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GROUP COHOMOLOGY AND GAUGE EQUIVALENCE
OF SOME TWISTED QUANTUM DOUBLES

GEOFFREY MASON AND SIU-HUNG NG

ABSTRACT. We study the module category associated to the quantum double
of a finite abelian group G twisted by a 3-cocycle, which is known to be a
braided monoidal category, and investigate the question of when two such
categories are equivalent. We base our discussion on an exact sequence which
interweaves the ordinary and Eilenberg-Mac Lane cohomology of G. Roughly
speaking, this reveals that the data provided by such module categories is
equivalent to (among other things) a finite quadratic space equipped with a
metabolizer, and also a pair of rational lattices L C M with L self-dual and
integral.

1. INTRODUCTION

The purpose of the present paper is to investigate relationships that exist be-
tween certain quasi-Hopf algebras (namely, twisted quantum doubles of a finite
abelian group) and their module categories. This is closely related to aspects of
group cohomology concerning the relationship of the bar complex to some other
complexes defined and studied by Eilenberg and Mac Lane [Mac52], [EM50a] and
[EM50D]. Although our results are purely homological and algebraic in nature, some
of the motivation for studying these questions derives from connections with ratio-
nal conformal field theory (CFT) and vertex operator algebras [DW90], [DPR92],
[MS89], [DLI3]. We will thus review background motivation (although it is hardly
necessary for an understanding of our main results) and then give a more detailed
overview of the paper.

It is not necessary for the reader to appreciate what a vertex operator algebra
(VOA) is (cf. [Bor86|, [FLMSS], [FHLI3]), but only to understand this: VOAs
have a representation theory, hence a (linear) module category, and it is impor-
tant to understand the nature of this category. It is expected that the module
categories V-Mod for a number of VOAs have a braided monoidal structurdl], We
refer the reader to [IS93] for the origins of braided monoidal categories, and to
[HL92], [HL94al, [HLI4L], [HL95a], [HLI95b] and references therein for more on
braided monoidal categories in VOA theory. Perhaps the simplest VOAs from this
perspective are called holomorphic: they have but one simple module, namely the
adjoint module V' itself, and all modules are completely reducible. Examples of
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holomorphic VOAs include the famous Moonshine Module and VOAs attached to
positive-definite, even, self-dual lattices [FLMS8S].

It is generally a very difficult problem to establish the nature of V-Mod, even for
relatively well-understood VOAs. However, if V-Mod is indeed a braided monoidal
category, then reconstruction theory (cf. [HO97], [Maj92]) suggests that there
might be a quasi-Hopf algebra @) with the property that @Q-Mod is equivalent
(as braided monoidal category) to V-Mod. (Recall that the module category of a
quasi-Hopf algebra automatically carries a braided monoidal structure, cf. [Kas95|,
[Dri90].) In this context, the work of Dijkgraaf, Pasquier and Roche [DPR92]
suggests how one might be able to identify such a @ in the case that V is a so-
called holomorphic orbifold model. This means that there is a holomorphic VOA
W and a finite group of automorphisms G of W such that V = W, ie., V is the
sub-VOA of G-fixed-points. The work of Dijkgraaf, Pasquier and Roche suggests
that one can take @ to be a twisted quantum double D“(G) of G. This is a certain
quasi-Hopf algebra, first constructed in [DPR92], which is a version of the Drinfeld
double of the group algebra C[G] [Dri&7], but which is twisted by a certain 3-cocycle
w in Z3(G,C*). For more details see [DPRI2], [Mas95], and section 2 below.

One of the problems of vertex operator algebras is that of classification. There
are far too many VOAs to make the problem of classification up to isomorphism
at all practical, at least for the foreseeable future. A meaningful alternative is
to classify VOAs up to equivalence of their module categories. Thus we would say
that two VOAs V and W whose module categories have braided monoidal structures
are equivalent if V-Mod and W-Mod are equivalent as linear, braided monoidal
categories. For example, all holomorphic VOAs are equivalent in this sense. In
the present paper we are interested in the case of holomorphic orbifolds: given two
holomorphic VOAs W; and W5, and finite automorphism groups G; and G2 of Wy
and Wy respectively, when are the corresponding holomorphic orbifolds equivalent?
After the above discussion, one is led to the following purely algebraic question:

given finite groups G; and Gy and normalized 3-cocycles wy €

(*) Z3(G1,C*) and wy € Z3(Ga,C*), when are the module categories
D¥1(G1)-Mod and D“?(G3)-Mod equivalent as (linear) braided
monoidal categories?

Although we have used VOAs to motivate (*), the question is of interest inde-
pendent of the theory of VOAs; roughly, we are studying ‘multiplicative Morita
equivalences’. As far as we know, the question in this generality has not been
discussed. In the present paper we will limit ourselves to the case in which the
relevant groups and algebras are commutative. Note that it is well-known [Kas95]
that a sufficient condition for the equivalence of the categories in (*) is that the
corresponding quasi-bialgebras are gauge equivalent. We will prove (Theorem [[L.H)
that this is also a necessary condition, at least when the twisted quantum doubles
are commutative. In practice, however, this is not very helpful in trying to decide
the answer to (*) in a given case. The main results and methods of this paper show
essentially that there is a method that allows one to answer (*) in any given case.
We also establish results that give a complete answer for various classes of groups.

Let us begin by considering a finite abelian group G. With each normalized
3-cocycle w in Z3(G, C*) we consider the twisted quantum double D*(G) together
with its group of group-like elements I'(G). Now I'Y(G) is an abelian group, and
we will be particularly interested in the case in which I'“(G) spans D“(G); this
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happens precisely when D“(G) is isomorphic as a bialgebra to the group algebra
C[I'“(G)], in which case I'(G) is a central extension of G by its group of characters

~

G.
(1) 1—G—TI¥0G) —G—1.

However, there is an essential difference between the two bialgebras which gen-
erally means that they are not isomorphic as quasi-bialgebras: the associator of
D¥“ (@) carries information about the cocycle w, whereas the associator of the group
algebra is trivial and carries no cohomological information.

We call the normalized 3-cocycle w abelian in case I'Y(G) spans D¥(G), and de-
note by Z3(G, C*)ap, resp. H3(G,C*)yp the 3-cocycles, resp. 3-cohomology classes
which are abelian in this sense. They are groups, and via (1) we get a group
homomorphism

(2) A HYG,C) ey — H2(G,G)
where the subscript ab on the second cohomology group refers to abelian extensions
of G by G.

It transpires that many of our results hinge on a close analysis of this map.
Though we have described A in terms of twisted quantum doubles, it turns out
to have a purely homological interpretation. This arises as follows: Eilenberg and
Mac Lane in [Macb2], [EM50b| and [EM50a] described a sequence of complexes
A;(G) associated to an abelian group G with a view to computing the cohomology
of the Eilenberg-Mac Lane spaces K(G,n). We are only interested in the complex
Ao(G), which is just the bar complex, and the second complex A; (G) which contains
Ao(G) as a subcomplex. This containment yields a canonical short exact sequence
of complexes

0 — Hom(B(G),C*) — Hom(A;(G),C*) — Hom(A4(G),C*) — 0

(B(G) is the quotient complex A;(G)/Ao(G)), and thereby a long exact sequence
in cohomology. It turns out that the map A in is the restriction to H3(G,C*)ap
of the connecting homomorphism which maps H3(G,C*) to H*(B(G),C*). There
is naturally a close connection between A and the cohomology of the complex
A1(G), which is sometimes called abelian cohomology. We observe that this latter
cohomology already plays a role in [MS89] and in [JS93], and is quite essential in
the work of Dong and Lepowsky [DL93| on the generalized Jacobi identity satisfied
by the vertex operators associated to lattice elements in a lattice VOA. But the
context of these works is quite different from our own.

Our analysis of the long exact sequence also reveals a fundamental difference
between groups of odd order and groups of even order; we will see that A is injective
if, and only if, G has odd order, and that in general ker A is isomorphic to the grou
02(G) of elements in G of order at most 2. We also give a precise description of
Im A : in the easier case of groups of odd order it is precisely the group of invariants
of the duality map € : H2 (G, é) — H2 (G, é) which maps a short exact sequence
of abelian groups to the dual short exact sequence obtained by applying the functor
Hom(?,C*). In case G is an abelian 2-group, it will turn out from the structure of
Im A that the extension I'Y(G) is necessarily a product of an even number of cyclic
factors. This and other results in the paper have consequences for the theory of
VOAs and CFT that we hope to pursue elsewhere.

2For a finite abelian group G, 2,(G) is the subgroup of elements of order dividing p.
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The main consequence of our analysis of the long exact sequence is that we are
able to characterize the pair (G,w) for w abelian in terms that are more amenable
to calculation. Namely, we show that it is equivalent to the existence of a certain
non-degenerate quadratic form on the abelian group I'“(G), call it ¢, with the
property that ¢ has a metabolizer G. In general, we say that a non-degenerate
quadratic space (E,q) for a finite abelian group F has a metabolizer M, if the
restriction of g to M vanishes identically and if the order of E is the square of
the order of M. So here we are following the definition of metabolizer in [tD79]
rather than the classical definition [Kne70], [MHT73], where M is also required to
be a direct summand of E. In the case we are interested in, this only happens if
the extension () splits, and we say that M is a split metabolizer in this case. For
us, metabolizers are not necessarily split and the most interesting metabolizers are
not. In this context we may speak of metabolic triples (E,q, M), and we can try
to construct suitable Witt-type groups. We essentially carry this out when F is a
homogeneous (or homocyclic) abelian p-group, however, we do not use the language
of Witt groups. We will see (Theorem [I0.4) that the equivalence (*) for abelian
groups G1, G2 and abelian 3-cocycles wy,ws is the same as the equivalence of the
associated quadratic spaces (I'“*(G1), ¢1) and (I'“?(G2), q2)-

We point out that quadratic forms play a prominent role in several of the pa-
pers we have already quoted concerning abelian cohomology and/or VOAs ([DL93],
[1S93], [MSRY]). But in [DLI3] and [MSRY], for example, conformal field theories
more general than holomorphic orbifolds are considered, so that the existence of a
metabolizer, so crucial for us, plays no role in these works.

Once the connection with quadratic forms with a metabolizer has been forged,
a number of further results flow. Consider a finite abelian group G together with
an abelian 3-cocycle w. By analogy with the standard decomposition of G into a
direct product of cyclic groups, one may ask whether D“(G) is gauge equivalent to
a tensor product

(3) D¥(G) ~ D' (C1) @ --- @ D*r(Cr)

with each C; a cyclic group. One may assume that G is a p-group for some prime
p, in which case the question has an affirmative answer in the following cases: (a)
p satisfies the congruence p = 1 (mod 4); (b) G is a homogeneous p-group and p
is odd. However, the result is generally false if p = 2, and p = 3 (mod 4), and G
is not homogeneous. Furthermore, if there is an equivalence of the form (B)), then
it is generally not unique, and the direct product Cy x --- x C,. of the groups C;
is not necessarily isomorphic to GG. It may seem curious that one has to impose
congruence conditions on p in order to establish @) for all abelian p-groups. The
reason is that via the quadratic forms we can use the technique of Gauss sums, and
odd primes which are sums of two squares are better behaved. The proof of (@)
for homogeneous p-groups is established using Witt-group type techniques. The
paper of C.T.C. Wall [Wal63], which classifies the quadratic forms on finite abelian
groups (at least if they are of odd order) proves to be invaluable in many of our
calculations.

By a rational lattice we mean a free abelian group M of finite rank together with
a non-degenerate bilinear form (e, ) : M x M — Q. We do not necessarily assume
that (e, e) is positive-definite. The lattice is called integral in case it takes values in
Z, and even if, in addition, one has (z,z) € 2Z. Such lattices play a prominent role
in [DL93|] because they naturally give rise to vertex algebras, indeed to examples of
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what Dong and Lepowsky call “abelian intertwining algebras.” Via the connection
with quadratic forms, we are able to relate the elements of H?(G,C*),p to certain
pairs of lattices M C L, essentially because such a pair (together with the bilinear
form (e, e)) yields a quadratic form on L/M. Moreover, a theorem of Wall [Wal63|
allows us to see that the existence of a metabolizer implies that the lattice M
is necessarily self-dual (i.e., unimodular). As we will show elsewhere, this has
consequences for the theory of lattice VOAs. It also permits us to see that the
following pieces of data are essentially equivalentﬁ for a finite abelian group G:

() W] € H*(C.CVt

(b) a metabolic triple (E, ¢, G);

(c) a pair of rational lattices M C L with M even and self-dual and L/M = G.
We will also prove (Theorem[I3.8) that if G is a homogeneous abelian p-group of odd
order, then two twisted quantum doubles D*(G) and D* (@) for abelian cocycles
w and W’ are gauge equivalent if, and only if, the corresponding cohomology classes
[w] and [w'] are equivalent under the action of the automorphism group Aut(G).
In some sense this result is the quintessential goal that one seeks for any abelian
p-group G; but the result is false in general due to “hidden” gauge equivalences
which are hard to enumerate, but which can be detected via the metabolic triples.

Finally, the connection with quadratic forms allows us to construct various kinds
of dualities and symmetries (other than categorical equivalence) between the mod-
ule categories in (*). We give various examples in section[I4], including the following:
for positive integers n, k and odd prime p, let G; and G5 denote the homogeneous
groups (an)k and (Zpk)n respectively. Then there are precisely (”Zk) equivalence
classes of monoidal categories both of the form D“'(G1)-Mod and D*?(G3)-Mod,
for some wy or ws respectively. Moreover, there is a canonical bijection (duality)
between these two sets of equivalence classes of monoidal categories. Each such
monoidal category can be labeled by a partition, and at the level of partitions the
duality is simply that which maps a partition to its dual (or conjugate) partition.
Moreover, duality induces a bijection between the braided monoidal categories as-
sociated to each group.

