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ORTHOGONAL POLYNOMIAL EIGENFUNCTIONS OF
SECOND-ORDER PARTIAL DIFFERERENTIAL EQUATIONS

K. H. KWON, J. K. LEE, AND L. L. LITTLEJOHN

ABSTRACT. In this paper, we show that for several second-order partial differ-
ential equations
L[u} = A(l’, y)uxﬂc + QB(:E, y)uxy + C(l’, y)uyy + D(:E, y)ux + E(;L’, y)ull
= Anu

which have orthogonal polynomial eigenfunctions, these polynomials can be
expressed as a product of two classical orthogonal polynomials in one variable.
This is important since, otherwise, it is very difficult to explicitly find formulas
for these polynomial solutions. From this observation and characterization,
we are able to produce additional examples of such orthogonal polynomials
together with their orthogonality that widens the class found by H. L. Krall
and Sheffer in their seminal work in 1967. Moreover, from our approach, we
can answer some open questions raised by Krall and Sheffer.

1. INTRODUCTION

We are concerned with the problem raised by Krall and Sheffer [7] (see also [3],
[4], [I1]): classify all second-order partial differential equations of the type

(1.1)  Lu] = Az, y)tze + 2B(2, y)Uuzy + C(2,y)tyy + D(z,y)us + E(z, y)uy
=Mu, (n=0,1,2,...),
which have orthogonal polynomials as eigenfunctions. Up to a complex linear
change of variable, they found ten such differential equations, among which include
(1.2)
(@ +y + Dtgg + 22(y + Dty + (y + 1) uyy + g(zuz +yuy) = n(n — 1+ g)u,

and
(1.3)

T2y + 20ytay + (Y7 — y)uyy + 9{(z = Dus + (y = uy} = n(n — 1+ g)u.

Krall and Sheffer [7] showed that the partial differential equations (I2)) and (L3)

have at least weak orthogonal polynomial solutions (see Definition [ZT]) but they
were unable to determine if these polynomials are orthogonal. We remark that,
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even when the differential equation ([CT) is known to have orthogonal polynomial
solutions, it is not easy to explicitly determine these polynomials.

Our main results (Theorems 34 and Corollary B6) show that for most of the
differential equations ([Il), including (C2) and (I3)), orthogonal polynomial solu-
tions of (LI) can be expressed as products of two classical orthogonal polynomial
solutions {p, (k; ) }52 and {g, (y)}22, of certain second-order ordinary differential
equations.

In this way, we can explicitly explain the orthogonality of many of the orthogonal
polynomial solutions of (I1). Moreover, from our results, we are able to obtain
more examples of orthogonal polynomials satisfying differential equations of the
type (1), which do not appear in the classification by Krall and Sheffer [7]. This
is due to the fact that the orthogonality, but not the positive-definiteness (see
Definition 2:7), is preserved under a complex linear change of variables which Krall
and Sheffer used in their classification.

2. PRELIMINARIES
For any integer n > 0, let P, be the space of real polynomials in two variables
of (total) degree < n and P = J,,~, Pn- By a polynomial system (PS), we mean a
sequence {@mn }py n—o of polynomials such that deg ¢, = m +n for m,n > 0 and
{#n—j,j}j—o are linearly independent modulo P, 1 for n >0 (P_1 = {0}).
A PS { P}y neo is said to be monic if

where Ry, (z,y) is a polynomial of degree < m +n — 1.
A linear functional on P is called a moment functional. For any moment func-
tional o and ¢ € P, we define the moment functionals 0., 9y, and o by

<8:c05 ¢> - - <Ua 8:E¢> ) <8y0a ¢> == <Ua 8y¢> ) <¢U7 ¢> - <Uv ¢¢> ((b € P)

Definition 2.1. (see [7]) A PS {¢mn}5; ,,—o is a weak orthogonal polynomial sys-
tem (WOPS) if there is a non-zero moment functional ¢ such that

(0, bran®r) = 0 ifm4+n#k+I

Furthermore, if

<O', ¢mn¢kl> = Kmnémkénl

where Ky, are non-zero (respectively, positive) constants, we call {¢my 5 ,—o an
orthogonal polynomial system (OPS) (respectively, a positive-definite OPS). In
this case, we say that {¢mn ;.o is @ WOPS or an OPS relative to o.

