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TRACIALLY AF C*-ALGEBRAS

HUAXIN LIN

ABSTRACT. Inspired by a paper of S. Popa and the classification theory of
nuclear C*-algebras, we introduce a class of C*-algebras which we call tra-
cially approximately finite dimensional (TAF). A TAF C*-algebra is not an
AF-algebra in general, but a “large” part of it can be approximated by finite
dimensional subalgebras. We show that if a unital simple C*-algebra is TAF
then it is quasidiagonal, and has real rank zero, stable rank one and weakly
unperforated Ko-group. All nuclear simple C*-algebras of real rank zero, sta-
ble rank one, with weakly unperforated Ko-group classified so far by their
K-theoretical data are TAF. We provide examples of nonnuclear simple TAF
C*-algebras. A sufficient condition for unital nuclear separable quasidiagonal
C*-algebras to be TAF is also given. The main results include a characteriza-
tion of simple rational AF-algebras. We show that a separable nuclear simple
TAF C*-algebra A satisfying the Universal Coefficient Theorem and having
Ki(A) = 0 and Ko(A) = Q is isomorphic to a simple AF-algebra with the
same K-theory.

1. INTRODUCTION

In recent years there has been an explosion of results in the classification of
(simple) nuclear C*-algebras of real rank zero, starting with G. A. Elliott’s paper
[EII2]. For example, all separable nuclear purely infinite simple C*-algebras sat-
isfying the Universal Coefficient Theorem ([KP], [K1] and [PhL]) are classified by
their K-theory, and simple nuclear C*-algebras in a large class of C*-algebras of
real rank zero and stable rank one with weakly unperforated K are also classified
by their K-theory data ([EGI; see also |[G] and [DI]). The second class of simple
C*-algebras mentioned above is constructed from direct limits of so-called homo-
geneous C*-algebras with slow dimension growth. Since it is not known whether
there are any simple C*-algebras of real rank zero which are neither purely infinite
nor of stable rank one, the next goal in classification theory is to classify all sepa-
rable nuclear simple C*-algebras (satisfying the UCT) of real rank zero and stable
rank one. To do this one needs to establish a classification result for C*-algebras
that are not assumed to be direct limits of some special form. However, recent
developments suggest that one may further assume that simple C*-algebras are
quasidiagonal (see [BK1] and [Po]). It is certainly very important to have an ab-
stract characterization of the second class of nuclear simple C*-algebras mentioned
above. A recent result of S. Popa [Po] says that unital separable simple quasidi-
agonal C*-algebras have some very interesting local approximation properties. For
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example, he shows that a unital separable simple C*-algebra A with sufficiently
many projections (for example, A has real rank zero) is quasidiagonal if and only
if it has the following property: for any ¢ > 0 and any finite subset F C A, there
exists a finite dimensional C*-subalgebra F' C A with 1p = p such that, for all
a€F,

(1) [lpa — ap|| < e, and

(2) pap €. F.
We say that a unital C*-algebra A is tracially approximately finite dimensional
(TAF) if, in addition,

(3) 1 — p is arbitrarily “smaller” than p (see 2.1 for the formal definition).

Recall that a C*-algebra A is said to be AF if, for any ¢ > 0 and any finite
subset F, there exists a finite dimensional C*-subalgebra B C A such that F C. B.
Roughly speaking, a C*-algebra is TAF if a “large” part of it is AF. If we think
AF-algebras are C*-algebras which can be approximated by finite dimensional C*-
subalgebras in norm, then TAF-algebras can be viewed as C*-algebras which can
be approximated by finite dimensional C*-subalgebras in “measure” (or rather in
trace). It turns out that this notion is very useful to classification theory. In fact,
all simple nuclear C*-algebras classified in [EG] are TAF. In particular, many TAF
C*-algebras are not AF. Moreover, for any countable weakly unperforated graded
ordered group (Go, (Go)+,G1) with the Riesz decomposition property, there exists
a separable nuclear simple TAF C*-algebra A with (Ko(A), Ko(A)+, K1(A)) =
(Go, (Go)+,G1). On the other hand, we show in Section 3 that every simple TAF
C*-algebra is quasidiagonal and has real rank zero, stable rank one and weakly
unperforated K. These results suggest that, perhaps, the class of separable nuclear
simple TAF C*-algebras is the right class to study (as the replacement for the class
of separable nuclear simple C*-algebras of real rank zero and stable rank one). It
is certainly tempting to conjecture that every quasidiagonal simple C*-algebra of
real rank zero, stable rank one and with weakly unperforated Ky is TAF. One of
the main results of this paper is the following characterization of rational simple
AF-algebras: A unital nuclear separable simple TAF C*-algebra A satisfying the
Universal Coefficient Theorem and with K;(A) = 0 and Ko(A) = Q (the additive
ordered group of rational numbers) is isomorphic to a unital simple AF-algebra
with the same K-theory. We regard this as the first step in classifying nuclear
simple C*-algebras of real rank zero without assuming any special inductive limit
structure. We would like to point out that the requirement that A satisfies the
UCT is a natural condition, since we want to use K-theory as the invariant. One
should also note that there are no known examples of nuclear C*-algebras that do
not satisfy the UCT, and all C*-algebras in the so-called “bootstrap” class satisfy
the UCT.

We also give a class of unital simple C*-algebras which includes many non-nuclear
simple TAF C*-algebras. In particular, using examples given in [D2], we show that
there are unital separable simple TAF C*-algebras with unique normalized trace
that are not nuclear. For separable simple nuclear quasidiagonal C*-algebras, a
sufficient condition for TAF is given.

The paper is organized as follows. In Section 2, we give the definition of tracially
approximately finite dimensional C*-algebras. We show that all simple C*-algebras
of real rank zero that are classified in [EG| are in fact TAF. Some elementary
properties of TAF C*-algebras are discussed. We show that, under a suitable
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assumption, ideals and quotients of TAF C*-algebras are TAF. In Section 3, we
discuss simple TAF C*-algebras. We show that any unital simple TAF C*-algebra
is quasidiagonal and has real rank zero, stable rank one and weakly unperforated
Ko-group. In Section 4, we use examples from [D2] to exhibit a class of unital
TAF simple C*-algebras which are constructed from general separable residually
finite dimensional C*-algebras. Some of them are not nuclear. From these C*-
algebras, we construct a unital separable simple quasidiagonal TAF C*-algebra
with unique normalized quasitrace which is not nuclear. In Section 5, we discuss
strong NF-algebras, introduced in [BKI]. We show that every unital strong NF-
algebra A of real rank zero has the local approximation property introduced by S.
Popa mentioned earlier (i.e., (1) and (2) hold). We also give a sufficient condition
for unital separable simple nuclear quasidiagonal C*-algebras of real rank zero to
be TAF. In Section 6, we give the main characterization theorem.

The following terminology and notation will be used in this paper.

(i) Let A be a C*-algebra. We denote by D(A) the Murray—von Neumann
equivalence classes of projections in A.

(ii) Two projections in A are said to be equivalent if they are Murray—von Neu-
mann equivalent. We write p < ¢ if p is equivalent to a projection in qAgq.

(iii) Let p,q € A be two projections, and let k be a positive integer. We write
klp] < [q] if ¢Aq contains k& mutually orthogonal projections each of which is equiv-
alent to p.

(iv) Let a € A be a positive element. We denote by Her(a) the hereditary C*-
subalgebra of A generated by a. We write p < a if p is equivalent to a projection
in Her(a).

(v) An element in A is said to be full if the ideal generated by the element is A
itself. Every nonzero element in a simple C*-algebra is full.

(vi) Let € > 0, and let F and S be subsets of A. We write « €. S, if there exists
y € S such that ||z — y|| < ¢, and write F C. S, if z € S for all z € F.

(vii) We denote by QT'(A) (and T(A)) the normalized quasi-trace (or trace)
space of A.

(viii) All ideals in this paper are closed two-sided ideals.

2. TRACIALLY AF-ALGEBRAS

2.1. Definition. Let A be a unital C*-algebra. We say that A is tracially ap-
proxzimately finite dimensional (TAF for brevity) if it satisfies the following: For
any € > 0, any integer n > 0, any finite subset F of A which contains a non-zero
element x1, and any full a € A, there exists a finite dimensional C*-subalgebra
F C A with p = 1 such that

(1) llp, =]|| < € for all z € F;

(2) prp €. F for all x € F and ||pz1p|| > ||z1]] — &

(3) n[l —p] < [p] in D(A) and 1 —p =< a.

A non-unital C*-algebra is said to be TAF if A is TAF.

2.2. Proposition. Every unital commutative TAF C*-algebra is in fact an AF-
algebra, or more precisely, A= C(X) for some compact totally disconnected space.

Proof. In a commutative C*-algebra, if p and ¢ are two mutually orthogonal pro-
jections with ¢ < p, then ¢ = 0. So, in the definition of TAF, we see that 1 —p = 0.
This implies that A is an AF-algebra. O
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2.3. Remark. A TAF C*-algebra is not in general an AF-algebra, but a “large” part
of it is approximately finite dimensional. Originally, traces were used to measure the
“size” of the finite dimensional part. However we prefer not to assume that the C*-
algebras admit a trace. Moreover, in the absence of “fundamental comparability”,
traces may not even give a good measurement. In order to make sure that the finite
dimensional part is “large”, we use the somewhat complicated looking condition (3),
which certainly causes some technical difficulties. However when A is simple, both
conditions (2) and (3) can be much simplified (see 3.8 and 3.9).

When (quasi)traces are good measurements for projections we have the following
proposition, which is the reason that we use the term “tracially AF”.

2.4. Proposition. Let A be a unital simple C*-algebra of real rank zero, stable
rank one and with weakly unperforated Ko(A). Then A is TAF if and only if for
any e > 0 and o > 0, and any finite subset F of A, there exists a finite dimensional
C*-subalgebra F C A with p = 1p such that

(1) |lp,z]l| <e for all x € F,

(2°) pxp €. F for all x € F, and

(3°) (1 — p) < o for all normalized quasi-traces on A.

Proof. We only need to prove the “if” part.