The paper is organized as follows: we give some background in section B, in-
cluding the observation that for a finite abelian group and normalized 3-cocycle
w € Z3(G,C*), the object D*(G)-when equipped with the trivial associator—is a
semi-simple self-dual Hopf algebra which is generally neither commutative nor co-
commutative. We study the group-like elements of D¥(G) in section 3, giving rise
to the central extension (). After a short section Ml concerned with tensor products
of twisted quantum doubles, we take up in sections BHRI the structure of the long
exact sequence alluded to above. Much of the resulting homological information
is encoded in a 7 term exact sequence which we record in Remark In section
@ we consider the category D¥(G)-Mod as a monoidal category i.e., forgetting
the braiding. For example, we show (Lemma and Theorem [@4) that for finite
abelian groups G of odd order and normalized 3-cocycles w; and ws in Z2(G, C*) 4p,
the monoidal categories D“'(G)-Mod and D“?(G)-Mod are tensor equivalent if,
and only if, the corresponding groups of fusion rules I'“* and I'“? are isomorphic,
and that in this case each D¥i(G) is gauge equivalent to the group algebra C[['*7].
This answers in the affirmative—at least for groups of odd order—a question posed
in [DPR92], namely, can D¥(G) be obtained by twisting a Hopf algebra? We show

3A vague phrase which will be clarified in section [T
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by example that the answer is “no” in general. In section [IU we study the connec-
tions among gauge equivalence, braided monoidal categories and quadratic forms
and prove the results already mentioned. Section [[T]explains the connections with
lattices, while section presents some results involving Gauss sums and applies
them to the proof of the gauge equivalence (B)) in the case p =1 (mod 4). In section
[Blwe consider metabolic triples (E, q, G) when G is a homogeneous p-group and—in
all but name—construct the corresponding Witt-type group. This is used (Theorem
[3.8) to establish both (B) in the case that G is a homogeneous abelian p-group,
and other results concerning homogeneous p-groups already discussed. Finally, we
discuss symmetries and dualities in section [[4]
The authors thank Chongying Dong for useful discussions.

2. TWISTED QUANTUM DOUBLE OF A FINITE GROUP

Let G be a finite group and w : G X G x G — C* be a normalized 3—cocycle@.
For any z,y,g € G, define

w(g, z,y)w(z,y, (xy) ' gay)
(4) 04 (2, y) ~
w(@,y,9)w(9, 9~ ' g, 9" 'yg)
(5) Yolw,y) = — :
w(z,9,97'y9)
The twisted quantum double D*(G) of G with respect to w is the quasi-triangular
quasi-Hopf algebra with underlying vector space (CG)* ® CG and multiplication,

)

(6) (e(g) @ x)(e(h) @ y) = Oy(x,y)e(g)e(zha™") @ zy,
(7) Ale(g) @x) = Y Yalh k)e(h) @z @ e(k) @z,
hk=g
(8) o= Y wlghk) le(g@loeh)@l®elk)® 1,
g,h,keG

where {e(g)|g € G} is the dual basis of the canonical basis of CG (cf. [DPR92]).
The counit and antipode are given by

e(e(g) @ x) = 641
and
S(e(g) @) = Oy (z, 21 ) u(g,97 ) te(z g ) @t

where 0, 1 is the Kronecker delta. The corresponding elements a and 3 are 1pw (q)
and > w(g,971, 9)e(g) ® 1 respectively. For the definition and more details about
geG

quasi-Hopf algebras, see [Dri90], [Kas95] or [CP93]. Verification of the detail in-
volves the following identities, which result from the 3-cocycle identity for w:

(9) 0. (Cl, b)ez (aba C) = eaflza(ba 6)02 (aa bC) >

(10) 0y (a,b)8-(a,b)va(y, 2)v(a” ya,a™ za) = 0,.(a,b)vas(y, 2) ,
(11) vz (a, b)v:(abd, c)w(zflaz, 2 bz, 27 lez) = v (b, ¢)v:(a, bc)w(a, b, c)

4 All cocycles will take values in a trivial G-module.
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for all a,b, c,y,z € G. The universal R-matrix is given by

(12) R= Z e(g)@1l®eh)®g.
g,heG

Remark 2.1.

(i) Any Hopf algebra H can be viewed as a quasi-Hopf algebra with the trivial
associator ® =1y ® lg ® 1y and a = (= 1g.

(i) If w and w’ are cohomologous 3-cocycles, then D*(G) and D*' (G) are gauge
equivalent as quasi-triangular quasi-bialgebras or simply gauge equivalent (cf.
[Kas95]) with the algebra isomorphism © : D¥(G) — D (G) defined by

b(g, )

Ofe(g) @ z) = Wz, o gr)

e(g) @z

and the gauge transform F € D* (G) ® D¥ (@) given by
F=> blg.h)e(9)®@1®e(h)®1
g,h

where w’ = wdb (cf. [DPR92]).
(iii) Let o be a group automorphism of G. Then ow defined by

gw(g, h,k) = w(o™ (g), 07 (h), 0" (k))

is a 3-cocycle. Moreover, o induces an isomorphism & of quasi-triangular
quasi-Hopf algebras from D*(G) to D% (G), namely,

(e(g) @ x) = e(o(g)) @ o ().

For g € G, denote by Cg(g) the centralizer of g in G. One can easily see that
8, is a 2-cocycle of Cq(g) with coefficient in C*. Moreover, the map D, : w +— 6,
induces a group homomorphism from H3(G,C*) to H*(C(g),C*). We will denote
by H3(G,C*)ap the group () ker Dy and Z3(G, C*)qp the subgroup of normalized

geG
3-cocycles whose cohomology classes are in H3(G, C*)qp-

When G is abelian, 6, = 7, and Cg(g) = G for all g € G and we will simply

write 64 as wy. It follows from equation ([I0) that we have

Wy ((E, y)wh (:L‘, y) Wy (ga h)

wgh (1[,', y) Wy (ga h)wy(gv h) .
Hence the map G — H?*(G,C*), g — [wy] is a group homomorphism. Let us
denote this map by Q(w). Notice that Q(w) € H'(G, H*(G,C*)) and Q(ww') =
Q(w)Q(w') for any other 3-cocycle w’. Moreover, Q(w) is independent of the choice
of representative of the cohomology class of w. Therefore, © induces a group ho-
momorphism Q from H3(G,C*) to H*(G, H*(G,C*)), and H3(G,C*)ap = ker Q.

Proposition 2.2. Let G be a finite abelian group and w a normalized 3-cocycle.

(i) When equipped with the trivial associator, D*(G) is a self-dual Hopf algebra.
(i) Letb: G x G — C* be a normalized 2-cochain and w' = wdb. Then the map
0 : D¥(G) — D¥(G) defined by

Ofelg) ©x) =

18 an isomorphism of Hopf algebras.
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Proof. (i) Since G is abelian, e(g) ® 1 is in the center of D¥(G). Hence, § €
Cent(D¥(G)) and ® € Cent(D*(G)®3). Therefore, A is coassociative and S satis-
fies the antipode conditions.

To show that D“(G) is self-dual, let us denote by {fs ¢}g.zcc the dual basis of
{e(9) ® 2}gzec. Then,

frg* fyne(k) ®2) = (fa,g @ fyn) <Z wz(a,b)e(a) @ z @ e(b) © Z>

ab=k
= 51,25y,z5gh,kwx(9, h)
= 6$;ywi(gv h)fz,gh(e(k') ® Z) .

Therefore,
fz,g * fy,h = 6z,ywm(gv h)fz,gh .

Similarly, one can derive that

A(f9€79) = Z wg(uvv)fu,g 0 fv,g-
UV=x
The identity, 1pw(g)-, and the counit, €, of D*(G)* are given by
]‘D“)(G)* = Z fw,lv E(fx,g) = 595,1 ,
z€G

respectively, Therefore, the linear map ¢ : D¥(G) — D¥(G)* defined by
(13) p(e(z) ® g) = fa,g
is a Hopf algebra isomorphism.
(ii) Notice that for any z,y,9 € G
wy(x,y) = wy(@,y)obg (2, y)

where by(z) = :E;’gg

. The result follows immediately from this identity. O

In the sequel, we will denote by D (G), the Hopf algebra structure on D“(G),
and we use D¥(G) for the quasi-Hopf algebra structure with respect to the associ-
ator @ given by equation (8.

3. GROUP-LIKE ELEMENTS OF D¥(G)

Definition 3.1. Let G be a finite group and w a normalized 3-cocycle. A nonzero
element u in D¥(G) is called group-like if A(u) = u ® u. We will denote by I'“(G)
the set of all group-like elements of D“(G). We simply write I' for I'’(G) when
the context is clear.

As in the case of group-like elements in a coalgebra (cf. [Swe69]), I'“ is a linearly
independent set and any group-like element w is invertible in D“(G) with inverse
S(u). Since A : D¥(G) — D¥(G)® D¥(G) is an algebra map, I'“ is a subgroup of
the group of units of D¥(G). Moreover, I' can be characterized by the following
proposition.



GROUP COHOMOLOGY AND TWISTED QUANTUM DOUBLES 3473

Proposition 3.2. A nonzero element u in D¥(G) is a group-like element if, and
only if, u= > a(g)e(g) @ x for some x € G and a map o : G — C* such that

geG
a(g)a(h)
h)=———=
Yz(9,h) a(gh)
for any g,h € G.
Proof. The result follows from direct computation. O

Let G be the character group of G. Since v = 1, 3 a(g)e(g) ® 1 € T'¥ for
geG

any a € G by Proposition B2, The map G — I'“;ar— > a(g)e(g) ® 1 is an
geG

injective group homomorphism. In the sequel, we often identify G with the image
of G under this map. On the other hand, the map
(14) D¥(G) — CG, Z alg,z)e(g) @ x — Z a(l,z)x
g9,2€G z€G
is an algebra map. Let B“ be the image of I'¥ under this map. One can easily see
that
B = {x € G|, is a 2-coboundary} .

Lemma 3.3. Let G be a finite group. Then G is in the center of D¥(G). Moreover,
T is a central extension

~

1 G r< B~ 1.
For each x € B¥, let v, = 01, for a 1-cochain 7, : G — C*. The 2-cocycle 3
associated to this central extension is given by

_ gy lgr)
5(1'7:’/)(9) - T;cy(g) 09( ay)'

Proof. For any o € G and e(h) @ x € D¥(G),
(e(h)@a)- (D alglelg)@1) = Y algle(h)e(z™ gz) ® @

geG geG

— 3 alagre(helg) @@

geG

= > a(gle(he(g) @ x

9€G
= (D algelg)©1)-(e(h) ® ).
9€G

Therefore, the first statement follows.

An element u € ker (I'Y — BY) if, and only if, u = > «a(g)e(g9)®1 and 1 = da.
g€eG

Since 1 =1, a € G. Hence,
G = ker (I'¥ — BY) .
Since vy, = d7, for z € B¥,

R RAOET:
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is a section of the map I'Y — B“. One can check directly that

Y m@e@ ez |- [ Y ngel) @y

geG geG

=" 7alg)ry (27 gz)8y (2, y)elg) @ ay.

geG

Hence, the formula for the 2-cocycle associated to the central extension follows. O

Remark 3.4. In general, B and the extension I'“ depend on the individual cocycle.
However, both of them are independent of the representative of the cohomology
class [w] when G is abelian.

Proposition 3.5. Let G be a finite abelian group and w,w’ normalized 3-cocycles
of G.
(i) T is abelian.

(i) If w and w' are cohomologous, then B = B*" and the central extensions
1—G—T“—BY—1 and 1 —G—TY — B —1
are equivalent.

Proof. (i) By Proposition 2.2 D“(G) is a self-dual Hopf algebra and hence T is
isomorphic to the group of group-like elements of D¥(G)§. Let o1, o2 be group-like
elements of D¥(G)§. Then, o1, o3 : D¥(G) — C are algebra maps. Let V4, V;
be the 1-dimensional representations associated to o1 and o9 respectively. Then,
V1 ® Vo and Vo ® V; are the 1-dimensional representations associated to o1 *x oo and
09 * 01 respectively. Since V1 ® Vo 2 Vo ® V4 as D¥(G) modules, o1 * 09 = 03 % 071.
Therefore, I' is abelian.
(ii) Let w’ = wdb for some normalized 2-cochain b: G x G — C*. Then

W;(x, y) = Wg(xvy)(sbg(xa y)

where by(z) = b(z,g)/b(g,r). Hence, wj is a 2-coboundary if, and only if, w, is
a 2-coboundary. Therefore, B = B“. Since the map © : D“(G)y — D (G)o
defined in Proposition 22 is a Hopf algebra isomorphism, ©(I'*) = I'*". Moreover,

O satisfies the commutative diagram

1 G re B 1
1 G I B 1.

O

Corollary 3.6. Let G be a finite group and w a normalized 3-cocycle. Then the
following statements are equivalent:
(i) D“(G) is spanned by T*.
(ii) G is abelian and B¥ = G.
(iii) G is abelian and w € Z3(G,C*)yp.
(iv) D¥(QG) is a commutative algebra.
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Proof. (i) < (ii). It follows from Lemma [33] that

T = 1G] - [B*].
Therefore, D*(G) is spanned by T'* if and only if |@| = |G| and |B¥| = |G| which
is equivalent to the statement (ii).

The equivalence of (ii) and (iii) follows directly from the definition of Z3(G, C*) 4
and equation (B). (ii) = (iv). Since G is abelian and B¥ = G, wy, is a coboundary
for any g € G. In particular, wg(x,y) = wy(y, x) for any x,y € G. Therefore, the
multiplication on D¥(G) is commutative.

(iv) = (ii) Assume D“(G) is commutative. By the surjectivity of the alge-
bra map defined in (I4), G is abelian and hence 8, = 74 = wy. Moreover, the
commutative multiplication in D“(G) implies that

wg(x7 y) = Ldg(y, J))
for any x,y,g € G. Therefore, wy is a 2-coboundary for any g € G. |
In the sequel, if G is a finite abelian group, we will denote by Ag[w] the coho-

mology class in H?(BY, @) which corresponds to the central extension

~

1 G T B 1.

In particular, if [w] € H3(G,C*)qp, then B¥ = G and so Aglw] € HX(G,G). We
simply write A instead of Ag when there is no ambiguity.

Remark 3.7. If one of the conditions (i)—(iv) of Corollary B8l holds, then we have
an isomorphism of Hopf algebras D (G)o = C[I'¥].

Proposition 3.8. The map A : H3(G,C*)w, — H2(G,G), [w] — Aw] is a group
homomorphism.
Proof. Let [w] € H3(G,C*)ap. Then for each x € G, there is a normalized 1-cochain

75 such that 7, = w,. Then AJw] can be represented by 3 where §: G x G — G
is given by

T2 (2)7y(2)
15 = .
( ) B(l‘,y)(z) sz(Z) Wz(may)
The result follows easily from this formula. (|

Let G be a finite abelian group and w € Z3(G,C*),4p. Denote by T'(w) the set of
all normalized 2-cochains 7 on G such that

Wy = 0Ty

for x € G where 7,(y) = 7(z,y). Pick any 7 € T(w). Denote by o(a,z) the
group-like element

> alg)m(g)elg) @

geG

for any « € G and z € G. We will write or(a,z) if we wish to emphasize the
dependence of ¢ on 7. By Lemma [33 for any u € I'“, there exist unique o € G
and z € G such that u = o(a, z). It follows from Proposition 3.8 that

(16) U(oz,x)a(/\,y) = U(Q)‘B(l‘ay)vxy)
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for any o, A € G and x,y € G where (3 is given by equation (IH). We will simply
write A(w) for the 2-cocycle given in equation (IH) whenever the context is clear.

