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TRACIALLY AF C∗-ALGEBRAS

HUAXIN LIN

Abstract. Inspired by a paper of S. Popa and the classification theory of
nuclear C∗-algebras, we introduce a class of C∗-algebras which we call tra-
cially approximately finite dimensional (TAF). A TAF C∗-algebra is not an
AF-algebra in general, but a “large” part of it can be approximated by finite
dimensional subalgebras. We show that if a unital simple C∗-algebra is TAF
then it is quasidiagonal, and has real rank zero, stable rank one and weakly
unperforated K0-group. All nuclear simple C∗-algebras of real rank zero, sta-
ble rank one, with weakly unperforated K0-group classified so far by their
K-theoretical data are TAF. We provide examples of nonnuclear simple TAF
C∗-algebras. A sufficient condition for unital nuclear separable quasidiagonal
C∗-algebras to be TAF is also given. The main results include a characteriza-
tion of simple rational AF-algebras. We show that a separable nuclear simple
TAF C∗-algebra A satisfying the Universal Coefficient Theorem and having
K1(A) = 0 and K0(A) = Q is isomorphic to a simple AF-algebra with the
same K-theory.

1. Introduction

In recent years there has been an explosion of results in the classification of
(simple) nuclear C∗-algebras of real rank zero, starting with G. A. Elliott’s paper
[Ell2]. For example, all separable nuclear purely infinite simple C∗-algebras sat-
isfying the Universal Coefficient Theorem ([KP], [K1] and [Ph]) are classified by
their K-theory, and simple nuclear C∗-algebras in a large class of C∗-algebras of
real rank zero and stable rank one with weakly unperforated K0 are also classified
by their K-theory data ([EG]; see also [G] and [D1]). The second class of simple
C∗-algebras mentioned above is constructed from direct limits of so-called homo-
geneous C∗-algebras with slow dimension growth. Since it is not known whether
there are any simple C∗-algebras of real rank zero which are neither purely infinite
nor of stable rank one, the next goal in classification theory is to classify all sepa-
rable nuclear simple C∗-algebras (satisfying the UCT) of real rank zero and stable
rank one. To do this one needs to establish a classification result for C∗-algebras
that are not assumed to be direct limits of some special form. However, recent
developments suggest that one may further assume that simple C∗-algebras are
quasidiagonal (see [BK1] and [Po]). It is certainly very important to have an ab-
stract characterization of the second class of nuclear simple C∗-algebras mentioned
above. A recent result of S. Popa [Po] says that unital separable simple quasidi-
agonal C∗-algebras have some very interesting local approximation properties. For
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example, he shows that a unital separable simple C∗-algebra A with sufficiently
many projections (for example, A has real rank zero) is quasidiagonal if and only
if it has the following property: for any ε > 0 and any finite subset F ⊂ A, there
exists a finite dimensional C∗-subalgebra F ⊂ A with 1F = p such that, for all
a ∈ F ,

(1) ‖pa− ap‖ < ε, and
(2) pap ∈ε F.

We say that a unital C∗-algebra A is tracially approximately finite dimensional
(TAF) if, in addition,

(3) 1− p is arbitrarily “smaller” than p (see 2.1 for the formal definition).

Recall that a C∗-algebra A is said to be AF if, for any ε > 0 and any finite
subset F , there exists a finite dimensional C∗-subalgebra B ⊂ A such that F ⊂ε B.
Roughly speaking, a C∗-algebra is TAF if a “large” part of it is AF. If we think
AF-algebras are C∗-algebras which can be approximated by finite dimensional C∗-
subalgebras in norm, then TAF-algebras can be viewed as C∗-algebras which can
be approximated by finite dimensional C∗-subalgebras in “measure” (or rather in
trace). It turns out that this notion is very useful to classification theory. In fact,
all simple nuclear C∗-algebras classified in [EG] are TAF. In particular, many TAF
C∗-algebras are not AF. Moreover, for any countable weakly unperforated graded
ordered group (G0, (G0)+, G1) with the Riesz decomposition property, there exists
a separable nuclear simple TAF C∗-algebra A with (K0(A),K0(A)+,K1(A)) =
(G0, (G0)+, G1). On the other hand, we show in Section 3 that every simple TAF
C∗-algebra is quasidiagonal and has real rank zero, stable rank one and weakly
unperforated K0. These results suggest that, perhaps, the class of separable nuclear
simple TAF C∗-algebras is the right class to study (as the replacement for the class
of separable nuclear simple C∗-algebras of real rank zero and stable rank one). It
is certainly tempting to conjecture that every quasidiagonal simple C∗-algebra of
real rank zero, stable rank one and with weakly unperforated K0 is TAF. One of
the main results of this paper is the following characterization of rational simple
AF-algebras: A unital nuclear separable simple TAF C∗-algebra A satisfying the
Universal Coefficient Theorem and with K1(A) = 0 and K0(A) = Q (the additive
ordered group of rational numbers) is isomorphic to a unital simple AF-algebra
with the same K-theory. We regard this as the first step in classifying nuclear
simple C∗-algebras of real rank zero without assuming any special inductive limit
structure. We would like to point out that the requirement that A satisfies the
UCT is a natural condition, since we want to use K-theory as the invariant. One
should also note that there are no known examples of nuclear C∗-algebras that do
not satisfy the UCT, and all C∗-algebras in the so-called “bootstrap” class satisfy
the UCT.

We also give a class of unital simple C∗-algebras which includes many non-nuclear
simple TAF C∗-algebras. In particular, using examples given in [D2], we show that
there are unital separable simple TAF C∗-algebras with unique normalized trace
that are not nuclear. For separable simple nuclear quasidiagonal C∗-algebras, a
sufficient condition for TAF is given.

The paper is organized as follows. In Section 2, we give the definition of tracially
approximately finite dimensional C∗-algebras. We show that all simple C∗-algebras
of real rank zero that are classified in [EG] are in fact TAF. Some elementary
properties of TAF C∗-algebras are discussed. We show that, under a suitable
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assumption, ideals and quotients of TAF C∗-algebras are TAF. In Section 3, we
discuss simple TAF C∗-algebras. We show that any unital simple TAF C∗-algebra
is quasidiagonal and has real rank zero, stable rank one and weakly unperforated
K0-group. In Section 4, we use examples from [D2] to exhibit a class of unital
TAF simple C∗-algebras which are constructed from general separable residually
finite dimensional C∗-algebras. Some of them are not nuclear. From these C∗-
algebras, we construct a unital separable simple quasidiagonal TAF C∗-algebra
with unique normalized quasitrace which is not nuclear. In Section 5, we discuss
strong NF-algebras, introduced in [BK1]. We show that every unital strong NF-
algebra A of real rank zero has the local approximation property introduced by S.
Popa mentioned earlier (i.e., (1) and (2) hold). We also give a sufficient condition
for unital separable simple nuclear quasidiagonal C∗-algebras of real rank zero to
be TAF. In Section 6, we give the main characterization theorem.

The following terminology and notation will be used in this paper.
(i) Let A be a C∗-algebra. We denote by D(A) the Murray–von Neumann

equivalence classes of projections in A.
(ii) Two projections in A are said to be equivalent if they are Murray–von Neu-

mann equivalent. We write p � q if p is equivalent to a projection in qAq.
(iii) Let p, q ∈ A be two projections, and let k be a positive integer. We write

k[p] ≤ [q] if qAq contains k mutually orthogonal projections each of which is equiv-
alent to p.

(iv) Let a ∈ A be a positive element. We denote by Her(a) the hereditary C∗-
subalgebra of A generated by a. We write p � a if p is equivalent to a projection
in Her(a).

(v) An element in A is said to be full if the ideal generated by the element is A
itself. Every nonzero element in a simple C∗-algebra is full.

(vi) Let ε > 0, and let F and S be subsets of A. We write x ∈ε S, if there exists
y ∈ S such that ‖x− y‖ < ε, and write F ⊂ε S, if x ∈ε S for all x ∈ F .

(vii) We denote by QT (A) (and T (A)) the normalized quasi-trace (or trace)
space of A.

(viii) All ideals in this paper are closed two-sided ideals.

2. Tracially AF-algebras

2.1. Definition. Let A be a unital C∗-algebra. We say that A is tracially ap-
proximately finite dimensional (TAF for brevity) if it satisfies the following: For
any ε > 0, any integer n > 0, any finite subset F of A which contains a non-zero
element x1, and any full a ∈ A+ there exists a finite dimensional C∗-subalgebra
F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ;
(2) pxp ∈ε F for all x ∈ F and ‖px1p‖ ≥ ‖x1‖ − ε;
(3) n[1− p] ≤ [p] in D(A) and 1− p � a.
A non-unital C∗-algebra is said to be TAF if Ã is TAF.

2.2. Proposition. Every unital commutative TAF C∗-algebra is in fact an AF-
algebra, or more precisely, A ∼= C(X) for some compact totally disconnected space.

Proof. In a commutative C∗-algebra, if p and q are two mutually orthogonal pro-
jections with q � p, then q = 0. So, in the definition of TAF, we see that 1− p = 0.
This implies that A is an AF-algebra.
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2.3. Remark. A TAF C∗-algebra is not in general an AF-algebra, but a “large” part
of it is approximately finite dimensional. Originally, traces were used to measure the
“size” of the finite dimensional part. However we prefer not to assume that the C∗-
algebras admit a trace. Moreover, in the absence of “fundamental comparability”,
traces may not even give a good measurement. In order to make sure that the finite
dimensional part is “large”, we use the somewhat complicated looking condition (3),
which certainly causes some technical difficulties. However when A is simple, both
conditions (2) and (3) can be much simplified (see 3.8 and 3.9).

When (quasi)traces are good measurements for projections we have the following
proposition, which is the reason that we use the term “tracially AF”.

2.4. Proposition. Let A be a unital simple C∗-algebra of real rank zero, stable
rank one and with weakly unperforated K0(A). Then A is TAF if and only if for
any ε > 0 and σ > 0, and any finite subset F of A, there exists a finite dimensional
C∗-subalgebra F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ,
(2’) pxp ∈ε F for all x ∈ F , and
(3’) τ(1 − p) < σ for all normalized quasi-traces on A.

Proof. We only need to prove the “if ” part.
Let ε > 0, n, a finite subset F , a nonzero x1 ∈ F and a positive element a be

given. We will show that there exists a finite dimensional C∗-subalgebra F ⊂ A
with p = 1F such that

(i) ‖[p, x]‖ < ε for all x ∈ F ;
(ii) pxp ∈ε F for all x ∈ F , and ‖p|x1|p‖ ≥ ‖|x1|‖ − ε;
(iii) n[1− p] ≤ [p] in D(A), and 1− p � a.
Note that, if ‖[p, x1]‖ is small, ‖[p, x∗1]‖ is also small. So ‖(px1p)∗(px1p)‖ is close

to ‖px∗1x1p‖. So we see it suffices to prove the above. To save notation, we may
assume that x1 ≥ 0.

For any 0 < η < ‖x1‖, let f(t) ≥ 0 be a continuous function on [0, ‖x1‖] such
that f(t) = 1 if |t| ≥ ‖x1‖ − η/2 and f(t) = 0 if |t| < ‖x1‖ − η. Since A has real
rank zero, we obtain a nonzero projection e ∈ Her(f(x1)). Let E be the spectral
projection of x1 corresponding to the open subset [‖x1‖ − η, 1] in A∗∗. We have

Ex1E ≥ (‖x1‖ − η)E.

Since eE = Ee = e, we have

ex1e ≥ (‖x1‖ − η)e.

Let G = {e} ∪ F . Since A has real rank zero, there exists a nonzero projection
q ∈ Her(a). Let d = inf{τ(q) : τ ∈ QT (A)} (> 0). Choose σ > 0 so that σ <
min(1/(n+ 1), d).