Let € > 0, n, a finite subset F, a nonzero x; € F and a positive element a be
given. We will show that there exists a finite dimensional C*-subalgebra F' C A
with p = 1p such that

() llp, z]|| < € for all x € F;

(ii) pzp €. F for all z € F, and ||plz1|p|| > |||z1]|| — &;

(iii) n[l — p] < [p] in D(A), and 1 —p =< a.

Note that, if ||[p, z1]|| is small, ||[p, z7]|| is also small. So ||(px1p)* (pz1p)]| is close
to ||pxixipl]. So we see it suffices to prove the above. To save notation, we may
assume that x; > 0.

For any 0 < n < ||z1]|, let f(t) > 0 be a continuous function on [0, ||21||] such
that f(t) = 1if |t| > ||x1]] —n/2 and f(t) = 0 if |¢| < ||z1]] — 7. Since A has real
rank zero, we obtain a nonzero projection e € Her(f(x1)). Let E be the spectral
projection of x; corresponding to the open subset [||1]| — 1, 1] in A**. We have

Ex E > ([lz1] = n)E.
Since eFE = Ee = e, we have
exre > (|l - n)e.

Let G = {e} U F. Since A has real rank zero, there exists a nonzero projection
q € Her(a). Let d = inf{r(q) : 7 € QT'(A)} (> 0). Choose ¢ > 0 so that o <
min(l/(n+1),d).

We obtain a finite dimensional C*-subalgebra F' C A with p = 1 such that

(a) [[lp, 2]l < n for all z € G;

(b) pzp €, F for all x € G;

(¢) 7(1 —p) < o for all T € QT (A).

Thus we have (i). Since A has real rank zero, stable rank one and weakly
unperforated Ko(A), it follows from [BH] that (iii) holds.

For (ii), we note that

pexrep = ([[z1| = n)pep.
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We also have ||ep — pe|| < n. With sufficiently small o, we obtain ||pep|| > 1 — /4.
Then, we have

lpz1pl| = |lepripe|l > |lpexiep| —n = ([|z1]] —n)lpepl| —n

Z ([eall =m) (1 —e/4) —n = ||z1]| = (e/4]|z1]| +n) + en/4.
So (ii) also follows with sufficiently small 7. O

It is obvious that every AF-algebra is TAF. Popa ([Po]) shows that every unital
simple quasidiagonal C*-algebra of real rank zero satisfies conditions (1) and (2) (see
also Section 5). Proposition 2.6 (below) shows that, for any countable weakly unper-
forated graded ordered group (Go, (Go)+,G1) with the Riesz decomposition prop-
erty, there exists a unital simple TAF C*-algebra A with (Ko(A), Ko(A4)+, K1(A)) =
(Go, (Go)+,G1). In particular, there are TAF C*-algebras that are not AF (when-
ever K has torsion, or K; is nontrivial). Non-nuclear TAF C*-algebras are given
in section 4. Other examples are given in section 5.

2.5. Let A = lim(A,, ¢,), where A, = @7 Py Moy (C(Xon(j))) Pagyys cach
X, (5) is a finite connected CW complex and P,,(;) is a projection in M,,;)(C(Xy,;))-
When A is simple, A is said to have slow dimension growth if

lim max M =0.

n—o0 1<j<m(n) Tank(Py ;)
We denote by C the class of those simple unital C*-algebras of the above form (with
slow dimension growth) with real rank zero. The classification theorem in [EG]
combined with the reduction theorem in [G] and [D1] shows that the C*-algebras
in C are classified by their scaled ordered groups (Ko(A), Ko(A)+,[1a], K1(A4)).
It also shows that, given any countable weakly unperforated graded ordered group
(Go, (Go)+, G1) with the Riesz decomposition property, there is a C*-algebra A € C
such that (KQ(A), Ko(A)+, Kl(A)) = (GQ, (GQ)+, Gl)

2.6. Proposition. Let A € C. Then A is a (unital) simple TAF C*-algebra.

Proof. Let A be a unital simple C*-algebra in C. It follows from [G] (see also 3.2
in [D1]) that A = lim,, oo (Bn, ¢n), where each By, = @ Py, ;) My, ;) (C( X)) Prgy)
and X,,(;) is a finite connected CW complex of dimension < 3. Since A has real rank
zero, for any 0 > 0, by 1.4.5 in [EG] (see also 2.5 in [Su]), each partial map of ¢,, has
spectral variation SPV less than § (see 1.4.5 in [EG]). Now since dim(X,,;)) < 3,
it follows from 2.21 in [EG| and 2.4 that A is TAF. O

We will show that when A is separable, a quotient of a TAF C*-algebra is TAF
and, under a mild condition, every ideal of a TAF C*-algebra is TAF.

2.7. Proposition. Let A be a non-unital C*-algebra. Then A is TAF if and only
if the following holds: For any € > 0, any integer n > 0, any finite subset F
of A which contains a non-zero element x1, and any full a € /Lr there exist two
mutually orthogonal projections p1,p2 € A and a finite dimensional C*-subalgebra
F C A with p1 = 1p such that

(1) |lps,z]|| <€ forallz e F,i=1,2;

(2) prxpy € F for allx € F and ||prxzip1]| > ||z1|| —¢, and ||(p1 +p2)x— 2| < &

(8) there are mutually orthogonal and mutually equivalent non-zero projections
41,92,y Gn € (1 — p2)A(1 — p2) such that pa = q; for each i and p2 =< a.



698 HUAXIN LIN

Proof. First consider the “if” part. Let G = {z1, 22, ..., zm } be a finite subset of
A. We may write z; = \; + x;, where \; is a scalar multiple of the identity and
x; € A. Set F = {x1,x2,...,2m }. Suppose that py, p» and F satisfy (1), (2) and
(3) in the proposition. Define F; = C- (1 — (p1 +p2)) @ F and p = 1 — py. We
see easily that, with G being the finite subset of A, the projection p and the finite
dimensional C*-subalgebra F satisfy (1), (2) and (3) in 2.1. So A is TAF.

To see the “only if” part, we assume that A is TAF. Let F C A, €, n and a
full element a € A, be given. Let p, F satisfy (1), (2) and (3) in the definition
of TAF (with £/8 replacing ). Let w: A — C be the quotient map. Then either
m(1 —p) = 0 or w(p) = 0. But then (3) in 2.1 implies that 7(1 — p) = 0, or,
equivalently, 1 —p € A. Write F' = My, @ --- @ My, . Since n(F) = C, and My, is
simple, we conclude that

F=C-d®o My, d & My,

where 1 —d € Aand Fy = My, ®- - My, € A. Suppose that F = {1,292, ..., Zm } (C
A). Let y; € F be such that

lys — pripl| < /8, i=1,2,...,n.
Then ||7(y:)|l < e/8. Soy; =\ -d® z; with z; € Fy and |\;| < £/4. Therefore
lz: — pzip|| <€/2, i=1,2,..,n.
We also have
(1 = d)pxip — prip|| < e/2, i=1,2,...,n.
Therefore
(L =p) + (p = d)z: — il = ||(p — d)pz; — pai
< [(p = d)pzip — pripl| + /2 <.

Now define p; = (p—d) and p2 = (1 — p) with the finite dimensional C*-subalgebra
Fy. Then (1), (2) and (3) in the proposition follow. O

2.8. Corollary. Let A be a separable non-unital C*-algebra of TAF. Then A ad-
mits an approximate identity consisting of projections.

Proof. This follows from (2) in 2.7. O

2.9. Proposition. Let A be a TAF C*-algebra, and let I be an ideal. If I has a
positive full element, then A/I is TAF.

(One should note that if I is o-unital then I has a positive full element. So, in
particular, every quotient of a separable TAF C*-algebra is TAF.)

Proof. We may assume that A has a unit. From the definition, one sees that the
only thing that we need to check is that for every positive full element a € A/I,
there is a positive full element b € A such that w(b) = a, where 7 : A — A/I is
the quotient map. Take a positive full element ¢ of I and a positive element h € A
with w(h) = a. Set b = ¢ + h. We claim that b is full. Let J be an ideal generated
by b. Since 7(b) = a and a is full in A/I, J+ I = A. Since Her(b) C J and ¢ < b,
it follows that ¢ € Her(b). Therefore ¢ € J. Hence I C J. So J = A. This implies
that b is full. |

The following two lemmas are well known.
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2.10. Lemma. For anye > 0 there exists 0 > 0 which sastisfies the following: For
any C*-algebra A and a € Ay with 0 < a <1 and a projection p € A such that

llap —pll <4,
there exists a projection q € Her(a) with
Ip—all <e.

2.11. Lemma (cf. 2.11 in [Ln2|). Let f € C([-1,1]). For any € > 0 there exists
d > 0 satisfying the following: For any C*-algebra A and a € Ay .. with |la]| <1
and a projection p € A such that

Ilp, alll <,

we have

| f(a)p — f(pap)|| < e.

2.12. Lemma. Let A be a C*-algebra which satisfies the local approximation prop-
erty of Popa, i.e., it satisfies conditions (1) and (2) in 2.1. Then every non-zero
hereditary C*-subalgebra of A contains a non-zero projection (i.e., A has property

(SP)).

Proof. Let B be a hereditary C*-subalgebra of A. Fix 0 < r < 1. Define f, €
C(]0,1]) as follows:

1 ifr/2 <t<1;
fr(t) = < linear if r/4 <t <r/2;
0 if0<t<r/4

For any o > 0, there exists d > 0 such that

|fr(t) - fr(x)| <o

if |z —t] < d.

Let § > 0 with ¢ < d/2 and let e be a positive element of B with |le| = 1. Let
F = {e, fr(e)}. Since A satisfies conditions (1) and (2) in 2.1, there exists a finite
dimensional C*-subalgebra F' C A with 1p = p such that

lpz — ap|| < &
for z € F, and there exists an element a € F' such that
lpep —al| <& and ||pep|| > r.

It is easy to see that we may assume that 0 < a < 1.
For any € > 0, by Lemma 2.11 we choose ¢ so small that

1fr(e)p — fr(pep)ll <e/4.