4. TENSOR PRODUCTS

We consider here the structure of the tensor product of two quantum doubles. Let
G, H be finite groups and w, w’ normalized 3-cocycles on G and H respectively (with
C* coeflicients as always). Of course there are canonical projections G x H — G,
G x H — H, and we let inflw, inflw’ denote the 3-cocycles in Z3(G x H,C*)
obtained by inflating w, w’ using these projections. Let ¢ = (inflw)(inflw’).

Proposition 4.1. There is a natural isomorphism of quasi-triangular quasi-Hopf
algebras

o

L: D¥(GQ) ® D¥ (H) — DS(G x H)
given by t:e(g) @x @ e(h) @y +— e(g,h) ® (z,y) for any g, € G and h,y € H.

This means that ¢ is an isomorphism of bialgebras, and that it maps the Drin-
feld associators, R-matrices and elements «, 3 (as given in section B)) to the cor-
responding objects associated with D¢(G x H). The calculations needed to prove
the proposition are essentially routine and we omit the proof.

The group-like elements in D*(G) ® D (H) are of the form

D Aalglelg) @z | @ <Z X, (h)e(h) & y>

geG heH

where z € BY, y € B*" and )\, and /\'y are functions on G and H respectively such
that d\, = vz, (5)\’y = 'yé and v, 7" are those 7’s associated to w and w’ respectively
(cf. @)). It is easy to see that the group of all group-like elements in D¥(G) ®
D¥'(H) is naturally isomorphic to T%(G) x T’ (H). As ¢ induces an isomorphism
from the group of group-like elements of D¥(G) ® D* (H) to I¢(G x H),
I(G) x T (H) 2 T¢(G x H).

Proposition 4.2. Let G be a finite group given as a direct product of groups G =
H x K with |H| and |K| coprime. Then for any normalized 3-cocycle w of G,
there exist normalized 3-cocycles n, ' on K, H respectively such that D*(G) and
D'"(H) @ D" (K) are equivalent as quasi-triangular quasi-bialgebras.

Proof. Tt is well-known that H"(G,C*) = infl (H"(H,C*))infl (H"(K,C*)) (see
[Bro82]) (written multiplicatively), and in particular, for any normalized 3-cocycle
w of G, w is cohomologous to ¢ = (infln)(infln’) for some normalized 3-cocycles
n, n' on K, H respectively. Hence, D*(G) and D"(H) ® D" (K) are equivalent as
quasi-triangular quasi-bialgebras by Proposition EI] and Remark 2] (ii). O

We state formally what obtains when G is abelian since we will need this case.

Proposition 4.3. Let G be a finite abelian group with decomposition G = P; X
-+- X Py into the product of its Sylow subgroups. Let w € Z3(G,C*). Then there
are cocycles n; € Z3(P;,C*) such that D*(G) and D™ (P)) ® --- ® D" (Py) are
equivalent as quasi-triangular quasi-bialgebras.

Because of this result, many of the questions we address regarding D“(G) (G
abelian) can be reduced to the case that G is a p-group for some prime p.
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5. EILENBERG-MAC LANE COHOMOLOGY

Let G be a group. The bar complex of G, denoted by Ay(G), is the chain complex
of abelian group

where C,, is the free abelian group generated by all n-tuples (z1, ..., z,) of elements
x; of G and 0 is a Z-linear map defined by

n—1
A1, xn) = (T2y...,Tn) + Z(—l)i(xl, U P B ) T DR
i=1

+ (—1)”(]}1, e ,l‘n_l) .

We will call (z1,...,z,) € C, an-dimensional cell of Ay(G). For any abelian group
I1, Hom(Ao(G),II) is a cochain complex. We will denote by C™(G,II), Z™(G,1I),
B"(G,II) and H™(G,II) the dimension n-cochains, cocycles, coboundaries and co-
homology classes of Hom(Ay(G), II) respectively.

For any two cells (21, ...,zy,) and (y1, ..., ¥m) in Ag(G), we can define a “shuffle”
of the n letters x1, ..., x, through the m letters y1, ..., ym to be the n+m-tuple in
which the order of the z’s and the order of y’s are preserved. The sign of the shuffle
is the sign of the permutation required to bring the shuffled letters back to the
standard shuffle (z1,...,2n,y1,.-.,Ym). Then, we can define the “star” product
of (x1,...,2n) * (Y1,--.,Ym) to be the signed sum of the shuffles of the letters x
through the letters y.

Let G be an abelian group. In the paper [Mach?], the author described a complex
A1(G) in which the cells are symbols ¢ = [aq|az|- - |ap], with each «; a cell of
Ap(G). The dimension of ¢ is p — 1 plus the sum of the dimensions of the «;, and
the boundary of ¢ is

P P
O = (~1) o] |0as] -+ fap) + Y (=) [an] -+ ey * i |-+ o]
i=1 =1
where ¢; = 1+dim[aq] - - - |ay]. For any abelian II, Hom(A; (G),II) is a cochain com-
plex. We denote by C7,(G,1I), Z7, (G, II), BY, (G,II) and H, (G,II) the dimension
n-cochains, cocycles, coboundaries and cohomology classes of Hom(A;(G),II) re-
spectively. Until the end of this section, we will tacitly assume that II is a divisible
abelian. The underlying product in IT will be written additively.

Notice that Ag(G) is a subcomplex of A;(G). We have the exact sequence of

complexes

0— Ay(G) — A1(G) — B(G) — 0
with B(G) the quotient complex A;(G)/Ao(G). Then
0 — Hom(B(G),II) — Hom(A4;(G),1I) — Hom(Ay(G),II) — 0.
is exact and we have the long exact sequence
-2 H*(B(G), 1) — H5,(G,11) — H*(G, 1)
< HH(B(G), T — HHG D) — -

where H"(B(G),II) is the m-th cohomology group of the cochain complex
Hom(B(G),1I).
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The low dimensional cells in B(G) are given in the following table:

dimension cells
1 none
2 none
3 [2]y]
4 [z, yl2],  [z]y, 2]
5 [zlylz],  [z.y,zlu],  (ulz,y, 2], [z,ylu,v]

Since H2,(G,TI) = Exty(G,TI) = 0, we have the exact sequence
0 — H*(G.T0) = H*(B(G), TI) — H},(G, 1) — H'(G,TI)

17
() =, HYB(G),II).

We are going to analyze the sequence (7)) in some detail. Let us denote by By, (G)
the group of n-chains of B(G). For any cocycle b : B3(G) — Il and .y, z € G,
(18) bo(z,y)l2] = 0,

(19) blz[0(y,2)] = 0.

Hence, b is a bicharacter of G. Conversely, it is also easy to see that any bicharacter

on G defines an element in H3(B(G),1I) uniquely. Hence, we have the following
lemma.

Lemma 5.1. H3(B(G),1I) = Hom(G ® G, 1II).

Let ¢ € Z%(G,II) and let [c] be the corresponding cohomology class. There exists
a natural isomorphism 6 : H2(G, II) — Hom(A? G, II) defined by

9([0])(1‘,:1/) = C(l‘,y) - C(y,(E)

for any z,y € G (cf. [Bro82]). On the other hand, the connecting homomorphism
§: H?(G, 1) — H3(B(G),N) is given by

([eDlzly] = e((2) = (y))

for z,y € G. One can easily check that the following diagram commutes:

HXG,II) —>— H*B(G),1)

(20) elz lz
Hom(A\® G,1I) —— Hom(G ® G,1I).

The bottom horizontal map in the diagram is the natural embedding. The exact
sequence ([[7) is thus equivalent to the following exact sequence:

2
- 0 — Hom(/\" G, 1) — Hom(G ® G,TI) — H,(G,1I)
— H3(G, 1) - HY(B(G),11).
The 3-dimensional Eilenberg-Mac Lane cohomology group H 2b(G,H) was ex-
plicitly described in [Mac52]. The elements in Z3,(G,II) are pairs (f,d) where
f € Z3(G, 1) and d € C?(G, 1) satisfying the following conditions:
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The 3-dimensional cocycle (f,d) is a coboundary if there exists h € C?(G,1I)
such that

(24) flx,y,2) = Oh(z,y,2),
(25) d(zly) = h(z,y) —h(y,z).
Thus, the maps Hom(G ® G, 1) — H3,(G, 1) and H3,(G,11) — H3(G,1I) in
(1) are given by
(26) b—[(0,0)] and [(f,d)] — [f]

respectively, where [x] means the cohomology class associated to the cocycle .
To any (f,d) € Z3,(G,1I), one can assign the function t(z) = d(z|z), called its
trace. Any trace is a quadratic function—a function ¢ : G — II such that

(i) t(az) = a*t(z) for a € Z, and

(ii) be(x,y) =t(x +y) — t(z) — t(y) defines a bilinear function on G.

Theorem 5.2 (Eilenberg-Mac Lane). Let Q(G,II) consist of all quadratic func-
tions from G to II. The function assigning to each cocycle its trace induces an
isomorphism

Hgb(Ga H) i Q(G7 H) .

A map F : BYG) — Il is a cocycle if it satisfies the following:

(27) Flo(z,y,2)[u] = 0,

(28) Flulo(z,y,2)] = 0,

(29) Flo(z,y)lu,v] = Fla,yld(u, )],

(30) Fla|y) « ()] = =F[(x) * (y)|z].

F is a coboundary if there is a function d : B3(G) — II such that
(31) do(z,y)lz] = Flz,ylz],

(32) dlz|0(y,z)] = Flaly,2].

Let f € Z3(G,1). The connecting homomorphism ¢ : H3(G, 1) — H*(B(G),1I)
in (ZI)) is given by 6[f] = [F] where F : B*(G) — I is defined by

(33) Flz,ylz] = —f((z,y)  (2)),
(34) Flaly,2] = f((z)* (y, 2))-
Let F: B*(G) — 1II be a cocycle. Define
(35) F(v,y,2) = Flz,ylz] - Fly, 2]
for z,y,z € G.
Lemma 5.3. The map

U:[F]— F

defines a group homomorphism from H*(B(G),I1) onto Horn(/\3 G,1I). The map
splits if G is finitely generated.
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Proof. Since 9(z,y) = 9(y,x), one can check that ¥ is well-defined. Let F :
B*(G) — II be a cocycle. Then, for any =, y,u,v € G,
F(a(uv U)v €z, y) = F[a(ua ’U), (E|y] - F[{E, a(ua ’U)|y]
= —F[0(u,v)|z,y] + F[0(u, )|y, z]
= —F[’U,,U|8($,y)] +F[’U,,U|8(y,l‘)]
= 0.
Therefore, F is linear at the first entry. Clearly,
F(x,y,2) = —F(y,r,z) and F(z,7,2)=0.
In particular, F is also linear at the second entry. Notice that
F[$,y|2] - F[y,l‘|2]
= —(Flz,zly] = Flz,zly])
= —F(z,2,y).
Therefore, F is also linear at the third entry and hence F € Hom(A\® G, II).
Note that the map ¢* : H3(G,1I) — Hom(A® G, II) given by

(36) Y wl(z,y,2) = Y sen(o)w(o(x),0(y),0(2))

F(z,y,2)

with ¢ running through the permutations of z,y, z is a surjective homomorphism
(cf. [Bro82]). It follows directly from (B3]) and (34) that the diagram

H3(G,T1) —2= H*(B(G),1I)

Hom(A® G, 11)

commutes. Hence, VU is surjective. Moreover, if G is finitely generated, the map ¥*
has a linear section s. Then, —ds is a linear section of W. O

For any (3 € Z2,(G,Hom(G,11)), define Fj : BY(G) — 11 by
(37) Fglz,y|z) =0 and Fglz|y, 2] = B(y, 2)(x)

for any x,y,z € G. One can easily check that Fz € Z*(B(G),II). Moreover,
Z: [8] — [Fj] defines a linear map from HZ (G, Hom(G,1I)) to H*(B(G),1I).

Lemma 5.4. The sequence
0 ——= H3(G, Hom(G, ) —= H*(B(G). 1) — = Hom(A® G, 1) —=0
is exact. In particular, if G is finitely generated, the sequence is split exact.
Proof. If [Fg] = 0, then there exists a function d : B3(G) — II such that
0 = do(zy)],
Bly,2)(x) = dz]d(y,2)].
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Hence, d € C'(G,Hom(G,II)) and 3 = §d. Therefore, = is injective.
Obviously, YE[F] = 0 for B € Z2 (G,Hom(G,II)). Let [F] € ker ¥. Then, we
have

Fla,y|z] = Fly, z|2]
for any z,y,z € G. Since II is divisible, there exists a map 7 € C?(G,II) such that
T[0(2,y)|z] = Fla,ylz].
Then the map F’ : B*(G) — II defined by
F'lz,ylz] = r[0(x,y)|z] and  F'laly, z] = 7[z]0(y, 2)]

is a coboundary and hence [F] = [F — F']. Let 8(y, 2)(z) = Flz|y, 2] — F'[z|y, z].
Then,

By, 2)(u) = By, 2)(wv) + B(y, 2)(v) = FlO(u, )|y, 2] = 7(3(u,v)|0(y, 2
= Flu,0|9(y, 2)] — 7(d(u, v)|0(
(0(u,v)|0(y, 2)) — 7(0(u, v)|0(y, 2))

=

w
NS
=

Il
\1

|
o

Moreover, 3(0(z,y, 2))(u) = Flu|d(z,y, z)] — F'[u|d(z,y,2)] = 0. Therefore, 3 €
Z2,(G,Hom(G,II)) and Fg = F — F’. Thus, E[3] = [F]. The second statement
follows directly from Lemma F3. O

O(z

6. THE KERNEL OF A

Let us return to the exact sequence (2I]) with IT = C*. We then have the exact
sequence

g 0N G.C) — Hom(@8 6.CY) — ()

— H3(G,C*) - HY(B(G),C").

Notice that for any (f,d) € Z3,(G,C*), f € Z3(G,C*) and f, is a coboundary for
z € GG because

[z y) f(ey,2) _ d(z]z)d(z]y)
fz x,y)= = .
R TN AC:Try)
Therefore, [f] € H3(G,C*)y and hence the image of the map H3 (G,C*) —
H3(G,C*) is contained in H3(G, C*),p.
Let f € Z3(G,C*)4. Then §[f] admits the representative F € Z4(B(G),C*)
defined by

Flz,yle] = f((z,y) % ()7 and  Flaly, 2] = f((z) * (y,2))-
On the other hand, ZA[f] has the representative F’ € Z*(B(G),C*) given by

Plogl) =1 and Plolys] = 200 1. 2)

where f.(y,z) = % Let

dlzly] = 1y(z) .



