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CANONICAL SYMBOLIC DYNAMICS FOR
ONE-DIMENSIONAL GENERALIZED SOLENOIDS

INHYEOP YI

ABSTRACT. We define canonical subshift of finite type covers for Williams’ one-
dimensional generalized solenoids, and use resulting invariants to distinguish
some closely related solenoids.

1. INTRODUCTION

R. F. Williams has developed a theory of expanding attractors for a dynamical
system ([14] 15, [T6]). These can be modeled as shift maps of generalized n-solenoids
which are defined as inverse limits of immersions of n-dimensional branched mani-
folds satisfying certain axioms.

In this paper, we produce canonical shift of finite type (SFT) covers of Williams’
1-solenoid systems in the following sense: Let X be a 1-solenoid, f a shift map on
X, and O a union of finitely many periodic orbits of f. We give an algorithm which
takes the input {X, f, O} and produces as output a mixing SFT ¥ with shift map
oo and a semiconjugacy po: Yo — X (that is, po is a continuous surjection and
pooco = fope). Then we prove that if there is a conjugacy ¢ of 1-solenoid systems
(X, f)and (Y,g) such that ¢ sends O to 5/, then there is a unique conjugacy ¢ such
that ¢ o pp = por o g?) These covers can be exploited to give nontrivial computable
invariants distinguishing closely related solenoid systems.

To our knowledge, we are giving the first construction of canonical SFT covers
for a class of nonzero-dimensional systems. The canonicalness requires the depen-
dence on O, and perhaps this is why it was not noticed earlier. However, there
have been other works ([1, T1]) achieving some specialness or invariant for SFT
covers of some systems, and there were earlier constructions of canonical covers
for some systems. Krieger ([8]) gave canonical SFT covers of sofic systems (which
are zero-dimensional), and Fried ([7]) more generally offered canonical coordinate
(CC) covers of finitely presented (FP) systems. These covers are built from sets of
possible pasts and futures. The Krieger-Fried covers make the step from FP to CC.
The 1-solenoid systems are already CC, and the covers we produce are SFTs. We
raise the question, can our relatively simple one-dimensional construction be gen-
eralized in some inductive way to produce canonical symbolic dynamics for higher
dimensional generalized solenoid systems?
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Apart from the matter of canonical symbolic dynamics, we mention renewed
interest in Williams’ systems and related systems on account of connections with
ordered group invariants ([3|, [12} [18, [19]) and substitutions and tilings ([2, [6]).

We study the 1-solenoid systems as purely topological systems. For this we
give some defining topological axioms closely related to Williams’ axioms. A 1-
solenoid of Williams becomes one of our 1-solenoids by ignoring the differentiable
structure. Conversely, every topologically defined 1-solenoid can be given a differ-
entiable structure which makes it a 1-solenoid in the sense of Williams. However,
the essential aspects of the situation are not differentiable but topological, and to
clarify this we give the purely topological development.

The outline of the paper is as follows. In Section 2, following Williams ([I4], [I5])
rather closely, we give axioms for our systems and prove some basic facts about
them. We also recall the construction of an SFT cover from a graph presentation.
In Section 3, we recall Williams’ definition of shift equivalence and show that every
topological conjugacy of shift maps on branched 1-solenoids is induced by a shift
equivalence of their graph presentations. (A ‘branched’ solenoid is a solenoid de-
rived from a presentation which need not satisfy Williams’ Flattening Axiom, so
this is a slight generalization of Williams’ work.) We also establish a key obser-
vation: If the shift equivalence is given by graph maps (maps sending vertices to
vertices), then the conjugacy lifts uniquely to a conjugacy of the SFT covers derived
from the graph presentations. In Section 4, given O, we give a graph algorithm for
a new graphical presentation (X, fo) of the solenoid system. One consequence of
this construction is that every 1-solenoid system with a fixed point has an elemen-
tary presentation in the sense of Williams, so this extends Williams’ classification
result ([15] §7]) to all 1-solenoid systems with fixed points. In Section 5, we use the
previous results to produce the canonical SFT covers, and use them to distinguish
the pair of systems considered by Williams and Ustinov ([I3}, [I5]) by computing
Bowen-Franks groups of certain attached canonical SFT covers. In Appendix A, we
show that our canonical SFT covers are not canonical as one-sided SFTs, despite
the one-sided aspects of the construction. In Appendix B, we show that our graph
presentations of topological 1-solenoid systems can be given a differentiable struc-
ture making them branched manifolds with differentiable immersions in the sense
of Williams.

2. MARKOV MAPS AND THEIR SF'T COVERS

In the style of Williams ([14, [T5]), we will define several axioms which might be
satisfied by a continuous self-map of a directed graph. Let X be a directed graph
with vertex set V and edge set £, and f: X — X a continuous map. Axioms 0-3
and 5 correspond to Williams’ Axioms 0-2, 3°, and 4 in [I5].

Axiom 0. (Indecomposability) (X, f) is indecomposable.

Axiom 1. (Nonwandering) All points of X are nonwandering under f.

Axiom 2. (Flattening) There is k > 1 such that for all z € X there is an open
neighborhood U of z such that f*(U) is homeomorphic to (—e, €).

Axiom 3. (Ezpansion) There are a metric d compatible with the topology and
positive constants C' and A with A > 1 such that for all n > 0 and all points
x,y on a common edge of X, if f™ maps the interval [z, y] into an edge, then
d(frz, fry) > CA"d(z, y).

Axiom 4. (Nonfolding) f™|x—y is locally one-to-one for every positive integer n.
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Axiom 5. (Markov) f(V) C V.

Remarks 2.1. (1) Axiom 0 means that X cannot be split into two nonempty,
closed, f-invariant subsets ([T5] §1]).

(2) Tt will be convenient to think of the connection map f: X — X satisfying the
Axioms 0-5 (except possibly Axiom 2) as increasing arclength by a positive
constant factor. For this, we (tacitly) replace the given metric d with an
equivalent metric d’ defined as follows: Williams’ construction ([15] 6.2]) gives
a (unique) measure p for which there is a constant A > 1 such that p(X) =1
and u(f(I)) = Au(I) for every small interval I C X. Define d'(z,y) to be the
measure of the smallest interval from x to y, and define the arclength of an
embedded interval to be its measure.

Standing Assumption. In this paper, we always assume that (X, f) satisfies Ax-
ioms 0 and 1.

For a given directed graph X with a continuous map f: X — X, let X be the
inverse limit space

oo
Y:XLXL---:{(xo,xl,xg,...)EHX|f(mn+1):a:n},
0

and f: X — X the induced homeomorphism defined by
(l’o,iﬂl,xg, e ) = (f(xO)a f(xl)a f(x2)a e ) = (f(xo)vxovxlv . )

Let Y be a topological space and g: Y — Y a homeomorphism. We call Y a one-
dimensional generalized solenoid or 1-solenoid and ¢ a shift map if there
exist a directed graph X and a graph map f: X — X such that (X, f) satisfies all
six Axioms and (X, f) is topologically conjugate to (Y, g). We say that (X, f) is a
presentation of (Y, g). If (X, f) satisfies all axioms except possibly the Flattening
Axiom, then we call Y a branched solenoid.

Remarks 2.2. (1) Williams defined an n-dimensional generalized solenoid X and
a shift map f as the inverse limit of a system (X, f) satisfying Axioms 0-3
where X is a differentiable n-dimensional branched manifold and f: X — X
is an immersion ([14], [15] [16]). We generalize his systems in the topological
category for the one-dimensional case. As a topological system, every 1-
solenoid of Williams is a 1-solenoid by our topological definition. We will
see the relation between Williams’ definition and the topological definition in
Appendix B.

(2) The Nonfolding Axiom is the topological condition we use in place of the
differentiable immersion condition.

(3) If (X, f) satisfies Axioms 0-4, then there is a presentation (X', f’) satisfying
Axioms 0-5 such that (X, f) is topologically conjugate to (X', f’) (|14, Propo-
sition 3.5]). Williams proved [14, 3.5] assuming the immersion condition, but
his proof goes through with our Axioms 0-4.

Example 2.3. Let X be the unit circle on the complex plane. Suppose that 1 and
—1 are the vertices of X, and that the upper half circle e; and the lower half circle
es with counterclockwise direction are the edges of X. Define f,g: X — X by

2

. 9 . z if z € eq,
fiz—2z andg.zn—>{ L,

z if z € es.
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V, Vi Vy Vi

Ez EZ
FIGURE 1. (X, f) and (X, g) with the wrapping rules f and g, respectively.