Since a € F, we may write

n
a = Z >\'Lp'w
i=1

where p1, pa, ..., p, are mutually orthogonal projections. By choosing even smaller
J, without loss of generality, we may assume that ||a|| > 7. So we may assume that
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A1 > 7. Thus there is a nonzero projection ey € F' such that f,.(a)eqg = eg. We now
estimate that

Il fr(e)eo — eoll = [|.fr(e)pea — eoll < [I(fr(e)p — fr(pep))eol|
+I(fr(pep) — fr(a))eoll + [ fr(a)eo — eol| <e/2+2/24+0=e.

It follows from Lemma 2.10 that, if ¢ is sufficiently small, B contains a non-zero
projection ¢ with ||g —eof| < 1. O

2.13. Lemma. Let A be a unital TAF C*-algebra, and let B be a unital full hered-
itary C*-subalgebra of A. Then B satisfies the following: For any e > 0, any integer
n > 0, any finite subset F of B which contains a non-zero element x1, and any
full element a in B, there exists a finite dimensional C*-subalgebra F C B with
p = 1p such that

(1) ||lp, z]|| < e for all x € F;

(2) pxp €. F for all z € F, and ||pz1p|| > ||z1]| — &;

(3)1—p=a.

Proof. Let § > 0 be positive, let F be a finite subset of B which contains a nonzero
element z1 and e = 1p, let n be an integer, and let a € By be a full element in B.
Note that a is a full element in A. Since A is TAF, there exists a finite dimensional
C*-subalgebra F' C A with p = 1p such that

(1) ||[p, z]|| < ¢ for all z € F;

(2) pxp €5 F for all x € F, and ||pzipl| > ||z1] — J;

(3) nll - p] < [p] in D(A), and 1 —p = a.

So we have

lpep — (pep)?[l < 6 and  [lepe — (epe)*|| < 0.

So for any n > 0, if § is sufficiently small, we obtain two projections e; € F and
es € B such that

ller — pepll < n,lle2 — epel| <,

ler —eafl <m and  [[(e —e2) = (1 —p)(e —e2)(1 —p)|| <n.
With small n and 4, there is a unitary U € A such that
U*er U = es.

In particular, F; = U*e; Fe U is a finite dimensional C*-subalgebra of B.

For any ¢ > 0, if 0 and 7 are small enough, we have (note that e = 1g, F C B
and 1p, = e2)

(1) ||[z, e2]|| < € for all x € F,

(2/) eaTey €, Fl, Hegl‘legH > HJ?lH —E.

Since we also have

I(e —e2) = [(1 —p)(e —e2)(1 = p)lll <n

(with sufficiently small § and 7), it follows that e — e is (unitarily) equivalent to a
subprojection of 1 — p. Since 1 — p < a, we have (3’) e — e3 < a. O

2.14. Lemma. Let A be a unital C*-algebra and let I be an ideal. Suppose that
aclyisa full element of I.. Then a is a full element in A (we identify the unit
of I with that of A).
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Proof. 1t is easy to see that a = A + b for some b € I and some A > 0. Let J be the
ideal generated by a in A. Since a is full in I, I C J. Thus 1 € J. This implies that
a is full in A. n

2.15. Theorem. Let A be a TAF C*-algebra. Let I be an ideal of A which contains
an approximate identity consisting of projections. Then I is TAF. Conversely, if I
is TAF, I admits an approximate identity consisting of projections.

Proof. The converse follows from 2.8. Note that, if I is unital, then 1; is in the
center. It is obvious from the definition that I is TAF. We may assume that A is
unital. Fix € > 0, an integer n, a full element a € I and a finite subset F C I
containing a non-zero element 1. Here we assume that the identity of I is the same
as that of A. In particular, by 2.14, a is full in A.

Without loss of generality, we may assume that there exists e € I such that
ex = x for all z € F. Note also, by 2.14, that « is full in A.

We will use the proof of 2.13 and its notation (with B = ele). Also, we note
that the proof of 2.13 actually proves that 2.13 holds if the condition that B is full
is replaced by the condition that a is a full element in A (not necessarily in B).
From this we have

(1) [z, e2]|| < € for all z € F,

(2) eqwes € Fi, |le2xiez]] > ||z1] —e.

We also have

(3)e—ez <a.

Suppose that p1, o, ..., pn, are mutually orthogonal projections in pAp such that
1—p <[p] (i=1,2,....;n).

Since [e —eg] < [1—p] (as in the proof of 2.13), [e —e2] < [p;] in D(A). Therefore
there are v; € A with

viv; =e—eg and viv; <p;, i=12,...,n

Since [ is an ideal, v; € I and v v; € I. Let U be the unitary in the proof of 2.13.
Note that e = U*e,U. We obtain

l[(e = e2)U™pU|| = [[(e — e2)eU™pU|| = 0.

Thus U*viv,U € (1 — (e — e2))I(1 — (e — e2)). Therefore we obtain
(3) nle—ea] <[1—(e—ez)]in D(I) and e — e < a.
So it follows from 2.7 that I is TAF. O

The reader probably realizes that the notion of TAF could be modified in several
ways. A further discussion is probably needed. When C*-algebras are not simple, it
is difficult to compare the size of projections in general. Fortunately, we are mostly
interested in simple C*-algebras. In the next section we will consider only simple
TAF C*-algebras. TAF C*-algebras behave as expected when they are simple.

3. SIMPLE TAF C*-ALGEBRAS

In this section we will show that a unital simple TAF C*-algebra is quasidiagonal
and has real rank zero, stable rank one and a weakly unperforated Ky-group.

3.1. Lemma (cf. 1.8 in [Cu]). Let A be a simple C*-algebra with property (SP)
(i.e., every nonzero hereditary C*-subalgebra of A contains a nonzero projection),
and let p and q be two nonzero projections in A. Then there exists a nonzero pro-
jection e € A with e < p and [e] < [q].
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3.2. Lemma. Let A be a non-elementary simple C*-algebra with property (SP).
Then for any nonzero projection p € A and any integer n > 0, there are n + 1
mutually orthogonal projections qi,qz, ..., Gn,qn+1 Such that ¢ # 0, [¢1] = [q),
i=12,.,n,andp=q1+q2+ -+ Gnt1-

Proof. The simple C*-algebras pAp is non-elementary. Therefore (by [AS]), there
is a positive element a € pAp with sp(a) = [0,1]. In particular, there are n + 1
mutually orthogonal positive elements a1, as, ..., a,+1 € pAp such that ||a;|| = 1,
i =1,2,....,n+1. Consider B; = Her(a;). Then, there are non-zero projections p; €
B;. By applying Lemma 3.1 repeatedly, we obtain a non-zero projection e € p; Ap;
such that

[e] < [pi] in D(A).

The lemma then follows. O

Recall that a C*-algebra A is said to have cancellation of projections if whenever
p®e is equivalent to g®e in M,,(A), where p, ¢ € A are projections and e € M,,(A)
is a projection, then p is equivalent to q.

3.3. Lemma. Let A be a simple TAF C*-algebra. Then A has cancellation of
projections.

Proof. Let p and ¢ be two projections in A and let u € A be a partial isometry
such that

wu=p and wuu*=gq.

It suffices to show that 1 — p is equivalent to 1 — ¢q. To this end, we assume that
1—-p#0.
For any 0 < § < 1/2, there exists a finite dimensional C*-subalgebra F' C A with
1r = P such that
) I[P, z]|| < ¢ for x € F, where F = {p,q, (1 —p),(1 — q),u,u*},
) PzP €5 F for all x € F and |P(1 —p)P|| > 1 -,
) 21— P) < [P] in D(A).

(1
(2
(3 <

We will perturb the elements PuP, Pu*P,(1 — P)u(l — P) and (1 — P)u*(1 —
P). A standard perturbation argument (with sufficiently small §) enables us to
assume, without loss of generality, that p = p1 + p2, ¢ = ¢1 + ¢2 such that p,q1 €
(1= P)A(1 — P), and p; and ¢ are equivalent in (1 — P)A(1 — P), pa2,q2 € F,
and they are equivalent in F. Furthermore, by (2) above, we may assume that
P —p2 #0.

Since F is finite dimensional, we conclude that P — p, is unitarily equivalent to
P — g9 in F. Let uy be a unitary in F' C PAP such that

uj (P —p2)uy = P — qo.
Define U; = (1 — P) 4+ u;. Then U, is a unitary of A. By replacing g by U;pU;, we
may assume that P — pos = P — ¢go. Denote this nonzero projection in A by d.

By 3.2, we can write d = dy + ds + ds, where d;, ds, d3 are mutually orthogonal
projections such that dy and dz are nonzero equivalent projections and [dy] < [d3]
in D(A). Let

B = (1—(d2 + d3))A(1 — (d2 + ds3)).
Note that now we have p and ¢ € B. We apply Lemma 2.13. Since A is simple,
every hereditary C*-subalgebra is full. Therefore, by 2.13, every unital hereditary
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C*-subalgebra is TAF. By applying the same argument above to B (using 2.13),
we may assume that

p=pi+p; and q=q +q,
such that p] and ¢} are equivalent in QBQ for some projection @ € B with [Q] <
[di], and p, and ¢4 are unitarily equivalent in a (unital) finite dimensional C*-
subalgebra F1 C (1 — Q)B(1g — Q). Therefore (15 — Q) — p5 and (15 — Q) — ¢}
are unitarily equivalent in Fj. Thus it suffices to show that Q — p} +dz is equivalent
to @ — ¢y + da in (Q + d2)A(Q + dz). There exists a projection dj < da such that
[Q] = [d5] in D(A). It suffices to show that @ — p} + d5 is equivalent to @ — ¢} + d5
in (Q 4 d5y)A(Q + dy). We have (in (Q + dy)B(Q + dj) = M>(QBQ)) the matrix

decomposition
i 0 10
| (p1 > and ¢ (Q1 > )

Since p} is equivalent to ¢} in QBQ, it is well known that p) is unitarily equivalent
to ¢; in (Q + d5)A(Q + djy) (cf. 4.3 in [BI]). Therefore Q — ¢} + ds is equivalent to
Q —p} + ds. [l

3.4. Theorem. FEvery unital simple TAF C*-algebra is quasidiagonal and has real
rank zero and stable rank one.

Proof. Let A be a unital TAF C*-algebra. We first show that A has real rank zero.
Fix a self-adjoint element € A and € > 0. We will show that there is an invertible
self-adjoint element z € A with ||z — 2| < e.

