Lemma 2.2 ([21]). A cotorsion theory (F,€) has enough projectives if for all free
groups A there are C € € F € § and a short exact sequence

0—A—-C—F—0.

Hence (§, €) has enough projectives if and only if it has enough injectives.

Classical results, widely used, show that any abelian group A can be purely
embedded into its cotorsion hull A®, see [6, p. 248]. Hence the classical cotorsion
theory has enough injectives, and, by the above, enough projectives. Naturally,
Salce [21], Problem 2, p. 31] raised the question of whether rational cotorsion
theories have enough projectives (injectives). We will answer this question in the
affirmative in a more general context—as a by-product of our study of splitters.

‘Splitters’ were introduced in Schultz [22]. They also come up under different
names; see the introduction. Moreover, we will see immediately that splitters are
closely connected with Salce’s work [2I]. Recall that the cotorsion class € of a
cotorsion theory (§,€) is closed under epimorphic images. Similarly, § is closed
under subgroups. If F' € §,C € € are the groups in the exact sequence to define
enough projectives, respectively injectives, for G, then either F' € FN€or C € FNC.
Hence §N ¢ is particular important. In the classical case this is the class of torsion-
free cotorsion groups, or equivalently torsion-free algebraically compact groups,
which can be classified by cardinal invariants; an extension to rational cotorsion-
groups is given in Salce [21]. Elements G in § N € obviously satisfy the condition
Ext (G,G) =0, i.e. the sequence

(ix) 0— G — *x— G — 0 always splits and G is self splitting or a splitter.

We arrive at

Definition 2.3 ([22]). An R-module G over a (hereditary) commutative ring R is
an R-splitter if any R-module sequence (ix) splits or, equivalently, Ext (G, G) = 0.

We are mainly interested in subrings R of Q. In this case, if G is a torsion-free
R-module, then

(x) Ext r(G, Q) = Extz(G, G)
because Z-homomorphisms are R-homomorphisms of G, and we call G a splitter
if (Z3) holds. Obvious examples of splitters are the torsion-free cotorsion groups
in §. N <., coming from the classical cotorsion theory (F., €.). The other example
comes from a trivial cotorsion theory

(§ = free groups, € = all groups),

hence free groups in § N € are splitters. In view of the countable case of (ZH)
and the above, Schultz [22] Problem 4] raised the question of whether these are
all splitters. We will answer this question to the negative in Section 5. However,
following Schultz [22], we first reduce the problem to the torsion-free case.

In order to investigate splitters, Schultz [22] introduced the very useful notion
of a nucleus of a group.
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Definition 2.4. The nucleus of a torsion-free group G # 0 is the largest subring
R = nuc G of Q such that G is an R-module. Hence R is generated as a subring of
Q by all 1—1) (p any prime) for which G is p-divisible, i.e. pG = G.

We will fix this notion R = nuc G of a nucleus of G throughout this paper. The
following result reduces the study of splitters among abelian groups to those which
are torsion-free and reduced modules over their nuclei.

Theorem 2.5 (|22]). Let G be any abelian group and G = D& C' a decomposition
of G into the maximal divisible subgroup D and a reduced complement C. Moreover
let ™ be the set of all those primes for which D has a non-trivial primary component.
Then the following conditions are equivalent.
(i) G is a splitter.
(a) C s a torsion-free (reduced) splitter with
(ii) pC =C for allp € m.
(b) D is not torsion and C is cotorsion.

For convenience of the reader we sketch the essential steps of the proof. ([2H) is
based on an easy observation, see [6]:

() If Ext (A,B) =0,A’ C A, B’ C B, then Ext(A’, B/B’) =0 as well.

A short exact sequence

0— B0 a0

represents 0 in Ext (A, B) if and only if there is a splitting map v : A — C such
that yao = ida.

(ii)—(i) is obvious, and (i) and (x) imply Ext (C,C) = 0. To prove that C' is
torsion-free, assume to the contrary, that C' contains a copy Z, of a cyclic group
of order p for some prime p # 1, and consider the two cases pC = C and pC # C.
The case pC = C is impossible because Z(p*>°) would be a subgroup of C, but C
is reduced. If pC' # C, we find ¢’ C C with C/C" = Z,. Observation (*) gives
0 = Ext(Z,,C/C") = Ext(Zp, Z,) & Z,, a contradiction; so C' is torsion-free. If
the p-primary component D, # 0, then Ext (Z(p>),C) = 0 by (x), hence pC = C
by [6] Theorem 52.3]. If Q C D, then Ext(Q,C) = 0 by (%), and C must be
cotorsion.

From now on we will assume that G is a torsion-free, reduced R-module with
nucG = R. A classical result due to Hausen [I3] states that countable splitters G
are free R-modules indeed. This can be slightly extended to say

Theorem 2.6. If R = nucG is the nucleus of the torsion-free group G and G is a
splitter of cardinality < 2%°, then G is an R;-free R-module.

Recall that G is an Ri-free R-module if any countably generated R-submodule is
free. We will say that G is n-free for some natural number n if all the submodules
of G of rank < n are free. This agrees with our notion of n-free-by-1 R-modules
in Section 3. Theorem will be important in Section 7. We will provide a
quite obvious homological proof, followed later by some direct arguments leading
to the same result. We believe that the direct arguments uncover what’s hidden by
homology! The non-homological proof is at the end of Section 4 in Corollary EET2.

First proof of (Z8) (the homological approach). The proof follows in two steps. It
is convenient to recall (). Also we say that an R-submodule F of an R-module C
has full rank if C'/F is torsion. First we claim
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If E is a full rank R-submodule of an R-submodule C' of finite rank,
both E and G have the same nucleus R, and Ext (C,G) = 0, then

(a) there is another full rank submodule F with E C F C C,F/E
finite and Ext (C/F,G) = 0. Moreover, if E is a free R-module,
then F is free as well.

Proof. We take dual groups X* = Hom (X, G) and let
0-F—-C—C/E—=0
be the obvious short exact sequence. Hence
E* — Ext (C/E,G) — Ext (C,G) = 0.