Then (X, f) satisfies all six Axioms, and (X, g) satisfies all Axioms except the
Nonfolding Axiom. For (X, g), g? is not locally one-to-one at exp(5i) € St

Notation 2.4. Suppose that (X, f) satisfies the Nonfolding Axiom and the Markov
Axiom, &€ = {e1,...,e,} is the edge set of X with a given direction, and k is

a positive integer. For each edge e; € &, we can give e; the partition {Ii(,];)},
1 <j <j(i,k), for f¥ such that

(1) the initial point of Ii(ﬁ) is the initial point of e;,
(k) is the initial point of I(k.)  for 1 <j <j(i, k),

3) the terminal point of I(j)(z K is the terminal point of €,

the terminal point of I

)
)

4) f* o) is injective, and
)

s(i,7,k
5) &I (k)) Ekj) (28 where e ) e &, s(i,7,k) = 1 if the direction of f*(I (k))

agree with that of em- , and s(z,], k) = —1 if the direction of f¥ (Ii(’j)) is reverse
to that of e§?.

Remarks 2.5. (1) By the Nonfolding Axiom, if fk(Ii(f;-)) = eijfjl for 1 <j < j(i, k),

then fk(Iz(])_H) = i j4+1 cannot be ;7.

(2) If (X, f) satisfies all six axioms, then there is a positive integer m such that,

for every vertex v of X and every integer k > m there exist at most two edges

€v,k,1 and e, o such that, for every I € { | ve fra® i )} ) = ev k D
l=1or2.

Definition 2.6. Suppose that (X, f) is a presentation of a branched solenoid, that
is, (X, f) satisfies all Axioms except possibly the Flattening Axiom, and & is the
edge set of X. Then each edge e; € £ has the partition {Iﬁ)} for f, and we can
define an induced map f: £ — £* by

3 s(2,1) s(i,2 s(2,7(

freir— 61(1 ) 1(2 S i,(j(g)( )
where e;(ji’j) = f(Iz(?) for 1 < j < j(i). We call f the substitution rule or the
wrapping rule associated to f.
Examples 2.7. Let (X, f) and (X, g) be given in Examples 3. Then f,§: Ex —
E% are given by

f:e1— erea, ea — e1eq, and §: e1 — e1ea, €9 — e;lefl.

To establish some notation, we give Figure[dlto represent the presentations (X, f)
and (X, g) with the wrapping rules f and g, respectively.
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A C D

FIGURE 2. (Y, h) with wrapping rule h.

Similarly, if (Y, h) is given by Figure 2 then the wrapping rule h: & — &y is
given by

ar— cabd, b~ dc, c+ ab, d— abc.

Note that the two vertices ¢, of Y have h-period 2. If U, and U, are sufficiently
small neighborhoods of ¢ and r, respectively, then h?(U,) and h(U,) are intervals.
So (Y, h) satisfies the Flattening Axiom.

Lemma 2.8. Suppose that (X, f) satisfies Azioms 4 and 5. Then there is a pos-
itive integer I such that, for each edge e; of X and every positive integer m, if

{Ii(’ll),..., i3Gi0) } and {I(’llm),... I(lm } are partitions of ez for ftoand fi™, re-

* 74,5 (3,lm)

spectively, then f( i,l) = flm(Ii(’lfl)) and f! (Iz(l](z ) = flm( it lm))

Proof. Since V is a finite set and f(V) C V, every vertex of X is eventually periodic,
and there is a positive integer [ such that f(v) = fli™(v) for every v € V and
every positive integer m.

If e; is an edge of X beginning at v, and {Iz(ll1 - ,Iz(j(z ) } is the partition of e;

for fl, then fh(I ll)) = e such that fl(v) € e;. Since € is a finite set and f'1(v)
is a fixed point of f%, there is a posmve integer [y such that, for every positive

integer m, if e; has partitions {I] f), ...} for f2 and {Ij(-ffm), ...} for fl2™ then

1l (Ij(lf)) = fl2m(I](ffm)). This shows that f1f2 (Ii(’lllb)) = flllzm(li(!lfbm)) for every
positive integer m By the same argument, we can choose a positive integer I’ for
e; such that fU ( by ”, Y= fi'm(I lm) ).

1,7(2,1'm)
Let ¢; be the least common multiple of I;ls and !’ for each edge e;, and [ the
least common multiple of these ¢;’s. Then we have fl(Ii(’ll)) = flm(Ii(flm)) and
f! ( i ](l l)) fim(r (l;?z)lm ) for every positive integer m. O

Lemma 2.9. Suppose that (X, f) satisfies Azioms 3,4 and 5. Then there exist a
positive integer | and € > 0 such that, for all x,y € X, f'(x) # f'(y) implies that
there is a nonnegative integer K such that d(f%(z), f%(y)) > €

Proof. For convenience, we will take the metric d on X so that d(z,y) is the length
of the shortest path between = and y, as explained in Remarks 211

Let [ be the integer given in Lemma [2:8] So each edge e; has the partition {I, flj)}
for f': X — X as in Notation 24 Without loss of generality, we suppose each
j(i,1) > 3. Let P be the collection of the intervals Ifl]) First choose €; > 0 so small
that

(1) each interval I(

) has length larger than 2¢; > 0,
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(ii) if fi(z) =a € Ii(,ll), v is the initial point of e;, and d(v,a) < €7, then f!(a) €
Ifll), and

(iii) if f(y) —lb € I”(”),
TRORSE .

Then choose € such that 0 < € < €; and for every = in the compact set U (’lj)

w is the terminal point of e;, and d(w,b) < €;, then

1<5<j(i,0)
and every y € X, if 0 < d(z,y) < ¢, then
(iv) 0 <d(f'(z), f'(y)) < €1 and
(v) the interval [f!(z), f'(y)] contains at most one vertex.
Note that f!(x) # f!(y) comes from the Nonfolding Axiom.
If fi(x) = a # b = fl(y) and d(a,b) < €, then a and b lie on the same or
adjacent elements of P. So we have two cases:
(1) a and b are end points of an interval of length less than €; containing a vertex
v, or
(2) the interval [a, b] of length less than €; does not contain any vertex of X.
For case (1), by the condition (i), d(a,b) < €; implies that a and b are contained

in two different intervals among Iz(l)’ Ifl])(l 0 I,(l{)l, and Ir(ll)j(n D

us assume a@ € I;; and b € I,,;. Then by the condition (ii), f'(a) € Ii(,ll) and

i) e I(l) If v is the vertex of X contained in I; l) N I,(Ll)l,
Ii,l- So

For brevity, let
then f! maps [v, a] into

d(fl(a‘)v 1)) > e\ - d(av v)

where ¢ and ) are the expansion constants. Similarly d(f!(b),v) > eAl-d(b,v). Let k
be the smallest positive integer such that d(v, f**(a)) > €; or d(v, f'*(b)) > €;. Then
by induction using (i) and (iii), we have for 0 < s < k that f*' sends [v, a] injectively
into I; 1 and [v, b] injectively into I, 1. Therefore we have d(f*(a), f*'(b )) > € > €

For case (2), let k be the smallest positive integer such that [f*!(a), f*'(b)] con-
tains a vertex. It follows from the Nonfolding Axiom that f(*=D!(a) # fE=DI(p).
If there exists i, 0 < i < k, such that d(f%(a), f*(b)) > ¢, then we are done, so
suppose not. Then f*'(a) and f*!(b) are endpoints of an interval of length less than
€1 containing a vertex. Hence we may conclude the proof by applying the argument
of case (1). O

Definition 2.10 ([I0, §3.5]). A homeomorphism A on a metric space Y is expan-
sive if there is an € > 0 such that, for all x # y € Y, there is an integer n such
that

d(h"(z), h"(y)) = €.
For a solenoid X presented by (X, f), define a metric d on X by
oo
7 d(l‘i, yz)
d = E —
(q") y) pard 21

where x = (z9,21,...),y = (Yo,¥y1,-..) € X, and d is a metric on X compatible
with the topology of X such that f: X — X is an expansion with respect to d as
in Remarks Z11.(2).
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Proposition 2.11. If (X, f) satisfies Azioms 3,4 and 5, then f: X — X is ex-
pansive.

Proof. For a pair of points # = (z0,21,...) # ¥ = (Yo,¥1,...) € X, there is a
nonnegative integer N such that x,, # y, for all n > N.

Let [ and € > 0 be given in Lemma [Z9 Then xx.; # ynu and fl(zni) #
f'(yn41) imply that there exists K > 0 such that d(f*(zn11), f5(yn+1)) > € by
Lemma [2.9 Therefore we have

- —K—N-—I —K-N-I d(x:, y;)
d(f (), f ) = d(f" (@nr), X (yns)) + Z M > €,
i>K—N—I
and this proves that f: X — X is expansive. O
Example 2.12. We need the Nonfolding Axiom in Proposition [2.11] _
For f,g: S — S* in Examples 23] it follows from Proposition 211] that f is
expansive. For § with given € > 0 and = = (x,21,...),y = (Yo,y1,...) € (S1,9),
let

1 T ,
Ty = exp(an t onra€ €i) and y, = exp(z—nz - WEZ)'

Then, for a natural Riemannian metric d on S,

0@ (1), 3" () = gy dlary) =

for every integer k, and g is not expansive.

zlkl

SFT covers. We will review the standard construction of a shift of finite type
(SFT) cover for one-dimensional branched solenoids.