We obtain a finite dimensional C∗-subalgebra F ⊂ A with p = 1F such that
(a) ‖[p, x]‖ < η for all x ∈ G;
(b) pxp ∈η F for all x ∈ G;
(c) τ(1 − p) < σ for all τ ∈ QT (A).
Thus we have (i). Since A has real rank zero, stable rank one and weakly

unperforated K0(A), it follows from [BH] that (iii) holds.
For (ii), we note that

pex1ep ≥ (‖x1‖ − η)pep.
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We also have ‖ep− pe‖ < η. With sufficiently small σ, we obtain ‖pep‖ ≥ 1− ε/4.
Then, we have

‖px1p‖ ≥ ‖epx1pe‖ ≥ ‖pex1ep‖ − η ≥ (‖x1‖ − η)‖pep‖ − η

≥ (‖x1‖ − η)(1 − ε/4)− η = ‖x1‖ − (ε/4‖x1‖+ η) + εη/4.

So (ii) also follows with sufficiently small η.

It is obvious that every AF-algebra is TAF. Popa ([Po]) shows that every unital
simple quasidiagonalC∗-algebra of real rank zero satisfies conditions (1) and (2) (see
also Section 5). Proposition 2.6 (below) shows that, for any countable weakly unper-
forated graded ordered group (G0, (G0)+, G1) with the Riesz decomposition prop-
erty, there exists a unital simple TAF C∗-algebraA with (K0(A),K0(A)+,K1(A)) =
(G0, (G0)+, G1). In particular, there are TAF C∗-algebras that are not AF (when-
ever K0 has torsion, or K1 is nontrivial). Non-nuclear TAF C∗-algebras are given
in section 4. Other examples are given in section 5.

2.5. Let A = lim(An, φn), where An =
⊕m(n)

j=1 Pn(j)Mn(j)(C(Xn(j)))Pn(j), each
Xn(j) is a finite connected CW complex and Pn(j) is a projection in Mn(j)(C(Xn(j)).
When A is simple, A is said to have slow dimension growth if

lim
n→∞

max
1≤j≤m(n)

dim(Xn(j))
rank(Pn(j))

= 0.

We denote by C the class of those simple unital C∗-algebras of the above form (with
slow dimension growth) with real rank zero. The classification theorem in [EG]
combined with the reduction theorem in [G] and [D1] shows that the C∗-algebras
in C are classified by their scaled ordered groups (K0(A),K0(A)+, [1A],K1(A)).
It also shows that, given any countable weakly unperforated graded ordered group
(G0, (G0)+, G1) with the Riesz decomposition property, there is a C∗-algebra A ∈ C
such that (K0(A),K0(A)+,K1(A)) = (G0, (G0)+, G1).

2.6. Proposition. Let A ∈ C. Then A is a (unital) simple TAF C∗-algebra.

Proof. Let A be a unital simple C∗-algebra in C. It follows from [G] (see also 3.2
in [D1]) that A = limn→∞(Bn, φn), where each Bn =

⊕
Pn(j)Mn(j)(C(Xn(j))Pn(j)

and Xn(j) is a finite connected CW complex of dimension ≤ 3. Since A has real rank
zero, for any δ > 0, by 1.4.5 in [EG] (see also 2.5 in [Su]), each partial map of φn has
spectral variation SPV less than δ (see 1.4.5 in [EG]). Now since dim(Xn(j)) ≤ 3,
it follows from 2.21 in [EG] and 2.4 that A is TAF.

We will show that when A is separable, a quotient of a TAF C∗-algebra is TAF
and, under a mild condition, every ideal of a TAF C∗-algebra is TAF.

2.7. Proposition. Let A be a non-unital C∗-algebra. Then A is TAF if and only
if the following holds: For any ε > 0, any integer n > 0, any finite subset F
of A which contains a non-zero element x1, and any full a ∈ Ã+ there exist two
mutually orthogonal projections p1, p2 ∈ A and a finite dimensional C∗-subalgebra
F ⊂ A with p1 = 1F such that

(1) ‖[pi, x]‖ < ε for all x ∈ F , i = 1, 2;
(2) p1xp1 ∈ε F for all x ∈ F and ‖p1x1p1‖ ≥ ‖x1‖−ε, and ‖(p1 +p2)x−x‖ < ε;
(3) there are mutually orthogonal and mutually equivalent non-zero projections

q1, q2, ..., qn ∈ (1− p2)A(1 − p2) such that p2 � qi for each i and p2 � a.
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Proof. First consider the “if ” part. Let G = {z1, z2, ..., zm} be a finite subset of
Ã. We may write zi = λi + xi, where λi is a scalar multiple of the identity and
xi ∈ A. Set F = {x1, x2, ..., xm}. Suppose that p1, p2 and F satisfy (1), (2) and
(3) in the proposition. Define F1 = C · (1 − (p1 + p2)) ⊕ F and p = 1 − p2. We
see easily that, with G being the finite subset of Ã, the projection p and the finite
dimensional C∗-subalgebra F1 satisfy (1), (2) and (3) in 2.1. So Ã is TAF.

To see the “only if ” part, we assume that Ã is TAF. Let F ⊂ A, ε, n and a
full element a ∈ Ã+ be given. Let p, F satisfy (1), (2) and (3) in the definition
of TAF (with ε/8 replacing ε). Let π : Ã → C be the quotient map. Then either
π(1 − p) = 0 or π(p) = 0. But then (3) in 2.1 implies that π(1 − p) = 0, or,
equivalently, 1 − p ∈ A. Write F = Mk1 ⊕ · · · ⊕Mks . Since π(F ) = C, and Mki is
simple, we conclude that

F = C · d⊕Mk2 ⊕ · · · ⊕Mks ,

where 1−d ∈ A and F1 = Mk2⊕· · ·Mks ∈ A. Suppose that F = {x1, x2, ..., xm} (⊂
A). Let yi ∈ F be such that

‖yi − pxip‖ < ε/8, i = 1, 2, ..., n.

Then ‖π(yi)‖ < ε/8. So yi = λi · d⊕ zi with zi ∈ F1 and |λi| < ε/4. Therefore

‖zi − pxip‖ < ε/2, i = 1, 2, ..., n.

We also have

‖(1− d)pxip− pxip‖ < ε/2, i = 1, 2, ..., n.

Therefore

‖((1− p) + (p− d))xi − xi‖ = ‖(p− d)pxi − pxi‖
≤ ‖(p− d)pxip− pxip‖+ ε/2 < ε.

Now define p1 = (p−d) and p2 = (1−p) with the finite dimensional C∗-subalgebra
F1. Then (1), (2) and (3) in the proposition follow.

2.8. Corollary. Let A be a separable non-unital C∗-algebra of TAF. Then A ad-
mits an approximate identity consisting of projections.

Proof. This follows from (2) in 2.7.

2.9. Proposition. Let A be a TAF C∗-algebra, and let I be an ideal. If I has a
positive full element, then A/I is TAF.

(One should note that if I is σ-unital then I has a positive full element. So, in
particular, every quotient of a separable TAF C∗-algebra is TAF.)

Proof. We may assume that A has a unit. From the definition, one sees that the
only thing that we need to check is that for every positive full element a ∈ A/I,
there is a positive full element b ∈ A such that π(b) = a, where π : A → A/I is
the quotient map. Take a positive full element c of I and a positive element h ∈ A
with π(h) = a. Set b = c+ h. We claim that b is full. Let J be an ideal generated
by b. Since π(b) = a and a is full in A/I, J + I = A. Since Her(b) ⊂ J and c ≤ b,
it follows that c ∈ Her(b). Therefore c ∈ J. Hence I ⊂ J. So J = A. This implies
that b is full.

The following two lemmas are well known.
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2.10. Lemma. For any ε > 0 there exists δ > 0 which sastisfies the following: For
any C∗-algebra A and a ∈ A+ with 0 ≤ a ≤ 1 and a projection p ∈ A such that

‖ap− p‖ < δ,

there exists a projection q ∈ Her(a) with

‖p− q‖ < ε.

2.11. Lemma (cf. 2.11 in [Ln2]). Let f ∈ C([−1, 1]). For any ε > 0 there exists
δ > 0 satisfying the following: For any C∗-algebra A and a ∈ As.a. with ‖a‖ ≤ 1
and a projection p ∈ A such that

‖[p, a]‖ < δ,

we have

‖f(a)p− f(pap)‖ < ε.

2.12. Lemma. Let A be a C∗-algebra which satisfies the local approximation prop-
erty of Popa, i.e., it satisfies conditions (1) and (2) in 2.1. Then every non-zero
hereditary C∗-subalgebra of A contains a non-zero projection (i.e., A has property
(SP)).

Proof. Let B be a hereditary C∗-subalgebra of A. Fix 0 < r < 1. Define fr ∈
C([0, 1]) as follows:

fr(t) =


1 if r/2 ≤ t ≤ 1;
linear if r/4 ≤ t < r/2;
0 if 0 ≤ t < r/4.

For any σ > 0, there exists d > 0 such that

|fr(t)− fr(x)| < σ

if |x− t| < d.
Let δ > 0 with δ < d/2 and let e be a positive element of B with ‖e‖ = 1. Let

F = {e, fr(e)}. Since A satisfies conditions (1) and (2) in 2.1, there exists a finite
dimensional C∗-subalgebra F ⊂ A with 1F = p such that

‖px− xp‖ < δ

for x ∈ F , and there exists an element a ∈ F such that

‖pep− a‖ < δ and ‖pep‖ > r.

It is easy to see that we may assume that 0 ≤ a ≤ 1.
For any ε > 0, by Lemma 2.11 we choose δ so small that

‖fr(e)p− fr(pep)‖ < ε/4.

Since a ∈ F , we may write

a =
n∑
i=1

λipi,

where p1, p2, ..., pn are mutually orthogonal projections. By choosing even smaller
δ, without loss of generality, we may assume that ‖a‖ ≥ r. So we may assume that
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λ1 ≥ r. Thus there is a nonzero projection e0 ∈ F such that fr(a)e0 = e0. We now
estimate that

‖fr(e)e0 − e0‖ = ‖fr(e)pe0 − e0‖ ≤ ‖(fr(e)p− fr(pep))e0‖
+‖(fr(pep)− fr(a))e0‖+ ‖fr(a)e0 − e0‖ < ε/2 + ε/2 + 0 = ε.

It follows from Lemma 2.10 that, if ε is sufficiently small, B contains a non-zero
projection q with ‖q − e0‖ < 1.

2.13. Lemma. Let A be a unital TAF C∗-algebra, and let B be a unital full hered-
itary C∗-subalgebra of A. Then B satisfies the following: For any ε > 0, any integer
n > 0, any finite subset F of B which contains a non-zero element x1, and any
full element a in B+, there exists a finite dimensional C∗-subalgebra F ⊂ B with
p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ;
(2) pxp ∈ε F for all x ∈ F , and ‖px1p‖ ≥ ‖x1‖ − ε;
(3’) 1− p � a.

Proof. Let δ > 0 be positive, let F be a finite subset of B which contains a nonzero
element x1 and e = 1B, let n be an integer, and let a ∈ B+ be a full element in B.
Note that a is a full element in A. Since A is TAF, there exists a finite dimensional
C∗-subalgebra F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < δ for all x ∈ F ;
(2) pxp ∈δ F for all x ∈ F , and ‖px1p‖ ≥ ‖x1‖ − δ;
(3) n[1− p] ≤ [p] in D(A), and 1− p � a.
So we have

‖pep− (pep)2‖ < δ and ‖epe− (epe)2‖ < δ.

So for any η > 0, if δ is sufficiently small, we obtain two projections e1 ∈ F and
e2 ∈ B such that

‖e1 − pep‖ < η, ‖e2 − epe‖ < η,

‖e1 − e2‖ < η and ‖(e− e2)− (1− p)(e− e2)(1− p)‖ < η.