3482 G. MASON AND S.-H. NG

Then F'/F = dd. Hence F’ and F represent the same cohomology class in
H*(B(GQ),C*) and the diagram

H3G,C*) —>— HYB(G),C")

mczT TE
HY(G,C*)ay —2—  H2(G,G)

commutes. Moreover, we obtain an exact sequence
(39) Hom(G ® G,C*) — H3(G,C*) — H3G,C*) 0 —> H2,(G, G).
Therefore,

ker A = coker (Hom(G ® G,C*) — H3,(G,C*)).
Since the map Hom(G ® G,C*) — H3,(G,C*) is given by b+ [(1,b)],
Im(Hom(G ® G,C*) — H2,(G,C*))={[(1,b)] € H3,(G,C*)|b is a bicharacter} .
Let K(G,C*) be the group of quadratic forms which are the trace of some bichar-
acter. Then, by Theorem [5.2] we see that the following holds:
Proposition 6.1. For any abelian group G, ker A = Q(G,C*)/K(G,C*).

Lemma 6.2. Let G be a finite abelian group.
(i) Let G = H® L for subgroups H,L of G. Then t € K(G,C*) if, and only if,
tlg € K(H,C*) and t|, € K(L,C*).
(ii) Let H be the Sylow 2-subgroup of G. Then
Q(G,C")/K(G,C") = Q(H,C")/K(H,C")
as abelian groups.

(i) Q(G,C*)? C K(G,C).

Proof. (i) The necessity of the statement is obvious. Let us assume t € K (G, C*)
is such that t|gy € K(H,C*) and t|;, € K(L,C*). Let by and bz, be bicharacters of
H and L respectively with

tlm () = bu(z,z) and t[L(y) = br(y,y)
for x € H and y € L. Since t € Q(G,C*),

c(u,v) = ———
defines a bicharacter on G. Consider the map b: G x G — C* given by

b(z1y1, w2y2) = b (w1, x2)c(x1,y2)bL (Y1, Y2)

for any x1,x9 € H and y1,y2 € L. One can check directly that b is a bicharacter
on (G. Moreover,

b(zy, xy) = bu(z, x)e(z, y)br(y,y) = t(zy) .
Therefore, t € K(G,C*).
(ii) Tt suffices to show that ¢t € K(G,C*) if, and only if, ¢t|y € K(H,C*). Let L
be the subgroup of odd order elements of G. Then G = H @ L. Since |L| is odd,
K(L,C*) = Q(L,C*). Hence, by (i), t € Q(G,C*) if, and only if, t|;r € Q(H,C*).
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(iii) Since

t(zy)
c(z,y) = ———~
0= iy
is a bicharacter and c(x,z) = t(x)?, the result follows. O

Proposition 6.3. Let G be a finite abelian group. Then Q(G,C*)/K(G,C*) =
Q2 (Q). In particular, ker A\ = Q2(G).

Proof. By virtue of Lemma [6.2(ii), we may assume that G is a finite abelian 2-
group. Let us consider the case that G is cyclic of order 2™ with the generator y.
Then

1=1t(1) = t(y>") = t(y)*".

1_,2"-1
- )

Since y ' =y

Hy) = ty? ) = t(y)*"

Hence, t(y) is a 2""1th root of unity. Conversely, for any 2"*1th root of unity
& ty") = 57’2 defines a quadratic function. Hence Q(G,C*) 2 Zynt1. Obviously,
K(G,C*) is a proper subgroup Q(G,C*) and Q(G,C*)? C K(G,C*) by Lemma
B2(iii). Since Q(G,C*)? is the largest proper subgroup of Q(G,C*), Q(G,C*)? =
K(Q,C*). Hence, Q(G,C*)/K(G,C*) 2 Zy = Qs(Q).

Now, we consider the general case. Let G = C; @ - -- ® C; where C4,...,C; are
cyclic subgroups of G. Consider the map p : Q(G,C*) — Q(C1,C*)/K(Cy,C*) x
<X Q(C,C*)/K(C, C*) defined by

p(t) = (t1,...,t1)

where t; is the coset t|¢, K(C;, C*). Obviously, p is an epimorphism. By Lemma
B2(i), kerp = K(G,C*). Hence,

QG.CY) L QCLCY) QG CY)
K(G,C*)  K(C,,C*) K(C;,C*) "

QCLCY) o, QG,C)

K(C;,C*) ~ ™ K(G,C¥)

Corollary 6.4. If G is a finite abelian group of odd order, then A is injective.

Corollary 6.5. Let G be a finite abelian group and H the Sylow 2-subgroup of G.
Let H = @i:l C; be a cyclic subgroup decomposition of H. Let p; : H — C; be
the natural projection associated to the decomposition and let p} : H*(C;,C*) —
H3(G,C*) be the associated inflation of p;. Then

1
ker A\ = Zp: (ker A¢,).
i=1

Proof. Note that the exact sequence (BY) is natural in G. Therefore, we have the
commutative diagram

Hom(G ® G, C*) ——> H3,(G,C*) ——= HG,C*)up —> H2,(G, G)

| | .

Hom(C; @ Cj, C*) — H3,(Cy, C*) — H3(C;, C*)ap —> H2,(C;, C7)
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with exact rows. Therefore, p}(ker A¢,) C ker Ag for ¢ = 1,...,[. Hence,

l
Z p; (ker Ac;) C ker Ag.
i=1
Since p;} is injective and {Im p;} is Z-linearly independent in H3(G,C*),s,
l l
ZpZ (ker A¢,) = @ ker Ag, = 7).
i=1

i=1

Therefore, the equality in the statement follows. O

7. THE COHOMOLOGY GROUP H3(G,C*)ap

Definition 7.1. Let G be an abelian group and M be a left G-module. For g € G,
the group homomorphism my : Ce—1(G) — Co(G) given by y +— y * g is a chain
map. We denote by D, : H*(G,M) — H* (G, M) the map induced by
mg and define DS’M to be the trivial map. We will also denote H*(G, M )q =
ﬂgEG ker D} ;. When M is the trivial module C*, Dy n will simply be written as
Dy. In this case, one can easily see that H3(G, M )qp, coincides with H3(G,C*)qp
defined previously.

Lemma 7.2. For any positive integer n > 1,
H™(G,C*)op 2 H" " (G, Z)ap
and
H"(G,C*) H"(G,7Z)
H"(G,C*)gp H" Y G, Z)ap

)
Proof. Recall that, forn > 1, H"(G,C*) = H"*!(G,Z) under the connecting maps
of the long exact sequence associated to the exact sequence of trivial G-modules

exp

0 Z C C* 1.

Since the diagram

H"(G,C*) — = H"(G, 7)

n n+1
Dg l l ngZ—

H" (G, C*) —— H"(G,Z)

commutes for g € G, the result follows. O

Remark 7.3. Let G be an abelian group. For any g € G, the map Dy 7 = @nzo Dy,
is a graded derivation on ®n20 H™(G,Z) with respect to the cup product. Hence,
ker D, 7 is a graded subring of H*(G,Z). Since

H*(G,Z)ap = () ker Dy z,
geG
H*(G,Z)ap is a graded subring of H*(G,Z). In particular, if G is a finite cyclic
group, H*(G, Z) is generated by H?(G,Z). As HY(G,Z)=0, H*(G,Z)=H*(G,Z) ap.
Therefore, H*(G,Z)q = H*(G,Z) in case G is cyclic.
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Lemma 7.4. For any abelian group G, H*(G,C*)ay is trivial and
H3(G,C)

H3(G (C* ab

Proof. For [f] € H*(G,C*)up, f(x,y)/f(y,x) = 1. Hence, f is a coboundary.

Recall that the map ¢* : H3(G,C*) — Hom(A\® G, C*) defined by equation (38)
is a split epimorphism. Moreover, for any normalized 3-cocycle w,

~ Hom(\" G, C").

@ * ([W])(,y,2) = wa(y, 2)/wa(z,Y)
for any x,7, z € G. Therefore, ker ¢* = H?(G, C*) 4. O

Let G be a finite abelian group with a cyclic subgroup decomposition G =
@izl C;. Let {p;} be the projections of G associated to the decomposition and
P?: H*(C;,Z) — H*(G,Z) the induced graded ring homomorphism with respect
to cup product. Let Pg, . H*(C1,Z)® - ® H*(C;,Z) — H*(G,Z) be the
graded ring monomorphism defined by

Poy.ona(fi® @ fi) =Pi(fi)U---UR(fi).
Proposition 7.5. Let G be a finite abelian group with a cyclic subgroup decompo-
sition G = @2:1 C;. Then
HYG,Z)ay =Im P&, ¢ -
In particular,
HY G, Z)w= P H"(Cr,Z)® - 0 H"(C,Z).
Ny ety =4

Proof. We proceed by induction on [. The case [ = 1 follows from Remark [[3]
Assume [ > 1 and H = @212 Ci. Then Im P8, ¢ .¢ € Im P2, y.o. Moreover,
by the Kiinneth theorem,

HY(G,Z) m PE, e

= = @ Tor(H*(Cy,Z), H*(H,Z)) .
Im Pé‘l,...,C,,;G Im Pél,A..,C],;G

Note that
Im Pél,H;G ~ H4(G,Z)

- 4
Im PG, cie Péu..cunm

By induction and Lemma [[4],

Im PélaH;G ~ /\ G
mPE oo H4 G Z Yo

Since

Tor(H2(Ch, Z), H* (H,Z)) = Cy © H*(H,Z) = Cy ® HX(H,C*) = Cy 2 \ H,

HYG,Z) ( 2 ) 3 3
0%~ (e N H)eNH2NG.
Im Pél,A..,C],;G /\ /\ /\
Hence, by Lemma [7:4] and Lemma [.2,
HYG.Z) . HYG.Z)

Im Pé’l,A..,Cl;G B H4(G7Z)ab .
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Thus, |Im Pé ol = |H*(G,Z)ap|. Notice that Im PS¢, 1s the graded
subring of H’( Z) generated by H?(G,Z). Since H?*(G,Z) = H?*(G,Z)aw,
Im PS8, cna © HY (G, Z)ab- O

8. THE IMAGE OF Ag

Let G be a finite abelian group and
E: 1—G—T—G—1

an abelian central extension of G by G. By applying the functor ? = Hom(?,C*)
to this exact sequence, we can obtain another abelian central extension of G by G,
namely,

e(E): 1—G—TI—G—1

where G and G are naturally identified. Obviously, if F; and FEs are equivalent
abelian central extensions of G by G, then so are ¢(F;) and €(FE2). Therefore, €
induces a map on HZ (G, G) We will denote this map by the same symbol e.

Let 3 be a normalized abelian cocycle in Z2 (G, é) Then the set T = G x G
equipped with the multiplication

(40) (av LE) ’ (>‘a y) = (CVAB(LL', y)a xy)

is an abelian group. Moreover, a central extension of G by G associated to (0] is
given by

(41) 1—G 126 -—1

where i(a) = (o, 1) and p(a, z) = x for a € G and z € G. Let 7, be a normalized
1-cochain such that

(42) 672(g,h) = B(g, h)(x)

for any g,h € G. Let any x € G, denoted by T be a fixed element in I' such that
i(Z) = z and let T be the identity element of I'. Then, there exist a normalized
cocycle 3" € Z%(G, G) such that

7y =p(B'(z,y))T -7
for any x,y € G. Obviously, €[5] = [F'].
Let 7;(g) = T(1, g) for any g,z € G. Then

7(9)7(9)
B, y)(g) = ) g)
for z,y,g € G. Since T € f,
(9)7(h) = 7.(gh)B(g, h) () -

T

Therefore, 7, = T, A\, for some A, € G. Define

(13) b)) =B and Aw)e) = ).
Then 3’ = {6\ and hence 3] is a normalized 2-cocycle in Z2, (G, @) and
(44) e([8]) = [B1]-

By the formulae (@3]) and ), we obtain
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Proposition 8.1. The map € : H? (G, @) — Hgb(G,@) is a group homomor-
phism.

Let us identify G and H?(G,Z) and consider the map T : GG — H2 (G, @),
which assigns to @ ® A the cohomology class [] with
Bz, y)(g) = a(g)*¥)

where ) is a normalized 2-cocycle in Z2(G, Z) corresponding to A. Since G is finite,
one can easily see that T is an isomorphism.

Lemma 8.2. LetT:G® G — G® G be the transposition automorphism. Then,
YT =¢€Y.

Proof. Let ay,as € G and d; = df; for some f; : G — C such that Im §f; C Z
and f;(1) = 0. Then T (a1 ® az) is the cohomology class represented by § given by

B(z,y)(g) = ay(g)2@+20)=f(ey)

Let
ro(z) = o1 ()P Pan() 19
Then 3(z,y)(9) = d14(x,y). By formulae (@3) and @), €[8] = [3'] where ' is
given by
7 (9)T, D)1 () fu (&
B (@) g) = ZIW) _ @ m -
Tay(9)
Hence, [#'] = T(az ® aq). 0

Lemma 8.3. For any normalized 3 € Z2% (G, @), E(B)(x,y, z) = B(x,y)(2) defines
a 3-cocycle in Z3(G,C*) and [£(B)] € H3(G,C*)ap. Moreover, Ac[£(B)] = [Ble[A].

Proof. For any normalized 5 € Zgb(G,@), one can easily check that w = £(0)
satisfies the 3-cocycle identity. For any z € G, let 7, : G — C* such that

B(z,y)(z) = 67=(z,y). Then

wz(,y) = 67=(z,y)
and so [w] € H?(G,C*)ap. Moreover, Ag[w] can be represented by the 2-cocycle 3;
given by

T ()7 (y) T2 (2)Ty (2
Bila)(e) = ZEE D),
However, from the foregoing we have [31] = [S]e[0]. O
Theorem 8.4. Let G be a finite abelian group. Then
ImAg=Im S
where S : H2(G,G) — H2(G, G) is defined by S[B) = [Ble|d)] for [8] € H2,(G,G).

Proof. Tt follows from Lemma that Im Ag C Im S. By virtue of Lemma
Im S =Im(id+T). Let G=C1 @ --- @ C] be a cyclic subgroup decomposition of
G. As G =2 (G, one can easily see that

l
m(id+T)= [P ec; @(@((%2)

1<J =1
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By Proposition and Proposition [6.3]

l
H(G,CYa = |[PCiac; | o (@ ci> and  kerAg = Q5(G).

i<j i=1
Therefore, |Im Ag| = |Im S| and hence Im Ag =Im S. O
Theorem 8.5. Let G be a finite abelian 2-group and w a normalized 3-cocycle such

that [w] € H*(G,C*)ap. Then I'*(G) is a direct sum of an even number of cyclic
subgroups.

