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PROPERTIES OF ANICK’S SPACES

STEPHEN D. THERIAULT

ABSTRACT. We prove three useful properties of Anick’s space T2"~1(p").
First, at odd primes a map from P2"(p”) into a homotopy commutative,
homotopy associative H-space X can be extended to a unique H-map from
T2"~1(p") into X. Second, at primes larger than 3, 72" ~1(p") is itself homo-
topy commutative and homotopy associative. And third, the first two proper-
ties combine to show that the order of the identity map on 727~ 1(p") is p".

1. INTRODUCTION

Let p be a prime. Throughout, all spaces are pointed, connected, topological
spaces with the homotopy types of finite type CTW-complexes. All spaces and maps
have been localized at p. Let E? : §?~1 — Q252"+1 he the double adjoint of the
identity map on S?"*!. When p > 5, r > 1, and n > 1, Anick [A] constructed a
homotopy fibration sequence of H-spaces

9252n+1¢7_52n—1T2n—1 (pr)QSQn—i-l

with the following two properties: ¢, o E? ~ p" and E? o ¢, ~ Q?p". In [AC]
each map in this homotopy fibration sequence was shown to be an H-map. A new
construction of this homotopy fibration sequence was given in [Th|, which is also
valid for the prime 3. The purpose of this paper is to prove two strong properties
of the space T?"~1(p") conjectured by Anick and Gray [AG].

Theorem 1.1 (To be proven as Theorem B.3)). Let X be a homotopy commuta-
tive, homotopy associative H-space. Let PQ”(pT) — X be given. For p > 3,
there exists an extension to an H-map T*"~1(p") — X which is unique up to
homotopy.

Theorem 1.2 (To be proven as Theorem [B.6). For p > 5, the H-space T?"~1(p")
is homotopy commutative and homotopy associative.

Theorem [Tl is a universal property for the space T2"~1(p"). It says that an
H-map from T?"~!(p") to a homotopy commutative and homotopy associative
space X is completely determined by its restriction to the bottom Moore space. This
property has been used by Neisendorfer [N3] to show that Q72"~1(p") is a retract
of Q2P2"+1(p") provided » > 2 and p > 5. Gray [Gr2] anticipated Theorems [l
and to carry through his unstable development of v;1-periodic homotopy theory.
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Theorems [T and combine to give an exponent result. To make this clear
we give two definitions. A space X has homotopy exponent p” if p” is the least
power of p which annihilates the p-primary torsion in m.(X). An H-space Y has
H-space exponent p" if p” is the order of the identity map. Note that Y having
H-space exponent p” implies Y has homotopy exponent p”, but the reverse need
not be true—take for example S3.

Now, Theorem allows us to use T2"~1(p") as the range in Theorem [[1] as
well as the domain. Doing so proves an important application which Anick and
Gray had in mind when they formulated their conjectures.

Theorem 1.3 (To be proven as Theorem Bl). For p > 5 and r > 1, T?"~1(p")
has H-space exponent p".

As for Theorems and [[3lwhen p = 3, Proposition [[LIlshows that if a certain
homotopy class of S2"~! is nontrivial and not divisible by 3", then T2P~1(3") is
not homotopy associative. Examples are given where this is the case. On the other
hand, Proposition[8:4 shows that 7°(3) is both homotopy commutative and homo-
topy associative. If T2"~1(3") is homotopy commutative and homotopy associative,
then the proof of Theorem [[33] applies and T2"~!(3") has H-space exponent 3".
Otherwise, a discussion of the known homotopy exponent results for 727~1(3") is
contained at the end of Section [7

Finally, we mention that one of the tools used to prove Theorems [I.1] and
may have application elsewhere. In Section M we discuss homotopy action maps in
general and homotopy fibration connecting maps in particular. Proposition[Z8 gives
a condition which determines when a homotopy fibration connecting map satisfies
the stronger property of being an H-map. Proposition goes a bit further and
gives conditions under which a homotopy fiber has an H-structure which is both
homotopy commutative and homotopy associative.

This paper is organized as follows. Section Rlreviews the information about An-
ick’s spaces we will require. Section B records some facts about H-spaces and co-H
spaces. Section M is a general discussion about homotopy action maps and gives a
criterion for when certain homotopy fibers are homotopy commutative, homotopy
associative H-spaces. Section Bluses a long induction to prove Theorem [[1. Sec-
tion [ proves Theorem [[L2, while Section [ gives a criterion for when T2"~1(3") is
homotopy commutative and homotopy associative. Finally, Section B gives appli-
cations of Theorems [[T] and [['Z} in particular, Theorem [[3 is proven.

This work in its original form was part of my thesis, under the supervision of
Paul Selick, whom I would like to thank for his encouragement and support.

PRELIMINARY GLOBAL DEFINITIONS AND NOTATION

For a co-H space A, let A 2. A be the degree p” map given by the co-H

structure of A. For an H-space X, let X L, X be the p"-power map. In the case
of an odd sphere localized at a prime p > 3, the maps p" and p" are homotopic

and are commonly denoted by $27+1 P, §2n+1 I this case, let S?"*+1{p"} be the
homotopy fiber of the degree p” map on S27*1

For m > 2 and r > 1, the mod p" Moore space P™(p") is the cofiber of the
degree p” map on S™~!. The m! mod p" homotopy set of a space X is the
set of based homotopy classes m,,(X;Z/p"Z) = [P™(p"),X]. An element f €
Tm(X;Z/p"Z) has order n if n is the least positive integer such that nf = 0. We
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write WIT* for the collection of spaces with the homotopy type of a finite type
wedge of mod p* Moore spaces, r <t < r + k.

For j > 1, the cyclic group of order p? will be written as Z/p’Z. The integers
localized at the prime p will be written as Z,). Unless otherwise indicated, the
ring of coefficients in homology will be Z/pZ, and H,(X;Z/pZ) will be written as
H.(X). For any coefficient ring R, the reduced homology of X with coefficients in R
will be written as H,(X; R). We will write X~ H,(X; R) for the graded R-module
whose suspension is H,(X; R).

Let R be a commutative ring with 2 as a unit. A differential graded Lie algebra
(dgL) L is a positively graded R-module with a bilinear pairing [, ] : Ly X Ly, —
Lytm and a map d : L — L of degree —1 such that: (i) [, ]| satisfies graded
anti-symmetry, Jacobi, and triple product identities, and (ii) d is a differential on
L which is a derivation with respect to [, |.

The pair [z, y] in L is also denoted by ad(z)(y). For L included into an associative
algebra A, we have [z, y] = zy—(—1)1*Wlyz in A. For z,y € L, define ad®(z)(y) = ¥,
and for k > 1, inductively define ad*(x)(y) = ad(z)(ad*~*(x)(y)).

Let S be a positively graded set. Let L(S) be the free graded Lie algebra over R
generated by S. Let L4, (S) be the free graded abelian Lie algebra over R generated
by S. The universal enveloping algebra over R of L(S) is denoted by UL(S). It is
isomorphic over R to the free tensor algebra T'(S) generated by S. Let S(S) be the
free commutative algebra over R generated by S.

2. REVIEW OF ANICK’S SPACES

This section reviews some constructions in [Th|. Let p be an odd prime and
0 < k < 0. There exists an atomic co-H space G%" (p") = Gy, described as follows.
First, Go = P?"*1(p"). For k > 1, Gy, is defined as a homotopy cofiber

prtE—lg
— kal _— Gk

P2npk (pr+k)
of a co-H map }_7'”*’“*104, where « is a homotopy class of order p"**. Let G be
the homotopy colimit of {Gy}r>o-

Before listing more properties of G, we establish some notation and make two
definitions. Let M} = \/f=O P2P" (pr+1). Note that H.(Gy) = H.(XMy), but
the two spaces are not homotopy equivalent. However, as indicated by Theo-
rem 7], they do tend to share many of the same properties involving suspensions
and smashes. This analogy is useful in providing intuition for Gy.

Definition. The universal Whitehead product of a space X is the composite
SOAXANQXXV XVX,

where the left-hand map is the homotopy fiber map determined by the inclusion of
the wedge into the product and V is the folding map.

Definition. Suppose there are spaces and maps X Y 7 et A" X be

given. If h lifts through f to a map A LN Y, then the composite gh’ is said to be
an indirect lift of h from X to Z.
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Theorem 2.1. For 0 < k < oo, the atomic co-H space Gy, satisfies the following
properties:

(a) There are isomorphisms of Hopf algebras and homology Bockstein spectral
sequences

H*(QGk) = T(UO,’U(), PN ,uk,vk) = H*(QEMk),

where |u;| = 2np* — 1, |v;| = 2np?, and B (v;) = u;.

(b) XQGK/Gr € WITE and $2QG), € Wrtk.