With small η and δ, there is a unitary U ∈ A such that

U∗e1U = e2.

In particular, F1 = U∗e1Fe1U is a finite dimensional C∗-subalgebra of B.
For any ε > 0, if δ and η are small enough, we have (note that e = 1B, F ⊂ B

and 1F1 = e2)
(1′) ‖[x, e2]‖ < ε for all x ∈ F ,
(2′) e2xe2 ∈ε F1, ‖e2x1e2‖ > ‖x1‖ − ε.
Since we also have

‖(e− e2)− [(1− p)(e− e2)(1− p)]‖ < η

(with sufficiently small δ and η), it follows that e− e1 is (unitarily) equivalent to a
subprojection of 1− p. Since 1− p � a, we have (3’) e− e2 � a.

2.14. Lemma. Let A be a unital C∗-algebra and let I be an ideal. Suppose that
a ∈ Ĩ+ is a full element of Ĩ+. Then a is a full element in A (we identify the unit
of Ĩ with that of A).
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Proof. It is easy to see that a = λ+ b for some b ∈ I and some λ > 0. Let J be the
ideal generated by a in A. Since a is full in Ĩ , Ĩ ⊂ J. Thus 1 ∈ J. This implies that
a is full in A.

2.15. Theorem. Let A be a TAF C∗-algebra. Let I be an ideal of A which contains
an approximate identity consisting of projections. Then I is TAF. Conversely, if I
is TAF, I admits an approximate identity consisting of projections.

Proof. The converse follows from 2.8. Note that, if I is unital, then 1I is in the
center. It is obvious from the definition that I is TAF. We may assume that A is
unital. Fix ε > 0, an integer n, a full element a ∈ Ĩ and a finite subset F ⊂ I
containing a non-zero element x1. Here we assume that the identity of Ĩ is the same
as that of A. In particular, by 2.14, a is full in A.

Without loss of generality, we may assume that there exists e ∈ I such that
ex = x for all x ∈ F . Note also, by 2.14, that a is full in A.

We will use the proof of 2.13 and its notation (with B = eIe). Also, we note
that the proof of 2.13 actually proves that 2.13 holds if the condition that B is full
is replaced by the condition that a is a full element in A (not necessarily in B).
From this we have

(1) ‖[x, e2]‖ < ε for all x ∈ F ,
(2) e2xe2 ∈ε F1, ‖e2x1e2‖ > ‖x1‖ − ε.
We also have
(3’) e− e2 � a.
Suppose that p1, p2, ..., pn are mutually orthogonal projections in pAp such that

[1− p] ≤ [pi] (i = 1, 2, ..., n).
Since [e−e2] ≤ [1−p] (as in the proof of 2.13), [e−e2] ≤ [pi] in D(A). Therefore

there are vi ∈ A with

viv
∗
i = e− e2 and v∗i vi ≤ pi, i = 1, 2, ..., n.

Since I is an ideal, vi ∈ I and v∗i vi ∈ I. Let U be the unitary in the proof of 2.13.
Note that e2 = U∗e1U. We obtain

‖(e− e2)U∗pU‖ = ‖(e− e2)e2U
∗pU‖ = 0.

Thus U∗v∗i viU ∈ (1 − (e− e2))I(1 − (e− e2)). Therefore we obtain
(3) n[e− e2] ≤ [1− (e− e2)] in D(I) and e− e2 � a.
So it follows from 2.7 that I is TAF.

The reader probably realizes that the notion of TAF could be modified in several
ways. A further discussion is probably needed. When C∗-algebras are not simple, it
is difficult to compare the size of projections in general. Fortunately, we are mostly
interested in simple C∗-algebras. In the next section we will consider only simple
TAF C∗-algebras. TAF C∗-algebras behave as expected when they are simple.

3. Simple TAF C∗-algebras

In this section we will show that a unital simple TAF C∗-algebra is quasidiagonal
and has real rank zero, stable rank one and a weakly unperforated K0-group.

3.1. Lemma (cf. 1.8 in [Cu]). Let A be a simple C∗-algebra with property (SP)
(i.e., every nonzero hereditary C∗-subalgebra of A contains a nonzero projection),
and let p and q be two nonzero projections in A. Then there exists a nonzero pro-
jection e ∈ A with e ≤ p and [e] ≤ [q].
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3.2. Lemma. Let A be a non-elementary simple C∗-algebra with property (SP).
Then for any nonzero projection p ∈ A and any integer n > 0, there are n + 1
mutually orthogonal projections q1, q2, ..., qn, qn+1 such that q1 6= 0, [q1] = [qi],
i = 1, 2, ..., n, and p = q1 + q2 + · · ·+ qn+1.

Proof. The simple C∗-algebras pAp is non-elementary. Therefore (by [AS]), there
is a positive element a ∈ pAp with sp(a) = [0, 1]. In particular, there are n + 1
mutually orthogonal positive elements a1, a2, ..., an+1 ∈ pAp such that ‖ai‖ = 1,
i = 1, 2, ..., n+1. Consider Bi = Her(ai). Then, there are non-zero projections pi ∈
Bi. By applying Lemma 3.1 repeatedly, we obtain a non-zero projection e ∈ p1Ap1

such that

[e] ≤ [pi] in D(A).

The lemma then follows.

Recall that a C∗-algebra A is said to have cancellation of projections if whenever
p⊕e is equivalent to q⊕e in Mm(A), where p, q ∈ A are projections and e ∈Mm(A)
is a projection, then p is equivalent to q.

3.3. Lemma. Let A be a simple TAF C∗-algebra. Then A has cancellation of
projections.

Proof. Let p and q be two projections in A and let u ∈ A be a partial isometry
such that

u∗u = p and uu∗ = q.

It suffices to show that 1 − p is equivalent to 1 − q. To this end, we assume that
1− p 6= 0.

For any 0 < δ < 1/2, there exists a finite dimensional C∗-subalgebra F ⊂ A with
1F = P such that

(1) ‖[P, x]‖ < δ for x ∈ F , where F = {p, q, (1− p), (1− q), u, u∗},
(2) PxP ∈δ F for all x ∈ F and ‖P (1− p)P‖ ≥ 1− δ,
(3) 2[1− P ] ≤ [P ] in D(A).
We will perturb the elements PuP, Pu∗P, (1 − P )u(1 − P ) and (1 − P )u∗(1 −

P ). A standard perturbation argument (with sufficiently small δ) enables us to
assume, without loss of generality, that p = p1 + p2, q = q1 + q2 such that p1, q1 ∈
(1 − P )A(1 − P ), and p1 and q1 are equivalent in (1 − P )A(1 − P ), p2, q2 ∈ F ,
and they are equivalent in F. Furthermore, by (2) above, we may assume that
P − p2 6= 0.

Since F is finite dimensional, we conclude that P − p2 is unitarily equivalent to
P − q2 in F. Let u1 be a unitary in F ⊂ PAP such that

u∗1(P − p2)u1 = P − q2.

Define U1 = (1−P ) + u1. Then U1 is a unitary of A. By replacing q by U∗1 pU1, we
may assume that P − p2 = P − q2. Denote this nonzero projection in A by d.

By 3.2, we can write d = d1 + d2 + d3, where d1, d2, d3 are mutually orthogonal
projections such that d1 and d2 are nonzero equivalent projections and [d1] ≤ [d3]
in D(A). Let

B = (1− (d2 + d3))A(1 − (d2 + d3)).
Note that now we have p and q ∈ B. We apply Lemma 2.13. Since A is simple,
every hereditary C∗-subalgebra is full. Therefore, by 2.13, every unital hereditary
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C∗-subalgebra is TAF. By applying the same argument above to B (using 2.13),
we may assume that

p = p′1 + p′2 and q = q′1 + q′2,

such that p′1 and q′1 are equivalent in QBQ for some projection Q ∈ B with [Q] ≤
[d1], and p′2 and q′2 are unitarily equivalent in a (unital) finite dimensional C∗-
subalgebra F1 ⊂ (1B −Q)B(1B −Q). Therefore (1B −Q)− p′2 and (1B −Q)− q′2
are unitarily equivalent in F1. Thus it suffices to show that Q−p′1 +d2 is equivalent
to Q− q′1 + d2 in (Q + d2)A(Q + d2). There exists a projection d′2 ≤ d2 such that
[Q] = [d′2] in D(A). It suffices to show that Q− p′1 + d′2 is equivalent to Q− q′1 + d′2
in (Q + d′2)A(Q + d′2). We have (in (Q + d′2)B(Q + d′2) ∼= M2(QBQ)) the matrix
decomposition

p′1 =
(
p′1 0
0 0

)
and q′1 =

(
q′1 0
0 0

)
.

Since p′1 is equivalent to q′1 in QBQ, it is well known that p′1 is unitarily equivalent
to q′1 in (Q+ d′2)A(Q+ d′2) (cf. 4.3 in [Bl]). Therefore Q− q′1 + d2 is equivalent to
Q− p′1 + d2.

3.4. Theorem. Every unital simple TAF C∗-algebra is quasidiagonal and has real
rank zero and stable rank one.

Proof. Let A be a unital TAF C∗-algebra. We first show that A has real rank zero.
Fix a self-adjoint element x ∈ A and ε > 0. We will show that there is an invertible
self-adjoint element z ∈ A with ‖z − x‖ < ε.

Let f ∈ C([−‖x‖, ‖x‖]) with 0 ≤ f ≤ 1 and f(t) = 1 if |t| < ε/128, and f(t) = 0
if |t| ≥ ε/64. If f(x) = 0, then x is invertible. So we assume that f(x) 6= 0. Let
B = Her(f(x)). Then, by Lemma 2.12, there exists a non-zero projection e ∈ B.
Since eAe is simple, by 3.2, we may write e = e1 +e2, where e1 and e2 are mutually
orthogonal nonzero projections with [e1] ≤ [e2].

For any δ > 0, there exist a projection p ∈ A and a finite dimensional C∗-
subalgebra F ⊂ A with 1F = p such that

‖[p, x]‖ < δ and ‖[p, e1]‖ < δ,

and there exist a self-adjoint element y ∈ F and a positive element b ∈ F such that

‖pxp− y‖ < δ and ‖pe1p− b‖ < δ

and [1 − p] ≤ [e1]. With sufficiently small δ (< 1/4), we obtain projections p1 ∈
(1− p)A(1− p) and p2 ∈ F such that

‖e1 − (p1 + p2)‖ < 4δ.

With δ < 1/8, we know that e1 is unitarily equivalent to p1 + p2. Since p1 ≤ 1− p
and [1 − p] ≤ [e1], by Lemma 3.3, we know that [1− p− p1] ≤ [p2]. In particular,
p2 6= 0. Note that

‖e1x‖ < ε/64.

Therefore, with sufficiently small δ, we have

‖p2y‖ < ε/32, ‖ye2‖ < ε/32, ‖p1x‖ < ε/32.

So
‖y − (p− p2)y(p− p2)‖ < ε/16
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and
‖(1− p)x(1 − p)− (1− p− p1)x(1 − p− p1)‖ < ε/16.

Since (p− p2)F (p− p2) is finite dimensional, there exists an invertible self-adjoint
element z2 ∈ (p− p2)F (p− p2) such that

‖(p− p2)y(p− p2)− z2‖ < ε/16 and ‖pxp− z2‖ < ε/4

(if δ is sufficiently small). Let p′2 ≤ p2 be a projection such that [1− p− p1] = [p′2].
In ((1 − p− p1) + p′2)A((1 − p− p1) + p′2), set

z1 = (1− p− p1)x(1 − p− p1) + (ε/16)v + (ε/16)v∗,

where vv∗ = (1− p− p1) and v∗v = p′2. (In the matrix representation, we have

z1 =
(
x′ ε/16
ε/16 0

)
,

where x′ = (1−p−p1)x(1−p−p1).) Clearly z1 is an invertible self-adjoint element
in ((1− p− p1) + p′2)A((1 − p− p1) + p′2).