Proof. By Theorem B4, Ag[w] = [Ble[3] for some normalized 8 € Z2, (G, @). For
z € G, let 7, : G — C* such that
Bz, y)(z) = 07(z,y).
Then, Ag|w] contains the normalized 2-cocycle o given by
T ()72 (y) T2 (2) 7y (2
72 (zy) Tay(2)

Consider the central extension associated to o

p

(45) 1 O—>T G 1

as defined in (BI) where I" the group with the underlying set G x G endowed with
the multiplication

(av LE) : (>‘a y) = (CVAO'(QC, y)v xy) .
To show that I' is a direct sum of an even number of cyclic subgroups, it is enough
to show that T" = p~1(Q2(G))/i(G?) is a direct sum of an even number of cyclic

subgroups. For this, it suffices to show that I” admits a nonsingular alternating
bilinear form valued in C* [Wal63|. Define b: IV @ I — C* by

(a1, 068 ) = S

for o, € G and z,y € 22(G). One can easily see that b is well-defined. The
linearity of b follows from the fact that

B(z,y) =

TxTy
zy

is a character for any z,y € G. The routine verification that b is also nondegenerate
and alternating will be left to the reader. O

Remark 8.6. We summarize some of our results.
(i) We have an exact sequence

2
1 — Hom(/\" G,C*) — Hom(G ® G,C*) — Hy(G,C")

— H3(G,C")ap 2% Im § — 1

where S is as in Theorem 8.4
(ii) If |G| is odd, then A induces an isomorphism

H3G,C*)y —— H2,(G,G)*
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where H?, (G, @)* is the group of e-invariants. (In this case, A is an injection (Cor.
64) and Im S = H% (G, G)" as follows from Theorem B4 and the fact that € is an
involution on the group HZ (G, G).)

9. THE MONOIDAL CATEGORY D*(G)-Mod

Let G be a finite abelian group and w € Z3(G,C*)y. Adopt the notation
introduced in section 3, and pick 7 € T'(w). Then,

I = {o(a,z)|a € G,z € G}

where o(a, ) is given by (IG). By Proposition [ZZ] for any z € G and a € @, the
element
x(a,z) = Z a(g)Tx(g)fg,x
geG

is an algebra map from D“(G) to C where {f; 4} is the dual basis of {e(g) ® z}.
Denote by V (o, x) the irreducible representation of D¥(G) associated to the algebra
map x(a,x). Then,

S = {V(a,x)‘oze @,mEG}

is a complete set of irreducible representations of D“(G) up to isomorphism and
e(h)®y acts on V (o, x) as scalar multiplication by a(y) 7, (y)dn . Hence, as reflected
in equation (B)), the associativity map

Qv (a,z),V(M\y),V(u,z) * (V(aa (E) & V(Aa y)) & V(M? Z)

— Via,z) @ (V(Ay) @ V(p,2))
in D*(G)-Mod is the scalar w(z,y,z)"!. Notice that the group structure on S
induced by the tensor product of D¥(G)-Mod is isomorphic to I'“ with the iso-

morphism o(«, ) — V(a, ). Hence, by the results of [TY98], we have the following
lemma.

(46)

Lemma 9.1. Let G be a finite abelian group and w be a normalized 3-cocycle
such that [w] € H3(G,C*)ap. Then, D¥(G)-Mod is monoidally equivalent to
D¥(G)o-Mod if, and only if, infl|w] is trivial, where infl : H3*(G,C*) —
H3(T%,C*) is inflation along the projection T — G.

In fact, we have

Lemma 9.2. Suppose that G is finite and abelian and that infl|w] is trivial. Then
D¥(G) and D¥(Q)o are gauge equivalent as quasi-bialgebras.

Proof. Since infl[w] is trivial, there is a normalized 3-cochain f on I'¥ such that
(47) infl(w)=4f.
Let 7 € T(w) and let Ey(y,2) = ﬁe(m) ® D gea W’W' One can easily see that

E.E, =6u,E, and AE, = Zs,terw E, ® E;. Set
F= Z flu,v) B, ®E,.
u,vel’w

One can easily check that F' is invertible with

F = Z f(u,v)E, @ E, .

u,vel’'w
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As f is normalized,
(e®id)F =19 (G) = (id®e)(F).
Moreover, by equation (&7,
® = Foz(id @ A)(F)®o(A @ id)(F~ 1 F!

where &g = 19(G) ® 1%(G) ® 14/(G). Since D¥(G)y is a commutative, D¥(G) is a
twist of D“(G)g by F, that is, D¥(G) and D“(G)o are gauge equivalent. O

Lemma 9.3. infl[w] € ker Arw .
Proof. Set w =inflw. Define d : T'* x I'Y — C* by

dlo (0, )]0 (M )] = m

One can check directly that (w,d) € Z3,(I'“,C*). By the exact sequence (B9), we
have the commutative diagram

H3,(G,C*) —— H*(G,C*) HZ,(G,G)

e

Hgb(rwa (C*) - Hg(]-—wv(C*)ab —A> Hgb(rwa f;)

with the rows exact, where the vertical homomorphisms are induced by the epi-
morphism 'Y — G. As

(@, d)] = [@] = infllw],
it follows from the diagram that infi [w] € ker Ape. O

Theorem 9.4. Let G be a finite abelian group of odd order and w1,ws normalized 3-
cocycles such that [w1], [wa] € H3(G,C*)ap. Then, D1 (G)-Mod and D*?(G)-Mod
are monoidally equivalent if, and only if, ['“* = T'“2 as groups.

Proof. Since the group structure, induced by the underlying tensor product, on the
isomorphism classes of irreducible representations of D“i(G) is isomorphic to I'“#,
I“t 2 T“2 ag groups if D¥'(G)-Mod and D“2(G)-Mod are monoidal equivalent.
Conversely, assume that I'“* =2 I'“2 as groups. Then, CI'*" and CI'*? are isomorphic
as Hopf algebras. By Lemma [03] infl [w;] € ker Ape;. As G is of odd order, [['¥i
is odd, and it follows from Corollary 6.4 that ker Ar«; is trivial. Hence, by Lemma
@2, D*i(G) is equivalent to CI'*i and hence D“(G)-Mod is monoidally equivalent
to the tensor category CI'¥-Mod with the usual associativity constraint. O

Example 9.5. Theorem[@.4lis not true for groups of even order. For instance, take
G = Zy. By Proposition[3] ker Ag = Zy and hence ker Ag = H?(G,C*). Let w be
a normalized 3-cocycle on G whose cohomology class is nontrivial and let wy = 1.
As Aglw;] is trivial (i = 0,1), T = Zgy x Zy as groups. Therefore, inflation of
cohomology along 'Y — @ is injective for ¢ = 0, 1. Thus, infl|w1] is non-trivial,
while infl[wp] is obviously trivial. Thanks to lemma [0} if C[Zy x Z3]-Mod is
equipped with the usual associativity constraint, then D*°(G)-Mod is monoidally
equivalent to C[Zy x Zs]-Mod but D“'(G)-Mod is not. Note that C[Z,] and
C[Z2 % Z] are the only 4-dimensional semisimple Hopf algebras up to isomorphism.
As the fusion rule of D¥'(G)-Mod is isomorphic to Zs X Z2, D*'(G)-Mod and



GROUP COHOMOLOGY AND TWISTED QUANTUM DOUBLES 3491

C[Z4)-Mod are not monoidally equivalent. Hence, D“'(G) cannot be obtained
from any Hopf algebra by a twist.

Remark 9.6. In the paper [DPR92|, p. 92, the authors asked whether D“(G) can
be obtained by twisting a Hopf algebra. Theorem gives an affirmative answer
to the question under the conditions stated in the theorem. However, in general,
Example gives a negative answer to the question.

10. GAUGE EQUIVALENCE AND QUADRATIC FORMS

Let G be a finite abelian group, w € Z3(G,C*)4 and 7 € T(w). Then, as
shown in the proof of Lemma @3] (inflw™',d,) € Z3,(I'“(G),C*) where d,, :
I'Y(G) x I'Y(G) — C* is defined by

dolo(a, z)[o(A, y)] = aly) 7 (y) -
Define ¢, : T“(G) — C* to be the trace of the abelian 3-cocycle (inflw=!,d,).
Obviously, q,, is a quadratic map given by
(48) qu(o(ayx)) = a(z),(z).

Denote by b, the symmetric bicharacter on I'Y(G) associated to ¢,, namely,

bo(z,y) = %. One can easily show that b, is given by

bo(o(a, x),0(Ay)) = aly)\@)7: (y)7y ()

for any o(a, x),0(A,y) € T“(G). Obviously, b, is non-degenerate on I'“(G). Let
(e, 0), be the C-linear extension of b, on D*(G).

Lemma 10.1. With the previous notation, the map ¢, : D¥(G)o — D“(G)§,
Yu @ x — (x, ), is identical to the Hopf algebra isomorphism ¢ : D¥(G)y —
D¥(G)§ defined in (@3)). In particular, (e, ), is a non-degenerate symmetric bilin-
ear form on D¥(G). Moreover, for any u,v € T,

(49) (Pw(u) @ @u(v))R = du[v]u]
and
(50) () = (pu(u) @ pu(u))R

where R is the R-matriz of D*(G).

Proof. To show that ¢, = ¢, it suffices to show that ¢, (u) = ¢(u) for v € T¥.
Hence, it is enough to show that

(u)(v) = @u(u)(v) = by (u,v)

for any u,v € I'Y. However, it follows from (3) that

plo(a, ) (o(A ) = a(y)A@) 7 (y)7y(2) = bu(o(a, 2),0(N,y)).
Now, ¢, (o(a, z))(e(9) ® y) = a(y)72(y)dg . Thus,

(pu (o, @) @ pu(a(Ay)))R = M)ty (z) = duwlo(X, y)|o(a, z)]
and hence

(‘Pw(u) ® ‘Pw(u))R = dw[u|u] = Qw(u)

for u € I'. O
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Lemma 10.2. Let wy and we be normalized 3-cocycles in Z3(G1,(C*)ab and
Z3(Ga,C*)ap respectively. If j : D¥1(G1)o — D“2(G2)o is a bialgebra isomor-
phism, then jt : D¥2(Gs)g — D**(G1)o, defined by

<jt(u)av>w1 = <’U,,j(U)>w2
for any u € D¥?(G2) and v € D¥1(G1) s also a bialgebra isomorphism.
Proof. Consider the map j' : D¥2(G3)o — D*“*(G1)o given by

7= Pt P -

Since j : D¥(G1)og — D“2(G2)o is a bialgebra isomorphism, then so is j* :

D“2(Ga)§ — D“(G1)§. It follows from Lemma [[U1] that j/ is also a bialgebra
isomorphism. Moreover, for any v € D¥?(G3) and v € D¥1(Gy),

('), V)wy = (0,3 (0)) (V) = (57w (1)) (V) = Puy (7(u)) (V) = (u,§())ws, -
Hence, j' = jt. O

Definition 10.3. Let I'y, I's be abelian groups, and by, bs bicharacters on I'; and
T respectively. The pairs (I'1, b1) and (I, b2) are said to be equivalent if there is
a group isomorphism j : I'y — I'y such that

b2(j (), 3(y)) = br(z,y)

for x,y € I'y;. Similarly, let g1 : I'1 — C* and ¢ : 'y — C* be quadratic
maps. The pairs (I'1,¢1) and (I's, g2), which we call quadratic spaces, are said to
be equivalent if there is a group isomorphism j : I'y — I's such that

©Jj=q -
The orthogonal sum of two quadratic spaces (I'1,¢1) and (I's, g2) is the quadratic
space (I'y x I'z, q) where q(z,y) = ¢1(z)q2(y).
Theorem 10.4. Let G1, G2 be finite abelian groups and wi, ws normalized 3-
cocycles in Z3(G1,C*)ay and Z3(Ga,C*)ap, respectively. Then, D“1(Gy) and
D¥2(Gy) are gauge equivalent if, and only if, (T'“*, qu,) and (I'“?,q,,) are equiva-
lent.

Proof. Suppose that D¥1(G1) and D“2((G3) are equivalent as quasi-triangular quasi-
Hopf algebras. Then there exists a gauge transform F € D“2(G3) ® D“?(Gs)
such that D“'(G;) and D*?*(G3)p are isomorphic as quasi-triangular quasi-
bialgebras. Let j : D“'(G1) — D“2(G3)F be such an isomorphism. Then,

(51) (j ®j)R1 = For RoF™*

where R; and Ry are the R-matrices of D¥1(G1) and D“?(G2) respectively. Since
Ay = (Ag)p, D¥2(Gy)F and D¥2(G3)o are identical as bialgebras. By Lemma [T0.2]
jt i D¥2(Ge)o — D**(Gh)o is a bialgebra isomorphism. In particular, j*(I'“?) =
T“t. Let {Ey}uerv: be the dual basis of T“? with respect to the pairing (e, e),.
Let FF'= 3", crws f(u,0)Ey ® Ey. For any u € I'“?, apply @u, (1) @ pu,(u) to
equation (BI]). The left-hand side of the equation becomes

(0w (1) ® Py () (J ® J)R1 = (puoy (54) @ Py (570)) R1 = ooy (57 (w))
and the right-hand side becomes

(@wQ (U') & Puy (u))(FﬂRQFil) = Guw, (U')f(ua u)f(u, U’)il = qu, (u) :
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Therefore, (I'“?, q,,) and (I'“2, q,,) are equivalent. Conversely, assume that there
exists an isomorphism j : I'Y2 — I'“? such that q,,j = qu,- Set
Jlinflon)(u,v,w) = inflwi(j(u), j(v), j(w))

and

Jdon [ulv] = du, [(u) ] (v)]
for any w,v € 2. Then, (j(inflw;?'),7(ds,)) is also an abelian 3-cocycle of
'z, The trace of this cocycle is q.,j. By Theorem B2, there exists a normalized
2-cochain f on I'“? such that

(52) infloyt(§(u),j(v),5(w)) = wy (u,v,w)df (u,v,w),
(53) du, [F(w)]7(0)] = duy [u|v]f (u,v)/ f (v, u)
for any u,v,w € I'“2. Let
Y fwv)E,QF
u,velv2

Notice that e(E,) = (Ey,0(1,1)) = 61, and E,E, = d, ,F, for any u,v € T2,
This implies that F' is invertible in D“?(G2) ® D“?(G2) and
(id@ e )F =199 = (c@id)F

For simplicity, we denote the linear extension of j from D¥2(G2)p to D“*(G1)o by
the same symbol j. Obviously, j is a bialgebra isomorphism. By Lemma [02] j? is
also a bialgebra isomorphism. For any u,v,w € I'“2,

(Pus (1) ® P, (V) ® P, (W ))(Jt ® 4 ®jt)q)1
= (P, (7(1) ® 9w, (7(v)) @ pu, ((w))) @1

= inflwi™(j(u), j(v), j(w))
and

(P2 (1) ® Puy (V) © Py (W) (Faz (id ® A)(F)P2(A @ id)(F ) Fy,')

= (inflw2)d f(u,v,w).
Hence, by equation (&2), we obtain
(' ® 4" ® )01 = (Fas(id ® A)(F)@2(A @ id) (F 1) F,') .
It follows from equation (49) that
(0w (1) @ ¢z (0)) (5" ® 5 R1 = (0w ((1)) @ @y (V) Br = oo, [(v)]5(w)]
and
(Puwz () ® Py (V) For ReF ™ = f(v,u) [~ (u, 0) o, [0]u] -
Hence, by equation (G3),
(j'®j")R1 = Fo1 RoF 1.

