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ASYMPTOTIC CONVERGENCE OF
THE STEFAN PROBLEM TO HELE-SHAW

FERNANDO QUIROS AND JUAN LUIS VAZQUEZ

ABSTRACT. We discuss the asymptotic behaviour of weak solutions to the
Hele-Shaw and one-phase Stefan problems in exterior domains. We prove that,
if the space dimension is greater than one, the asymptotic behaviour is given in
both cases by the solution of the Dirichlet exterior problem for the Laplacian
in the interior of the positivity set and by a singular, radial and self-similar
solution of the Hele-Shaw flow near the free boundary. We also show that the
free boundary approaches a sphere as t — oo, and give the precise asymptotic
growth rate for the radius.

1. INTRODUCTION

A Stefan problem is a mathematical model for describing the melting of a body of
ice in contact with a region of water. In one-phase Stefan problems, the temperature
of the ice is supposed to be maintained at 0°C. Hence, the unknowns are the
temperature distribution in the water and the shape of the interface (free boundary)
between ice and water, see [Ru], [Me]. This problem leads to a mathematical model
posed in one, two or three space dimensions. The mathematical problem is naturally
generalized to arbitrary integer space dimension n > 1 and is still called the Stefan
problem.

The Hele-Shaw problem is a two-dimensional mathematical model describing the
movement of a viscous fluid confined in a narrow cell between two parallel plates,
[ST], [EJ]. It has applications in the plastics industry (injection moulding, [R]),
and in electromachining, [MGR]. It can also be considered as the zero specific heat
limit of the Stefan problem [L], [LR], being in that sense a simplified version of that
famous problem. We will consider the natural generalization of this mathematical
formulation in all space dimensions n > 1.

The aim of the present paper is to study the large-time behaviour of the solution
to the initial-and-boundary-value problem in an exterior domain 2 for both models,
and to show their relationship. We prescribe Dirichlet boundary data g(x) on the
compact set J€, which are non-negative, non-trivial (g # 0) and constant in time.
For the Stefan problem we also specify initial data

0(z,0) = Op(x),

which are assumed to be nonnegative and compactly supported in . For the
Hele-Shaw problem we need only specify the initial support, which is bounded.
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We will show that there is a marked difference in the asymptotic behaviour of
these problems in one and several dimensions. Thus, it is well known that in one
space dimension there is convergence to a stationary state in the z/t'/%-scale for
both problems, but the asymptotic profile is not the same. On the contrary, we will
show that in dimensions n > 2 the Stefan problem simplifies into the Hele-Shaw
problem. Let us describe the results in some more detail:

1-D Hele-Shaw problem. To find p(z,t) and r(¢) such that

0%p

@_O, 0<z<r(t), t>0,
p(r(t),t) =0, t>0,

%(r(t) t)=—Lr'(t), t>0

ax ) ) )

p(0,t) = A, t>0,

r(0)=1b

In this case the problem can be solved explicitly, and the solution is
x

b2 + 244
V]

It is immediate that the asymptotic behaviour is given by the self-similar solution

¢
V2A/L

p(ﬂ?,t) =A|l-

(1.1) pla,t) = A1 ¢=a/Vi,

Jr
with free boundary
r(t) = (24/L)Y/?1/2,

1-D Stefan problem. To find 6(z,t) and r(¢) such that

00  02%0

E—@, 0<$<7’(t),t>0,
0(z,0) = Oy (x), 0<z<b,

0(r(t),t) =0, t>0,

%( (t),t) =—=Lr'(t), t>0

ox r ) - r ) ’

0(0,t) = A, t>0,

r(0) = 0.

The constant ¢ represents the specific heat. It is well known that in this case the
asymptotic behaviour of the solution is given by a self-similar solution of the form

E(CI/QC)]
1.2 9x,t—A[1—7 . C=ax/V,
(12) (2,1 o). /
where E(+) is the error function and 79 is the unique solution of the equation
™ Ac
F(mo) = 77706"3/415(770) =7

The free boundary of the self-similar solution (1.2) is given by
Mo 172
t) = —%=t/°.
T( ) \/E
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Although both functions p and @ stabilize to the same constant level A ast — oo
for every fixed x > 0, the convergence is not uniform and the profiles giving the
intermediate asymptotic behaviour are different. Besides, the growth rate of the
free boundary is in both cases t'/2, but the constants are not the same. However,
the two problems are closely related. Indeed, it is well known that solutions of the
Stefan problem converge to solutions of Hele-Shaw as ¢ — 0. We can in fact check
that F~1(S) ~ V25 as S — 0. Therefore, (o = no/v/c — (24/L)"/? as ¢ — 0.
Moreover, the profile for the Stefan problem given in (1.2) converges to the profile
for the Hele-Shaw problem appearing in (1.1).

The situation is different for n > 1. Indeed, there is no self-similar solution which
explains simultaneously the large-time behaviour of the solutions and interfaces of
our problems. The actual behaviour can be described using the ideas of matched
asymptotic expansions. The positivity set expands to cover in finite time any com-
pact subset of the exterior domain, 2, and the solutions of both problems stabilize
in the usual space coordinates to the solution of the exterior Dirichlet problem for
the Laplacian. This is what we call the near field limit. On the other hand, we
prove that, after a scaling of the form

y =az/tY/", v =ut=2/n ifn >3,
y=1z/R(t), v =ulog R(t) if n=2,

where R(t) ~ C(t/logt)'/? as t — oo, and u represents 6 if we are studying the
Stefan problem and p if we are considering the Hele-Shaw flow, we have conver-
gence in both problems to the same free boundary problem, which corresponds to
a singular, radial, self-similar solution of the Hele-Shaw problem. This is what we
call the far field limit. This means that in the far region, close to the free bound-
ary, Hele-Shaw represents the reduced problem for Stefan (in the sense of Prandtl’s
theory of boundary layers). In practice, the heat equation of the Stefan problem
loses the inertial term 6; as t — oo because this term becomes lower order with
respect to the main terms at the asymptotic level. It is thus a case of asymptotic
simplification, a rather usual phenomenon in nonlinear parabolic equations (see the
survey [V]). The analysis gives in particular the position of the free boundary as

lz| ~ CtH /™ if n >3,
|z| ~ C(t/logt)'/? ifn=2

for a precise constant C' > 0 which depends on the data. The matching between
the two regions amounts to determining this constant in the far region.

A previous study of the asymptotic behaviour for the Stefan problem for n > 3
was done by Matano [M]. He proved that any weak solution becomes eventually
classical, that is, the interface between the ice and the water regions is sufficiently
smooth for all large ¢. He also proved that the shape of the free boundary (i.e.,
the interface) tends to a sphere of radius (Ct)'/™ as t — oo, and he calculated the
constant. We establish the asymptotic developments for the solutions and interfaces
for all n > 2. We also prove that the shape of the free boundary of the Hele-Shaw
problem approaches a sphere, with precisely the same radius.