Put z = z1 + (ε/16)p1 + (ε/16)(p2− p′2) + z2. Then z is an invertible self-adjoint
element in A. We estimate that

‖x− z‖ ≤ ‖x− (pxp+ (1 − p)x(1− p))‖ + ‖(pxp+ (1− p)x(1 − p))− z‖
< ε/16 + ‖(pxp+ (1− p)x(1 − p))− (pxp+ (1− p− p1)x(1 − p− p1))‖

+ ‖(pxp+ (1− p− p1)x(1− p− p1))− z‖
< ε/16 + ε/16 + ‖pxp− z2‖+ ‖(1− p− p1)x(1− p− p1))− z1‖

+ ‖(ε/16)p1 + (ε/16)(p2 − p′2)‖
< ε/16 + ε/16 + ε/16 + ε/4 + ‖(1− p− p1)x(1 − p− p1)− z1‖+ ε/16

< 7ε/16 + ε/16 + ε/16 < ε.

This implies that A has real rank zero. It follows from [Po] that A is quasidiagonal.
Since D(A) has cancellation, by [BH, III, 2.4], A has stable rank one.

3.5. Lemma. Let A be a unital simple non-elementary C∗-algebra of real rank
zero and stable rank one. Suppose that p and q are two non-zero projections in
A. If n[q] < n[p] in D(A) for some positive integer n, then there exists a non-zero
projection p′ ≤ p with p− p′ 6= 0 such that

n[q] < n[p′]

in D(A).

Proof. Let p1 = p, p2, ..., pn ∈ Mn(A) and q1 = q, q2, ..., qn ∈ Mn(A) be mutually
orthogonal projections such that [pi] = [p] and [qi] = [q]. Suppose that v ∈ Mn(A)
is such that

vv∗ = q1 + q2 + · · ·+ qn

and d = p1 + p2 + · · · + pn − v∗v is a non-zero projection. Since A has real rank
zero and is a simple non-elementary C∗-algebra, there are n mutually orthogonal
non-zero projections d1, d2, ..., dn ∈ dAd. Then, by repeatedly applying 3.1, we
obtain equivalent non-zero projections e1, e2, ..., en such that ei ≤ di and ei � pi,
i = 1, 2, ..., n. Without loss of generality (to save notation), we may assume that
ei ≤ pi and ei � di. Since A has stable rank one, we conclude that

p1 + p2 + · · ·+ pn − d � (p1 − e1) + (p2 − e2) + · · ·+ (pn − en).
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Note that [pi − ei] = [p1 − e1] in D(A). Put p′ = p− e1.

3.6. Theorem. Let A be a unital simple TAF C∗-algebra. Then A has weakly
unperforated K0(A). Furthermore, if p and q are two non-zero projections in A
with n[q] < n[p] in D(A), then [q] < [p] in D(A).

Proof. By Theorem 3.4, A has real rank zero and stable rank one. So Lemma 3.5
applies. So there exists a non-zero projection p′ ≤ p with d = p − p′ 6= 0 such
that n[q] < n[p′] in D(A). Write Q = diag(q, q, ..., q) and P ′ = diag(p′, p′, ..., p′) in
Mn(A). There exists V = (vij) ∈Mn(A) (with vij ∈ A) such that

V ∗V = Q and V V ∗ ≤ P ′.
For 0 < δ < 1/2 and F = {q, p′, vij , i, j = 1, 2, ..., n}, since A is TAF, there exist a
projection e ∈ A and a finite dimensional C∗-subalgebra F ⊂ A with 1F = e such
that

(1) ‖[e, x]‖ < δ for all x ∈ F ,
(2) exe ∈δ F for all x ∈ F ,
(3) 1− e � d.
So, there are q1, p

′
1 ∈ eFe and q2, p

′
2 ∈ (1 − e)A(1 − e) such that q1 + q2 is

unitarily equivalent to q and p′1 + p′2 is unitarily equivalent to p. Let B = Mn(F )
and E = diag(e, e, ..., e). Then we also have, for any ε > 0, with sufficiently small
δ,

(4) ‖[E,P ′]‖ < ε, ‖[E,Q]‖ < ε and ‖[E, V ]‖ < ε, and
(5) EV E ∈ε B.
Since ‖[E, V ]‖ < ε, it is standard that (with sufficiently small ε) there exists

W ∈ B such that

W ∗W = diag(q1, q1, ..., q1) and WW ∗ ≤ diag(p′1, p
′
1, ..., p

′
1).

Since B is finite dimensional, we have q1 � p′1. Since (1− e) � d, we obtain q′2 ≤ d.
So we conclude that q � p.

3.7. Proposition. Let A be a unital separable simple C∗-algebra satisfying the
following condition of Popa:

For any ε > 0 and any finite subset F of A, there exists a non-zero finite dimen-
sional C∗-subalgebra F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ;
(2 ′) pxp ∈ε F for all x ∈ F .
Then A is MF ([BK1]).

Proof. Let A be such a C∗-algebra and let {xn} be a dense sequence in the unit
ball of A. By (1) and (2′) above, there are projections pn ∈ A and non-zero finite
dimensional C∗-subalgebras Bn with 1Bn = pn such that

(1) ‖[pn, xi]‖ < 1/n,
(2) pxip ∈1/n Bn for i = 1, 2, ..., n.
Let idn : Bn → Bn be the identity map and let j : Bn → MK(n) be a unital

embedding. We note that such j exists provided that K(n) is large enough. By
5.2 in [Pa], there exists a completely positive map L′n : pnApn →MK(n) such that
L′n|Bn = j ◦ idn. Since L′n is unital, by 5.9 and 5.10 in [Pa], L′n is a contraction.
We define Ln : A → MK(n) by Ln(a) = L′n(pnapn). Let yi,n ∈ Bn be such that
‖pnxipn − yi,n‖ < 1/n, n = 1, 2, .... Then

‖Ln(xi)− pnxipn‖ ≤ ‖Ln(xi − yi,n)− (yi,n − pnxipn)‖ < 2/n→ 0
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as n→∞. Combining this with (1) above, we see that

‖Ln(ab)− Ln(a)Ln(b)‖ → 0

as n → ∞. Define Φ : A →
∏∞
n=1MK(n) by sending a to {Ln(a)}. Then Φ is a

completely positive map. Denote π :
∏∞
n=1MK(n) →

∏∞
n=1MK(n)/

⊕∞
n=1MK(n).

Then

π ◦ Φ : A→
∞∏
n=1

MK(n)/

∞⊕
n=1

MK(n)

is a nonzero homomorphism. Since A is simple, π ◦ Φ is injective. It follows from
3.22 in [BK1] that A is an MF-algebra.

3.8. Proposition. Let A be a unital separable simple C∗-algebra. Then A is TAF
if and only if the following hold:

For any ε > 0, any finite subset F of A, and any nonzero positive element a ∈ A,
there exists a finite dimensional C∗-subalgebra F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ,
(2 ′) pxp ∈ε F for all x ∈ F , and
(3 ′) 1− p is unitarily equivalent to a projection in Her(a).

Proof. For the “only if ” part, we note, by 3.3, A has cancellation of projections.
So (3′) holds.

Now we consider the “if ” part. We only need to obtain (3) in 2.1 and the second
part of (2) in 2.1. We may assume that A is a non-elementary simple C∗-algebra.
First we claim that A has property (SP) (see 2.12). Otherwise, there is an a 6= 0,
a ∈ A+, such that Her(a) has no non-zero projection. By (3′) we see that 1−p = 0,
which implies that A is AF. So A does have (SP) (see 2.12). From 3.7, A is MF.
By 3.3.8 in [BK1], A is stably finite.

Let ε > 0, let F ⊂ A be a finite subset, let n > 2 be an integer, let x1 ∈ F be
a non-zero positive element, and let a ∈ A be a nonzero positive element. We will
show that (1), (2) and (3) in 2.1 hold for ε, F , n, x1 and a. We may assume that
0 < ε < ‖x1‖ ≤ 1.

Let f(t) ∈ C0((0, 1])+ be such that f ≤ 1, f(t) = 1 for t ∈ [‖x1‖ − ε/8, 1], and
f(t) = 0 for t ∈ [0, ‖x1‖ − ε/4]. By what we have proved, there exists a non-zero
projection e1 ∈ Her(f(x1)). By 3.1 and 3.2, there exists a projection e′1 ≤ e1 such
that e′1 is equivalent to a non-zero subprojection q of Her(a). To save notation, we
may assume that e1 = e′1.

Set G = F ∪{e1, x
1/2
1 }. Suppose now that (1), (2′) and (3) hold for ε/128, G and

a.
By 3.2, we obtain n+1 non-zero mutually orthogonal projections {q1, q2, ..., qn+1}

in qAq. So, by (3′), we can choose 1 − p so that it is unitarily equivalent to a
subprojection of q1 (� q). This implies that q2 + q3 + · · · + qn+1 � p. Therefore
(3) in 2.1 holds. To show that the second part of (2) holds, we note that pe1p 6= 0.
Otherwise e1 ≤ (1 − p). However, 2[1 − p] ≤ [e1], and A is stably finite. This is
impossible. Thus, by (1) and (2′) (for ε/128 and G), there exist a nonzero projection
e2 ∈ F and a non-zero projection e3 ∈ e1Ae1 such that

‖pe1p− e2‖ < ε/32 and ‖e1pe1 − e3‖ < ε/32.

Hence

‖e2 − e3‖ < ε/16.
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Since x1/2
1 ∈ G, we estimate that

‖x1/2
1 e2x

1/2
1 − x1/2

1 e3x
1/2
1 ‖ < ε/16.

Since e3 ≤ e1, by the construction of e1, we have

‖x1/2
1 e3x

1/2
1 ‖ = ‖e3x1e3‖ ≥ ‖x1‖ − ε/4.

Therefore,

‖x1/2
1 e2x

1/2
1 ‖ ≥ ‖x1‖ − ε/2.

Since x1/2
1 ∈ G, by (1) (for ε/128),

‖px1p− x1/2
1 px

1/2
1 ‖ < ε/64.

Therefore,

‖px1p‖ ≥ ‖x1/2
1 px

1/2
1 ‖ − ε/64 ≥ ‖x1/2

1 e2x
1/2
1 ‖ − ε/64 ≥ ‖x1‖ − ε/2− ε/64.

This proves the second part of (2) in 2.1. So A is TAF.

3.9. Remark. For unital separable simple C∗-algebras, we may use (1), (2′) and
(3′) in 3.8 for the definition of TAF. From the proof of 3.8, the condition that A
is separable can be replaced by A is finite. Moreover, from the proof of 3.8, for
general unital simple C∗-algebras, condition (3) can be replaced by (3’) of 3.8 in
the definition of TAF.

