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ON THE ASYMPTOTIC GEOMETRY
OF NONPOSITIVELY CURVED GRAPHMANIFOLDS

S. BUYALO AND V. SCHROEDER

ABSTRACT. In this paper we study the Tits geometry of a 3-dimensional graph-
manifold of nonpositive curvature. In particular we give an optimal upper
bound for the length of nonstandard components of the Tits metric. In the
special case of a m/2-metric we determine the whole length spectrum of the
nonstandard components.

0. INTRODUCTION

The asymptotic behavior of geodesics on a closed Riemannian manifold M of
nonpositive curvature may be described in terms of the boundary at infinity 0, X
of its universal covering X and the action of the fundamental group I' = 71 (M) on
OsoX . The points of 0, X are the classes of asymptotic geodesic rays in X. Usually
one considers two topologies on 0., X: the standard and the metric ones. In the
standard topology, points z, 2/ € 05X are close if they are visible from a fixed
point z € X under a small angle. The metric topology is associated with the angle
metric £ on 0, X, where Z(z,2’) is defined as the supremum of the angles under
which the points z, 2/ € 8,,X are visible from the points of X. The corresponding
intrinsic metric on 0, X is called the Tits metric, and the boundary at infinity
with the metric topology is denoted by Oy X. The metric topology is finer than the
standard one.

The group I' acts on 0., X by homeomorphisms with respect to the standard
topology and by isometries of the Tits metric.

A typical example of a connected subset in Op X is the boundary at infinity 0.c F
of a flat E C X of dimension k > 2, i.e. a geodesic subspace isometric to R¥. In
that case 0o F is isometric to the unit sphere S¥~! c R¥. Such subspaces E are
often associated with subgroups in I' isomorphic to Z*.

In other words, there are connected components in drX whose combinatorial
structure reflects the combinatorial structure of the simplicial complex A of (max-
imal) abelian subgroups in T', whose simplices are collections of subgroups ordered
by inclusion. Such components are called standard (for precise definition see §2).

At the same time, there are nonstandard components in dr X, i.e. such that any
point of them is not a boundary point of any k-flat in X with k£ > 2.

The very existence of nondegenerate (i.e. different from a point) nonstandard
components in drX is not obvious, and the first examples appeared only recently
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(see [CK], [HS]; in 1992 in a conversation with the first author, B. Leeb had men-
tioned a possibility of existence of fat triangles in a graphmanifold, which are not
contained in a block, this is equivalent to the existence of nonstandard compo-
nents; in 1996 C. Croke and B. Kleiner gave the first examples of nondegenerate
nonstandard components by constructing certain nonsmooth metrics of nonpositive
curvature on graphmanifolds).

Nonstandard connected components of 0p X are the main subject of the present
work. Here we restrict to the case of 3-dimensional graphmanifolds, i.e. the sim-
plest case, where nonstandard components exist. For a graphmanifold M with
nonpositively curved metric every nonstandard component is a segment of length
< 7 (see Proposition 2.12).

Our first result gives an optimal estimate for the length of a nonstandard com-
ponent from above.

0.1. Theorem. For a nonpositively curved metric g on a graphmanifold M the
length of any nonstandard component T, of OrX satisfies

Lg(w) < w(9g),

where w(g) € [7/2,7) is the mazimal angle between singular directions of adjacent
blocks of M.

Next, we show that there exists a component Z,, of the maximal length L,(w) =
w(g). Moreover, we obtain a slightly stronger result bringing primitive components
into the game. A primitive nonstandard component Z,, is associated with a gluing
torus T,,: every geodesic ray ¢ in X, ¢(c0) € Z,, descends to a geodesic ¢ in M,
which starting from some moment lives only in two adjacent maximal blocks of M
skipping from one to another through T,.

0.2. Theorem. For any gluing torus T,, C M there exists an associated primitive
component I, C OrX of the mazimal length Ly(w) = wy(g), where wy,(g) € [7/2,m)
is the mazximal angle between singular directions on Ty,.

The set of nonstandard components W is independent of the choice of the non-
positively curved metric and defined only by the fundamental group (see §2). The
metric defines only lengths L(w), w € W of the components Z,, C 9rX.

0.3. Corollary. If metrics go, g1 of nonpositive curvature on a graphmanifold M
have the same marked length spectrum (W, Lg)) = (W, Lg,) of nonstandard con-
nected components of the Tits boundaries Or Xo, Or X1, then Or Xy and Or X, are
I-equivariantly isometric, I' = w1 (M). O

In the case w,(g9) = 7/2 we have a much better understanding of the length
spectrum for the associated primitive components.

0.4. Theorem. Assume that the angle between the singular directions of a gluing
torus T,, C M is w, = wyu(g) = w/2. Then the length spectrum of the associated
primitive components L,,, w € W,, of OrX coincides with [0, w,].

For the definition of graphmanifolds and the notions mentioned in the results
above see §1. In this work we consider C'-smooth metrics on M. The condition
for a metric to be nonpositively curved is understood is the sense of Alexandrov,
i.e. in the sense of the angle comparison. Probably, our results are true for general
nonpositively curved metrics on graphmanifolds.
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Theorem 0.4 is motivated by the question, what is the role of nonstandard com-
ponents in the asymptotic geometry of nonpositively curved metrics? In particular,
by the questions, how does the marked length spectrum L,(w), w € W of non-
standard components depend on the metric g, and in which degree this spectrum
defines the metric itself?

Metrics of nonpositive curvature on graphmanifolds are typical examples of met-
rics of rank 1 in the sense of [BBE]. Here the situation is drastically distinct from
that which takes place for the spaces of rank > 2 or hyperbolic spaces. While for
higher rank spaces there are no nontrivial metric deformations in the class of non-
positive curvature, in the hyperbolic case it is impossible to change the equivariant
topology on d,,X by changing the metric in the class considered. In the rank one
case there are, in general, metric deformations but the asymptotic geometry is very
sensitive to the change of the metric.

There are two types of deformations g; of nonpositively curved metrics on a
graphmanifold M. First, there are rigid type deformations, when the angle between
Sl-factors of some adjacent blocks is changed (see §1) and, correspondingly, the
geometry of the principal connected component F (see §2) of 9rX is changed. In
[Bu], an example of the rigid type deformation is given. We show (see Theorem 2.10)
that any change of the geometry of F under the metric change go — g1 always leads
to the result that there is no continuous I'-equivariant map Oso Xo — 950 X1, Where
' = m (M) (recall that the spaces 0ooXo, 00 X1 are homeomorphic to the sphere
S?).

Second, a metric deformation g; might appear in the soft type, when the geom-
etry of the principal component F is kept the same. Such deformations are, for
example, all deformations in the class of 7/2-metrics.

If the angle between the singular directions w,(g) = 7/2 for every gluing torus
T, in M, then the metric g is called a 7/2-metric (see §1 for the precise definition).
Not every graphmanifold admitting a nonpositively curved metric, carries a m/2-
metric. At the same time, there are graphmanifolds on which any nonpositively
curved metric is a w/2-metric. In §1 we indicate necessary and sufficient conditions
for a graphmanifold to possess a m/2-metric.

The change of the equivariant topology (0 X,T') in the soft type deformation
is not so obvious, however, it also takes place. A corresponding example was given
by C. Croke and B. Kleiner. This happens because some (nondegenerate) non-
standard components degenerate even in the soft type deformation. Probably, the
behavior of the length spectrum of nonstandard components is highly sensitive to
any (nontrivial) metric deformation.

Structure of the paper. §1 contains some background material on graphmani-
folds and metrics of nonpositive curvature on them. In particular, we give there a
necessary and sufficient condition for a graphmanifold to carry a 7/2-metric.

In §2, after recalling the definitions of the standard topology and Tits metric on
00X, we describe the decomposition of the Tits boundary dr X for a nonpositively
curved graphmanifold into connected components, showing that this decomposition
can defined by the fundamental group I". Next, we show that each nonprincipal
connected component of drX is an interval of length < 7 and may be degener-
ate (Proposition 2.12). We also discuss here the question of how a deformation of
a metric effects the I'-equivariant topology of X (Theorem 2.10 and Proposi-
tion 2.11).
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Theorems 0.1, 0.2 and 0.4 are proved in §3.

Acknowledgment. We thank Chris Croke for explaining to us the examples of [CK].
The first author is grateful to the University of Ziirich for the support and hospi-
tality while working on this paper.

1. PRELIMINARIES ON METRICS OF NONPOSITIVE
CURVATURE ON GRAPHMANIFOLDS

Here we collect necessary facts about nonpositively curved metrics on graph-
manifolds. The proofs can be found in or extracted from [BKT], [BB]. For general
reference we also refer to [BGS], and the books of Ballmann [B| and Eberlein [E].