However |E*| < 2% and |Ext (C/E,G)| < 2% follows. The number of primes
p with Ext ((C/E)p, G) # 0 must be finite, and the p-primary components (C/E),
of the torsion module C'/E must be finite as well. Take £ C F' C C with F/E =
®,(C/E)p, which is finite. We have C/E = C/F @ F/E and Ext(C/E,G) =
Ext (F/E,G), hence Ext (C/F,G) = 0.

If E is free and |F/E| = n, then F 2 nF C F is free.

(b) { If Ext (H,G) = 0 and H,G have the same nucleus R,

then H is an Ny-free R-module.

Proof. Let C C H be any R-submodule of finite rank. Hence Ext (C,G) = 0
by (x). Clearly there is a free R-submodule E C C of full rank. From (a) we
have E C F C C with F/FE finite, F free and Ext g(C/F,G) = 0. If there is p
with (C/F), # 0, then pG = G is a contradiction for R, hence C' = F is free.
Pontryagin’s theorem completes the proof. O

3. THE EXT-LEMMA

The main result of this section is related to a well-known observation due to
Harrison and Kaplansky (see Fuchs [6l p. 247-249]). If G is torsion-free and reduced,
then G is cotorsion if Ext (Q,G) = 0, and this is the same as saying that G is
complete in the (Hausdorff) Z-adic topology. Recall that G is cotorsion if and only
if Ext (G, G) = 0 for any torsion-free group G’, which explains the strength of the
demand Ext (Q, G) = 0. How much of the completion is left over if Q is replaced by
particular groups G'? If G’ is a torsion-free group of rank 1, that is a subgroup of
Q, this question is answered by Theorem 3.5 in Salce |21} p.21], which is basic for
his rational cotorsion theories (see Section 4). Here we are interested in relatives
of these rank-1 groups, which occur naturally as subgroups of torsion-free groups.
We begin with an easy motivation concerning these relatives of rank-1 groups by
showing their existence as subgroups of arbitrary torsion-free groups.

Observation 3.1. (a) If G is torsion-free but not Xi-free over its nucleus R, then
there is a pure R-submodule G' C G of minimal finite rank which is not R-free.
(b) If rkG" = n + 1 then we can find a free R-module F = @ y R® P «/R

mew <n
and elements kim,pm € R (the pm’s constitute a divisibility chain: pjdjm = pm

(5 <m) for some djn,, € R) with

i<n

G'2F/N if N = <y;;+1pm—y:;—2x;'kim:m6w> CF.
R
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(¢) N= B () 1Pm — Y — > x{kim)R is a free R-module.
m<n i<n
Proof. (a) The nucleus R is a PID; hence Pontryagin’s theorem applies; see Fuchs
[6]. There is a pure R-submodule G’ of finite rank which is not free. Clearly we
may choose G’ of minimal rank n + 1.
(b) Let G’ = (zg,- -+ ,xy), be the R-module of rank n + 1 given by (a). By the
minimality of n we observe that

(o, -+ an1) =P iR
i<n
is a free, pure submodule of G’. If G’ has rank 1, then this direct sum is zero.
Also note that the torsion-free rank-1 module G’/ @ x;R C Q is generated by

<n
ym € G (m € w) and the relations yg = z, and Ym4+1Pm = ym mod P x; R, see
<n
Fuchs [6] Vol. 2]. Hence Ym+1pm — Yym € € x; R, and there are ki, € R (i < n)
i<n
such that

Ym+1Pm = Ym + Z Tikim.
i<n
If F' is the free R-module given in Observation 31 (b), then
Yo = Ym , T =z (M Ew,i<n)
is a well-defined epimorphism from F onto G’ with kernel N as in (B1)(b).
(c) [Note that the proof remains valid if n is replaced by w.] Consider elements
Sm € R such that
k
Z (yZerlpm - y;; - ngkim)sm =0.
m=0 i<n
The coefficient of yg_H is prsr = 0; hence s = 0. Inductively we get sg = --- =
s =0, and the sum in (c) is direct. O

Observation [31] explains our interest in torsion-free R-modules of rank n + 1,
which are extensions of free R-modules of rank n by a torsion-free R-module of
rank 1. We will always assume that such a module is not free, or, equivalently, that
the rank-1 group is not R.

We are also interested in rank-1 extensions of free R-modules of countable rank.
More generally, let n < w and define

B=PzRe @ ynR,
i<n mew

a free R-module. Consider elements py,, kim, djm as in Observation B, with k;y, =
0 for almost all 7 and each m. Let

N = <ym+1pm —Ym — szkzm ome w>
i<n R
be a free submodule of B. The quotient module G’ = B/N satisfies the relations
Ymi1Pm = Y + Zx;kivm Pidim = pm (j <m e w),
i<n

where yl, = ym + N and =} = z; + N.
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We will use these particular almost free R-modules, their representation, and
related ‘closures’ very often. Therefore we summarize:

Definition 3.2. If n < w and R is a subring of Q, then using B and N above, we
define an n-free-by-1 R-module G’ as the quotient module B/N, or, equivalently,
the module freely generated by

G':<y;n,@a:;R: m6w> ,
i<n R

except for the relation

Yms1Pm = Y + Zx;km (m € w)
i<n

with the p,,’s a divisibility chain as above.

Moreover, if G is any torsion-free R-module over its nucleus R, then we say that
G is G'-complete if for any sequence ¢, € G (m € w) the system of equations

Ym+1Pm = Ym + Z Tikim + Cm (m € w)
<n

has solutions y,,z; € G (m € w,i < n).

As we assume that the divisibility chain of p,,’s in Definition defines a proper
type (not R), O-free-by-1 R-modules are the old-fashioned non-free, torsion-free
rank-1 R-modules. In Corollary 1] we will show that Q-completions are the well-
known Z-adic completions. The key for this paper is the following connection
between Ext and completions.

Ext-Lemma 3.3. Let G be a torsion-free R-module over its nucleus R, and let G’
be an n-free-by-1 R-module for some n < w. Then Ext (G',G) = 0 if and only if G
1s G'-complete.