In conclusion, we show that there is a strong difference between the one-dimen-
sional and the n > 2 cases: for n = 1 solutions of the Stefan problem do not
eventually become solutions of Hele-Shaw, while for n > 2 they do. Extending
the analysis for radial solutions of Section 3 to non-integer dimensions (which is
formally possible) shows that n = 2 is precisely the critical value which separates



612 FERNANDO QUIROS AND JUAN LUIS VAZQUEZ

the interface behaviours of the form |z| ~ C't}/" valid for n > 2, from |z| ~ C't'/2,
valid for n < 2. The log term in the interface expression for n = 2 is a visual proof
of such critical behaviour. Returning to our problem in integer dimensions, there
is an explicit self-similar solution giving the asymptotic behaviour of Stefan when
n = 1 which is not a solution of Hele-Shaw. On the other hand, for n > 2 we need
two matched developments to explain the asymptotic behaviour of the solutions in
the two problems. For the record, the development in the region close to the free
boundary is always self-similar. The influence of the compactly supported initial
data disappears (to first order) in all cases.

2. PRELIMINARIES

In order to state the above results more precisely we introduce some notation. We
assume that we are given a bounded domain Gy C R™ whose boundary consists of
two smooth connected hypersurfaces I' and I'y, where I" lies inside 'y and bounds a
simply connected domain G, i.e., 0G = I'. We will assume without loss of generality
that 0 € G.

Classical formulation of the Hele-Shaw problem. To find functions s(z) > 0
and p(z,t) > 0, defined for ¢t > 0, z € R™ \ GG, which satisfy

Ap=10 in {(z,t): 2 € R"\ G, t > s(z)},

p=20 if t = s(x), z € R"\ (Go UG),
(HS) Vp-Vs=—L ift=s(z), € R"\ (GoUG),

p(z,t) =g(x) ifzel,t>0,

s(x) =0 if z € Go,

where L > 0 is a constant and g is a function that is non-negative, non-trivial and
continuous on TI'.

When this problem is used as a two-dimensional model to describe the movement
of a viscous fluid between two parallel plates, the function p is interpreted as the
pressure in the fluid, the surface ¢ = s(x) is the interface between the fluid and the

surrounding air, and the air pressure is considered to be identically 0. At time ¢ the
fluid occupies the subset Q(t) of R?\ G defined by Q(¢) = {z € R*\ G : s(z) < t}.

Classical formulation of the Stefan problem. Solving this problem consists
in finding functions s(z) > 0 and 6(x,t) > 0, defined for ¢ > 0, z € R\ G,
which satisfy

% =Ad in {(z,t): z € R"\ G, t > s(z)},
6=0 if t = s(z), z € R"\ (Go UG),
(9) VO-Vs=—L ift=s(z), z€R"\ (GoUG),

0(z,0) = h(z) ifx € Go,
O(z,t) =g(z) ifxel,t>0,

where L > 0 is a constant (the latent heat), and g, h are given functions satisfying:
(i) ¢ is non-negative, non-trivial and continuous on T’
(ii) A is continuous in R™ \ G, h(z) > 0 if x € G, h(z) = 0if 2 € R™\ (Go U G);
(iii) h=gonT.
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In the application the function 6 is interpreted as the temperature of the water,
the surface ¢t = s(z) is the interface between water and ice, and the ice temperature
is considered to be identically 0. At time ¢ the water occupies the subset of R?\ G
defined by Q(t) = {x e R3\ G : s(z) < t}.

Remark. In both problems it is possible to take boundary data g(x,t) depending on
time. However, we study the asymptotic behaviour only for data that are constant
in time.

The Hele-Shaw and Stefan problems do not necessarily have a global classical
solution in the case of multi-dimensional spaces — once more in contrast with the
one-dimensional case — as cusp-like singularities sometimes appear on the free
boundary. However, they always have a weak solution that exists globally in time.

Weak formulation of the Hele-Shaw problem. Elliott and Janovsky [EJ] in-
troduced into the Hele-Shaw problem the Baiocchi transform w(z,t), defined in
(R™\ G) x RT as

t .
ua.t) = fs(x)p(a:,r) dr ifzxe Q(t),
0 otherwise.
For every t > 0 the function u(-,t) satisfies
Au=L in Q(t)\ Go,
Au =0 otherwise.

Moreover, it satisfies the boundary conditions

u:%zo onT(t) ={x e R"\ (Go UG), t =s(z)}.

This variable satisfies an integrated version of the condition at the fixed boundary,

¢
u(z,t) = / g(x,7)dr onT.
0
Hence v is a solution of the nonlinear elliptic problem
Au = x(x)H (u) in R"\ G,
u(z, t) = f(fg(x,T) dr onT.

Here x(x) = 0 in Go and x(x) = L elsewhere, H(u) = 0 for v < 0, H(u) = 1 for
u > 0. Alternatively, u can be regarded as the solution of a variational inequality,
since

(WHS)

u>0, x(z) —Au>0 and (x(z)— Au)u=0.

By using this formulation Elliott and Janovsky were able to prove that there is a
unique solution to (WHS). Given a solution u, we put

Q) ={z e R"\ G : u(z,t) > 0},
I'(t) = 09(t) \ 0G,

ou .
o t) = a(m,t) it x € Q(1),
0 ifx e R"\ G, = ¢ Q(¢).

The pair (p,I'(¢)) is known as the weak solution to the Hele-Shaw problem (WHS).
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We will use the following comparison result from [KLV]:

Proposition 2.1. Suppose that x > x and g < §. Let u, 4 be the solutions to
problem (WHS) for x, g and X, § respectively. Then

u < u.

Remark. Under the same conditions it is easily proved with the same method that
was suggested for the Stefan problem by Friedman and Kinderlehrer (see the remark
after Lemma 2.5 in [FK]) that

Weak formulation of the Stefan problem. In this formulation, due to Duvaut

[D], 6(z,t) is given in the form 6 = w;, where u is the solution to a certain variational
inequality. More precisely, let u(z,t) be defined by

u(a,t) = {({:@ Oa,rydr itz € Q)

otherwise.
If we compute the differential equation satisfied by u, we obtain
ou _
E_AUZ_L’ x € R"\ (GoUQG), s(z) <t,
ou

T Au=h(z), =z € Gy, s(x) <t
Moreover, it satisfies the boundary conditions

0
u=2"=0

o if t =s(x), r € R"\ (Go UG).

This variable also satisfies an integrated version of the condition imposed at the
fixed boundary:

t
u(x,t):/ g(x,7)dr onT.
0

Hence u satisfies the nonlinear parabolic problem
Ju

in (R™\ G) x [0, 00),
u(z, t) = fot g(z,7)dr

onT,
where

f= h(z) if x € Go,
| -L ifzeR™\ (GoUG).

Alternatively, u can be regarded as the solution of a variational inequality, since

5‘u (’9u
>0, — — —f> —_ _ —flu=0.
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By using this formulation Friedman and Kinderlehrer [FK] were able to prove that
there is a unique solution to (WS). Given a solution u, we put

Q) ={z e R"\ G : u(z,t) > 0},
I'(t) = 09(¢) \ G,

ou .
0z, 1) = E(x,t) it x € Q(2),
0 itx e R"\ G, = ¢ Q).

