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A BOUNDING QUESTION FOR ALMOST FLAT MANIFOLDS

SHASHIDHAR UPADHYAY

ABSTRACT. We study bounding question for almost flat manifolds by looking
at the equivalent description of them as infranilmanifolds I'\L x G/G. We
show that infranilmanifolds I'\L x G/G bound if L is a 2-step nilpotent group
and @G is finite cyclic and acts trivially on the center of the nilpotent Lie group
L.

1. INTRODUCTION

Let M™ be a closed (connected) smooth manifold of dimension n. We say that
M™ bounds if there exists a compact (n + 1)-dimensional manifold with boundary
Wn+1 such that the boundary of W+ is diffeomorphic to M™. By a well known
theorem of Thom, a smooth manifold bounds if and only if its Stiefel-Whitney
numbers vanish.

Hamrick and Royster [5] proved that “Any closed connected Riemannian flat
manifold bounds”.

Let us recall Gromov’s almost flat manifolds []. A closed connected smooth
manifold is called an “almost flat manifold” if there exists a sequence of Riemannian
metrics g;(), where i = 1,2,3, ..., such that

L] hmz_,oo K(Mn, gz) = 07 and

o {d(M", g;):i=1,2,,....} has a finite upper bound.

Here K(M™", g;) is the maximum of the sectional curvatures of (M",g;). Gromov
proved [4] the following important theorem about almost flat manifolds.

Theorem 1.1 (Gromov). Let M™ be an almost flat manifold. Then M has a finite
sheeted reqular cover M’ which is diffeomorphic to a nilmanifold.

Corollary 1.2. M is aspherical, and w1 (M) =T fits into the exact sequence
1—N—TI —G—1,
where N is finitely generated torsion-free nilpotent group, G a finite group.

Recall that a nilmanifold is a quotient of a simply connected nilpotent Lie group
by a discrete co-compact subgroup. Note that since nilmanifolds are parallelizable,
this result of Gromov implies that the rational Pontryagin classes of M vanish.
This was the motivation of Farrell and Zdravkovska’s conjecture [2]:

Conjecture 1.3. If M™ is an almost flat manifold, then there exists a compact
smooth manifold W™+l such that OW"t! = M™, i.e., the boundary of Wnt! is
M™.

Received by the editors August 3, 1999.

1991 Mathematics Subject Classification. Primary 57R19, 57R20; Secondary 55N22.
Key words and phrases. Almost flat manifolds, infranilmanifolds, Stiefel-Whitney numbers.

(©2000 American Mathematical Society
963



964 SHASHIDHAR UPADHYAY

A connected smooth manifold X is called an infranilmanifold if it is diffeomorphic
to a double coset space T'\L x G/G, where L is a (connected) simply connected
nilpotent Lie group, L x G is the semi-direct product with respect to a faithful
representation of a finite group G into Aut(L), and T is a discrete co-compact,
torsion-free subgroup of L x G. In such a case G is called the holonomy group of
the infranilmanifold X.

By Corollary 1.2, w1 (M™) =T is a finitely generated torsion-free virtually nilpo-
tent group, then by, Mal’cev’s work (cf. [7] or [§], Theorem 2.18), M™ can be chosen
to be an infranilmanifold (up to homotopy equivalence). This is done as follows.

Let N be a discrete, nilpotent, finite index subgroup of I'. Without loss of
generality we can assume that IV is a normal subgroup of I'. By Mal’cev’s theorem
([8], Theorem 2.18) there exists a (connected) simply connected nilpotent Lie group
L which contains N as a lattice. We have the following pushout diagram:

N — T
! !
L — L

Here L’ is the pushout of the diagram. It is a fact that L’ splits as L x G (see [2]).
It is clear now that I'\L x G/G has fundamental group T

Since any infranilmanifold supports an almost flat structure, the homotopy type
of an aspherical manifold is determined by its fundamental group, and Stiefel-
Whitney classes are homotopy invariants, we have that Conjecture 1.3 is equivalent
to the following.

Conjecture 1.4. Let M" = T\L x G/G, where T, L and G are as above. Then
M™ bounds.

Remark 1.5. Note that it is sufficient to prove the above conjecture for G whose
order is a power of 2. This is because Stiefel-Whitney numbers are invariant under
odd-sheeted covering.