Therefore, 5t : D“1(G1) — D*2(G2)F is a quasi-bialgebra isomorphism. O
Theorem 10.5. Let G1, G2 be finite abelian groups and wi € Z3(G1,C*)ap, wa €
Z3(G2,C*)ap. Then, D**(G1) and D“?(G3) are gauge equivalent if, and only if
D“1(G1)-Mod and D*?(G3)-Mod are equivalent additive braided tensor categories;

that is, there exists a braided tensor equivalence (F, o, p2) between D' (G1)-Mod
and D*2(G3)-Mod with F being additive.
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Proof. The “only if” part of the statement is well-known (cf. [Kas95]). Conversely,
let (F, @0, ¢2) be an additive braided tensor equivalence from K-Mod to S-Mod
where K = D¥1(G4) and S = D“2(G2). By Morita theory (cf. [AF92], [Lam99]),
F induces an algebra isomorphism « of Endg(F(K)) with K and so F(K) becomes
a S-K-bimodule. Moreover, F is equivalent to the tensor functor F(K)®g ?. Note
that both S and K are semisimple and their irreducible modules are 1-dimensional.
Therefore, F(K) = 55 and the right K-module action is given by the isomorphism
a~!: K — S where S is naturally identified with End(s.9). For any M € K-Mod,
define a*(M) to be the left S-module with the underlying space M and the left
S-action given by
sm = a(s)m

for any s € S and m € M. It is easy to see that

Hompg (M, N) = Homg(a* (M), o™ (N))
for any M, N € K-Mod. Hence, o* defines an additive functor from K-Mod
to S-Mod. It is straightforward to show that o* and F(K)®k ? are equivalent
functors. Without loss of generality, we may assume F = o*.

Now C %% o*(C) is scalar multiplication by a nonzero complex number x. For
any M € S-Mod, define 0y to be scalar multiplication x~!. Then 7 : a* —
a* is a natural isomorphism. Hence, (a*,id, kps) is a braided tensor equivalence
from K-Mod to S-Mod. Consider @z (K, K). Then rpo(K, K)(1x ® 1x) is an

invertible in K ® K and we set F~! = kpo(K, K)(1x ® 1x). Then, F is a gauge
transform of K (cf. [Kas95], p. 381) and

a(®s) = Fy(id® Ag)(F)Pk (A ®id)(FHFL,
a(Rs) = FoRgF™!,

where ®g, Rs and @k, R are the associators and R-matrices of S and K respec-
tively. [l

Definition 10.6. Let I' be a finite abelian group and b : I' x I' — C* a symmetric
bicharacter. For any subset M of G, denote by M+ the subgroup

{z eT'|blzx, M) =1}

of T'. A subgroup N of T is called a metabolizer of (T,b) if N = Nt. A quadratic
map ¢ : I' — C* is called non-degenerate if the associated bicharacter by(z,y) =

q(qx(;gqy()y) is non-degenerate. A subgroup N of T is called a metabolizer of (T, q) if

g|v =1 and N is a metabolizer of (I',b;). A metabolizer N of (I',q) or (I',b) is
called split if N is a summand of T'.

Remark 10.7. (i) Let G be a finite abelian group and w a normalized 3-cocycle in
Z3(G,C*)ap. Then, qw(@) = 1. Moreover, if b, (c(a,z),0(A\, 1)) =1 for all A € @,
then A(z) = 1 for all A € G. This implies z = 1. Therefore, G+ = G and hence G
is a metabolizer of (I'Y, q,,).

(ii) If (T, ¢) is non-degenerate with metabolizer G, then |G|? = |T|.

Let G, G’ be finite abelian groups, w € Z3(G,C*)4p, and o’ € Z3(G',C*),4p. Let
¢ € Z3(G1 x Ga,C*),4p be the product of the inflations of w and w’, namely,

¢ = (inflw)(inflw')
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where the inflations are induced by the natural surjections G x G’ — G and
G x G' — G’. By the remarks following Proposition 1], there is an isomorphism
of groups ¢ : I'*(G) x I'¥" (G) — I'*(G x G') given by

DD Ne@el@ @z, Y N(heh) @y | = D> Aalg)N,(h)elg, h) ® (x,y)

geaG heG’ (g,h)EGXG’

where 6\, = wy, 0\, = w, and z € G, y € G'. Since, for any

U = Z A(z,y) (ga h)e(g7 h) Y (l‘,y) € FC(G X Gl)a q((u) = A(z,y) (l‘, y)7
(g,h)EGXG’

¢ defines an equivalence of the quadratic forms (I'¢, ¢¢) and (I'*, q,) L (I‘“", Guw’)-

Conversely, suppose that H is a finite abelian group and n € Z3(H, C*),; such
that (I',q,) is equivalent to the orthogonal sum (I'“,¢q,) L (T“', qur). Then,
(I'"(H),qy) and (T°(G x G'),q¢) are equivalent quadratic forms. By virtue of
Proposition [0.4, D"(H) is equivalent to D¥(H) ® D* (H') as quasi-triangular
quasi-bialgebras. This proves

Proposition 10.8. Let G be a finite abelian group and n € Z3(G,C*)ap. Then,
D'(@) is equivalent to D*(H) @ D* (H') as quasi-triangular quasi-bialgebras for
some abelian groups H, H' and w € Z>(H,C*)ap, W' € Z3(H',C*)ap if, and only
if, (I', qy) is equivalent to (I'Y, q.,) L (I‘“’/,qw/).

11. LATTICES

We use the following notation: M is a self-dual, even lattice with respect to the
nonsingular bilinear form

(0,0) : M x M — Z.

Thus z — (z,e) is an isomorphism of M with Homg(M, Z); moreover, {x,x) is an
even integer for © € M. Note that (e, e) is not necessarily positive definite.

Let E be the space R ®z M equipped with the R-linear extension of (e, e}, let
M C L C Ewith |L: M| < oo, and let Lo = {x € E|(x,L) C Z} be the Z-dual
of L. We set G = L/M. There is a short exact sequence

(54) 0— M/Ly— L/Ly — L/M — 0

and we pick a section s : L/M — L, such that s(0) = 0, which naturally defines
a section 5: L/M — L/Ly.
Because M is self-dual, the pairing (e,e) : L x L — Q induces a perfect pairing

(55) p:M/Lyx L/M — S'  (x+ Lo,y + M) > 2™@)

and so there is a natural identification of M/Lo with Hom(L/M, S') = G. Thus
the sequence (B4)) is of the type we have been considering. That is, the triple
Lo € M C L defines an element of H(fb(G,é) with G = L/M, and it is well-
known that a 2-cocycle 3 € Z2 (G, @) which corresponds to the triple is defined,
using the section s, via

(56) B, y) =5(x) +5(y) —5(x +y)

for z, y € G.
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Following Dong and Lepowsky [DL93], we pick an alternating, bilinear map
c¢: L x L — S' with the property

(57) c,y) = (~)¥
for x,y € M. Such ¢ always exists (cf. [DLI3], Remark 12.18).

Proposition 11.1. With the previous notation, set
(58)  w(g,x,y) = c(s(g), s(x) + s(y) — s(x + y))em W@ =ty

(59) 79(x) = c(s(g), s(x))em =)
Then w € Z3(G,C*)ap, wy = 674, and Ag([w]) = [4].

Proof. After some computation, we find that for g, h,x,y € G,

dw(g, h,z,y) =c(s(g) + s(h) — s(g + h),s(z) + s(y) — s(z +y))

(60) . eTHs(g)+s(h)—=s(g+h),s(z)+s(y)—s(z+y))

Note that both a = s(g) + s(h) — s(g + h) and b = s(z) + s(y) — s(z + y) lie in
M. Using equation (B7]), the expression of (60) is equal to 1 and, as a result, w is
a normalized 3-cocycle.

The identity w, = o7, follows immediately from (B8) and (B9). Finally, using
the expression ([5)) together with (59) shows that Ag([w]) is the cohomology class
represented by 31 € Z2, (G, @) where

Bi(z, y)(g)

_ c(s(g), s(x))c(s(x), s(g))c(s(g), s(y))e(s(y), s(g)) o2mi(s(9),5(2)+s(y)—s(z+y))
c(s(g), sz +y))e(s(z +y),s(9))

for z,y,g € G. Since c is alternating, equations (B5) and (50]) yield

So by definition of the pairing p, /1 = 5. O

We now have two quadratic forms associated to this situation: (L/Lo, qr) where
qr(z + Lo) = e™®%) for 2 € L; and (I'*, q,,) canonically associated to the 3-cocycle

w (cf. @R)).
Lemma 11.2. These two quadratic spaces are equivalent.

Proof. Let notation be as before. From section ] I' is a central extension of G by
G. The additive version of the corresponding 2-cocycle 3 is given by (Bf). Here, as
before, G = L/M and G = M/Lq under the identification given in (B5). There is
an isomorphism j : L/Ly — I'¥ defined for = € L via

(61) x+Lo—o(x+Lo—3(x+ M),z + M).
Now use equations [@8)), (59)) to see that
(62) 4w (j(z + Lo)) = p(x + Lo — 3(x + M),z + M)em {55
Write s(x + M) = « +m for some m € M. Then we see that
@(j(z + Ly)) = emC(ztm)a)t(ztmatm))
= e™@0) — g (x + Lo).
This completes the proof of the lemma. O
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We now begin again, this time with a non-degenerate quadratic form ¢ on the
finite abelian group I'. It is convenient to write ¢ additively, that is, ¢ : T — Q/Z.
We also consider ¢; = 2¢ as a quadratic form with values in Q/27Z. According to
[Wal63], Theorem (6), there is a rational lattice (H', (o, o)) i.c. (o,0): H' x H —
Q non-degenerate, an even (integral) sublattice H C H’, and an equivalence of
quadratic forms

r—— Q/2z,

gTj /
7
H'/H

where g is the quadratic form arising from (e,e). Thus, for z,y € H' we have
g(r+ H) = (z,z) (mod 2Z) and
(63) a((z+H)) = (z,z) (mod2Z),
(64) b(j(z+ H),jly+H)) = (z,y) (modZ)
where b is the bilinear form on I' associated to q. R

Now assume that (T, ¢q) has a metabolizer G, and write j~1(G) = M/H for a
sublattice M with H € M C H'. Since G+ = G, it follows from (G4) that M is

a self-dual, integral sublattice of H’. Similarly, equation (B3) shows that M is an
even lattice. We now have

Theorem 11.3. (i) Let M C L be a pair of rational lattices with M even and
self-dual, and let Ly C M be the Z-dual of L. Then the pair (L/Lo,qL) is a
non-degenerate quadratic space with metabolizer M/ Ly.

(ii) Furthermore, there is w € Z3(G,C*)ap such that the corresponding quadratic
space (I, q,) is equivalent to (L/Lg,qyr). Moreover, A(w) is cohomologous
to the element of Z2,(L/M,M/Ly) defined by (BB).

(iii) Conversely, suppose that (T',q) is a non-degenerate quadratic space with
metabolizer. Then there are lattices M C L as in (i) such that (T, q) and
(L/Lo,qr1) are equivalent quadratic spaces.

(iv) Every non-degenerate quadratic space (I', q) with a metabolizer G is equivalent
to one of the form (I, q.) for suitable w € Z3(G,C*)ap.

Proof. (i) and (ii) follow from Proposition[IT.Iland Lemma[ITT.2, while (iii) follows
from the discussion following the proof of the Lemma. Part (iv) follows from (i)—
(ii). O
Remark 11.4. From Theorem and our earlier work, we see that the following
pieces of data are more or less equivalent:

1. A pair of rational lattices M C L with M even and self-dual, L/M = G.

2. A non-degenerate quadratic space (I, ¢) with metabolizer G.

3. A cohomology class [w] € H3(G, C*)gp.

4. A cohomology class [3] € H2 (G, G) which is in the image of S (cf. Theorem

[R4).
12. GAUSS SUMS

We begin with a discussion of Gauss sums on pairs (M, q) consisting of a finite
abelian group M and a non-degenerate quadratic form ¢ : M — Q/Z. Thus,
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gz +vy) = q(z) + q(y) + b(z,y) where b : M x M — Q/Z is a non-degenerate
bilinear form. In our applications, (M, q) will be the pair (I',q,) that we have
already considered, or something related to it. Our discussion is closely related to
that of tom Dieck ([tD79], 2.2) adapted to our present needs.

The Gauss sum G(M, q) is defined via

_ § eQﬂ'iq(m) .
meM

The Gauss malﬁ v is defined via

(M, q) = G(M,q).

1
VIM|
Lemma 12.1. Let N C M be a subgroup of M such that the restriction of ¢ to N
vanishes identically. Then q induces a non-degenerate quadratic form g on N+ /N,
and we have

Y(M,q) =~v(N+/N,q).

Proof. Note that G is defined via g(m+N) = g(m) for m € N*. It is easy to see that
this is well-defined and yields a quadratic form on N+ /N which is non-degenerate.
Then we calculate

_ 27rzq(m+n)

neN meM
_ Z 2mig(m) Z 27ib(m,n)
Vv |N| meM neN

where we used g(m +n) = g(m) +q(n) +b(m,n) and ¢(n) =0 for n € N. Now the
inner sum vanishes whenever m ¢ N+ by the orthogonality of group characters,
and is otherwise equal to |N|. So in fact

) = e 3 e
mENL

|N| Z 27mq
VININT, 2

Y(N*/N,7g).

Corollary 12.2. If (M,q) has a metabolizer, then v(M,q) = 1.