The pair (6, T'(t)) is known as the weak solution to the Stefan problem (WS). Proper-
ties of the solution can be found for instance in [FK], [L]. We will use the following
comparison result from [FK]:

Proposition 2.2. Suppose that f < f and g < §. Let u, 4 be the solutions to
problem (WS) for f, g and f, § respectively. Then

u < 1u.
Moreover,
0.

0 <

I
SIS
SIS

Caffarelli and Friedman [CE] have proved that € is continuous in (R”\G) x [0, 00).
It is not difficult to see that € is smooth in the interior of the water region, since it
satisfies there the heat equation in the sense of distributions. Further regularity of
6 near the free boundary I'(t) depends on the regularity of I'(¢). In other words, a
weak solution is classical so long as T'(¢) has no singular point. Indeed, any singular
point appearing on the free boundary should be a cusp-like singularity, [C], and the
solution is C*° inside the water region and up to the free boundary provided that
this free boundary forms locally a C'* hypersurface, [KN]. It is also known that the
free boundary is C*° if it is C! or even simply Lipschitz, [KN], [C]. To state these
results more precisely we recall the notion of Lebesgue density.

Definition 2.3. Let A C R™ be a measurable set and let zy be any point in R™.
We say xg has positive Lebesque density with respect to A if

lim inf —u(A N By (o))
plO 1(By(20))

where 4 is the Lebesgue measure and B,(x¢) = {z € R™ : |z — x| < p}.

>0,

Combining the C'*° smoothness criterion of Kinderlehrer and Nirenberg [KN]
and the C! smoothness criterion of Caffarelli [C], we get the following proposition:

Proposition 2.4. Let ty be any positive number and let xo be any point on T'(to).
Suppose that xq has positive Lebesgue density with respect to the set R™\ (Q(to)UG).
Then there exists an (x,t)-neighbourhood V' of the point (xg, to) such that T (t)NV is
an n-dimensional C* hypersurface transversal to the hyperplane t = to. Moreover,
0 is C™ in the set VN {(x,t): x € Q(t) UT(¢), t > 0}.

Corollary 2.5. Radial weak solutions to the Stefan problem (WS) are classical
solutions to the Stefan problem (S).
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3. HELE-SHAW. THE RADIAL CASE

We begin our analysis by considering the simplest case, the behaviour of radial
solutions of the Hele-Shaw problem, which can be expressed in explicit form and
will be a model for subsequent developments. In this case the free boundary is a
sphere which can be expressed in the form |z| = R(t) and the solution is classical.

Radial Hele-Shaw problem. To find functions R(t) and p(x,t) = p(|x|,t) > 0,
defined for ¢t > 0, |z| > a, which satisfy

Ap=0 in {(x,t) : a < |z] < R(t), t > 0},
p=0 if |z| = R(t), t > 0,
(RHS) % — _LR() if 2] = R(t), £ >0,
p=A if || =a,t >0,
R(0)=b

3.1. Explicit radial solution. The solution of problem (RHS) can be obtained
explicitly as follows.

Space dimension n > 3. Since p(-,t) is radial and harmonic in a < |z| < R(t),
we have

p(x,t) = c1(t) + e ()| for a < |z| < R(t).

We impose the fixed boundary condition, p(x,t) = A if |z| = a, and the continuity
condition at the free boundary, p(x,t) = 0 if |x| = R(¢), to obtain

AflaP = RP(0)

(3.1) p(z,t) = T T

We finally impose the Stefan condition, which reads

A2 —n)R'7(t)

_ /
a2-n — R27n(t) =-LR (t)’

that is,
An—2)/L =a*>"R"Y(t)R'(t) — R(t)R'(t).

Integrating this ordinary differential equation over (0,t), we obtain an algebraic
equation for R(t):

(3.2) R'(t) " RMt) V¥ An-2)t
' na"2 nan—2 2 2 L '

This equation has a unique solution R(t) for each ¢t > 0. Furthermore, it is trivial to
see that R(t) is an increasing function such that lim;_, ., R(t) = co. More precisely,
we have

(3.3)
. R()
1 =1
oo Rog()
We note that p; > 0 for a < |z| < R(t).

with  Roo(t) = Coot™ and  co = (
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Space dimension n = 2. Since p(-,t) is radial and harmonic in a < |z| < R(t),
we have

p(z,t) = c1(t) + ca(t) log || for a < |z| < R(t).
Imposing the fixed boundary condition and the continuity condition at the free
boundary, we obtain
A [log R(t) — log |z
We finally impose the Stefan condition, which leads to
A/L = —RR'loga+ RR'log R.

Integrating this ordinary differential equation over (0,t), we obtain an algebraic
equation for R(t):

R2(t) 1 b? 1 At
(3.5) 5 (logR(t) —5~ loga> 3 <10gb 5~ loga> =7

This equation has just one solution, R(t), for each ¢ > 0. It is easy to check that
R(t) is an increasing function such that lim; .. R(¢) = co. Furthermore,

R?(t)log R(t)
t

(3.6) lim

t—oo

—24/L.

Taking logarithms, we obtain

lim 2log R(t) (1 +
t—o0

loglog R(t) ~ logt ) ~log 24
2logR(t)  2logR(t) L’
and so, necessarily,
lim 710gt
t—oo 21og R(t)
Combining this with (3.6), we get

R3(t) 2A

2o 2(t/logt) L
and hence

¢ 1 RR(TZ) , with Ro(t) = coo(t/ 1Ogt)1/2 and ¢ =24/ A/L.

As in the case n > 3, we have that p, > 0 if a < |z| < R(%).

=1

3.2. Near field limit. In order to better understand the asymptotic behaviour
of these solutions and their use as a model for the Stefan problem, we will perform
an analysis of near and far field limits. We understand by near field limit the limit
taken for constant z as t — co. We immediately obtain from (3.1) that, in the case
n >3,

tlim p(z,t) = Pao(x) = Aa" x>,
which is the solution of the Dirichlet exterior problem for the Laplacian:
AP =0, |z|>a,
P=A, |z| = a,

P(z) — 0, as|z| — oc.
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Indeed, we have the estimate
A an72

05 Paa(@) =p(@t) < gy — s

which, in view of the estimate R(t) ~ coot'/™, implies the following convergence
result:
Theorem 3.1. Let p be the solution of (RHS) with n > 3. Then
p(x,t) = Pao(z) + O=m/m).
In the case n = 2 we obtain from (3.4) that
lim p(z,t) = A.
t—oo
Observe that the constant A is the solution for the Dirichlet exterior problem for
the Laplacian:
AP =0, |z|>a,
P=A4, |z|=a,
P(z), bounded.