Let Z(L) denote the center of L. Farrell and Zdravkovska [2] proved Conjecture
1.4 in the case when G acts effectively on the center Z(L) (by direct extensions
of the proof of Hamrick and Royster in the flat manifolds case), and also for the
case G = Zy when G does not act effectively on Z(L) (which is the same as acting
trivially on Z(L)). In this paper we extend the result of [2]. Recall that a 2-step
nilpotent group L is a nilpotent group such that [L, L] C Z(L). ([L, L] denotes the
commutater subgroup.) Our main theorem is:

Theorem 1.6. Conjecture 1.4 is true if G is finite cyclic and L is any (connected)
simply connected 2-step nilpotent Lie group such that G acts trivially on the center
of L.

2. PRELIMINARIES

In this section we recall a standard way to construct (Zz)* actions on infranil-
manifolds. We will also recall theorems of Stong [9] and of Kosniowski and Stong
[6]. Their theorem gives a way to study bounding questions for any manifold with
(Z2)* actions in terms of fixed points and its normal bundle.

The following construction is originally due to M. W. Gordon [3], who con-
structed a Zsyr-action on Riemannian flat manifolds. The same idea also gives an
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action on infranilmanifolds, and was used by Farrell and Zdravkovska [2]. In view
of Remark 1.5, from now on G will be a finite group whose order is a power of 2.

Let T be a finitely generated torsion free group containing a nilpotent subgroup
N of finite index a power of 2 so that the sequence

1—N—T —G—1

is exact. There is a regular covering p : M — M, where M = N\L, defined by
p(Nz) = TzG for x € L. The group G acts freely on M as the group of covering
transformations by

g(Nz) = Nyxg ™',

where + is any element of I' such that yzg~' € L. It is easy to see that this action
is independent of the choice of 4. Let Z(L) denote the center of L. Since L is
nilpotent, it follows that Z(L) # (1) and Z(N) is a co-compact subgroup of Z(L).
(To see that Z(N) C Z(L), use Mal’cev’s Rigidity Theorem, [§], Theorem 2.11.)
Z(L) acts on L by multiplication; hence Z(N)\Z(L) acts on N\L = M. Let ¥
denote the subgroup of Z(N)\Z(L) consisting of elements of order 2; and X the
subgroup of elements in ¥ fixed under the conjugation action of G on 3. Since G
is a 2-group by assumption, 3¢ is nontrivial: the orbits of G in X consist of either
one element or an even number of elements, 1 € X is the single element in the orbit,
|| is even, hence there is at least one more element of ¥ fixed under G. It can be
easily checked that the covering action of G on M and the multiplication action of
Y on M commute, and hence the action of ¥g on M passes to an action of Xg
on M:

Z(N)z(TzG) =TzzG

for z € L,z € Z(L) such that 2z € Z(N) and Z(N)gzg~! = Z(N)z for all g € G.
If there is no fixed point of X on M, then M bounds by a result of Conner and
Floyd (cf. [1], Theorem 30.1). Let I'zG be a fixed point. Then there is an injective
homomorphism (depending on the choice of the fixed point) ¢ : ¥ — G defined
by putting ¢(z) = g if and only if z2(Nx) = g(Nz). This g is determined uniquely.
From now on we will always assume that X has a fixed point on M.

Now we recall theorems of Stong [9] and Kosniowski-Stong [6].

Let M be a closed manifold and let {{§;, — M}, i > 1, be vector bundles over
M. We shall say that {{;, — M}, i > 1, bounds as a bundle space if there is a
compact manifold W with boundary OW and vector bundles {n; — W}, i > 1,
satisfying

(i) M = 0W, and

(ii) nilow — OW as & — M for ¢ > 1.

An action of (Zy)¥ on the bundle space {¢; — M}, i > 1, shall mean a smooth
action on M covered by actions on the total spaces of each of the & which are linear
on the fibers.

The following theorem is due to Stong [9], but in the following form it is stated
and proved in [5].

Theorem 2.1 (Stong). Let M be a closed manifold with vector bundles {§; —
MY}, i > 1. Suppose (Zo)* acts on the bundle space {& — MY}, i > 1. Let F be
the fized set of the action in M, let {&;; — F}, 2F > j > 1, be the eigenbundles of
&lp — F fori>1, and let {v; — F'}, 2k _1 > j > 1, be the normal eigenbundles
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in M. Then the bundle space {{; — M}, i > 1, bounds if {&;,v; — F'} bounds
as a bundle space.