1.1. In the present work a graphmanifold is understood as a closed 3-dimensional
manifold M, for which there exists a nonempty minimal collection & of disjointly
embedded incompressible tori and Klein bottles such that the abstract completion
M, of each connected component of the complement to £ is a Seifert fiber space.
The manifold M, is called a mazimal block of M. Furthermore, we assume that
each maximal block admits a geometric structure of type H? xR, i.e. a Riemannian
metric such that the universal covering M, is isometric to the metric product Y, xR,
where Y, C H? is a closed convex subset bounded by infinite geodesics.

Any finite covering M’ for M is also a graphmanifold of that type. It is known
(see [Ka]) that there exists a finite cover M’ — M such that every maximal block
M/ C M’ is homeomorphic to F!, x S*, where F, is a compact surface with nonempty
boundary. In that case one can assume that M’ and, consequently, all F) are
orientable. The condition of the existence of a H? x R structure excludes the
possibility for F to be the disc or the annulus.

Since the asymptotic geometry of M does not change, while taking a finite
covering, in the sequel we assume for simplicity that M is orientable and every
maximal block M, is homeomorphic to F, x S!, where F, is a compact orientable
surface with nonempty boundary different from the disc and the annulus. In that
case the separating collection £ consists of tori.

1.2. In the present work, we consider C''-smooth Riemannian metrics of nonposi-
tive curvature on M. An important example of such a metric is a geometrization
of M, i.e. a metric which induces on every maximal block a geometric structure
of type H? x R. A geometrization exists iff the graphmanifold possesses a non-
positively curved metric (see [Le]). Let g be such a metric. Then each torus T' of
the collection £ can be chosen flat and geodesic. The curves on T representing the
factor S! from the decomposition M,, = F,, x S*, i = 0,1 for two blocks adjacent
along T are closed geodesics representing (due to the minimality of £) independent
elements of the homology group Hi(T;Z) ~ Z*. Thus, if an orientation of the
factors S! is fixed, the angle w between these geodesics is well defined, 0 < w < 7.
The metric g is said to be a m/2-metric, if w = w/2 for all gluing tori T' € €.

1.3. Here we give a necessary and sufficient condition for a graphmanifold M to
possess a 7/2-metric. It is formulated in terms of topological invariants of M
introduced in [BK1], [BK2] and called charges.

Let V be the set of all maximal blocks of M. For v € V let Ov be the set of the
boundary components of the block M,, U = [J,cy, 0v. V is the vertex set of the
graph G = Gp; of M, whose set of oriented edges is U. A vertex v € V is initial
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for an edge v € U if and only if u € dv. The set of gluing tori £ can be identified
with the set of nonoriented edges of G, i.e. pairs (u, —u), u € U.

To define charges k,, v € V' we fix an orientation of M. This defines an orienta-
tion of every block M,,, for which we also fix an orientation of the factor S! in the
decomposition M, = F, x S

For u € Ov let L, ~ Z? be the homology group H;(T,;Z) of the torus T, =
(OM,)y. Next we choose a basis {(zy, fu)|u € Ov} of the group Hy(0M,;Z) =
P.coy Lu such that the basis (zy, fu) of the lattice L, is compatible with the
orientation induced on OM,,, the element f, represents the oriented factor S* of the

block M,, and the sum €P,,, 2 lies in the kernel of the inclusion homomorphism

H,(0M,;Z) — H (M,;Z),
i.e. represents the boundary OF, of the surface F, from the decomposition M, =
F, x 8. The collection (z, f) = {(2u, fu) | u € Ov,v € V} is called a Waldhausen
basis. In general, the choice of a Waldhausen basis is not unique even when the
orientations as above are fixed.

To each oriented edge u of the graph G, there is a corresponding gluing map
of boundary components of adjacent blocks, which induces an isomorphism g, :
L_,, — L,; with respect to the chosen bases, g, has the matrix

ay by
(cu du) € GL(2,7Z),
i.e.
gu(z—u) = ay2y + cufu,
Gu(f-u) = buzy + dy fu.

We have det g, = a,dy — byc,, = —1 since M is orientable, and g_,, = g;l, b_y =
b, # 0 because the elements f,, and g, (f_,) representing the factors S* of adjacent
blocks are independent.

The charge of a vertex v € V is defined as

ky =Y du/by

u€Ov
and is an invariant of the oriented manifold M, i.e. it does not depend on the choice
of orientations of factors S' and the Waldhausen basis. Charges change sign if the
orientation of M is changed (see [BK1]).

1.4. Theorem. A graphmanifold M admits a 7/2-metric if and only if k, = 0 for
allveV.

This fact easily follows from the decomposition principle (see [BK1l §13]). Let
us give several examples illustrating Theorem 1.4.

1.5. Examples. 1. Assume that the graph of M consists of two vertices vy, v1
connected by an edge (u, —u). The gluing map is given by the matrix

_f(a b
gu—cd7

which might be an arbitrary element of GL(2,Z) with det g, = —1 and b # 0. Then
for the charges of vertices we have ko = d/b, k1 = —a/b. The manifold M admits
a nonpositively curved metric iff kg = k; = 0. This is equivalent to the condition
a=d=0,b=c= %1 (see [Le|], [BKI1]). Notice that for such M there is only
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one Waldhausen basis, provided an orientation of M and orientations of the block
fibers are fixed. Any nonpositively curved metric on M is a 7/2-metric.

2. Assume that the graph of M consists of one vertex v and one edge (u, —u),
which is therefore a loop. As in the previous example, there is only one gluing map
given by the matrix

a b
Gu = (C d) GGL(2aZ)

(this time the choice of Waldhausen bases is not unique). Then k, = (d — a)/b.
The manifold M admits a nonpositively curved metric iff |d — a| < 2. There is
a w/2-metric on M iff d = a. In the last case any nonpositively curved metric
on M is a 7/2-metric. For a = ¢ =d =1, b = 2 we obtain an example of M,
on which every nonpositively curved metric is a 7/2-metric and which cannot be
obtained by the switching generators gluing. This is because the number |b| is a
topological invariant of M (an intersection index, see [BKI]), and it is equal to 1,
if the generators switch.

3. Assume that the graph of M is a circle with an odd number |V| > 1 of
edges, and k, = 0 for all v € V. Then any nonpositively curved metric on M is
a m/2-metric. In particular, every deformation in the class of nonpositively curved
metrics on M is soft (and there are plenty of such nontrivial deformations).

4. Assume that the graph of M is a circle with an even number |V| > 2 of edges,
and k, = 0 for all v € V. Then M possesses m/2-metrics as well as non-7/2-metrics
of nonpositive curvature, for which the angle w between singular directions of some
adjacent blocks can take any value from the interval (0,7). In particular, there
are nontrivial rigid deformations in the class of nonpositively curved metrics. In
the simplest case |V| = 2 the angles wg, w;y for the corresponding edges ug, u; are
related by

coswy + coswy = 0,

if by = b1, and a rigid deformation can be described with a parameter ¢ € [0, 7/2)
as wo = T/2 — ¢, w1 = /2 + ¢; see [Bul.

2. THE BOUNDARY AT INFINITY OF A GRAPHMANIFOLD

2.1. Let X be a Hadamard space, i.e. a complete simply connected metric space of
nonpositive curvature. Geodesic rays ¢, ¢’ : [0,00) — X are called asymptotic, if the
distances |c¢(t)c’(t)| are bounded as t — oo (here and in the sequel we always assume
that geodesic rays are parametrized by arc length). The boundary at infinity 9., X
of X consists of classes of asymptotic geodesic rays in X. Recall the definitions of
the standard topology and the Tits metric on Jxo X .

2.1.1. Fix a point xg € X. Then any point z € 0, X can be identified with the
geodesic ray z : [0,00) — X, 2(0) = xg, z(c0) = z. A base of the standard topology
consists of the sets

Ugo t(2) = {2' € 0 X | [2()2'(t)| <1}, 2 € 0X, t > 0.
2.1.2. For 2,2’ € 0xX and t, t' > 0 let Zpz(t)z'(¢') C R? be the comparison
triangle for the triangle zoz(¢)2'(t') C X. Then the limit
L(z,2") = lim Zz(t)ToZ'(t')
t,t' —o0
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exists and is independent of the choice of xg € X. This defines the angle metric
L(z,2") € [0,7] on DoX. The corresponding intrinsic metric is called the Tits
metric on OsoX. We use the notation 0., X for the boundary at infinity with the
standard topology and 07X for the boundary at infinity with the Tits metric.