Let f e C([—|lz], |z|l]) with 0 < f <1 and f(t) = 1if |¢t| < /128, and f(t) =0
if [t] > e/64. If f(x) = 0, then x is invertible. So we assume that f(z) # 0. Let
B = Her(f(z)). Then, by Lemma 2.12, there exists a non-zero projection e € B.
Since eAe is simple, by 3.2, we may write e = e; + e3, where e; and e are mutually
orthogonal nonzero projections with [e1] < [ea].

For any 6 > 0, there exist a projection p € A and a finite dimensional C*-
subalgebra F' C A with 1r = p such that

Ilp, 2]l <6 and |[[p, e[l <9,
and there exist a self-adjoint element y € F' and a positive element b € F' such that
lpzp =yl <& and |[peip —b]| <&

and [1 — p] < [e1]. With sufficiently small § (< 1/4), we obtain projections p; €
(1 -p)A(1 —p) and ps € F such that

ller — (p1 + p2)|| < 49.

With ¢ < 1/8, we know that e is unitarily equivalent to p; + po. Since p1 <1 —p
and [1 —p] < [e1], by Lemma 3.3, we know that [1 — p — p1] < [p2]. In particular,
p2 # 0. Note that

lerz|| < e/64.
Therefore, with sufficiently small §, we have
Ip2yll <e/32,  llyeall <€/32,  |[Iprz| <e/32.

So
ly — (p — p2)y(p — p2)|| <e/16
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and

11— pa( —p) — (1 —p— pr)a(l —p— p1)]| < £/16.
Since (p — p2)F(p — p2) is finite dimensional, there exists an invertible self-adjoint
element zo € (p — p2) F(p — p2) such that

I(p = p2)y(p — p2) — 22|l <&/16 and |pzp — 22| <e/4

(if ¢ is sufficiently small). Let p), < ps be a projection such that [1 — p — p1] = [p}].
In (1 —p—p1) +py) A1 = p—p1) + p3), set

2= (1—-p—p)z(l —p—p1)+ (e/16)v + (¢/16)v",

where vv* = (1 — p — p1) and v*v = ph. (In the matrix representation, we have

o= ( x 6/16)
e/16 0 )’
where 2/ = (1 —p—p1)xz(1—p—p1).) Clearly 21 is an invertible self-adjoint element
in ((1—p—p1) +p5)A((L —p—p1) +ph)
Put z = z1 + (¢/16)p1 + (¢/16)(p2 — p5) + z2. Then z is an invertible self-adjoint
element in A. We estimate that
|z — 2| < |l — (pzp + (1 = p)z(1 — p))I| + [ (pxp + (1 — p)z(1 — p)) — |
<e/16 +[|(prp + (1 = p)z(1 —p)) — (prp+ (1 —p—p1)a(l —p —p1))||
+[[(pzp + (1 —p —p1)z(1 —p—p1)) — 2||
<e/164¢/16 + [[prp — 2| + |(1 —p = p1)a(l —p —p1)) — 21|
+ [I(e/16)p1 + (¢/16)(p2 — p3) |
<e/l6+¢/164+¢/16+¢c/4+ |1 —p—p1)x(l —p—p1) — 21| + /16
<Te/16+¢/16+ /16 < e.

This implies that A has real rank zero. It follows from [Pad] that A is quasidiagonal.
Since D(A) has cancellation, by [BH, III, 2.4], A has stable rank one. O

3.5. Lemma. Let A be a unital simple non-elementary C*-algebra of real rank
zero and stable rank one. Suppose that p and q are two non-zero projections in
A. If nlq] < nlp| in D(A) for some positive integer n, then there exists a non-zero
projection p' < p with p — p’ # 0 such that

nlgl <n[p']
in D(A).

Proof. Let p1 = p, pay...;pn € Mp(A4) and ¢1 = q, g2, ..., ¢n € Mp(A) be mutually
orthogonal projections such that [p;] = [p] and [¢;] = [g]. Suppose that v € M, (A)
is such that

vt =gt g2+ e

and d = p; +p2 + -+ 4+ pn, — v*v is a non-zero projection. Since A has real rank
zero and is a simple non-elementary C*-algebra, there are n mutually orthogonal
non-zero projections dy,ds,...,d, € dAd. Then, by repeatedly applying 3.1, we
obtain equivalent non-zero projections ey, es, ..., e, such that e; < d; and e; < p;,
1 =1,2,...,n. Without loss of generality (to save notation), we may assume that
e; < p; and e; < d;. Since A has stable rank one, we conclude that

pr+pet+-dpn—d=(pr—e1)+p2—e2)+ -+ (pn —€n).
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Note that [p; — e;] = [p1 — e1] in D(A). Put p’ =p —es. O

3.6. Theorem. Let A be a unital simple TAF C*-algebra. Then A has weakly
unperforated Ko(A). Furthermore, if p and q are two non-zero projections in A
with nlq] < n[p] in D(A), then [q] < [p] in D(A).

Proof. By Theorem 3.4, A has real rank zero and stable rank one. So Lemma 3.5
applies. So there exists a non-zero projection p’ < p with d = p — p’ # 0 such
that n[g] < n[p’] in D(A). Write Q = diag(q, q, ..., q) and P’ = diag(p',p/,...,p’) in
M, (A). There exists V = (vi;) € Mp(A) (with v;; € A) such that

VV=Q and VV*<P.

For 0 <0 <1/2 and F = {q,p’,vi;,%,j = 1,2,...,n}, since A is TAF, there exist a
projection e € A and a finite dimensional C*-subalgebra F' C A with 1p = e such
that

(1) |lle, ]|l < ¢ for all x € F,

(2) exe €5 F for all x € F,

(3)1—e=xd.

So, there are ¢1,p} € eFe and qa,p5 € (1 — e)A(1 — e) such that ¢1 + ¢ is
unitarily equivalent to ¢ and p} + p} is unitarily equivalent to p. Let B = M,,(F))
and E = diag(e, e, ...,e). Then we also have, for any € > 0, with sufficiently small
5)

(4) [, P[] <&, [I[E,Q]l <eand ||[E,V]]| <&, and

(5) EVE €. B.

Since ||[E, V]| < €, it is standard that (with sufficiently small ¢) there exists
W € B such that

W*W:diag(QDQD“'?ql) and WW* < dlag(pll,pll,,pll)

Since B is finite dimensional, we have ¢; < p}. Since (1 —e) < d, we obtain ¢5 < d.
So we conclude that g < p. O

3.7. Proposition. Let A be a unital separable simple C*-algebra satisfying the
following condition of Popa:

For any € > 0 and any finite subset F of A, there exists a non-zero finite dimen-
sional C* -subalgebra F C A with p = 1 such that

(1) ||lp, z]|| < e for all x € F;

(2') pxp €. F for all x € F.

Then A is MF (|BKI]).

Proof. Let A be such a C*-algebra and let {x,} be a dense sequence in the unit
ball of A. By (1) and (2’) above, there are projections p, € A and non-zero finite
dimensional C*-subalgebras B,, with 15, = p, such that

(1) llpnsilll < 1/m,

(2) pxip €1/p Bn fori=1,2,...,n.

Let id,, : B, — By be the identity map and let j : B, — Mg, be a unital
embedding. We note that such j exists provided that K(n) is large enough. By
5.2 in [Pal, there exists a completely positive map L, : p,Ap, — M,y such that
L!|B, = joidy,. Since L), is unital, by 5.9 and 5.10 in [Pa], L/ is a contraction.
We define L, : A — Mgy by Ln(a) = Lj(pnapn). Let y;,, € By be such that
lpnxipn — yinll <1/n,n=1,2,... Then

| Ln(2i) = pazipn |l < [ Ln(®i = Yin) — (Yin — Prxipn)|| <2/n— 0
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as n — oo. Combining this with (1) above, we see that
[ Ln(ab) = Ln(a) L (b)] — 0

as n — oo. Define ® : A — [[° | Mg, by sending a to {L,(a)}. Then ® is a
completely positive map. Denote 7 : []7" | M)y — [Ines M n)/ @ni Mic(n)-
Then

Tod:A— H MK(n)/®MK(n)
n=1 n=1
is a nonzero homomorphism. Since A is simple, 7 o ® is injective. It follows from
3.22 in [BKI] that A is an MF-algebra. O

3.8. Proposition. Let A be a unital separable simple C*-algebra. Then A is TAF
if and only if the following hold:

For any e > 0, any finite subset F of A, and any nonzero positive element a € A,
there exists a finite dimensional C*-subalgebra F' C A with p = 1p such that

(1) lp,z]l| <e for all x € F,

(2') pxp € F for all x € F, and

(8') 1 — p is unitarily equivalent to a projection in Her(a).

Proof. For the “only if” part, we note, by 3.3, A has cancellation of projections.
So (3') holds.

Now we consider the “if” part. We only need to obtain (3) in 2.1 and the second
part of (2) in 2.1. We may assume that A is a non-elementary simple C*-algebra.
First we claim that A has property (SP) (see 2.12). Otherwise, there is an a # 0,
a € Ay, such that Her(a) has no non-zero projection. By (3') we see that 1 —p = 0,
which implies that A is AF. So A does have (SP) (see 2.12). From 3.7, A is MF.
By 3.3.8 in [BK1], A is stably finite.

Let € > 0, let F C A be a finite subset, let n > 2 be an integer, let 1 € F be
a non-zero positive element, and let @ € A be a nonzero positive element. We will
show that (1), (2) and (3) in 2.1 hold for ¢, F, n, 1 and a. We may assume that
O<e< ||J)1|| <1.

Let f(t) € Co((0,1])+ be such that f <1, f(t) =1 for ¢t € [||z1] — /8, 1], and
f(t) =0 for t € [0, ||x1|| — £/4]. By what we have proved, there exists a non-zero
projection ey € Her(f(x1)). By 3.1 and 3.2, there exists a projection €] < e; such
that €] is equivalent to a non-zero subprojection g of Her(a). To save notation, we
may assume that e; = €.