By Conner and Floyd [1], to show that {{§;, — M}, ¢ > 1, bounds it is sufficient
to show that (w(M, §), [M]) = 0, where w(M, §) is monomial in the Stiefel-Whitney
classes of M and ¢;’s of total dimension equal to the dimension of M, and [M] is
the fundamental homology class of M. If M is not connected, then it is required
that the rank of & over each component of M be the same. In our context the
eigenbundles over different components of the fixed point set will not have the
same rank in general. But we can always decompose our fixed point set as the
disjoint union of two closed subset so that eigenbundles restricted to each of these
closed subset have a fixed rank, and hence this result of Conner and Floyd can be
applied to these closed subsets. To effectively use this result of Conner and Floyd
in our context we need a reformulated version of the above theorem in the case
when k£ = 1.

Theorem 2.2. Let M be a closed manifold with vector bundles {& — M}, i > 1.
Suppose (Zz) acts on the bundle space {{§; — M}, i > 1. Let F = Fy U Fy be the
fixed point set of the Zs-action on M, where Fy and Fy are closed disjoint subsets
of F. Let vy and vy be the normal bundles of F1 and Fy respectively. Let fz

and &~ be the eigenbundles over F'. Define flj = fl‘F and &; = fz‘F , =

1,2. Then the bundle space {§; — M}, i > 1, bounds if {F17V1;€zl &) and
{F2,12,82™, &2} bound.

Proof. We adapt the proof given by Hamrick and Royster.
Case 1. Zg = (t) acts freely.
Then &; is the restriction to the boundary M of the base space of the bundle

& x =1L 1)/(v,r) ~ (tv,—r) — M x [-1,1]/(m,r) ~ (tm, —7).

Case 2. The Zs action is not free.

By Case 1 it is sufficient to show that the bundle space {§; — M}, i > 1, is
equivariantly cobordant to another bundle space where Zy acts freely.

By hypothesis there exist Wy, Wa, 1, 2 and 773,772._1,77;2,775 such that oW, =
Fj, 7=1,2, uj — W; and 77?;- — W;, j =1,2, such that nfﬂFj = fiji, ji=1,2,
and p;|F; = vj, j =1,2. Let D(u1) and D(u2) denote the disc bundles of p1 and
p2 respectively. Note that D(u;)|r, = vj, j = 1,2. Consider the cobordism

M x [0,1]U (D(u1) U D(pz))/ ~

obtained by gluing M x 1 and (D(u1)UD(us2)) along D(v1)UD(vs). (Here we regard
D(v1) and D(v2) as tubular neighborhoods of F; and F5.) There is an involution
on this cobordism induced by the involution on M and scalar multiplication by
—1 in the fibers of D(u1) and D(ug). Note that there are no fixed points in the
boundary of the cobordism except at M x 0.

Let m; : D(u;) — W;, j = 1,2, be the projection. We can adjoin the bundle
& x [0,1] — M x [0, 1] to (w1 (15 © 1) Uma* (n ®13)) —> (D(112) U D(sz)) to
obtain a bundle over the cobordism by means of equivalence:

& X {1} 1p(wy) = (M5 p(u,)) (€5 @ &) = (m" (nf @), j=1,2.

There is a bundle involution inherited from the involution on &; x [0, 1] and scalar
multiplication by —1 in the fibers of n;; 7, 7 = 1,2. This makes the bundle space
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{& — M}, i > 1, cobordant to a bundle space with free Zs action. This completes
the proof. O

3. PROOF OF THEOREM 1.6

Now we specialize to the case where G is isomorphic to Zss, s > 1, cyclic group
of order 2° generated by, say, g. (The case s = 1 has already been done by Farrell
and Zdravkovska, as mentioned earlier.) Also, we are assuming that G acts trivially
on the center Z(L) of L. Since G acts trivially on Z(L), we note that g = X. As
mentioned earlier in the Preliminaries, ¥ acts on M = I'\L x G/G and is assumed
to have a fixed point; but then g has to map injectively into G = Zss. This
forces Y to be a cyclic group of order 2 generated by, say, by and under the map
b:Yq — G, ¢(by) = ¢2"". Note that this also forces Z(L) to be 1-dimensional.
We have the covering map

G— M— M.