3.10. Theorem. Let A be a unital simple TAF C∗-algebra. Then, for any integer
n, Mn(A) is TAF.

Proof. By 3.4 and 3.6, A has real rank zero, stable rank one and weakly unper-
forated K0(A). So does Mn(A). Let ε > 0, σ > 0, and let F ⊂ Mn(A) be a
finite subset. By 2.4, it suffices to show that there exists a finite dimensional C∗-
subalgebra F ⊂Mn(A) with 1F = p such that (1), (2′) and (3′) in 2.4 are satisfied.
It is clear that we may assume that elements in F have the form x ⊗ y, where
x ∈ G1 ⊂ A, y ∈ G2 ⊂ Mn and both G1 and G2 are finite. Applying 2.4 to A, we
obtain a finite dimensional C∗-subalgebra F2 ⊂ A with q1 = 1F2 such that (with
η = ε/(max{‖y‖ : y ∈ G2}+ 1))

(i) ‖[x, p1]‖ < η for x ∈ G1,
(ii) p1xp1 ∈η F2 for x ∈ G1, and
(iii) τ(1 − p1) < σ for all τ ∈ QT (A).
Let p = p1 ⊗ idMn and F = F1 ⊗Mn. We note that F is finite dimensional and

1F = p. We have
(1) ‖[x⊗ y, p]‖ < ε for all x ∈ G1 and y ∈ G2,
(2) p(x⊗ y)p = p1xp⊗ y ∈ε F.
Furthermore, t(1− p) = τ(1− p1) for any t ∈ QT (Mn(A)) with the form τ ⊗ tr,

where tr is the normalized trace on Mn. So we also have
(3) t(1− p) < σ for all t ∈ QT (A).
By 2.4, Mn(A) if TAF.

3.11. Definition. A C∗-algebra A is said to be locally TAF if for any finite subset
F of A and ε > 0 there exists a TAF C∗-subalgebra B such that F ∈ε B.
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3.12. Theorem. (1) Every hereditary C∗-subalgebra of a unital simple TAF C∗-
algebra is TAF.

(2) A unital simple locally TAF C∗-algebra is TAF. In particular, a unital simple
direct limit of unital TAF C∗-algebras is TAF.

(3) The tensor product of a unital TAF simple C∗-algebra with an AF-algebra is
TAF.

Proof. Part (1) follows from 3.8, 3.3 and 2.13.
For part (2), from the definition of locally TAF, we see that we do have (1) and

(2) as described in 2.1. To obtain (3), we note that 1 − p � a for any positive
element a ∈ A that we want to check. By 2.12, every hereditary C∗-subalgebra has
a nonzero projection. So we can always assume that a is a projection. Since A is
locally TAF, there is a C∗-subalgebra B ⊂ A such that B contains a projection e
which is (unitarily) equivalent to a. By working inside this C∗-subalgebra we see
that we can make 1− p � a.

For part (3), we let B be a unital simple TAF C∗-algebra. By 3.10, we know that
B ⊗ C is TAF for every finite dimensional C∗-subalgebra. Then part (3) follows
from part (2).

4. Direct limits of residually finite dimensional C∗-algebras

In this section we will give a class of unital simple TAF C∗-algebras constructed
from a unital residually finite dimensional C∗-algebra. In particular, we present
a class of non-nuclear TAF C∗-algebras. The construction is the same as that of
Dadarlat ([D2]; see also [Go]). Recall that a C∗-algebra B is said to be residually
finite dimensional if for any x ∈ B with x 6= 0, there exists a finite dimensional
irreducible representation π of B such that π(x) 6= 0. When B is separable, B has
a sequence of finite dimensional irreducible representations {πn} which separates
elements in B.

4.1. Let B be a unital residually finite dimensional separable C∗-algebra. Let {πn}
be a sequence of finite dimensional irreducible representations of B such that, for
any non-zero element b ∈ B, there exists πn with πn(b) 6= 0. Suppose that πn has di-
mension k(n). We assume that in the sequence {πn} each irreducible representation
repeats infinitely many times. For each n, define ψn : B → Mk(n)(B) by the com-

position B πn→Mk(n)
id⊗1B→ Mk(n)(B). Consider the following sequence of homomor-

phisms. Fix {π1, ..., πl(1)}. We define a homomorphism h1 : B → MI(2)(B), where
I(2) = 1 +

∑l(1)
i=1 k(i), by sending b to diag(b, ψ1(b), ..., ψl(1)(b)) for all b ∈ B. Sup-

pose that hm : MI(m)(B)→MI(m+1)(B) has been defined. Choose {π1, ..., πl(m+1)}
and denote ψ̄n,m+1 = ψn ⊗ 1I(m+1) : MI(m+1)(B) → Mk(n)I(m+1)(B). Define
hm+1 : MI(m+1)(B)→MI(m+2)(B) by sending b to

diag((idB ⊗ idI(m+1))(b), ψ̄1,m+1(b), ..., ψ̄l(m+1),m+1(b))

for all b ∈MI(m+1)(B), where I(m+ 2) = I(m+ 1)(1 +
∑l(m+1)
i=1 k(i)). We consider

the C∗-algebra A = limn→∞(MI(m)(B), hm). In what follows, we will use hn,m :
MI(n)(B) → MI(m)(B) and h∞ : MI(n)(B) → A for the monomorphisms induced
by this inductive system. Furthermore, we let Bn = h∞(MI(n)(B)).

4.2. Proposition. A is always a unital simple C∗-algebra.
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Proof. Let I be an ideal of A and π : A → A/I the quotient map. Since π(Bn) ∼=
Bn/I ∩ Bn and

⋃
nBn is dense in A, it suffices to show that I ∩ Bn = {0} or

I∩Bn = Bn. Let x ∈ I∩Bn be a nonzero element. There is y ∈MI(n)(B) such that
h∞(y) = x. By the construction of {πm}, there is πm such that πm⊗ idMI(n)(y) 6= 0.
Let n+ l ≥ m. By considering the composition hn+l ◦ hn+l−1 ◦ · · · ◦ hn+1, we may
write

hn,n+l(y) = H(y)⊕ πm ⊗ idMI(n) ⊗ idMJ (y)

for some positive integer J and some homomorphism H. Since ψm ⊗ idMI(n) ⊗
idMJ (y) is a nonzero element in MI(n+l), the ideal generated by ψm ⊗ idMI(n) ⊗
idMJ (y) contains MI(n+l). Therefore it contains MI(n+l)(B). So the ideal generated
by hn,n+l(y) is MI(n+l)(B). This implies that the ideal generated by x is A.

4.3. Proposition. A is always TAF.

Proof. Let F be a finite subset of A with a nonzero positive element x1.Without loss
of generality, we may assume that ‖x1‖ = 1. Fix 1 > ε > 0, and let f ∈ C0((0, 1])
with 0 ≤ f ≤ 1 be such that f(t) = 1 for t ∈ [1−ε/2, 1] and f(t) = 0 for t ∈ (0, 1−ε].
Set F1 = F ∪ {f(x1)}.

Without loss of generality, we may assume that F1 ⊂ h∞(MI(m)(B)). There is
a finite subset G ⊂MI(m)(B) such that h∞(G) = F .

Since

I(m+ 2) = I(m+ 1)(1 +
l(m+1)∑
i=1

k(i)) ≥ 2I(m+ 1),

for any integer n > 0, we can choose l large enough so that I(m+ l)/I(m) > n+ 1.
Let hm,m+l = hm+l−1 ◦ hm+l−2 ◦ · · · ◦ hm. Then we have

hm,m+l(x) = σ(x) ⊕ Φ(x)

for all x ∈MI(m)(B), where σ : MI(m)(B)→ (1− p)MI(m+l)(B)(1 − p) is a unital
injective homomorphism such that 1 − p =

∑I(m)
i eii, where {eij} is the matrix

system for MI(m+l), and Φ : MI(m)(B) → F, where F is a finite dimensional
subalgebra of pMI(m+l)(B)p with 1F = p. Moreover, for sufficiently large l, we may
assume that Φ(f(x1)) 6= 0. Since Φ is a homomorphism by the spectral theorem,
we must have ‖Φ(x1)‖ ≥ ‖x1‖ − ε. Note that I(m+ l) ≥ (n+ 1)I(m). So

n[1− p] < [p] in D(MI(m+l)).

We see that C = h∞(F ) is a finite dimensional subalgebra with 1C = h∞(p) and

n[h∞(1 − p)] < [h∞(p)] in D(A).

We also have

[y, h∞(p)] = 0

for all y ∈ F1 and

‖h∞(p)x1h∞(p)‖ ≥ ‖Φ(x1)‖ ≥ ‖x1‖ − ε.
From the above, we have shown that A satisfies the local approximation prop-

erties (1), (2) and part of (3) in 2.1. Therefore, by 2.12, every hereditary C∗-
subalgebra of A contains a non-zero projection. Thus, to obtain the rest of part
(3), it suffices to show (see 3.8) that, for any non-zero projection e, we can choose
p so that h∞(1 − p) is unitarily equivalent to a subprojection of e. To do this,
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without loss of generality, we may assume that e ∈ Bk. So there is a projection
q ∈ B ⊗MI(k) such that h∞(q) = e (this is possible because the hn,n+1 are all
injective). Without loss of generality, we may assume that m > k. We may write

hk,m(q) = diag(q′, q′′),

where q′′ ∈ MI(m) and q′′ 6= 0. Let tr be the normalized trace on MI(m) and let
d = tr(q′′) > 0. In the above we could choose l so large that, also,

I(m)/I(m+ l) < d.

Then it is clear that 1− p is unitarily equivalent to a subprojection of hm,m+l(q′′).
Since hm,m+l(q′′) ≤ hk,m+l(q), we conclude that h∞(1 − p) is unitarily equivalent
to a subprojection of e. This implies that A is TAF.

4.4. Proposition (see [D2]). There are separable unital simple quasidiagonal TAF
C∗-algebras with unique normalized trace which are not nuclear.

Proof. In 4.1, choose B to be the full C∗-algebra of the free group of two generators.
From [Ch], B is residually finite dimensional. Note thatB is not exact (see [K1], and
also Corollary 3.5 in [W]). Then A is not nuclear, since no non-exact C∗-algebra
can be embedded into a nuclear C∗-algebra (see [K2]). From the above, A is a
separable unital simple TAF C∗-algebra. By 3.4, A has real rank zero and stable
rank one. Since each Bn is quasidiagonal, A is also quasidiagonal (this also follows
from [Po], since A is TAF). It remains to show that A admits a unique normalized
trace. Since each Bn is isomorphic to MI(m)(B), by [Ch], there is a tracial state τn
on each Bn. Denote again by τn a state extension of τn on A. Let T be a weak-*
limit of {τn}. Then T is a state on A. To verify that T is a tracial state, we take
b ∈ Bn for some n. Then T (b∗b) = lim τk(n)(b∗b) for some subsequence {k(n)}.
Since Bn ⊂ Bm if m > n, we obtain that τk(n)(b∗b) = τk(n)(bb∗). This implies that
T (b∗b) = T (bb∗) for each b ∈ Bn, and so for each b ∈

⋃
nBn. This implies that

T is a tracial state on A. To show that there is only one normalized trace, we let
t1, t2 ∈ T (A) and take a ∈ Bm. In what follows, to save notation, we will identify
Bn with B ⊗MI(n). For any integer k > 0, choose a large l so that

I(m)/I(m+ l) < 1/(k + 1).

Then we may write

a = diag(a′, a′′)

in B ⊗ MI(m+l) such that a′ ∈ qB ⊗ MI(m+1)q and a′′ ∈ MI(m+l), where q =∑I(m)
i=1 eii and {eij} is the matrix unit for MI(m+l). Note that ti|MI(m+l) = tr (i =

1, 2), where tr is the normalized trace on MI(m+l). We also have ti = s1⊗ tr, where
si = ti|B (i = 1, 2). Therefore we have

|t1(a)− t2(a)| ≤ |s1(a′)− s2(a′)| < 2/(k + 1).