Set G = FU {61,131/2}. Suppose now that (1), (2') and (3) hold for £/128, G and
a.

By 3.2, we obtain n+1 non-zero mutually orthogonal projections {q1, g2, ..., ¢nt1}
in gAq. So, by (3'), we can choose 1 — p so that it is unitarily equivalent to a
subprojection of ¢; (=X ¢). This implies that g2 + g3 + - - + ¢n+1 =< p. Therefore
(3) in 2.1 holds. To show that the second part of (2) holds, we note that peip # 0.
Otherwise e; < (1 — p). However, 2[1 — p] < [e1], and A is stably finite. This is
impossible. Thus, by (1) and (2’) (for /128 and G), there exist a nonzero projection
e2 € F and a non-zero projection e3 € e; Aey such that

lpeip —ea]| <€/32 and |leiper —es| < /32.
Hence

llea — es|| < e/16.
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Since xi/Q € G, we estimate that
chimegx}m — $1/263$1/2H < e/16.
Since es < e1, by the construction of ey, we have
e[l = llesares]) = llaa ]| - /4.
Therefore,

1/2 1/2
oy % eaay’?|| > |1 ]| — /2.

Since xi/Q € G, by (1) (for £/128),

1/2 2
lpz1p — xl/ pm}/ || <e/64.

Therefore,
Ipeapll > llay*pey*|| - e/64 > |12y esay || - £/64 > ||| - £/2 — /64.
This proves the second part of (2) in 2.1. So A is TAF. O

3.9. Remark. For unital separable simple C*-algebras, we may use (1), (2') and
(3’) in 3.8 for the definition of TAF. From the proof of 3.8, the condition that A
is separable can be replaced by A is finite. Moreover, from the proof of 3.8, for
general unital simple C*-algebras, condition (3) can be replaced by (3’) of 3.8 in
the definition of TAF.

3.10. Theorem. Let A be a unital simple TAF C*-algebra. Then, for any integer
n, My(A) is TAF.

Proof. By 3.4 and 3.6, A has real rank zero, stable rank one and weakly unper-
forated Ko(A). So does M, (A). Let ¢ > 0, ¢ > 0, and let F C M,(A) be a
finite subset. By 2.4, it suffices to show that there exists a finite dimensional C*-
subalgebra F C M,,(A) with 1p = p such that (1), (2') and (3') in 2.4 are satisfied.
It is clear that we may assume that elements in F have the form z ® y, where
r €G CA y€ Gy C M, and both G; and G, are finite. Applying 2.4 to A, we
obtain a finite dimensional C*-subalgebra Fy C A with ¢; = 1g, such that (with
n=e/(max{llyl: y € Ga} + 1))

(i) Iz, pa]ll < n for z € G,

(ii) prezp1 €, Fy for z € Gy, and

(iii) 7(1 — p1) < o for all 7 € QT(A).

Let p = p1 ® idys,, and F = Fy ® M,,. We note that F' is finite dimensional and
1r = p. We have

(1) lx®@y,pll| <efor all z € G; and y € Ga,

(2) ple@y)p=prap®y €. F.

Furthermore, t(1 —p) = 7(1 — p1) for any ¢t € QT (M,,(A)) with the form 7 ® tr,
where tr is the normalized trace on M,,. So we also have

(3) t(1 —p) < o for all t € QT'(A).

By 2.4, M, (A) if TAF. O

3.11. Definition. A C*-algebra A is said to be locally TAF if for any finite subset
F of A and € > 0 there exists a TAF C*-subalgebra B such that F €. B.
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3.12. Theorem. (1) Every hereditary C*-subalgebra of a unital simple TAF C*-
algebra is TAF.

(2) A unital simple locally TAF C*-algebra is TAF. In particular, a unital simple
direct limit of unital TAF C*-algebras is TAF.

(8) The tensor product of a unital TAF simple C*-algebra with an AF-algebra is
TAF.

Proof. Part (1) follows from 3.8, 3.3 and 2.13.

For part (2), from the definition of locally TAF, we see that we do have (1) and
(2) as described in 2.1. To obtain (3), we note that 1 — p < a for any positive
element a € A that we want to check. By 2.12, every hereditary C*-subalgebra has
a nonzero projection. So we can always assume that a is a projection. Since A is
locally TAF, there is a C*-subalgebra B C A such that B contains a projection e
which is (unitarily) equivalent to a. By working inside this C*-subalgebra we see
that we can make 1 — p < a.

For part (3), we let B be a unital simple TAF C*-algebra. By 3.10, we know that
B ® C is TAF for every finite dimensional C*-subalgebra. Then part (3) follows
from part (2). O

4. DIRECT LIMITS OF RESIDUALLY FINITE DIMENSIONAL C*-ALGEBRAS

In this section we will give a class of unital simple TAF C*-algebras constructed
from a unital residually finite dimensional C*-algebra. In particular, we present
a class of non-nuclear TAF C*-algebras. The construction is the same as that of
Dadarlat ([D2]; see also [Gd]). Recall that a C*-algebra B is said to be residually
finite dimensional if for any x € B with = # 0, there exists a finite dimensional
irreducible representation 7 of B such that m(z) # 0. When B is separable, B has
a sequence of finite dimensional irreducible representations {7, } which separates
elements in B.

4.1. Let B be a unital residually finite dimensional separable C*-algebra. Let {m,,}
be a sequence of finite dimensional irreducible representations of B such that, for
any non-zero element b € B, there exists m,, with m,(b) # 0. Suppose that 7, has di-
mension k(n). We assume that in the sequence {7, } each irreducible representation
repeats infinitely many times. For each n, define 1, : B — Mj,,)(B) by the com-

position B =% M, k(n) dols k(n)(B). Consider the following sequence of homomor-

phisms. Fix {m1,...,m(1)}. We define a homomorphism h; : B — Mj(2)(B), where
1(2) = 1+ "N k(i), by sending b to diag(b, (D), ..., ;1 (b)) for all b € B. Sup-
pose that hy, : M) (B) — M[(m41)(B) has been defined. Choose {71, ..., T(m+1) }
and denote 'J)n,m—i-l = Y, ® 1I(m+1) : M](erl)(B) — Mk(n)[(erl)(B)- Define
hiny1 : Migma1)(B) — Mi(m42)(B) by sending b to

diag((idp ® ids(m+1))(0), ¥1,m+1(b), -oos Vi(mt1),mt1(b))

for all b € My (p11)(B), where I(m+2) = I(m+1)(1+ Zi(:l”rl) k(7). We consider
the C*-algebra A = limy, oo (My(;)(B), hm). In what follows, we will use Ay, :
M) (B) — M) (B) and heo : My (B) — A for the monomorphisms induced
by this inductive system. Furthermore, we let B,, = hoo(My(n)(B)).

4.2. Proposition. A is always a unital simple C*-algebra.
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Proof. Let I be an ideal of A and w: A — A/I the quotient map. Since 7(B,) =
B,/IN B, and J,, B, is dense in A, it suffices to show that I N B, = {0} or
INB, = B,. Let x € INB,, be a nonzero element. There is y € M;(,)(B) such that
heo(y) = z. By the construction of {7, }, there is m, such that 7, ®idar,,, (y) # 0.
Let n 4+ 1 > m. By considering the composition h,4; 0 hpyi—10--- 0 hyi1, Wwe may
write

honti(y) = H(y) ® mm © idMI(n) ® ida, ()

for some positive integer J and some homomorphism H. Since ¢, ® ida,,, ®
ida, (y) is a nonzero element in My, ), the ideal generated by ¥y, ® ida,,, ®
idps, (y) contains My, ;). Therefore it contains My(,;)(B). So the ideal generated
by hnnt1(y) i8 M40y (B). This implies that the ideal generated by z is A. O

4.3. Proposition. A is always TAF.

Proof. Let F be a finite subset of A with a nonzero positive element x1. Without loss
of generality, we may assume that ||z1|| = 1. Fix 1 > & > 0, and let f € Cy((0,1])
with 0 < f < 1besuch that f(t) =1fort € [1—¢/2,1] and f(t) = 0for ¢t € (0,1—¢].
Set .7:1 =FU {f(]?l)}

Without loss of generality, we may assume that 71 C hoo(Mj(y,)(B)). There is
a finite subset G C Mj(,,,)(B) such that hoo(G) = F.

Since

I{(m+1)
I(m+2)=Im+1)(1+ Y k(i) >2I(m+1),
i=1

for any integer n > 0, we can choose [ large enough so that I(m +1)/I(m) > n+ 1.
Let hmm+1 = hm+1—1 © himgi—2 © - - - 0 hyy,. Then we have

B () = o) @ B(2)
for all € My, (B), where o : My (B) — (1 = p)Mi(m41)(B)(1 — p) is a unital

I(m)

injective homomorphism such that 1 —p = """ e;;, where {e;;} is the matrix

system for Mp(py1), and ® : M,y (B) — F, where F is a finite dimensional
subalgebra of pM(y, 4 (B)p with 17 = p. Moreover, for sufficiently large I, we may
assume that ®(f(z1)) # 0. Since ® is a homomorphism by the spectral theorem,
we must have ||®(z1)]| > ||z1]| — &. Note that I(m +1) > (n + 1)I(m). So
n[l—p] <[p] in D(Mygmr))-

We see that C' = heo(F') is a finite dimensional subalgebra with 1¢ = heo(p) and

nlhos (1 = p)] < [hoo(p)] in D(A).
We also have

[y, heo(P)] = 0
for all y € F; and

oo (P)z1hoo (P) || = [|@(21)[| = [[21]] — €.

From the above, we have shown that A satisfies the local approximation prop-
erties (1), (2) and part of (3) in 2.1. Therefore, by 2.12, every hereditary C*-
subalgebra of A contains a non-zero projection. Thus, to obtain the rest of part
(3), it suffices to show (see 3.8) that, for any non-zero projection e, we can choose
p so that hoo(1 — p) is unitarily equivalent to a subprojection of e. To do this,
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without loss of generality, we may assume that e € By. So there is a projection
q € B® My such that hoo(q) = e (this is possible because the hy, 41 are all
injective). Without loss of generality, we may assume that m > k. We may write

hie,m(q) = diag(q',q"),

where ¢ € M, and ¢ # 0. Let tr be the normalized trace on Mj(,,) and let
d =tr(q¢"") > 0. In the above we could choose [ so large that, also,

I(m)/I(m+1) < d.

