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ABSTRACT. We give a definition for a new class of Lie algebras by generators
and relations which simultaneously generalize the Borcherds Lie algebras and
the Slodowy G.I.LM. Lie algebras. After proving these algebras are always
subalgebras of Borcherds Lie algebras, as well as some other basic properties,
we give a vertex operator representation for a factor of them. We need to
develop a highly non-trivial generalization of the square length two cut off
theorem of Goddard and Olive to do this.

1. INTRODUCTION

In this paper we define and study a new class of Lie algebras, given by generators
and relations, which simultaneously generalize the Borcherds Lie algebras and the
generalized intersection matrix algebras of Slodowy. Throughout the paper we will
refer to the generalized intersection matrix algebras simply as G.I.M. algebras. Both
of these classes arise by attaching a Lie algebra to a matrix, and both generalize
the notion of a Kac-Moody Lie algebra but from different perspectives. In the
case of a Borcherds Lie algebra one begins with a real symmetrizable matrix, the
major difference between these and the Kac-Moody algebras is that imaginary
roots, as opposed to just real roots, are allowed to be simple roots. In the case of
Slodowy G.I.M. algebras one begins with an integral matrix with twos on the major
diagonal, so all simple roots are real as in the Kac-Moody case, but here one allows
the off diagonal entries of the matrix to be positive and then adjusts the relations
corresponding to these entries. The Borcherds algebras have a theory (see [Boll,
[Bo2], [Bo3l, [11], [12], [JTLW], [K]) which closely resembles Kac-Moody theory, and
in particular the algebras have a triangular decomposition in the sense of [MP]
which reflects the fact that the roots are either positive, negative, or zero. Slodowy
algebras on the other hand, do not have any natural triangular decomposition since
the roots, when expressed as a linear combination of the simple roots, may have
both positive and negative coefficients. Our theory here will present a common
framework for both of these cases. However, the reader should note that since
Borcherds algebras are quite like Kac-Moody algebras, and since Slodowy G.I.M.
algebras do not necessarily resemble Kac-Moody algebras, our viewpoint here is to
present a “G.I.M. version” of Borcherds algebras. Thus, our results follow more
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closely those found in the theory of Slodowy G.I.M. algebras than the theory of
Borcherds algebras, although they of course apply to both cases.

Recall that in the theory of G.I.M. algebras one may reduce to the case of algebras
attached to indecomposable matrices, and then one shows that such an algebra is
isomorphic to a subalgebra of a Kac-Moody algebra consisting of fixed points of
a period two automorphism. In fact, there are two cases here, the oriented case,
dealt with in [SI1], [SI2] and the unoriented case dealt with in [Be]. Thus, a G.I.M.
algebra is inside a Kac-Moody Lie algebra which is called the double of the original
algebra. In the oriented case the Kac-Moody algebra splits into a direct sum of
two isomorphic smaller Kac-Moody algebras. Call this smaller Kac-Moody algebra
L. One then finds the original G.I.M. algebra is also isomorphic to £. Thus, in
the oriented case the G.I.M. algebra is a Kac-Moody algebra. In the unoriented
case the Kac-Moody algebra has its Cartan matrix indecomposable and one knows
that, at least in some sense, the G.I.M. algebra is far from being graded simple.
This prompted Slodowy to consider a factor algebra of the G.I.M. algebra in the
case when the original matrix defining the algebra is symmetric. Thus, he let R
be the ideal of the G.I.M. algebra generated by all root spaces, G, where the root
« satisfies (a, a) > 2, and the corresponding factor algebra is then called an I.M.
algebra. It is very interesting that there are some quite non-trivial realizations
known for certain of these I.M. algebras (see [BM], [BZ]), but in general very little
is known about their structure. In fact, from the very definition, since it is given
by factoring by R, it is not at all clear whether or not the I.M. algebra is non-
zero. This problem was solved in the interesting paper [EMY] where the authors
provided a non-trivial vertex operator representation for an I.M. algebra hence
showing such an algebra is non-zero. One of the key results they used in doing this
is the so-called square length two cut off theorem of Goddard and Olive [GO|, and
the authors remarked on how perfectly this result fits with the definition of R given
by Slodowy in defining the I.M. algebras.

Our purpose then, in this paper, is to bring the algebras which we study to
this same degree of development. We begin in Section 2 by defining what we call
an admissible matrix A and then show how to attach a Lie algebra, G(A), to it.
Some care must be taken in making the basic definition of G(A) via generators and
relations. After that the basic properties which we establish follow almost exactly
as in the G.I.M. algebra case and so we are brief, and often content ourselves with
giving references to the basic works there ([SI1], [SIZ], [Bel], [EMY]). Following
Slodowy’s work in the G.I.M. case we show how some of the algebras G(A) can be
related to the notion of affinizing a Lie algebra and we close the section by defining
the ideal R and its associated factor algebra, £(A), when the admissible matrix A
is symmetric and has even integer entries on its main diagonal.

In the third and final section we construct a module M for G(A) which sat-
isfles RM = (0) in the case when A is symmetric and has even integers on the
diagonal and thus, we obtain a representation of £(A). This generalizes the work
in [EMY] but it is a highly non-trivial generalization for the following reasons.
First, the vertex operators, X (a,z), used in [EMY] satisfy the well-known iden-
tity [X (o, 2), X(—a,w)] = 0 if (a,) < 0 (see [FLM]) and hence they cannot be
associated to any imaginary simple roots a we might have as generators of G(A)
which satisfy this condition. That is, we need to find a new type of operator to
associate to simple roots a which are not real roots. Moreover, we must do this
in such a way that the Goddard-Olive result remains true in our setting. A hint
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at how to make the basic definitions comes from [Frl Proposition 2.3] and [FLM]|
8.5.5] where normally ordered vertex operators of the form 3(z) X (a, z) are consid-
ered. We let X®(q, z) denote this operator. In our case, we let {a;}icr denote
all simple roots of G(A) and then let {a;};cs denote the subset of simple roots
which are not real (so satisfy (a;,a;) < 0). We then form two lattices: the root
lattice I' = @, ; Za; and another lattice L = GBJ-EJ(Za;r ® Za) with free basis
{oz;r,aﬂ J € J} satisfying (ozf,a;-t) =0 and (a;r,a;) =0d;;. ThenifieI,i¢ J
the usual vertex operator X (v, z) has moments tied to the basic generator e; while
those of X (—a,z) are tied to (—1)(@»®)/2f;  For the case of imaginary roots, if
j € J, then vertex operator X(aj)(ozj,z) has moments tied to e; while those of
X(@)(—ay, 2) have moments tied to (—1)(®-®)/2f; Of course, here we must also
use a generalized Heisenberg Lie algebra corresponding to the lattice L and we need
to use the combinatorial function ¢, (k) := (’iig) for k € Z, n € —27Z to define this.
As Lemma 3.38 and Corollary 3.39 show this is exactly what we need to get the
commutator [X((’j)(aj, 2), X@) (—a;, 2)] to equal the correct operator. The basic
computational fact we need about the power series which arise in taking commu-
tators of our vertex operators is in Theorem 3.22 while Proposition 3.32 deals with
the basic form of what a k-fold commutator, [X (%) (v, z1.), - - -, X1 (31, 21)] looks
like. Our first generalization of the Goddard-Olive result appears in Corollary 3.46
and deals with the case when the above k-fold commutator satisfies (0;, 5;) = 0 if
i # j. We then go on to use this to prove Corollary 3.52 which is our full gener-
alization of the Goddard-Olive result. We close this section by showing how this
result lets us define a non-trivial representation of £(A). It is worth noting that
the very existence of such a representation leads one to think the definition of £(A)
is indeed very natural.

Since our matrix A may be an I.M matrix we of course recover the results of
[EMY] on the existence of such a representation. In fact, if the reader is just
interested in this case then our results become quite simple since then J = () and
one sees that our results are just those of [EMY] except we have put them into
the formalism of [FLM] rather then using the residue calculus. Indeed, one of the
starting points of this work was to do just this. Also, the matrix A may define
a Borcherds Lie algebra so that we obtain a general existence result about vertex
representations for such algebras when the defining matrix is symmetric and has
even integers on the diagonal.

2. BASIC CONSTRUCTION AND PROPERTIES OF THE LIE ALGEBRAS

In this section we give the definition of the Lie algebras G(A) using generators
and relations and establish some of their basic properties. Recall that a real matrix
(@ij)ijer is symmetrizable if there exist positive real numbers ¢;, ¢ € I satistying

Qij€5 = i€, for all i, ] € I.

Definition 2.1. Let I be a (finite or) countable index set. A matrix A = (ai;)ijer
with real entries is admissible if it is symmmetrizable and satisfies the following two
conditions:

(1) If i € T and a;; > 0, then a;; = 2,

(2) If a;; =2 for i € I, then a;; € Z for all j € I.
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Notice that since an admissible matrix A = (a;5);,jer is symmetrizable, then we
have

a;; = 0 if and only if a;; =0,
(2.2) ai; < 0 if and only if aj; <0,
a;; > 0 if and only if a;; > 0.

Thus, if a;; < 0 for all 4,5 € I with ¢ # j, then an admissible matrix A is just
the type of matrix one uses to begain the construction of a Borcherds Lie algebra
(see [Boll-[Bo3], [JLW], [J1]). On the other hand, if a;; = 2 for all 4 € I, then an
admissible matrix is just a symmetrizable G.I.M. matrix in the sense of Slodowy
(see [SI1], [SI2], [Be]). In this sense an admissible matrix A is simultaneously a
generalization of both of these cases. Also, note that in condition (1) in the above
definition we have taken the usual normalization a;; = 2 when a;; > 0.

We now define the Lie algebras associated to these matrices. We always work
over the complex field C.

Definition 2.3. Let A = (a;;);,jer be an admissible matrix. The Lie algebra G(A)
associated to A is defined to be the Lie algebra generated by elements {e;, fi, hi}icr
satisfying the following relations:

(Rl) For all i,j S I, [hz, hj] = 0, [hi,ej] = G;€5, [hz,fj] = —aijfj, and [61', fz] =
hi.

(R2) For i,j € I with i # j satisfying a;; <0, [e;, f;] = 0 and, if a;; > 0, then
(ade;)1~%ie; =0, (adf;)' =% f; = 0.

(R3) For 4,j € I with i # j satisfying a;; = 0 and a;; < 0, [e;,e;] = 0 and
[f’h fj] =0.

(R4) For i,j € I with i # j satisfying a;; > 0, [e;,e;] = 0, [fi, f;] = 0 and, if
ai; > 0, then (ade;)!T %4 f; = 0, (adf;) T%ie; = 0.