Suppose that (X, f) is a presentation of a branched solenoid, and €& = {e1,...,e,}
is the edge set of X. Let {; ; | 1 <i<mn,1<j <j(i)} be the partition of £ for f,
and f: & — £* the wrapping rule associated to f given by

3 s(2,1) s(2,2 s(2,7(
(1) Jrei=Lix- 1 i) — 61(1 )ei,(2 Ve ,(Jd)( )
where es(m) f(li,;) and s(¢, j) = %1 denotes the direction. The adjacency matriz
M of (5, f) is given by
M(i,j) = #{Ti | f(Ti0) = ¢
We may view M as the adjacency matrix of a directed graph whose vertex set

is £ and whose edge set is A = {[;; | 1 <i <n,1 <j <j(4)}, the partltlon of £
for f, where outgoing edges from the ‘vertex’ e; are named I; 1, ..., I; j@)-

Now we can give (X, f) a two-sided SFT cover (Zx,0x) deﬁned from the al-
phabet A and the adjacency matrix My. The shift space Y x is the subset of A%

whose forbidden blocks are {I; j I | Ixy € f(Li;) = g(m)} from the formula (1).
Therefore ¥ x is a one-step subshift of finite type, and a Word w = Iy laqr) + Laq

is allowed in X x if and only if ﬂ f77(I4(;)) has nonempty interior.

For each point w = -- a(,l) a(0)la() -+ € Yx and the canonical projection
map onto the zeroth coordinate 7: X — X, there is a unique corresponding point

xwf(x()vxlv"' ﬂ f (I.(j)))e7

j=—00
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such that x; € I,(_; and fi(xo) € Io(iy for i > 0. Hence there is a well-defined
semiconjugacy p: Yx — X defined by w — z,,. It is not difficult to check fop =
poox (9, §6.5]).
Proposition 2.13 ([4, §3.D]). Suppose that (X, f) satisfies all six axioms except
possibly the Flattening Axiom. Let p and Xx be as above. Then

(1) p: ¥x — X is finite-to-one.

oo N
(2) p is one-to-one on Lx\ |J ptomx to fmm V) where m: X — X is the

m=0
projection map to the zeroth coordinate space and V is the vertex set of X.

(3) (X, f) and (Xx,0x) have the same entropy.

Lemma 2.14 ([15, 1.6]). If (X, f) satisfies all siz axioms, and I is an interval in
X, then X C f™(I) for some m > 0.

We remark that the proof of [I5], 1.6] still works in our topological setting. Then
for all I; ;,Ix; € A, Iy C f™(I; ;) for some positive integer m, and we have the
following proposition.

Proposition 2.15. If (X, f) satisfies all siz axioms, then (¥x,0x) is a mizing
SFT.

Examples 2.16. Let (X, f) and (Y, %) be as in Examples[2.7] Recall that f:éx —
&% and h: & — &5 are given by

Jie1ees, ex i erea,
h: aw— cabd, b — dc, and ¢ — abc, d+— ab.

The SFT covers of (X, f) and (Y, h) are given by the following matrices:

1111
11 00 11
MX_<1 1>andMY_1100
1110

Example 2.17. We need the Flattening Axiom in Lemma T4l and Proposition
T8 Let Z be a wedge product of two circles ¢ and b, and g: Z — Z given by
a — aa and b — bb. Then (Z,g) does not satisfy the Flattening Axiom, and the

2 O>. So (Xz,0z) is not irreducible.

adjacency matrix Mz for (£,9) is Mz = (O 9

3. SHIFT EQUIVALENCE

We define shift equivalence of directed graphs with graph maps, and show that
conjugacy of the shift maps on branched solenoids is equivalent to shift equivalence
of their presentations and that certain conjugacies of shift maps lift uniquely to
conjugacies of associated SFT covers.

Definition 3.1. Suppose that X and Y are directed graphs, and that f: X — X
and g: Y — Y are graph maps. We say that f and g are shift equivalent with
lag m if there are continuous maps r: X — Y, s: Y — X and a positive integer m
such that

rof=gor, fos=sog, ["=sor, g"=ros.



ONE-DIMENSIONAL SOLENOIDS 3749

If (X, f) and (Y, g) are shift equivalent with lagm by continuous mapsr: X — Y
and s: Y — X, then define induced maps 7: X — Y and 5: Y — X by

=3I

C(Toy ey Ty Tty o) = (P @)y T (Tmt1), - - )s

F (o, Y1, Y2, ) = (8(%0), 8(01), s(y2), - )

|

We can easily check that 7 and 5 are topological conjugacies of f and g such that
Sor=Idon X andTos=IdonY.

Remark 3.2. Tt is possible that the shift equivalence map r: X — Y is not a graph
map, that is, a vertex of X may not be mapped to a vertex of Y.

Lemma 3.3. Suppose that (X, f) and (Y,g) satisfy the Markov Aziom, and they
are shift equivalent to each other with lagm by continuous maps v: X — Y and
s: Y — X. Then the vertex sets Vx and Vy of X and Y, respectively, can be
enlarged to Vs and Vi, respectively, so that

fVx) € Vx, g(Vy) CVy, 7(Vx) C Vy, and s(Vy) C V.

Proof. For the vertex sets Vx and Vy, let Vi, = Vy Ur(Vx) be the set of enlarged
vertices in Y and Vi = Vx U s(Vy). Then

gViy) cgWy)Ugor(Vx) CVy Uro f(Vx) C Vy Ur(Vx) = Vs,
fVx) C f(Vx)U fos(Vy) CVx Usog(Vy) CVx Us(Vy) = Vi,
r(Vy) =r(Vx)Uros(Vy) =r(Vx)Ug™(Vy) C Vs and
s(Vy) =s(Wy) U f"(Vx) € Vx
prove the lemma. [l

Lemma 3.4 (Ladder Lemma). Suppose that (X, f) and (Y, g) satisfy all axioms
except possibly the Flattening Aziom, and that ¢: X — Y is a continuous map such
that Go ¢ = ¢ o f. Then there is a continuous map r: X — Y and a nonnegative
integer n such that gor =ro f and ¢(xo,x1,...) = (r(Tn), "(Tnt1),.-.)-

Remark 3.5. Williams ([I5, §3]) proved the Ladder Lemma under the hypotheses
that f and ¢ are nonwandering expansions which are immersions of differentiable
branched one-dimensional manifolds and satisfy the Flattening Axiom. Our as-
sumptions are weaker than his conditions as we don’t need the Flattening Axiom,
but the ideas of the proof are essentially those given by Williams. The additional
complication of our setting is addressed in Lemma [2.9]

Let X; and Y; be the ith coordinate spaces of X and Y, respectively, and 7; the
projection map from the branched solenoids onto their ith coordinate spaces.

Lemma 3.6. There is a positive integer n such that, for a,b € X, if m,(a) = 7, (b),
then 7o o ¢(a) = mo o ¢(b).

Proof. By Lemma [Z9] we can choose € > 0 and [ € N such that, for all z,y € Y, if
g'(z) # g'(y), then there exists a nonnegative integer K such that

d(g" (x), 9" (y)) > e
Choose a nonnegative integer k and § > 0 such that, for a = (ag,a1,...) and b =
(bo,b1,...) € X, a = by, implies d(a,b) < §, and d(a,b) < ¢ implies d(¢(a), p(b))
< €.
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—m

Now suppose a; = by. From d(?m(a), I
integer m, we have

d(go " (a).¢oF" (b)) = d(g" o ¢(a).5" 0 6(h)) <,
and if zy = 7y o ¢(a) and yo = m o ¢(b), then for every nonnegative integer m

d(g™(0), 9™ (o)) < €.