A PS {¢mn s neo is @ WOPS relative to o if and only if (0, ¢y ) = 0 for any
polynomial R € Ppyin_1-

For any PS {¢mn}5y ,—0, there is a unique moment functional o, called the
canonical moment functional of {¢mn 7y ,—o, defined by the conditions

(0,1y =1 and (0, dpmn) =0 (m+n >1).

Note that if {¢nn}py o is @ WOPS relative to o, then o must be a non-zero
constant multiple of the canonical moment functional of {@mn }oy o

Definition 2.2. A moment functional o is quasi-definite (respectively, positive-
definite) if there is an OPS (respectively, a positive-definite OPS) relative to o.
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The following was proved in [7]; see also [3].

Proposition 2.1. For a moment functional o # 0, the following statements are
equivalent.
(i) o is quasi-definite (respectively, positive-definite).

(ii) There is a unique monic WOPS {Prun}55 ,—o relative to o.

(iii) There is a monic WOPS {Pmn oy =0 Telative to o, such that for each n > 0,
H,, := {(0,P,PL) is a nonsingular (respectively, positive-definite) symmetric
matriz, where Py, := (Pno, Po—11,-- -, Pon)" -

(iv) A, #0 (respectively, D, is positive-definite) , where A, = |D,|, and

g00 J10 go1 e 0no te Oon
010 020 011 Optl0 *°°  Oln

Dn = . . . . . . . (n Z O))
Oon Oiln OOmn+1 °°° Onn st 00,2n

and oy = (o, 2™y") (m,n > 0) are the moments of o.
From hereon, we write a PS {¢mn )7y ,—0 as {®n}ng, where
q)n = (q)n07 (I)nfl,lv Ty @On)T~
It is easy to see that if the partial differential equation (II)) has a PS {®,}5°,
of solutions, then it must be of the form

Liu] = Augg + 2Bugy + Cuyy + Duy + Eu,
= (az® + dvx + e1y + [1)Uze + (202y + dow + €2y + f2)tay
+(ay® + dzx + e3y + fa)uyy + (92 + ha)ug + (9y + ha)u,
=\ U

(2.1)

where A\, :=an(n — 1) + gn (see [7]).

We will always assume that |A| + |B| + |C| £ 0 since otherwise equation (Z1])
cannot have any OPS as solutions (see [3]). Following Krall and Sheffer [7], we
also assume that equation (ZI) is admissible, that is, \,, # A, for m # n (or
equivalently an + g # 0 for each n > 0) so that equation (21I) has a unique monic
PS of solutions.

Proposition 2.2. For any OPS {®,}32, relative to o, the following two state-
ments are equivalent.

(i) {®,}5%, satisfies equation (ZT).
(il) o satisfies

Mi[o] := (Ao); + (Bo)y — Do =0,
M;o] := (Bo), + (Co), — Eo = 0.
We call M[o] = 0 and Ms[o] = 0 the moment equations for the partial differ-

ential equation (Z.I)). If we let L*[-] be the formal Lagrange adjoint of L[] defined
by

L*[u] := (Au) gz + 2(Bu)zy + (Cu)yy — (Du)y — (Eu)y,

then L*[o] = (Mi[o])s + (M2[o]),. Hence if an OPS {®,,}°2, relative to o satisfies
equation ([2.1J), then

Ml[O'] = MQ[O’] = L*[O'] =0.
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Using the moments oy, of 0, we may express L*[o] = 0, M;[o] = 0, and Mz[o] =0
as (see [3] and [7])

Amn : = (L*[o],2™y")
= An4nOmn +mldi(m — 1) + ean + h1]om—1n
+n[dom + es(n — 1) + holom n-1
+61m(m - 1)0m72,n+1 + d3n(n - 1)0m+1,n72
+f1m(m - ]-)UmfZ,n + f2mn0—m71,n71 + f&n(n - 1)0m,n72 = O;
B+ = =2(Ma[o], 2™y")
=2{a(m+n) + g}omns1 + €2mom_1ns1 + (dom + 2e3n + 2h2)omn
+2d3n0m+1,n—1 + meUm—l,n + 2fSnO'm,n—l =0;
Crmn : = =2(Mi[o],2™y™)
=2{a(m+n) + gtom+1,n + (2dim + ean + 2h1)Omn + donOm41 n—1
+261m0m71,n+1 + 2flTnamfl,n + f2n0—m,n71 =0

for m,n > 0, where o,,,, =0if m <0 orn <0.