Then it is clear that 1 — p is unitarily equivalent to a subprojection of hy, m11(¢”).
Since hp,m+1(q") < hi,m+1(q), we conclude that hoo (1 — p) is unitarily equivalent
to a subprojection of e. This implies that A is TAF. O

4.4. Proposition (see [D2]). There are separable unital simple quasidiagonal TAF
C*-algebras with unique normalized trace which are not nuclear.

Proof. In 4.1, choose B to be the full C*-algebra of the free group of two generators.
From [CL|, B is residually finite dimensional. Note that B is not exact (see [K1]], and
also Corollary 3.5 in [W]). Then A is not nuclear, since no non-exact C*-algebra
can be embedded into a nuclear C*-algebra (see [K2]). From the above, A is a
separable unital simple TAF C*-algebra. By 3.4, A has real rank zero and stable
rank one. Since each B,, is quasidiagonal, A is also quasidiagonal (this also follows
from [Pd], since A is TAF). It remains to show that A admits a unique normalized
trace. Since each B,, is isomorphic to M;(,,)(B), by [ChI, there is a tracial state 7,
on each B,. Denote again by 7, a state extension of 7, on A. Let T be a weak-*
limit of {7,}. Then T is a state on A. To verify that T is a tracial state, we take
b € B, for some n. Then T'(b*b) = lim 75,(,,)(b*b) for some subsequence {k(n)}.
Since B,, C By, if m > n, we obtain that 7j,(,)(b*b) = Ty, (bb*). This implies that
T(b*b) = T(bb*) for each b € By, and so for each b € |J,, B,. This implies that
T is a tracial state on A. To show that there is only one normalized trace, we let
t1,t2 € T(A) and take a € B,,. In what follows, to save notation, we will identify
By, with B ® Mjy). For any integer k > 0, choose a large [ so that

Im)/I(m+1) <1/(k+1).
Then we may write
a = diag(a’,a’)

in B ® Mj(mq4y) such that o' € ¢B ® My(41)q and a” € Mpp4p), where ¢ =

ngf) eii and {e;;} is the matrix unit for My, ;). Note that ti|ar,,, ., = tr (i =
1,2), where tr is the normalized trace on Mj(,, ;). We also have t; = s; ® tr, where
s; = ti|p (i = 1,2). Therefore we have

[t1(a) —t2(a)] < |s1(a') — s2(a’)] < 2/(k +1).

Since this holds for any k > 0, we conclude that t1(a) = t2(a). Thus there is only
one normalized trace on A. O
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4.5. We acknowledge that the construction in this section is the same as that in
[D2] and the example in Proposition 4.4 is the example that Dadarlat used ([D2])
to answer a question of S. Popa in [Po]. We present these examples here only for
the purpose of showing that this construction actually gives TAF C*-algebras. It is
clear that one can make more general direct limits of residually finite dimensional
C*-algebras which are simple and TAF. For example, one can repeat idg, and
one could also have a sequence of residually finite dimensional C*-algebras instead
of one fixed C*-algebra B. The simple TAF C*-algebras constructed in the next
section are nuclear. On the other hand, if we start with a unital residually finite
dimensional C*-algebra B which is not exact (such as in 4.4), then the direct limit
A is not nuclear for the same reason as in 4.4. The example in 4.4 also provides an
example of a unital simple non-nuclear quasidiagonal C*-algebra of real rank zero,
stable rank one and with a unique normalized trace.

5. SIMPLE QUASIDIAGONAL C*-ALGEBRAS

5.1. Let A be a unital strong NF algebra. By 6.1.1 in [BK1], we may write
A = limy, 00 (An, @n,m), where the inductive system is the generalized one in the
sense in [BK1]: each A, is of finite dimension and ¢ m : An — A (M > n) is
a complete order embedding. Note that ¢y, ,, is not multiplicative in general. By
7.1 in [CE2], we may write ¢nnt1 = hn B ¥nnt1, where the decomposition has
the following meaning: there exists a projection p,,+1 € A,41 such that h,, : A, —
Prnt1Ant1pnt1 is @ monomorphism and ¥y, ni1 0 An — (1 = pag1)Ant1(1 — prga)
is a completely positive contraction. Put Ay, m = R 0 A1 0 -+ 0 hypy1 (m > n)
and qn,m = ]-A,,,L - hn,m(]-An) Let ap = (ﬁn,oo(]-An+1 _anrl); where ¢n,oo : An — A
is the completely positive embedding induced by the generalized inductive system.

Let QT'(A) be the normalized quasitrace space of A. Then each a,, is a continuous
function on QT (A). We are interested in the infinite series Y~ | a,. In particular,
we are interested in when it converges. So we consider those simple strong NF
algebras with Y.~ | a,(t) converging uniformly on QT'(A). Since a,, > 0, Yo", an
converges uniformly on QT (A) if and only if > 7 | a, is a continuous function on

QT(A).

5.2. Lemma. Let A be a unital C*-algebra of real rank zero and B a hereditary
C*-subalgebra. Suppose that C is a unital C*-subalgebra of A which contains B
as an ideal. Suppose that C/B has real rank zero. Then, for every projection
€ € C/B, there exists a projection e € C' such that w(e) = €, where 7 : C — C/B
is the quotient map. Consequently, C has real rank zero.

Proof. There exists a positive element a € C' with 0 < a < 1 such that 7(a) = €.
Let r1 = 1/16,79 = 1/4,r3 = 1/32. Define continuous functions f1, fa, f3 and g
as follows. Put

1 ifr; <t<l,
fi = < linear if r;/2 <t <y,
0 if0§t<7’i/2,
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i=1,2, and put

0 if1/4<t<1,
linear if 1/8/ <t < 1/4,

g=41 if1/32<t<1/8,
linear if 1/64 <t < 1/32,
0 if0<t<1/64.

Let p be the open projection of A (in A**) corresponding to the (relative) open
subset (1/8,1] (p = lim,,(f2)'/™), and let 1 — g be the open projection of A (in A**)
corresponding to the (relative) open subset (1/32,1] (1 — ¢ = lim,,(f1)*/™). Since
p < fi(a), p is compact. Note that ¢ is a closed projection and pg = 0. Since A
has real rank zero, by Brown’s interpolation theorem ([Bnl), there is a projection
e € A such that

p<e<l-—gq
We have
fa(a) < e < f3(a).
So e — fa(a) < g(a). Since a € C, g(a) € C. However, w(g(a)) = g(n(a)) = 0.
Therefore g(a) € B. Consequently e — fz(a) € B, since B is hereditary. But

fa(a) € C. We finally conclude that e € C. The inequality f2(a) < e < f3(a)
implies that w(e) = e. It follows from [Zh3] that C has real rank zero. O

5.3. Theorem. Let A be a unital strong NF C*-algebra of real rank zero. Then,
for any € > 0 and any finite subset F of A, there exists a finite dimensional C*-
subalgebra F' C A with p = 1p such that

(1) ||[p, z]|| < e for all x € F;

(2) pxp € F for all x € F.

Proof. Let ¢ > 0 and a finite subset F = {1, z2,...,2,} be given. From the
definition of strong NF (see also [BKI]), there exists a finite dimensional C*-algebra
F and a completely positive order embedding L : FF — A such that

[l — L(b)|| < /2
for x; € F and some b; € F. Let D be the C*-subalgebra generated by L(F') and let
h : D — F be the homomorphism (provided by 4.1 in [CE1]) such that h extends
L~'. Let I = kerh, and let B be the hereditary C*-subalgebra of A generated by

1. We will show that for any d € D we have bd,db € B for all b € B. Note that B
is the closure of TAI. For any ¢ > 0, there is a positive element e € I such that

lleb —b|| < e.
We also have de € I C B for all d € D. Therefore
ldb — debd|| < e.

This implies that db € B. Similarly, bd € B. Let C be the closure of D+ B. Then C
is a C*-subalgebra containing B as an ideal. Since D/B = D/BNI = D/I = F, we
see that C'/B = F. By 5.2, every projection in F lifts to a projection in C. Note that
B has real rank zero, so it admits an approximate identity consisting of projections.
Now a standard argument (see Lemma 9.8 in [Ef]) shows that C' contains a finite
dimensional C*-subalgebra Fy such that w(Fy) = F, where 7 : C — C/B is the
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quotient map. Let ¢ = 1 ; then (1—¢)C(1—q) = (1—¢)B(1—q). Write F} = M, @
My, ® - & M,,, and assume that d; € M,, are minimal projections in M,,. Let
{eém)} be an approximate identity for (1 —¢)B(1 — ¢) consisting of projections. Let
{cl(.m)} be an approximate identity for d; Bd; consisting of projections, i = 1,2, ..., k.
Write the hereditary C*-subalgebra of C' generated by M, as M,,(d;Cd;). Put
egm) = diag(cgm), cgm), ...,cgm)) and E,, = e(()m) + Zle el(.m). Then it is clear that

{E,,} forms an approximate identity for B consisting of projections. Furthermore,
by construction,

E,x=xzFE,,

for each x € Fy. For each y € {L(b1), L(b2), ..., L(by)}, there exists x € Fy such
that x — y € B. Therefore, for sufficiently large m,

(1= En)(z —y)(1 - En)l| <e/2.
Moreover,
1A= Em)y —y(1 — Em)l| <e/2
for all y € {L(b1), L(b2), ..., L(by)}. Let py = (1 —q— eém)) and pp = 1p, — Epy,. Set
F, = C-p1 @ p2Fipo.