Proof. Let n < w and let G" = (y,, @ 2R : m € w)r be expressed as in
Definition We have a short exact seruZznce
0—N-SB—G —0,
and it follows that
Hom (G',G) — Hom (B, G) - Hom (N, G) — Ext (G, G) — Ext (B, G),
where Ext (B, &) = 0 by the freeness of B. Hence
Ext (G',G) = 0 if and only if Hom (B, G) 2, Hom (N, G) is surjective .
We claim that this is equivalent to saying that
G is G'-complete.

Suppose that o* is surjective. Given a sequence ¢,, € G (m € w), we want to
find solutions e,,, d; € G such that

€m+1Pm = €m + Z dzkzm + Ccm.
i<n
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Recall from Observation Bl (c) and the note in the proof of (c) that

R

<n

=P <ym+1pm — Ym — ink‘im> RC B.
mew i<n

We define a homomorphism ¢ on the free generators sending (Ym+1Pm — Ym —

> xikim) to ¢y, for all m € w. From surjectivity of o* we find a homomorphism
i<n
® : B — G which coincides with ¢ on (the free generators of) N. If we put
D(ym) = em and P(x;) = d;, then the last displayed equation holds and G is
G’-complete.

Conversely, let G be G’-complete and let

0—G-5H-LG —0

be a short exact sequence. We want to construct the splitting map o : G’ — H
satisfying on = idgs. Following Definition [32] we define o first on the module freely
generated by the y ,x.’s, and show that N is mapped to 0; hence o will be well-
defined on G'. Let zf,y’, € H be preimages of x},y,, € G’ under n in the short
exact sequence; hence xfn = z; (i <n) and yn = y,,. The relations in Definition
viewed in H give elements ¢,, € G (m € w) such that

Yms1Pm = Y + Z T} Kim + ¢m-
i<n
Recall that G is G’-complete; hence we can find e,,,d; € G (m € w,i < n) such
that

em+1Pm = €m + Z dikim + cm.
i<n
Now we correct our first choice of elements, and define

vlo' =z —dy (i<n), ymo =yk —emy (MEwW),

which is defined on the ‘canonical’ free resolution F' of G’, generated by elements
x yr.
We must show that the relations N C F defining G’ = F/N are mapped to 0.

An arbitrary generator of N is of the form
W=y Pm = Y — Y& Kim.
i<n
We apply o, and derive

*

wo' = (Ypi1 = Em17)Pm — W — €m) — > _ (@} — diy)kim

<n
= Yms1Pm — (Em+1Pm)Y — Ym + €m7Y — Z 27 kim + (Z dikim )Y
i<n <n
= y;q + Z xzkim +emyY —emy — (Z dikim) Y — CmY

<n <n

— Yt emy = ikim + (O dikim)y = 0.

i<n <n
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Hence ¢’ induces o : G’ — H. Obviously on = id on the generators of G’, and
hence on = idgs and Ext (G',G) = 0. O

4. APPLICATIONS OF THE EXT-LEMMA

In this section we will give first applications of our Ext-Lemma [3.3] which are
important later on. We will begin by rederiving some known results of Harrison,
Kaplansky and Salce; see [0] and [21].

Let p = (rn)new be a divisibility chain of positive integers r,, (ro = 1 and 7y, |71,
SAY rnt1 = quiy for all n € w). If G is a torsion-free abelian group, then we define

(i)  Zy) = (1/rn:n €w) C Q, the rational subgroup of Q generated by the
1/r’s.

(ii)  the p-topology on G to be generated by the open sets Gr, for all n € w,

(i) G,= ) Gra.

new
The sequence p is essentially the characteristic of the rational group Z,). If p

runs over all prime powers different from a fixed prime p, then Z,) = Z,), and if
rp = p" for all n € w, then Z,) = Q). For obvious choices of p in (ii) we obtain
the p-adic and the Z-adic topology, respectively. The p-topology on G is Hausdorff
if and only if G, = 0 in (iii). We say that G is p-reduced. Note that (G/G,), = 0;
hence G, is a radical and G/G, is p-reduced.

Recall that G is p-complete if G is complete in the p-topology. We now apply
our Ext-Lemma.

Corollary 4.1. Let G be torsion-free and p-reduced for some p. Then
Ext (Z,, G) = 0 <= G is complete in the p-topology.

Remark: If p = (n!)new, then Z(,) = Q and the p-topology is the Z-topology.
Then (I is due to Harrison and Kaplansky; see [6] p.235]. If p = (p™)new, then
the p-topology is the p-adic topology and G is p-adically complete by (&Il); see
Salce [21] Theorem 3.5] for a general discussion.

Proof. Let p be as above and put y,,, = 1/r,. Then

/ ’
Ym+19n = Um and ¢prm = Tm+1,

and Z, is a O-free-by-1 Z-module by (3.2). By the Ext-Lemma [33] we note that
Ext (Z,),G) = 0 is equivalent to saying that G is Z,)-complete in the sense of
Definition B2 Hence any sequence ¢, € G gives rise to a solution y, € G of the
equations

Yn+1qn = Yn + Cn

for n € w. Using (p) above, we see that yg = y171 — cg = yar2 — (¢o + ¢171), and
n—1
inductively it follows that yo = ynrn — . ¢;i7i; hence —yo = > ¢;r; € G. Any

=0 1€w
sequence ¢, € G has a limit Y ¢;r; € G, and G is complete in the p-topology. The
1€w
converse is obvious, and Corollary 4.1 is proved. O

The following definition extends the notion of a splitter.

Definition 4.2. We say that the R-module G over its nucleus R is a finite-rank
splitter if and only if Ext (G',G) = 0 for all finite rank R-submodules G’ of G.
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Note that splitters are finite rank splitters. The existence of non-free but N;-free
splitters mentioned in the introduction shows that the converse does not hold; see
also [11], [12].

Proposition 4.3. If U # 0 is a pure subgroup of a finite-rank splitter G and
p~! € nucU \ nucG, then Ext (Q®),G) = 0.