Moreover, we have the estimate

Alog(|z|/a)
<A-— < ———
0= p(@,t) < log R(t) — loga’

which, in view of the estimate R(t) ~ co(t/logt)'/2, implies the following conver-
gence result:

Theorem 3.2. Let p be the solution of (RHS) with n = 2. Then, on each compact
subset of {|z| > a},

p(z,t) = A+ O0(1/logt).
3.3. Far field limit. The far field expansion is given in terms of the new variables
v =pt=2/n £ =at™1/n if n >3,
v =plog R(t), E=x/R(t) ifn=2,
where R(t) is the solution of (3.5). In view of (3.1) and (3.4) we have the following
asymptotic result:

(3.7)

Theorem 3.3. Let p be a solution of problem (RHS) with n > 2 and let v be its
rescaling given by (3.7). Then

tlim v(€,t) = Aa"2[|EPT — 2o if n > 3,
—00

oo
thm ’U(f,t) = A[_ 10g |£|]+ an = 2;
uniformly on compact subsets of R™ \ {0}, where cs has the same meaning as in
(3.3).
In terms of the original variables our convergence result can be written as
p(x,t) ~ Poo(z,t) = Aa™2[|z|*" — REZ"(1)]+ if n >3,
A [log R(t) — log|z]] ,
log R(t)
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The functions P (z,t) are solutions of the Hele-Shaw problem in the perforated
space 2 = R™ \ {0} with a singularity as |z| — 0 like that of the fundamental
solution for the Laplacian.

4. NEAR FIELD LIMIT FOR GENERAL HELE-SHAW

Let P(x) be the solution of the Dirichlet exterior problem for the Laplacian,

AP =0 ifx e R"\ G,
P=g ifz €T,
(DE) ‘ 1‘im P(z)=0 ifn>3,

P(z) bounded ifn =2.
We have the following convergence result:

Theorem 4.1. Letn > 2. Then the weak solution p(x,t) of the Hele-Shaw problem
converges as t tends to infinity to the unique solution P(x) of the Dirichlet exterior
problem (DE) uniformly on compact subsets of R™ \ G.

We will need some auxiliary results.

Lemma 4.2. Let G be a domain with smooth boundary satisfying GcG cGC
G UGy. Then there exists a constant § > 0 such that p(x,t) > 0 for all x € 0Gy,
t>0.

Proof. Let p be the solution to the following boundary value problem:

Ap =0, x € Gy,
p(x) =g(z), zeT,
p(x) =0, x €Ty

Then p(z,t) > p(z) for z € Gy. The existence of a constant ¢ > 0 such that
p(x) > 6 for all z € 9G; is a consequence of the strong maximum principle. O

Lemma 4.3. The free boundary, T'(t), of a weak solution to the Hele-Shaw problem
satisfies

tlim dist (T'(¢), G) = oo.

Proof. We consider a radial solution p of (RHS) with a, b and A small enough so
that B, C G, B, € G UGy, and p(z,t) < 6 for z € OGy, where § is the constant
provided by Lemma 4.2 and B, = B,(0). Using comparison in R™ \ G1, we obtain
that Q(t) UG 2 suppp(-,t) U By = Bp(y), with R(t) given by (3.2) or (3.5). Now,
R(t) — oo as t — oo and, therefore, the support of p eventually covers every
compact subset of R™ \ G. O

Lemma 4.4. There is a constant C > 0 such that
0 < p(a,t) < Claf*™.

Proof. The function p(z,t) = C|z|>~", which is harmonic, is a weak solution to
the Hele-Shaw problem (WHS) with x = 0, following the notation introduced in
Section 2. If we take C' > 0 big enough, then p(z,t) > g(x) on I'. The result follows
by comparison (see the remark after Proposition 2.1). [l
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Proof of Theorem 4.1. The a priori estimate for the pressure given by Lemma 4.4
and the harmonicity of p provide us with uniform (in ¢) interior Holder estimates
for p, D;p and D;;p. These uniform estimates are valid up to the fixed boundary
T, as this hypersurface is smooth. Thus the Ascoli-Arzela theorem guarantees the
existence of a sequence {t,} such that {p(z,t,)} converges to a certain function
Poo () uniformly on compact subsets of R™ \ G.

The next step is to identify the limit p... Using the previous a priori estimates,
it is straightforward to see that

Ap(z) =0 in R™\G,
Poo(x) =g(x) ifxel.

Moreover, 0 < poo(z) < C|z|>~". Thus im0 Poo(x) = 0 if n > 3, and po is

bounded if n = 2. Therefore ps, is the unique solution of (DE). The uniqueness

of the limit implies that convergence is not restricted to a sequence. Hence the
result. |

In the next lemma we describe the asymptotic behaviour of P(x) as |z| — oo.

Lemma 4.5. Let n > 2. There exists a constant C. = Ci(g,G) such that the
solution P of problem (DE) satisfies

lim |z|" 2P (x) = Ci(g, G).

|#|—o0
Proof. We consider the inversion mapping I : x — x/|z|?. Let Q* = I(R"\ G)U{0}.

Thus Q* is the domain bounded by 9Q* = I(T'). Let P*(z) = |z[> " P(x/|z|?) be
the Kelvin transform of P. As P is harmonic in R" \ G, so is P* in 2*\ {0}. Hence

AP* =0 in Q*\ {0},
P*(z) = |z|>g(z/|z|?) if z € OQ*.
Moreover, as 0 < P(z) < C|z|>~™, then 0 < P*(z) < C. Therefore P* cannot be
singular at the origin, and hence it is the unique solution of
AP* =0 in QF,
P*(z) = |z|> "g(x/|z|?) if z € 0Q*.
Now,

lim |z|""?P(x) = P*(0).

|| —o0

This last quantity can be computed explicitly, and is given by

og*
P* _ 2—n xz = 5
0= [ e () G 00)ds = a6,
where G* is the Green function for the domain Q*. O

5. FAR FIELD LIMIT FOR GENERAL HELE-SHAW

We prove that close to the free boundary the solution to the Hele-Shaw problem
converges to a radial, self-similar solution in R™\{0} of the same problem, compactly
supported in z and with a singularity as |z|] — 0 like that of the fundamental
solution for the Laplacian. We would like to remark that the far field limit inherits
asymptotic information from the near field limit. Namely, in the far field limit
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there is a free constant which is determined through a suitable matching of both
developments.

Theorem 5.1. Let p be the weak solution to the Hele-Shaw problem (WHS) and
let C. = Ci(g,G) be the constant given by Lemma 4.5.
A) If n > 3 then

(5.1) lim ¢ =2/ |p(x,t) — P(x, )] =0

t—00
uniformly on sets of the form {x € R™ : |z| > 6t*/"}, § > 0, where
P(z,t) = C.[[z[*™ — (Cun(n — 2)t/L)(2_”)/"L_
B) If n =2 then
(5.2) tlirglo log R(t)|p(x,t) — P2(x,t)] =0

uniformly on sets of the form {x € R"™ : |z| > dR(t)}, 0 > 0, where R(t) is the
unique solution for t >0 of

R? 1 Cit

B} <1°gR‘5> =70

Ci[log R(t) — log |a[]+
log R(t) )

Remark. Ast — oo, R(t) ~ 21/C./L (t/logt)'/2.

and

PQ({E, t) =

Proof. Using Lemma 4.5 we deduce that, given ¢ > 0, there exists a value a > 1
such that

C,

- || =2

S 9 S

< <
2z[n=2 = 2472 ~ 2

‘P(x)

if |#| > a. Now, Theorem 4.1 guarantees that there exists a value T' > 0 such that,
for allt > T and |z| = a,

€

7

Combining these two facts, we get that, for all t > T and |z| = a,

p(x,t) = P(z)] <

<eE.