2.2. From now on we assume that X is a universal metric covering of a graphman-
ifold M = |J,cyy M, with a nonpositively curved metric g. Then X = (J,c 4 Xa»
where X, is a universal covering of some maximal block M, = F, x S'. The set
X, is also called a block of X.

2.2.1. Every block X,, a € A is a closed convex subset in X isometric to the
metric product Y, X R, where the surface Y, is a universal covering of F, with
a nonpositively curved metric and a geodesic boundary. In particular, every con-
nected component of 9X,, is a 2-flat in X (covering some gluing torus in M). If
different blocks X, X,/ intersect, then their intersection X, N X, is the common
boundary component of these blocks, i.e. a flat in X.

2.2.2. The surface Y, is cocompact, thus its boundary components are pairwise
separated by a distance > p, where p > 0 depends only on the metric g and is
independent of o € A, because the manifold M consists of a finite number of
maximal blocks M,,.

2.2.3. The metric on Y, is hyperbolic in the sense of Gromov, i.e. for some § > 0
each side of any triangle in Y, lies in a J-neighborhood of the union of two other
sides. Again, § = §(g) depends only on the metric ¢ and is independent of « € A.

The last two properties of the surfaces Y, will systematically be used in the
sequel.

2.2.4. For instance, it follows from 2.2.2 that width (X,) > p for all « € A, where
width (X,) < oo is the shortest distance in X between the points of different
components of 0.X,.

2.2.5. Lemma. There exists a constant p1 > 0, which depends only on the metric
g and is independent of o € A such that the following is true.

If geodesic segments xy, x'y’ C Yy connect a boundary component C C 9Y,, (z,
x’ € C) with components D, D' C 9Y,,, Lyxx' + Ly'x’x > m and |zx'| > p1, then
D+#D.

Proof. One can take as p; the minimal displacement of a nontrivial isometry v €
Ty = w1 (Fy), which leaves C' invariant. Here T, is the deck transformation group of
the covering Y, — F,. Since C is the unique boundary component of Y, invariant
for , the claim follows. O

We shall refer to this lemma as the periodicity argument.

2.2.6. The boundary at infinity J., X, is the suspension over the Cantor set Oy Y,
and the space 0r X, is a graph with two vertices corresponding to the ends of the
factor R and connected by edges of length w. These edges one-to-one correspond
to the points of 0, Y,. In particular, 07X, is connected and has diameter equal to
.

Since X, C X is convex, we have 0,0 Xy C 05X, OrX, C OrX.
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The vertices of the graphs dr X, are called singular points of Or X. Every sin-
gular point z € 9pX uniquely defines the corresponding block X,, a = a(z), and
a(—z) = a, where —z is the opposite to z vertex of the graph drX,.

2.2.7. Let a, o/ € OrX be singular points, for which the blocks X, X, are
adjacent, M,, M, the corresponding maximal blocks of M. The points a, o
represent the oriented S!-factors of M,, M, and w = Z(a,a’), 0 < w < 7 is the
angle between the last on the gluing torus 7', which is covered by X, N X,.

Encoding of the connected components of drX

2.3. Let W be the set of infinite (in one direction) strings w consisting of letters
of the alphabet A; we require

(a) any letter a € A enters w at most one time;
(b) if letters o, o/ € w are neighboring, then X, N X, is a flat in X for the
corresponding blocks X, X,.

The strings w, w’ € W are equivalent if they have a common tail; notation:
w~w,W=W/ ~.

Any geodesic ray ¢ : [0,00) — X defines, obviously, a string (finite or infinite)
w, of letters of A.

2.3.1. Lemma. For asymptotic rays ¢, ¢ € z € 9o X we have
(i) we is finite if and only if we is finite;
(i) if we, we are infinite, then we ~ wer .

Proof. (1) If w, is finite, then we can assume that w. = {a} consists of one letter
a € A, ie. ¢ C X, If we is infinite, then dist (X4, Xor) — 00 as o/ — o0,
o/ € we, because the number of blocks between X, and X, tends to infinity,
while width (Xg) > p > 0 for any 8 € A. Thus dist (¢/(t),¢) — oo as t — oo. This
contradicts the assumption that the rays ¢, ¢’ are asymptoptic.

(ii) If the strings w., wos € W are not equivalent, then, obviously, some tails of
them have no common letter. It follows that dist (X4, X)) — 00 as a, o/ — oo,
o € we, o € wy. Furthermore,

dist < U XQ,XQ/> — 00 as o — oo.

acwe

On the other hand, ¢ C [J,¢,,, Xa, hence dist (¢'(t),c) — oo as t — oo, a contra-
diction. O

2.3.2. It follows from Lemma 2.3.1 that the set 0., X is a disjoint union of two
subsets F and Z, where

z € F iff for any ray c € z the string w, is finite;

z € T iff for any ray ¢ € z the string w, is infinite.

2.3.3. On the structure of F. This set coincides with the union
F = 0xXa
acA

Indeed, for any point z € 0, X, there is a ray ¢ € z with w, = {a}, thus z € F.
Conversely, for z € F any ray ¢ € z generates a finite string w.. Thus there is a
subray ¢ C ¢, ¢ € z with we = {a}. Hence z € 05X, for some o € A.

In particular, 7 C 07X is a connected subset, because | J,,¢ 4 0o X« is connected.
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2.4. By Lemma 2.3.1, there is a map f : Z — W, where f(z) is the class of the
string w, for a ray ¢ € z.

2.4.1. Lemma. The map f is surjective.

Proof. For a string w € W let us consider a sequence x : N — X, z(n) € X, , where
w = ajaz.... Then the sequence of geodesic segments x(1)z(n) subconverges to a
ray ¢ : [0,00) — X, because |z(1)x(n)| — oo as n — oo by the same argument as
above. We claim that w. = w. It suffices for the proof of the lemma, because then
£(le)) = [w].

The set UQEW X, =: Xy C X is closed and convex. Thus ¢ C Xy, and it suffices
to show that the string w, is infinite.

Assume that it is not the case, and let @ € w be the last letter. For the flat
Ey = X410 N Xy its boundary at infinity 0., Fo does not intersect J.oFy for
Ey = Xo N Xqq1. Thus for a point z € Ey the ray ¢ : [0,00) — X, ¢(0) = =,
asymptotic to ¢ forms an angle > ¢ > 0 with any vector from T, X tangent to Es
(recall, we assume that the metric g is C'-smooth). But then the segments zxq
for k > 3 have angles > ¢ with ¢’ and thus cannot converge to it, a contradiction. [

2.4.2. In fact, it is proven that if z € JX is a limit of a sequence z(n) € X,,,,
where w = ajag--- € W, then z € 7 and f(z) = [w].

2.5. For w € W we denote by Z,, = {z € | f(2) = w}. By Lemma 2.4.1, the set
Ty C 0soX is nonempty, and by Lemma 2.3.1(ii) we have

7= U T

weW
So, we have a decomposition (disjoint union)

0 X =FU | Zu,
weWw

no one element of which is nonempty. Furthermore, 7 C drX is connected.

It will be shown that this decomposition is exactly the decomposition of the Tits
boundary into its connected components (see Corollary 2.9).

It follows from 2.4.2 that if a sequence {z,} C Z, converges to some point
z € 0o X with respect to the standard topology, then z € Z,,, i.e. Z,, is closed both
in the standard and the metric topologies.

2.6. Proposition. FEach set Z,, C OrX, w € W is connected and has diameter
<.

Proof. The first assertion follows from the second one. For z, 2’ € Z,, we consider
rays ¢ € z, ¢ € 2/ with a common vertex z. By the definition of Z,, we have that
we = W represent the same class w € W.

Assume that the Proposition is not true. Then for any € > 0 there are z, 2’ € Z,,
and a point € X with Z,(z,2') > 7 —e.

For a € we let ¢ = ¢cN X,, ¢, = ¢ N Xq, Co, €, C Y, be the projections
of segments ¢, ¢, on the factor Y, from the decomposition X, = Y, x R. We
represent the segments cq, ¢, as ¢o = Tala, Ch = ThY,, Where zo, ), are the
points where the rays ¢, ¢’ enter the block X, and y,, 3., are the points where ¢,
c leave X,.

By the assumption, 4, «/, lies in the same connected component of the boundary
0X,. Since Z,(z,2") > m—¢, the angles at the vertices z, z}, of the triangle zx,z),
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are small, their sum < e. Thus the directions of ¢, ¢ at z,, 2}, are almost opposite
and close to the corresponding opposite directions of z,x/,. It is also clear that
|zaxl| — 00 as @ — 00, a € w,. If the direction of z,z/, forms the angle > eg > €
with the factor R = R, in its component of X, then |Z,Z,| — oo as o — o0,
and the segments T, ¢, form the angles close to m with T,7], C 9Y,. Now the
periodicity argument (Lemma 2.2.5) shows that the segments ¢,, ¢, cannot end in
the same component of 9Y,, a contradiction.