(c) ZQG, A QG € WrHF

(d) There is an indirect lift of the universal Whitehead product of XMy to Gy,
which factors through the universal Whitehead product of Gy. It determines
a homotopy equivalence

QXM A QXM ~ QG A QG.

In particular, the indirect lifts can be chosen so that: (i) when p > 5, the
dgL identities satisfied by the p-primary Whitehead products on XMy, are also
satisfied by their indirect lifts to Gy, and (ii) when p = 3, the anti-symmetry
and Jacobi identities satisfied by the subcollection of p-primary Whitehead
products on LMy, of orders pt, t > 2, are also satisfied by their indirect lifts
to Gk,

Remark. The isomorphism in Thoerem 211 (a) is not realized by a map between
spaces. If it were, then the map would be a homotopy equivalence, say QGj, —
OX My, (for a map in the other direction the same argument applies). Using the
co-H structure on Gy, we would then have a composite f : Gy — YOGy =
YOXM;, =5 S M;,. The increasing orders of the Bocksteins of the generators v; in
Theorem 1] (a) then imply f. must be an isomorphism, and so f is a homotopy
equivalence. But this cannot be the case, since the attaching maps constructing Gy,
as a CW-complex are nontrivial.

Certain important maps arise as byproducts of the definition of G as a homotopy
cofiber. For each k > 1, there is a homotopy pushout diagram

rk—1

Pank (pr+k) - P2npk (pr+k) N P2npk (pr+k—1) v P2npk+1(pr+k—1)

H Ja Jak\/c;C
p'r'+k71a

Pank (pr+k) - Gr_1 Gy.

which defines ay, and ¢;. Including G; into Gy, gives a collection of maps {a;, ci}le
to Gk.

As we will require them later, we record the homology images of the adjoints
of ar and ci. In order to describe them we need some notation. For ¢ > 1 and
0 < j < k, define elements 77, 0% € H.(G}) by setting 7/ (v;) = ad? 1 (v;)(u;j)
and o’ (v;) = % - 717 (7}(v;)). The latter equation makes sense by [CMNIT] 4.4].
Let b and a respectively denote the degree 2np* — 1 and 2np* — 2 generators of
H, (PQ”I”C’1 (pr+*#=1)), and d and c respectively denote the degree 2np* and 2np* —1
generators of H,(P2"" (pr+k=1)). Denote the adjoint of a map by placing a tilde
over its name.



PROPERTIES OF ANICK’S SPACES 1013

Lemma 2.2. In homology, the map PQ”pk_l(p”’k_l) v p2np (prth-1) WY Oq)
satisfies:

(a) (€k)«(d) =vi_y — v + 1,
(b) (Gr)«(c) = T4y,
() (an)«(b) = wi_y + uk + G2,
(d) (ar)«(a) = og_y,

where (1, (e € Hy(QG)_1) are in the kernel of the Bockstein =1

Remarks. (1) Let qx—1 : Gp—1 — P2”9k71+1(p’“+k_1) be the pinch map. Lemma
P2, as it appears in [Th, 6.5] has (Gx)«(c) = 71, +m and (dg)«(a) = of_| + 12,
where 11,72 € H,.(QGj_1) are in the kernel of (2gx_1)«. But by Theorem B (a),
Qgy—1 determines an isomorphism in the (E,;_1)-stage of the Bockstein spectral
sequence. Thus the kernel of (€2g_1 )« has no torsion of order p"*#*~1 or higher. But
if 1, m2 are nonzero then they must equal 3" T*~1(¢;) and B7T*~1((s) respectively,
a contradiction.

(2) Note that the mod-p Hurewicz image in Lemma (a) is a p"-power plus
some additional terms. The additional terms avoid contradiction with Hopf in-
variant one mod-p, while the presence of the p'-power indicates that something
interesting is going on with the map ¢;. One way in which this is seen is in terms
of the homotopy decomposition in Theorem [Z3] where the elements vj_; and vy,
in H,(QG},) become identified in H,(T}) via the map 0.

We next describe a homotopy decomposition of Gy, in terms of spaces Ty and
Ry, which are defined by the properties in Theorem R3l For k = 0,let Ag = Cp = *.
For k > 1, let Ay = \/2_, P2'(pr+i=1) and €}, = \/*_, P2 T1(Pr+i=1). Note
the k = 0 case of Theorem [2.3] is that of the Moore space Gy = P?"*1(p"), and
these statements were proven, using different notation, in [CMN3]. Also, the space
T?"=1(p") described in the introduction is defined to be the space T, in the k = oo
case of Theorem [2.3]

Theorem 2.3. For 0 < k < oo, there is a homotopy fibration sequence
Gy 25 Ty, =5 Ry 5 Gy
satisfying the following properties:
(a) QGk >~ Tk X QRk v
(b) As coalgebras, H.(Ty) = H. (S~ x Q81 x [T72, 2 1 k1Y

(¢) Ry ~ ApVCOyV By € Witk where 1y, restricted to Ay V Cy, is \/le(ai\/ci) and
i restricted to By factors through the universal Whitehead product of Gy,.

3. H-SPACES AND Co-H SPACES

This section records several standard properties of H-spaces and co-H spaces
which will be needed subsequently.

Let X* be the k-fold product of X. The James construction on X is the direct
limit J(X) = hgl Jp(X), where Ji,(X) = X*/ ~ with

(@1, Tty % Tty T) ~ (T, o1, Tjg1, %, oo, Th).

The space J(X) is a topological monoid with multiplication defined by concatena-
tion of sequences and * as the identity.
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Theorem 3.1 (James). There is a natural homotopy equivalence J(X) ~ QXX in
which the adjoint j : X — QXX of the identity map on XX is naturally homotopic
to the inclusion X = J1(X) — J(X).

Proof. See [J]. O

A common use of James spaces is to extend certain maps.

Lemma 3.2. Let X oy be a map of spaces where Y is a homotopy associative

H-space. Then there is an extension of f to an H-map QXX Y which is unique
up to homotopy.

Proof. See [W VII, 2.5]. O

The uniqueness assertion of Lemma is powerful. It is often used to show
two H-maps QXX — Y into a homotopy associative H-space Y are homotopic by
comparing their restrictions to X. One example is the following lemma, which shows
that retractions with respect to homotopy associative spaces satisfy a naturality
property.

Lemma 3.3. Let X —» Y be an H-map between homotopy associative spaces.

Then there is a homotopy commuting diagram of H-spaces and H-maps

Qsf
QXX — QY

x—L vy

where both maps labelled v are left homotopy inverses for the canonical inclusions.

Proof. Applying Lemma [3.2] to the identity map X X x gives r. Similarly for
Y. The two composites f or and r o QX f are now H-maps extending f, so the
uniqueness assertion of Lemma [3.2] shows they are homotopic. O

Dually, there is a homotopy commutative diagram for co-H spaces which is
analogous to that for H-spaces in Lemma B3. The dual is in fact a little stronger,
as the H-spaces in Lemma [33] need to be homotopy associative while the co-H
spaces in the following lemma do not need to be homotopy coassociative.

Recall that A is a co-H space if and only if there is a map s : A — QA
which is a right homotopy inverse of the standard evaluation map ev : ¥QA — A.
By [Gal, there is a bijection between the homotopy classes of maps s as above and
the co-H structures of A.

Lemma 3.4. Let A <~ B be a co-H map between co-H spaces. Then there is a
homotopy commutative diagram

A—1—p

S t
o
QA —— YO8

where s and t correspond to the co-H structures on X and Y respectively.

Proof. See [Gr2, 3.6]. O
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One more property of H-spaces we need to investigate is how an H-space arises
as a homotopy fiber. Recall that for spaces X and Y, the join of X and Y is the
space X xY = X x I x Y/~ where (2,0,y) ~ (2,0,vy'), (2,0,y) ~ (2/,0,y). There
is a natural homotopy equivalence X *Y ~ 3 X AY. Now suppose X is an H-space
with multiplication m. The Hopf construction on (X, m) is the map X x« X NS3¢
defined by (z,t,) — (t,m(z, ).

Lemma 3.5. Let X be an H-space with multiplication m. Then the Hopf construc-
tion on (X, m) gives a homotopy fibration sequence

QX 5 X 5 X« X -5 32X,

where 1 is a left homotopy inverse to the canonical inclusion X 08X, In
particular, if (X, m) is homotopy associative then r can be chosen to be an H-map.

Proof. The existence of a homotopy fibration sequence for some retraction r is
proven, for example, in [St, 1.10]. The H-map assertion is not difficult to prove;
for example, see [T, 2.6]. O

An application which uses several of the preceeding lemmas is the following. Let
A be a co-H space. Then there is a map s : A — 3QA which is a right homotopy
inverse for the standard evaluation map. Let X be a homotopy associative H-space.
Then by Lemma B8 there is an H-map r : QXX — X.