C.
‘P(x, t) - w2

Let my(t) = max,ep() |2], m—(t) = mingerg) |[z|. It is clear (taking, if necessary,
a larger value of T) that m, (t) > m_(t) > a for every t > T. Let p™ be the
solutions to the radial Hele-Shaw problem (RHS) for ¢ > T, with boundary data
pT = (C./a""2%) +¢ at || = a, and support radii m(T) at time ¢t = T. Let Ry (t)
be the radii of their supports at time ¢. Using comparison for || > a, t > T, we
get that

(5.3) p(z,t) < p(z,t) < p*(x,1),

for |z| > a, t > T.
A) For n > 3 we consider the rescaling transformation

palz,t) = A("fz)/"p()\l/”m, At).
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A simple calculation shows that
[PAE: 1) = P&, 1) = AT pA7E, A) = PO7E, )|
= A2/ (2, A) - P2, M),

where we have used the invariance of P with respect to the rescaling and the
notation x = A/"¢. Tt clearly follows that the uniform convergence of py(€,1)
to P(&,1) as A — oo on sets of the form {|¢| > d} is equivalent to the stated
convergence (5.1).

Taking now x = éAY/™ and t = X in (5.3) and multiplying the resulting inequal-
ities by A("=2/" we obtain
for |£| > a/AY™, A\ > T. But,

| (Gt £ [ — (R (/A
Jim pX(E1) = lim pEEN SR :

= (Cv £ )" — s,
lim (C. & ea” ) [|g*™" — "4 = P(&, 1),
uniformly on sets of the form {&: |{] > d}, § > 0, where
cr = ((Cy £ea"?)n(n — 2)/L)1/n.
Therefore, given € > 0 and ¢ > 0, there is a value A such that for [£| > d and A > A
we have
Ipa(€,1) =P, )] <&,

which is the required uniform convergence result.
B) When n = 2 we consider the rescaling transformation

pa(a.1) = log ROVP(R(\)a, Xt).
A simple calculation shows that

[pA(,1) = Cu[~log [€]1+| = log R(\)|p(x, A) — Pa(x, V),
where we have used the notation & = R(A){. It follows immediately that the
uniform convergence of py(&,1) to Cx[—logl|é|]+ as A — oo on sets of the form
{|€] > 6} is equivalent to the stated convergence (5.2).

Now, taking z = R(A)€ and ¢t = X in (5.3) and multiplying the resulting inequal-

ities by log R()), we obtain
for |¢] > a/R(N\), A > T. But,

ey (€ Ollos(Re (V)/R(N) ~log el

/\h_>nolo P& = )\h—>nolo logRy(\)  loga
logR(A\)  logR(N)

1 O
— (C.+6)|=1 -1 ,
(€. %) 1o T —tosiel]

. 1 C,+te
i (€. % ¢ [Elog : —1og|e|] — .- log €[]
£e— * +
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uniformly on sets of the form {£ : [{| > §}, 6 > 0. Therefore we get that, given
€ >0 and § > 0, there is a value A such that for |{| > § and A > A we have

|p>\(€7 1) - C*[_ log |€|]+| <é,

which is the required uniform convergence result. [l

We also prove that the free boundary approaches a sphere with a precise radius
growth.

Theorem 5.2. Let m, (t) = maxep() |z| and m_(t) = mingcp) 2|, where T'(t)
is the free boundary of the solution of the Hele-Shaw problem. Then

tlim ”;I:/(nt) = (Cun(n —2)/L)Y/" if n > 3,
m(t)

3 _ 1/2 : _
A gz — 2(G/1) ifn=2

Proof. We prove the case n > 3. The case n = 2 is completely analogous. From
(5.3) we get that

R-(@) . m_() _mi(t) - RBi(t)

ti/m = ¢l/n = 4l/n — 1/n
On the other hand,
. Ri(t) _
Jim =5 = (G ea™P)n(n — 2)/L)V".
As ¢ is arbitrary, the result follows. O

6. FAR FIELD LIMIT FOR RADIAL SOLUTIONS
TO THE STEFAN PROBLEM FOR m > 3

In the remaining sections we prove that, if the space dimension is greater than
one, solutions of the Stefan problem in an external domain behave asymptotically
exactly as solutions of the Hele-Shaw problem with the same boundary data. As
t — oo any trace of the initial data is lost. We apply the same approach that
was developed in Sections 4 and 5 for the Hele-Shaw problem. There is a small
difference, as in this case we do not know explicit radial solutions. However, we
manage to prove that, if n > 2, radial solutions of the Stefan problem converge near
the free boundary to compactly supported in x, radial and self-similar solutions in
R™\ {0} to Hele-Shaw, with a singularity as |z| — 0 like that of the fundamental
solution for the Laplacian. This will be enough to study the far field limit of general
solutions.

We begin with the study of the far field limit for radial solutions. In this section,
after giving some preliminary results about radial solutions, we consider the far field
limit for this kind of solutions in the case n > 3. The case n = 2 is slightly different
and will be dealt with in Section 7. General solutions are studied in Section 8,
where we analyze both the near and far field limits.

Let us first derive some general facts for radial solutions. The free boundary is
obviously a sphere, which can be expressed in the form |z| = R(t), and the solution
is classical. The regularity of the free boundary makes the analysis much easier.
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The problem consists of finding functions R(¢f) > b and 0(x,t) = 0(|z|,t) > 0,
defined for ¢ > 0, |z| > a, which satisfy

%:AH if a <|z| < R(t), t >0,

6=0 if || = R(¢), t > 0,
(RS) % =—LR'(t) if|z|=R(),t >0,

0=A if |z| = a, t >0,

0(z,0) = Oo(|]) if 2] > a,

R(0) =b.

Radial solutions to the Stefan problem can be compared with radial solutions to
the Hele-Shaw problem.

Proposition 6.1. Let p and 0 be radial solutions to the Hele-Shaw problem and to
the Stefan problem respectively, and let |x| = Ry(t), |x| = Ro(t) be the corresponding
interfaces. If R,(0) > Ry(0), p(x,0) > 0(x,0) and, moreover, p(x,t) > 6(x,t) on
the fized boundary, that is, for |x| = a, t > 0, then p(x,t) > 6(x,t) for all |x| > a
and t > 0.

Proof. Let T, which may be infinite, be the first time when R, = Ry. Because of
the continuity of the free boundary of both problems, T' > 0. As we pointed out in
Section 3, py > 0 for a < |z| < R,(t). Therefore p is a supersolution of the heat
equation in that set. Applying comparison in a < |z| < Ry(t), 0 <t < T, we obtain
that p(z,t) > 0(x,t) for 0 <t <T.