Lemma 12.3. Let p be a prime and (M, q) a non-degenerate quadratic space on
the non-trivial cyclic p-group M. One of the following holds:

() p is odd, |M| is a square, and (M, q) has a metabolizer.

ii) p = 1 (mod 4), |M]| is not a square, and v(M,q) = +1.
(111) 3 (mod 4), | M| is not a square, and y(M,q) = +i.

) p= 2 and v(M, q) is a primitive 8th root of unity.

5We say map because ~ can be considered as a function on a suitable Witt group.
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Proof. Pick N C M maximal subject to the condition that the restriction of ¢ to
N is identically zero. Set V = N+/N, so that v(M, q) = v(V,q) as in Lemma 211
Now the maximality of N implies that (V,q) is anisotropic, that is, if v € V' and
G(v) = 0 then in fact v = 0. It is then easy to see that |V| < p?, and even |V| < p
if p is odd. First assume that p is odd. Then (i) holds if V' = 0, and otherwise
|V| =pand |M| = |N|?|V| is not a square. Then (ii) or (iii) holds by the classical
calculation of Gauss sums (cf. [tD79]).

Now take p = 2. If |[V| = 2 or 4 it is an easy direct calculation that (iv) holds.
To complete the lemma, we must show that, in fact, V £ 0 if p = 2. Assume, by
way of contradiction, that indeed V' = 0. Then |M| = |N|? = 22", say. Let = be
a generator of M. Then 2"z generates N and therefore we have ¢(2"z) = 0. As
b is non-degenerate, b(z,x) = k/22" for some odd integer k. It follows from the
equality

4(22) — 2q(z) = b(a, )

that g(z) = k'/2"*! for some odd integer k’. Hence q(2"z) = k'/2 # 0, contradic-
tion. O

Now consider a non-degenerate pair (M, g) which has a metabolizer, and where
M is a p-group with p = 1 (mod 4). We may write M as an orthogonal direct sum
of pairs (M;,q;) with M; cyclic ([Wal63], Theorem 4). By Lemma [23, if |M;] is
a square, then (M;, ¢;) has a metabolizer and v(M;, ¢;) = 1. Since |M] is a square
(by Remark [I0.7] (ii)) and (M, q) = 1, there must be an even number of M; whose
order is not a square and satisfy y(M;, ¢;) = —1, and an even number of M; whose
order is not a square and satisfy v(M;,¢;) = 1. So we see that now we may write
(with a change of notation)

(65) (MaQ):(MlaQI)J-"'J-(MraQT)

with y(M;, ¢;) = 1 for each i, and M; is either cyclic of square order or the product
of two cyclic groups, each of non-square order.

Before we proceed further with our discussion, let us recall Wall’s nomenclature
for non-degenerate symmetric bilinear forms on a finite cyclic group. Let G be a
cyclic group of order p™ with generator x, where p is an odd prime. A bilinear form
b:GxG— Q/Z with b(xz,x) = ep™™ is of type A if e =1, and it is of type B if €
is a quadratic non-residue modulo p (cf. [Wal63]).

We assert that each (M;,¢;) in (B8) has a cyclic metabolizer. This has already
been explained if M; is cyclic. Otherwise, M; = H & K with H, K both nonzero
cyclic groups and v(H, ¢;)v(K,q;) = 1. Then v(H,¢;) = v(K, ¢;) and from section
5 of [Wal63] we see that H and K are either both of type A or both of type B.
More precisely, there are generators x,y of H, K respectively (and of order p",
p* respectively, say) such that b;(z,z) = ep™" and b;(y,y) = —ep™* where € is
either 1 or a non-residue (modp). (Here we have used the fact that _71) =1 for

p = 1(mod4).) Now if h = r —w and k = r + u for nonnegative integers r, u we find
that the subgroup generated by x + p“y is the metabolizer we require.

We can rewrite (68 in terms of twisted quantum doubles using Proposition [[TL8]
As each (M;, ¢;) has a cyclic metabolizer G;, say, then we know (cf. Remark [[T4)
that the pair (M;,q;) can be realized via D¥i(G;) for suitable w; € Z3(G,C*)ap-
That is, (M;,q;) is equivalent to (I'“#, q,,). The orthogonal sum (BH) corresponds
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to the tensor product of twisted doubles. So if we start with a pair (G,w) which
gives rise to (M, q), we can conclude

Theorem 12.4. Suppose thatp =1 (mod 4) is a prime, G an abelian p-group, and
w € Z3(G,C)ap. Then there are cyclic p-groups G; and cocycles w; € Z3(Gi, C)ap,
1 < i < r, such that the two quasi-triangular, quasi-Hopf algebras D“(G) and
Q._, D¥i(G;) are gauge equivalent.

Remark 12.5. Tt is evident from our proof that the choice of the isomorphism types
of the G; are far from unique. For example, suppose that M is the orthogonal sum
of four cyclic group of orders p, p3, p°, p”, and each of type A. Then our proof
shows that D¥(G) is equivalent to D¥(G1) ® D“?(G2), as quasi-triangular quasi-
bialgebras, where G, G can be chosen to be have orders p?, p%; p3, p°; or p*, p*.
Of course, the number r of tensor factors that occur depends only on (G,w), and
we always have |G| = [[._, |Gi|.

Theorem [12.] fails for primes not congruent to 1 (mod 4). To treat this case we
need

Lemma 12.6. Let (M, q) be a non-degenerate quadratic space on the p-group M.
Suppose that |M| is a square. Then v(M,q) = 1 if, and only if, (M,q) has a
metabolizer.

Proof. Let N and V be as in the proof of Lemma [[2.3] After Corollary we
may assume y(M,q) =1 and V # 0 and try to reach a contradiction.

We see that V is not cyclic by Lemma [12.3], and since V is anisotropic, then
V 2 Z, ® Ly, as is easily verified. From Lemma [[2.3] (and its proof), we see that
v(M,q) = —1 if either p is odd, or if p = 2 and V is not an orthogonal sum of
two cyclic groups. Otherwise, p = 2, V = (x,y), b(z,y) =0, q(z) = q(y) = £1/4,
g(z +y) = 1/2. Hence v(M, q) = £i in this case. O

Now consider the analogue of (B5) in the case p = 3 (mod 4). The arguments
preceding ([65) together with Lemma [[2.3] show that we may still write (M, q) in
the form of equation (GH)), with each v(M;, ¢;) = 1, and |M;| a square. However, M;
may now be a product of 1, 2 or 4 cyclic subgroups. By Lemma [[2.6], each (M;, ¢;)
has a metabolizer. Thus there is an analogue of Theorem [12.4 for p = 3 (mod 4),
except that the groups G; cannot necessarily be chosen to be cyclic. Rather, we
have the property that the group I'¥(G;) is a product of 1, 2 or 4 cyclic groups.

Finally, take p = 2, and assume again that v(M,q) = 1. We can decompose
(M, q) as follows ([WalG3], sections 5 and 6)

(66) (M7Q):(P1aQI)J-J—(Pt7qt)

with each P; homogeneous and the product of at most 2 cyclic groups. From Lemma
23, and the proof of Lemma[I2.6 we see that the number of cyclic factors in (GH)
is necessarily even. Hence M is the product of an even number of cyclic groups,
which thus gives a different proof of Theorem BH. The analogue of Theorem 127
for p = 2 is the following: D*(G) is gauge equivalent to @)._, D“#(G;) and for each
i, T (G;) is the product of 1,2,4 or 8 cyclic groups.

13. METABOLIC FORMS AND HOMOGENEOUS GROUPS

A metabolic form is a triple (I',b,G) with b : T x I' — Q/Z a non-degenerate
symmetric bilinear form and G a metabolizer of (I',b). If IV < T and G’ < G such
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that (I, b, G') also a metabolic form, then (I, b, G') is called a sub-metabolic form
of (T',b,G). Obviously, ({0},b,{0}) is a trivial sub-metabolic form of (T',b,G). A
metabolic form is called simple if (T, b, G) is the only nontrivial sub-metabolic form.

A group homomorphism j : I'y — T’y is called a morphism mapping (I'1, b1, G1)
to (FQ,bQ,GQ) lf](Gl) Q GQ and

b2(](u)a ](U)) =b (ua ’U)

for any u,v € I'y. If the morphism j is bijective, then we call the two metabolic
forms equivalent and denote this by

(F17b1) Gl) = (F25b2) GQ) .

Proposition 13.1. Let G, G’ be finite abelian groups of odd order, w € Z3(G,C*)ap
and ' € Z3(GQ',C*)ap. Then (T*(Q),b,,G) = (0¥ (G'), by, G') if, and only if, '
and pw are cohomologous for some isomorphism p : G — G’ where pw is as in

Remark [21(iii).

Proof. Let p: G — G’ be an isomorphism such that pw = w’éb’ for some normal-
ized 2-cochain b’ on G'. Let 7 € T'(w). Then 7 € T'(w’) where

vy, o)
b/(x/, yl)

for any 2/, y, € G'. The map j : D¥(G) — D*'(G’) defined by

T (Y) =Ty (pY)

v (pg, px)

e X px
v (pz, pg) (bg) ®

jre(g) @z —

is a bialgebra isomorphism. In particular, j(I*(G)) = I'*'(G’). Moreover, for any
ola,x) € T¥(G),

jlolan) =3 a(gm(g)% e(pg) ® pa

and so
G (j (0 (o, @) = (2)72(2) = qu(o(e, z)) .

It is obvious that ]((A?) = G and hence j is an isomorphism of (I“(G), b, G) with
(T“(G"), bur, G").
Conversely, assume that j is an isomorphism of (I'“(G),b,,G) with
(T (G"), by, G"). For z € G,
jUT(17 $) =07/ (bxv pl‘)

for some b, € G’ and pr € G. As ](@) = @', the map p : x — pz defines an
isomorphism from G to G’. As

bw’(UT’(bx7 px)a Or (by7 py)) = bw (UT(L J)), 07(17 y))a

we have the equality

(67) ba (y)by (x)T;x (py)T;y (px) =Tz (y)Ty (37) .
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Hence,
T:c(z>7'y(z)w " _ 7 (2) 7. (2) 7 (2) 72 ()
rayz) Y ey ()7 (2)
_ T (P2)7h: (p2) 75, (p2) T (PY) be(2)by (2)
7o) (P2)Th(p(2Y)) bay(2)
7. (p2)T, (p2)

where b € C1(G, @) given by b(x,y) = by(y). By equation (€7) and (IH), we see
that A(pw) and A(w’) are cohomologous. As |G| is odd, it follows from Corollary
that [pw] = [w']. O

For two metabolic forms (T'1, b1, G1) and (T3, b2, G2), one can define the orthog-
onal sum, (I'1,b1,G1) L (Da, ba, G2) to be the metabolic form (I'; x G2, b, G1 X G2)
where

b((u1,v1), (uz,v2)) = b1(u1,v1) + ba(uz, v2)
for any ui,us € Gy and v1,v9 € Gs.

Proposition 13.2. Let (T',b,G) be a metabolic form and (K,blx,H) a sub-
metabolic form of (I,b,G). Then, (K*,blx1,G N KL) is also a sub-metabolic
form of (T,b,G). Moreover,

(T,0,G) = (K,b|g, H) L (K, b|gr,GNK™).

Proof. As b is non-degenerate on K, there exists a subgroup @ < K= such that
K+G=K+ Q. Soforany z € G, x = u + v for some v € K and v € Q). Now
H C G and b(v, H) = 0. This implies b(u, H) = 0. Since H is a metabolizer of
(K,b|k), u € H, it follows that v € G and hence G = H + (K* N G). Moreover,

(GNEKHYPNKt =G+ K)NKt=(K+(K*nG)NnKt=GnK*.
Hence G N K+ is a metabolizer of (K, b|x1). It is straightforward to show that
(Kab|K’H) = (F7b|FaG) 1 (Klab|Ki7GmKJ_) = (F7ba G)

with the morphism j : K x K+ — T given by j(u,v) = u + v for any (u,v) €
K x K+, O

Proposition 13.3. Fvery metabolic form is equivalent to an orthogonal sum of
simple metabolic forms.

Proof. The result follows directly from Proposition [13.2] by induction. O

Remark 13.4. Tt follows easily from Proposition[I3.2that a metabolic form (T', b, G)
is simple if G is cyclic.

We will denote by (K, b|x, H)* the metabolic form (K*,b|x1, K+ NG) for any
sub-metabolic form (K, b|x, H) of (T, b, G).

Lemma 13.5. Let (T',b,G) be a metabolic form with G homogeneous of exponent
p". For any mon-degenerate cyclic subgroup D of T of order greater than p™, there
exists a cyclic subgroup H C G such that (H + D,b|lpg4+p, H) is a sub-metabolic
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form of (U',b,G). Moreover, for any generator y of D, there is a generator x of H
satisfying
= +py
for some x' € D+ where |D| = p™t@.
Proof. Let D be as in the statement of the lemma. Set Gy = GN D+t. Then G/Gy
is cyclic since the map g+ G — b(g, ®) defines an embedding from G/Gy into D. If
|G : Go| < p™, then Q,(G) C Gy. Therefore, 2,(G) N D is trivial and so is GN D.
But this implies |D| < p™ since
D/(GND)= (G+D)/G C T)G=~G.
Hence |G : Go| = p™. Then, G = Gy & H for some H < G isomorphic to Zyn. H
can be chosen to contain GN D as G is homogeneous. In particular, we have
(68) GND=HnND.
Set K = H+ D. Then Gy C K. Therefore,
K'NK=(K+KY" C(D+H+Go)r=G+nD+=a,.
As GNK = H+ (GNn D) = H by equation (68), Go N K is trivial. Hence,
K+ NK ={0},ie. (K,b|k) is non-degenerate. Moreover,
H*NK=H+(H'*ND)=H+ ((Go+H)*nD)=H+ (GND).

By (68), H- N K = H and hence H is a metabolizer of (K, b|).

Let () = H and (y) = D. Then, z = 2’ + sp®y for some integer s and 2’ € D™ .
If pls, b(p"~'z,y) = 0 and so p" 'z € Gy N H which contradicts ord(z) = p". So

there is s’ € Z such that ss’ = 1 (mod p). The result follows if x is replaced by
s'z. O

Lemma 13.6. Let p be an odd prime and (I',b,G1), (T',b,G2) metabolic forms
with G1 and Go isomorphic to (an)k for some positive integer k. Then, there exist
non-trivial sub-metabolic forms (K;,b|k,, H;) of (I',b,G;), i = 1,2 such that

(K17b|K17H1) = (K27b|K27H2) .