Therefore we have that a, = by, implies g' omgop(a) = gl ompop(b), and equivalently
ak+; = by implies 7y o ¢(a) = mp o H(b). O

(b)) < d(a,b) < § for every nonnegative

Proof of Ladder Lemma. Let n be as in Lemma Define ry: X — Y by r, =
T OGO w;ik. Then ry is well-defined by our choice of n. Now show that r, = rg

for every positive integer k. For x = (zg,...,7pn,...) € X,

ri(en) =m0 oLy (wa) =Moo f (2)
=m, 07" o ¢(a) =m0 0 p(x) =m0 pom, ()
=ro(zn).
To show the continuity of r = rg, let § > 0 and € > 0 be as in Lemma 36 and

choose ¢’ > 0 such that if ay, b, are elements in X with d(an,by) < ¢, then there
exist a,b € X with 7, (a) = a,, and m,(b) = b,, such that d(a,b) < 6. Then we have

d(an,bn) <8 = d(mp o ¢(a),m 0 ¢(b)) = d(r(an),r(bn)) <€,

and r: X — Y is continuous. That ¢(xo,. .., Tn, Tnt1,-..) = (r(@n), "(@nt1),...)
is trivial by the construction of r: X — Y. [l

The proof of the following proposition is easy from the Ladder Lemma. So we
omit the proof.

Proposition 3.7 ([15, Theorem 3.3]). Suppose that (X,_) (md_(Y, g) satisfy all

axioms except possibly the Flattening Axziom. Then ¢: X — Y is a topological
conjugacy if and only if there exists a shift equivalence (r,s) of f and g such that

p=T.
Let (Xx,0x) and (Xy,oy) be the SFT covers of (X, f) and (Y,g) defined by

(Ex, f) and (Ey, g), respectively, as in {2

Theorem 3.8. Suppose that (X, f) and (Y,g) satisfy Azioms 3, 4, and 5, and
they are shift equivalent to each other with lagm by graph maps r and s. Then the
conjugacy 7: X — Y lifts to a unique conjugacy 7 of (Xx,0x) and (Ly,oy).

Proof. We will define a sliding block code ¢,.: ¥ x — ¥y induced by r, and show
that ¢, is the required conjugacy 7.

Let £x and &y denote the edge sets of X and Y, respectively, Ax = {I; ;} and
Ay = {J,} the alphabets of (¥x,0x) and (Xy, oy ), respectively, and px: ¥x —
X and py : ¥y — Y the semiconjugacies. Then 1; ; is a subset of e; € £x such that
f(Iij) = e j € Ex (ignoring the direction). Note that ifa = --- I,(_1)L40)La(1) - - €
Yx, T4 = (vg,21,...) = px(a) € X, and I,y C eq;, then z; € I,_; and
fi(xo) € I,y for every nonnegative integer i.

Let Cx = {a € Bx | px opx(a) = {a}} and Cy = {b € Xy | py' o py (b) = {b}}.
Then by Proposition [2ZI3] Cx and Cy are dense in X x and Xy, respectively.
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Step 1. Show that T o px(Cx) = py (Cy).
By Proposition[ZT3] a € Cx if and only if mgopx(a) ¢ U 7" (Vx) where 7;

is the prOJectlon map from the branched solenoids to thelr zth coordinate spaces.
So we have f opx(Cx) =px(Cx).

If Fopx(a) & py(Cy) for some a € Cx, then romy,opx(a) € |J g7 1(Vy) and
n=0

g oromy, opx(a) =ro f"tom, opx(a) € Vy

for some n > 0. Since the shift equivalence maps r and s are graph maps by
Lemma 33 and sor = f™, we have

soro f”+1 omm opx(a) = f”erJrl omm opx(a) = f”Jrl omopx(a) € Vx,

a contradiction. Hence we have 7o px(Cx) C py(Cy). By the same argument, we
can show that Sopy (Cy) C px(Cx). ThenTo3 =g™ and g™ (Cy) = Cy imply that

py (Cy) =To5opy(Cy) CTopx(Cx)

Therefore we have T o px (Cx) = py (Cy).
Now we have a well-defined bijective map (py|c, ) "t oTopx|cy: Cx — Cy. This
map will define 7 on Cx.

Step 2. Find a block map @, : B,,1+1(Cx) — Ay where B,,,+1(Cx) is the set of all

(m + 1)-blocks in Cx such that for every a = -+ Iy(—ms) - La(—14i)daqi) - - € Cx
(Pyley )t 0T opxlex ()i = r(La—mti)  * La(s))- _

For a = - --Ia(,m) . "Ia(fl)Ia(O) - € Cx, let 4 = (x0,21,...) = px(a) € X
and ya = (Yo, y1,--.) = T(za) € py(Cy). Then x; € Iy C €q(—), Y¥i = 7(Titm),
and there exists a unique o = -+ - Jo(_1)Ja(0) - - € Cy such that

(pyley) ' oT o pxlex (a) = o and py (a) = ya.

Let {Ie(kj)} be the partition of e = e,(_,) € Ex for ¥, 1 <k <m+1. Then each

I (k) is contained in a unique [ (k-fl)

e.] , and we have a unique descending sequence
:

631(1(, )—I(l)

(2) (m+1)
e u(1) DI () 2 -D 1

e,u(m—+1)
(k
such that fk( (k)) = €a(—m+k) € EX, ™ eut;ll)) = Ly(—m+k) C €a(—m+k), and

(m+1)
Tm € Ig (1)

Smce the shift equivalence maps r and s are graph maps and s or = [,

fm( . u(m ) = €q(0) and fm“(IérZ(J;llll)) €q(1) imply that r(Iézzm)) is contained

in a unique edge € in Y and that r([e(muz;ﬂ_l)) is contained in a unique path J such

that J C € and g(J) € &y. Define a block map @,: By,+1(Cx) — Ay by

Ta(=m) -+ La(-1)La(o) = J.
Then the sliding block code ¢, induced by @, maps a to 3 = --- Jg0)Jg(1) -+ with
J,B(z) = (Ia(ferz) a( ))
To prove that ¢, = (10y|cy)_1 oT o px|cy, we need only show that py (8) = ya,
that is, y; = r(iym) € Jg(—i)- From the descending sequence for z;

(m+1)
(2) €a(—i—m) 2 Ia( i—m) 2 Ia( i—m),u(2) DEEEED Iaﬁiim),u(erl) S Titm,
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J3(—4) is the unique path in Y such that r(IéZti)m)’u(mH)) C Jg(—iyand g(Jg—s)) €
Ey. So y; = r(xitm) is contained in Jg_;), and py (8) = ya. Therefore ¢,(a) =
B=a=(pyley) ' oT opx|cy(a) by the definition of Cy, and this proves ¢, |c,, =
(Pyley )™t oTopxley-

Step 3. Define a block map Uy: B,,11(Cy) — Ax with ¢ defined on Cy by
Ys(a); = \I/S(Ja(i) S Ja(ier)) such that s o ¢, = Id on Cx.
We define ¥y from s: Y — X just as we defined ®, from r in Step 2. For

a = -Jy—iyJa(—it1) -+ € Cy with Jo(—s) C ¢, let {Je(szk)} be the partition of

e €& for g*, 1 <k < m+1, so that gk(Je(ﬁzk)) = €a(—it+k) € &y and gk(JE(salle)) =
Jo(—i+k) C €a(—i+k)- Then we have a unique descending sequence

(3) €D Ja(,i) = ‘]e(,lv)(l) [DERRND Je(TZ(erlJ)rl)
such that, for y = py (a), we have y; € Jsfﬁi_l) and s(Je(T()m)) is contained in a

unique path I in X such that f(I) € Ex. We define ¥y: B,,+1(Cy) — Ax by
Ja(=i)  Ja(—itm) — 1.

Let pX|CX (a’) =, F((E) =Y, and (pY|Cy)71(y) =a. If Titm € Iézn——:i)m),u(m—i-l)

and y; € Je(T:_mlJ)A) as in the equations () and (@), then we have Je(:)j(tnl«)kl) C
(m+1)
r(Ia?iifm)’j(mH)) and
+1 +1
S(Jtiy(nfi),)v(mﬂ)) cso T(Itg?iif)m),j(erl)) = Iy € Ax.

Therefore 15 o ¢,.: Cx — Cx is the sliding block code with memory m and antici-
pation m induced by a block map defined by

To—imm)  da(=iy *  La(—itm) = La(=i)»
and s 0 ¢. = Id on Cx.

Step 4. Deduce that ¢, gives the required conjugacy 7.

Because ¢, maps Cx onto Cy, and these sets are dense in X x and Xy, it follows
that ¢, maps X x onto Xy. Similarly ¥ maps ¥y onto X x. Since the continuous
maps Id|s, and ¥s o ¢, agree on the dense set Cx, we have Id|x, = s 0 ¢ on
Y x, and so ¢, is a conjugacy.