Lemma 3.6. Let A be a co-H space and X a homotopy associative H-space. Let
f: QA — X be an H-map. Then with e andr defined as above, we have f ~ roQe.

Proof. Consider the diagram

Qs QX f
OA—— QXNA —— QXX

\ JW”) f J

04— X.

Since f is an H-map between homotopy associative H-spaces, the right hand square
homotopy commutes by Lemma B.3. The left hand triangle homotopy commutes
by the definition of s. Now simply observe that by definition the top row is Qe. O

4. HoMoTOPY ACTION MAPS

This goal of this section is to prove Propositions LTl and @121 The first deals with
the factorization of certain maps and will be used in section Bl The second gives
conditions under which certain H-spaces have multiplications which are homotopy
commutative and homotopy associative; it will be used in section While the
results in this section are probably known (or at least are easy to prove), to the
author’s knowledge they do not appear in the literature.

Definition. Let t : Y — X, where Y is an H-space. A left homotopy action
on the triple (¢,Y,X) is a map 0, : ¥ x X — X which fits into a homotopy
commutative diagram

Y xY —2—y

lm l

Y x X 2 x.
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There are two prototypical examples of left homotopy actions. First, suppose X
is an H-space with multiplication m and t is an H-map. Then the composite

0, Y x X "X x x x ™ x

defines a left homotopy action. Second, suppose 2B 9. F - E_—-Bisa
homotopy fibration sequence. It is classical that (0,QB, F) has a left homotopy
action.

Our first result uses left homotopy actions to factor certain maps.

Proposition 4.1. Let 7 - Y 5 X bea homotopy fibration where Y is an
H-space, 0, : Y x X — X is a left homotopy action, and t has a right homotopy

inverse s. Suppose R is an H-space andY 7, R 1s an H-map such that fu is null
homotopic. Let f: X =Y S R. Then f factors as'Y tox L R, f is the

unique map such that f ~ ft, and if X has the H-space structure determined by
the given retraction off Y then f is an H-map.

Proof. Let v be a left homotopy inverse for u. Consider the homotopy commutative
diagram

V2 vy xy X xxz 2% yxy Ly

Y X *
X * S X 0r,

Y xs—— X x%——Y x X — X.

Since p(s x u) and (¢ x v)A are both homotopy equivalences, the top row is a
homotopy equivalence e, possibly not the identity. After identifying X x % with X,
note that the homotopy action implies (s x %) ~ 1x. The diagram therefore shows
that ¢ ~ te, or equivalently, ¢ ~ te~!. From the homotopy commutative diagram

y L2 yvxy X xxz 2% yxy Ly
N
Y x % el Xx*fSX*RxR - R

we obtain fe ~ fst. Applying e~! to both sides then gives f ~ fste™! ~ fst.

Set f = fs. To show uniqueness, suppose f : X — R is a second map such
that f ~ ft. Then ft ~ ft implies fts ~ fts, which gives f ~ f Finally, if X is
given the H-structure determined by the retraction off Y, then the fact that f is
an H-map follows from f being an H-map and the homotopy f ~ ft. |

Remark. If the homotopy action hypothesis of Proposition [l is omitted, then

there is a factorization of f as Y L x L5 R for some map ¢ which is a left
homotopy inverse for s (see, for example, [Gr2), 3.5]), but there is no guarantee that
t' is homotopic to t.

Besides a left homotopy action we could equally well consider a right homotopy
action. That is, suppose thereisamap t: Y — X where Y is an H-space. A right
homotopy action is amap g : X XY — X which fits in a homotopy commutative
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diagram

Y xY ——vy

let J]t
Or

XxY —X.

Notation. Let Ta,p : Ax B — B x A be the map which interchanges the factors.
We write simply 7" when the spaces A and B are understood.

As in the case of a left homotopy action, if ¥ 45 X is an H-map between
H-spaces, then the composite

Op X xY X X x X ™ X

defines a right homotopy action. If X is homotopy commutative, then the two
canonical homotopy actions are related by the formula 8z = 61, o Ty, x. We would

like an analogue of this formula in the case of a homotopy fibration sequence Q2B 9,
F — E — B. We need, then, an analogue of the commutativity condition in the
H-space case. This is provided by the following lemma.

Notation. For the rest of this section, g will denote the loop space multiplica-

tion on 2B. If in the homotopy fibration sequence QB 9 F - E B
the homotopy fibration connecting map 0 has a right homotopy inverse, then the
multiplication determined on F' by this retraction off QB will be denoted by pp.

Lemma 4.2. Let OB %~ F — E — B be a homotopy fibration sequence.
Suppose Oppo Taopap ~ Ou: QB x QB — F. Define 0r = 0, oTop . Then Or
is a right homotopy action.

Proof. We need to show that 0g(0 x 1lop) ~ Ou. But

0r(0 x1gp) = 6OroTopro(0xlap)
01 o (lap x 0) o Tap.aB
OpoTaopap =~ 0.

This proves the lemma. O

¢

1R

The commutativity condition of Lemma[£.2] begins to be more suggestive when
0 has a right homotopy inverse so F' has an H-space structure determined by the
retraction off QB. We will show in Lemma 3 that under these circumstances the
multiplication pr on F' is both homotopy commutative and homotopy associative.
We first require two preparatory lemmas.

Lemma 4.3. Let OB -~ F — E — B bea homotopy fibration sequence where
0 has a right homotopy inverse s. Then the multiplication ur on F is homotopic
to 0L (S X ]-F)

Proof. The homotopy commutative diagram

FxF-30BxOB—+QOB

JQBXB la
sxXF
oL

OBx F——F

proves the lemma. [l
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Lemma 4.4. Let A be an abelian monoid with multiplication . Then A is asso-
ciative if p(la x p) = p(la x p)o (Taax1g)o(la xTaa).

Proof. Trivial. O

Proposition 4.5. Let QOB 9. F-—E-—Bbea homotopy fibration sequence,
where O has a Tight homotopy inverse s. Let F' have the H -structure determined by
this retraction off QB. Suppose Op ~ OpoTaopap : QB x QB — F. Then F is
homotopy commutative and homotopy associative.

Proof. Homotopy commutativity follows immediately from preceding each side of
the homotopy dp ~ du o Tap,ap by s X s.

To prove Y is homotopy associative it now suffices by Lemma[4 (applied in the
homotopy category) to show that

/.LF(lp X /.LF) ~ /,LF(lp X /JF) o (TF‘,F X 11:') o (1F X TF,F)-
The homotopy commutative diagram

SXSXS

FxFxFZ50B % 0B x 0B 224 0B x 0B — 0B

ls XWF lQB X0 Ja
oL

OB x F OBx F————F.

shows that 0 (s x pp) ~ duo (lgp X ) o (s X s X s). But by Lemma E3,
HE © (11:' X MF') ~ eL(S X 11:') o (1F X MF') ~ eL(S X /.LF).

Hence pup(lp X pp) ~ dpo (lap X ) o (s X s x s). If this homotopy is preceded by
(TF,F X 1F> ] (11:' X TF,F‘)) then we have HF © (11:' X /.LF) o (TF‘,F X 1F> o (11:' X TF,F‘)
and 8MO (1QB X M) o (TQB,QB X 1QB)O (1QB X TQB7QB) o (5 X 8§ X S) Thus if there were
a homotopy dp o (lap x p) ~ duo (lap x p) o (Tap,ap X lap) o (lap x Tap,aB).
we would be done.

For the rest of the proof, we will use T' and 1 to denote Tp op and lgp respec-
tively. To show that Ou(1 x p) ~ Ou(l x u)(T x 1)(1 x T), we proceed with two
chains of homotopies. The first uses the homotopy associativity of i, the hypothesis
Op ~ OuT, and the right homotopy action of Lemma

Op(l x p)(Tx1) =~ Iu(px1)(T x1)

op(pT x 1)

Or(0 x 1)(uT x 1)
(OuT x 1)
(
(
(
(

R

\
>

R

1R
>

r(Op x 1)
Or(0 x 1)(p x 1)
Op(p x 1)
~ Qu(l x p).

1R

12
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Thus Op(1 x p)(Tx 1)(1 x T) ~ Ou(l x p)(1 x T). The second chain of homotopies
uses the hypothesis Ou ~ duT and the left homotopy action:

Ou(lx w)(IxT) =~ Ju(lx ul)
0r(1 x 9)(1 x uT)
Or(1 x ouT)

(1 x Op)

0r(1 x 9)(1 x )
~  Ou(l x p).

1R

12

12

12

This completes the proof. [l

More can be said given the conditions of Proposition BE5. We will prove in

Proposition 8 that QB O Fisan H -map. First we require a general lemma
which shows that a homotopy action, while not left distributive in general, does
satisfy a partial distributivity formula.