Proof. Pick D < T cyclic of maximal order such that b|p is non-degenerate (cf.
[Wal63]). Then |D| > p™. If |D| = p", Gy and Gq are split metabolizers of (T, b).
It is straightforward to show that there exist x; € G; and u;,v; € I' such that
b(ug, u;) = 1/p™, b(vi,v;) = —1/p", b(us,v;) = 0 and z; = u; + v; (cf. [MHT73]).
In particular, (K;,b|x,, (x;)) is a sub-metabolic form of (I',b, G;) where K; is the
subgroup generated by u;, v;. Moreover, the map K1 — Ky, u1 — ug and vy — vs
defines an isomorphism of (K71, b|k,, (z1)) with (K2,b|k,, (z2)).

Let y be a generator of D and ord(y) = p"*“ for some positive integer a. By
Lemma [[35] for ¢ = 1,2 there exists H; < G; such that (K;,b|k,, H;) is a sub-
metabolic form of (I, b, G;) where K; = H; + D. Moreover, H; admits a generator
x; satisfying

x; = x; + pty
for some z; € Dt. The map K; — K, given by y — y and z} +— x5, defines an
isomorphism of (K71, b|k,, H1) with (Ks,b|k,, Ha). O

Theorem 13.7. Let p be an odd prime and (I',b,G) a metabolic form with G =
(Zpn ).
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(i) (I,b,G) is equivalent to an orthogonal sum of sub-metabolic forms with
metabolizers isomorphic to Zyn .

(i) Let (TV,v',G’) be a metabolic form such that G' = G. Then (I',0/,G’) =
(T,b,G) if, and only if (T",¥") and (T',b) are equivalent.

Proof. Statement (i) follows easily from Lemma [I3.6] and Proposition [[3.2] by in-
duction on k. For statement (ii), it is obvious that the equivalence of two metabolic
forms implies the equivalence of the underlying bilinear forms. Conversely, we
proceed by induction on k. Let j be an isomorphism of (T, ¥, G’) with (T, b, G).
Then, (T, b, j(G")) is a metabolic form. By Lemma[[3.6] there exist a nontrivial sub-
metabolic form (K',b' |k, H') of (I",t/,G’) and a sub-metabolic form (K,b|x, H)
of (I',b,G’) such that

(K',blgr, H') = (K, bk, H) .

Thus, (K'*,b|g1) and (K*,b|x.) are equivalent bilinear forms. By induction
assumption (K’ b|r/, H')* = (K, b|x, H)* and hence

(Flvblva) = (K,7b|K’7H,) L (K/ﬂb|K/aH/)J_
(K,blg,H) L (K,b|lg, H)* = (I',b,G).

IR

Theorem 13.8. Let p be an odd prime with G isomorphic to (Zyn)k.

(i) For any w € Z3(G,C*)ap, there exists ni,...,nx € Z3(Zpn,C*)ap such that
D¥(G) is gauge equivalent to ®f:1 D" (Zpn) as quasi-triangular quasi-bi-
algebras.

(ii) For any w,w' € Z3(G,C*)ap, D(G) and D* (G) are gauge equivalent as
quasi-triangular quasi-bialgebras if, and only if, there exists p € Aut(G) such
that [pw] = [W'].

Proof. (i) Consider a metabolic form (T'“, b,,, @) associated to w. By Theorem [[3.7]
(T¥, b, G) is equivalent to the orthogonal sum

(69) (T4, b1, Zpn) L -+ L (T, bpes Zpn ) -

By Theorem (iv), there exist n; € Z3(Zyn, C*) such that (I';,b;) is equivalent
to (I, b,,). Hence, by equation (BJ), the result follows.

(i) If D*(G) and D*'(G) are equivalent as quasi-triangular quasi-bialgebras, by
Theorem M4, (T, b,,) and (T“, b,/) are equivalent bilinear forms. It follows from
Theorem [377(ii) that (I'“, by, @) and (D', b, G) are equivalent metabolic forms.
By Proposition [3.1], [pw] = [w'] for some p € Aut(G). The “only if” part follows
from Remark 2.7] (iii). O

14. DUALITY AND SYMMETRY

In this section we discuss various kinds of relations that exist between suitably
chosen D¥(G) and D*'(G"). Our discussion is meant to illustrate the possibilities,
and is by no means exhaustive. We make use of Wall’s classification of symmetric
bilinear forms [Wal63] as well as results previously established in the present paper.

The first type of relation that we discuss—symmetry—arises from the possibility
that a quadratic space (T', ¢) may have metabolizers G, G’ which are not conjugate



GROUP COHOMOLOGY AND TWISTED QUANTUM DOUBLES 3505

in the corresponding orthogonal group. Indeed, they may not even be isomorphic.
This is, in fact, a rather common phenomena.

As an example, take I' = Z,» x Z,2 (and for convenience, p an odd prime). By
[Wal63|, the possible non-degenerate bilinear forms on I' can be taken to be the
following: A2 @ A2, A2 @ B,2. Of these, only one has a (necessarily split) cyclic
metabolizer: the first if p = 1 (mod 4) and the second if p = 3 (mod 4). On the
other hand, the subgroup of I' consisting of elements of order at most p is a metab-
olizer in all cases. As we know, each of these metabolizers G determines an abelian
3-cocycle w € Z3(G,C*)4p such that T 2 T, and w is even a coboundary if G is
cyclic. More is true: if they determine the same pair (T, ¢), then the corresponding
module categories are braided monoidally equivalent. We thus conclude:

Example 14.1. Let p be an odd prime, G = Z,2, G’ = Z, x Z,. Then there is
an abelian 3-cocycle W' € Z3(G’,C*)4p such that D(G)-Mod and D¥'(G')-Mod

are equivalent as braided tensor categories. The same argument applies if we take
G' = Zpn X Lypn and G = Zy2n, and to a host of other situations.

Next we discuss a duality between the module categories corresponding to the
twisted double of homogeneous p-groups.

Theorem 14.2. Let n, k be a pair of positive integers, and let G = (an)k and
G (Zpk)n (p an odd prime). Then the following hold:

(i) There are exactly ("+k) equivalence classes of monoidal categories of the form

D¥(G)-Mod, for some w € Z3(G,C*)ap.

(ii) There is a canonical bijection between equivalence classes of monoidal cate-
gories of the form D*(G)-Mod and those of the form D* (G')-Mod.

(iil) There are natural bijections between equivalence classes of braided monoidal
categories of the form D¥(G)-Mod and those of the form D' (G")-Mod.

Example 14.3. One can also count the number of braided monoidal categories (up
to equivalence) of the form D“(G)-Mod, where G = (an)k and w € Z3(G,C*)wp
Thus we have

|| # braided monoidal categories

(2n+1)

k
1
2 2n +2n+1

3 1/3(4n3 + 6n> +8n+3)

To prove these assertions, recall from Theorem [3.7 that if G = (an)k is homo-

geneous, p odd, then the pair (G,w), w € Z3(G, C*) 4, determines a non-degenerate
bilinear form (T',b) of the form

where (H;,b;) has a cyclic metabolizer G;, G = G1 X -+ - X G}, and H; is isomorphic
to Zynta @ Zyn-o for some integer a with 0 < a < n. Of course, I is isomorphic
to the group of fusion rules I'Y. Denote by I'; the group Zpjnto ® Zpn-o (where
now n is fixed). If T, occurs with multiplicity m, in (T0), we can represent (70)
symbolically in the form

(71) T :ig=0 mel'g
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at least as far as the fusion rules are concerned. It is easy to see that we have

(72) zn:ma =k.
a=0

Furthermore, any n + 1-tuple (mg, m1,...,m,) of nonnegative integers satisfying
([2) may be chosen in (1)) and which correspond to a pair (T, b) with metabolizer
G. Thus the number of nonisomorphic groups of fusion rules I' that correspond to G
is the number of nonnegative (n + 1)-tuples (mq,m1, ..., m,) satisfying ([{2). This

is easily seen to equal ("Zk) Now part (i) of the theorem follows from Theorem

o

Note that if also G’ = (Zpk)n, then by part (i), there are ("Zk) equivalence
classes of tensor categories both of the type D“(G)-Mod and D* (G')-Mod. We
will establish a canonical bijection between these two sets.

With (mg,m1, ..., my) as above, let A be the partition which contains the integer
1 with multiplicity m;, 1 < ¢ < n. Thus ) is a partition of the integer r = Z?zl im;.
Note that 7 < nk by (72). Let A be the dual (conjugate) partition of A, and let s,
be the multiplicity of j in A! for j > 1. So also r = Z?zl Jjs;, the upper limit % in
the sum arising from the fact that the maximal part of A! (i.e., the largest j with
s; > 0) is equal to the number of non-zero multiplicities m;, and this is at most k
by (@32).

Now observe that Zle s; = # of parts of the partition A = max{i|m; > 0} < n.
Thus if we define sg = n — Z?:1 55, then s; > 0 for j > 0 and

k
(73) S =
=0
Consider
(74) I =15 5T

where I‘; = Zypk+;i © Lpe—;. By previous arguments, I is the group of fusion rules
corresponding to a suitable pair (G’,w"). Thus ([(3) and (7)) enjoy the same relation
to (G',w’) that ([{1) and (72) do to (G,w).

Thus the canonical bijection (duality) which relates T' and I" is achieved via the
duality between the partitions A and A which are associated to them. This explains
part (ii) of the theorem.

Example 14.4. In Table 1 below, we illustrate this duality in case the two groups
in question are G' = Zy2 X Zpz X Zy2 and G’ = Z,s X Zys. Groups I', I on the same
line are in duality.

Turning to part (iii), we first establish:

Lemma 14.5. With the notation of (T1l), let f be the number of indices a > 1
such that mq > 1. Then the number of inequivalent, non-degenerate bilinear forms
b on T with metabolizer (isomorphic to) G is 27.

Proof. From Theorem [[3.7] we only need to enumerate the equivalence classes of
bilinear forms that arise as in (70) and (7I) above.

To show that this number is 2/, let us assume for convenience that p = 1
(mod 4) (the case p = 3 (mod 4) is proved similarly). According to [Wal63] and
the discussion following equation (G3), the only forms I', with cyclic metabolizer
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TABLE 1.
G = Zp2 X Zp2 X Zp2 G = Zps X Zp;g
(m1,m2) r (s1,82,53) I f
(0,3) Lps X Los X Lo (0,0,2) Zys X Loy 1
(1,2) Zps X Lya X Lz X Lp (0,1,1) Ly X Lys X Lp 2
(07 2) Zp4 X Zp4 X sz X sz (0, 2, 0) Zp5 X Zps X Zp X Zp 1
(2, 1) Zp4 X Zpg X Zps X Zp X Zp (1,07 1) Zp(; X Zp4 X Zp2 2
(1,1) Zps X Lys X Lz X L2 X Lp (1,1,0) Zys X Lypa X Ly2 X Lp | 2
(0,1) Zp4 X Zp2 X Zp2 X Zp2 X Zp2 (0,2,0) Zp4 X Zp4 X Zp2 X Zp2 1
(2,0) Zyz X Lz X L2 X L2 X Lp X Lp (0,1,0) Zys X L3 X Lz X Zp | 1
(3,0) Liys X Lz X Lz X Lp X Lp X Lp (0,0,1) Zyo X Lys X Lys 1
(1,0) Zys X L2 X Lz X L2 X Lz X Lp (1,0,0) Zpa X L3 X Lz X L2 | 1
4 1
(0,0) (sz) (0,0,0) (Zpg,) 0

are of type A@® A or type B@®@ B if 1 < a < n—1; type A or type B if a = n;
type A@® A (= type B @ B) if a = 0. Furthermore, if a > 1, the only forms on
mqT, with metabolizer (Z,»)"* are (up to equivalence) of the shape m,(A® A) or
(me —1)(A® A) @ (B ® B). Thus, as long as m, > 1 and a > 1, there are in any
case just two inequivalent forms on m,I', with homogeneous metabolizer (Zy» )™

Now the lemma follows immediately. [l

Note that the integer f of Lemma is the number of unequal parts of the
partition A. But it is easy to see (and well-known) that this is equal also to the
number of unequal parts of A\’. So the canonical bijection of part (ii) of Theorem
also induces bijections between the inequivalent braided monoidal categories
of the form D¥(G)-Mod and D* (G’)-Mod which have fusion rules ', T respec-
tively. This holds for all such I, so that the number of inequivalent braided tensor
categories D¥(G)-Mod is the same as the number of type D (G’)-Mod.

This is not quite a natural bijection. However, we saw above that the allowable
bilinear forms on I' are naturally indexed by f-tuples consisting of A’s and B’s.
More precisely, let us again assume for convenience that p =1 (mod 4). If a > 1
with m, > 1, then we may take all but one I'; in to be type Aor A® A
(according to whether ¢ = n or a < n); the remaining ', may be taken to be either
type A ortype B (or type A® A or B@® B). All such f-tuples are allowable, so that
there are exactly 2/ such tuples, as claimed. Since (by the lemma) this analysis
applies not only to I" but to the dual group I, we obtain a “natural” bijection
between bilinear forms, and hence braided monoidal categories, by associating those
forms which correspond to the same f-tuple of A’s and B’s. This completes our
discussion of part (iii) of the theorem.

Finally, the formulae in example follow from our analysis without difficulty.
For example, take the case k = 2, so that G = Zyn ®Zpn. The possible (n+1)-tuples
(mo,ma,...,my) with >~ o m, = 2 are trivially enumerated, and each gives rise
to 27 inequivalent forms as in Lemma 0ZH If my = 2, then f = 0; if mg = 1
or mg = 0 and m, = 2 for some a > 1, then f = 1; otherwise f = 2. Thus the
total number of inequivalent allowable forms (or braided monoidal categories) is
1+2n+2n+4(3) = 2n° +2n+ 1.

Example 14.6. We can read off further examples of symmetry from Table 1.

Consider the group I' = Zpy1 X Zya X Zy2 x Zy2. We see that the two groups
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G = Zy> X Ly X L2 and G' = Zys x Zys each admit T as the corresponding fusion
rules for some choice of quadratic form. Indeed, the previous discussion shows that
there are exactly two non-degenerate quadratic forms on I with metabolizers equal
to both G and G’. By Theorem [[04l it follows that the following holds: there are
cohomology classes [w1], [wa] in H3(G,C*)ap and [w)], [wh] in H3(G',C*),p such

’

that D¥i(G) and D¥(G"), i = 1,2, are gauge equivalent.

[AF92]
[Bor&6]
[Bro82]
[CPY5]
[DL93]

[DPR92]

[Drig7]

[Dri9o]
[DW90]
[EM50a]
[EM50b]

[FHL93)

[FLMSS]

[HL92]

[HL94a]

[HL94b]

[HL95a]

[HLO5b)]

[HOY7]
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