That ¢, is a lift of 7 follows because py o ¢, = T o px on the dense set Cx. The
lifting is unique for it is uniquely determined on the dense set Cx. |

Remark 3.9. It is necessary to assume the shift equivalence by graph maps. See

Examples [£.8 and (.11

4. GRAPH ALGORITHM

Suppose that (X, f) is a presentation of a solenoid satisfying all six axioms. Given
a finite subset O of X such that f(O) = O, we will construct a new presentation
(Xo, fo) such that (X o, f») is topologically conjugate to (X, f). For this purpose,
we will give a graph algorithm which takes the given presentation (X, f) and O to
produce a new presentation (Xp, fo) and shift equivalence maps po: (Xo, fo) —
(X, f) and Yo: (X, f) — (Xo, fo).
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Notation 4.1. By a path or directed path [, we mean an equivalence class of locally
one-to-one continuous maps : [0, 1] — X where 3 ~ 72 if and only if there is an
order-preserving homeomorphism hq 2: [0,1] — [0,1] such that v1(t) = v2 0 k1 2(t)
for all ¢t € [0,1]. So a path [ = [y] has the initial point (0) and the terminal point
~(1). By abuse of notation, when we say that a path contains a set, we mean that
the image of the path contains the set.

Let P be the set of directed paths [ C X such that the boundary points of [
are contained in @, and the interior of I does not contain any point of O. Let [
be a directed path in P. Since f(O) = O, if we consider f(l) as a continuous map
L:[0,1] — X, then the interval [0, 1] can be represented as a union of subintervals
[0, a1]U[a1, ag]U- - -Ulan—1, 1] such that L(a;) € O and L((ai—1,a;))NO = § for every
0 < i < n. Hence for the collection of [a;—_1,a;] such that L([a;—1,a;]) = l; € P,
J+ X — X induces a wrapping rule fp: P — P* defined by [ +— [/ - - - 1,,». We write
I € f(1) if I; € P is one of these factors of f(I). (We remark that some factors of
f(l) may not be paths, because f(l) need not be locally one-to-one.)

Our first task is to find a minimal set of directed paths Po such that Po is a
finite subset of P, X C Ucp,, I, f(I) € P for every | € Po, and there exists a
positive integer k such that [ € fk (I2) for all Iy, € Po.

Let us denote Z,, as the set of directed paths whose boundary points are con-
tained in f~™(0O), and whose interior does not have any point in f~™(O). Since
we assumed all six axioms, there is a positive integer n such that f"(e) 2 X for
every edge e of X from Lemma 214 So each edge e contains at least one point of
f7™(0), and Z,, is a finite set for m > n.

We have the following lemma from the Flattening Axiom.

Lemma 4.2. There exists a positive integer N > n such that the interior of each
edge contains at least one point of f~N(0O), and for each vertex v € X

(1) if v ¢ f~N(0O), then there exists a path l, € P, unique up to direction, such
that for every path I € Ty which contains v as an interior point, either
fN(I) ¢ P or fN(I) =X € P where £1 denotes the direction, and

(2) if v e f~N(0O), then there exist paths l;,l; € P, unique up to direction, such
that if J1 and Jo are elements of Iy such that v is the terminal point of Jy
and the initial point of Jo, then fN(J1Ja) = (Lil;)**.

Fix N satisfying the statement of Lemma 2. Let Z = {I € Zy | f¥(I) € P}.
Then I € Iy\Z if and only if f~(I) is not locally one-to-one. Each | € P can be
represented as a product of I; € Ty such that the initial point of I; is the initial
point of I, the terminal point of I; is the initial point of I;41 for 1 < i < j(I),
and the terminal point of I;(; is the terminal point of [ so that some I; € Z, some
I; € IN\Z, and N = N (Liay) -+ fN(Iiqy) where Iy € Z. Therefore each
factor of fN+i(1) which is a path in X is an element of fi(Z) for every [ € P and
12> 0.

Lemma 4.3. Suppose | = fN(I) € P for some I € T. Then every factor of fi(l)
is an element of fN(I) for every nonnegative integer i.

Proof. Clearly every factor of () (1) is an element of fV(Zy). We must check that
every factor is locally one-to-one. First consider the case that the image of I is
a subset of an edge of X. Assume that [ is represented as a product Jy --- Jj
such that each J; € Inys, and f(J;) ¢ T for some j. Then f(J;) ¢ Z implies that
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FNFi(J;) is not locally one-to-one on the image of .J;, and so fN1(I) is not locally
one-to-one. This contradicts the Nonfolding Axiom as we chose the image of I to
be a subset of an edge. So we have f(J;) € T for 1 < j < j(I).

Now suppose that I contains a vertex v of X as an interior point. Let I’ € T be
a subset of an edge. Then there is a positive integer k and a factor J € Zy 4 of
I' such that X C f*(I') and f*(J) contains v as an interior point. By Lemma H.2]
we have fV(I) = fNTF(J)* € P, and fNTi|; = fNT++i|; is locally one-to-one as
J is a subset of an edge. Therefore factors of f(fV(I)) are elements of fN(Z) for
all i > 0. O

Definition 4.4 (Closed finite path set up to direction). The directed paths which
are elements of Z come in pairs, where one path in a pair is the other with reversed
direction. Make a choice of one path from each pair and let Z,, be the collection
of chosen directed paths. Define

Po={fNI)|I€ZL,}.
Then Py is a finite subset of P as 7 is a finite set.

Proposition 4.5. The set Po is the unique, up to the choice of direction, minimal
subset of P satisfying the following conditions: f(l) € P for every l € Po, and
X CUiep,, I There exists a positive integer k such that Iy € fE@) forallly,l € Po.

Proof. By Lemma E3] f(l) or f(l)*1 is contained in P for every | € Po. It
remains to check minimality.

Suppose that [ = fN(I) for some I € Z. Then by Lemma ET4, there exists a
positive integer j > N such that X C f/(I). If I = f¥(I) such that I; € Z and
the interior of I; is contained in an edge e;, then there exists a subpath J; C I
such that f7(Jy) = I¥', and we have fN(I;) = I! is a factor of f7(fN(I)).

Next suppose that I, = fN(Ig) where I is a path in Z such that I contains a
vertex v as an interior point. Let I3 € Z be contained in an edge e, and I3 = fV(I3).
Then for some m > 0, v is the image under f™ of an interior point of e, and by
Lemma B2 1F! is a factor of fN+7(l5). This proves the minimality of Pp. and
the uniqueness claim is also clear.

It is clear that X C UlePo l, and for all I1,l5 € P there exists a positive integer
k = k(1,2) such that I¥! is a factor of f¥(l3). Then the number & can be chosen

uniformly because for every I € 7 such that the image of I is contained in an edge,
if | = fN(I), then I*! is a factor of f™(I') for every I’ € Po and large m. O

Definition 4.6 (Construction of new presentation). The new directed graph Xo
defined by the set O has n vertices and m edges where n is the cardinality of O and
m is the cardinality of Ppn. The set of vertices Vo of X corresponds to O, and the
set of edges £p corresponds to Py by the following rule: If [; € Po is a directed path
from v; 1 to v; 2 in X represented by a continuous map ~y; : [0,1] — X as in Notation
E1l, then e; € o is a directed edge from v; 1 to v; 2 represented by a continuous
map 7;: [0,1] — e; such that 7;|,1) is a homeomorphism, and 17! corresponds to
e; ! defined by v, ': [0,1] — e; such that v; ' (t) = 7;(1 — t). So there is a natural
projection po: Xo — X defined by 7;, o (5)~': e; — [0,1] — I;, and the graph
map fo: Xo — Xo is induced by f: X — X satisfying po o fo = f o po. Hence
if fp: l; — li(ll) . l;(g((f))) € Py for l; € Po, then fo: e; — ef’(ll) . ~e;(:;((;))) €&
where po(e;) =1; € Eo and s(i) denotes the direction.
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Remark 4.7. Suppose that P/, is Po with a different choice of directions of paths.
Let (X0, fo) be defined by Po, and (X(,, f(,) defined by P(,. Then the two graphs
are the same except that the directions of some corresponding edges might be
reversed, and it is easy to see that fo and f{, are shift equivalent by graph maps.

Example 4.8. Let X be a wedge of two circles a,b with a unique vertex p, and
f: X — X defined by a — aab and b — ab. So (X, f) is given by the following
diagram, in which p is the vertex of X and {g¢,r} is a period 2 orbit.

aA

p

The set of directed paths P defined by the indicated periodic orbit {g,r} is
{a, B,7,0,6,C,a™t, 371 y71 671 et (1} where a is the circle A based at ¢, 3 is
the path from ¢ through p to r, 7y is from r through p to ¢, § is the circle B based
at r, e is the path from ¢ through p to r with reverse direction to B, and ( is the
path from r through p with reverse direction to B to q.

Every edge of X has at least two points of f~1({g,r}), and it is not difficult to
check that f(Z) = {a,3,7,a7 1,871,771}, So Py, is {o, 8,7} up to the choice
of direction, and the induced wrapping rule fp: P — P* is given by

a—yaf, [y, v e fraf
Hence the new graph Xy, ,y defined by {¢,r} is the following graph.