Lemma 4.6. Let OB -2+ F — F — B be a homotopy fibration sequence. Let

X L 0B and Y -4 QOB be maps such that 0g ~ x. Then Ou(f x g) ~ Ofm,
where 1, is the projection onto the first factor.

Proof. The homotopy commutative diagram

fxg Iz
XxY—QOQBxOQB—— QOB

lQBxa JB
fxx
oL

OB X F——F

proves the lemma. [l

If g = 01, o T is a right homotopy action, then Lemma 6 can be made sym-
metrical.

Corollary 4.7. Let QB 9 F _E _—Bbea homotopy fibration sequence.

Suppose 0g = 0, 0Top,F is a right homotopy action. Let X 0B andy % QB
be maps such that Og ~ x. Then Ou(f x g) ~ Ogma, where wo is the projection onto
the second factor.

Proposition 4.8. Let QOB 9 F —~E " Bbea homotopy fibration sequence,
where O has a Tight homotopy inverse s. Let F' have the H -structure determined by
this retraction off QB. Suppose Op ~ Opo Taopap : Q2B x QB — F. Then 0 is
an H-map.

Proof. The proof proceeds by constructing several chains of homotopies. Through-
out, m; will denote the projection onto the i" factor of a product. First consider
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the diagram

QB T
QExQExF—""7 L oExF 2 . F
QhxQhxs Qhxs

uxQB
OB xOBxOB—— QB x QOB
QOBxpu ©
OB x QOB £ OB
QBx0 o
OB x F o F=———F

It is clear that each internal square in the diagram homotopy commutes, except
possibly the rightmost. Since Op ~ Ou o Topap, Lemma shows that 0 =
01, o Tap,r is a right homotopy action. Thus the rightmost square above does
homotopy commute by Corollary 7, and so the diagram as a whole homotopy
commutes. Note that the top horizontal row is the projection w3 onto the third
factor. Precomposing with the map QFE x Tqop r and again using the fact that
Op ~ dpoTap.op gives a homotopy commutative diagram

OF x F x QF —20" 0B« QB x OB

lﬁz laLo(QBxau)

F F.

This diagram implies the commutativity of the left hand side in the following
homotopy commutative diagram (where A = s x Qh x s X Qh):

wXp

FxQExFxQFE—3QOBx OB x OB x QB QB x OB

JQB XQBXu lli
QB x

X3 OB x QB x OB ——X 3 OB x OB —-— OB
lQBxaLo(QBxa) lQBxa Ja
FxF X OBxF—— QBxF—"% s F

Observe that e = p o (s x Qh) is a homotopy equivalence and the top row in the
diagram is homotopic to e x e. By Lemma €3] the bottom row is homotopic to up,
the multiplication on F'. Thus 0o po (e X €) > pp o (w1 X 73).

By Lemma @8, the composite F x QF —— QB 9. Fis homotopic to the

—1
projection onto the first factor. Thus QB S F x QF =% F is homotopic to 0.
Now we have

op ~ Oulexe)(e?

/LF(ﬂ'l X 71'3)(67
pr(0 % 0),

which says exactly that 0 is an H-map. O

12

12
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We now turn our attention to finding conditions implying the supposition du ~
ouT of Propositions BBl and The first arises from the partial distributivity
formula of a homotopy action in Lemma [£.6]

Lemma 4.9. Let OB -2 F — E — B be a homotopy fibration. If QB X
. -1
QBH(HT) op 2

F' is null homotopic, then du ~ ouT .
Proof. We begin by rearranging. Applying both
po(uT)™" and  ((uT)™"-p) o (lgp x 1gp)

to a pair (a,b) of elements in QB x QB shows the two maps are homotopic. Since
lgp % 1gp is a homotopy equivalence, we have d(u - (uT)™1) ~ « if and only if
O((uT)~t - p) ~ x. Next, the associativity of the group [QX x QX,QX] implies
p=((pT) - (uT)™Y) - p =~ (uT)- ((uT)~ '+ ). Recall that the product of two maps
fyg € [Y,QB] is given by the composite po (f x g) o A, where Y 2,V xY is the
diagonal. Thus, with Y = QB xQB, f = uT, and g = (uT) ™!y, Lemma .6 shows
that 9(f-g) = Ou(fxg)A =~ (0fr1)A ~ df. Hence O ~ d(uT)-((uT) " -p) =~ ouT,
as required. O

Next, we give a slightly weaker condition which implies that d(p - (uT)™1) ~ *
and hence that Ou ~ OuT. Tt is based on the identification of p - (uT)~! as a

commutator. We digress momentarily to discuss commutators.

Given X I oaz and Y -& QZ, then their commutator is the map

[f.9] : QX x QY — QZ defined pointwise by [f, g](z,y) = f(x)g(y)f~ (x)g~" (y).
In terms of maps, it is the composite

[f,9) = po(laz x 1gz)o(ux p)o(f xgxfxg)o(lxxy x Txxy)oA.

Q .
For example, consider QX =, Q(X Vv X), where e; is the inclusion into the j**
wedge summand. The composite of [Qe1, Qes] with the loop of the canonical in-

clusion Q(X V X) 20X x QX is determined by the left and right projections
onto QX. It is trivial to see the projections are null homotopic. Thus there is a lift
of [Qe1,Qes] to the homotopy fiber Q(3OQX A QYY) of Q4. Furthermore, compos-

ing [Qeq, Qes| with the loop of the fold map X vV X Yox gives the commutator
[lax, lox]. Thus the adjoint of [1ox, 1ox] factors through the universal Whitehead
product of X,

YOXAOQX L X VX - X,

Lemma 4.10. In [QB x QB,QB] the map ju- (uT)~! is homotopic to the commu-
tator [193, 193].

Proof. This follows from the definition of a commutator and the group structure in
[QX x QX,QX]. Explicitly, the formula defining a commutator gives

lop,laop] ~ po (lap X 15113) o(pxp)o(laopxar X Tap.ar) o A.

But this is exactly the composition defining the sum g - (u7) L. O
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Lemma 4.11. Let OB -2 F — E — B be a homotopy fibration sequence.
Suppose there is a homotopy commutative diagram

XQBANQB——BVBEB

|

EFE————B

where the upper composite in the square is the universal Whitehead product of B.
Then O(p - (uT)~ 1) ~ *.

Proof. Suppose the square homotopy commutes. By Lemma[£.10]and the comments
preceding the statement of this lemma, the adjoint of u - (u7)~! factors through
the upper composite in this square. Looping then shows that d(u - (uT)~1) factors
through the homotopy fiber of 9, and so is null homotopic. O

The following proposition summarizes Proposition [£H, Proposition [£8, Lemma

K9, and Lemma 111

Proposition 4.12. Let QB 9 F E-—Bbea homotopy fibration sequence
in which 0 has a right homotopy inverse s. Let F' have the H-structure determined
by this retraction off Q2B. Suppose there is a homotopy commutative diagram

YQBANQB——BVB

| F

E——B

where the upper composite in the square is the universal Whitehead product of B.
Then O is an H-map, and F is homotopy commutative and homotopy associative.

5. A UNIVERSAL PROPERTY OF T}

This section is concerned with proving that under certain conditions P?"(p")
is a generating space for Th,. That is, given a space X and a map P?"(p") —
X, we would like to know when it is possible to obtain an extension to a map
Ts — X. Anick and Gray [AG], 4.7] showed that if X is an H-space with p"T¢=1.
Tonpi—1(X;Z/p"Z) = 0 for i > 1, then such an extension does exist, but it
may not be unique. They conjectured [AGl 5.5(b)] that if X were a homotopy
commutative, homotopy associative H-space, then there exists an extension to a
unique H-map. We show that this is indeed the case.

The proof inductively constructs an extension of a given map P?*"(p") 2 X to

an H-map QG), — X. By Theorem 23] there is a homotopy fibration QRy, Sk,
QG LN Ty, where O has a right homotopy inverse dy : Ty, — QG. We thus
have a map 7, : Tk Ak, QG 2% X, but this need not be an H-map. To obtain

the stronger result we show that ;0 Qi >~ * and ~;, factors as QGYy, e, Ty, NINy'S
A direct limit argument is then applied to obtain the case k = oco.

The crux of the proof is really in the reason behind why ~ factors as 7 o 0.
This stems from the strong assertion in Lemma [511
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Lemma 5.1. For p > 3, there is a choice of the map p2np* (prt*) =% Gr_y in
Theorem [Z] such that the composite

Qp2e" (prky 22 0g, B X
is null homotopic.