Since this holds for any k > 0, we conclude that t1(a) = t2(a). Thus there is only
one normalized trace on A.
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4.5. We acknowledge that the construction in this section is the same as that in
[D2] and the example in Proposition 4.4 is the example that Dadarlat used ([D2])
to answer a question of S. Popa in [Po]. We present these examples here only for
the purpose of showing that this construction actually gives TAF C∗-algebras. It is
clear that one can make more general direct limits of residually finite dimensional
C∗-algebras which are simple and TAF. For example, one can repeat idB, and
one could also have a sequence of residually finite dimensional C∗-algebras instead
of one fixed C∗-algebra B. The simple TAF C∗-algebras constructed in the next
section are nuclear. On the other hand, if we start with a unital residually finite
dimensional C∗-algebra B which is not exact (such as in 4.4), then the direct limit
A is not nuclear for the same reason as in 4.4. The example in 4.4 also provides an
example of a unital simple non-nuclear quasidiagonal C∗-algebra of real rank zero,
stable rank one and with a unique normalized trace.

5. Simple quasidiagonal C∗-algebras

5.1. Let A be a unital strong NF algebra. By 6.1.1 in [BK1], we may write
A = limn→∞(An, φn,m), where the inductive system is the generalized one in the
sense in [BK1]: each An is of finite dimension and φn,m : An → Am (m > n) is
a complete order embedding. Note that φn,m is not multiplicative in general. By
7.1 in [CE2], we may write φn,n+1 = hn ⊕ ψn,n+1, where the decomposition has
the following meaning: there exists a projection pn+1 ∈ An+1 such that hn : An →
pn+1An+1pn+1 is a monomorphism and ψn,n+1 : An → (1 − pn+1)An+1(1 − pn+1)
is a completely positive contraction. Put hn,m = hm ◦ hm−1 ◦ · · · ◦ hn+1 (m > n)
and qn,m = 1Am −hn,m(1An). Let an = φn,∞(1An+1 − pn+1), where φn,∞ : An → A
is the completely positive embedding induced by the generalized inductive system.

Let QT (A) be the normalized quasitrace space of A. Then each an is a continuous
function on QT (A). We are interested in the infinite series

∑∞
n=1 an. In particular,

we are interested in when it converges. So we consider those simple strong NF
algebras with

∑∞
n=1 an(t) converging uniformly on QT (A). Since an ≥ 0,

∑∞
n=1 an

converges uniformly on QT (A) if and only if
∑∞
n=1 an is a continuous function on

QT (A).

5.2. Lemma. Let A be a unital C∗-algebra of real rank zero and B a hereditary
C∗-subalgebra. Suppose that C is a unital C∗-subalgebra of A which contains B
as an ideal. Suppose that C/B has real rank zero. Then, for every projection
ē ∈ C/B, there exists a projection e ∈ C such that π(e) = ē, where π : C → C/B
is the quotient map. Consequently, C has real rank zero.

Proof. There exists a positive element a ∈ C with 0 ≤ a ≤ 1 such that π(a) = ē.
Let r1 = 1/16, r2 = 1/4, r3 = 1/32. Define continuous functions f1, f2, f3 and g

as follows. Put

fi =


1 if ri ≤ t ≤ 1,
linear if ri/2 ≤ t < ri,
0 if 0 ≤ t < ri/2,
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i = 1, 2, and put

g =



0 if 1/4 ≤ t ≤ 1,
linear if 1/8/ ≤ t < 1/4,
1 if 1/32 ≤ t < 1/8,
linear if 1/64 ≤ t < 1/32,
0 if 0 ≤ t ≤ 1/64.

Let p be the open projection of A (in A∗∗) corresponding to the (relative) open
subset (1/8, 1] (p = limn(f2)1/n), and let 1− q be the open projection of A (in A∗∗)
corresponding to the (relative) open subset (1/32, 1] (1 − q = limn(f1)1/n). Since
p ≤ f1(a), p is compact. Note that q is a closed projection and pq = 0. Since A
has real rank zero, by Brown’s interpolation theorem ([Bn]), there is a projection
e ∈ A such that

p ≤ e ≤ 1− q.
We have

f2(a) ≤ e ≤ f3(a).

So e − f2(a) ≤ g(a). Since a ∈ C, g(a) ∈ C. However, π(g(a)) = g(π(a)) = 0.
Therefore g(a) ∈ B. Consequently e − f2(a) ∈ B, since B is hereditary. But
f2(a) ∈ C. We finally conclude that e ∈ C. The inequality f2(a) ≤ e ≤ f3(a)
implies that π(e) = ē. It follows from [Zh3] that C has real rank zero.

5.3. Theorem. Let A be a unital strong NF C∗-algebra of real rank zero. Then,
for any ε > 0 and any finite subset F of A, there exists a finite dimensional C∗-
subalgebra F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ;
(2) pxp ∈ε F for all x ∈ F .

Proof. Let ε > 0 and a finite subset F = {x1, x2, ..., xn} be given. From the
definition of strong NF (see also [BK1]), there exists a finite dimensional C∗-algebra
F and a completely positive order embedding L : F → A such that

‖xi − L(bi)‖ < ε/2

for xi ∈ F and some bi ∈ F. Let D be the C∗-subalgebra generated by L(F ) and let
h : D → F be the homomorphism (provided by 4.1 in [CE1]) such that h extends
L−1. Let I = kerh, and let B be the hereditary C∗-subalgebra of A generated by
I. We will show that for any d ∈ D we have bd, db ∈ B for all b ∈ B. Note that B
is the closure of IAI. For any ε > 0, there is a positive element e ∈ I such that

‖eb− b‖ < ε.

We also have de ∈ I ⊂ B for all d ∈ D. Therefore

‖db− deb‖ < ε.

This implies that db ∈ B. Similarly, bd ∈ B. Let C be the closure of D+B. Then C
is a C∗-subalgebra containing B as an ideal. Since D/B = D/B∩I = D/I ∼= F, we
see that C/B ∼= F. By 5.2, every projection in F lifts to a projection in C. Note that
B has real rank zero, so it admits an approximate identity consisting of projections.
Now a standard argument (see Lemma 9.8 in [Ef]) shows that C contains a finite
dimensional C∗-subalgebra F1 such that π(F1) = F , where π : C → C/B is the
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quotient map. Let q = 1F1 ; then (1−q)C(1−q) = (1−q)B(1−q). Write F1 = Mn1⊕
Mn2 ⊕ · · · ⊕Mnk , and assume that di ∈ Mni are minimal projections in Mni . Let
{e(m)

0 } be an approximate identity for (1− q)B(1− q) consisting of projections. Let
{c(m)
i } be an approximate identity for diBdi consisting of projections, i = 1, 2, ..., k.

Write the hereditary C∗-subalgebra of C generated by Mni as Mni(diCdi). Put
e

(m)
i = diag(c(m)

i , c
(m)
i , ..., c

(m)
i ) and Em = e

(m)
0 +

∑k
i=1 e

(m)
i . Then it is clear that

{Em} forms an approximate identity for B consisting of projections. Furthermore,
by construction,

Emx = xEm

for each x ∈ F1. For each y ∈ {L(b1), L(b2), ..., L(bn)}, there exists x ∈ F1 such
that x− y ∈ B. Therefore, for sufficiently large m,

‖(1− Em)(x − y)(1− Em)‖ < ε/2.

Moreover,

‖(1− Em)y − y(1− Em)‖ < ε/2

for all y ∈ {L(b1), L(b2), ..., L(bn)}. Let p1 = (1− q− e(m)
0 ) and p2 = 1F1 −Em. Set

F2 = C · p1 ⊕ p2F1p2.

Then F2 is a finite dimensional C∗-subalgebra of A. Write P = p1 +p2 = (1−Em).
Then 1F2 = P. Note that p2F1p2 ⊂ F2 and (1 − Em)x(1 − Em) ∈ p2F1p2 for all
x ∈ F1. Thus

PL(bi)P ∈ε/2 F2, i = 1, 2, ..., n.

Furthermore, we have
(1) ‖[P, xi]‖ < ε, i = 1, 2, ..., n;
(2) PxiP ∈ε F2, i = 1, 2, ..., n.

5.4. Corollary (S. Popa [Po]). Let A be a unital nuclear separable simple quasi-
diagonal C∗-algebra of real rank zero. Then there exists a finite dimensional C∗-
subalgebra F ⊂ A with p = 1F such that

(1) ‖[p, x]‖ < ε for all x ∈ F ;
(2) pxp ∈ε F for all x ∈ F .

Proof. It follows from 2.6 in [BK2] that every separable simple quasidiagonal C∗-
algebra is inner quasidiagonal. By Theorem 4.5 in [BK2], A is strong NF. So the
corollary follows from 5.3.

5.5. Lemma. Let A be as in 5.1. There exists a C∗-subalgebra C of A which
contains φ1,∞(A1) and a homomorphism H : C → A1 such that

H ◦ φ1,∞ = idA1

and

sup{t(a) : a ∈ ker H, 0 ≤ a ≤ 1} ≤
∞∑
n=1

an(t)

for all t ∈ T (A).
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Proof. Let A′n = h1,n(A1) ⊕ q1,nAnq1,n ⊂ An, and let C′n be the C∗-subalgebra
generated by φn,∞(A′n). Let fn : A′n → A1 be defined by fn(a ⊕ b) = h−1

1,n(a),
where a ∈ h1,n(A1) and b ∈ q1,nAnq1,n. Note that h1,n+1 = hn,n+1 ◦ h1,n. Since
each hn,n+1 is a monomorphism, the map φn,n+1 maps A′n into A′n+1. We have the
following commutative diagrams:

A′n
φn,n+1

// A′n+1

A1

φ1,n

``AAAAAAAA φ1,n+1

<<zzzzzzzz

and

A′n
φn,n+1

//

fn
  

AAAAAAAA
A′n+1

fn+1
||zzzzzzzz

A1

Let j : C′n → C′n+1 be the embedding. Then we also have the following commutative
diagram:

C′n
j

// C′n+1

A′n
φn,n+1

//

φn,∞

OO

A′n+1

φn+1,∞

OO

Note that φn,∞ is a complete order embedding. By 4.1 of [CE1] (see 5.1), there is
a homomorphism ψ′n : C′n → A′n such that

ψ′n|φn,∞(A′n) = φ−1
n,∞|A′n

for each n. We obtain the following commutative diagram:

C′n
j

//

ψ′n
��

C′n+1

ψ′n+1

��

A′n
φn,n+1

// A′n+1

We then combine this to obtain the following commutative diagram:

C′n
j

//

ψ′n
��

C′n+1

ψ′n+1

��

A′n
φn,n+1

//

fn
  AAAAAAAA

A′n+1

fn+1
||zzzzzzzz

A1

Put C = cl(
⋃
C′n). Define H : C → A1 by H |C′n = fn ◦ψ′n. The above commutative

diagram shows that H is a well defined homomorphism. Furthermore, we have

H |φ1,∞(A1) = φ−1
1,∞.
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It is easy to see that the closure of
⋃

kerfn◦ψ′n is the kernel of H. Let a ∈ kerfn◦ψ′n
and 0 ≤ a ≤ 1. Let b ∈ A′n be such that φn,∞(b) = a. So

b ≤ q1,n ≤ φ2,n(q1,2) + φ3,n(q2,3) + · · ·+ φn−1,n(qn−1,n).

Hence

a ≤
n∑
k=1

ak.

It follows that

sup{t(a) : 0 ≤ a ≤ 1, a ∈ kerH} ≤
∞∑
k=1

ak(t)

for all t ∈ T (A).

5.6. Theorem. Let A be a separable nuclear unital simple quasidiagonal C∗-
algebra of real rank zero. Suppose that

∑∞
n=1 an(t) is a continuous function on

QT (A). Then A satisfies the following: For any ε > 0, σ > 0 and any finite subset
F ⊂ A, there exist a projection p and a finite dimensional C∗-subalgebra F with
1F = p such that

(1) ‖[p, x]‖ < ε for all x ∈ F ;
(2) pxp ∈ε F ;
(3) t(1− p) < σ for traces t ∈ T (A).