Thus the direction of z,x!, is e-close to the direction of R,,. Let z, 2/, y

/
Too Yo Y

jo%
be the projections on R,, (in its components of 0X,), To = |cal, Th = |c,| the life
times of the rays ¢, ¢’ in X,. Then

ly .| > [zaz| + cos2e(To + T})
> (|zaxl| + To + T cos 2e,
while
[YaTal < [FaTal + [Cal + [ca
< (Jwazh| + To + T) sin 2e.
Thus
aFl/ly, o, | < tan2e,

i.e. the segment y,y/, forms the angle at most 2¢ with R,. Let 5 € w,. be the
next letter after o. Then zg = yq, a:}; = y/,, and the angle between Rg and R,
is uniformly separated from zero by w > 0. Thus ach’ﬁ forms the angle > w/2 for
€ < w/4 with the direction of Rg, and we obtain a contradiction as above. g

2.6.1. It follows that our decomposition

0 X =FU (] Tu
wew

consists of connected (in the Tits metric) subsets, and each Z,, is closed and
nonempty.

2.7. Proposition. The set F is a connected component of OrX.

Proof. Tt suffices to show that any geodesic segment v C 9rX with ends in F
actually lies in F.

Assume that it is not the case, and for any € > 0 there is a point z € yNZ with
|zz0| < €, where zp € F is the initial point of .

Let w € W with z € Z,,. The interval (z9z] C 7 cannot lie in Z,,, since otherwise
by 2.4.2 we have zg € 7, a contradiction. Furthermore, by closedness of Z,, we
can assume that 2’ # 7, for any 2’ € [29z). Then (zoz) necessarily contains a point
2" € F (cp. the first argument in Lemma 2.8). It suffices to show that the segment
207z’ lies in F.

By definition, the strings we,, w. are finite for any = € X, where the rays ¢y € 2o,
¢ € 2z’ emanate from x. We can always choose € X such that w,,, w. have at
most one common letter. For a pair a, o’ of consecutive letters of w = we, U wes
let Soar C OrX be the boundary circle of the separating flat X, N X,.. For three
consecutive letters apgaie C w the circles Sapay, Saias have only two common
points, which are singular, and for the letter a3 € w next after as the circles
Sagars Sasas are disjoint. The singular points of Or X are pairwise separated by a
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distance > w > ¢, every noncontractible loop in drX has length at least 2z, and
dim 0rX =1 by a result of B. Kleiner [KI].

All this implies that w has at most three letters, and 29z’ C Sagay U Sajas C
F. O

2.8. Lemma. If points z, 2/ € T are in the same connected component of OrX,
then z, 2’ € I, for some w € W.

Proof. If the classes f(z), f(2’) € W are different, then any continuous curve
v C 0ooX between z, 2’ intersects the boundary 0. E of at least one separating flat
E C X, hence, yNF # 0.

By the assumption, z, z’ are connected by a geodesic v C drX. Then 7 is
continuous in 0, X . It follows that if f(z) # f(2'), then 7 intersects F and v C F.
Thus z, 2z’ € F, a contradiction. Hence, f(z) = f(2’) and 2, 2’ € Z,, for some
weW. |

From 2.6-2.8 we obtain

2.9. Corollary. The decomposition

orX =Fu J T,
wew
coincides with the decomposition of Or X into connected components.

2.9.1. We sshall call F the principal component of Or X and Z,,, w € W nonprincipal
components. By 2.4.1, 2.6 and 2.8, the map f : Z — W induces a bijection between
the set of nonprincipal components and W. In the sequel, we identify VW with the
set of nonprincipal connected components of 07 X. Therefore, the last depends only
on the fundamental group of M.

2.9.2. The principal component F of OrX is also independent of the metric g on
M in the sense that for any other nonpositively curved metric ¢’ on M there is a
canonical homeomorphism F — F’. This follows from the next two obvious facts.

(a) The vertices of the graph F are fixed points of the stabilizers St , of blocks
X, CX.
(b) Any edge of 0rX, has length 7 and corresponds to a point of 0, Yy, o € A.
Since the metric on Y, is hyperbolic, 0, Y, is a quasi-isometric invariant of
Y.
Now we consider consequences of a rigid deformation of nonpositively curved
metric on M. The next result generalizes an example from [Bu.

2.10. Theorem. If for metrics go, g1 of nonpositive curvature on a graphmanifold
M there is a continuous T'-equivariant map OooXo — 000 X1, I = w1 (M), then the
principal components Foy, F1 of the Tits boundaries OrXo, OrX1 are canonically
1sometric.

Proof. 1f Fy, F1 are not isometric, then for some adjacent blocks X, X, C X we
have Zg(a,a’) # Z1(a,a’) for the Tits distances between corresponding singular
points o, @’ € OrX. The boundary circle S of the separating flat £ = X, N Xy is
the union of two edges S = ep U e of length 7 between o and —a (in any metric
90, 91), and o/, —a/ € S. We can assume that o’ is an interior point of eq.

We take 3 € e; with Zo(8, ) = Zo(«, @’) and consider v € T', which represents
a nonperipheral element of 7 (F,) C T, where M, = F, x S* is the maximal block
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covered by X,. Then v(a) = o, y(—a) = —a, and 7" (ep), 7" (e1) converge in 0sc X
to the same edge e C 9rX between o and —« (the edge e is defined by one of the
ends z € 05Y, of an axis of v in Y, ). Furthermore, the sequences 4" (o), v"(5)
converge in 0, X( to the same point of e by the choice of 3. However, for the
metric g1 we have Z1(8, @) # Z1(a, @'), and the sequences v (&), v"(8) converge
in 00 X1 to different points of e (the point 3 € e; being fixed can be approximated
by ends of axis of elements from the stabilizer Sty C I' of E, since Stg ~ Z?2, hence
it is well defined and for the metric g1).

Therefore, there is no continuous I'-equivariant map O, Xg — Ooo X1. O

We have the same sort of effects for a soft deformation, if the last results in a
degeneration of a nonprincipal component.

2.11. Proposition. Assume that for nonpositively curved metrics go, g1 on a
graphmanifold M there is a w € W such that the connected component L, is de-
generate with respect to go and distinct from a point w.r.t. g1. Then there exists
no continuous I-equivariant map OsXo — O X1 for T = w1 (M).

Proof. Fix some string w. € w and consider the sequence S, = OsoFo, o € w,
of circles on 0, Xg, 050 X1, where E, is the initial w.r.t. w,. separating flat of the
block X,. If a letter 3 € w, follows a and is not the next one, then Sz C D,,
where D, C 05X is an open subset homeomorphic to the open disc and bounded
by S, (we suppress the subsrcipts 0, 1).

The collection {Da} ¢, is a basis of neighborhoods in Jec X of the component
Zy, in particular, (M ,c,,. Po = Zw-

Therefore, for gg the sets S, converge in 0., Xg to the point Z,, as & — co. On
the other hand, since Z,, is nondegenerate for g, we can find x4, Yo € S, such that
lim x, # lim y,

a—00 a— 00
in Oso X1, while limg_, o0 o, = liMy 00 Yo = Ly N 5o Xp. One can always assume
that the points x4, y. are rational, i.e. correspond to some cyclic subgroups in T'.
Thus there is no continuous I'-equivariant map Ose Xo — 000 X1. [l

2.12. Proposition. Fach nonprincipal component I,,, w € W is a segment in
O0so X of length < 7 and may be degenerate.

For the proof we consider the following invariant of a point z € Z,,. For a ray
¢ € z and a € w, let n.(a) be the angle between ¢ and the boundary component of
X, in the entering point z, of ¢ into X,. We define

Ne = lim sup nc(a)'
a—00
2.12.1. Lemma. The number n. is independent on the ray c € z, i.e. n. =n, for
all c € z.

Proof. Let ¢, ¢ € z be some rays. One can assume that w. = w. . It easily follows
from properties of asymptotic rays that for sufficiently large o € w, the tangent
vectors ¢q, ¢, to ¢, ¢ at the entering points z,, x/, in X, are almost parallel, i.e.
by applying the parallel translation along z,x,, they differ by a vector of size €4,

where €, — 0 as a — oo. It gives 1. = 1. O

The following lemma is the key one for the proof of Proposition 2.12.
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2.12.2. Lemma. If n, # 0 for some point z € T,,, then the component T,, is
degenerate, T, = {z}.