Proof. Let G = G/p“G, where p*G = (| Gp", and note that p“G is p-divisible
new

and G is p-reduced. Let
G = (Ym : M € W, Ym41P = Ym) C U;

then G’ = Q@) If G is a finite-rank splitter, then Ext (G’,G) = 0 and by @) G
is a complete module over the p-adic integers J,. Hence G is cotorsion, see Fuchs
[6, p. 163]. Now it is easy to see that Ext (Q), G) = 0 as well; note that G is
g-divisible by all primes ¢ # p (e.g. apply Salce [2T], p. 21]), see Theorem 2. O

We have the immediate

Corollary 4.4. If G is a finite-rank splitter which is p-reduced for all primes p and
0 # U is pure in G, then nucU = nuc@G.

Proof. Ifp~! € nuc U\nuc G, then Ext (Q?), G) = 0 by (4.3)), and G is a J,-module,
which contradicts that G is g-reduced for q # p. O

Remark 4.5. Note that G = J, & J,; (p # ¢q) is a splitter with nucJ, # nucG.
Hence the hypothesis in ([@4) cannot be dropped.

Corollary [£1] might support the conjecture that a similar completeness, e.g.
for a different topology, would follow for (non-free) n-free-by-1 groups in place of
L) € Q.

The following Theorem E.8] however, shows that such a conjecture fails dramati-
cally. The same example and modifications will serve a different purpose later on as
well. We begin with a definition which generalizes G’-complete modules, in order
to deduce a result on rational cotorsion theories in Section 6.

Definition 4.6. Let ® be a set of finite-rank-free-by-1 R-modules and § the class
of all free R-modules over some proper subring R C Q.
(a) An R-module L is ®-complete if and only if Ext (G’, L) = 0 for all G’ € ®.
(b) An R-module G is ®-represented if G can be written as |J, .\ Ga, a union of
an ascending continuous chain of R-submodules G, with Go = 0 and Go41/Gq €
dUF for any a € A.

Remark 4.7. If G is a torsion-free R-module, then we can find ® such that G is
®-represented: We define @ and {G, : a < «*} inductively. If G/Gq is X;-
free, then choose any countable extension G471 of G, which is pure in G such
that Goy1/Gq is free over R. Otherwise, there is a non-free, torsion-free, pure
submodule G11/G. C G/G,, of minimal rank n by Pontryagin’s theorem. From
Observation Bl we infer that Go+1/G, is an n-free-by-1 R-module which we add
to ®. In case of limit ordinals, we just take unions to define the next member of
the chain.

Theorem 4.8. Let ® be a non-empty set of finite-rank-free-by-1 R-modules for
some proper subring R of Q, and let k > |®| be some infinite, reqular cardinal with



COTORSION THEORIES AND SPLITTERS 5369
k = k™0, Then there exists a torsion-free ®-complete, ®-represented R-module G
of rank k. If all modules in ® have rank at least n + 1, then any R-submodule of
rank < n in G is free.

Remark. The last theorem is of particular interest if ® is a singleton. If the module
in ® does not have rank 1, then G in Theorem[£8 has many free, pure submodules
of rank at least 1, which shows that G cannot be complete in its p-adic topology or
any of its natural generalizations.

Proof. We begin with a set G of cardinality , only used for enumerating all w-tuples
of elements in G to ensure that the final module G has solutions to all required
equations linked to ®. Alternatively we can enumerate all w-tuples of elements in
G, of each submodule (with repetitions) while doing the transfinite construction
of G.

Let Gop = 0, and let G; = @ e;R be a free R-module of rank %, and choose a

S

set G D Gy with |G\ G| = & from which we will pick an ascending continuous
chain G, of submodules (o < k) with |G\ G,| = k. We also choose an enumeration
¢ = (¢ : n € w) of w-tuples of G (a < k) such that each ¢ € G¥ appears k times,
ie. Haekr:e* =¢}| =k.

Similarly we choose an enumeration of ® by X, («a € k) with k-repetitions.

If G, is constructed, then we distinguish two cases for constructing Go1.

Case 1: Thereis a ¢ € G\ G, for some n € w. We set Go41 = G4 ® R.

Case 2: If ¢¢ € G, for all n € w, then we apply Lemma [3:3l There is an
extension Gg4+1 O G such that

GaJrl/Ga: <y%+Ga;$?+Ga3i<n>gXa

with v 1 Pm = Yy, + Z 3 kim, + Co,,s
i<n

where p%,, k%, € R (m € w) come from (3.2) applied to X,. Hence

Gat1 = (Ga,yo,zd 1i < n,m € w).

Finally, G = |J G4 is the union of the continuous chain {G, : @ € }, and G is
aER
torsion-free of rank x.

If ¢ = (em) € G¥, then there is some § < k with ¢ € Gy because cfr > No. By
enumeration we also find @ > 3 such that ¢ = ¢%; the desired solution for ([3.2)) is
in G441 by construction of G,41. Hence G is G'-complete and Ext (G',G) = 0 by

Next we assume that all modules in ® have rank at least n+1. It remains to show
that any pure submodule F' of rank < n is free. If this is shown for rkF = k < n,
then let F' be of rank k£ 4 1. We can choose 8 € x minimal with ' C Gg. If 3 =0,
then F' C, Gy, which is free, and our claim holds. If § > 0, then [ cannot be a
limit ordinal; hence g = a + 1.

If o belongs to Case 1, then F' C,, Go,®R and F  G,. We see that F'/(G,NF) =
F+4+ Go/Gy 2 R and (G, NF) @ gR = F with rk(G, N F) < k. The induction
hypothesis for G, N F C, G, completes this case.

If o belongs to Case 2, we argue similarly: F is a pure submodule of

Gat1 = (Ga,yp, x5 i < n,m € w)
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and F' < G,. We see that
F/(GaﬂF) = (F+Goz)/Ga g Goz+1/Go¢ %G'.