Proof. We write A = lim(An, φn,n+1) as a generalized inductive system, where
each An is a finite dimensional C∗-algebra and each φn,n+1 is a complete order
embedding. The proof uses a combination of 5.5 and the proof of 5.3. Let ε > 0,
and let F be a finite subset of A. Choose n so that

F ⊂ φn,∞(An)

and
∞∑
k=n

ak(t) < σ for all t ∈ T (A).

(Note that, since 0 ≤ an, and
∑∞

n=1 an(t) is continuous, the above infinite series
converges uniformly on T (A).) So, by applying 5.3, we obtain p and F which satisfy
(1) and (2). To see that (3) holds, we note that it suffices to show in the proof of
5.3 that

sup{t(a) : 0 ≤ a ≤ 1, a ∈ B} < σ

for all t ∈ T (A). Since (in the proof of 5.3) B = IAI, it suffices to show that

sup{t(a) : 0 ≤ a ≤ 1, a ∈ I} < σ

for all t ∈ T (A). But, by 5.5, we have

sup{t(a) : 0 ≤ a ≤ 1, a ∈ I} ≤
∞∑
k=n

ak(t) < σ.
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5.7. Recall ([Bl]) that a unital simple C∗-algebra A is said to have fundamental
comparability if τ(p) < τ(q) for all τ ∈ QT (A) implies that p � q.

5.8. Corollary. Let A be a separable unital simple quasidiagonal C∗-algebra of
real rank zero with fundamental comparability (for example, A also has stable rank
one and K0(A) is weakly unperforated). Suppose that

∑∞
n=1 an(t) is a continuous

function on QT (A). Then A is TAF.

5.9. Corollary. Let A be a separable unital simple quasidiagonal C∗-algebra of
real rank zero. Suppose that

∑∞
n=1 an(t) is a continuous function on QT (A). Then

A⊗B is TAF for any unital simple AF-algebra B.

Proof. Write A = lim(Fn, hn ⊕ ψn,n+1) as a generalized inductive limit as in 5.1,
and write B = lim(Bn, φn), where the Bn are finite dimensional C∗-algebras and
the φn are homomorphisms. Then A ⊗ B = lim(Fn ⊗ Bn, (hn ⊕ ψn,n+1) ⊗ φn). It
is then easy to check that the new inductive limit satisfies the condition in 5.6. It
follows from 1.4 in [BKR] that A⊗B has fundamental comparability. So 5.9 follows
from 5.8.

5.10. Corollary. Let A be a separable unital simple quasidiagonal C∗-algebra with
unique normalized quasitrace. Suppose that

∑∞
n=1 an(t) <∞. Then A⊗B is TAF

for any unital UHF-algebra B.

Proof. By 7.2 in [Rr], since A has a unique normalized quasitrace, A⊗ B has real
rank zero.

6. Characterization of rational simple AF-algebras

In this section we will show that a unital separable nuclear simple TAF C∗-
algebra with the right K-theory is isomorphic to a unital UHF-algebra with rational
K0. We regard this result as the first step in classifying simple nuclear C∗-algebras
of real rank zero and stable rank one without assuming any special inductive limit
structure. The work in previous sections suggests that the class of TAF C∗-algebras
is the right class of C∗-algebras to study. However, since K-theory will be the
invariant, we need to assume that C∗-algebras satisfy the Universal Coefficient
Theorem. All C∗-algebras in the so-called “bootstrap” class satisfy the UCT. This
is already a sufficiently large class of C∗-algebras. Moreover, there are no known
examples of nuclear C∗-algebras that do not satisfy the UCT.

In what follows, we use the notation Q for the unital UHF-algebra with K0(A) =
Q and [1Q] = 1 in K0(A) = Q.

6.1. Definition. Let A and B be C∗-algebras, let L : A → B be a contractive
completely positive linear morphism, let ε > 0, and let F ⊂ A be a subset. L is
said to be F -ε-multiplicative if

‖L(xy)− L(x)L(y)‖ < ε

for all x, y ∈ F .

6.2. Proposition. Let A be a separable nuclear C∗-algebra. For any ε > 0 and any
finite subset F ⊂ A, there exist δ > 0 and a finite subset G ⊂ A satisfying the fol-
lowing: for any C∗-algebra C, any C∗-subalgebra B of C and any δ-G-multiplicative
completely positive contraction L : A → C with dist(L(a), B) < δ for all a ∈ G,
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there exists a completely positive contraction φ : A→ B such that

‖L(a)− φ(a)‖ < ε

for all a ∈ F .

Proof. If the proposition failed, we would obtain a sequence of C∗-algebras Cn
with C∗-subalgebras Bn ⊂ Cn and a sequence of completely positive contractions
Ln : A→ Cn with

dist(Ln(a), Bn)→ 0 and ‖Ln(a)Ln(b)− Ln(ab)‖ → 0

for all a, b ∈ A, but

inf{sup{‖Ln(a)− φn(a)‖ : a ∈ F}} ≥ ε0 > 0,

where the infimum is taken over all completely positive contractions φn : A→ Bn.
Let L : A→

∏
n Cn be defined by L(a) = {Ln(a)} for all a ∈ A. Let B =

∏
nBn

be a C∗-subalgebra of
∏
n Cn, and let π :

∏
n Cn →

∏
n Cn/

⊕
n Cn be the quotient

map. Note that π(B) = B/(
⊕

n Cn ∩ B) = B/
⊕

nBn. Consider L̄ = π ◦ L : A→∏
n Cn/

⊕
n Cn. The condition that

dist(Ln(a), Bn)→ 0 and ‖Ln(a)Ln(b)− Ln(ab)‖ → 0

for all a, b ∈ A implies that L̄ actually is a homomorphism and maps A into π(B).
Since A is nuclear, there exists a completely positive contraction Φ : A → B such
that π ◦Φ = L̄. We write Φ = {φn}, where each φn : A→ Bn ⊂ Cn is a completely
positive contraction. Therefore, we have

‖Ln(a)− φn(a)‖ → 0

as n→∞. This completes the proof.

6.3. Proposition. Let A be a nuclear unital TAF C∗-algebra. Then, for any
ε > 0, any integer n > 0, any finite subset F of A, and any full element a ∈ A+,
there exist a finite dimensional C∗-subalgebra F ⊂ A with p = 1F and a completely
positive contraction L : A→ F which is ε-F-multiplicative such that

(1) ‖[p, x]‖ < ε for all x ∈ F ,
(2) ‖x− ((1− p)x(1 − p) + L(x))‖ < ε for all x ∈ F , and
(3) n[1− p] ≤ [p] in D(A) and 1− p � a.

Proof. This follows immediately from the definition of TAF, the nuclearity of A,
and Proposition 6.2.

6.4. Lemma. Let A be a nuclear unital TAF C∗-algebra. Then, for any simple
AF-algebra B, any ε > 0 and any finite subset F ⊂ A, there is an F-ε-multiplicative
contractive completely positive linear map L : A→ B.

Proof. We note that, for any finite dimensional C∗-algebra F, there exists a mono-
morphism ψ : F → B. Then the lemma follows from 6.3.

6.5. Let A be a C∗-algebra. Denote by M∞(A) the union of the Mm(A), m =
1, 2, .... Let P ⊂ M∞(A) be a finite subset of projections in M∞(A). There are a
finite subset G(P) ⊂ A and δ(P) > 0 such that if B is any unital C∗-algebra and
L : A → B is a contractive completely positive linear morphism which is G(P)-
δ(P)-multiplicative, then L (well) defines a map [L] from P into K0(B). (see for
example 1.4 in [Ln3]).
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6.6. Lemma. Let A be a unital separable nuclear TAF C∗-algebra such that K0(A)
is a countable additive subgroup of Q (as an ordered group). Let α : K0(A)→ Q be
an order homomorphism. Given a finite subset X of projections in M∞(A), there
exist a finite subset G and ε > 0 such that if L : A → Q is a G-ε-multiplicative
contractive completely positive linear map, then there is a homomorphism h : Q→
Q such that

h∗([L]|X) = α|X̄ ,

where X̄ is the image of X in K0(A).

Proof. By sending [1A] to 1 in Q, we may identify K0(A) with a subgroup of
Q in which [1A] = 1 in Q. We may assume that X̄ = {[p1], [p2], ..., [pk]}, where
p1, p2, ..., pk are projections in A. Suppose that [pi] = ni/mi, where mi and ni are
positive integers. Since A has stable rank one (and real rank zero), there is a partial
isometry vi ∈Mmi+ni(A) for each i such that

v∗i vi = diag(1A, · · · , 1A, 0, · · · , 0) and viv
∗
i = diag(pi, · · · , pi, 0, · · · , 0),

where in the first diagonal there are ni 1A’s and in the second diagonal there are
mi pi’s.

Let l = maxi{mi + ni}. Choose a large G so that Ml(G) contains pi, v∗i vi, viv
∗
i

and vi, 1 ≤ i ≤ k. Choose δ so small that [L] is well-defined on 1A, pi, v∗i vi, and
viv
∗
i , and

[L]([v∗i vi]) = [L]([viv∗i ]) (see 6.5).

One sees that [L](pi) = (mi/ni)·[L]([1A]) inK0(Q), i = 1, 2, ..., k.There is a rational
number r ∈ Q such that r · [L]([1A]) = α([1A]). Let e ∈Md(Q) be such that [e] = r
for some integer d > 0. The homomorphism σ : Q → Q defined by σ(x) = rx is
an order homomorphism. From the classification theory of AF-algebras, we know
that there is a homomorphism h : Q→ Q such that h([1Q]) = r. It is then easy to
check that h∗([L]|X) = α|X̄ .

6.7. Let A and B be two C∗-algebras with A unital. Let h1, h2 : B → A be two
homomorphisms and F a subset of B. For convenience, we write (for ε > 0)

h1 ∼ε h2 on F
if there exists a unitary u ∈ A such that ‖u∗h1(b)u− h2(b)‖ < ε for all b ∈ F ; and

h1 ≈ε h2 on F
if ‖h1(b)− h2(b)‖ < ε for all b ∈ F .

The following lemma is certainly known.

6.8. Lemma. Let A be an AF-algebra and B a C∗-algebra. For any ε > 0 and any
finite subset F ⊂ A, there are a finite subset P(F , ε) of projections in A, a finite
subset G(F , ε) ⊂ A and δ(F , ε) > 0 satisfying the following: If L1, L2 : A → B
are two G-δ-multiplicative contractive completely positive linear maps with [L1]|P =
[L2]|P (here we assume that G is large enough and δ is small enough so that they
are well-defined—see 6.5), then

L1 ∼ε L2 on F .

The following is an easy version of 5.3 in [Ln5] (see also 5.4 in [Ln5]), which we
state here for convenience.
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6.9. Theorem (5.3 and 5.4 in [Ln5]). Let A be a unital simple nuclear C∗-algebra
with torsion free K0(A) and trivial K1(A) which satisfies the Universal Coefficient
Theorem. For any ε > 0 and any finite subset F ⊂ A there exist a positive number
δ > 0, a finite subset G ⊂ A, a finite subset P of projections in A⊗K and an integer
n > 0 satisfying the following: for any unital C∗-algebra B of stable rank one, if
φ, ψ, σ : A → B are three G-δ-multiplicative contractive completely positive linear
maps with [φ]|P = [ψ]|P , and σ is unital, then there is a unitary u ∈Mn+1(B) such
that

‖u∗diag(φ(a), σ(a), · · · , σ(a))u − diag(ψ(a), σ(a), · · · , σ(a))‖ < ε

for all a ∈ F , where σ(a) repeats n times.