Notice that relations (R1), (R2) and (R3) are just those used to define a
Borcherds Lie algebra so if a;; < 0 for all 4,j € I with ¢ # j, then G(A) is a
Borcherds Lie algebra. Also, if a;; = 2 for all ¢ € I, then the relations above are
just those defining a G.I.M. algebra of Slodowy. Of course, if A satisfies both a;; < 0
for all i,j € T with ¢ # j and a;; = 2 for all ¢ € I, then A is a (possibly infinite)
Cartan matrix and G(A) is nothing but the Kac-Moody Lie algebra attached to A.
As special cases, if A is a non-zero 1 x 1 matrix, then it is easy to see that G(A)
is isomorphic to the Lie algebra sly(C), while if A = (0) is the 1 x 1 zero matrix,
then G(A) is the three-dimensional Heisenberg Lie algebra. If A is the n x n zero
matrix, then G(A) is generated by elements e;, fi, h;, 1 <14 < n which satisfy

[e’iafj] = 6ijhi7 [eiaej] =0= [fivfj]v 1< Zv] <n

and hq, ..., h, are central. Thus, G(A) is just a Lie algebra of dimension 3n whose
derived algebra is its n-dimensional center.

We say A is indecomposable if whenever I = I; U I5 is a a disjoint union and
for all ¢ € I, j € Io we have a;; = 0, then either I; or Iy is empty. Note that if
I = I, Ul is a non-trivial disjoint union satisfying a;; = 0 whenever i € I, j € I,
then letting Ax = (aij)ijer,, k = 1,2 we get (rearranging the rows and columns of

A) that
(A0
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and hence the usual argument shows that G(A) = G(A1)®G(Az). For this reason we
will restrict our attention to indecompossable admissible matrices A. Throughout,
A will denote an admissible matrix unless specified otherwise.

Our next goal is to introduce (as Slodowy does for G.I.M. matrices) the double
of the matrix A which we will call D(A) and then to study the relation between
the algebras attached to A and D(A).

Definition 2.4. Let A = (a;5)i,jer be an indecomposable admissible matrix with
index set I. Let I = {i| i € I} be a disjoint copy of I and define the double of A,
denoted D(A), as follows. D(A) = (brs),. . ; Where

(1) bi;i = bgg =ay; fori e 1.

(2) b;=0b;, =0foricl.

(3) Ifi,j € I, i # j and a;; <0, then we let b;; = b;; = a;; and bz = b;; = 0.

(4) Ifi,j € I, i # j and a;; > 0, then we let bj; = b;; = 0 and b;; = b;; = —ay;.

Thus, the double of an indecomposable admissible matrix A is again admissible
(but not necessarily indecomposable) and, in fact, has all of its off diagonal entries
non-positive so that it is a matrix of Borcherds type. Hence G(D(A)) is a Borcherds
Lie algebra. We denote the canonical generators of G(D(A)) by E;, E;, F;, F;, H;, H;,
1€ 1.
Remark 2.5. Clearly, if we do a permutation of the rows of A together with the
same permutation of its columns to get a matrix A’, then G(A) and G(A’) are
isomorphic. Similarly, if we let A’ be the matrix obtained from A by first changing
the sign of all entries in the ith row and then the sign of all entries in the ith
column (so the sign of a;; does not change), then again G(A) = G(A’). If A" arises
from A by a sequence of such changes, we say A and A’ are equivalent.

We extend the notation i by defining ¢ = i if i € I so that k — k is a period 2
mapping of I U I to itself.

Lemma 2.6. Let A = (aij)ijer be an admissible indecomposable matriz. Then
D(A) is either indecomposable or is equivalent to

/ Dl 0
D= (O Do
where both D1, Do are of Borcherds type and we have the Borcherds Lie algebras
G(D1) and G(D3) are isomorphic to each other and also to G(A).

Proof. As usual, one says that two indicies i and j are connected if and only if
they are equal or there is a sequence of indicies i1, ...,%; with ¢ = iy, j = iy and
ai,_,i, 7 0for k=2,...,t. Thus, A is indecomposable if and only if all indicies are
connected. Fix ig € I and note that A indecomposable implies that for all i € I
either i or i is connected to i, hence either D(A) is indecomposable or I U I has
two connected components, one containing 7o and the other containing 7o. Let the
component containing ig be denoted U so that U = {@| u € U} is the component
containing 9. Assume D(A) is not indecomposable. Then for i € TUI we havei € U
if and only if 7 € U and if D; (respectively D) is the submatrix of D(A) attached to
U (respectively U), then we have D; and Dy are equivalent and so G(D;) = G(Ds)
131 32), then G(D(A)) = G(D1) ® G(Ds).

Moreover, still assuming D(A) is not indecomposable we have I U I equals to

the union of U and U and, moreover, the intersection U N U is empty. Also,

and since D(A) is equivalent to (
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U= (INU)U(INU). It follows that if i € INU and j € INU for some j € I, then
a;; > 0, otherwise, both j and j would be connected to ig which then implies D(A)
is indecomposable. It follows from this, that by making a sequence of sign changes
and permutations of rows and the corresponding columns that A is equivalent to

Dy so that G(A) 2 G(D1) = G(D3) as required. O
Following the G.I.M. case we make the following definition:

Definition 2.7. We say the indecomposable admissible matrix A is oriented if
its double D(A) has two indecomposable components. Otherwise, when D(A) is
indecomposable, we say A is unoriented.

o 122) and G(D(A)) =

G(D1) ® G(D2) as above where also G(A) = G(D1) = G(D3). Let IU I=UuU

where U and U are the two connected components. Then the map i — 7 of I U I
to itself gives rise to an automorphism 7 of G(D(A)) to itself where

(X;)=X;fori e TUI, X € {E,F,H}.

Clearly, 7 is of period 2 and commutes with the automorphism 1 of G(D(A))
defined by

Remark 2.8. Assume A is oriented so that D(A) = (

U(Ez):an n(Fl):Ela n(H’L):_Hlv ZGIUf
Thus, letting o = 7 o 1 we see that ¢ is an automorphism of G(D(A)) of order 2
which satisfies that
o(F;)=F;, o(F;) = E;, o(H;) = —H;, i€IUI.
Let G(D(A))? be the fixed points of G(D(A)) under o. Clearly, we have G(D(A))? =
{z+o(z)| x € G(D1)}, so that it follows that G(D(A))? = G(D;) which we know is
isomorphic to G(A4). A particular isomorphism of G(A) with G(D(A))? is given by
€; — E’L + F‘{'a
h; — H; — H;,
for ¢ € I. Thus, in this case, G(A) is isomorphic to a subalgebra of fixed points of
a period 2 automorphism of G(D(A)), and hence is ‘inside of’ G(D(A)). Our next
goal is to show this remains true in the unoriented case as well. The argument is
almost exactly the same as in [Be] so we will be brief.
Let A be an arbitrary indecomposable admissible matrix. Clearly, the mapping
o defined on generators by saying

o(E;))=F;, o(F;) = E;, o(H;) = —H;, i€ IUI,
is a period two automorphism on G(D(A)) even in the case when A is unoriented.
Let G(D(A)) = G and S = {z € G|o(z) = z}. Define elements x;, z;,i € I U T of
S as follows:
v =E+F, z=H —H, iclUI
If G = GT ®H® G is the usual triangular decomposition of the Borcherds algebra,

then in fact S = {x + o(x)|z € H ® G"}. We will show (in Theorem 2.11) that S
is isomorphic to G(A). First we construct a filtration of S. Let

St={0}, "= Cz, §'=8"+) Cu,

el i€l
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in general, define S™ for n > 2 to be the sum of S"~! and the C-linear span of all

the elements {[zj,, @5, -+ 5,](= [[[ej,. 25.] 2], - ])je € TUT}. We have
(2.9) S"=8"t+s"1SY, 0O)=stcS’cStc---cSst
[S™,8™] c §"Hm.

Lemma 2.10. The subalgebra S of the Borcherds algebra G is generated by the
elements {x;,z;lt € IUT}. In particular, (2.9) defines a filtration of S. Moreover,
for n > 1 and any indices ji, € I U I we have

[Ej1 )T 7Ejn] + U([Ejn T 7Ej'71,]) = [le )T 7xjn] mOdSnil'
In particular, if n = by; + 1, then (adxy)"z; = 0 modS™.

Proof. The proof in [Be] carries over to this case without change. One shows first
that

[Ei, Ej] + o([Ei, Ej]) = [z, 5] — 6,
and the result follows by induction and the fact that S = {x+o(x)|r € H&GT}. O

2

The generators of G are the elements E; for i € I U I. Welet n > 1 and let
Gy, be the span of the elements [Ej, ,--- , E;, ] for i; € I UI. Clearly, then we have
Gt =@,,~, Gn is a Z-grading of G*.

Let S = @D,,>¢ Sn where S, = 8"/S" ! so that S is the associated graded Lie
algebra of the filtered Lie algebra S. We let S+ = @,,>1 Sn so ST is a subalgebra
of S.

Lemma 2.11. For n > 1 we have dimS,, = dimgG,,.
Proof. We know that 8" = {z+o(x)|z € G,}+8"~! for n > 1 so the map of G, to
Sy, given by & — (z+0(2))+8" ! is surjective. Also, if # € G, but x+0o(x) € S"71,

then, since o(z) € G, there is some y € @Z;ll G for which z = y. This forces
x =y = 0 since we have the direct sum G = D,.>1 Gn- O

We are now in a position to establish that the algebra G(A) is indeed isomorphic
to a subalgebra of the Borcherds algebra G(D(A)) in all cases.

Theorem 2.12. Let A be an indecomposable admissible matriz. Then G(A) is
isomorphic to the subalgebra G(D(A))? of G(D(A)) consisting of fixed points of the
period two automorphism o of G(D(A)).

Proof. We restrict ourself to the case when A is unoriented since in Remark 2.8 we
have dealt with the oriented case. It is straightforward to see that the elements
E,+ F;, F; + E;, H; — H; for i € I satisfy the relations (R1) through (R4). For
example, if 4, j € I, we have

[H, — H;,E; + F;] = (b;; — b;j)Ej + (—sz + b;})Fj = a;;(E; + Fj),

because b;; — b;; = b;; — b;z = ai; in all cases. To check another case we assume

i,j€1,i# jand a;; > 0. Then
[Ei + F;, Ej + F5] = [Ei, Ej] + [F;, F5] =0
since a;; > 0 implies b;; =0 = b;;, while we have, if a;; > 0, that

ad(Ei + Fg)lJra” (Fj + E;) = (adEi)lJra” Eg + (adF;)lJra” Fj =0
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since here b;; = bﬁ =0 but b;j = bﬁ = —a,; and we are in a Borcherds algebra and
bi; = a;; > 0. It follows that there is a homomorphism ¢ : G(A) — G(D(A))? =S
satisfying

ple)) =B+ F;, o(fi)=Fi+E;, oh)=H;—H; i€l

Moreover, Lemma 2.10 implies that ¢ is surjective, so we only need to show ¢ is
injective.

Towards this end we introduce a filtration on G(A) as follows. Let £ = G(A)
and let £71 = (0), and L° equal the span of the elements e;, f; for i € I, and
inductively we define £™ to be £"~! plus the span of all elements [z, ,;,]
where z;, € {e;, fi|¢ € I'}. Then we have for n,m > 0

[Envﬁm] - £n+m’ ,C_l C EO C L:l C... ’

and £ = J,,o L™, so L is filtered by the spaces £". Let L,, = L™/L"~! for n > 0
so that L :7@n>0 L, is the associated graded algebra to the filtered Lie algebra
L. Let Lt = @,,~, L. This is a subalgebra of L.