Note that Z(N)\Z(L) acts on N\ L by coset multiplication, i.e, (Z(N)b)(Nz) =
Nbz. From now on we will denote Z(N)b as b. We note at this point that since
G acts trivially on Z(L), not only X but all of Z(N)\Z(L) acts on M. To see
this we need to show that gb(Nz) = bg(Nx) for g € G and b € Z(N)\Z(L). By
definition gb(Nx) = g(Nbz) = Nybrg~!, where v € T is such that v — g in the
exact sequence N — I' — (. Since « also belongs to L', it can be written as
l.g in L' for some [ € L. This says that Nybxg~! = Nligbxg~' = Nblgxg~' =
bN~vyzg~! = bg(Nz), because b commutes with g as well as with 1.

Choose b; € Z(L), j = 1,2,...,s, such that b3 = id and Z_)? = b;_1. Note that
bs generates a cyclic group of order 2° in Z(N)\Z(L). Define a; = ¢* . For
k=1,2,...2771 define E; = Uk E]’»“, where Ejk is defined as follows:

Ef = {Nz € N\L:b;j(Nz) = ;> "(Nx)}.
This means that, for example,
Ey ={Nz € N\L:b;(Nz) = a1(Nx)}
and
Ey = {Nz € N\L : by(Nx) = az(Nz) or ba(Nz) = ap®(Nx)}.

Note that E; is non-empty, since we are assuming that ¢ = (b1) has a fixed
point in M. This is seen as follows. Let I'zG € M be a fixed point of by, = € L.
This means that Nbjz = g*(Nz) for some t. Applying b; again on both sides, we
get Nz = ¢g*(Nx). But G-action is a covering action, so it cannot have any fixed
point. This means ¢ = id, and hence ¢* = ¢ = a.

Also note that Ej.1 C Ej, j =1,2,...,s — 1. Let us also assume that Ey is
non-empty. If E, or any of the preceding E;, j < s, is empty then the proof in
this case is simpler, which will be evident from the proof of the case when F; is
non-empty. Since we are assuming that F is non-empty, without loss of generality
we can assume that E! is non-empty.

Let Nz € El. This means Nby,x = a5(Nz) = Nyzag !, and so yra; ! = nbsz
for some n € N, which in turn implies n= !y = b,za,z~! € T'. By changing G to
xGz~! in the splitting of L/, we can assume that b,as € T'. This last condition
(bsas € T) implies that o = ¢g acts on N. This is seen as follows. Let n € N;
then bsasna; bt € T. But since by € Z(L), we have byasna; 1b;! = agna;t € 4.
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However, asna;t maps to e € G, so it must lie in N. Since a; acts on N, all
aj, j<s,acton N.

Lemma 3.1. Each E; is a finite union of closed connected nilmanifolds, and all
components of E; have the same dimension.

Proof. Let us first consider the case j = 1.

Recall that By = {Nz € N\L : Nbyz = o;(Nx)}. By definition of the covering
action on N\ L we have a1 (Nz) = Nvyxay, where v € T is such that v +— oy in the
exact sequence

l1—N—T —G—1.

Since byas € T, and bs, oy commute (because the G-action on the center is trivial),
we also have that (bsas)® = byay € T'. Hence «y can be chosen to be byc;. This
implies that if No € Ey then Nbjx = Nbiajxar, and hence Nx = Najza;. In
other words, F1 is the fixed point set of the conjugation action of @y on N\ L induced
by the conjugation action of ay on L. (Note that a;(N) C N.) Let p: L — N\L

be the quotient map. Then p~!(E1) = U,cn E§"), where Efn) is defined as follows:

E™ ={zeL:ai(z)=nz,neN}

Note that E§n) does not have to be non-empty for all n € N. (In fact a necessary
condition for EYL) to be non-empty is aj(n) = n~!.) In particular, E£e) = L%,
the Lie subgroup of L fixed under the homomorphism «;. Now we can write
E, = UneNp(Ein)). It is easy to see that the p(Ey}))’s are components of Fj.
Two main points to note are that the EYZ)’S are components of p~1(FE1), and also
that if p(EYl)) ﬂp(Eim)) # 0, then p(Ein)) = p(Eim)). This union is finite because
E; is a closed subset of a compact manifold N\ L, and hence a compact set.