Proof. Consider the homotopy fibration QM 2, QG, 22 X, Asin [N3], since X
is a homotopy commutative, homotopy associative H-space and 7,1 is an H-map,
Samelson products on QGy_1 lift through QA to QM. Furthermore, the Lie algebra
identities satisfied by the Samelson products in 7. (QGg_1;Z/p'Z), t > 1, are also
satisfied by their lifts to QM. The same applies to Whitehead products on Gj_1
by adjointing. In particular (see [Th]), o is a mod p"** homotopy defined as an
extension of a mod p"+t*~! homotopy class # which factored through the universal
Whitehead product of Gr_1. The extension existed because of Jacobi and anti-
symmetry identities satisfied by the collection of indirect lifts in Theorem 2] (d).
Thus, given X, the extension defining « could have been chosen to factor through
M, and this would prove the lemma. [l

Remark. Note that while the choice of o in Lemma [5.1] depends on the given homo-
topy commutative, homotopy associative H-space X, the mod p""*~! homotopy
class 6 from which o was obtained as an extension factors through the universal
Whitehead product of Gi_1, and so pa factors through the universal Whitehead

r+k—1

product of Gi—1. Thus the attaching map p « defining Gy, is independent of

X.

Another aid in obtaining the factorizations we desire is the following lemma.

Lemma 5.2. Suppose there is an H-map QGy L. R such that JQ o is null

homotopic. Let f : Ty, A, QG;QL R. Then f factors as QG LN Ty, iR R, fis
the unique map such that f =~ f o O, and if Ty, has the H-structure determined by
the given retraction off QGy then f is an H-map.

Proof. Apply Proposition B.1] to the homotopy fibration sequence in Theorem 2.3]
[l

We now proceed to the main theorem. Let ip_1 : Gr_1 — G} be the inclusion.

Theorem 5.3. Let X be a homotopy commutative, homotopy associative H-space.
Let P?"(p") = X be given. Then for p >3 and 0 < k < co:

(a) There exists an H-map QG RN 'e extending yv. Moreover, vy can be chosen
so that vy 0 Qig—1 ~ Vg—_1.
(b) Let7, : Tk A, OG, 2% X. Then i factors as QG LN U LN X, 7y, is the
unique map such that v >~ 7, 0 O, and if Ty, has the H-structure determined
by the given retraction off QGy, then 7, is an H-map.
(¢) The H-maps in (a) and (b) are unique up to homotopy.
Proof of Theorem[5-3 The induction occupies several pages. Part (a) comes fairly
quickly, but parts (b) and (c) require more effort.

First let us consider the base case k = 0. Here, GZ" is the Moore space P?"1(p").
Since X is homotopy associative, the James construction gives an extension of v to
a unique H-map QP21 (p") =% X . In the homotopy fibration

TOQYL—l _ RO L_O) P2n+1(p7’)
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of Theorem[Z3] Ry € W) and ¢ is a wedge sum of p-primary Whitehead products.
Thus, as X is homotopy commutative and g is an H-map, the composite

QR 2o p2it 20,

is null homotopic. Applying Lemma [F2 completes this case.
Now assume that k < co and the theorem has been proven for k — 1.

Proof of (a). We begin by constructing a map from Gj to ¥X. The inductive
hypothesis gives an H-map QG 220 X, Since Gy_1 is a co-H space, there is a
map Sg—1 : Gg—1 — XQGr_1 which is a right homotopy inverse for the standard
evaluation map. Let ex_1 : Gx—1 — XX be the composite Xyr_1 0 sg_1.

. k Pt er—1 .
Lemma 5.4. The composite P*"P" (p™+*) ——— Gy ——— %X is null homo-
topic.

r+k—1

Proof. Since p a is a co-H map, by Lemma [34] there is a homotopy commu-

tative diagram

rtk—1,

p2p* (p’l"+k) —  yGra

l J{Sk—l
EfKBT+k_1a)

QP (k) — % 50G 1.

Thus to prove the lemma it suffices to show that the composite X, _10XQ(p "+~ 1a)
is null homotopic. But this follows from Lemma [5.1] which says that y,_1 o Qo is
null homotopic. [l
) prtRlg

Since P27 (prth) = Gr_1 G, is a homotopy cofibration, Lemma .4l
implies there is an extension of ex_1 to a map e, : Gy — X X. Since X is
homotopy associative, by Lemma there is an H-map r : QXX — X which is

a right homotopy inverse to the standard inclusion. By Lemma [3.6] the composite
Qep—1

OGr1 —' QXX - X is homotopic to Ye—1- Let vg @ QG 2% Onx s X,
Then ¢ is an H-map and v, 0 Qig—1 >~ Yg—_1.

Th—1

Proof of (b). To prove (b) it suffices by Lemma [5.2] to show that the composite

QR Segy QG %, X is null homotopic.

By Theorem B3, Ry ~ A V Ci V By, where the restriction of Ry to Ay V Cf
maps to Gy by (\/f:1 a;)V (\/f:1 ¢;) and the restriction to By maps to Gy, through
the universal Whitehead product of Gy. Write Ry, ~ X Ry, Ay V Oy = S(Ax Vv C}),
and B = YBj, for each of Ry, Ay, Ck, and By, in Witk By Lemma B2, the
H-map i, o Quy, is determined by its restriction to the inclusion of Ry into QRj.
Therefore to show v 0 Qg is null homotopic it suffices to show it is null homotopic
when restricted to each Moore space summand of Ry,.

By the definition of By, the composite B, — QR Dok, QG factors through
the loop of the universal Whitehead product of G,. Hence this composite composes
trivially with 7y into the homotopy commutative H-space X.

The maps a; and ¢; into Gy for 1 < i < k — 1 were defined using the inclusion
ik_1 : Gr_1 — G}, and their domains Ag_q1 V Cix_1 are Moore space summands
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of Ry_1. Thus, since yx_1 ~ v o Qir_1 by part (a), the restriction of v o Qe to
Ajp_1 Vv Ci_1 is null homotopic.

It therefore remains to prove that the adjoints of aj and ¢, compose trivially
with 7. More accurately, there was some choice in defining aj and ¢ in Section 2
but any choice would have sufficed to fulfil the requirements of the homotopy de-
composition of Theorem 3 What we intend to show is that there is some choice
of aj, and ¢ whose adjoints compose trivially with 5. These choices depend on the
given homotopy commutative, homotopy associative H-space X, but as they affect
QG and Ty, by self-equivalences, the stated outcome of Theorem[R.3is not affected.
The remainder of this subsection describes how to make the desired choices of ay,
and cg.

By Lemma [3.5] the Hopf construction on X gives a homotopy fibration sequence

OEX S X 5 XX — X,

where r is an H-map. Define spaces M and N by homotopy pullback diagrams

M—>Gk—1 N—>Gk
N
Xx X—3¥X Xx X —3¥X

where the lower row in each diagram is the Hopf construction on X. Since e
restricted to Gx_1 is ex_1, there is also a homotopy pullback diagram

M—— N

L

kal————>6%.

r+k—1

We wish to show that properties of the maps a and p «a in Lemmas B

and 5.4 imply there is a choice of the map P2 (prtr-tyv PQ”pkH(p”""’k_l) A
Gy, which factors through N. This would imply that for this choice, Q(ax V ci)
composes trivially through -4 in the homotopy fibration QN — QGj, —% X, and
so would complete the proof of part (b).

We begin with any choice of ay, V ¢; and expand the homotopy pushout diagram
of Section 2]

rrk—1
]3271;0’C (p’l"+k) - P2npk (prJrk) — P2npk (prJrkfl) v P2npk+1 (prJrkfl)

H la J/ak\/ck
p'r'+k710/

p2np” (prTF) — Gr—1 Gy,

T

Z.
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From this we obtain a homotopy pullback diagram

E D

|1

F——Gi_1 — Gy

L)

A Z.

By the definitions of Z and Gy, as cofibers, « lifts to E and Q”‘k_la lifts to F.
Observe that both E and F are (2np”* — 2)-connected. If n > 1, then the actions of
QZ and QGj, on E and F respectively imply the next cell in either F or F' occurs
in dimension greater than 2np®. Thus the lifts of a and p" %~ la are inclusions
of bottom Moore spaces. If n = 1, then both QZ and QG}, have a single cell in
dimension 1, and so their respective actions on E and F imply the 2p”*-skeleton of
each is homotopy equivalent to p" (prtr-—1yv 527", Thus there are choices as to
how a and Q”‘k_loz lift to £ and F, but any choice must be the homotopic to the

identity on P2P" (p"+*=1) and some multiple of the pinch map p2r* (prtk—1) —
52",
We see then that for all n > 1 (making compatible choices when n = 1), there is

a homotopy commutative diagram

prh-1

P2npk( 7"+k) >P2np (pr+k)

S

F—

Y

r+k—1

where h and i are inclusions and are lifts, respectively, of p a and a.