Y

Remark 4.9. To compute the graph X and the map fo, we don’t need to find the
integer N and Z given in Lemma 2] If we choose a path [ € P, and iteratively
apply f to the factors of f"(l) which are paths, we will eventually generate a set of
paths invariant under f , and this set will contain Pp.

Example 4.10. Suppose that (Y, g) is given by Figure B} and p is a fixed point of
g.

Then the set P of directed paths based at p is an infinite set for if we call a;
the path from p to the branch point in the edge a and ay the path from the branch
point to p, then the paths a1bd---dcas are in P.

n
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A C D

P B
FIGURE 3. (Y, g) with a fixed point p

If we choose ¢ as the loop ajas based at p, then §(¢) = ajbdcas and G*(¢) =
aibddcas a1bcas aibeas aibeas.

For e = a1bddcas and f = a1bcas, §: e — ef ff and f — ef. So {e, f} is a closed
minimal subset of P, and Py,y = {e, f} by uniqueness. The new graph (Y{,}, 9¢p})
defined by {p} is the following graph.

Example 4.11. Suppose that Z is given in the following graph, that h: Z — 7 is
given by a — bab~! and b — aba~!, and that p is a fixed point.

A€>-<>B

Let a1 denote the path from p to the branch point, az the path from the branch
point to p, and £ = azba;. Then h(f) = azb~lay agbagl al_lbal and for o = asb"tay,
8= agbagl and vy = aflbal,

hiaaf™ly, BreaBat, vy By
The new graph Z,, defined by {p} is a wedge of three circles as in the graph below.

a
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Theorem 4.12. Suppose that (X, f) satisfies all siz axioms, that O is a finite
subset of X such that f(O) = O, and that Po and (Xo, fo) are the minimal closed
subsets of P and the new presentation defined by O, respectively. Then the natural
projection po: Xo — X gives a conjugacy from (Xo, fo) to (X, f).

Proof. We will show that p = peo is part of a shift equivalence, that is, we will
define a continuous map ¢: X — X» and a positive integer m such that

oo =1tof, poy=f", andop= f3.

Recall Po = {fN(I) | I € T,,} for some fixed choice of a subset Z,,. of Iy as
in Definition 41 By the choice of N (from Lemma H2), every I € Z,, contains
at most one vertex of X. It is trivial that if z € X\ f~V(0O) is contained in some
I € 7,, and the interior of I does not contain any vertex of X, then I is the unique
element in Z,, which contains .

If v is a vertex of X, then by Lemma2] v € f~V(0O) or there is a neighborhood
U, of v such that U, is the union of all paths in Z containing v as an interior point
and fN(U,) is the image of [, € Po. Hence, for every z € X\ f~N(0), there is a
unique path I, € Po such that if 2 € I € Z,,., then fN(I) = 1.

For z € X\f~N(0), let e, be the edge of Xo corresponding to I,. We will
define 9(z) to be the appropriate point ze in e, satisfying p o (x) = f¥(z). Let
v:[0,1] — e, be the continuous function (in the equivalence class [,;) associated to
e, in the definition of X» and p. Fix I in Z,, such that z € I. For the moment
let I also denote a specific map [0,1] — X. Then there is a homeomorphism
h:[0,1] — [0,1] such that po~y = fN o I o h. Let t be the unique number in (0, 1)
such that I o h(t) = x, and define zp = y(t). Then pop(x) = p(zp) = poy(t) =
fNoIoh(t)= fN(z) as required.

For z € f~N(0), we define ¥(x) as the unique point in X¢ which p maps to
fN(x) € O. Then 9 is continuous, po = f, and clearly fop = po fo by
Definition Consequently potop= fNop=po f§. Therefore the two maps
Yo pand f§ send any given edge (considered as a path) in Xo to paths which
p sends to the same concatenation of elements of Z. Such a concatenation has a
unique lifting under p, therefore ¢ o p = 5.

It remains to show that fo o1 = 1 o f. Because p is surjective, it suffices to
show fo o1 op =1 o fop, and this is true because

foopop=flt =Wop)ofo=1vo(pofo)=1o(fop).

Therefore (Xo, fo) is shift equivalent to (X, f), and py, is a topologically conjugacy
by Proposition B.7 O

Remarks 4.13. (1) Theorem requires the Flattening Axiom. See Example
E1a
(2) If O is not a subset of Vy, then the shift equivalence maps p and ) in Theorem
cannot be graph maps.

Remark 4.14 (Preperiodic sets). If F is a finite subset of X such that f(F) C F,
then it is not difficult to apply the graph algorithm to F so that we have a finite
graph with a graph map (Xg, f£). And there is a positive integer k = kz such
that f*(F) = f*+(F) for all i > 0. Let O = f*(F).

We get f and fr shift equivalent just as before. Now it is not hard to check
that fr and fo, are shift equivalent by graph maps. Hence the associated SFT
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covers of the next section will be conjugate for F and Oz, and that is why we only
concern ourselves with sets O which are unions of periodic orbits.

Elementary presentation. One interesting application of the graph algorithm
is the elementary presentations of solenoids. In [I5], §5], Williams introduced an
elementary presentation of a solenoid in which X is a wedge of circles and f leaves
the unique branch point of X fixed. And he showed in [15] Theorem 5.2] that, for
every generalized one-dimensional solenoid with shift map (X, f), there exists an
integer m such that (X, f™) has an elementary presentation. We can improve his
theorem by getting sharp bounds on m.

Suppose that (X, f) satisfies all six axioms, and that a is a fixed point of f™.
For (X, f™), let (Xyay, f{"fl}) be the new presentation defined by {a}. Then the new
graph Xy, has only one vertex a which is a fixed point by f{“Z} : X{ay — X{q), and
each edge in Xy, is homeomorphic to a circle. So (X¢.3, f{“Z}) is an elementary
presentation and (X, f™) is conjugate to (Y{a},f_m{a}) by Theorem [£.12. More
generally, we have the following proposition:

Proposition 4.15. For a given 1-solenoid, the minimal number of vertices in a
presentation (X, f) is the minimal period of points in X. In particular, (X, f) has
an elementary presentation if and only if f: X — X has a fixed point.

Remark 4.16. Williams showed that two elementary presented solenoid systems
(Y1,7,) and (Y, 7,) are topologically conjugate to each other if and only if the shift
equivalence classes of g1,.: m1(Y1,y1) — m1(Y1,91) and go, : 71 (Y2, 92) — m1(Y2,92)
are the same where y; is the unique branch point of Y; for ¢ = 1,2 ([I5] 7.3]).
Proposition [£TH extends the range of Williams’ classification theorem.

Example 4.17. Theorem[E£T2land Proposition[ZTIhlrequire the Flattening Axiom.
Let X be a wedge of two circles a and b with f: X — X defined by

a +— bba, b+— abb.
Then (X, f) is an elementary presentation of a branched solenoid and f does not

satisfy the Flattening Axiom. The circle b contains a unique nonbranch fixed point

q.
The directed path set P,y has three loops

a =baby, [ =boaby, ~=byaab;
where by is the arc from the branch point to ¢ and bs is from ¢ to the branch point.
Let X, be a wedge of three circles «, 3,7 based at ¢, and fr,y: X¢py — Xy
the map induced from f: X — X by
a—af, [ aaay, v+ acafaoy.
Then (X{q}, f(q}) satisfies the Flattening Axiom. So (X, f) is not topologically
conjugate to (X gy, f{q}).

5. CANONICAL SF'T COVERS

In §4, we constructed a new presentation (Xe, fo) for the given presentation
(X, f) and the finite invariant set O of X. Associated to this new presentation, we
have an SFT (S0, 00) defined by (Ex,, fo) and a semiconjugacy po: (So,00) —
(Xo, fo) constructed by the standard algorithm described in Section 2. We will
show that this new SFT cover defined by a finite invariant set is canonical. As an
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application, we show that two solenoid systems are not conjugate by comparing
Bowen-Franks groups of their SFT covers defined by periodic orbits of the same
period.

Suppose that (X, f) satisfies all six axioms, that O is a finite subset of X such
that f(O) = O, and that (Xo, fo) is the presentation defined by (X, f) and O. If
Eo is the set of edges in X, and fo: Eo — &} is the wrapping rule associated to
fo, then (o, fo) defines a two-sided SFT (X0, 00).

There is a well-defined quotient map po: ¥ — X o such that fo opo = poooE.
If po: Xo — X is the natural projection which maps each edge e of Xp to the
corresponding path [ in X, then p,: Xo — X is a conjugacy by Theorem FEIZ]
and pp 0 po: Yo — X is a finite-to-one quotient map.

The canonical projection map to the zeroth coordinate 7: X — X induces a
bijection O « O of finite invariant sets of X and X. We will call (Sp,00) the
SFT cover of (X, f) defined by O or by O.