Proof. Assume that it is not the case and the component Z,, is nondegenerate. Then
for each sufficiently small € > 0 there is a point 2’ € Z,,, 2’ # z with £(z,2') = e.
We take € on a scale of sizes arbitrarily smaller than n = n,, € < 7.

For any o > 0, o < € there is a point € X such that Z,(z,2") > Z(z,2') — 0.
Let c € 2z, ¢’ € 2’ be the rays with the common vertex x. Then for any ¢, ¢ > 0 the
triangle zc(t)c/(t') bounds in X a ruled o-almost flat surface, i.e. whose absolute
integral curvature is < o. In particular, the vectors ¢(t), c'il (') € Ty X form the
angle o-close to € and lie g-almost in the one 2-subspace with the direction of the
segment c(t)c’(t'). Here éi‘ (t') is the parallel translate of ¢/(t') along ¢/ (¥ )c(t).

By the assumption, there is an infinite sequence of letters o € w,, for which the
direction of ¢ at the entering point =, into X, forms the angle 7.(a) > n with the
corresponding separating flat E,. We denote =/, = ¢/ N E,.

The segment x4/, forms the angle ¢, > w/2 with one of the R-factors R, of X,
or Rg of the preceding block Xz, where w is the minimal angle between singular
directions of adjacent blocks in X.

First, consider the case when it is the factor R,. Let T, be the projection of
xoz!, on the factor Y, from the decomposition X, = Y, x R. Then |Z,T,| — oo
as a — oo. Furthermore, the segments ¢,, ¢, form the angles v, ¢/, with Z,T,,
which are (n — €)-separated from zero and m, where ¢,, ¢, are the projections of
the segments ¢, = cN X, ¢, = N X, on Y,.

Using the conditions n.(e) > 7, ¢o > w/2 and the above remark about the
triangles xc(t)c' ('), it is not difficult to see that i, + 1), > 7+ A- € — o, where the
coefficient A > 0 depends only on 7 and w. Thus ¥, + ¢/, > 7. In that case the
periodicity argument immediately gives a contradiction.

Assume now that zoa, forms the angle ¢, > w/2 with the R-factor Rg of the
preceding block Xg. Then repeating the arguments above and replacing a by £,
we obtain that the angles ¢3, j; are (1 — €)-separated from 0 and 7. This time we
only have m > 19+ 1% > m— \-e— 0, where the coefficient A < oo depends only on
1 and w. Choosing e sufficiently small (depending only on 1 and w), letting o — oo
and applying the periodicity argument, we find in Y3 o-almost flat triangles with
arbitrary large size of the inscribed disc. This is, obviously, impossible. [l

Proof of Proposition 2.12. Assume that a component Z,, C Or X is nondegenerate.
Then by Lemma 2.12.2, , = 0 for all z € Z,,. Now let z, 2/, 2" € T, be pairwise
different sufficiently close points, and let ¢ > 0 be the minimal distance between
them. For any o > 0, 0 < € we can find z € X such that for the rays c € z, ¢’ € 2/,
¢’ € 2" emanating from x the measure of nonflatness of any sectors cc/, cc’, /¢’ is
less than o. Moving forward along ¢ and using the condition n, = n,» = n,» = 0,
we find that for sufficiently large o € w, the direction of ¢ at the entering point z,,
into X, is o-close to the separating flat F,, and this is also true for the rays z,z2’,
202", It immediately follows that one of the points z, 2/, 2" € Z,, lies between two
others. O

2.13. Action of the fundamental group I' on the set of connected components of
orX.

The principal component F, obviously, is invariant for any v € I'. No one
component 7, is invariant for whole I', however there always exist nonprincipal
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components Z,,, which are invariant for some nontrivial v € T'. If it is the case,
then v is a rank 1 isometry in the sense of [BB], and Z,, is degenerate for any
nonpositively curved metric on M. Such v represents a closed geodesic in M,
which is not contained in one block M, of M.

A connected component of 07X is said to be standard, if it is invariant at least
for one nontrivial v € I'. The other components are called nonstandard.

3. THE LENGTH SPECTRUM OF NONSTANDARD COMPONENTS

We use notation L(w) for the length of a nonstandard connected component
Tw COrX, weW.

We start with the proof of Theorem 0.1. For that we need the following simple
lemma (its proof we leave to the reader).

3.1. Lemma. Assume that unit vectors v, v', o, 3 € R? satisfy the conditions
L) >w>7/2 and w/2 < L(a, ) < w.

If the projections v, U, of v, v' on the line R - a are codirected, then the pro-
jections Ug, 6’6 on R - 3 are nonzero and opposite directed.

Proof of Theorem 0.1. Assume to the contrary that for some w € W there exist z,
z' € T, with £(z,2') > w. We put € = £(2,2') —w. Then e < 7 — w.

For any o > 0 there is ¢ € X with Z,(z,2") > w + € — 0. Then for the
rays ¢ € z, ¢ € 2’ emanating from z and any ¢, t' > 0 the triangle zc(t)c (¥)
bounds in X a ruled o-almost flat surface with total curvature < o. Furthermore,
by Lemma 2.12.2, one can assume that the rays ¢, ¢’ form angles < o with the
separating flat E, at the entering points z, = ¢ N E,, ), = ¢/ N E, into the block
X, for all o € w,.

Moving forward along the string w. one can make o arbitrary small comparing
to €; thus we assume that ¢ < e. It means, in particular, that we denote by the
same symbol ¢ the constants of the scale of o.

Let ¢, T, be the projections of the segments ¢, = ¢ N X4, ¢, = ¢ N X, on the
factor Y, from the decomposition X, = Y, x R. We denote by R, the R-factor
of that decomposition. In the sequel, we use the affine structure of the flat E,.
Speaking about the angle between a vector v € E, and R, we mean the angle
between v and its projection on R, (such an angle is always < 7/2).

Let vq, v, be the unit vectors in E,, which are the projections of the directions
of the rays ¢, ¢’ at z,, z,,. We say that there is a sufficient separation (from the
R-factor) for a € we, if Z(va,Ry), Z(v),,Ry) > €/4.

Let Ty, T, be the projections of vy, v, on the factor Y,. We say that we have
opposite projections for a € w,, if the vectors T,, T, are nonzero and opposite
directed; otherwise we have codirected projections for a € w,.

Step 1. Assume that for o € w, there is a sufficient separation from R, and
opposite projections. We shall show that this leads to a contradiction.

The vectors vg, v}, form the angles ¢q, ¢!, with the segment z,x,,, whose sum
differs from 7 + w + € at most by o. The angle Z(v,,v),) also differs from w + € at
most by o. It easily follows from this that

3.1.1. If ¢q, ¢, < 7 —¢/8, then the vectors v, v/, are directed in the same half-
plane in E, with respect to the line of the segment z,x7,.

Now, if x,2!, forms the angle < €/8 with R, then ¢, ¢, < 7 — (¢/4 — €/8) =
m — €/8. Thus by 3.1.1, the vectors v, v., are on one side with respect to z,x.,.
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Using the sufficient separation from R, we obtain that the projections 7, 7, are
codirected, which contradicts our assumption.

Hence, z,2!, forms the angle > ¢/8 with R,. Let Z,, T, be the projections of
Ta, T on Y,. Since |zoxl,| — 00 as a — oo, we can assume that [T, | > p1 (see
Lemma 2.2.5). The segments Cq, ¢, C Y, form the angles < o with the boundary
component of Y, corresponding to F,. Using again 3.1.1, we obtain that ¢, ¢,
form the angles > 7 — ¢ with the segment T,Z.,. Then the periodicity argument
immediately gives a contradiction.

Step 2. Assume that there is no sufficient separation from R, for o € w,.. Let
B € w,. be the next letter after . We shall show that for 3 we have a sufficient
separation from Rj and opposite projections.

Without loss of generality, we assume that Z(v,,Rs) < €/4. Then, obviously,
Z(vg,Ry) < €/4 + o (here the vector vg and the factor R, are considered in the
flat Eg). Thus Z(vg,Rg) > 7 —w —€/4 — 0 > ¢/4. Furthemore, Z(vj,Rg) >
ZL(vg,v) — £(vs,Ra) —w > €/4. Moreover, the vectors vg, vj are directed into
different half-planes in Ej3 with respect to Rg, i.e. g, 6’6 are opposite directed.

Therefore, for 3 we have a sufficient separation from Rz and opposite projections.
By Step 1, this leads to a contradiction.

Step 3. Hence, for a € w,. we have a sufficient separation from R, and codirected
projections. Let 8 € w, be the next letter after a. We shall show that for g we
have opposite projections.