Note that ¢: £ — S is a filtered homomorphism in the sense that (L") = S™
for all n > 0 so that ¢ induces a graded Lie algebra homomorphism, 1, of L to S
defined on L,, by saying, if z € L", then

Yz + L) = p(x) + 8",

and then extending this to all of L using additivity. Clearly, ¢ is a surjective Lie
algebra homomorphism and ¢ (L,) = S, for all n > 0. Moreover, it is well-known
that if 1 is injective, then ¢ is injective so it is enough to show 1 is injective. Also,
clearly ¢ restricted to Lo is injective since 1(h;) = H; — H; for i € I and we know
that elements H; — H;, i € I are linearly independent in our Borcherds algebra
G(D(A)). Thus it is enough to show v restricted to L,, is injective for all n > 1
and since we know v is onto we have that, by Lemma 2.11,

dimL,, > dimS,, = dimG,,, for n > 1.

Thus, it is enough to show that dimG,, > dimL,, for all n > 1 to conclude that ¢ is
injective.

Recall that by the Gabber-Kac theorem for the Borcherds algebra G = G(D(A))
one knows that GT is the factor algebra of the free Lie algebra on the generators
E;, i € I UT factored by the ideal J consisting of the following elements:

(2.13) (adE;) "%k By, for k,je€ IUI, k#j, bj; >0;
and the elements
(2.14) [Ej,Ey], for k,jeIUI, k#j, b;; <0 and bjz = 0.

We let 7: {E;|i € TUI} — LT be defined by 7(E;) = e; + L, 7(E;) = fi + £° for
i € I. It is easy to check that these elements satisfy the relations (2.13) and (2.14).
For example, we know [E;, F5| is one of the element defining 7. Indeed, b; = 0
for any i € I so [E;, E;] is of type (2.13) if b;; > 0 and of type (2.14) if b;; < 0.
In either case we have [7(E;), 7(E;)] = [e; + LY, fi,£°] = hi + L = 0in LT. To
check another case, suppose b;; > 0, j € I, kel (so k € I) and ajr > 0. Then
b, = —a;r and we know a;; = b;; > 0 so (adE;)' "% By = (adE;)' "%+ E; is one
of the elements defining the ideal J. Now
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(adr ()" 2547 () = (ad(es 4+ £0) 5% (i £7) = (ade) 4 i 4 L2,

but by relation (R4) we have (since aj; > 0 and aj; > 0) that (ade;)! ™t f, =0
in £ = G(A). The other cases are similar to check.

It follows that T extends to a homomorphism of G* to £ which is graded in
the sense that 7(G,) = L, for n > 1 and, moreover, T is onto as L™ is generated
by the elements e; + L0, f; + £°, i € I.

It follows from this that dimG, > dimlL, for all n > 1, thereby proving our
result. O

Remark 2.15. The above proof shows that 7 : G — L% is an isomorphism of G+
onto LT so we actually determined the structure of the associated graded algebra
to the filtered Lie algebra G(A).

We conclude this section by showing how the algebras G(A) are related to the
concept of affinizing Lie algebras. For this, recall, from [FLM], that if £ is a Lie
algebra with a symmetric bilinear form which is invariant, then letting C[t,#!] be
the ring of finite Laurent polynomials one considers the vector space

L=L®Cltt & Ce,

where Cc is a one-dimensional space. The product on £ is determined by saying ¢
is central in £ and for x,y € L, n,m € Z one has

[z @t™,y@t"] = [2,y] @ ™" + (2, y)Mbmin,0C

Then £ is a Lie algebra which is called the affine Lie algebra associated to the pair
(L, (-,-)). Note £ ® 1 is a subalgebra of £ which is isomorphic to £.

Now we assume that there is an admissible indecomposable matrix A = (a;;);, jer
for which there is a surjective homomorphism ¢ : G(A) — L. Moreover, we assume
there is an index ig € I for which

(2.16) Qigip > 0 (80 @iy, = 2) and

(2'17) (@(Q‘o)? So(fio)) 7& 0.

Here, for example, one might take £ to be any of the Lie algebras G(A) where (2.16)
and (2.17) hold with ¢ being the identity mapping, so in this case £ is nothing but
the affinization of G(A). We are going to define a new admissible matrix A and
a surjective homomorphism v : G(A) — £ which satisfies ¢¥(z) = ¢(z) ® 1 if
x € {ei, fi,hi| i € I}.

To do this let jo be a new index and let J = I U {jo}, a disjoint union. Define
bij for i,j5 € J by
Qjj, ifi,jel,
Qg5 le:](),]EI,
bij = e S
Qg 5 1fZ€I,j:j0,
7y if 4 :j :jo,
and let A = (bij)i,jea- Clearly, A is admissible and indecomposable since A is. Also,
if A is oriented, then so is A but it can very well be the case that A is oriented but
A is unoriented. (This happens, for example, if A is the affine Cartan matrix of
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type A(ll).) Define a map ¢ from the set of generators {e;, f;, h;| j € J} of g(A) to
L by

(2.18) Ylei) = ple)) @1, ¥(fi) = o(fi) ®1,
P(hi) =ph;) ®1, for i €I and
(219) w(ejo) = Sa(eio) ®t, 1Z)(fjo) = Sa(fio) & tilv

d}(hjo) = @(hio) ®1+ ( (elo) (flo))

Our main result about affinization is the following:

Proposition 2.20. Let £ be a Lie algebra with a symmetric invariant bilinear
form and assume there is an admissible indecomposable matriz A = (a;j)i jer and
a surjective homomorphism ¢ : G(A) — L as well as an index ig € I for which
(2.16) and (2.17) hold. Then there is a surjective homomorphism 1 : G(A) — L
defined on the generators of G(A) by (2.18) and (2.19).

Proof. To show the homomorphism v exists it is enough to show the elements
in (2.18) and (2.19) satisfy the relations (R1) through (R4) for the matrix A =
(bij)i,jes. Now since we already have ¢ : G(A) — L is a surjective homomorphism,
we know the relations (R1) through (R4) hold when the indicies 4, j come from the
subset I of J so it is enough to check that (R1) through (R4) hold when at least
one of the indicies involved is jo. This is straightforward so we content ourselves
with a few sample computations.

Clearly, we have [¢(hi), ¥ (hj, )] = [p(hi) © 1, o(hio) @ 14 (p(eq,), ©(fin))e] =
for i € I. Also, fori € I

[W(ha), ¢lejo)] = lp(hi) @ 1, pleiy) @8] = [p(hi), pleig)] © ¢
But [p(h:), ¢(ei,)] equals a;i,p(eiy) = bijop(ei,) so we obtain

[ (ha), ¥(ejo)] = bijo (leiy) ® 1) = bijot(ejo)-
This also holds when i = jy; and when ¢ = jy and j € I. Similarly, when we use

¥(fj,) in place of ¥(ej,) in the above we get the appropriate relations in (R1).
Also, we have

[(eio), ¥ (fio)] = lolein) @1, 0(fig) ©] = @(hig) @ 1+ (plein), (fio))e = 1 (hjy ).

To check some of the relations in (R2) assume 4,5 € J, ¢ # j and b;; < 0 where
either i or j is jo. If ¢ = jo, then b;; = a;,; and since b;; < 0 and a4, > 0, we have
j #i0,j # jo. Then
[(e), ¥(f5)] = [b(ejo), ¥ (f)] = [e(eiy) @ 1, 0(f;) @ 1].

This is zero because [p(e;,), ©(f;)] = ©([eiy, fj]) is zero since a;p; = b;; < 0.
Moreover, a;y;, > 0 implies (by (R2)) that (ade;,)'~%0ie; = 0 so it follows that
(ad(y(e;))) "% 4p(e;) = 0. One argues similarly for the f’s and the case when i € I,
1 # 10, j = jo. (R3) is easy to check since one must have the index i # 4, jo because
Qigig > 0.

Consider the relations of type (R4). Thus take i, € J, i # j with b;; > 0 and
one of 4 or j is jo. Assume j = jo. Then ¢ € I and b;; = a4, so here we may have
i =1ig. If we are in this case when i = i¢, then

[(ei), les)] = [plein) ® 1, p(eig) @ 1]



BEYOND BORCHERDS LIE ALGEBRAS AND INSIDE 1193

which is clearly zero while since a;y;, > 0 and b;; = a4y, = 2 so the element

(ad(¥(e)) T w(f;) = (ad((es,) ® 1)*(0(fig) @ 7).

But by (2.17) we know (@(es,), ¢(fi,)) # 0 so that (e, ), ©(fi,) are non-zero
elements in £. It follows that the span of w(hs,), ¢(ei,), ¢(fi,) in £ is isomorphic
to the Lie algebra sla(C), so, in particular, (adp(e;, ))3¢(fi,) is zero. It follows that
(ad(v(e;))) biaep(f;) = 0 in the case we are considering.

If we still have 4,5 € J, i # j with b;; > 0, j = jo but ¢ # o, then it easily
follows that

[(ei), 9(e5)) = [p(ei) ® 1, ¢(eiy) @ 1] = 0

and, if a;; > 0, then

(ad(9(e)) P99 (f5) = (ad(p(er) @ 1)) T (o(fig) @ 71) = 0

from the corresponding relation for G(A).

One argues in a similar way when ¢ # j, b;; > 0, i = jo so that j € I and then
this takes care of (R4). Thus, we have a homomorphism 1 from G(A) to L.

Note that since (p(ei,), @(fi,)) # 0, then ¢ belongs to Im, the image of .
Clearly, we also have p(e;,) ® t1, o(fi,) ® t21, p(hi,) @t are in Imip and from
this it follows that ¢(e;, ) ®@t™, ©(fi,)@t™, @(h,)@t™ are in Imy) for all n € Z. Then,
because A is indecomposable, we get that p(e;) @ t", o(f;) @ t", ¢(h;) ® t" are in
Imy for all n € Z. But Ima is a subalgebra of £ and clearly these elements generate
L, because the elements {p(e;), (fi), ¢(hi)| i € I} generate L, so it follows that
is surjective. O

One more observation is in order.

Remark 2.21. With the situation as in the last proposition, one knows that the
form (-,-) : £ x £L — C can be extended to a symmetric invariant bilinear form on
L which we also denote by (-,-) and which satisfies

(¢, L) = (0) = (£,¢), and

(zt",y@th) = (m, y)5n+m,0
for z,y € L,m,n € Z. Thus, we have L is a Lie algebra with a symmetric invariant
bilinear form and from our proposition we have a surjective homomorphism ¥ :
G(A) — L where A is an admissible indecomposable matrix. Moreover, using the
same index ig € I C J we used in the construction of ¢ we see that (2.16) and
(2.17) now hold for the triple (G(A), £, ) so all hypotheses of the Proposition 2.20
are satisfied and so we get a surjective homomorphism

: GA)— L.
In other words, this process can be iterated. Indeed, we let aff;(L£) (respectively
aff;(A)) equal L (respectively A) and inductively define aff, (L) (respectively

aff,,(A)) by aff, (L) = aff;(aff,,_1 (L)) (respectively aff, (A) = aff;(aff,,_1(A))) for
n > 2. Then we have a surjective homomorphism of G(aff,(A4)) onto aff,(L).