Example 5.1. Let (X, f) be as in Example B8] p the branch point of X which
is a fixed point of f, and {g,r} a period 2 orbit. Then the ‘natural’ SF'T cover
of (X, f) is the SFT (X{p},0¢py) defined by the orbit {p}. From the wrapping

rule f: a +— aab,b — ab we see that (Xy,},0y,)) is represented by the following

adjacency matrix:
2 1
My = (1 1) :

The induced map f{qm}: Pigry — Pfq_r} is given by

a—yaf, [y, e Brap.
So the SFT cover (X¢q,1,0¢4,r}) Of (X, f) defined by {q,r} is given by the following

matrix:

1
Migry = ?

N O =
— =

Remark that (7{,)},?{[,}) is topologically conjugate to (Y{q,r},f{q7r}) by Theorem
HI2. But (X}, 0()) is not topologically conjugate to (X, -1, 0¢4,)) as the trace
of My, is different from that of My, ..

Theorem 5.2. Suppose that (X, f) and (Y,g) satisfy all siz Azioms, and that
(X, f) is topologically conjugate to (Y,g) by a conjugacy map ¢. If O is a fi-
nite union of periodic orbits of f and 0 = #(O), then there is a unique conjugacy

o (Xo,00) — (Zor,00/) such that the following diagram commutes:
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Proof. That ¢ is a conjugacy implies that O is a finite union of periodic orbits
of g. Let (Xo, fo) and (Yo, go+) be the new graphs with graph maps defined by
O =7(0) and O’ = ﬂ(@l), respectively. Then by Theorem T2} there exist shift
equivalence maps (po, ¥o) for (Xo, fo) and (X, f), and (po’, o) for (Yo, go’)
and (Y, g). Let ¢o: Xo — Yo be the conjugacy (pe) ™" 0 ¢ 0 By, which lifts ¢.
By the Ladder Lemma, there is a shift equivalence ro: Xo — Yo and sp: Yo —
Xo such that 7o = ¢p and Sp = qbél. Since ¢ sends O to 6,, ro and so are
graph maps. Then it follows from Theorem that there is a unique conjugacy
¢: (Zo,00) — (Sor,000) lifting ¢o. Therefore ¢ is the unique conjugacy lifting
o. O

Remarks 5.3. (1) It is necessary to assume 0 = #(0). See Example (.11
(2) We need the Flattening Axiom to guarantee that ¢o: (Xo, fo) — (Yo', Gor)
is a conjugacy. See Remark LT3 and Example LT1

Bowen-Franks groups. We say that two dynamical systems (M, ¢) and (M’, ¢')
are flow equivalent if they have topologically equivalent suspension flows.

Definition 5.4 ([9], §7]). Let A be an r x r integral matrix. The Bowen-Franks
group of A is

BF(A) =coker(Id— A) =Z"/Z"(Id — A),
where Z"(Id — A) is the image of Z" under the matrix Id — A acting on the right.

If two irreducible SFTs are flow equivalent, then they have isomorphic Bowen-
Franks group ([3]).

Example 5.5. Williams posed the following question ([I3} [15]): If X is a wedge
of two circles a,b, and g1,g2: X — X are given by

g1(a) = aabba, §1(b) = a, and
gQ(a’) = a’ba’bav §2(b) =a,

then are g7 and gy shift equivalent?

Ustinov ([I3]) already showed that they are not shift equivalent to each other
using ideas of combinatorial group theory. We will give an alternate argument us-
ing the canonical SFT covers. We will compare the Bowen-Franks groups of the
SE'T covers defined by period-2 orbits. Since conjugacy preserves flow equivalence
classes, it suffices to show that there is no bijection between the SFT covers de-
fined by period 2 orbits in (X, ¢1) and (X, g2), respectively, such that the bijection
respects the Bowen-Franks groups.

The presentations (X, ¢g1) and (X, g2) are given by the following diagrams. So A
has three subpaths a1, as, az which map to A by g;, and two subpaths by, bo which
map to B.
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Each presentation has five period 2 orbits (excluding fixed points). Let us denote
(ai,a;) as the period 2 orbit contained in a; U a; and (b, B) as the period 2 orbit
in by U B. For (X, g1), the SFT covers defined by period 2 orbits are represented
by the following matrices:

0 10 120 2 30
M(al,ag): 3 1 1 ,M(al,ag): 1 1 1 ,M(ag,ag): 0 0 1 5
5 3 1 3 40 4 5 0
21 11 2111
1 0 1 1 10 01
M(b1,B) = 100 0 , and  M(be,B) = 100 0
21 0 0 21 10
and for (X, g2),
0 0 1 0 2 1 3 1
N(al,ag): 3 1 1 ,N(al,ag): 2 10 ,N(ag,ag)z 0 0 1 5
4 2 1 3 20 2 4 1
1 2 2 1 2 2
N(b,B)=|[1 1 2|, and N(b,B)=|1 0 1
1 10 1 2 1

We indicate the computation of M (a1, az2) as an example. The points in the pe-
riodic orbit (a1, az) and the new graph X4, 4,) are given in the following diagrams.

b A
a! !a

Let p; denote the path from the branch point to the point in a1, ps the path from
the point in a; to the point in as, and p3 the path from the point in as to the
branch point. Let o = po, 8 = p3p1, and v = p3bbp;. Then the substitution rule

g~1(a1,a2)5 8(0,1,0,2) — 8(*a1’a2) is given by

(=2

af, B—ayafa, v ayafapafa.

Use the Smith form to compute Bowen-Franks groups (|9, §7.4]) of SF'T covers de-
fined by period 2 orbits. Then it is not difficult to obtain that in (X, g1), M (a1, as)
and M (b1, B) have Zy @ Z4, and M(ay1,a2), M (ag,a3) and M(ba, B) have Zg as
their Bowen-Franks groups. And in (X, g2), N(a1,az2),N(a1,a3) and N(az,as)
have Zg @® Z4, and N (b1, B), N (b, B) have Zs. So the number of SFT covers which
have the same Bowen-Franks groups are different, and g, is not conjugate to g,.
Therefore (X, g1) is not shift equivalent to (X, g2).
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APPENDIX A. ONE-SIDED SFT

Suppose that (X, f) and (Y, g) are presentations of solenoids which are shift
equivalent to each other by a shift equivalence r: X — Y and s: Y — X. Assume
that O is a finite invariant subset of (X, f) and O’ = r(O), and denote (Xp, 0p) and
(S0, 00/) as the SET covers of (X, f) and (Y, 7) defined by O and O’ respectively.
Then (X0, 00) and (Xor, 00/) are defined by nonnegative integer matrices Mo and
Mo, respectively. And we can make one-sided SFTs (Sp,00) and (So/,00)
from Mo and Mg/, respectively.

The purpose of this appendix is to give an example in which the one-sided SFTs
(So,00) and (Ser,00) are not conjugate.

Example A.1. Let (Y{,},9¢p3) be as in Example IOl Let Y7 be a graph such
that &, ={1,2,3,4,5,6,7,8} with a graph map ¢1: Y1 — Y7 defined by

1 1234357, 2,4,5,6 — 8, 3+ 167, 7 1, and 8 — 678.
The presentation (Ypy,g¢p}) and the graph Y; are given in the following diagrams.

In Y7, the fixed point labeled p is the terminal point of the edge 8 and the initial
point of the edge 1.

2

We will define a lag 1 shift equivalence of g,; and g1 by graph maps r, s under
which the points labeled p correspond. The points labeled x,y in Y{,, and u,v in
Y1 form period two orbits of g¢,y and g1, respectively. The map r will send the
points z,y to the points u,v. But, we will see that the covering SFTs associated to
{z,y} and {u,v} are not conjugate as one-sided shifts.

The points a, b in Y[,y is a period two orbit, and the point ¢ is the unique point
in the edge F such that gg,)(c) = b. Let e; be the path from p to a, ez the path
from a to p, f the path from p to b, fo the path from b to ¢, and f3 the path from
c to p. Define r: Yy, — Yy and s: Y1 — Y,y by

cep — 1234357, eo — 8, fi— 1, fo— 67, f3— 8,
tl—er, 2,6 —e2, 30 fifa, 4,50 f3, T f1, 8 fafs.
Then 7 is given by e +— 12343578 and f — 1678, and

s5or: e ereafifofsfifefafifofs =cfff, and f— ereafifofz = ef,
ros: 1+ 1234357, 2,4,5,6 — 8, 3— 167, 7— 1, and 8 — 678.

D

Therefore we have sor = gg,1 and ros = g1, and (Yypy, g¢p}) is shift equivalent to
(Y1,61) by r and s.