The angles Z(vq,Rq), Z(vg,Ry) differ at most by o, and the same is true for
the pairs of angles Z(v),,R,), Z(%,RQ) and Z(vq,v)), Z(vs, v%) Since for o we
have codirected projections, it means that

(Vo Ry) + Z(va,0)) + Z(V),,Ry) = 7.

Assume that the projections of vg, vj; on Y, (in the flat Ejg) are opposite directed.
Then, without loss of generality, we have

Z(vg,Ry) + ZL(vg, v;a) — Z(v%,Ra) =T.
Thus
Z(Uﬁ,Ra) - Z(UO&;RQ) = Z(UZJHRO&) + é(v,ﬁaRa) + Z(UOU ’U;) - Z(Uﬁvv/ﬁ)
>e€/2—o,
which contradicts the estimate Z(vg, Ra) — Z(va,Ra) < 0.
Therefore, the projections of vg, v’ﬁ on Y, are codirected. It follows from
Lemma 3.1 that for 5 we have opposite projections. By Step 2, we also have a

sufficient separation for 5. By Step 1, this leads to a contradiction, which com-
pletes the proof of Theorem 0.1. O

Nonstandard components of maximal length

We show here that the estimate of Theorem 0.1 is optimal, in particular, that
nondegenerate nonstandard components do exist.

3.2. A nonstandard component Z,, is said to be primitive, if the separating flats
E, for all & € w, belong to the same orbit of the action of I' = m (M) for some
We € W.

In other words, it means that any geodesic ray ¢ : [0,00) — X, c¢(00) € Zy,
descends to a geodesic ¢ in M, which starting from some moment intersects only
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one gluing torus T,, C M and hence ¢ lives only in two adjacent maximal blocks
M,, M, of M skipping from one to another. We use the notation W, for the set
of the nonprincipal connected components of 07X associated with T,,.

3.2.1. Remark. We have actually proved that for any primitive component w € W,
its length satisfies L(w) < w,,, where w,, € [7/2,7) is the angle between S!-factors
on T},.

3.3. Here we prove Theorem 0.2. To each singular point a € F it corresponds
exactly one block X, with singular direction . Any singular point § € F is
connected with o by a minimizer a5 C F. If some minimizer o8 contains no other
singular point, then the blocks X,, X3 are adjacent, a8 lies in the boundary at
infinity Sag of the separating flat E,g = Xo N X3 and Z(«, ) < w(g). In that case
the points «, B are called neighboring. We say that a pair of neighboring singular
points (a, ) belongs to the class W, if the separating flat E, covers the torus T,
and Z(a, B) = wy,.

3.3.1. Lemma. Let (a,3) be a pair of neighboring points of a class W,,. Then
there exists a sequence of singular points B3, € F such that

(i) Bn — « in the standard topology;
(i) the pairs (Bn, ) belong to the class W,.

Proof. Applying to X, the isometries from St g\St o, where St g3 C I is the stabilizer
of the block Xz, we obtain infinitely many blocks Xg adjacent to Xz, for which
(3, 8') belong to the class W,. Choosing an isometry v € St, N St g, whose axis
I, has the positive direction l,(c0) = «, and applying 4™, n > 1 to 4’ we obtain a
required sequence [3,,. O

3.3.2. Corollary. Let («,3) be a pair of singular points of a class W,,. Then for
any neighborhood U of « in Os X there exists a singular point o' € UNF such that
(8, ') belongs to the class Wy, and Xo # X

3.4. Proof of Theorem 0.2. We fix an € > 0 and a sequence ¢; with ) .. € < e.
The required component Z,, C d7X will be obtained by the following inductive
construction of a sequence of letters «ag, By, a1, 81 ... € A with w = agBpa1 01 . . ..

Step 0. Take a pair (ag, 8p) of the class W, and zg € X such that the block
Xa, separates xop with Xg,. Notation: ag < Bo.

We can identify any z € 0o, X with the ray ¢ € z emanating from xy. In
particular, ag, Gy : [0,00) — X are geodesic rays with ap(0) = §p(0) = xo and
ap(00) = g, Bo(oc) = fo. B

One can find ¢y > 0 such that for the comparison triangle Toaio(to)3,(to) C R?
we have Z@(to)Tof,(to) > wu — €o-

Moving forward along the rays aq, Gy if necessary, we additionally assume that
ap(to) belongs to the block, preceding X,, (with respect to o), and Fo(to) € Xa,-

Step 1. By Corollary 3.3.2, there exists a singular point a; € F such that
Bo < a1, (Bo, 1) belongs to the class W, and |ag(to)a1(to)| < €.

Having chosen this point we can find t; > ¢y such that for the comparison triangle
Tooy (tl)ﬁo(tl) we have Za (tl)foﬁo(tl) > wy, — €1. Again, one can additionally
assume that aq(t1) € Xg, and Bo(t1) € Xap-

Repeating this argument, we can find a singular point 8; € F such that 51 > a,
the pair (a1, 1) belongs to the class W, and |8 (t1)51(t1)] < €1. Then we find
to > t1 with Zal(l‘,g)foﬁl(tg) > Wy — €2, Oél(f,g) S Xﬁo? ﬁl(tg) S onl-
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Step 2. As in Step 1, we find a singular point «; > (;_1, for which the pair
(Bi—1, ;) belongs to the class W, such that

(3.4.1) |i(tagi—1)) -1 (ta-1))| < €26-1)-

Moving forward along the rays ;, 8;—1, we find #2; 1 > t5(;—1) such that
(3.4.2) Zai(tgi_l)foﬁi_l(t%—l) > Wy — €241,
(343) Oéi(tgi_l) S Xgi_l, ﬁi—l(t%—l) S Xai_l.

Likewise, we find §8; > «;, for which («;, 8;) belongs to the class W, such that
(3.4.4) |Bi(t2i—1)Bi—1(t2i—1)| < €2i-1.

Then we find to; > t9;_1 with
(345) 0y (tgi)foﬁi (tgi) > Wy — €24,
(346) Oéi(f,gi) S Xﬁa‘,—u ﬁi(l‘,gi) S on,;-

This procedure generates an infinite string w € W, which is primitive by the
construction and its class belongs to W,. It follows from (3.4.1) and (3.4.4) that

(3.4.7) |ai(tj)oi—1(t;)| < €1y and  [Bi(t;)Bi-1(t))| < €2i1

for all 0 < j < 2(i — 1), which implies by the choice of {¢;} that {a;}, {5} are
Cauchy sequences of rays in X. For the limit rays o = limq; and 8 = lim 3; we
have

(3.4.8) Wo = W3 = W,

i.e. a, [ intersect the same infinite sequence Xo,, Xg,; Xa,, Xg,,... of blocks.
This follows from (3.4.3) and (3.4.6). Hence, a, 5 € Z,,.
Furthermore, by (3.4.7) we have

la(tai)ay(t)] <€ and  |B(t)Bilta)| < €
for every i > 1. Together with (3.4.5) this gives
Za(te;)Tof(tai) > wy — €2; — €/ta;.
Hence, Z(a, 8) > w, and by Remark 3.2.1, L(w) = wy,.

The length spectrum of primitive components

Theorem 0.4 can be reformulated as follows.

3.5. Theorem. Assume that for a gluing torus T,, C M the angle between the
Sl-factors of the adjacents maximal blocks of M (which can coincide) is w, = /2.
Then given | € [0,w,] there exists a nonstandard component L,,, w € W,, with the
length L(w) = 1.

Theorem 3.5 is already proved for | = w,, in Theorem 0.2 even without the con-
dition w,, = /2. Thus in the sequel, we assume that 0 <[ < w,,. This is essential
for the proof, because it uses an approach distinct from that of Theorem 0.2, which
does not work for I = w,. The key step in the proof is Proposition 3.6 below (the
Collapsing Proposition). The restriction w,, = /2 is basically related to it.

Recall that a pair («, ) of neighboring singular points of F belongs to the class
W, if the separating flat E, s covers the torus T, and Z(«, ) = w,. The flat E,g
is also called (o, 8)-window.
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Fix ¢y € X and consider an (ordered) pair (5, «) of the class W, so that § < «
w.r.t. zg. Let R > 0. The (5, «)-window is located in a R-restricted direction, if
|zoza| < R, where the ray ¢, in X emanating from xz, intersects E,3 orthogonally
and z, € ¢, N Xg is the entering point of ¢, into the block Xg.

Furthermore, the (8, a)-window is said to be 7-thin, 7 > 0, if a, &' € Uy, 10+ (ca),
where x4, ¢, are as above, a, o are the midpoints of the circle Sog = O FEag
between 8 and —f (in the case of a 7/2-metric, a = «a, &/ = —a).