Obviously tk(F/(G, N F)) < k < n, and any subgroup of rank < n of G’ is free;
hence F/(Gq N F) is free and splits (G, N F) @ F' = F, where rkF’ > 1. Induction
completes this case as well. O

Finally we modify the proof of Theorem [£.§] to get

Theorem 4.9. Let A be a ring with free additive group AT of cardinality |A] < K
for some regular cardinal Kk = kN0, and let G' be an n-free-by-1 abelian group for
some n > 0. Then there exists an abelian torsion-free G'-complete group G of rank
K such that End G = A.

Proof. We adopt the construction in the proof of Theorem[@R for & = {G'}, adding
intermediate steps from constructions of abelian groups with prescribed endomor-
phism rings, based on the stationary version of Shelah’s black box (see Franzen and
Gobel [B]).

We enumerate the traps 7, (o € A*) of the black box such that the construction
of the module depends on the norm |7, | of the trap 7, which takes values in . Let
S1, 52 be two disjoint stationary subsets of k, and assume that the enumeration of
w-tuples ¢® in (X)) uses only o € 57 as indexing set rather than k. We assume the
reader to be familiar with the construction in [2] or in [5]. The modifications will
be quite obvious.

Let Gog = €D e; A and note that U = @0, the p-adic completion of Gg, provides

i€K
enough space to carry out the proof given in (ZX). Moreover, |U¥| = |U[¥e =
|Go|Y = k™ = gk, and the mentioned enumeration of w-tuples is settled. We
consider G” = G’ ® A, which is the direct sum of rk A copies of G’. If 3 is a limit

ordinal and all A-modules G,, (o < 3) are constructed, then we take Gg = |J Ga.
a<f
If 8 = a+ 1, then we distinguish three main cases.

Case L. If |1,| € &\ (51 US2), then let
Gat1=(Ga®eA). CU

for some suitable e € U.

Case II. If |7,| € Si, then either ¢* € GY or not. If ¢ ¢ G, for some n,
then we apply Case I. Otherwise let G?,,; be an extension of G, in U such that
Gat1/Ga = G" with “solutions” z%,y2, € Gyt of

Ym41Pm = Y + fok‘m + ¢y (mew)
i<n
as in ([A.8). Then we take Goy1 = (Go41)« CU.

Case IIL. If |7, | € S2, then we follow [2] or [5]. Either the trap 7, is of no interest
(the trap does not determine a partial homomorphism or the partial homomorphism
is scalar multiplication by some a € A), in which case we apply Case I; or « provides
an unwanted partial homomorphism ¢,,. In this case we let Goy1 = (Gq,eA), for
some suitable e € U with ep, ¢ Go+1. This can be arranged in such a way that
the support of e is almost disjoint from Go—see [2] for elements with branch-like
support. Standard arguments and the proof of (£8) ensure Theorem K9]

Combining (£])) and (£9)) with Lemma B3, we have the following.



COTORSION THEORIES AND SPLITTERS 5371

Corollary 4.10. Let G’ be an n-free-by-1 group and k = kX0 some infinite, reqular
cardinal. Then the following hold.

(a) There exists a torsion-free abelian p-reduced group G of rank k with
Ext (G',G) = 0 which is not complete in its p-adic topology.

(b) If A is any ring with free additive group A" of rank < k, then there exists a
family of 2% non-isomorphic torsion-free A-modules G of rank xk with EndG = A
and Ext (G',G) = 0.

(¢c) There exists a family of 2% indecomposable, pairwise non-isomorphic abelian
groups G of rank k such that Ext (G',G) = 0.

Proof. (c) follows from (b) for A = Z. (a) and (b) follow from the preceding results.
For applications in Section 5 we note that a modification of the proof of (Z9)
leads to

Theorem 4.11. Let A be a ring with free additive group AT of rank < K for
some reqular cardinal k = £X°, and let G' be an n-free-by-1 group for some n >
0. Then there exists a torsion-free G'-complete A-module G = |J G, with as-

aER
cending, continuous chain {G, : a € k} of pure A-submodules G, such that

Go = @D e;A, Gay1/Ga, is isomorphic either to A or to G @ A = @ G, and
ick kA
End G = A. '

Proof. The only relevant change in the proof of (Z3) is in Case III (Case I is similar
but simpler). Note that we can choose (besides e = ey € U) additional elements
€1,...,en_1 A-independent modulo G, such that

epo & (Gaye0A, ... en1A;ymA :m € w) =: Gai1,

where
Ym+1Pm = Ym + Z eikim mod Go (M € w).
<n
Hence Got1/Go = G' ® A, and we proceed as before. O

We close this section with a direct proof of (2.6), as promised above.

Corollary 4.12. If G is reduced and torsion-free of cardinality < 280 but not R;-
free, then G is not a splitter.

Proof. Suppose G is a splitter, hence Ext (G,G) = 0, and let R = nucG. By
Pontryagin’s theorem there is an R-submodule G’ of G of minimal finite rank, say

n, which is not free. Let G’ = (ym, @ z;R)r and note that
i<n

Ymt1Pm = Ym + Y Tikim (m € w)
i<n
holds as shown in (31J), (3.2). If n > 1, then xg exists and is pure in G’. Clearly

G'/ @ ;R has type (pm)mew and is not R. In this case let ¢, = xg, and we note
<n

that p,,x = ¢,, has no solutions in G’. If n = 0, then nucG = R forces p,,G # G

and the existence of ¢,;, € G (m € w) such that p,,@ = ¢, has no solution for all

m € w. We will use these elements
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(1)  ¢m € G with no solution &, € G for pp,z., = ¢y (M € w)
to construct a non-trivial element of Ext (G',G). If v € “w, then let