Now we show that each non-empty p(EYL)) can be identified with a nilmanifold.
To show this it is sufficient to give a transitive action of a nilpotent group. This
action is given as follows. Let x € L* and Ny € p(EYl)), and define z(Ny) =
Nyz~—'. Let Nyi, Ny, € p(EYL)), Y1,Y2 € EYL). Then Ny; = Nya(y; 'y2) ! and
(yy 'y2) € L*. This shows that the action is transitive. The isotropy group of this
action at Nz,,z, € Ein) is given by x,1Sxz,, where S = {m € N : mE} = E}'}.
This completes the proof of Lemma 3.1 for Fj.

For j > 1, recall that E; = U, E}, k=1,2,...,2/7!, where Ef = {Nz € N\L:
bj(Nz) = a?k_l(]\fﬂ:)}. To prove Lemma 3.1, consider the finite sheeted covering
N\L — N'\L, where N’ = (N,b;_1), the subgroup generated by N and b;_;.
Let E; be the fixed point of the conjugation action of a; on N’\L induced by the
conjugation action of a; on L. Then EJ is a finite disjoint union of nilmanifolds,
all having the same dimension. The argument for this is the same as it was for Fj.
Next, note that E; is a finite sheeted covering of E; Since a finite sheeted covering
of a nilmanifold is a nilmanifold, E; is a finite disjoint union of nilmanifolds. This
completes the proof of the Lemma 3.1. |

Since the covering action of G on M = N \L and coset multiplication by an
element of Z(N)\Z(L) commute, the action of each b; on M descends to act to on
M. Let MY denote the fixed point set of the Ej—action on M, 7=1,2,...,s. Note
that MY+ C M%. We have the following lemma concerning the MY s,
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Lemma 3.2. Each M% is a finite (disjoint) union of infranilmanifolds, and each
component has holonomy of order at most 2577,

Proof. Let q : M — M denote the covering map. Then it is easy to see that
q (M%) = E;. In other words, qe, By — MPYi is a covering map with G as
covering transformation.

Once again let us consider the case j =1 first.

Let Mgl be a component of M". Since qE, - F1 — MY is a covering map,
there is a component of F1, say p(EYL)), which maps onto Mgl. It is easy to check
that p(Eyl)) is invariant under the covering action of ;. Hence (oq)\p(Efn)) —
Mé’l is a covering map with covering transformation group a cyclic group of order
at most 2°~1. Now we will show that (al)\p(EYL)) is also a nilmanifold, which will
complete the proof for the M?' case.

Recall that in Lemma 3.1 we constructed a transitive action of L' on p(EYL)).
As mentioned earlier, the isotropy group at Nz, € p(Efn)), xo € BV, is S, =
x,1S7,, where S = {m € N : mE? = E?'}. Let ¢1 : S,\L* — p(Ein)) be
the diffeomorphism ¢;(Nz) = Nx,z~!. Note that b; acts on both the spaces in
a natural way, and the diffeomorphism ¢, commutes with this action of by, hence
induces a diffeomorphism of (S,,b1)\L* and (51)\p(E£n)), where (S,,b1) denotes
the subgroup of L2 generated by S, and by. Since b? € S,,, (S,, by) is still a lattice
in L* and hence (Z_)l)\p(EYL)) is a nilmanifold. But since p(EYL)) C E1, we have
(131)\p(E£n)) = (al)\p(EYl)). This completes the proof for M.

For j > 1, note that E; — MPbi is a 2%-sheeted covering and E; — MY is
257+ sheeted covering. Now we use the same argument as in the E; case to claim
that B} = (a;)\E} = (b;)\E} is a union of nilmanifolds, and is a 2°~7 sheeted
covering of MY . This implies the lemma. (|

Let vj denote the normal bundle of MY in M%-1. Here M% = M. The following
lemma describes the structure of these bundles. Let L denote the Lie algebra of
L. Then L decomposes as an irreducible representation space of a G-action. Since
G is finite abelian, the dimension of these irreducible subspaces is at most 2. Let
f/q denote the direct sum of those irreducible subspaces on which G acts as one of
the primitive 2%-roots of unity. Note that for £k > 2 we can put a C-vector space
structure on the summands of Lj, so that the G action on it is by multiplication by
one of the primitive 2*-roots of unity.

Lemma 3.3. The bundle v; can be identified with E; X [A/S_j_H.

Proof. Let us first consider the case j = 1.