By Lemma there is a lift of Qa to QM. Including PQ"pk_l(pH'k) into

Qp2np* (p+*) and adjointing gives a lift of a to M. We now return to the ho-
motopy pullback diagram

M N

R

F—— G —— Gg.

The question is whether the lift of o to M can be chosen to be p"+t*~! times the
lift of p"t* 1o to F. But a lift of a to M is really a lift of the 2np*-skeleton of
E to M provided n > 1, and when n = 1, a lift of the Moore space summand of
the 2pF-skeleton of E to M. Hence there is a homotopy commutative diagram

prtk—1
P2np (prJrk —>P2np

!

prJrk)

(2

/-\

—

=

_—

)
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where 4 factors through E. Mapping through the cofiber of B”k’l then gives a
homotopy commutative diagram

p2np” (prth) —— p2np” (prrh=1) v P2npk+1(pr+k71)

| !

M N

for some map j.

We can therefore refine our choice of ay V ¢ by defining it as the composition
p2w* (prth-1y v PQ"”kH(p’“*‘k_l) ., N — Gyj. This choice of ay V ¢ which
factors through N is exactly what we required in order to complete the proof of
part (b).

One more fact coming out of the proof should be noted, as it plays a part in the
proof of uniqueness in part (c).

Lemma 5.5. The map ai V cx could be chosen to factor through N independently
of the choice of extension Gy, — X of ex_1. In other words, with the given choice
of ax V ¢k, the composition

Q(ak\/ck)

Q(P2npk (pr+k71) vV P2npk+1(pr+k71)) QGk roQeyg X

is trivial regardless of the choice of the extension ey.

Proof of (c). At this point we have shown the existence of an H-map QGj RN '
extending P2"(p") 20X , and proven it factors through Tj. To prove the unique-
ness of both of these H-maps, it suffices by the uniqueness assertion of Lemma
to prove the uniqueness of the H-map .

Let v and +y;, be any two H-maps extending 7. Since Gy, is a co-H space, there
is a map s : Gy — XQG which is a right homotopy inverse for the standard
evaluation map. Let ex be the composite Gy LN Ve aptis =7k YX, and define ¢,
similarly using ;.. By Lemma[8] v, ~ roQey and v, ~ roQe} , where QXX X
is the H-map given by the Hopf construction in Lemmal35l By induction, there is
a unique H-map QGj_1 T x extending 7, and so Qig_1 0y ~ Qig_1 0}, Let

b
ex_1 be the composite G_1 == YQGr_1 25" ©X.

Lemma 5.6. e ~ e 0ip_1 and ep—1 ~ €}, 0ij_1.

Proof. Consider the diagram

Gr1 =5 $0G)— 1—>2X

J/ik— 1 EQ% 1 H

G —2— EQGk SRS EN ¥X.

Since Gy is contructed by attaching a Moore space to Gip—1; by a co-H map,
the skeletal inclusion i1 is a co-H map. Thus the left hand square homotopy
commutes by Lemma [B4 The right hand triangle homotopy commutes because
Ve—1 = Yk © Qig—1. Thus ex_1 =~ ej 0 ix_1. Since yr_1 =~ 7}, 0 Qig_1 as well, the
same diagram with v replaced by +;, shows that we also have ey_1 ~ e} 0ip_1. O
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Now consider the homotopy pullback diagram

Ak

QGk X Wy Gk

bl T

QXX — X — 5 X« X — XX,

where the lower row is again the homotopy fibration resulting from the Hopf con-
struction on X. Since X is homotopy commutative and r is an H-map, the additive
difference ey, — e}, in the co-H structure of X, when looped and composed with r,
is homotopic to the difference (r o Qex) — (r o Qe}) in the H-structure of X. Thus
ro Qex — ¢f) = 7 — 7.

If v4 were the unique H-map extending the inclusion of the bottom Moore space
into QG}, then v, — v, ~ *, and so QA has a right homotopy inverse. Since Gj,
is a co-H space, we equivalently obtain a right homotopy inverse of Ax. Thus to
prove the uniqueness assertion of Theorem [3] it suffices to prove that Ay has a
right homotopy inverse.

Define Wj,_1 by the homotopy pullback diagram

F —— F

| ]
X Wi —5 Gy
| ] |-
X Wi —2 s Gy

By the definition of Wy, we see that Wj_; is also the homotopy pullback of the

composite Gi_1 Gy "%, 9 X and the Hopf construction X « X — ¥ X.
By Lemma 58] (e; — €)) oix—1 =~ *, and so A\r—1 has a right homotopy inverse,
€k—1 Gk—l — Wk—l- Thus QWk_l ~ QGk_l x QX.

Next consider the homotopy pullback diagram

Tk—1

F Q X

|

F—— Wi — Wy

I

G === Gk,

where f is defined as the composition. When looped, QW1 ~ QGr_1 x QX and

the composite QX — QWi_1 L QG), is trivial by definition of f. Since Qf is
multiplicative, this implies QQ ~ QF x QX.
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rtk—1
Now, since the attaching map p2np* (prt+F) L7 Gj—1 lifts to F, we can use

the splittings of QWj_1 and Q@ to obtain a homotopy commutative diagram

Qp2r" (prik) L LOF xOX —2 50X

pee |

OG 1 — 2 Q-1 x QX —— QW

where 41 is the loop of the lift of p"t*~1a to F' composed with the inclusion into

the product, is is the inclusion into the product, and 7, is the projection onto the

Q(ptE—1 Qer
second factor. Thus the composition QO : QP2 (pr+k) I CT

QOWi_1 — QW is null homotopic. Since p"+t*~'a is a co-H map, Lemma B4]
together with the standard evaluation map applied to the constituent maps in £Q0,
shows that © is null homotopic. Thus there is an extension through the homotopy
cofiber of p"t*~1q; that is, there is a homotopy commutative diagram

€k—1
Gr—1 —— Wi

]

€k
(;k ————E——% LV},

which defines €. In particular, this implies the composite G, — W, LN Gy is an
isomorphism in Ha,( ), and so is a homotopy equivalence as Gy, is atomic. Thus
A, has a right homotopy inverse, which is what we required to complete the proof.

The Case of k = co. It remains to pass to the limit. As v is an extension of ;1
for £k > 1 and all spaces are of finite type, we can define 7o, = lim ;. Parts (a)

and (b) now follow immediately. The only bone of contention is whether v, is the
unique H-map extending . That is, informally speaking, it is necessary to check

that there are no phantom H-maps. This will be shown by the following lemma.

Qi
We are considering the directed system determined by the maps QGj_1 e

QG}, where ij_1 is the inclusion.

Lemma 5.7. Let Y be an H-space. In the short exact sequence of groups
0 — lim'[QGy, QY] — [2Gw, Y] N lim [G, Y] — 0

the map t is an isomorphism.

Proof. Since Y is an H-space, it suffices to consider the same short exact sequence
with spaces and maps replaced by their suspensions. Consider the universal case.
The directed system gives a homotopy cofibration

V ZQG — 3G — C.

k=0

Continuing the homotopy cofibration, we have

C— \/ 2*QGr — 2’6
k=0
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By Theorem [Z1] (b), ¥2QG) € WrtF. Further, Theorem 1] (a) implies iy is
(2np**1 — 2)-connected. Thus any Moore space summand P™(p"+7) of $2Q0G
of dimension m < 2np**t! — 2 is a retract of £2QG). Hence Y2QG is a retract
of Vie g ?QG). Therefore C is also a retract of \/7-, ¥?QGy, and so the map
YOG o — C is null homotopic. This implies lim'[QG}, QY] = 0. O

6. H-SPACE PROPERTIES OF T,, WHEN p > 5

When p > 5 we intend to apply Proposition to the homotopy fibration
QG LN Too — Reo =2 G of Theorem 2.3 Since d~ has a section, it remains
to prove the appropriate diagram homotopy commutes. This will be shown in
Lemma[6.5l We leave the case of p = 3 until Section [1.

We begin with two lemmas on a wedge of Moore spaces. Recall the notation

My = Vi P2 (p79).
Lemma 6.1. In the homotopy fibration

YOX My A QXM —2 SM, V SM), — SMjy x XMy,
U is homotopic to a sum of p-primary Whitehead products.