Of course, it is assumed that then 7 is larger, the window is thinner.

Recall that

Upot(2) = {2/ €0 X | [2(1)2'(t)] <1}, 2z € 0xX, t >0,

is a neighborhood of z € 05, X, where a point 2’ € 05X is identified with the ray
z':[0,00) = X, 2/(0) = zg, 2'(c0) = 2.

3.6. Proposition. Assume that w, = 7/2. Given xy € X, a pair («o,Bo) of the
class Wy, ap < By w.r.t. zg, $ € [wy/2,wy), R, t > 0, then there exists T > 0 such
that if for a > By the (8o, a)-window belongs to the class W, is T-thin and located
in a R-restricted direction, then for any p > 0 there is a singular point 5’ € F with

(i) B’ > a and (o, B") belongs to the class Why;
(i) the (o, B")-window is p-thin and located in a R, -restricted direction, where
R, > 0 depends only on «;
(iii) if ba € afo is the point with Z(a,by) = s and b, € af’ is the point with
L(a,bl,) = s, then the segment B'b., C Uy 1(ba);
(iv) o € Ugyi(a) for any 0 < s’ < s, where a € afy, a’ € af’ with ZL(a,a) = s =
L(a,d).

The properties (iii), (iv) are the most important ones for constructing a compo-
nent w € W, with prescribed length. They mean, roughly, that the subsegment
b3 C af’ collapses when viewing from xg (while abl, is observed almost at the
given angle s). For this reason we refer to Proposition 3.6 as to the Collapsing
Proposition.

We start the proof of Proposition 3.6 with the following

3.6.1. Lemma. Under the condition of Proposition 3.6, there exists 7" > 0 such
that if for a > By the (B, a)-window belongs to the class W, is 7/'-thin, located in
a R-restricted direction and a € afy, Z(a,a) =s', 0 < s <s, then

Us,,z(a) C Ugg,2t(a)
for ' = 7'/ coss’, where xo € 80X, as in the definition of a T-thin window.

Proof. If z9 € Xg,, then z, = ¢, and the lemma is trivial. Thus we suppose that
xo & Xp,. In that case the entering points z,’s into the block Xz, are contained
in a compact subset K of the corresponding boundary component of Xg, by the
condition of the R-restricted direction. Assuming that the lemma is not true and
using the condition s’ < s < 7/2, we find corresponding limit points aeo € JocXg,,
Too € K, for which a required neighborhood exists by properties of the standard
topology. This is incompatible with our assumption. O

In the sequel, we use notation [zy) for the ray in X emanating from z € X and
passing through y € X U 0, X.
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Proof of Proposition 3.6. We pick 7/ > 0 provided by Lemma 3.6.1 and take ¢ > 0
with tans — tan(s — €) = 1/47". In other words, if zyz C R? is a triangle with
lzy| = 7/, Layz = 7/2, Lyxz = s, and h € yz satisfies |hz| = 1/4, then Zzah = e.
Notice that € — 0 as s is fixed and 7 — oo. In particular, we assume that € < s,
w2 —s.

Since the factors Y, of the decompositions X, = Y, X R, a € A are hyperbolic
(see 2.2.3), there is H > 0 such that if |pg| > H/16 for an infinite triangle pgr in
Yo, P, @ € Yo, 7 € 0o Ya, £pqr = 7/2, then Zgpr < 3. Now we take 7 = H - 7/,

Step 1: choosing a disc D,. Let a € F be a singular point such that a > 3y
w.r.t. xo, (Bo, a)-window belongs to the class W, is 7-thin and let b, € afy with
Z(ayby) = s. For the ray ¢, in X, which emanates from zy and meets the window
E.3, orthogonally at y, let x, € co N Xg, be the entering point into Xg,.

We take do € Fop, with £, (da,ya) = s, which projects along the R-factor of
Xp, in yo. Let Doy C Eyp, be the disc of radius H, = H - |24ya|/27 centered at
dq, (since (B, a)-window is 7-thin, we have |zqya| > 7).

Let df € D,, be the ends of the vertical diameter of D,, i.e. the segment d d
is parallel to the R-factor of Xg,. We assume that d; lies between d, and y,.
Then by the choice of H,, 7 and 7/ we have [z,dE) € U, 27/ ([Tads)), where
7' = 7'/ coss. Moreover, [z4x) € Uy, 21/ ([ada)) for the remaining points z € D,,
since the curvature of the factor Y, is nonpositive. Recalling the choice of d, b,
and the definition of a 7-thin window, we obtain that

Uz, 20 ([Zada)) C Uz, (ba).
Now by the choice of 7" and Lemma 3.6.1, we have
(3.6.2) 2p € Ugp,2t(ba)

for any « € Dy, where z, = [z,z)(00).

The last property allows one to replace the point of view from zg to x, while
considering a 7-thin window E,g,. The advantage is that the initial segments x,x
of rays [zqx), * € D, are contained in the block Xg3,, and we can use the splitting
Xg, =Yg, x R to make necessary calculations.

Step 2: choosing f’. Let h, be the midpoint of d_ d, Jo = [ha — p1, ha] the
subsegment of d_ h, of length p; (with obvious notation), where the constant p; is
provided by Lemma 2.2.5. Since H, — oo as 7 — oo, while p; is independent of
any choice made in the proposition, we can assume that p; < H,/8.

Since w, = 7/2, the interval X, N [z4z) lies in a horizontal slice Y, x {pt} of
Xo =Y, xR for any z € dd} (here we use the fact that the ray c, meets E,g,
orthogonally). Hence, by the periodicity argument, there are points d, d’ € J,, such
that the segments X, N [xad), Xo N [zod') connect E,g, with different boundary
components of X,. It immediately follows that for any p > 0 we can find a p-
thin window E,g in the corridor (dd’) C J, (i.e. the rays [z.8), [zo/8") intersect
Eap, in (dd'), where 3 = ', 3’ = —' € Sap are the midpoints between a and
—a) with ' > « w.r.t. zo, the pair (o, B') belongs to the class W, and E,p is
located in a R,-restricted direction, where R, depends only on «. Therefore, the
properties (i), (ii) of the proposition are proved. Moreover, it follows from (3.6.2)
that 3’ € Uy, 2t(ba)-
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Step 3: shifting vertically. The rays [zod,), [Taha) cut out a segment
of length 7" - Hy/2|x0ya| = 7 - H/4T = 1/4 on the vertical line R x {pt} C Xz,
projecting in the point [z4yq) (7). Then by the choice of € we have Z;_ (dq, ha) = €.

Consider the points hl, = [z,0) N Jo and k], € d_ ho with |hohll| = Ho/4. By
the choice of H, > H/2 and H we see that h! is below of the interval J, and
|n,hll| > H/16.

The infinite triangle h”’h! 3’ C Y, x {pt}, B’ € O Y, has the angle Zh” K. 3 >
7/2. Hence ZhLh23 < € by the choice of H. On the other hand, Zd,h, 3 >
Ly (do, ho) = €. Thus there exists ho € (R hL,) with

— 2
tani, = —€2
™
for vy = Zhl ho3'.

Step 4: shifting horizontally. On the ray [hoa) C E,g, we consider the
segment hohy of length r; = H, /8. Then hohy C D,. We denote by h, € hohy the
point with |hoh,| =77y for 0 <r < 1.

On the unit sphere of the tangent space T}, X consider the outgoing direction
v(r) of the segment zyh, and its projections vo(r) on Y, and wvg,(r) on Yg, (in
the obvious sense). We denote by ¢, = Z(vg,(r),®), ¥r = £ (va(r),Ho) and
v = Z(v(r), Bo). Clearly, v > v > 7/2 — (s —¢€) > e for each 0 <r < 1.

Using the facts that [xoh,)(00) € Uy, 2:t(ba) by (3.6.2) and s > w, /2, one can
easily see that m/2 — ~, is separated from 0 by a constant ¢ > 0 independently of
t — 0o. We can assume that €3/c < 2¢% /.

A simple exercise in the spherical trigonometry shows that

sin ¢, = tan,./tanvy,, 0<r <1.

Since |hohi| = H,/8, it follows from hyperbolicity of Y3, that ¢; < € by the
choice of H. Thus

tani), = sin ¢y tany; < €3/c < 2€/7.

Hence, we can find r € (0,1) with 1, = ¢, i.e. tant), = tant), = 2¢2/m, because
o = Lhozafo > €.