Note that vy, the normal bundle of M bj in M, can be obtained by looking at
the normal bundle of its pre-image 7 in M, and going mod G action. Recall that
E, = UneNp(Ein)). It is a fact that the normal bundle of E; in M is trivial
(see [2], Lemma 2.2). For a component of E; given by p(Efn)), we can identify the
normal bundle of p(EYL)) in M with image of the normal bundle of EYL) in L. Since
EF) = L™, the normal bundle of EF) can be identified with Efe) x L. Since E;n)
is a translate of E£e), the same identification can be made for the normal bundle
of E§n) in L. Hence the normal bundle of F; can be identified with F; x IA/S. This
says that v; can be identified with F; xg L.
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For v;, j > 1, just as in the E; case the normal bundle of E; in N’\L can be
identified with E} x Ls_;1. Hence the normal bundle of E; in N\L (being the
pullback of the normal bundle of £} in N'\L) can be identified with Ej x Ls—j1.
This implies that v; can be identified with F; xg Ls_j41. O

Let us write v; = Ej xg Ls_jy1 as P, Ej xa C(t), j <s—1; C(t) is the one
dimensional C vector space which occurs in L and on which G acts as one of the
primitive 277" 1-roots of unity. Recall that for j > 1, E; is a disjoint union of EJ’?’S,
and each E]k is the union of components of ;. Furthermore, since each of these E]k
are invariant under the covering action of G, it follows that M?% is a disjoint union
of q(E]’»“), and each q(Ek) is a union of components of MY . There is an involutive

action of ij on E; xg C(t), which covers the action of ij on MY . This is
defined as follows:

(*) BjJrl([va]) = [Z_)jJrlxva?]j-Ilz]ﬂ T e E]kﬂz € (Cv k= ]-a s 72j_1'

It is easy to check that this action is well defined and covers the involutive action
of bj+1 on MPb%.

Lemma 3.4. For j < s — 1 eigenbundles of Z_)jJrl the actions on v; are complex
vector bundles.

Proof. Tt is sufficient to prove it for the subbundle E; x C(t). Note that since bj1
acts as involution on the vector bundle E; xg C(¢), it decomposes as —|—1 and -1

eigensubbundles over the fixed point set M%+1. Recall that Mbi Uk 1 q( ).
Let p € q(Ek) for some k. Then for [z, 2] in the fiber over p we have b;1([z, z]) =
[bj+1, O‘J+1 12]. Let e(j,k) = k4271, Since p is a fixed point of bji1, it follows

that p € q(EJkH) or q(E;Srjik)). Suppose p € q(E]’?H). Then we claim that there is
no non-zero vector [z, z] € v;(p) with eigenvalue —1. We prove it by contradiction.
Suppose there exists [z,z] € v;(p) such that bj11([x,2]) = [z, —2]. This means
(bj+1a:,a?iflz) = g!(x, —2) for some [. Since x € E]’?H, bjtiz = a?fﬁlm. This
implies ¢! = a?i}l. But then a?_’f_llz = a?’j_ll( z). This implies z = 0.

Ifpe q(E;_(ﬂik)), then we claim that we cannot have both +1 eigenspaces. We
again show this by contradiction. Let [z, z] be such that b;41[z, 2] = [bj 417, a?’_f_}lz]
2e(j,k)—1_ _  2k—1
1 2T Y

j s—1
that a?ilz = ¢> 2z = z. On the other hand if [z, w] were a —1 eigenvector, then

= [z,z]. The same argument as above gives « z. This implies

we would get g2571w = —w, but this is not possible since in this case the G action
on the C part is by primitive 2°~7+!-roots of unity. O

Now we address our main question regarding bounding of M. By Theorem 2.1
of Stong mentioned in the Preliminaries, M will bound if M together with its
normal bundle v; bounds. Recall that M% = q(Ei) U q(E2). Let v;T and v; be
the eigenbundles of 11 with respect to the bz action. Applying Theorem 2.2 to the
bundle space (M"',v;) with be-action, we see that the pair (M, v;) will bound
if (¢(E ),1/21,1/11+,1/11 ) and (q (EQ),I/QQ,V12+,I/12 ) bound separately as bundle
spaces. Here vy; 1,11, are restrictions of v; on q(Eg), j = 1,2, respectively.
Note that by Lemma 3.4 v1;+ and v15~ are C vector bundles whereas v1;~ and

v12T are rank-0 vector bundles. bs; has an obvious action of each of the bundle
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spaces using (x); and note that fixed point set of the bz action on ¢(E3}) equals
q(FE3) Uq(E3) (disjoint union). We can apply Theorem 2.2 again in this case. An
important point to note is that because of Lemma 3.4 all the eigenbundles obtained
will be C vector bundles. Applying Theorem 3.3 successively (the fixed point set
of bjy1 on q(E}) equals q(E}, ;) U q(E;i]ik))), we get that M will bound if the
bundle space (q(E¥),vsk) together with all the eigenbundles L (s, k) bounds for
each k = 1,...,2571. Here vy, denotes the restriction of v to q(EX).