Proof. First note that QXM AQX M), € W,f*k. Write XQX M AQX M}, as W for
W € Wtk Since QW has a left homotopy inverse, it is an inclusion in homology.
Furthermore, the Hurewicz image of each Moore space summand P of W under the
composite

W -1 QSW — Q(SM), v SM},)

is a bracket in the generators of H, (Q(XMj vV ¥My)) = T(H.(My V My)). Using
the identity and Bockstein maps on each Moore space summand of XMy, V XMy,
it is clear there exists a p-primary Samelson product on Q(X M}, V ¥ M}) which has
the same Hurewicz image as P. Summing these p-primary Samelson products, one
for each Moore space summand of W, gives a map W A, QXM v ¥My). Each
p-primary Samelson product factors through the loop of the universal Whitehead
product, so A lifts to a map X : W — QXM A QXM with A ~ ¥). By con-
struction, when ) is extended to its James space, the resulting map is a homology
isomorphism and hence a homotopy equivalence. Taking adjoints then proves the
lemma. |

We next want to consider the behavior of the p-primary Whitehead products
of Lemma when composed with the fold map. That is, we are considering the
universal Whitehead product of ¥ M. To do so, we require some notation.

Let L{uo,vo,- -+ ,uk, vx) be a free Z,)-dgl where for 0 <i < k we have |u;| =
2np' — 1, |v;| = 2np*, d(v;) = p"Tu;, and d(u;) = 0. By Theorem [ZT] (a) there are
isomorphisms of Hopf algebras and Bockstein spectral sequences

H*(QGk) = UL<UO7'UO7 e, Uk, ’Uk> = H*(QZMk)
Define L as a dgL kernel,

Ly — L{po, vo, -+, pkes Vi) — Lab (o, v0, -+ 5 fio, Vie)-
Since Ly, is a free sub-Lie algebra of a Lie algebra, it is free. Suppose Ly = L(V};)
for some graded Z,)-module Vi. Write Vj, = {z4}yer. For z, € Vi let r, be
the maximal degree for which the image of z., in E}; (2XMjy) is nonzero. Let



PROPERTIES OF ANICK’S SPACES 1031

P,(p™) — QEM}, be the p-primary Samelson product whose Hurewicz image is
T, Let Yy = \/A/ P, (p"™), and define g : Y — QXM by taking the coproduct
over v € I'. Let Y = XY, and let g be the adjoint of g.

Lemma 6.2. For p > 5, there exists a homotopy commutative diagram

SOY My A QXM —2— SM,, V S M,

| I

Y g Y M,

where the upper composite is the universal Whitehead product of X Mj. In particu-
lar, g factors through Ao W.

Remark. It should be pointed out that ¥, — LM, is not optimal in the sense
that many of the p-primary Whitehead products in the sum are Bocksteins of other
p-primary Whitehead products in the sum. Optimally, L; would be free not just
as a Lie algebra but as a dgl.. Then Y} could be chosen to correspond to the dgL
generators. However, Ly need not be free as a dgL, but Yj as above is sufficient for
the intended purpose.

Proof. The previous lemma shows the universal Whitehead product on ¥ My, is com-
posed of p-primary Whitehead products. If p > 5 then the p-primary Whitehead
products on XM} form a Lie algebra, and the lemma follows. [l

Since Mj, is a finite type wedge of Moore spaces, the above two lemmas also hold
for the homotopy colimit, M.

We now tie in Go. First, we require a lemma concerning the map QG Bee, Tw-
While it is not yet known that this is an H-map, it is possible now to show that it
behaves like an H-map in homology.

Lemma 6.3. In homology, QG O, Too determines a Hopf algebra map
oo )%
U L{ug, vo, u1,v1, - - ) (o), ULap(u2n—1,v2n)-

Proof. First, keep in mind that by Theorem[Z1] (a) there is a Hopf algebra isomor-
phism H.(QGw) = UL{ug,vg,u1,v1 -+ - ), and by Theorem [2:3 there is a coalgebra
isomorphism H.(Tw) = U Lap(ug, vo) = S(ug, vg).

Let Elz,,] and Z/pZ[z,,] respectively be exterior and polynomial algebras gen-
erated by an element of degree m. A Serre spectral sequence calculation shows that
there is a Hopf algebra isomorphism

H, (QS?"HHpr}) = é Elagnyi—1] ® é Z/pZ[baypi —2] @ Z/pZlcan],

i=0 i=1
where 3" (con) = azn—1 and B (ag,pi—1) = baypi—o. This Hopf algebra isomorphism
can be rewritten as

HAQ8* H{p'}) = H(Toe) & () Elasnys 1] © R Z/Z b ).
i=1 i=1
Let 7 : H.(QS*T1p"}) — H.(Tx) be the Hopf algebra projection. By Theo-
rem [£.3] the homotopy commutativity and homotopy associativity of QS*+1{pr}
imply there is an H-map QG —> Q82 F1p™) which factors as the composite
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QG Do, T e, QS2nH1prY where Y, is an H-map. Note that 7o (Jso )« equals
the identity map on H.(Tw ), and this defines a Hopf algebra structure on H, (7).
Further, the composite

H.(0G) 0= B8 1 (p7)) " HL(To)
is a Hopf algebra map equal to (O ). O

We introduce some notation. Let X, be the space defined by pinching each
Moore space summand in A V C to its top cell. Let R be the graded Z(,)-

module defined by R = H,(Roo;Zy)). Similarly let AC = H.(Ax V Coo; Z(y)
and X = H, (Xoo; Zpy). Since Ao V Ci is a retract of R, there is a projection
7 L(R) — Lau(X).

Lemma 6.4. There is a pullback diagram of Hopf algebras

JU(j) lU(i)
(o)

UL(R) —="5 U L{ug, vo, u1,v1, )

JU(W) lU (m)

ULa(X) SEEEN U Lay(ug, vo, u1,v1,- ) — ULay(u2n—1,v2n)

which defines v and .

(000 )
E— ULab<u2n—1; 'U2n>

Remark. The important thing to note in Lemma is that the underlying Lie
algebra map i lifts through (Qts )« to a map j of Lie algebras.

Proof. The factorization of the lower right square holds because (0 )« is multi-
plicative by Lemma and U Lgp(tuan—1,v2,) is commutative. To show the lower
left square commutes, recall by Theorem that Reo ~ Ao V Cs V By, where
Roo =22 G restricted to Ba, factors through the universal Whitehead product of
Goo. Thus, as ULgp(ug, vo, u1,v1, - - - ) is commutative, the composite U (7)o (Qtoo )«
factors through a map UL.,(AC) — U Lap(ug, vo,u1,v1, - ). But by Lemma 2.2
the Bockstein of each Moore space summand in Ay, V Cy has Hurewicz image in
U L{ug, v, u1, 1, - - ) projecting to zero under U (7), and so U(m) o (Qe )+ factors
through UL.,(X). The factorizations of the two lower squares define v and A and
imply they are Hopf algebra maps. Finally, the pullback assertion now follows be-
cause ULqp(X) lifts (as an algebra) to the Hopf algebra kernel of v and the two
have identical Euler-Poincaré series. [l

Lemma 6.5. For primes p > 5, there is a homotopy commutative diagram

D0G o0 A VGoo —— Goo V Goo
J |-
Roo ——=—— Guo
where the upper composite is the universal Whitehead product on G .

Proof. By Theorem 211 (d), the Lie algebra identities satisfied by the p-primary
Whitehead products on XM, are also satisfied by their indirect lifts to Go. Thus
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the homotopy commuting diagram of Lemma for k = oo implies there is a
homotopy commutative diagram

YOG A QG —E 5 G V G

I I
Yoo —— G

where the upper composite is the universal Whitehead product of G, and f
factors through A o Y. In particular, (Qf). has image contained in UL C
U L{ug,vo, u1,v1,---) because (2(V o T)). does. Further, by construction the
Hurewicz images of the wedge summands in the adjoint of Y, -2, S M, are lin-
early independent. This property is preserved by the indirect lift to Goo, s0 (Qf)s
has image onto U L, by definition of Y. Thus the lemma will be proven if it can
be shown that f factors through to.

We begin by constructing a new map Yo, £, Go and then compare it to f.
As we used Lo, — L{ug,vo, u1,v1, - ) to define the p-primary Samelson products
comprising Yoo AN Y Mjp, use L SN L(R) and i to define p-primary Samelson
products comprising a map f’ : Yoo — G&. By definition, f’ factors through:

(i) the universal Whitehead product of G, and (i) Re. That is, there is a
homotopy commutative diagram

Yoo — R

S0G. 5 G
for some map s.

The similarity of the definitions of f’ and g together with the indirect lift of g
to the map f and Lemma[6.4 shows that (Qf'). and (2f). have the same image in
H.(2Gs). The linear independence of the Hurewicz images of the wedge summands
in the adjoints of f and f’ implies the adjoint of s o ¢ is an inclusion onto the
generating set of H,.(QY.), and hence s ot is a homotopy equivalence. Thus
f~fo(tos)™! and so f factors through to, as required. O

Remark. There can be no version of Lemma for finite k. The loop of such a
potential diagram does not even commute in homology. Calculations in [Th| show
that the element Tg € H,.(QGYy,) is sent nontrivially to H,(T}) by (Ok)«, so le cannot
factor through (Qeg ).