We now prove that T' = oo. Suppose it were finite. Hopf’s lemma would imply
that

op 00

n <o for|z| = Ry(T) = Re(T), t=T.
Using the dynamical condition at the free boundary, we would obtain R;(T) >
Ry (T'), a contradiction. O

This immediately leads to an estimate from above for the free boundary of radial
solutions to the Stefan problem.

Corollary 6.2. Let |z| = R(t) be the free boundary of a radial solution to the
Stefan problem. There are constants C,T > 0, such that, for allt > T,

R(t) < Ct'/™, n>3,
R(t) < C(t/logt)Y/?,  n=2.

We shall also need an estimate from above for the temperature. This estimate
is not restricted to radial solutions.

Lemma 6.3. Let 6 be a weak solution to the Stefan problem for n > 2. There is a
constant C' > 0 such that

0 < 0(x,t) < Clz)>™.

Proof. The function 6(z,t) = Cl|z|>~™, which is a stationary solution of the heat
equation, is also a weak solution to the Stefan problem (WS) with f = C|z[*>~", in
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the notation of Section 2. If we take C' > 0 big enough, then f(z) > h(z) > f(z),
and 0(x,t) > g(x) on I'. Applying Proposition 2.2 now gives us the result. O

In order to obtain a more precise description of the asymptotic behaviour of the
free boundary, we need to transfer some information from the near region to the
far zone. The basic transfer tool is the identity

(6.1) / o 00 = () o

— LR (1) - R (s(0)) —nwmp"* [ L)

dr,
s(p) O

|z|=p

where w, is the measure of the unit ball in R", a < p < R(¢) and

R! if p > b,
5(p) = (p) ifp =
0 ifa<p<b,

so that R(s(p)) = max(p,b). To obtain identity (6.1) we integrate the equation
over the set {(z,7) : p < |z| < R(7),s(p) < 7 < t} and apply Gauss’ theorem and
the dynamical condition at the free boundary.

For the rest of the section we restrict ourselves to the case n > 3.

Theorem 6.4. Let |x| = R(t) be the free boundary of the radial solution to the
Stefan problem (RS) with n > 3. Then

R(t)

1m
t—o00 tl/”

(6.2) = (Aa"%n(n —2)/L)"/".

Proof. Dividing (6.1) by tp"~! and integrating over a < p < R(t), we obtain

1RO
= N CC B Ehr
a P p<|ax|<R(t)

Lwan(t) 2—n 2-n Lwn b" 2—n 2—
o) B0 -+ )
Lw, (R*(t) b?
+ ; < 5 3> + nw, A.
If we let t — oo, the left-hand side tends to zero while the right-hand side tends to
B Lwya®™" R™(t)

i
(n—2) toe ¢

To see this we just use the estimate from above for the free boundary given in
Corollary 6.2 and the bound for 6 given in Lemma 6.3. O

+ nw, A.

Remark. Formula (6.2) shows that the free boundary inherits precise asymptotic
information from the fixed boundary.

We next use this information about the asymptotic behaviour of the free bound-
ary to obtain the large-time behaviour of the temperature in the far field region.

Theorem 6.5. Let 0 be the radial solution to the Stefan problem (RS) with n > 3.
Then

(6.3) lim t"=2/"0(x,t) — P(x, )] =0

t—o0
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uniformly on sets of the form {x € R™ : |z| > 6t'/"}, § > 0, where

P(x,t) = Aa"?[|z|> ™ — R ™3=™/" ) R = Aa"?n(n—2)/L.
Remark. Compare this formula with (3.1), (3.3).

Proof. We use the technique of continuous rescaling. We define the rescaled tem-
perature

t(n=2)/n
o€, 7) =ty r=
n—2
This function v satisfies the equation
(6.4) v —Afu—i—l v—i—;Vv{
' T T (n —2)

in the domain a(7) < |¢] < R,(7), 7 > 0, where a(r) = a/t"/" and R,(7) =
R(t)/t'/™. Moreover,

v(&T)=0 if |€] = Ry(7),
v(€,7) = At/ i g = afr).

Theorem 6.4 implies that lim, o, R,(7) = Rs. Hence, given £ > 0, there is a
value T such that for 7 > T

Roo — & < Ry(1) < Reo + &.

We shall assume without loss of generality that 7" > 1.
We consider the solutions, v*, of (6.4) in St = {(£,7) : a(7) < €] < Roo £&,7 >
T} with boundary data

vE(E,T) =0 if |¢| = Roo £ &, 7> T,

vE(E, T) = At/ if |¢] =a(r), 7>T,
and continuous initial data at time 7 = T such that

v(§,T) <v (6, T) if oT) < [¢] < Roo +6,

v(&T)>v (§,T)>0 if o(T) <|¢] < R — E.

Comparison shows that v > v~ in S~ and that v < vT in ST. O

Next we prove a lemma that gives the asymptotic behaviour of v*.

Lemma 6.6. Let v be any solution of (6.4) in S ={(&,7):a(r) <|{| <d,7>T}
with boundary data

v(&T)=0 if ¢l =d, 7> T,
v(& )= At g =a(r), T2 T,
and continuous initial data at time T =T. Then v converges to
w = Aa"2(Jg[ — @2,

uniformly on compact subsets of By \ {0}.
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Proof. (i) An easy computation leads to

n—2 j2—n
—Aw—l(w+ — Vuw- g) A"
T (n—2) T
Thus, if we define ¢ = w — v, we have
Aan—QdQ—n
(6.5) br— A6 - (¢+( 5V 5) At

in S, and moreover
P& 7)=0 ifl{f=d, 72T,
o€, 7) = —Aa"D/M@nif ¢ = a(r), T>T.

Thus we have that ¢ is bounded on the parabolic boundary of S. We want to
prove that in fact ¢ is bounded in S. Due to the sign of the zero-order term we
cannot apply the maximum principle directly, and we need to make an additional
argument.

We first control ¢ = ¢/7. This function satisfies

Aan72d2fn

L(W) = tr = A = )wg—T

Moreover, v is bounded on the parabolic boundary of S.

Let ¢ = —C, with C' > 0. Then L(z/;) =0 < L(v), and also ¢ < 1 on the
parabolic boundary if we take C' big enough. Thus, » > —C in S. If we now set
)= —C1/€)? + Oy, with Cy, Cy > 0, we have

201 [¢)?

n—2)r > L(v),

L() = 2nCy +

just taking C7 big enough. Then we choose C3 big enough so that 1& > 1 on the
parabolic boundary. Therefore ¢ < ¢ < C5 in S, and hence 1 is bounded.
If we go back to the equation satisfied by ¢, we see that

Aan72d27n
L) =y + 2 = fle).
Thanks to the estimate for ¢ that we have just obtained we have that |f| < C in
S.
Set qB = (1[€]? — Oy, with C, Cy > 0. Then we obtain
20C4[§1 |2
(n—2)r
just taking C big enough, independent of C5. On the other hand, we can take Cy
big enough so that ¢ < ¢ on the parabolic boundary. Therefore ¢ > ¢ > —C5 in
S. If we now set ¢ = —C1[¢|? + Oy, with O, Co > 0, we have