Note that from Lemma 3.3 v; = @ Es X¢ R, where G acts on R as —1, where
the number of summands is equal to the number of 1-dimensional representation
spaces of L on which G acts as —1. Let 17 = Es Xxg R. Let wi(n) denote the first
Stiefel-Whitney class of . The following lemma is important.

Lemma 3.5. wi(n)? =0.

Proof. Note that n = Es X R, where G acts on the first factor as covering action
and on the second factor by Zss — Zo, and then Zs acts on R as {+1,—1}. We
can also write n = E. xz, R, where E! = (g2572)\ES and ¢ is the generator of G.
Z4 acts by g on Eg" and on R as {+1,—1}. If s = 2, then E, = E,’. This tells us
that 7 is a flat Z4 bundle and hence corresponds to a map 7 : M — BZ,, which
corresponds to some element of H'(M?’Z,). This element maps to w;(n) under
the map induced by Z4s — Z5. Using this fact and the long exact sequence

o HY (MY, Zy) — HY (MY, Zy) — H (MY, Z,) 5% H2(Mb L) — ...,

we conclude that Sq'(wi(n)) = wi(n)®> = 0. Here Sq' is the Steenrod square
map. ([l

Let vy = n'. We need the following lemma to finish our proof.
Lemma 3.6. The rank of vs (=1) is even.

Proof. Note that [ is the number of 1 dimensional vector subspaces of L on which
G acts as —1. Let L~ be the direct sum of these 1-dimensional spaces. Since L is
a 2-step nilpotent Lie group and Z(L) is one dimensional, we have the following
bilinear map given by the Lie bracket [, ]:

[]: L= xL~ —R.
Since this form is skew-symmetric, we just need to show that [,] is non-degenerate
restricted to L~. We prove it by contradiction. Let x (# 0) € L™ be such that
[z,y] = 0 for every y € L~ then we claim that z € Z (L) This will imply that
x = 0, since G, acts tr1V1a11y on Z(L). Let L¥ c L denote the sum of two

dimensional irreducible representation spaces. Let z € L*. Then some even power
of the generator g, say ¢2*, acts as —1 on z. Since L is 2-step, [z, z] € Z(L). And

since G acts trivially on the center, g?*[z, 2] = [z, 2]. But ¢?*[z, 2] = [¢*z, g*F2] =
[z, —2] = —[z,2]. This implies [z,z] = 0 for every z € L*. This implies that
ze Z(L). O

Now we show that the bundle space (q(E¥), ver, Li(s, k)) bounds. Let us write
W,’s for the complex line bundles which occur as part of the eigenbundles Ly(s, k).
It is sufficient to show that vy, and the W; bound, since ¢(E¥) is a nilmanifold
(Lemma 3.2) and hence parallelizable, and therefore its Stiefel-Whitney classes
vanish.
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Since [ is even and w1 (n)? = 0, w(vs,) = 1. Hence we just need to show that
the Wj’s bound. Since the W;’s are complex line bundles, they are orientable,
and hence wy(W;) = 0 for all j. Now any monomial in the wq(W;)’s which is
of total degree equal to the dimension of ¢(E¥) is in the image of a monomial in
the first Chern classes ¢;(W;) under the map induced by Z — Zs. Since the
W,’s are flat bundles, the ¢; (W;)’s are torsion elements in H?(q(E¥),Z), and hence
the corresponding monomial is a torsion element in H™(q(E¥),Z), m being the
dimension of M’ (= dim g(E¥)). But g(E¥) is orientable; hence H™(q(E¥),7Z)
has no torsion. This says that any monomial in the Chern classes of the W;’s of
degree m must vanish. Hence the image of the monomial also vanishes.

This completes our proof of Theorem 1.6.
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