Now Py, = {a, 3,7} where a is the path from y through p to z, 3 is the circle
F based at x, and + is the path from x through p to y. And Py, v = {d,¢,(,n}



ONE-DIMENSIONAL SOLENOIDS 3763

where ¢ is the path from u through the path 2 to v, € is the circle 34 based at v,
¢ is the path from v through the path 5 to u, and 7 is the circle 1678 based at u.
The wrapping rules Ge; 31 Playy — ijz,y} and gru,vy: Pluwy — Pfuw} are given
by

Jay): = BBy, Bray, v aye, and

g{u,’u} 10— €C, € UB ¢ 777757 n— 5@75
Therefore the SFT covers associated to {z,y} and {u,v} are presented by the
following matrices:

0 21 0001

Mga,=11 0 1], M0y = 100 2

0 1 1 1 1 1

For
0 1 1 0 é(l)g
R=|0 0 0 1] and S= ,

1 0 0 1 0 11
1 0 1

we have My, ., = RS and My, ,; = SR, and the two-sided SF'T covers are topo-
logically conjugate (as guaranteed by Theorem [(.2). On the other hand, Williams
showed [17] that one-sided SFTs are conjugate if and only if they have the same
total column amalgamation matrix; and we see that My, ., is its own total column
amalgamation, whereas the total column amalgamation of My, .y is

0 10
1 0 3
1 11

Therefore these one-sided SF'Ts are not conjugate.

APPENDIX B. RELATION BETWEEN WILLIAMS’ DEFINITION
AND TOPOLOGICAL DEFINITION OF 1-SOLENOIDS

Let (X, f) be a presentation of a solenoid in our topological sense, that is, assume
that it satisfies the Axioms 0-5 of Section 2. In this appendix, we will give X the
differentiable structure of a branched one-dimensional manifold, with respect to
which f will be an immersion. This will show that our topological 1-solenoids are
exactly the systems obtained from Williams’ differentiable 1-solenoids by forgetting
the differentiable structure.

The precise definition of an n-dimensional branched manifold ([T6]) is necessarily
somewhat complicated and subtle. In our one-dimensional situation, we will attach
to (X, f) a more simple and special structure, from which an interested reader can
easily derive the full immersion of a branched manifold apparatus laid out in [I6].
There is some overlap in our ideas and those used by Williams for his Realization
Theorem [15], 7.6].

We will cover the graph X with open sets Wy,...,Wy. Each W; will be an
interval or a union of intervals intersecting at a vertex. There will be attached maps
(charts) m;: W; — I;, where the I; are open intervals. When W; is an interval, m;
will be a homeomorphism; in the other case W; will be a union of intervals the
restriction of m; to each of which is a homeomorphism. Let W;; = W; N W;.
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Whenever ¢ # j and W;; is nonempty, the restriction of the map m; to W;; will be
invertible and the ‘change-of-coordinates’ map

mi: mi(Wij) — m;(Wij) given by o — m; oy 'a

will be invertible and affine. Finally, for each pair 4, such that f(W;) N W; is
nonempty, there will be an invertible affine map f; j: I; — I; such that the restric-
tion of f to W; N f=1(W;) is a lift of f; ;, that is to say, f; j o m;(z) = mj o f(z) for
all z in W; N f=H(W;).

Recall that V is the vertex set of the graph X. To define the open sets W;, fix IV
such that each point of X has a neighborhood whose image under f¥ is an interval
such that the interior of every interval with endpoints in f~1()) contains a point
in f~N(V)\ f71(V). The sets W; will be of two sorts. First, the complement of
F~N(V) in X will be a disjoint union of open intervals, and each of these will be
one of the sets W;. Second, at each point y in f~~(V), we pick a connected open
neighborhood U, such that U, are disjoint; after some shrinking, these will be the
remaining W;. The complement of y in U,, will be the union of a collection 7 (y) of
disjoint open intervals J,; (if y is not a vertex, then there are just two); we pass
to a shrunken set of U, for which the images of any pair J,; and J, ¢ are equal
or disjoint. This completes the description of the set W;.

To describe the charts, we will use the following result of Williams. Williams
proved it for elementary presentations, but his proof works for the non-elementary
case and it works with our topological axioms.

Lemma B.1 ([I5] 6.2]). There exist a unique measure u on X and a unique real
number X > 1 such that (X) = 1 and p(f(I)) = M for every small interval
contained in an edge.

First we use this measure p to define the charts m; when W, is an interval:
identifying W; with (0, 1), we define m;(x) = u(0, ). Next, for each y in f=N(V),
define an equivalence relation on J(y) by declaring two intervals to be equivalent
if their images under fV are equal. This divides each J(y) into two equivalence
classes; making an arbitrary choice, designate one class as L£(y) and the other as
R(y).

Now we can describe the chart m; for W; = U,. Identify each J,; with the
interval (0, 1), with 0 corresponding to y, and for x in J, ; define

mo(z) = w0, z) if Jy; € R(v),
’ —u(0, ) if J,; € L(v).

Finally, define 7;(y) = 0. This completes the definition of the charts ;. It is easy to
verify that the change-of-coordinate maps 7; ; are one-to-one and affine as claimed.

It remains to see that f is locally the lift of affine maps as claimed. Suppose
that the set W; ; = W; N f~1(W;) is nonempty. If W; is not one of the U, then by
choice of N, f(W;) N W; is an interval, and by the choice of N if W; = U, then
this interval is entirely contained in one of the intervals Jy ;; so the required affine
map f;; (with multiplicative constant A or —\) exists. Similarly the required f; ;
exists if W; = U, and f(y) is not a vertex.

Next, assume W; = U, and f(y) is a vertex. For each J,, let J/ denote the
unique member of J (f(y)) intersecting f(Jy,.). First suppose that y is not a vertex,
so J(y) = {Jy.1,Jy2}. By the Nonfolding Axiom, the restriction of fN¥*1 to W;
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is locally injective at y, and therefore J; and J, must be in different £/R classes.
Therefore the required affine map f; ; exists, with multiplicative constant A or —A.

Finally, suppose W; = Uy, vy is a vertex and (therefore) f(y) is a vertex. We
claim that for any J; in £(y) and J2 in R(y), the intervals J; and J} cannot be in
the same equivalence class L(f(y)) or R(f(y)). Given the claim, we can define the
required map f; ; as © — Az (if the £, R equivalence class labeling is respected) or
x — — Az (if the labeling is reversed). So it remains to prove the claim.

Suppose the claim is false: suppose that there are J; € L(y) and J; € R(y) with
Jj and J} both in L(f(y)) or both in R(f(y)). Because fN(J]) = N (J4) it follows
that fNV+! is not locally injective at y on the interval which is the union of {y},
Ji and Jp. Since the image of an interval .J, ; under f depends only on the class
L(y) or R(y) to which it belongs, it follows that the restriction of f¥*1! to any open
interval containing ¥ is not locally one-to-one. Now pick a positive integer k and
a point w which is not a vertex such that f¥(w) = y. Then f**¥+1 is not locally
injective at w. This contradicts the Nonfolding Axiom, and concludes the proof.
We record the result as the following Proposition.

Proposition B.2. Suppose (X, f) is a presentation of a topologically defined 1-
solenoid. Then X can be given a differentiable structure making it a branched
manifold on which f is an immersion presenting a Williams solenoid.

Example B.3. Let X be given by the following graph and f: X — X given by

a— b tab, b cb ta, ¢ beb L.

If we redraw X as the following graph, then X is a branched manifold, and (X, f)
is a presentation in the sense of Williams.

B
AC _—e v ——C

In contrast to the solenoid case, the following example shows that the set of
Williams’ branched solenoid systems is a proper subset of the topologically defined
branched solenoid systems.

Example B.4. Let X be as in the previous example, and ¢g: X — X is given by
ar—cblab, b—c b7, ¢ a.

Then (X, g) satisfies all Axioms except for the Flattening Axiom. So (X,g) is a
presentation of a branched solenoid according to the topological definition.

At each branch point of X, there are three choices of differentiable structure,
that is, three arcs are parallel to each other or two arcs are parallel and the other
arc is 180 degrees to these two arcs. The second graph in Example[B.3 and graphs
in Figure [B:4] show three possible differentiable structures at the left branch point
when the circle c is fixed. And similar differentiable structures can be given to the
right branch point.
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A A

FIGURE 4. Other differentiable structures at the branch point of
A when the circle C is fixed.

In each choice of differential structures at both branched points, it is not difficult

to find a smooth interval which is mapped to a non-smooth interval homeomorphi-
cally by g: X — X. For example, if X is the second graph in Example [B.3], then
the interval I is mapped to the interval J by g homeomorphically. Hence (X, g)
cannot be a presentation of a branched solenoid according to Williams’ definition.
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