2C1€° |?
(n—2)7
just choosing C; big enough. Then we take Cy big enough so that ¢ > C on the

parabolic boundary. Therefore ¢ < ¢ < Cs in S. Summarizing: there is a constant
M > 0 such that

L($) = —2nCy — —C < L(¢)

L(9) = 2nCy + —2— > C > L(¢),

|| < M.
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(ii) Let us now prove that ¢ tends to zero. Let 7o be any number such that
0 <rg <d Wetake T > T such that a(r) < ro for 7 > T. We consider the
solutions ¢+ to (6.5) with boundary data
Qgi(f,T):O if |£|:da TZf,
Qgi(faT)::tM if |£|:T0a TZf,

and continuous initial data at time 7 = T such that
S1(&T) > ¢, T), - (6T) < (& T).
The maximum principle implies that
S (&) S HET) S hy(&7) formg < ¢ <d, 7T,

On the other hand, it is easy to prove (see for example Theorem 2, Chapter 6 in
[E]) that

R |£|27n _ d2n>
+M | F—
d):i: I < 7’27’” —2-n

as 7 — oo uniformly in ro < [£] < d. Thus we have that, given € > 0, there is a
number 77 > T such that

2—n 2—n
(66) ot < ar (Smir )+

for 7 > T7 and ro < |¢] < d.
Suppose that we are given a certain value 0 < § < d and a certain € > 0. We
take 79, 0 < 79 < 6, small enough so that

2-n _ j2-n
M (%) <e.
Then, taking into account (6.6), we have that there is a value T; > 1 such that
96,7 < M (ig—%ﬁ—) te
for 7> Ty and 0 < [¢] < d, i.e.,
6(€,7)] < 2e.
O

Continuation of the proof of Theorem 6.5. Applying Lemma 6.6 to v+, we find
that, given €,§ > 0, for each ¢ there is a value T such that

[0 —Aa" P [lE]" P = (Rae £8)°7"] | <& i< ¢ <146,
for all 7 > T'. Thus, taking £ small enough, we have
0(E,7) S vH(E, ) < A" [JEP " — (Ro +8)7"], 42
< Aa" P[P = R, + 2,
V(&) 20T (€ 7) = Aa" P ([T = (R =877 -6
> Aa" 2|7 = R — 2

n—
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for all [£| > 0 and 7 > T. Note that in order for the last inequality to be true for
|| > Roo —& we only need to take € small enough so that Aa™=2 (|£[>~™ — Rgg”)+
2e <0 for [£] > Roo —

Summarizing: given ¢ > 0 and § > 0, there exists a value T such that for all
€] >dand 7> T,

n—2 2—n 2—n
v — Aa"~2 [J¢[7" — RE7) | <.

Translating this to the original variables x and ¢, we obtain the stated uniform
convergence (6.3). O
7. FAR FIELD LIMIT FOR RADIAL SOLUTIONS
TO THE STEFAN PROBLEM FOR n = 2

In this section we obtain the asymptotic behaviour of both the free boundary
and the temperature in the region close to the free boundary in the two-dimensional
case.

Theorem 7.1. Let |x| = R(t) be the free boundary of the radial solution to the
Stefan problem (RS) with n = 2. Then

. R(t
(7.1) lim #1/2 =2y/A/L.

% (1] Tog1)

Proof. Dividing (6.1) by tp and integrating over a < p < R(t), we obtain
1 (RO
(7.2) —/ 1 / 0z, 1) — bo(|]))
tJa P \Jp<lz|<R(t)
LTR%(t Ln 62
- —%() (log R(t) — log a) + <b2 5 ) 1 27A.

If we let t — oo, the left-hand side tends to zero (we will check this in detail), while
the right-hand side tends to

2
—Lm tlim w + 27 A.
Thus,
2
thm M =2A/L,
—00

from which it is immediate to obtain (7.1).

To see that the left-hand side of (7.2) tends to zero it is not enough to use the
fact that the temperature is bounded plus the estimate from above for the free
boundary given by Corollary 6.2. Indeed, because € is bounded, the absolute value
of the left hand side of (7.2) is estimated above by

R(t) 2 a2
(7.3) —/ YRy - pydp=C (RQ(t) 1og$ _EO —> .

t 2 2

By Proposition 6.1 we know that there exists a radial solution to Hele-Shaw of the
form

Co [log(R(t)/|])] ,
log(R(t)/a)

p(x,t) =
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such that p(z,t) > 0(x,t). Using the estimates for the radial Hele-Shaw problem,
we conclude that the second member of (7.3) is bounded. In order to prove that
the left-hand side of (7.2) goes to zero as t — oo we use the bound 6(z,t) < p(x,t)

to get
1 RO
L e - eael)do ) ap
a P \Jp<lz|<R(®)

Ch R
S - lo T
= tlog(R(t)/a) / P </<x<R(t) 8B/ Iz d )

Cy ) R2(t)log(R(t)/R(t))
Stlog( ()/a)/ P @

i [ (o (lostoron - 3) + 50

It is easily seen that the second term of the last member tends to zero. It only
remains to be proved that the first term,

C, RO . R(t)\ dp _ C3R*(t)log(R(t)/R(t)) log(R(t)/a)
tlog(R ()/a)/ R(mg( ) P tlog(R(t)/a) ’

R(t)

tends to zero. If we prove that R(t)/R(t) > Cy4 > 0, the result follows. If
this inequality were not true, then there would be a subsequence {tn} such that
R(tn)/R(ty) — 0. Taking t = t,, in (7.3) and letting n — oo, this would tend to

2 1 2 1
C tim B0 RM) _ oy, B () log Rita) _
n— 00 tn n—oo |y (tn) log R(tn)
Taking then ¢ = ¢,, in (7.2) and letting n — oo, we would get
2
i Fo(t) oz ()

n—00 tn

=2A/L,
a contradiction. O

Theorem 7.2. Let 0 be the radial solution to the Stefan problem (RS) with n = 2.
Then

(7.4) tli>Holo log R(t)|0(x,t) — Pa(x,t)| =0

uniformly on sets of the form {x € R"™ : |z| > dR(t)}, 0 > 0, where R(t) is the
unique solution for t > 0 of the equation

R? 1 At
(7.5) ® <1og7z_ 5) -4
and
All —1

log R(t)

Proof. We introduce the rescaled temperature

v(€,7) = log R(DO(ER(L), 1), 7=
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which satisfies

A v
U =AY = TR <log R TV "E)
it a(7) < |€] < Ry(7), where a(7) = a/R(t) and R, (1) = R(t)/R(t). Moreover,
v(€,7) =0 if [§] = Ry (7),
v(&,7) = Alog R(t) if €] = a(7).

We also have that lim;_,o, a(7) = 0. On the other hand, Theorem 7.1 implies
that

lim R,(7) =1.

From here on we can repeat the proof of Theorem 6.5 with minor changes. The
most significant ones are that now w = Allogd —log |¢]]+ and ¢ = ¢/log R(t). The
other ones are obvious. O

8. GENERAL SOLUTIONS TO THE STEFAN PROBLEM

We are now ready to obtain the near and far field limits for general solutions
to the Stefan problem, the main purpose of the paper. In both cases the limit
coincides with that of the Hele-Shaw flow with the same boundary data.