Clearly, there is a surjective homomorphism of aff,(£) onto £ ® C[tfl, ot
where C[tlil, ..., tF1] is the ring of finite Laurent polynomials in the commuting
variables ¢y, ..., t,, so we then have a surjective homomorphism of G(aff,,(A4)) onto

Lo Clt, ... 5.



1194 STEPHEN BERMAN, ELIZABETH JURISICH, AND SHAOBIN TAN

We assume next that A = (ai;)i jer is symmetric and has even integer entries
on the main diagonal. Let I' = ,.; Za; be a lattice with basis {a;}icr. We let
the symmetric bilinear form (-,-) on I' be defined by (a;, ;) = a5 for 4,5 € I.
We define a grading on the algebra G(A) by assigning dege; = «y, degf; = —ay,
degh; = 0 for i € I, then G(A) is a Lie algebra graded by the lattice I'. We call
an element o € T' a root if the set G*(A) := {x € G(A); degx = a} is non-zero,
and G¥(A) is called the root space corresponding to a root « € I'. Let R(A) be the
ideal of G(A) generated by the root spaces G*(A) for which (o, ) > 2. We now
define the quotient Lie algebra

L(A) :==G(A)/R(A).
Note that if A is a symmetric G.I.M. matrix, then £(A) is just a Slodowy I.M.
algebra, and if A is a Borcherds matrix, then R(A) = 0. In general, R(A) need not
be zero (see [BM]).

3. VERTEX OPERATOR REPRESENTATION OF THE LIE ALGEBRAS

In this section we first go towards defining the module M (T") on which the mo-
ments of our vertex operators will act. Then we go on to establishing our general-
ization of the square length two cut off theorem of Goddard and Olive.

Let X be a Lie algebra. Let Z(X) be the center of X and X’ be the derived
algebra of X. We will call X a Z-graded generalized Heisenberg Algebra if X =
Dz Xn, Xo = A" and

X' C Z(X), dimX' =1.
Clearly, X contains two abelian subalgebras X+ = ®n€Z+ Xy, X~ = ®n€Z+ X_,.
Moreover, if we replace the condition X’ C Z(X) by X' = Z(X) then X is the
usual Z-graded Heisenberg algebra.

To study the vertex operator representation of the Lie algebra G(A) associated
with the admissible matrix A = (a;;)i jer we will use stronger conditions on the
matrix A than in the previous section. Thus, from now on, we assume that the
matrix A satisfies the following conditions:

(Cl) ;5 € Z, a; €27, and a;; >0 implies ap; = 2, for i, ] € I.

(CQ) Q5 = Qjj for i,5 € I.

We form a symmetric bilinear form (-,-) on a lattice I' = P, ;Za; associated
with the matrix A. That is, we define (-,-) : T' x I' — Z, such that (a;, ;) = ayj
for i, j € I. We then extend this form C-bilinearly to the vector space H = C®RzI".
We view H as an abelian Lie algebra and, as usual, let H(n) be an isomorphic copy
of H via the identification a(n) — a for a € H, n € Z. We form a Z-graded Lie

algebra
H= (@ H(m) @ C¢ @ Cd,

neZ
with the product

[a(m)7 B(n)] = m(a76)5m+n,0¢7
[d7 a(m)] - ma(m)7 [¢7 H] =0,
for m,n € Z and o, 5 € H. R
Clearly, H contains a generalized Heisenberg subalgebra H = (B,,cz\ (0, H(n))

o~

@C¢, and if the bilinear form (-, -) is non-degenerate on the vector space H then H
is the usual Heisenberg algebra.
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Let S (ﬁf) be the symmetric algebra of 7:\{’, which is linearly spanned by mono-
mials of the form aj(—n1)---ax(—ng) for aq,...,ar € H and nq,...,nx € Zy.
Then S (ﬁ*) affords a representation of the generalized Heisenberg algebra H by
setting ¢ to act as 1, a(—m) to act as multiplication and a(m) to act as the par-
tial differential operator for which a(m).b(—n) = m(a,b)dm—n,0, where m,n € Z,
a,beH.

Let e: T'x I" = {1, —1} be the 2-cocycle determined by

1, if i < j,

€(oy, o) = (_1)(%’%)/27 e(ai, o) = {(—1)(%,()@) ifi>j

and €(}2; micy, > mjag) = [, j(€(eu, o)™, for i,j € I, myn; € Z. It is
clear that e satisfies the following conditions:

(o, Be(a+ B,7) = €(B,7)e(a, B+ ),

e(a,a) = (=1) @92 ¢(a, B)e(B,a) = (=1)\7),
for a, 3 €T.
Let C[I'] be the usual twisted group algebra of T" associated with the cocycle e.
We denote by e® for a € T' the base elements of C[I']. The multiplication in C[I']
is given by e®e” = €(a, B)e®T?, for o, B € T.

~

Set V(I') = C[I')l®@S(H ™). For h € H, we define the operator h(0) of V(I') by
h(0).e®®@u = (h,a)e*®u, for a € ', u € S(H™).
We remind the reader that for notation we are letting N,Z,Z,,Z_ be the nat-

ural number, integers, positive integers, and negative integers respectively. Let

u,v,w, 2z, 21, 22, . . . be formal variables. If V' is a vector space, we set
V{z} ={> wnz"lvn €V}, Vlz, 27| ={D)_ vn2"|vn € V}.
neC nez

We also generalize these notations in the obvious way to the case of several com-
muting formal variables (see [FLM]). For a € T', we define

E*(a,z) = exp Z a(n)z_”
nexZy n

and
X(o,2) = E7 (=, 2) BT (—a, 2)e® 20 (@)/2)

where the operator z07(®®)/2 ¢ (EndV/(T")){z} is understood to be z(®®)/22% and
2% is defined by 2*.e7®u = z(®VeY®u, for e? @ u € V(I'). Tt is clear that both
E*(a, z) and X («,z) can be expanded as formal power series in z and 2! with
coefficients (moment operators) acting on V(I'). It is easy to check the following
identities (see [FLM)]):

[h(m), E*(a, 2)] = —(h,a)2"E*(a, 2), if m € FZ,

[h(m), E*¥(a,2)] =0, if m € £Z, or m = 0,
and

(h,)e®, if m=0,

3.1 a,B _ B a+(a,6)7 h e =
(3.1) z%e e’z [h(m),e”] 0. im0,

E* (. 2) B (8,w) = B~ (B,w)E* (o, 2)(1 = =),

for a, B € T'. These identities give us
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Lemma 3.2. Let o, € ', we have [h(m), X («, z)] = (h,a)2™ X (e, 2), for m €
Z, h eH, and
[(X(a, 2), X(6,w)]
= 2@ 2y BR2E= (—a, 2) B~ (=B, w)ET (—a, 2) ET (=3, w)e*e’ 22wl P(z,w),
where P(z,w) = z(®A)(1 — %)(a,ﬁ) — (=1)(@Pqyleh) (1 — %)(a,ﬁ),

Lemma 3.2 gives the following well known commutation relations (see [ELM] or
[ENLY]):

Proposition 3.3. Let o, 3 € I'. Then

0, if (o, ) >0
(X (o, 2), X(B,w)] = e(a, B)o(L) X (a+ B,w), if (o, ) = —
—(D6)(2)/ = 0(%)a(w), ifa+ =0 and (a,0) =2,

where a(w) =3, a(n)w™".

Let J = {i € I| a;; < 0}. Denote by L = @jeJ(Zoﬁ@ZOF) the free abelian
group generated by {a Y
by (-,-)) on L, by defining

(a;r,aj)féu and (o oy, j)—Of(az,aj) 1,7 € J.

Let L; = Za;'@Zaj_, for j € J, and set 4; = L;®zC, A = @jeJ.Aj, and extend
the symmetric form (-,-) C—bilinearly to A. Let A=T® L, and Q@ = H & A. We
define a C—bilinear symmetric form (-,-) : Q x Q@ — C by requiring (H,.4) = 0.

Our next goal is to define a generalized Heisenberg algebra associated to the even
lattice A. For this purpose, we let n € —2N, and let (,, : Z — C be a function such
that ¢, (k) + ¢n(—k) = 0, for all k € Z. We define Z((,) := {k € Z| (.(k) = 0}.
Let A;(m) be a copy of A;, for j € J, m € Z. Then we form the Lie algebra Q
associated to the lattice A and the function (,, n € —2N. That is

—<@H(m)>@ P Aim) | ecy

meZ meZ,jET

a; }ies. We form a symmetric bilinear form (also denoted

with multiplication
[a(m), B(n)] = (a, B)Mbmtnof, if a€H,
[a(m), B(n)] = (a, B)Ca,; (M)dminof, if a€Aj, je,
[a(m), ] = 0 = [¢, a(m)],
where Cq;: C(%a%)’ a, B € Q,and m,n € Z. It is clear that Q contains a generalized

Heisenberg algebra Q defined by

Q= P Hm) || P Aim)|ach

meZ\{0} meZ\{0}
In what follows, we let ¢, be defined by ¢, (k) = (’i:é), forn € —2N and k € Z,

where the symbol (Z) denotes the binomial coefficient

(Z) _ a(a—l)--]-d(a—k:+1)
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for a € C, k € N. As usual, we take this to be 1 if £ = 0. It is clear that we have
Cn(E) + Cu(—k) =0 and Z(¢,) = {i € Z; [i| < |5|} for n € —2N. For later use we
record the following result.

Lemma 3.4. Leta € C, n € N. Then

(3.5) g(—l)n_i (?) (Z:) - (j>

for all j € N. In particular, we have Y.\ (—=1)"~*(") (Zﬁ) =a, forn € N, a € C.
Proof. Since
(3.6)

(s = (12 e = 1" = 3 (7)1 e

‘ 1
=0

then, by using the formal binomial power series (1 + 2)* = Z;io (;’) 27, we imme-
diately obtain (3.5) by comparing the coefficients of 2" %7 in (3.6). O

As before, let S ((AZ*) be the symmetric algebra of ﬁ’, which is linearly spanned
by monomials of the form ai(n1)az(n2) - ar(nk), for a; € (U;c; Aj) UH, n; €

—Z,. Then S (ﬁ_) gives a representation of the generalized Heisenberg algebra 0
by setting ¢ to act as 1, a(—m) to act as multiplication, and b(n) to act as the
partial differential operator, for which

(b, a)ndp—m.o0 ifbeH,

b(n).a(—m) =
(n) a( m) {(b, a)Caj(n)(sn—m,o ifbe Aj, for some j € J,

where n,m € Z and a,b € (U;c;A;j) UH. Moreover, we extend S(Q7) to be
an Q-module by requiring a(0) to act trivially on S(Q~) for a € (Ujes Aj) UH.
Clearly, if k € Z((;) for some j € J, then a(k) acts trivially on S(ﬁ_) for all

a € .Aj.
Now we form a vector space
(3.7) M(T) = C[I]@S8(Q7).