Then F5 is a finite dimensional C*-subalgebra of A. Write P = p1 +p2 = (1 — E,,,).
Then 1p, = P. Note that paFips C Fy and (1 — Ep,)z(1 — E,,) € p2Fips for all
x € Fy. Thus

PL(b))P €3 Iy, i=1,2,...,n.
Furthermore, we have

() [Pzl <e,i=1,2,.m;
(2) Px;Pe. Fy,1=1,2,....,n. [l

5.4. Corollary (S. Popa [Pd|). Let A be a unital nuclear separable simple quasi-
diagonal C*-algebra of real rank zero. Then there exists a finite dimensional C*-
subalgebra F' C A with p = 1p such that

(1) ||lp, z]|| <e for all x € F;

(2) pxp € F for all x € F.

Proof. Tt follows from 2.6 in [BK2| that every separable simple quasidiagonal C*-
algebra is inner quasidiagonal. By Theorem 4.5 in [BK2], A is strong NF. So the
corollary follows from 5.3. O

5.5. Lemma. Let A be as in 5.1. There exists a C*-subalgebra C of A which
contains ¢1.00(A1) and a homomorphism H : C — Ay such that

Ho¢y,00 =ida,
and

sup{t(a):a € ker H 0<a<1} < Zan(t)

n=1

for all t € T(A).
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Proof. Let Al = h1 (A1) ® 1nAngin C Ay, and let CJ, be the C*-subalgebra
generated by ¢n o0(A}). Let f, : A, — A; be defined by fn(a ®b) = hi;(a),
where a € hy (A1) and b € ¢1,,Anq1,n. Note that hy 41 = hpnt1 © hip,. Since
each hy 41 is a monomorphism, the map ¢, ,+1 maps A;, into A;, ;. We have the
following commutative diagrams:

Gnont1 .
n+1

A ———MMM—
A

On,n+1

Aty
;N Al
Ax

Let j : C], — C,,, be the embedding. Then we also have the following commutative
diagram:

and

I
n+1

J
C, ——Chpa
¢n,ooT T(bnﬁ»l,oo
bn,nt1
A, —— A

Note that ¢, o is a complete order embedding. By 4.1 of [CEI] (see 5.1), there is
a homomorphism ¢}, : C], — Al such that

/ —1
Vnlén c(Al) = Prco

for each n. We obtain the following commutative diagram:

’
A’!L

/ J !
Cl, ——C

o e

Pr,nt+1
’ , ’
A, —— AL

We then combine this to obtain the following commutative diagram:

/ J !
Cl, ——C

w;LJ/ lw'/ni» 1

On,n+1
/ , /
An An+1
1

—_—
A

Put C' = cl(JC},). Define H : C' — Ay by H|c: = fno1);,. The above commutative
diagram shows that H is a well defined homomorphism. Furthermore, we have

H|¢1,x(A1) = QSiéo
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It is easy to see that the closure of | ker f,, 04/, is the kernel of H. Let a € ker f,, o,
and 0 <a < 1. Let b € A}, be such that ¢, (b) = a. So

b S an S ¢2,n(q1,2) + ¢3,n(q2,3) —+ e+ anfl,n(anl,n)'

Hence
n
a< Z ag.
k=1
It follows that

o0
sup{t(a):0<a <1, a€kerH} < Zak(t)
k=1

for all t € T(A). O

5.6. Theorem. Let A be a separable nuclear unital simple quasidiagonal C*-
algebra of real rank zero. Suppose that > o- | an(t) is a continuous function on
QT(A). Then A satisfies the following: For any e > 0,0 > 0 and any finite subset
F C A, there exist a projection p and a finite dimensional C*-subalgebra F with
1r = p such that

(1) |lp, z]l| < e for all x € F;

(2) pxp €c F;
(3) t(1 — p) < o for traces t € T(A).

Proof. We write A = lim(A,, ¢ nt1) as a generalized inductive system, where
each A, is a finite dimensional C*-algebra and each ¢, 41 is a complete order
embedding. The proof uses a combination of 5.5 and the proof of 5.3. Let ¢ > 0,
and let F be a finite subset of A. Choose n so that

F C ¢n,0(An)

and

Z ap(t) <o for all t € T(A).
k=n

(Note that, since 0 < a,, and Y -, a,(t) is continuous, the above infinite series
converges uniformly on T'(A).) So, by applying 5.3, we obtain p and F which satisfy
(1) and (2). To see that (3) holds, we note that it suffices to show in the proof of
5.3 that

sup{t(a):0<a<1l,a€ B} <o

for all t € T(A). Since (in the proof of 5.3) B = I AI, it suffices to show that
sup{t(a):0<a<l,a€l} <0

for all t € T(A). But, by 5.5, we have

sup{t(a):0<a<1l,ael} < Zak(t) <o.

k=n



716 HUAXIN LIN

5.7. Recall (|Bl]) that a unital simple C*-algebra A is said to have fundamental
comparability if T(p) < 7(q) for all 7 € QT (A) implies that p < gq.

5.8. Corollary. Let A be a separable unital simple quasidiagonal C*-algebra of
real rank zero with fundamental comparability (for example, A also has stable rank
one and Ko(A) is weakly unperforated). Suppose that > > | a,(t) is a continuous
function on QT (A). Then A is TAF.

5.9. Corollary. Let A be a separable unital simple quasidiagonal C*-algebra of
real rank zero. Suppose that > 7 | a,(t) is a continuous function on QT(A). Then
A® B is TAF for any unital simple AF-algebra B.

Proof. Write A = lim(F),, hy, ® ¥ nt+1) as a generalized inductive limit as in 5.1,
and write B = lim(B,,, ¢,,), where the B,, are finite dimensional C*-algebras and
the ¢,, are homomorphisms. Then A ® B = lim(F,, ® By, (hn ® Ynnt1) @ ¢y). It
is then easy to check that the new inductive limit satisfies the condition in 5.6. It
follows from 1.4 in [BKR] that A® B has fundamental comparability. So 5.9 follows
from 5.8. |

5.10. Corollary. Let A be a separable unital simple quasidiagonal C*-algebra with
unique normalized quasitrace. Suppose that Y.~ | an(t) < co. Then A® B is TAF
for any unital UHF-algebra B.

Proof. By 7.2 in [Rx], since A has a unique normalized quasitrace, A ® B has real
rank zero. [l

6. CHARACTERIZATION OF RATIONAL SIMPLE AF-ALGEBRAS

In this section we will show that a unital separable nuclear simple TAF C*-
algebra with the right K-theory is isomorphic to a unital UHF-algebra with rational
Ky. We regard this result as the first step in classifying simple nuclear C*-algebras
of real rank zero and stable rank one without assuming any special inductive limit
structure. The work in previous sections suggests that the class of TAF C*-algebras
is the right class of C*-algebras to study. However, since K-theory will be the
invariant, we need to assume that C*-algebras satisfy the Universal Coefficient
Theorem. All C*-algebras in the so-called “bootstrap” class satisfy the UCT. This
is already a sufficiently large class of C*-algebras. Moreover, there are no known
examples of nuclear C*-algebras that do not satisfy the UCT.

In what follows, we use the notation @ for the unital UHF-algebra with Ky(A) =
Q and [1g] =1in Ko(4) = Q.

6.1. Definition. Let A and B be C*-algebras, let L : A — B be a contractive
completely positive linear morphism, let £ > 0, and let 7 C A be a subset. L is
said to be F-e-multiplicative if

[ L(zy) — L(z)L(y)|| <e
for all z,y € F.
6.2. Proposition. Let A be a separable nuclear C*-algebra. For anye > 0 and any
finite subset F C A, there exist § > 0 and a finite subset G C A satisfying the fol-

lowing: for any C*-algebra C, any C*-subalgebra B of C' and any §-G-multiplicative
completely positive contraction L : A — C with dist(L(a), B) < § for all a € G,



TRACIALLY AF C*-ALGEBRAS 717

there exists a completely positive contraction ¢ : A — B such that
[L(a) = ¢(a)ll <&
for alla € F.

Proof. If the proposition failed, we would obtain a sequence of C*-algebras C,
with C*-subalgebras B,, C C,, and a sequence of completely positive contractions
L, : A— C, with

dist(Ln(a), Bp) — 0 and ||Ln(a)L,(b) — Ly(ab)|| — 0
for all a, b € A, but
inf{sup{||Ln(a) — ¢n(a)|| :a € F}} > €0 > 0,

where the infimum is taken over all completely positive contractions ¢, : A — B,,.

Let L : A — ], Cy be defined by L(a) = {Ly(a)} for alla € A. Let B=1]], B,
be a C*-subalgebra of [, Cy, and let 7 : [, C\, — [],, Cn/ @B,, Cr be the quotient
map. Note that 7(B) = B/(®,,C,, N B) = B/ @,, B,,. Consider L=nmoL: A —
IL,Cn/ @, Crn. The condition that

dist(Ly(a),B,) — 0 and | L,(a)L,(b) — Ly(ab)|| — 0

for all a, b € A implies that L actually is a homomorphism and maps A into 7(B).
Since A is nuclear, there exists a completely positive contraction ® : A — B such
that 7o ® = L. We write ® = {¢,,}, where each ¢, : A — B,, C C,, is a completely
positive contraction. Therefore, we have

[Ln(a) = én(a)|| — O

as n — o0o. This completes the proof. [l

6.3. Proposition. Let A be a nuclear unital TAF C*-algebra. Then, for any
e > 0, any integer n > 0, any finite subset F of A, and any full element a € Ay,
there exist a finite dimensional C*-subalgebra F' C A with p = 1p and a completely
positive contraction L : A — F which is e-F-multiplicative such that

(1) lp,z]l| <e for all x € F,

(2) |z — (1 —p)z(l —p) + L(x))|| < for allz € F, and

(3) n[1 —p] < [p] in D(A) and 1 —p =< a.

Proof. This follows immediately from the definition of TAF, the nuclearity of A,
and Proposition 6.2. |

6.4. Lemma. Let A be a nuclear unital TAF C*-algebra. Then, for any simple
AF-algebra B, any € > 0 and any finite subset F C A, there is an F-e-multiplicative
contractive completely positive linear map L : A — B.