8.1. Near field limit. We have the following convergence result, exactly like
Theorem 4.1 for the Hele-Shaw problem:

Theorem 8.1. Letn > 2. Then the weak solution of the Stefan problem converges
as t tends to infinity to the unique solution, P, of the Dirichlet exterior problem
(DE) uniformly on compact subsets of R™ \ G.

We need some auxiliary results.

Lemma 8.2. Let Gy be a domain with smooth boundary satisfying GcG cGC
G UGy. Then there exists a constant § > 0 such that 6(x,t) > 0 for all x € 0G1,
t>0.

Proof. Let 6 be the solution to the following initial and boundary value problem:

6=AN0, z € Gy, t>0,
0(x,0) = h(z), zeTy,

é(x,t) =g(z), zel, t>0,
é(x,t):O, xe€ly, t>0.

Then 6(z,t) > 0(z) for & € Go, t > 0. The existence of a constant § > 0 such
that 6(x,t) > ¢ for all z € 9G; and t > 0 is a consequence of the strong maximum
principle. O

We can prove that the support spreads to the whole space. This result was stated
without proof in [M].
Lemma 8.3. The free boundary, T'(t), of a weak solution to the Stefan problem
satisfies

lim dist (I'(t), G) = oo.

t—o0
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Proof. We consider a radial solution 6 of (RS) with a, b, A and é(x, 0) small enough
so that B, € G, By, € G U Gy, and é(:c,t) < ¢ for x € OG1, where § is the
constant provided by Lemma 8.2. Using comparison in R™ \ G, we obtain that
Q(t) UG D suppl(-,t) UB, = Bp(t), where R(t) is the radius of the free boundary
of § at time t. Theorems 6.4 and 7.1 guarantee that R(t) — oo as t — oo, and
hence the support of 6 eventually covers every compact subset of R™ \ G. O

We also have an L?-estimate for the temperature:
Lemma 8.4. Let 0 be the weak solution to the Stefan problem (WS) for n > 2.

Then
[e’e) 2
/ / (%) drdt < C.
0 Jrme \ 0

Proof. We repeat the proof of Lemma 3.4 from [FK]|, considering penalty functions
Be with the additional property

BL(t) < CJe for 0 <t<e,
and take into account the remark following Theorem 3 in the same paper. |

Proof of Theorem 8.1. We define 0;(z,t) = 0(x,t + s). Lemma 6.3 implies that
0 < Oy(x,t) < Clz[* .

This estimate and the fact that 6, is a solution of the heat equation where it
is positive provide us with uniform (in s) interior Holder estimates for 05, D0,
D;0s and D;;0, depending only on C' and on the distance of the subset under
consideration from the parabolic boundary. Moreover, these estimates are valid
up to the fixed boundary T' x [0,00), as this surface is smooth (see [E]). The
Ascoli-Arzela theorem guarantees the existence of a sequence {s,} such that {65, }
converges to a certain function . (z, ) uniformly on compact subsets of (R™\ G) x

[0, 0).
The next step is to identify the limit 6,,. It is straightforward to see that
00 .
W = AHOO mn (Rn \ G) X [0, OO),
Oo(z,t) = g(x) ifzel.
Now,

2

/ 0(x,5) — 0(x,t + 5)|°dx = / dx
R"\G R™\G

s+t 2
S/ t/ dr | dzx.
RP\G s

Let K be any compact subset of R” \ G. The last inequality and Lemma 8.4 tell
us that

ST o0
/5 N (z,7)dr

9
ot

(,7)

Jim [0, 5n) = 60t + su)l20c) = 0.

On the other hand, we know that 6(z,t 4+ s,) — 0 (z,t) uniformly on K, and
hence

i (|0, 50) =00t + 50 L2() = 1000 (-, 0) = b (-, )| L2 (x0)-

n—00

We conclude that 0 (z,t) = 0 (2,0), i.e., 0 does not depend on t. Thus,
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Ab(z) =0 inR™\G,
Oo(z) =g(z) ifzel.

Moreover, 0 < 0 (x) < C|z|>~™. Thus lim| | o Ooo(z) = 0 if n > 3, and Oy is
bounded if n = 2. Therefore 6, is the unique solution of (DE). The uniqueness
of the limit implies that convergence is not restricted to a sequence. Hence the
result. |

8.2. Far field limit. We have the following convergence result, exactly like The-
orem 5.1 for the Hele-Shaw problem:
Theorem 8.5. Let 0 be the weak solution to the Stefan problem (WS) and let C.,
P, Py and R be as in Theorem 5.1.

A) Ifn >3 then

tlim tm=2/m0(z, 1) — P(z,t)] = 0

uniformly on sets of the form {x € R" : |z| > 6t*/"}, § > 0.
B) If n =2 then

Jim log R(1)|6(, 1) = P (x, )] =0

uniformly on sets of the form {x € R™ : |z| > JR(¢)}, § > 0.

Proof. As in the proof of Theorem 5.1, using Theorem 8.1 and Lemma 4.4 we can
prove that, given € > 0, there exist values a and T, such that, for all ¢ > T and
|JJ| = a,

C.

W<E.

‘9@,@ -

Let m(t) = max,erq) [z, m—(t) = mingcp() |z|. Let 6% be the solutions to the
radial Stefan problem (RS) with boundary data % = (C./a""2) £ ¢ at |z| = a,
support radii m4 (7T") at time ¢t = T, and continuous and non-negative radial initial
data at time ¢ = T such that 0~ (2,T) < 0(z,T) < 6% (2, T). Let Ry (t) be the radii
of their supports at time ¢. Using comparison for |z| > a, t > T, we get that

(8.1) 0= (,1) < (1) < 07 (1),

for |z| > a, t > T.
A) From (8.1) we get

t(n—2)/n9— (ftl/n,t) < t(n—2)/n9(€t1/n, t) < t(n—2)/n9+(§tl/n, t)

for |¢| > a/t'/™, t > T. But, as #* are radial solutions, we can apply Theorem 6.5
to obtain that

Jim £/ (e 1) = (C, £ ea 2| = Ay
uniformly on sets of the form {£: |£| > 6}, § > 0, where
cr = ((Cy £ea")n(n — 2)/L)1/n.

And from here on the proof continues as in Theorem 5.1.
B) From (8.1) we get

log R(t)0™ (ER(t), 1) < log R(1)0(ER(t),) < log R(1)0™ (§R(1), 1)
for |€] > a/R(t), t > T. Then we repeat the ideas of A). O
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Regarding the free boundary, we can repeat the proof of Theorem 5.2 to obtain
that the asymptotic behaviour is exactly that of the Hele-Shaw problem.
Theorem 8.6. Let m, (t) = max,ep(y) |2| and m_(t) = mingep ||, where T'(t)
is the free boundary of the solution of the Stefan problem. Then

. omx(t) n ,

Jim =57 = (Con(n =2)/L)""ifn 23,
. my(t) _ 1/2 o
tli>rrolo (t/logt)l/2 2(C./L) ifn=2
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