This is the full Fock space on which we will define the vertex operators. It is clear
that M(T) contains V(') as a subspace, and as vector spaces we have S(ﬁ’) ~
S(H™)®S(A™), where A= @mez\{o}(Ca;'(m) ® Caj (m)).

For simplicity, we set ¢(n) = d,0¢ for n € Z, and then for § € L & Z¢ we
define 3(z) = >, 7 B(n)z~". We shall use normal ordering symbols, indicated by
colons, which indicate that the enclosed operators are to be reordered so that all
the operators a(n) (« € TU{L ® Z¢}, n € —Z) are to be placed to the left of all
operators a(n) and 2’ (a« € TU{L @ Z¢}, B3 € T, n € Z,) before the expression is
applied. We now define our vertex operators, for a« € T, 5 € L @ Z¢,

(3.8)
X(ﬁ)(a, z) =: X(a, Z)ﬁ(z) = Ef(_a7 Z)ﬁ(z)EJr(—a, Z)eazoﬁr%(a,a)’

where the operators e® and z® are understood to act as e*®1 and 2*®1 respectively
on M(I).
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One may express the vertex operator X (?)(a, z) as a formal power series in z,

that is
XPa,2) =Y alPl ()2,
neZ
where the moments 2!/ (o), n € Z are operators on M(T'). Note that ¢(z) =
Sonez #(n)z™™ =Tand X (v, 2) =: X (v, 2)3(z), then we have X¢/(’y, z) =X (v, 2).
Therefore we have

()

Proposition 3.9 ([EMY]). The operators ;' («;) are locally nilpotent on M (T)
foralln €Z, andie T\ J.

We will use the following Lemma. Its proof can be found in [FLM].

Lemma 3.10. Let V be a vector space, a € C*, and Y (z,w) € (EndV)|[[z, 271,
w,w™ )], such that lim,, ., Y (z,w) exists (that is, if Y (z,w) is applied to any ele-
ment of V', and set w = z, the coefficient of any monomial in z is a finite sum in
V; see [ELM]). Then, for k € N

(3.11)

k
Y uohate) = 3 -1) (}) @) a 2ok 5,

=0

with all expressions existing. In particular,

(3.12)

Y(z, w)(Dé)(a%) = Y(z, a_lz)(Dé)(a%) — (DWY)(z, a_lz)é(a%),
Y (z,w)d(a2) = Y (2, a_lz)é(a%),

where Dy = w0y, 08 = ()F.

We now begin our analysis of the power series which enter in when we compute

commutators of the vertex operators. For m € Z, we define power series

fnlzw) = 27" (1= )7, g(z,w) = (—w) (1= 2)7

As usual, these are just shorthand for the associated power series expansions. The
reader should recall that (14 2)* = Z?io (‘;) 27. One can easily check the following
facts:
(3.13) Fom(zw) = g-mlzw) = (2 — w)™,
for m € N, and also
(3.14)
fm(2,0) fr(z,w) = frnin(2,0), gm(z, w)gn(2, W) = Gmin(2, W),

for m,n € Z. Moreover, we have
Lemma 3.15. Let m € Z, then
(3.16)

fm (2, 0) fom (2, 0) = gm (2, W)g—m (2, W) = gm (2, 0) f-m(z,w) =1,

(3.17) gm(z,w) fom(w, 2) = (=1)™,

(3.18) fm(zyw) fom(w, 2) = gm(z,w)g—m(w,z) = (—=1)™.
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Proof. (3.16) follows from (3.13) and (3.14). For (3.17), if m > 0 we have

gm(2, W) f-m (w0, 2) = gm (2, w)(w = 2)™ = (=1)" gm (2, w)(z — w)™
= (=1)"gm(z, w)g-m(z,w) = (=1)",

as required. Similarly, for the case m < 0. Finally, (3.18) follows from (3.13) and
(3.17).

O
Lemma 3.19. Let m € Z. We have

awfm(sz) = mferl(Zaw)a azfm(zaw) = _mferl(Zaw)a
) azgm(sz) = _mgm-‘rl(zaw)a

T =) =y () (—2)E, so we have
o0

uf(z) =27 S k() D

Ouwgm (2, w) = mgm11(z, w)

Proof. Note that f,,(z,w) =z

k

o0

= —pm-l ];1 k<_km> [
Since k(") = —m ("1

P ), we obtain

Ow fm (2, w)

. IZ . <— 1>(_E)k1

z

_ mz—m—l(l o E)—m—l

P :mferl(Zaw)'
This proves the first identity. For the second identity we have

obtan e B ()2 - B Dt

— a1y {( k) (‘ _11)}(—“’)’f).
s

z
Moreover, since (7m) — (7 771)

—mz ™1+ gl <_mk_ 1> (_E)k)

z

1) for k > 1, we have

azfm(zaw) =

=—mz ™1 - E)_m_l = —mfmt1(z,w),
z
as required. The other cases can be proved similarly O
Lemma 3.20. Let m € Z. Then
(3.21)

if m <0,
1D gm—15( 2 f -
w07 ), ifm>1

Fon(210) — gun(z2) = {0’
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Proof. If m < 0, the result follows from (3.13). Now suppose m > 1, we want to
prove the result by induction on m > 1. First, we have

w

fizw) = gi(zw) =271 = ) (cw) o = 2
S ST  EI S
k=0 k=0 keZ

Finally, by induction and Lemma 3.19

Frb1(50) = g1 0) = =0 (fn (2110) = g2,

0, (w

R G ) PO G ) Ly

as required. O

1
m

Theorem 3.22. Let k > 2, \;jj €Z, and i, =1,2,...,k be such that

Z )\ij<k}—1.

1<i<j<k

Then
-1

k -1
(3.23) H(fo” (2, 21) — Hgm (2i,21)) = 0.

=2 i=1

Proof. When k = 2, (3.23) follows from Lemma 3.20. We now suppose k > 3, and
rewrite the left hand side of (3.23) as follows:

(3.24)
k

-1 -1
(f)\m (Zl7 ZQ) — 912 (217 ZQ)){H(H f/\il (Zi7 Zl) - H 9 (Zi7 Zl))}

=3 i=1

Therefore, we only need to consider the case for Ao > 1.

Put f(z1,...,21) = [1_s(TT'2t frn (26, 21) — T2t 9a, (24, 21)). By Lemma 3.20,
we have

_1)A12—1
(f)\12 (Zlv 22) — 912 (Zlv ZQ))f(Zla s 7Zk) = 22_1 ( 1) f(zla s 7Zk)az)\112716(ﬁ

()\12 — 1)' 2’2)

21

4 (_1))\12—1 )\12—1(_1)], ()\12 -1

- J A12—1—j
D) (}\12_1)! j )(8z1f)(z25225237-"vzk)azl 5(

)

. 22
7=0
where we have used Lemma 3.10. To prove (3.23), we are going to show
(01, f)(22,22,23,...,2) = 0 for 0 < j < A2 — 1. By Lemma 3.19, we have
df

57 (21,...,2k) = a linear combination of terms of the form
21

-1

k -1
H(H f)\u,Jrnu, (Zia Zl) - H Ixi+na (Zia Zl))v
i=1

=3 i=1
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where n;; € N such that n; = 0 for i > 2, and Zf=3 ny; = j. Thus, by (3.14)
] .

we substitute z; to be z3 in the above and obtain %(zz, Z9,23,...,2k) = a linear
1

combination of terms of the form

k 1—1 -1
(3.25) TTA] £, s 2) = [ 9., (2o 20))
=2

1=3 i=2
where
T — Autnu+ Ay, =2,
R D ifi>3.
We may rewrite (3.25) in the following form:

k—11-1 -1
I s Giv ze) = [T om0 i 210),
=2 i=1 =1

and we claim this is zero by induction using the (k — 1)-case. To see this, we only
need to check the inequality El<i<j<k_1 Ait1,j+1 < k — 2. Indeed,

ST N = Y. A= Y Qugtny g+ D> Ay

1<i<j<k—1 2<i<j<k 2<j<k 3<i<j<k
< E /\1] + /\2] E /\” )\12 — 1 = E /\” —1<k-2,
2<j<k 3<z<j<k 1<z<j<k
as required. O

Lemma 3.26. Let m € Z. Then

0, if m <0,
gl_m(z,w)(fm(z,w)—gm(z,w)): {wlé(%), mez 1.
Proof. We only need to consider the case for m > 1. By (3.13) and (3.14), we have
glfm(zv w)(fm(za w) - gm(za w)) = glfm(za w)fm(zv ’U)) - glfm(zv w)gm('zv ’U))

= flfm(za w)fm(sz) - glfm(za w)gm(za w) = fl(za w) - gl(za w)
This gives the result by using Lemma 3.20. |

Corollary 3.27. Let m € Z. Then

_M(;(i).

(Dug—m (2, u)) lu=w(fm (2, 0) — gm (2, w)) = 9 w

Proof. Applying Lemma 3.19, we have

Dyg—m(z,u) = u0yg—m(z,u) = —mugi_m(z,u).
Thus the result follows from this and Lemma 3.26. O

Lemma 3.28. Let \;, A, (i > 1) be integers satisfying A\; +X; = 0. Then forn > 1

n—1 n—1 n—1
(3.29) [Tor. Grrza) (T ] £x (22 20) = [ 9ne (272 20)) = 0.
=1 =1 =1

Proof. This follows from Lemma 3.15. |
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Lemma 3.30. Under the conditions of Lemma 3.28, we have
(3.31)

n—1
D.,( Hg)\rm, (27, 2m))

n—1 n—1
zm=zn ( H Soen(zrs20) = Hg/\m (25 2n))
T=1

T7=1 T=1
n—1
=— Z Am%”‘m'g(%/zn).
=1

Proof. Note that

n—1 - -
D.,( I IQAT," (27, 2m)) |z =2, § H Ao (275 20)) Dz (Grgm (25 2m)) 2 =205
T=1 p=1

7
so we obtain, by Lemma 3.15 and Corollary 3.27

n—1
D-,. Hg/\ﬂn zr 2m)) 2=z Hf/\m Zr,%n) Hgkm(zﬁzn))
T=1

T=1

Z 2 (D (205 2m ) 2 =20 (Frpn (2ps 20) — Gy (29, 20))

Z [m + |/\pn| (2p/2n));

as required. O

Let v1,...,v € I', k > 2. For simplicity, we define the following power series:

1, ifj=1,
— _)i-1 j—1
Fy =Bl m) = Hf—(wm)(ziazj) - Hg—(’)’ia’Yj)(zi7zj)7 ifj > 1,
i=1 =1
L, ifj=1,
Gj =Gz, ,2j) = Hg_(%w)(%’zj)’ s,
For x1,...,x, elements of a Lie algebra,_}acl, -+ ,xy] means (adxy) - - (adzp—1)zy

for n > 2.