Proof. We note that, for any finite dimensional C*-algebra F| there exists a mono-
morphism v : F' — B. Then the lemma follows from 6.3. |

6.5. Let A be a C*-algebra. Denote by My (A) the union of the M, (A), m =
1,2,.... Let P C Mo (A) be a finite subset of projections in M (A). There are a
finite subset G(P) C A and 6(P) > 0 such that if B is any unital C*-algebra and
L : A — B is a contractive completely positive linear morphism which is G(P)-
§(P)-multiplicative, then L (well) defines a map [L] from P into Ko(B). (see for
example 1.4 in [Ln3|).
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6.6. Lemma. Let A be a unital separable nuclear TAF C*-algebra such that Ko(A)
is a countable additive subgroup of Q (as an ordered group). Let o : Ko(A) — Q be
an order homomorphism. Given a finite subset X of projections in My, (A), there
exist a finite subset G and € > 0 such that if L : A — Q is a G-e-multiplicative
contractive completely positive linear map, then there is a homomorphism h : Q —
Q such that

he([L]|x) = alx,
where X is the image of X in Ko(A).

Proof. By sending [14] to 1 in Q, we may identify Ky(A) with a subgroup of
Q in which [14] = 1 in Q. We may assume that X = {[p1], [p2], .-, [px]}, where
P1,D2, ..., Pk are projections in A. Suppose that [p;] = n;/m;, where m; and n; are
positive integers. Since A has stable rank one (and real rank zero), there is a partial
isometry v; € My, +n, (A) for each i such that

viv; =diag(la, -+ ,14,0,---,0) and v = diag(ps,---,pi,0,--+,0),
where in the first diagonal there are n; 14’s and in the second diagonal there are
m; p;’s.

Let | = max;{m; + n;}. Choose a large G so that M;(G) contains p;, vjv;, v;v}
and v;, 1 < ¢ < k. Choose ¢ so small that [L] is well-defined on 14, p;, v}v;, and
v;v7, and

[L]([vivi]) = [L)([viv]) (see 6.5).
One sees that [L](p;) = (m;/n;)-[L]([14]) in Ko(Q), 4 = 1,2, ..., k. There is a rational
number r € Q such that r- [L]([14]) = a([14]). Let e € M4(Q) be such that [e] =r
for some integer d > 0. The homomorphism ¢ : Q — Q defined by o(x) = rz is
an order homomorphism. From the classification theory of AF-algebras, we know

that there is a homomorphism h : @ — @ such that h([1g]) = r. It is then easy to
check that h.([L]|x) = a|%. O

6.7. Let A and B be two C*-algebras with A unital. Let hi,hs : B — A be two
homomorphisms and F a subset of B. For convenience, we write (for € > 0)
hi ~. hy on F
if there exists a unitary u € A such that [[u*hi(b)u — ho(b)|| < € for all b € F; and
hi~.hy on F
if ||h1(b) — ha(b)]| < € for all b € F.
The following lemma is certainly known.

6.8. Lemma. Let A be an AF-algebra and B a C*-algebra. For any e > 0 and any
finite subset F C A, there are a finite subset P(F,e) of projections in A, a finite
subset G(F,e) C A and 6(F,e) > 0 satisfying the following: If L1, Lo : A — B
are two G-0-multiplicative contractive completely positive linear maps with [L1]|p =
[La]lp (here we assume that G is large enough and ¢ is small enough so that they
are well-defined—see 6.5), then

LlNELQ on F.

The following is an easy version of 5.3 in [Ln3|] (see also 5.4 in [Ln5]), which we
state here for convenience.
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6.9. Theorem (5.3 and 5.4 in |[Lnb]). Let A be a unital simple nuclear C*-algebra
with torsion free Ko(A) and trivial K1(A) which satisfies the Universal Coefficient
Theorem. For any e > 0 and any finite subset F C A there exist a positive number
0 > 0, a finite subset G C A, a finite subset P of projections in AQK and an integer
n > 0 satisfying the following: for any unital C*-algebra B of stable rank one, if
¢, Y, 0 : A — B are three G-6-multiplicative contractive completely positive linear
maps with [9]|p = [Y]|p, and o is unital, then there is a unitary w € M, 11(B) such
that

[u*diag(¢(a), o(a),- - ,o(a))u — diag(¥(a),o(a), - ,o(a))l <e
for all a € F, where o(a) repeats n times.

6.10. Lemma. Let A be a nuclear simple unital TAF C*-algebra. For any e > 0,
any finite subset F C A and any positive integer n > 0, there exist projections py
and pa such that (1 —p1)A(1 —p1) = My (p2Apa) with p1 = pa, and there are unital
F-e-multiplicative contractive completely positive linear maps ¢ : A — Fy, where
Fy is a finite dimensional C*-subalgebra of ps Aps, such that

(a) ||[pi, x]|| < € for all x € F;

(b) l|lx — (prap1 @ diag(p(z), d(x),...,0(x)))|| < € for all x € F (where ¢(x)

repeats m times).

Proof. We use a modification of 6.3. Let F be as in 6.3 with (n + 1)[1 — p] < [p]
in D(A). Write F = M,, ® My, ® --- ® M,,. Let d; be a (non-zero) minimal
projection of M,,, i = 1,2,...,k. Choose m sufficiently large. Applying Zhang’s
halving theorem (|Zh2]), we obtain

di=d" od? o - 0d®) +r,

where the dgj ) are mutually equivalent projections and r; € d;Ad; is a projection
with r; < dgl). By results in Section 3, A is of real rank zero, stable rank one and
has weakly unperforated Ky(A). By comparing traces and by choosing large m, we
may assume that

gm
(1—p)@z Z dgj) +anz dgj)
i \j=ni+l i i \j=1
with nl < 2™ < n(l+1). Let
2™ 2™
p1:(1—p)@2diag Z dEj)+Zri,..., Z dgj)—i-Zri ,
i j=nl+1 i j=nl+1 i
nl ) nl ) l ) l )

Edeiag ngj),...,z:dl(.]) and pgdeiag Zdl(.]),...,z:dgj) ,

i j=1 j=1 i j=1 j=1

where the ith diagonal has n; entries. Note that

l l
diag | Y d,..3"d? | y| =0
j=1 j=1

for each y € M,,,. So E commutes with every element in F. We also estimate that

[p1; =]l <e.
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Let F; = EFE. Note that
[E,L(a)] =0 and [p2,L(a)]=0

for every a € A. Define L' = ELE and ¢(a) = p2L(a)ps for a € A. Then L'(a) =
diag(¢(a), ..., ¢(a)), where ¢(a) repeats n times. It is easy to see that p1, pa, ¢ and
Fy satisfy the requirements. O

6.11. Theorem. Let A be a separable nuclear simple TAF C*-algebra with the
UCT such that K1(A) = 0 and Ko(A) is the additive group of Q (as an ordered
group) with [14] =1 in Q. Then A = Q.

Proof. Let F be a finite subset of A and £ > 0. We will show that there is a C*-
subalgebra B C A which is AF and such that 7 C. B. This implies that A is
an AF-algebra. Then, by Elliott’s classification theorem ([EII1]) for AF-algebras,
Ax~Q.

We may assume that F is in the unit ball of A. Set F1 = FU {1la}. Let G; =
G(e/4,F1), 01 = 6(F1,e/4), P1 = P(F1,¢/4) and the positive integer n > 0 be as
required in Theorem 6.9. Let G and 4] be as required by 6.6 for X = P;. Set
d2 = min{d1/2,¢/8,6,/2} and G2 = G1 U G}. By 6.10, we obtain two projections,
p1 and pa, and a unital C*-subalgebra p1 Apy @ M, (p2Aps) of A with p; = pa,
and we obtain a do-Go-multiplicative contractive completely positive linear map
Ly : A — Fy, where F7 is a finite dimensional C*-subalgebra of ps Aps, such that

| = (prxpy + diag(La(x), Ly (x), .., L1 (2))[ <02 and ||[py, ]| < 02

for all z € Gs. Define 1)1 : A — p1Ap1 by 1(a) = prapi, and define 12 : A —
(1—p1)A(1 —p1) by VYa(z) = diag(L1(x),- -+, Li(z)). Note that ¢; and )2 are also
202-Go-multiplicative. We may assume that [¢;(P1)] is well defined (i = 1,2—see
6.5). Set L(lz) = diag(0, ..., L1,0,...,0) (the i¢th place is L1) and

Gy = {diag(Ly, L1, ..., [1)(Ga), p1, (1 — p1), L(Ga), i = 1,2, ..., n}.

Let F{ = @], Fi (n summands of Fy). Since F] is finite dimensional, there
exists a monomorphism ¢} : F] — @ such that [¢](p)] = [j«(p)] for all p € P,
where j. : Ko(F]) — Q is induced by the embedding j : F] — A. Let P = ¢} (15).
We may assume that P < 1q.

By applying 6.4 and 6.6, we obtain ¢} : p1Ap1 — Q, a d3-1)1(Gz)-multiplicative
contractive completely positive linear map such that

(@7 091 (p)] = [a(p)] in Q
for all p € P1. We may assume that ¢ (p1) = 1g — P. Set ¢1 = ¢f o 1)1 @ ¢ 01)a :
A—Q.
Let h: Q — A be a unital homomorphism with [h] = idg given by 2.9 in [Lnl].
By 6.8, we obtain a unitary u; € A such that
ad(uy) oho ¢y ~g,/0ida  on 12(G1)
for each i. Put ' = ad(uq) o h. So
h/ o ¢/1 o diag(Ll, Ll, ceny Ll) %52/2 diag(Ll, Ll, vy Ll) on gl.

Now, by construction and Theorem 6.9, we have

Y1 ® diag(Ly, Ly, ..., Ly) ~epa B 0 ¢ 0 hy @ diag(Ly, Ly, ..., L1) on Fi.



So

TRACIALLY AF C*-ALGEBRAS 721

ida R/ Y1 D dz’ag(Ll,Ll, ...,Ll)
~esa ' o ¢ oipy @ diag(Ly, Ly, ..., L1) ~cpa h' oy on Fi.

Therefore, there is a unitary v; € A such that

idA e h1 O(bl on .7:1,

where h; = ad(vy) o b'.
Let B = h1(Q). Then F C. B. O

The method used in this section is based on results in [Ln3]. A classification
result for unital nuclear separable simple TAF C*-algebras will appear in a subse-
quent paper.
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