Theorem 6.6. For p > 5, the H-space T, is homotopy commutative and homo-

topy associative, and the map QG O, Two is an H-map.

Proof. Apply Proposition f.12lto Lemma [6.5] and the homotopy fibration sequence

0Go0 2= Toy — Roy “= Goo. O
7. THE CASE OF p =3

When p = 3 it is not as clear whether there is a homotopy commutative diagram
as in Lemma 6.2 The proof of that lemma relied on the dgL structure of p-primary
Whitehead products for p > 5. When p = 3, the triple product identity fails. If
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r =1 as well, then the Jacobi identity also fails. In what follows, we show that in
certain cases the failure of the triple product when p = 3 implies that T, fails to
be homotopy associative.

Let ¢ be the generator of ma,_1(225?"). By [Ll, [Tol] the integral Samelson
product [¢, [¢,¢]] is a nontrivial homotopy class of order 3. Consider the homotopy
fibration sequence

Qs2n S S2n71 S4n71 w SQn7

where w is the integral Whitehead product of the identity map on $?" with itself.
Localized at 3, s has a right homotopy inverse. We wish to consider the composite
50 [ty [t,1]] 2 63 — g2l

Proposition 7.1. If so[i,[t,]] is nontrivial and not divisible by 3", then T2"~1(3")
is mot homotopy associative.

Proof. Suppose T2"~1(3") is homotopy associative. As we will see in Corollary 2]
i

the homotopy fibration $2"~1 = T2n=1(3") == Q82"+ is of H-spaces and H-
maps. Thus by [Grll, Prop. 3], 72"~1(3") is homotopy commutative as well.

Applying Lemma to the identity map of the homotopy associative space
T27=1(37) gives an H-map QXT2"~1(3") - T27~1(3") which is a left homotopy
inverse of the canonical inclusion. Consider the composite

9 - S4n72 L} 9547171 &} Qs2n @} QETgonfl(gr) L} To20n71(3r)7

where j is the inclusion. Observe that Qw o j is a Samelson product. Since r o Qi
is an H-map, 6 is a Samelson product. The homotopy commutativity of T2~1(37)
then implies # ~ *. By Lemma B2 there is a unique H-map Q284"~1 — T2n—1(3")
extending 6. Hence r o Qi o Qw ~ *. This null homotopy, combined with the
fact that s has a right homotopy inverse, implies by Proposition [£.I] that there is a
homotopy commuting diagram

ng2n L QxiT2n-1(37)

SQn—l —z> TO20n71 (37").

The diagram shows that s o [¢, [¢, ¢]] composes trivially with 4, so it lifts through
the homotopy fibration connecting map ¢ to Q252"+, By checking homology, the
(6n — 3)-skeleton of Q252"+ equals S?"~1. Thus, since ¢ is of degree 3", r > 1, this
would imply 3" divides so[i, [¢, ¢]]. The proposition now follows contrapositively. O

While the author does not know for exactly which n and r the composite r o
[¢, [t, ] is nontrivial and not divisible by 3", two examples are known.

Theorem 7.2. If r > 2 then TS (3") is not homotopy associative. If r > 1 then
T2 (3") is not homotopy associative.

Proof. Localized at 3, 52" ~ §?7~1 x QS5%"~1, Checking the tables of homotopy
groups of spheres in [To2] shows that there are isomorphisms in the 3-primary
components between g, _3(Q25%") and 7, _3(S?""!) for n = 3 and n = 5. When
n = 3 there is a single summand of order 9, and when n = 5 there is a single
summand of order 3. O
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On the other hand, by Proposition we immediately have the following.

Proposition 7.3. T2 (3) is homotopy associative and homotopy commutative.

8. APPLICATIONS

Our most important application is to combine Theorems[5.3land [6.6 to determine
an H-space exponent for 72"~ 1(p") when p > 5.
Theorem 8.1. For p > 5 and r > 1, the space T2"~(p") has H-space exponent

'

p.
Proof. By Theorem [6.6] T2"~1(p") is a homotopy commutative, homotopy associa-

tive H-space when p > 5. Consider the composite € : P?"(p") £, P2 (pr)
T2=1(p"), where i is the inclusion. Note that p" ~ x. Applying Theorem B3]
there is a unique extension of € to an H-map T2 1(p") — T2~ 1(p"). But the
p"-power map and the trivial map are both H-maps extending €, and hence are
homotopic. [l

Remark. Using different methods, [N4, §6] shows that QT2"~!(p") has H-space
exponent p” for p > 3 and r > 2. Thus, as far as homotopy exponents go, the
remaining open case is T2""1(3). We do know a special case. The homotopy
equivalence between T2P~1(3) and Q53(3) in Proposition B4 together with the fact
from [Se] that ©.93(3) has homotopy exponent 3 shows that T2P~1(3) has homotopy
exponent 3. Otherwise, it is only known [Th, 9.5] that 72"~!(3) has homotopy
exponent bounded above by 32.

Our other applications are of a lesser order, but fit within the scheme of the
whole program by sharpening some known results. One immediate corollary of

Theorem B3] is to show that for r > 1, there are H-maps 2527 +! O, g1
satisfying ¢, o E? ~ p" and E? o ¢, ~ Q?p".
Corollary 8.2. The homotopy fibration sequence
02g2n+l N g2n—1 __, TOQOn—l(pr) ., g2l
is of H-spaces and H-maps.

Another application is to determine the existence of the homotopy fibration
whose questionability in [Th] made the proof of the atomicity of T} more cir-
cuitous. Note, however, that Proposition [83] is not a new proof of the atomicity
of T}, for it relies on Theorem B3]l which in turn relied on the description of Ry in
Theorem 2.3 (¢), which was formulated in [Thl §8] using the atomicity of Tj. Let

Vi =I5, 520" prikety,
j=
Proposition 8.3. For k > 0, there is a homotopy fibration sequence
S2=t vV, — Ty, — Q827

Proof. Consider the pinch map Gj, —% Pznpkﬂ(p"*k). Let v and p be the identity
and Bockstein maps respectively on PQ"”k“(p’“*‘k). By [CMNI1], anti-symmetry

and Jacobi identities imply the mod p"t* Whitehead products adpkﬂ’l(l/) (), 1<
J < 00, have Bocksteins divisible by p. By Theorem XT1 (d) the same is true of the
indirect lifts xz; pptt (p"t*) — G}, of the maps adpkﬂ*l(u)(,u) to Gi. Now as
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in Lemma 51, the homotopy commutativity and homotopy associativity of .527+1
allows us to choose extensions of the adjoints of the indirect lifts z; to mod p™t#+1
homotopy classes, y; : Pznpkﬂfl(p”k“) — QG}, which compose trivially to
Q5?1 Applying the James construction to each of the maps y; and restricting
QPP (prktLy g0 its least connected indecomposable factor §2n#" T =1 {prtkt1y
then gives a map O : V;, — QG}, which composes trivially to Q8527+

By Theorem 53] the H-map QGj, —% Q52"+ factors as a composite, QG LR

Ty, D, Q527"*1 where 4y is an H-map. Thus Jy o © lifts to the homotopy fiber
of 7. That (0 0 ©), is an injection follows as in [Thl, §7]. Combining this with
the inclusion of S2"~! into the fiber of #4; then proves the proposition. O

Finally, we prove that the known homotopy equivalence between T2~!(p) and
QS3(3) is an equivalence of H-spaces. Here, S3(3) is the three-connected cover
of S3, defined as the homotopy fiber of the canonical map S°® — K(Z/pZ,3),
where K(Z/pZ,3) is an Eilenberg-Mac Lane space having as homotopy a single
Z/pZ summand in dimension 3.

Proposition 8.4. For p > 3, there is a homotopy equivalence of H-spaces between
T2=1(p) and QS53(3).

Proof. For p > 3, S% is an H-space. Since K(Z/pZ,3) is an infinite loop space,
it too is an H-space. The H-deviation of the canonical map S° — K(Z/pZ,3)
is the difference D(i) = (i x i) —iu. It is null when restricted to S® Vv 53, so
D(i) is homotopic to a map S® — K(Z/pZ,3). But ns(K(Z/pZ,3)) = 0, so i
is an H-map. Thus the homotopy fiber S3(3) of i is an H-space, and so 2.53(3)
is a homotopy commutative, homotopy associative H-space. Moreover, by [Se]
or [CMN2, 1.3], S® has homotopy exponent 3, and hence so does S3(3). The
inclusion of the bottom two cells, P??(p) — Q53(3), can therefore be extended to

an H-map T2 ~1(p) 1, 253(3) by Theorem [5.3] It is easy to check that Q.53(3)
has the same homology as T2P~!(p), so the multiplicative map f determines a

homology isomorphism and hence a homotopy equivalence of H-spaces. O
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