Proposition 3.32. Let y1,...,vx €T, f1,...,0 € LOZ¢, k > 2. Then

(X PO (yey 21), -+, X BV (3, 21)] )h—1 Hz(mm)/Z

HE —Yi,21)) Q215+ 2k, By Br) HE+ —i, 2i)) (e - eT*) Hz”‘

i=1
where Q(zl, <y 2k, P, 0, Br) = a linear combination of terms of the form

H [Bin (2i0n )5 B (25, )1 Fi G HFt,, (Biy (2t,) =+ Br.(21,)),

m=1 n=1
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in which ;s > 0, (i1,...,8,015--5J1,t1,...,ts) is some permutation of
{1,2,...,k}, such that

1) dm < Jim, for 1 <m <1,

2) ji<jo<-<ji, ti<ta<- <t

Remark 3.33. If (8;,8;) =0 for all 1 <14 # j <k, then
k
(3.34) Q1,20 81, B) = ([ FD(Bu(21) - Br(zr)),
j=1

since [Bi(z:), B;(z;)] = 0 if (8, B;) = 0.
Proof of Proposition 3.32. Since
(3.35) E* (i, 2) B~ (5, 25) = E~ (75, ) E* (i, 2) (1 = ﬁ:)“""”%

z;
(3.36)
zlieV = e”z?"'+(7"’”“), eVieV = e(y;,7;)e T = (=1)eie)
and
E* (i, 2i)B1(25) = B;(2) E* (i, 2),
2" Bi(z;) = Bi(z)7", € Bi(z) = B;(z)e™,
and

Bi(25)Bi(2i) = —[Bi(2:), Bj(25)] + Bi(z:) B (25),

for i # j, we have
X([32)(72; ZQ)X(Bl)('Yla z1) = E7(—72,22) 02 (22)E+(—727 Z2)672Z;2+(Wz772)/2
E™ (=1, 21)B1(21) ET (=1, 21 ) 2] T2

= B~ (—2,22)E~ (=1, 21)Ba(22) 81 (21) Bt (=2, 22) EF (=1, 21) €72 292 T 02720/

'eylzi)'l-i-(’nﬁl)/?(l _ ﬁ)(%ﬁ/z)
22

= 202922 By )BT (=1, 21) (= (81 (21), Ba(22)] + Bu(21)Ba(22))

'E+(—’yg, 22)E+(—’71, z1)eM2en 2;221/1 zé%ﬁz)(l _ ﬂ)('n,’m)

22
= 222 B (yy 2)ET (=1, 21) (< [Bi(21), Ba(22)] + Bi(21)Ba(22))

B (2 2) B (i, m)e ™ €232 27 (L - )92 (1))

22
—71 Zl)Ei (_’727 22)(_[61 (21); 62(22)]9—(’71,’)'2) (Zlv 22)

+51(21)B2(22)9— (71 y2) (215 22)) ET (=71, 21) BT (=2, 22)€7 €72 27" 237,
Similarly, we have

_ Z§71,71)/225’Y2,’Y2)/2E7 (

X B (y1, 21) X P2 (73, 20)

= /2022 B () VBT (=, 22)B1(21) B2 (22) ET (=1, 21) BT (=72, 22)
Y172 (“/1772)(1 _ Z_Q

M2 (v1,72)
et 207 2 )

21

= z§')’17’)’1)/22§)’27’)’2)/2E7(—'71; Zl)Ei (—’)’2, 2’2)(61 (21)62(22)](._(71772) (Zlv 22))
ET (=1, 21) ET (=2, z2)eM €12 2] 237,
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Therefore, we obtain

(3.37)
(X2 (79, 29), X B (1, 21)] = X P2 (72, 20) X P (1, 21)

— X B (yy, 21) X P2) (5, 25)
_ Z§’Yl7’)’1)/22é’)’27’)’2)/2
CET (=, 20) B (=2, 22){ = [B1(21), B2(22)]9— (41 172 (21, 22)
= B1(21)B2(22) (= (71.72) (21, 22) = 9—(71,72) (21, 22))}
EF (=1, 21) BT (=, 22)e7 e 2] 207,
where
[B1(21), B2(22)19— (31 72) (215 22) + B1(21)B2(22) (f— (31 172) (215 22) = G (31 172) (21, 22)
= [B1(#1), Ba(22)|FA G2 + F1 F 81 (1) B2(22).

This proves the result for the case ¥ = 2. Now we prove this proposition by
induction on k > 2. First, we compute by applying (3.35) and (3.36)

X(6k+1) (7k+17 Zk-i—l)[X(ﬁk)('yka Zk)7 T X(ﬁl) (717 Zl)]

) 2
= Z;(gffl 2 B (it 2001) Bt (2 1) BT (=1, Zpgr)e iz M
k
k 1 HZ ,Y“Ah)/2 HE 77,721 (Zla"' azkaﬁl7"' 75k)(HE+(_'YiaZi))

i=1

k

(@[ L)
=1

k+1
H “/zy“/z)/2 HE_(_'Yi;Zi))ﬁk-l-l(zk'i‘l)Q(zl’.” 7Zk;ﬁlv"' aﬁk)
el i=1

k+1 k+1 k

HE ,y“ZZ e’Yl "'evkﬂ)(Hzgi)H{(l_Zi/szrl)(’“ﬁkH)(_ZkJrl)(’YiﬁkH)}-
j i=1
Slmllarly, we have

(X O (e, 2), -+, X O (1, 20)] X P (g1, 2040

k+1 k+1
= (_1)]671(HZ7Q(AVII,A”)/2)(HE7(_'Y% Zi))Q(Zla Ctt Rk ﬁh e aﬁk)ﬁk-‘rl(fzk—i—l)
=1 i=1
k+1 k+1 k
1 | ) | (R B e

i=1
Therefore, we obtain

[X(ﬁkﬂ)(,ykJrh Zht1)y ,X(Bl)(’)’l; 21)]

k+1 k+1 k+1 k+1

— iyYi)/2 — 1 i
= (DY B (- 2))@ ][E —i,z) (e e (T2,
i=1 =1 =1

where
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k

) = (Hg—('y,;,'yk+1)(zivZkJrl))ﬁkJrl(szrl)Q(zlv 28, 01, Br)

i=1

k
_(Hf—(yi,'y;c+1)(ziv ZkJrl))Q(zla Ctt Ly Rk, 617 e aﬁk)ﬁkJrl(szrl)

i=1

k
{(Hf*(’Yi,’Yk-*—l)(zi? Zk-‘rl))Q(Zl; crt Rk 61) e aﬁk)ﬁk-‘rl(fzk—i—l)
i=1
k

_(Hgf('yi,'yk_*_l)(zia Zk-i—l))ﬁk-i—l (Zk-‘rl)Q(Zh crt Rk ﬁla T 76k)}

i=1
equals a linear combination of terms of the form

l

Hf—(’)’ Vk+1) (2i5 zk41)) H 2 (ij)]Fim Gjm)(HFtn)
n=1

m=1

(Bea (241) -+ Bt (20,)) Bt 1 (1)

k l s
~(J[9-romusn) i 2610)Brtr zrrr) [ [ (B (200)s B (23,1 G ) (] | F)
m=1 n=1

i=1

(Bea (241) -+ B (20.)) },

where
Br1(2k41) (Bey (241) -+ Br (21,) = Bey (241) -+ - B (26, ) Br+1 (2k41)
- Z[ﬁtp (2t,), Bra1(ze1)](Bey (28,) - - ﬁt,,/(z\tp) B, (21,)),
p=1
where ‘*’ means the term is deleted.

Therefore, we have Q= a linear combination of terms of the form

l

(—O{ I (B (2i0)» Bjn (23,1, G

m=1
(T Fe)Frera (B (200) - - B (20.)) Brsr (z41)
n=1
s l
+>_(I] 1. i (23,1 Fi G ) (B (21,), B (211)) P, G
p=1 m=1
( H Fy ) (B (z0) -+ B, (2,) -+ Bro (26,)) 1
n#p
as required. O
Lemma 3.38. Suppose (;, = aj,ﬁjm =o; , and v, = 04,7;,, = —q;, for some

i€ J. Then
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[ﬁinw (Zi7n )’ ﬁ]hw (Z]‘In )]g*(’}’i.m sYim ) (Zim, ? Z]7n)
—Yim Yim ) /2 = Vi Yim ) /2
= (z Yim Yim)/ 5 YVim Vim )/ )(D(S)(ij/zim)-

im Jm
Proof. Let n = (Vi,., Yjm)/2 = —(as,;)/2, then n € N, and
It 1) Fins Zi) = (=23, ) OV (L= 2 [, ) O Wo0) = (2, = 25,07,
and

(B, (2i): B (23,0] = [0 (z,0)s 0 (23,)] = D [ (k) a7 (]2 F2; )

kl€Z

Thus, we have
Bin (Zin)s Bin (Zim 19— (virr, i) B s Ziim)

= (21, = 2)"" D i (k). 07 (D)= 5!

k,l€Z

2n
. 2n Z] e 2n—j Oé{r o z,ﬁkz.fl
Z(j) L (=22 Y (o (), 0 )22

=0 klcZ

—3 Y (Zj”) o (), a (1)) * 220

=0 k,I€Z

2n
- 2n _ i n—i—
=5 5 0 (%) @ 0 o 0ot

j=0k,l€Z

2n
T ke om
2y (5 )ewat

j=0keZ

2n
. (2n i—k— —j+k
=2, 2 > (=1 ( j )C (k)] "

j=0 keZ
2n ) 2
= SNy ( j”) Gl =4 1)z 20 )

j=0keZ

By Lemma 3.4, this gives us
Bin (Zin)s Bin (2w 19— (vir, i) B s Zjim)

=28 20> k(2 /7,)F =2 2 (D6)(2,, /%),
keZ

as required.
Corollary 3.39. Let i € J. We have
(XD (a3, 2), X (—ay, w)]

(3'40) 1 w w
= ()R (DO)(S)+ 85 as(w)).
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Proof. Set (aj, ;) = —2n, then n € N, and note
(3.41)

faian(W,2) = glasa0 (W, 2) = 0, Glas,ai) (W, 2) = Glas,a) (2, W)
By Lemma 3.38, we have

(2

(3.42) [0 (2), @7 ()] 90,00 (2, w) = Z"w”(D@(%)
Thus by (3.37), (3.41) and (3.42) we obtain
(X0 (a, 2), X (—ay, w))]

= z_"w_”E_ (Oéi, w)E_ (_ai7 Z)([Oé+(2), ai_ (w)]g(ai,ai) (w’ Z))

1
Et (i, w)ET (—ay, 2)e” ¥ eYiw™ ¥z

=E (i, w)E™ (—ai, 2) BT (o, w) E1 (—au, 2)e” “e¥w™ i z% (D(S)(E)

w

z

= (-1 2PE (i, w) B (—ai, 2) B (e, w) EY (=@, 2)w™* 2% (DS)(—)

z
= (DRI (DO)(D )+ 3 )ou(w)),
where in the last step we have used Lemma 3.10. |

Corollary 3.43. Let Q(z1, -+ ,2k, 01, "+, Bk) be as in Proposition 3.32. We sup-
pose that B1,...,0, € {aj,ozj_,¢| JjE€J}, M,.., €T, and assume v; = a; if
Bizaj for some j € J, or v; = —a; if Bi = o for some j € J, for 1 <i < k.
Then Q(z1,- -+ , 2k, 01, , Br) = a linear combination of terms of the form

l

!
—(Yim Yim ) /2 = Vim »Vim ) /2
(3.44) (I (e, i) 2 o Com2and PV CTT ((D6) (25, 24,
m=1

m=1

j7n_1 S
(T 9= i) Grr 2 VE DM [ F ) (Bir (1) -+ B (25)),
=1 n=1
T#im
where (i1,...,80,J1,--,Jl;t1,..-ts) is some permutation of {1,2,...,k} given in

Proposition 3.32.