F=@u,Ro@P2{RoG
mew <n

and

N, = <y;'1+1pm —yy - Zxé’kjim —cmu(m) :m e w> i
<n R
If H, = F/N,,v:G — H, (9 — g+ N,), then 0 — G - H,, as in (3.3), and if
yr + Ny =y, x, = ! + Ny, then (2} — x;), (¥}, — Ym) induces an endomorphism
My : Hy — G’ such that
(i1) 0— G — H, ™ G’ — 0 is exact.
As Ext (G, G) = 0, (i) has a splitting map o, : G’ — H, such that o,n, = idg.
If ¥, = yl, — ymop and dY = z; — x;0,, then e?,,d? € kern, and there are

mr

er.,d? € G with el y = e, d’y = d.. The obvious relations in G’ and H,, produce

m? m mr
(by subtraction) new relations

€ty 1Pm = €y + > dVkim + cmyv(m) (v € “w).
i<n

Recall that |G| < 2% = |“w|. By a pigeon-hole argument there are v # w € “w
with df = d}’ for all i < n; then ¢ is is defined to be the branch point of v and w, and
we may assume ¢t > n. Note that v(m) = w(m) for all m < ¢, and v(t) —w(t) =1
without loss of generality; moreover, e?, = e for all m < t. We subtract the two
sets of relations for v and w respectively and get (e, | — ey, 1)pr = ¢ry. As yis a
pure embedding, the last equation contradicts our choice (i) of ¢;.

5. SPLITTERS WHICH ARE NEITHER FREE NOR COTORSION

In this section we want to answer Schultz’s [22, Problem 4] in the negative by
providing a list of splitters in ZFC which are neither free over their nuclei nor
cotorsion. Our Examples also show that there is no hope of classifying splitters,
because any prescribed R-algebra A which is free as a R-module, R a proper subring
of Q, is an endomorphism algebra End G & A of some splitter G with nucleus R.
Hence all kinds of nasty decompositions may occur, Kaplansky’s test problems are
violated, etc. and see Corner, Gobel [2]. We begin with

Remark 5.1. By the Ext-Lemma we see that L in (0] is ®-complete if and
only if all systems of equations (G') related to G’ € ® by (3.2) have solutions in G.

Theorem 5.2. If L is ®-complete and G is ®-represented over the same nucleus,
then Ext (G,L) = 0.

Remark 5.3. We note that L and G must have the same nucleus R, which follows
by trivial modification of Corollary A4l
Proof of 5.2. Suppose L and G are R-modules as indicated and G = |J G, is

a<
the union of an ascending, continuous chain of R-modules over the nucleus R with

Got1/Gao € ® or Goy1/G, free respectively.

We must show that any sequence

(1) 0—L—H-%G—0
splits.
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We must find a splitting map 7 : G — H with no = idg. If H, = Goo~' C H,
then H = |J H, and we construct n by induction on «, choosing an ascending

a<
continuous chain 7, : G, — H,, of splitting maps 1,0, = idg, for oo =0 [ H,.

Hence n = |J 7 is as required. If n, : Go — H, with noo, = idg, is given, we
a<

must find 7q11 D 7o With Na10041 = ida,,, for any o < A If Goy1/Gy is free,
then Go41 = Cy ® G4 and C,, is a free R-module. It is easy to define 7441 [ Cq
from o441; hence 7,41 is given component-wise. If Goy1/Go € P, then we may
assume that G,11/G4 is given by (3.2).

(11)  (Ym> D TR : Yrpp1Pm = Y + 2 Tikim, M € W) R.

<<n <<n

We take preimages ym,x; € Gay1 of y,,, 2, (m € w,i < n) modulo G,. Note
that o441 : Haq1 —> Ga41 is onto; hence we can take preimages y/, 0/ € Hqt1
under gq41.

(i) Ym + Ga = Y, and z; + Gy = 7} (m € w,i<n).

We want to find certain corrections d; € L and e, € L and define a preliminary
map Ng+1 : Gay1 — Hag1, where Hop1 € Hoap1 = Hap1 ® Q denotes the
divisible hull of H,y1. Note that H is torsion-free as an extension of torsion-free
groups by (7); hence Hy1 is torsion-free and the last inclusion holds. We require
Na+1 | Ga = Mo and set

(iv) Tilla+1 = {E;/ +d; and YmNa+1 = yg@ +em (Z <n,me w)'

The mapping 7,+1 will be a well-defined homomorphism on G441 if the new
relations are preserved. They come from (47) and are of the form

(V) Ymt1Pm = Ym + Y Tikim + ¢, for some ¢, € Go,m € w.
i<n
Our preliminary map 7,41 takes these equations to H; by (iv) we can apply
Na+1 to (v) and get

(Ui) y%-}-lpm + em+1Pm = y% + Z x;,kim +em+ Z dikim + C%n(y-
i i<n

"o _ "o _
Ym0 = YmOa+tl =Ym and zjo =2]0q041 = x4,

<n
Hence 1441 exists if we find solutions e,,, d; of (vi).

Put ¢ = =y 1Pm + Yy + > & kim + o, note that noo, = idg,, and
i<n
calculate with (¢i¢) and (v):

Cm0 = Ym+1Pm — Ym — szkzm - an-

<n

Hence ¢,, € kero = L for all m € w by (v). The module L is ®-complete, and
in particular Ext (G441/Ga, L) = 0. By the Ext-Lemma we can find actual
elements d;, e,,, € L such that

€m+1Pm = €m + Z dikim + cm (m € w).
i<n

Subtracting from (vi), we obtain
(Uii) y;;LJrlpm = yxl + Z xg;lkim —Cnm + anna-
i<n
Our definition of ¢, above shows that (vii) holds. We have seen that 7, can
be extended to 1,41 by (iv) for suitable elements d;, e,,. Hence 1 exists and is the

derived splitting map of (i) by no = Jnaoa = Jidg, = idg. O
[e3

[e%
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Theorem has two immediate consequences.

Corollary 5.4. If ® is a set of finite-rank-free-by-1 R-modules and G is a ®-
complete, ®-represented R-module, then G is a splitter with nucleus R.

Proof. Put L = G and apply (5.2).

If & = {G'} is a singleton and G’ is any n-free-by-1 abelian group for some
n > 1, then Theorem EETT] applies. Corollary [5.4] provides a proper class of nasty
examples.