This implies that the part of the ray [z, h,) which lies in X, projects onto the ray
[hoB') in the corresponding slice Y, x {pt}. Therefore we have b = [x,h,)(0) €
af3'. For such r we have

2 1
—¢p <sing, < —tan,,
™ €

because v, > €. Hence, ¢, < e.
The spherical triangle v(r)vg, (r)a has a right angle at the vertex vg,. It follows
that

(Z(av(r)? <@+ (72— 3)? <+ (s — ) <&
by the choice of e.
Using the splitting X, = Y, X R, we obtain that £ (a,v(r)) = Z(a, ). There-
fore, we have found the point b/ on the segment o3’ C 97X, for which Z(a,b”) < s

and b, € Uy, .2t(ba) by (3.6.2). Since Z(w, b)) = s and ' € Uy, 2:(ba), an easy
argument shows that 50, C Uy, 2t(ba) C Uy t(ba). This gives (iii).
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It remains to prove (iv). For z € 0rX let £(z) be the angle between the ray
[zaz) and a horizontal slice Yg, x {pt}, {(2) = 7/2 — Z;_(B0,%). Then we have
E(0') < £(a) = o, £(,) < E(ba) = 5 and £(H,) — (') < 5 8.

If the claim is false, then £(a) — &(a’) > &(by) — &(b),). This follows from
Lemma 3.6.1, the already proved condition b}, € Uy, 2t(ba) C Ugy(be) and that
the horizontal projections of the considered rays emanating from z, diverge neg-
ligibly small when compared to their vertical divergence while ¢ is fixed, because
(6o, «)-window is 7-thin. Thus

s — s 2 (b)) = &(a’) = &(ba) — &(a) + &(a) — &(a’) — (§(ba) — £(b5)) > s = &,

a contradiction. This completes the proof of Proposition 3.6. |

3.7. Lemma. Given xo € X, a pair (agp,Bo) of the class Wy, ag < o w.r.t. xo,
$ € |wu/2,wy), R, € > 0, there exists T > 0 such that if for o > By the (Bo, a)-
window belongs to the class W, is T-thin and located in an R-restricted direction,
and aq, by € afy, Z(a,by) = L(an, Bo) = s, then

| — € < Lag(T)Toba (1) <1,

where | = 25 — Wy, Tola(T)ba (1) C R? is the comparison triangle for 2oaa(T)ba(T)
(as usual, we identify a point of 0o X with the ray emanating from xg ).

Proof. The assertion is trivial, if g € Xg,, i.e. R = 0, because of the splitting
Xg, = Y3, x R. Now assume that xy € Xj,. Let x, be the entering point in Xg,
of the ray co = [Z0Ya), Where yo € Eg,q is the point closest to xg. It follows from
the condition of the R-restricted direction and the periodicity argument that the
entering points of the rays aq, b, into the block Xg, are at the distance from z,
bounded by a constant depending only on R, w, — s and p; (the constant from
Lemma 2.2.5) for any 7 and 7-thin window Egq4.

Thus the distances dist (aq(7), [aaa)), dist (ba(T), [Zaba)) are bounded inde-
pendently of 7 and 7-thin window Ejg,,. Hence, the claim. O

3.8. Proof of Theorem 3.5. Recall some standard notations, which will be used
in the proof.

For zy € X and a pair of neighboring singular points o, 8 € F, a < f w.r.t. xg
we denote Sog = O Fag. The complement 05X \ Sqp consists of two open discs;
let Dop be that, for which every ray [zoz), 2 € Do meets the flat E,g.

For I € [0,w,) let s = 1+ (wy, —1)/2. Then s € [wy,/2,w,). We fix e > 0, a
sequence ¢; > 0 with ) . ¢; < €, a point zg € X, a pair (oo, fp) of the class W,,
o < 50 w.r.t. zo.

Step 0. We choose two neighboring singular points S and g in F, such that the
separating flat Fg,q, covers T,,. We choose our starting point z¢ in Eg,q, and (by
slight abuse of notation) we consider the pair (64, ap) as a pair of class W, with
B4 < ag which is located in an R-restricted direction for R = 0. By applying the
Collapsing Proposition to zg, (8, a0), s, R = 0, to = 1/ep we obtain a 79 > to
such that if a window (ag, Bp) belongs to the class W, is 7p-thin and located in
an R-restricted direction, then for every p > 0 there is a singular point o/ € F,
o' > fBy, for which the conditions (i)—(iv) of the Collapsing Proposition are fulfilled
for t = tg. Clearly, such a 7p-thin window (ayg, 5o) exists.

Let Jo = aobg C apfp be the middle segment of length I, i.e. Z(ag,bp) =

Z(ag, Bo) = s.
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Since Z(ag, bo) = I and the rays ag, by (emanating from z) stay in X,,, we have
ZLao (a0(t),bo(t)) =1 for any ¢ > 0. We put

Vo = U Uxo,to (C)
ceJo
For any z € Dy, With (wy, —1)/2 < Ly (2, a0) < s we have z € Vjp, since (ao, 5o)-
window is 7o-thin and ¢ > tg.

Step 1. We put R; = Rg, (see condition (ii) of the Collapsing Proposition obtained
in Step 0), t1 = 1 /€1, and for o, (a0, Bo), s, R1, t1 using the Collapsing Proposition
we find 71 > ¢; such that if for ay > Gy the (8o, @1)-window belongs to the class W,
is 71-thin, located in an R;-restricted direction, and aq,, ba, € @100, Z(01,ba,) =
Z(aqn,,B0) = s, then for any p > 0 there is a singular point 3’ € F, 8 > ay, for
which the conditions (i)—(iv) of the Collapsing Proposition are fulfilled for ¢ = ¢.

By the conditions (i), (ii) of the Collapsing Proposition obtained in Step 0, such
ay does exist. Furthermore, it follows from (iii), (iv) of Step 0 that Uy, i, (aa,) C
Uxoﬂfo (a0)7 Uxo,tl (bﬂ(l) C Uxoﬂfo (bO) and a1, —ag € Uxoﬂfo (GO)'

Step 2. We put ¢t = 1/€3, and for xq, (8o, @1), S, Ra,, t2, €2 using the Collapsing
Proposition and Lemma 3.7 we find 75 > t5 such that if for 51 > «a; the (aq,51)-
window belongs to the class W,, is m-thin, located in the R,,-restricted direction,
and a1, b1 € a1 1, L(aq,b1) = Z(a1, 1) = s, then

l — €9 S 461(7'2)5051(7'2) S l

and for any p > 0 there is a singular point o/ € F, o’ > (31, for which the conditions
(i)—(iv) of the Collapsing Proposition are fulfilled for t = t5.
By Step 1, such (1 does exist, and we put J; = a1b1,

Vi= | Uspal0).
ceJy

By the condition (iii) of the Collapsing Proposition obtained in Step 1 we have
b181 € Ugg oty (bay) C Uggto(bo), and by (iv) a1 € Uy 1y (ap). Furthermore, we can
assume by Step 1 that D,,5, C Vo.

Continuing in this way, we obtain a string w = agfpa101 --- € W, the class of
which belongs to W,. For the middle segments J; = a;b; C «;3; of length [, where
Z(Ozi, bz) = l(ai, ﬁz) =S, wWe have a1 € Uxo,t% (ai), bi+1 S Uxo,t% (bi), t; = 1/61';

[ —e9; < 451‘(721‘)5051‘(7’21‘) <

for 7; > t;. Thus a; — a, b; — b as i — oo in the standard topology, and Z(a,b) = I.
Furthermore, ab C Z,, by the construction.

For the neighborhoods Vi = ¢ 7, Uz, (¢) we have (very important point)

ID(X7/37 - ‘/;—1-

This implies Z,, C [);»( Vi- Therefore, it remains to show that (-, Vi = ab.

Let z € ;5 Vi- Then for each i > 0 there is z; € a;b; with z €_U10,t2i (z;) and,
hence, 2; € Upgy.t,,(2). Thus z; — 2 in the standard topology. Now we use the
following obvious fact.

Assume that for a sequence of segments a;b; C 95X of length Z(a;,b;) <w, <7
their ends a;, b; converge in the standard topology to a, b and lim Z(a;, b;) = Z(a,b).
Then their midpoints ¢; € a;b; converge in the standard topology to the midpoint
¢ € ab. More generally, the segments a;b; (parametrized on [0, 1]) converge in the
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standard topology pointwise to the segment ab. This easily follows from the lower
semi-continuity of the Tits distance with respect to the standard topology and that
Or X contains no bigon of length < 27.

Therefore, z € ab, and the primitive component Z,, = ab has the length [. For
I > 0 the component Z,, is nonstandard. If [ = 0, then the freedom of choice given
by the construction above allows us to produce uncountably many components Z,,
with L(w) = 0. One of them is necessarily nonstandard, because there are only
countable many standard components. This completes the proof of Theorem 3.5.
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