Proof. This follows immediately from Lemma 3.38. (|
Corollary 3.45. Let v1,...,vx € I, B1,...,0c € L ® Z¢, k > 2. Suppose
(Bi, Bj) =0 for all i # j, and — Zlgiqgk(%v%’) <k—1. Then

[X(ﬁk)(’yka Zk)a T aX(ﬁl)(')’lv Zl)] =0,

or equivalently [m%’i’“)(%), .. ,x%ﬁll)(’yl)] =0, for all ny,...,n; € Z.

Proof. This follows from (3.34), Proposition 3.32 and Theorem 3.22. O

Notice that if v1,...,v, € T satisfy (y;,7;) < 2 for i =1,2,...,k, (k > 2), then

(Zle Vi Zle i) > 2 implies — 37, o; ;4 (7i,7j) < k—1. The converse statement
is true only if (v;,7;) = 2 for all 7. We have
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Corollary 3.46. Let v1,...,vx € I', 1,...,0c € L ® Z¢, k > 2. Suppose
(i 70) S 2 fori = 1,2k, (8, 8;) = 0 for all i # j, and (-, i Xy 36) > 2.
Then

[X(ﬁk)(ﬁykazk)a T aX(ﬁl)('ylvzl)] =0,

or equivalently [xsli")('yk) acgfil)('yl)] =0, for all nq,...,n, € Z.

We need one more result to deal with the case when not all of fy,..., 0 are
pairwise orthogonal.

Theorem 3.47. Let k > 2, and let (i1,...,01,J1,--sJi,t1,-..,ts) be any permu-
tation of {1,2,...,k} given in Proposition 3.32. Let v1,...,v € T' be such that
(e, ¥r) <2 and i, + ¥4, =0 for 1 <7 <k,1<m <. Then

(3.48)
l Jm—1
Qa1+ 2 H (D6) (25, / 21 H 9=y 1) (77 232 ) Fi 1) HFtn =0,
m=1 75 =1

provided (Zle ’W,Zle i) > 2.

Proof. Set \ij = —(vi,7;

), %J=1,2,...,k Then (Zf 1'%2? 17%:) > 2 implies
DicicicrNig <k -1 1Ifk=

then l must be zero and s = 2, thus

2
Q('zla 22) = HFn = f—(’Yl7’Y2)(zl7 22) - g—(’y1,’)’2)(zla ZQ);

n=1

which is zero by Theorem 3.22 whenever (y1 +v2,71 +72) > 2. Now we prove (3.48)
by induction on k and so we assume k > 3. We divide the argument into two cases.
Case1l. [=0.

In this case, we have Q(z1,- -+ ,2) = HF"’ which is zero by Theorem 3.22.
n=1

Case 2. [ >1.
For this case, we divide the proof into two subcases.
Subcase A. [=1and i = 1.

In this case, Q(z1,...,2x) can be written as follows:
(3.49)
B Jji—1 k
Q('zla ) (D(s Zj /Zl H 9—(vrvi1) ZT; Z]1 H

Koy

If j1 = 2, then v1 + v2 = v, +7;, = 0. Thus we have

(3.50) Qe ..., z) = (DS) 22 HF
L
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We note that

(D8)(2) Py

Z1

Z
= (D(s)(z_l)(f*(“ﬂﬁs) (217 Z3)f*(“/2773) (227 Z3) ~ 9—(71,73) (Zl’ Z3)g*(72;“/3)(22’ 23))
z2
= (Dé)(z_l)(f*(“ﬂﬁs) (227 Z3)f*(“/2773) (227 Z3) ~ 9—(71,73) (22’ Z3)g*(72;“/3)(22’ 23))
z2
+5(_)(D21 f—(’h,’m) (21’ Z3)f—(’¥2,73)(22’ 23) - Dzlg—(’nﬁs) (Zh 23)9—(’72,73)(22’ 23))

- (%73)225(2—?)(1”1 (22, 23) — 01(22, 23)) = wl,%)s(j—j)é(@/zg).

Therefore, by using the identity (f_(y, ~,)(21, 2j) f—(y2,7;) (225 2j))|z1 =2, = 1 and the
same identity for the g’s, we obtain from (3.50)

k

Qary - 28) = (1,73)8(2)0(za/25) [ P

n=4

= (711,73)0 ( )6(22/23) HF )z= mZ(%%WE?) (22/23)Q(23, 24, - -, 2),

which is zero by induction. Thus, we may assume j; > 3 in (3.49). We note that
(v2,7%5,) + (71,72) =0 and

(D(s)('zjl /Zl)g—(’yg,’)’jl)(ZQa Zj1)F2
= (D) (24, /21)9—(v2.:,) (225 20 ) (f— (71 172) (215 22) = G (31 170) (21, 22))

= _5(Zj1 /Zl)(DZjl g—(’Y2,’Yj1 ) (227 Zj1 ))|Zj1 =z (f—(’y1,’)’2) (Zlv 22) - g—(’yl,’m)('zla 22))7

where we have used Lemma 3.10, (3.17) and (3.18). This and Corollary 3.27 give
us

(D(s)(zjl/zl) yz,le)(ZQ,Zjl)Fg = (72’7j1) +2|(7277j1)| (Zjl/zl) (ij)

Therefore, we obtain

Jji—1 k

Q(Zla RN ) (D(s)('zjl /Zl H 9—(v=,7i1) ZT; Z]l H

T=2 n
(v2,73) + (2, 331 5 z
25 1 2,9 2
Hg e (2 HFHzn_zl P 2, [21)8( )

n#]l

— (_1)(’)’1123§7—<J‘1 ¥r) (’727’7j1) +2|(’72a’le)l(s(zjl/zl)(s('z_j)@(z% B .’éj“ N .’Zk)7

by (3.17) and (3.18) again. By induction this is zero as required.
Subcase B. i, > 2 for some 1 < p <.
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We fix this p and note that

Jp—1
() 1= (D8) (25, /26)( [ 9oy (225 ),
i
Jp—1 ip—1 ip—1
= (D6)(zj, /2, ) [T 9rs, oo i VUL T Frvy (o 20) = T 900, (2 23,)
_;';’i T=1 T=1
Jp—1 ip—1

(D(S ZJP/Zer H gkﬂp ZT7ij (Hgkrjp(’%"’sz))
T=ip+1 T=1

ip—1 ip—1

(I £ri, oo 20) = T 90ns, (250 23,)
T=1 T=1

By Lemma 3.10, this gives us

jp—1 ip—1
(x) = (D) (zj, /2, ) IT 9n.s, oz DT ] 90y (55 2,)
T=ip+1 T=1
ip—1 ip—1
( H f/\ﬂ:p (2r, Zip) - H Irrip, (27 Zip))
T=1 T=1
Jp—1 ip—1
_6(ij/z’ip)Dij {( H g)\rjp (ZT, ij))( H gx\q—jp (Z7'7 Zj,,))}'sz:z,:p
T=ip+1 T=1
ip—1 ip—1

(I 2, o 20) = T 90ms, (250 23,))
T=1 T=1

Note that Ay, + Arj,, = —(Vrs Vi + Vi) = 0, thus by Lemma 3.28 we have

ip—1 ip—1 ip—1

( H Ir-j, (ZT, Zip))( H fx\q—i,p (27'7 Zip) - H Irriy, (ZT, Zip)) =0,
=1 =1 T7=1

and then by Lemma 3.30 we obtain

(3.51)
Jp—1 ip—1
(*) = ZJp/zlp H g)‘n Z"" le) Dsz ( H g)\m'p (ZT’ ij))|2jp =Zip

T=ip+1 T=1

ip—1 ip—1

( H f)\ri,p (ZT, Zip) - H Grrip (27'7 Z?,p))
=1 T=1
o1 ip—1

)\‘rip + |>\‘rip|
II or., Grozi) D b (2 24,)0(24, 21, ).

T=ip+1 T=1
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Now we substitute (3.51) into (3.48), and note that (by Lemma 3.15) for ¢ # ip, jp
(3.52) ff(wpﬁq) (i Zq)ff(wpﬁq)(szv Zq)|zj,,=z7:p =1,

gf(’Yip 7’Yq) (Zip ? Z(I)g*('YJp :"/q) (ij ) Z(I) |ij =Zip = 17

I (rariy) Fas Zin Loy i) (Zigs 2q) = (=1) 070,

9= (rarvsn) (> 2 ) 9= (i) va) (% 29) = (—1)0 ),

so we obtain from (3.48)

(3.53)
l Jm—1
Q21+ zK) = H (D6)(2),, /Zim ) H 9= (vr i) (373 Z)) zm}HFtn
m=l ‘r#zm
Jp—1 ip—1
D P )\T,p + |A7—4p|
=( I 9.,z 2,) > %5@/@5(% /%)
v=ip+1 =1
l Jm—1
H D5 ij /Zim H 97(7777j7,L) (27—7 ij zm } HFtn
m=1 TEim
l
‘rzp + |>\T’LP
= Z (2 /2 || T (PO 2) | A
= wap
where
jp_l l j'm.71
(354) A= H g)\wp (lea Zip) H H s (zTa ij)

l/:ierl m=1

T=1
m#p \T#im

l im—1 m —1
: H ( H fx\q—im (Z7'7 Zim) - H 9in, (ZT, Zim))
T=1 T=1

m=1
m##p

s tn—1 tn—1
11 (H Paren Grr2t) = T 9rren G Zm)) (23, /% )-
n=1 T=1

Let A :={im, Jm,tn] 1 <m < 1,1 <n <s,m%p}. Recall that (i1,...,4,J1,...,
Jiyt1,...,ts) is a permutation of (1,2,...,k), we have A = {u] 1 < p < k,u #
ips b # Jpr. Let Ag = {im,dm,tn € Al ip < im,Jm,tn < Jpy. Then Ay =

{ip+1,...,75p, — 1}. Now we rewrite A in the following form:
Jp—1
(355) A = H gkugp (2,’1,7 Zip) . A1 . A27

v=ip+1
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where
l Jm—1
A= H H Irrim (215251
m=1,m%#p T=1
Jm E€Ao TFlm
l im —1 im—1
H < H f)\ﬂ'm (Z‘Fa Zim) - H Irip, (ZT, Zim))
m=1,m#p T=1 =1
im€Ag
s tn—1 tn—1
L (T Mo em).
n=1 T=1 =1
tn€A0
and
l Jm—1
Az = H H Irri (275 %50
m=1,m%#p T=1

JmEA\Ag \TFim

l T —1 im—1
H < H f)\ﬂ'm (Z‘Fa Zim) - H Irip, (ZT, Zim))
=1

m=1,m#p T=1
im €EA\Ag
s tn—1 tn—1
H < H f)\Tt-,L (Z‘fv Ztn) - H g)\n" (ZT, Ztn)> 5(Z]p/zzp)
n=1 =1 =1
tn EA\Ag