Example 5.5. If kK = k™ is any cardinal and n is any integer > 1 and A is a ring of
cardinality < & with free additive structure A", then there exists a splitter G with
End G = A such that all its subgroups of rank < n are free.

Remark 5.6. (a) We also may prescribe the nucleus R C Q of the splitter G in

(BH), replacing the ring A by an R-algebra A with free R-module structure Ag.
(b) Any example (B.5) is a splitter but neither free nor cotorsion; hence (B.5) is

a negative answer to Problem 4 in Schultz [22] p.11]. The examples exist in ZFC.

Problem 2 in Schultz [22] is the following question. If G is a reduced torsion-free
splitter with nucleus R such that G has no countable homomorphic image with
nucleus R, is G cotorsion? The construction of G in Theorem FETT]can be modified:
Let X be the direct sum of all countable torsion-free reduced abelian groups with
nucleus Z, and note that X is cotorsion-free with |X| = 2%, In this case we do
not prescribe the endomorphism ring of G, but require Hom (G, X) = 0. A by
now standard argument [2] and Shelah’s black box show that G exists satisfying
all (other) conditions in (I1]). In this case |G| = k™0 = k > 2% and clearly G
serves as counterexample for the above question. Note that Problem 3 in [22] was
answered in Gobel [8].

6. ENOUGH PROJECTIVES AND INJECTIVES IN COTORSION THEORIES
GENERATED BY SETS OF FINITE-RANK-FREE-BY-1 GROUPS

In this section we apply our methods concerning G’-complete groups G from
Sections 4 and 5 for answering Problem 2 in Salce [21], p.32]. Recall the definition of
(rational) cotorsion theories and of the notion of “enough projectives” from Section
2. Let (§, €) be a cotorsion theory. By Lemma [2:2 it has enough projectives if any
free groups A gives rise to C' € €, F' € § and a short exact sequence

0—A—C—F—0.

A cotorsion theory (§,€) is cogenerated by a set if there is a set of groups
or equivalently a single group X such that § = +(X1) and ¢ = X*. Recall (v),
the notion “cogenerated” from Section 2! Due to our knowledge of finite-rank-by-1
groups from Section 3 we will restrict ourselves in this section to an arbitrary set
® of finite-rank-by-1 groups (which we may replace by their direct sum). We have

Main Theorem 6.1. If the cotorsion theory (§,€) is cogenerated by a set ® of
finite-rank-by-1 groups, then (F,€) has enough projectives and enough injectives.

As a corollary (part (a)), we have the indicated answer of Salce’s [2I] problem.
Moreover we are able to deal with “quasi cotorsion” and “local cotorsion”. Recall
that a group G is quasi cotorsion if Ext (@ Z,),G) = 0, where p runs over all

P
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primes. Dually we define “locally cotorsion”, see Salce [2I]. If QP is the subring
{;% :z,n € Z} of Q, then G is locally cotorsion if Ext (pQ7, G) = 0. Obviously

P
@D J, (J, = p-adic integers) is locally cotorsion but surely not cotorsion; more
P

details are in [21]. Note that ® = {Z,) : p any prime}, or ® = {QP : p any prime},
like any rational group, satisfies the hypothesis of (6.1).

Corollary 6.2. (a) All rational cotorsion theories have enough projectives and
enough injectives.

(b) The quasi cotorsion and the locally cotorsion theory have enough projectives
and enough injectives.

Remark. If the rational group in (a) is Q, then Corollary ([@2))(a) is a classical result
due to the founders of “cotorsion”; see D. K. Harrison and details in Fuchs [6].

Proof of (6.1). By Salce’s Lemma [2.2] it is enough to begin with a free abelian
group A and to construct A’ D A such that

(i) Ext(G',A")=0forall G’ € &, and if F = A’/A also

(i1) F € Fas,
or equivalently

Fct(®)*, thatis, (@ L X = F L X),
or more explicitly
(Ext (G',X) =0 forall G' € ®)= Ext(F,X)=0.

We begin with (¢), the construction of A’. By Theorem we can find an

extension A’ = |J A/, with Aj =0 and A] = A such that A’ is ®-complete.
a<A
Hence Ext (G, A’) =0 for all G’ € &, and A’ € €4 is proved.

Now we show that
0—X—H—F—0

splits. Using the Ext-Lemma [3:3] and Ext (G’, X) = 0 for all G’ € ®, we have that
(i5i) X is G'-complete for all G’ € ®.
Recall that F = |J F, with F, = A/, /A and F} = 0. Let H, = F,0~'. Hence
a<
H= | H, and H; = X, and we assume that X — H in the last exact sequence
a<
is the identity on X. The map o : H — F in this sequence gives 0, = o [ H,,

which induces

(Z’U) Ha+1/HO£ = a+1/Faa
and inductively we will find splitting maps 7, such that

() O—>X—>Ha<iaFa—>Oandnggnaforallﬁ<a<x\.

o

The desired splitting map will be n = |J n4. If @ =1, then F; = 0,01 = 0 and
a<

m = 0 satisfy (1). If ais a limit and () is defined for § < «, take o, = | 7a, and

B<a
(c) holds. It remains to construct n, from ng for v = f+1 assuming (5). If F,,/Fp is
free, then H, = Hg®C for some free abelian group C'. In this case 7, is constructed
easily from o, [ C. Otherwise we may assume Fy/Fg = Hy11/Ho =2 G' € ® from
(iv) and use the construction (@8] of A’. Let

G =y, o i<nmeuw)



5376 RUDIGER GOBEL AND SAHARON SHELAH

with relations

Yrm+1Pm = Yp + Z Tikim (M € w)
<n

from (3.2)). Hence we can write
Fy = g,y 2z i <n,mew).