6.10. Lemma. Let A be a nuclear simple unital TAF C∗-algebra. For any ε > 0,
any finite subset F ⊂ A and any positive integer n > 0, there exist projections p1

and p2 such that (1− p1)A(1− p1) = Mn(p2Ap2) with p1 � p2, and there are unital
F-ε-multiplicative contractive completely positive linear maps φ : A → F1, where
F1 is a finite dimensional C∗-subalgebra of p2Ap2, such that

(a) ‖[pi, x]‖ < ε for all x ∈ F ;
(b) ‖x − (p1xp1 ⊕ diag(φ(x), φ(x), ..., φ(x)))‖ < ε for all x ∈ F (where φ(x)

repeats n times).

Proof. We use a modification of 6.3. Let F be as in 6.3 with (n + 1)[1 − p] ≤ [p]
in D(A). Write F = Mn1 ⊕ Mn2 ⊕ · · · ⊕ Mnk . Let di be a (non-zero) minimal
projection of Mni , i = 1, 2, ..., k. Choose m sufficiently large. Applying Zhang’s
halving theorem ([Zh2]), we obtain

di = d
(1)
i ⊕ d

(2)
i ⊕ · · · ⊕ d

(2m)
i + ri,

where the d(j)
i are mutually equivalent projections and ri ∈ diAdi is a projection

with ri � d
(1)
i . By results in Section 3, A is of real rank zero, stable rank one and

has weakly unperforated K0(A). By comparing traces and by choosing large m, we
may assume that

(1− p)⊕
∑
i

 2m∑
j=nl+1

d
(j)
i

+
∑
i

ri �
∑
i

 l∑
j=1

d
(j)
i


with nl ≤ 2m < n(l + 1). Let

p1 = (1− p)⊕
∑
i

diag

 2m∑
j=nl+1

d
(j)
i +

∑
i

ri, ...,

2m∑
j=nl+1

d
(j)
i +

∑
i

ri

 ,

E =
∑
i

diag

 nl∑
j=1

d
(j)
i , ...,

nl∑
j=1

d
(j)
i

 and p2 =
∑
i

diag

 l∑
j=1

d
(j)
i , ...,

l∑
j=1

d
(j)
i

 ,

where the ith diagonal has ni entries. Note thatdiag
 l∑
j=1

d
(j)
i , ...,

l∑
j=1

d
(j)
i

 , y

 = 0

for each y ∈Mni . So E commutes with every element in F. We also estimate that

‖[p1, x]‖ < ε.
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Let F1 = EFE. Note that

[E,L(a)] = 0 and [p2, L(a)] = 0

for every a ∈ A. Define L′ = ELE and φ(a) = p2L(a)p2 for a ∈ A. Then L′(a) =
diag(φ(a), ..., φ(a)), where φ(a) repeats n times. It is easy to see that p1, p2, φ and
F1 satisfy the requirements.

6.11. Theorem. Let A be a separable nuclear simple TAF C∗-algebra with the
UCT such that K1(A) = 0 and K0(A) is the additive group of Q (as an ordered
group) with [1A] = 1 in Q. Then A ∼= Q.

Proof. Let F be a finite subset of A and ε > 0. We will show that there is a C∗-
subalgebra B ⊂ A which is AF and such that F ⊂ε B. This implies that A is
an AF-algebra. Then, by Elliott’s classification theorem ([Ell1]) for AF-algebras,
A ∼= Q.

We may assume that F is in the unit ball of A. Set F1 = F ∪ {1A}. Let G1 =
G(ε/4,F1), δ1 = δ(F1, ε/4), P1 = P(F1, ε/4) and the positive integer n > 0 be as
required in Theorem 6.9. Let G′1 and δ′1 be as required by 6.6 for X = P1. Set
δ2 = min{δ1/2, ε/8, δ′1/2} and G2 = G1 ∪ G′1. By 6.10, we obtain two projections,
p1 and p2, and a unital C∗-subalgebra p1Ap1 ⊕ Mn(p2Ap2) of A with p1 � p2,
and we obtain a δ2-G2-multiplicative contractive completely positive linear map
L1 : A→ F1, where F1 is a finite dimensional C∗-subalgebra of p2Ap2, such that

‖x− (p1xp1 + diag(L1(x), L1(x), ..., L1(x))‖ < δ2 and ‖[p1, x]‖ < δ2

for all x ∈ G2. Define ψ1 : A → p1Ap1 by ψ1(a) = p1xp1, and define ψ2 : A →
(1− p1)A(1− p1) by ψ2(x) = diag(L1(x), · · · , L1(x)). Note that ψ1 and ψ2 are also
2δ2-G2-multiplicative. We may assume that [ψi(P1)] is well defined (i = 1, 2—see
6.5). Set L(i)

1 = diag(0, ..., L1, 0, ..., 0) (the ith place is L1) and

G′2 = {diag(L1, L1, ..., L1)(G2), p1, (1 − p1), L(i)
1 (G2), i = 1, 2, ..., n}.

Let F ′1 =
⊕n

i=1 F1 (n summands of F1). Since F ′1 is finite dimensional, there
exists a monomorphism φ′1 : F ′1 → Q such that [φ′1(p)] = [j∗(p)] for all p ∈ P ′2,
where j∗ : K0(F ′1)→ Q is induced by the embedding j : F ′1 → A. Let P = φ′1(1F ′1).
We may assume that P ≤ 1Q.

By applying 6.4 and 6.6, we obtain φ′′1 : p1Ap1 → Q, a δ3-ψ1(G2)-multiplicative
contractive completely positive linear map such that

[φ′′1 ◦ ψ1(p)] = [ψ1(p)] in Q

for all p ∈ P1. We may assume that φ′′1 (p1) = 1Q − P. Set φ1 = φ′′1 ◦ ψ1 ⊕ φ′1 ◦ ψ2 :
A→ Q.

Let h : Q→ A be a unital homomorphism with [h] = idQ̄ given by 2.9 in [Ln1].
By 6.8, we obtain a unitary u1 ∈ A such that

ad(u1) ◦ h ◦ φ′1 ≈δ2/2 idA on ψ2(G1)

for each i. Put h′ = ad(u1) ◦ h. So

h′ ◦ φ′1 ◦ diag(L1, L1, ..., L1) ≈δ2/2 diag(L1, L1, ..., L1) on G1.

Now, by construction and Theorem 6.9, we have

ψ1 ⊕ diag(L1, L1, ..., L1) ∼ε/4 h′ ◦ φ′′1 ◦ ψ1 ⊕ diag(L1, L1, ..., L1) on F1.
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So

idA ≈ε/4 ψ1 ⊕ diag(L1, L1, ..., L1)

∼ε/4 h′ ◦ φ′′1 ◦ ψ1 ⊕ diag(L1, L1, ..., L1) ∼ε/4 h′ ◦ φ1 on F1.

Therefore, there is a unitary v1 ∈ A such that

idA ≈ε h1 ◦ φ1 on F1,

where h1 = ad(v1) ◦ h′.
Let B = h1(Q). Then F ⊂ε B.

The method used in this section is based on results in [Ln5]. A classification
result for unital nuclear separable simple TAF C∗-algebras will appear in a subse-
quent paper.
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algebras, Proc. ICM Zurich 1994, Birkhäuser, Basel, 1995, pp. 943-954. MR 97g:46074

[K3] E. Kirchberg, The classification of purely infinite C∗-algebras using Kasparov’s theory,
third draft.

[KP] E. Kirchberg and N. C. Phillips, Embedding of exact C*-algebras and continuous fields in
the Cuntz algebra O2, preprint.

[Ln1] H. Lin, Skeleton C∗-subalgebras Canad. J. Math. 44 (1992), 324-341. MR 93h:46080
[Ln2] H. Lin, Approximation by normal elements with finite spectra in C∗-algebras of real rank

zero, Pacific. J. Math. 173 (1996), 443-489. MR 98h:46059
[Ln3] H. Lin, Almost multiplicative morphisms and some applications, J. Operator Theory 37

(1997), 121-154. MR 98b:46091
[Ln4] H. Lin Extensions of C(X) by simple C∗-algebras of real rank zero, Amer. J. Math. 119

(1997), 1263-1289. MR 98m:46088
[Ln5] H. Lin, Stable approximate unitarily equivalence of homomorphisms, in press.
[Pa] V. I. Paulsen, Completely bounded maps and dilations, Pitnam Research Notes in Math.,

146, Longman Sci. Tech., Harlow, 1986. MR 88h:46111
[Pd] G. K. Pedersen, C∗-algebras and their automorphism groups, Academic Press, Lon-

don/New York/San Francisco, 1979. MR 81e:46037
[Ph] N. C. Phillips, A classification theorem for nuclear purely infinite simple C∗-algebras,

Doc. Math. 5 (2000), 49–114. CMP 2000:09
[Po] S. Popa, On local finite dimensional approximation of C∗-algebras, Pacific J. Math. 181

(1997), 141-158. MR 99b:46086
[Rr] M. Rørdam, On the structure of simple C∗-algebras tensored with a UHF-algebra, II, J.

Funct. Anal. 107 (1992), 255-269. MR 93f:46094
[Su] H. Su, On the classification of C∗-algebras of real rank zero: Inductive limits of matrix

algebras over non-Hausdorff graphs, Memoirs, Amer. Math. Soc. vol. 114, no. 547 (1995).
MR 95m:46096

[Th] K. Thomsen, On isomorphisms of inductive limits of C∗-algebras, Proc. Amer. Math. Soc.
113 (1991), 947–953. MR 92d:46149

[W] S. Wassermann, Exact C*-algebras and related topics, Lecture Notes Series Number 19,
Seoul National University. MR 95b:46081

[Zh1] S. Zhang, C∗-algebras with real rank zero and the internal structure of their corona and
multiplier algebras, Part I, Pacific J. Math. 155(1992), 169-197. MR 94i:46093

[Zh2] S. Zhang, A property of purely infinite simple C∗-algebras, Proc. Amer. Math. Soc. 109
(1990), 717-720. MR 90k:46134

[Zh3] S. Zhang, Matricial structure and homotopy type of simple C∗-algebras with real rank
zero, J. Operator Theory 26 (1991), 283-312. MR 94f:46075

Department of Mathematics, East China Normal University, Shanghai, China

Current address: Department of Mathematics, University of Oregon, Eugene, Oregon 97403-
1222

E-mail address: hxlin@noether.uoregon.edu

http://www.ams.org/mathscinet-getitem?mr=98j:46061
http://www.ams.org/mathscinet-getitem?mr=94f:46092
http://www.ams.org/mathscinet-getitem?mr=94d:46058
http://www.ams.org/mathscinet-getitem?mr=97g:46074
http://www.ams.org/mathscinet-getitem?mr=93h:46080
http://www.ams.org/mathscinet-getitem?mr=98h:46059
http://www.ams.org/mathscinet-getitem?mr=98b:46091
http://www.ams.org/mathscinet-getitem?mr=98m:46088
http://www.ams.org/mathscinet-getitem?mr=88h:46111
http://www.ams.org/mathscinet-getitem?mr=81e:46037
http://www.ams.org/mathscinet-getitem?mr=99b:46086
http://www.ams.org/mathscinet-getitem?mr=93f:46094
http://www.ams.org/mathscinet-getitem?mr=95m:46096
http://www.ams.org/mathscinet-getitem?mr=92d:46149
http://www.ams.org/mathscinet-getitem?mr=95b:46081
http://www.ams.org/mathscinet-getitem?mr=94i:46093
http://www.ams.org/mathscinet-getitem?mr=90k:46134
http://www.ams.org/mathscinet-getitem?mr=94f:46075

	1. Introduction
	2. Tracially AF-algebras
	2.5. 

	3. Simple TAF C*-algebras
	4. Direct limits of residually finite dimensional C*-algebras
	4.1. 
	4.5. 

	5. Simple quasidiagonal C*-algebras
	5.1. 
	5.7. 

	6. Characterization of rational simple AF-algebras
	6.5. 
	6.7. 

	References