It is clear that

l Jm—1
(356) A2 = H H g)\T.'I'm. (ZT, ij)
m=1,m#p =1

FmEA\Ag \TFim,ip,Jp

l im—1 im—1
H H f)\ri,m (ZT, Zim) - H Ixri, (27'7 Zim)
m=lmz#p \ 7=1 iy
im €EA\Ag TFip,Jp T#ip.Jp
s tn—1 tn—1
H f)\rf,n (ZT7 Ztn) - H [P (ZTa Ztn) 5(ij /Zip)a
T=1 T=1

n=1 = =
tn €A\Ag T#ip,Jp THip,Jp
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l Jm—1
because in the term H H 9x,,, (27, 25,,) of Ao, if jo, < iy, then 7 # iy,

m=1,m#p 7=1
G cANAG Tim

T # jp, while if j,, > j,, then

Jm—1
H Irrim (275 25,,)0(25,/ 2i,)
T#zm
Gm—1
= Dipim Zigs 230 )05 5 (Zips Zim) I 9. (zro2i) | 625,/ 2,)
iy
Im—1

= 5(ij /Zip) H s (va ij)v

T=1
THim stpyJp

where we have used (3.52), thus in all cases

l Jm—1

8z, /z,) T 11 9resm (2 2i)

m=1m#p 7=1
JmGA\AO T#im

Jm—1

= 5(ij /Zip) H H s (ZT) ij)a

m=1,m#p =1
]mEA\AO T#'mezpv]p

and similarly for other terms in Ay we have

l G —1 T —1
H ( H f)\ra‘,m (ZT, Zim) - H 9i,, (ZT, Zim)) 5(ij/zip)
T=1

m=1,m#p T=1
im EA\Ag
l im—1 im—1
= H H Proi (21, 21, H Drri, (23 2is) | 025, /23,
m=1,m#p
im EA\Ag 7_76741)7]1) 7_76741):];1

and

s tn—1 tn—1
11 ( 1T £ Groze) = T 93ee (o Ztn)> 6(2j,/%i,)
T=1 T=1

n=1
€A\ Ao
s tn—1
= H H f)\rf 28 Ztn H gkﬂﬂ 2R Ztn) 5(ij/zip)a

n=1 T=
tn EA\Ag 7_76741):];1 7—767';1:];1
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Jp—1
as required. Next we consider the term H 9r,;, (205 21,) | A1 in (3.55). Recall
v=ip+1
that Ao = {ip+1,...,9p — 1} = {im, Jm, tn € Al ip <, Jm, tn < Jp}, S0 we have

Jp—1
H Iy (ZIM Zip) A= ( H Irj, (lev le)> Ay

v=i,+1 veEAg
= H g)‘Jme (ij,zip) < H g)‘ime (Zi"”zip)) ( H g)‘tnjp (Zt"’zip)> 'Al’
Jm€Ao im€ADo tn€Ap
and this equals
l Jm—1
(3.57) II Irimsy Zimo 20) 1] 9resn (272 2500)
m=1,m#p T=1
Jm€Ag TFim
l im —1
H (gx\a‘,mjp (Z’im ) Zip) H f)\ra‘,m (ZT, Zim)
m=1,m%p T=1
im€Ag
i —1
_g/\imjp (zim ) Zip) H I rip, (ZT, Zim))
T=1
s tn—1 tn—1
: H <g)\tn]‘p (Ztn’ Zip) H f)\rf,n (Z7'7 Ztn) - g)\tnjp (Zt7z7 Zip) H Ixre,, (27'7 Ztn)) .
n=1 T=1 T=1
tn€A0
In (3.57) the term
Jm—1
g)\jmjp (ij ) Zip) H I, (ZTv ij)
T=1
THbm
Jm—1
= sy s i) )00 (Zio2in) [T 9rms (20 200)
T iy
Jm—1
= (_1)(’71';)7’7)'7”) H gAij (27—7 ij)7
T=1

THlm,ip,Jp
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where we have used (3.52). Moreover, the second term in (3.57)

tm—1 i —1
INimip (Zima Zip) H fx\q—im (ZTv Zim) = i (Z’im ) Zip) H Irrip, (Z7'7 Zim)
T=1 T=1
T —
= g)\imjp (Z'im ; Zip)f)\ipi thv Ztm H f/\ﬂm 21 Zlm)
7—757';1)7.7;'
T —1
_gx\a‘,mjp (Z’im ) Rip )gx\a‘,pim (Zipa Zim) H Ixri, (27'7 Zim)
7=1
THip,Jp
im—1 im —1
= (—1)ip:Yim)
= (=1)ipim f)\‘rL-,” T Zim) QATI,,L s Zig) | s
T#zp,Jp T#lpdp

where we have used (3.52). Similarly, one argues with the last term in (3.57) to
obtain

tn—1 tn—1
It ip (Ztn ) Zip) H f/\ﬂ,n (ZT, Ztn) = 9ty (Ztn ) Zip) H (7D (Z7'7 Ztn)
T=1 T=1

tn—1 tn—1
= (=00 T fa, Grozn) =TT o (a2

T#ip,Jp TH#ip,Jp

Therefore, by the above three identities we obtain from (3.57)

jp71 l jm—l
. — — YipVim .
H g)\ujp (Zl/, le) . Al = H ( 1)( pr1J ) H gAij (ZT, Z‘]m)
v=ip+1 m=1,m##p =1
Im €A THbm,ip,Jp
l T —
[T [Ephwr H Farim (73 Zin)
m=1,m#p
im EAO T#"p Jp
G —1
—(=1)ipYim) H Ians, (27, 20
s tn—1 tp—1

() I e, Gron) = (007 T g o) |

n
tn€Ao 7'751;0 Jp 7'7’57';07.7;-
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and this equals
l Jm—1

(Yip 2oty <veijp )
(3858)  (-1)0wEees ) ] II o Grz)
m=1,m#p T=1 .
Jm €Ao TF#im,ip,Jp
l T —1 im—1
H H f)\T,m 21, sz - H i, (ZT7 Zim)
m=1,m#p T=1
im EAO 7'?51:,, Jp THip,Jp
s tn—1 tn—1
H H f)\Tfn ZT7 Zt” o H gATt" (27—7 Ztn)
T=1
T#ip,Jp

thZAlo ‘r;ézp,jp
We combine (3.56) and (3.58) to obtain

Jp—1

(359) A= H g)\”flp (Zl,, Zi,,) . A1 . AQ
v=i,+1
l Jm—1
(YVip 2oy <v<ijp W)
= (—1) P p<v<ijp H H g)\rjm (ZT) Z_]m)
m=1,m#p r=1
THim,yip,Jp
l im—1 T —1
H H Farin, (275 2i,,) H Irriy, (27, 2i)
m=1,m#p
7'7’511) Jp 7'7’511) Jp
s tn—1 tn—1
11 H ProinGroze) =TT 9rm, (ro21,)
n=1 7=1

T#"p:]p
Finally, we substitute (3.59) into (3.53) to obtain

: . b Ariy + e, |
Qa1+, 2) = (—1) Vi Zp<acsy 1) Z 8(2r /2i,)8(2, /24,

l Jm—1 im—1
H {(Dd)(2j,, /i, )( H gf(wmm)(zﬂ Zjm)) H J—Cvrvin) (ZTa Zi,)
m—1 =1
M i sip.dp i i
im—1

9- ('Y‘r sYim ) (ZT ) Rim, ))}

7=1
T#ip,Jp

s
H H f (Yr>Ven) ZT’Ztn H [ (Yr>Ven) ZT’Zt'n))
n=1 T=1

T#ip,Jp 7_76741):];1

Ariy + [ Ari,
= (- )(’Yv ip<a<ip V1) Z | |5( T/Zzp) (ij/zip)

'Q(Zlv"'7zip7"'7sz7"'7zk)7
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where ‘27 means the term is deleted. But Q(z1,... s Zipy e 2,y 2k) 1S Zero by
induction. This completes the proof of subcase B and also the theorem. [l

Therefore, we have the following result which generalizes the statement of Corol-
lary 3.46, and is our generalization of the square length two cut off theorem of
Goddard and Olive.

Corollary 3.60. Let k > 2, (51,...,0 € {a;r,oz;,ﬂ jeJ} v, €T We
assume that v; = o if B; = a;r for some j € J, or v; = —ay if B; = a for some
j € J, where 1 <i < k. Then [XB%) (yp, z1.), -, X B (1, 21)] = 0, or equivalently,

for all ny,...,n, € Z, provided that (vi,vi) < 2, for i = 1,...,k, and (Zle Vi,
k
Zi:l 'yi) > 2.

Proof. This follows immediately from Proposition 3.32, Corollary 3.43 and Theorem
3.47. E

Recall that the Lie algebra G(A) attached to the matrix A = (asj)ijer is
generated by the elements {e;, fi,h;, i € I}, with the relations (R1) through
(R4). Also, recall that £(A) = G(A)/R(A). We now form the vertex operators
X(¢/)(ai,z), X(¢/)(—ozi,z) fori e I\ J, and X("j)(aj,z), X @) (—ay,z2) for j € J.
With any choice 7 = (n;)ies € Z, we form the Lie algebra G(i,T') which is gener-

CYSNNC R @) 0y 29 ()
ated by the operators {z., (o), v, (=) }ien s and {xn;” " (ay), T, (=) }ties.

We define

2Dlas), iticl\J

(f), e
xn,' (ay), ifi€J,

(3.62) & =

(~1)Feoe) gD (an) itie I\,
(—1)3(ne ) () ifi e,

i

and h; = [é;, f;]. Then we have
Lemma 3.63. h; = n;¢+ o;(0), forie I.

Proof. Since X (a,z) = X (a, 2) for a € T, we obtain h; = ni¢+a;(0) fori e I\.J
by Proposition 3.3, while if ¢ € J, the result follows from Corollary 3.39. O

Theorem 3.64. Let A = (aij)ijer be an admissible matriz satisfying (C1) and
(C2), and let T be the lattice defined from A as in the text. Then the vector space
M(T) affords a representation of the Lie algebra L(A).

Proof. With the choice &, f;, hiy, i € I defined by (3.62), Lemma 3.63 and (3.1)
imply the relations in (R1). Relations (R2)—(R4) follow from Proposition 3.3 and
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Corollary 3.45. Thus we have a homomorphism ¢ : G(A) — G(,T) defined by

and

x%)(ai), ifiel\J,

(aj’) ) .
Tn,' (ay), ifieJ,

(_1)%(ai,ai)x(j[2”(—ai), ifiel\J,
(—1)3(eeenz ) (qy), ifie J.

—n;

fi -

Therefore, 7@ determines a vertex representation of G(A). Moreover, Corollary 3.60
shows that ¢(G¥(A)) = 0 for a € T satisfying (o, ) > 2. Therefore, ¢ induces a

homomorphism
¢ L(A) = G(A)/R(A) — G(7,T).
That is, 7 determines a representation of L(A). O
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