The above relations turn into
(V) Ypmi1Pm =y + > T kim + ¢ (M € w) for some ¢, € Fp.

i<n
The mapping o, is surjective by («), and we can find preimages y,,,z; € H,
and e, € Hg such that y,,00 =y, ;00 = 2 and e,,,03 = ¢y, Note that

Hy = (Hg,ym,z; 1 i <n,m € w)

by the isomorphism (iv). Hence there are elements e,, € Hg such that the above
relations become

(Vi) Ymt1Pm = Ym + 3 Tikim +em (M EwW).
<n

As in the proof of Theorem 5.2, we note that 17, D ng can be adjusted by elements
in X = kero. We claim that 7, can be achieved by taking

(0it)  YrNe =Ym + fm and xiny =z +d; (i <n,m € w)
for some particular elements f,,,d; € X. Then 7, is a well-defined homomorphism
if it preserves the relations (v). If we apply 1, given by (vii) to (v), we see that
the relations are preserved if

(Vi) Ymt1Pm + frm1Pm = Ym + 2 Tikim + fi + D dikim + cmnp
<n <n
holds in Hy. Put gm = —Ym+1Pm + Ym + 2 Tikim + cmng, and note that g, €
<n
kerc = X (m € w) by the same calculation as in the proof of Theorem 5.2. By

(7it) there are elements fp,,d; € X with frt1Pm = fm + Y. dikim + gm (M € w).
i<n
Again as in (5.2), the new elements ensure that (viii) holds and 7, exists. O

7. NOTES ON SPLITTERS AND ON w-SPLITTERS OF SIZE N

From §2 we know that splitters < 280 are Ri-free. Moreover, there are obvi-
ous splitters, the free R-modules and torsion-free cotorsion groups—Ilet’s call them
trivial splitters. There are non-trivial splitters of size 2% which are not Ni-free, as
shown in §5. Hence it is natural to deal with N;-free splitters of cardinality Ny, a
problem which became an independent topic, now separated in a joint paper [11].
We mention from [11] that all Xq-free splitter of size Ry are free. Particular splitters
are w-splitters as defined by Schultz [22]:

Definition 7.1. A group G is an w-splitter if Ext (P G, P, G) = 0. Recall that
@D, G = D e,G is a direct sum of w copies of G.
new

First we apply the Ext-Lemma and rederive the following result, due to Phil
Schultz [22].

Proposition 7.2. If A and G are two torsion-free abelian groups with the same
nucleus such that Ext (A,@, G) =0, then A is Xy -free.
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Proof. Note that nuic A = nucG = R # Q by hypothesis of the proposition—in
particular, G # 0. If A is not R;-free, by Pontryagin’s theorem there exists G’ C, A
of minimal rank n non-free, and G’ is an n-free-by-1 R-module as considered in
Section 3. From Ext (A, G) = 0 and (x) we have Ext (G},@_G) = 0. The
R-module G’ gives rise to a representation (3.2) and the equations

(Z) Ym+1Pm = Ym + Z ZTikim (Z <n,me& w)'

<n
The sequence (Pm)mew represents a non-trivial type of G, because nuc A =
nucG = R, and by (3.1). Hence G = G/ (| Gpm # 0, and Ext (G',H_,G) = 0,
mew
and

(ii) D= @ e,G=@P,G is G'-complete
new
by our Ext-Lemma 3.3. If ¢,,, € D (m € w) we have solutions

(1%)  Ym,T; € D such that Ymi1Dm = Ym + D Tikim + Cm.
i<n
In order to derive a contradiction, we choose some 0 # ¢ € G and note that
(\ Gpm = 0. Then let ¢, = e,c for all n € w. Choose ng € w large enough so

mew _
that x; € D' = @ esG for any i < n, and modulo D’ the equations (iii) become

s<ng

Ym+1Pm = Ym + Cm

n i
Inductively we have yo = yn+1qn — (co + D, ¢igi—1), where we use ¢; = [] p;- Note
i>1 i=0
that Y419, — 0 (n — o0) in the Hausdorff topology induced by Dg; on D; hence

[e.e]
—Yo =co+ Z Cigi—1
i>1
in the limit. The right hand side is obviously not in D/D’ by our choice of the ¢;’s,

while the left hand side is in the direct sum D/D’ because yo € D, a contradiction.
O

Next we use the main result of [11] and apply a simple but clever reduction due
to Schultz [22].

Lemma 7.3 ([22]). Any torsion-free group with nucleus R has an epimorphic im-
age of size < 280 with the same nucleus.

Proof. First we note that we may assume that the R-module G in question is
reduced. Let S be the set of all primes p with Gp # G. If p € S, let G be the p-
adic completion of G/ (| Gp", and n, : G — GP the canonical projection followed

new
by the embedding into G?. Obviously there is a projection m, of the p-adic module

such that % is not in the image of Gnpm,. If 0 = ];[S np7p then Go C ];[S GP, and
P P
Go has the same nucleus as G.

Combining these observations with some known facts, we are able to extend [22]
by showing the following:

Theorem 7.4 (ZFC +<). All w-splitters of cardinality < k are free over their
nuclei.

Theorem [4 follows from the more general
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Lemma 7.5 (ZFC +<$). If A and G are torsion-free abelian groups with the same
nucleus R with |A| < k and if Ext (A, G) =0, then A is R-free.

Proof. First, using ([[3), we replace G above by a group of cardinality X; with the
same nucleus R. Hence

(1) Ext (A, @, G) =0 and |G| < X; without loss of generality.

The claim follows by induction on x = |A|. If A is countable, then A is free by
([(2). Now we may assume that x > N;, and Theorem 1.15 in Eklof, Mekler [4]
p-353] applies for regular x:

If M =@, G and Ext (A, M) = 0, then I'y; A = 0. Here we used the induction
hypothesis that A is k-free, which follows from (x). From 'y A = 0 we find a
cub in £ (which we may identify with k) such that A = |J A, is a s-filtration

a<k
and 0 = Ext (Aa+1/Aa, M) = Ext (Aas1/Aa, @D, G). Hence Any1/A, is free for
all a € k, again by the induction hypothesis, and A is R-free. If k is a singular
cardinal, then we recall that R is hereditary, and Shelah’s Singular-Compactness-
Theorem applies; see e.g. [4, p. 107, Theorem 3.5]. Hence A is R-free in this case
as well. |
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