Using the above three recurrence relations for the moments {0y }75 ,,—o, Krall
and Sheffer [[7] classified second-order partial differential equations having OPS’s as
solutions.

We now recall the classification of classical orthogonal polynomials in one vari-
able, which we will need later in this paper. We refer to [10] for definitions and
basic facts about OPS’s in one variable.

An OPS {p,}52, (in one variable) is called a classical OPS if {p,}22 , satisfies
a second-order ordinary differential equation

(2.2) a(@)y”(z) + Bx)y (x) = Any(x),
where a(x) = ax? + bz + ¢ (£ 0), B(z) = dx + ¢, and \,, = an(n — 1) + dn.

Proposition 2.3. (see [10], [12]) The second-order differential equation (2.2) has
an OPS {pn ()} (respectively, a positive-definite OPS) as solutions if and only
if

t
Spi=an+d#0 and a (——") #0 (n>0),
Son
(respectively,
_ t
sp # 0 and e SN <——n> <0 (n=>0))
52n—182n+1 S2n
where t, = bn+e and s_1 = 1. Moreover, {pn}5> is orthogonal relative to a
moment functional u which is any nontrivial solution of the moment equation
(2.3) (au) = Bu.

Later in this paper, we will also make use of the following simple fact (see [9])
that when the differential equation (22)) is admissible, the corresponding moment
equation (Z3]) has a unique moment functional solution u with (u,1) = 1 (and all
other solutions are constant multiples of u).

Using Proposition[23, Kwon and Littlejohn [I0] classified all classical OPS’s in
one variable up to a real linear change of variable. We list this classification which
we will refer to later in this paper when we produce further second-order partial
differential equations having orthogonal polynomial solutions.
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(1) Jacobi polynomials: the differential equation
(1 =2y (@) +[(B - ) = (a+ B+ 2)z]y (z) = —n(n + o+ § + 1)y(z)
has the OPS (respectively, a positive-definite OPS)

PO () zn:(” Z O‘) (Zti) (@— 1" *z+1)* (n>0)

k=0
as solutions if and only if
a+n+1#0,6+n+1#0anda+5+2+n#0 (n>0)
(respectively, a, 8 > —1).
(2) Twisted Jacobi polynomials: the ordinary differential equation
(1+22)y"(2) + [do + €]y (x) = n(n + d — 1)y(x)
has the OPS, which is not positive-definite,
n
. +a\/n+p N ;
PlaB) () — n _ An—k k >
00w =3 (") () et 2o

as solutions if and only if d+n # 0 forn > 0. Herei =+v/—1landd = a+[+2, e =
i(a—0).
(3) Bessel polynomials: the ordinary differential equation
2,11

2*y"(z) + [dz + €]y’ (z) = n(n +d — Dy(z)
has the OPS, which is not positive-definite,

. " nT(n+k—14+d) fz\k
Bgd’)(x):kz:o ((n—k)!k! )<Z) (nz0)

as solutions if and only if e # 0 and d + n # 0 for n > 0. For real and complex
orthogonalities of Bessel polynomials, we refer to [6], []], and [13].
(4) Laguerre polynomials: the ordinary differential equation

zy’(z) + [a+ 1 - 2]y (z) = —ny(z)
has an OPS (respectively, a positive-definite OPS)

L) =y 29 SN

k=0

as solutions if and only if @« +n + 1 # 0 for n > 0 (respectively, o > —1).
(5) Hermite polynomials: the ordinary differential equation
y" () — 2ay () = —2ny(z)
has a positive-definite OPS
[z] (—1)k g2

Hn(@) =2 = - (20
k=0

as solutions.
(6) Twisted Hermite polynomials: the ordinary differential equation

y'(x) + 22y’ (z) = —2ny(z)
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has an OPS, which is not positive-definite,

§ (5] 1 L2k
Hn(z) = kzk!(n o @ (720
=0

as solutions.
Finally, we need the following result characterizing the partial differential equa-
tion (Z.I)) which has a product of two PS’s in one variable as solutions.

Proposition 2.4. (see Proposition 4.1 and Theorem 4.5 in [3]) Let {P,}5%, be
the monic PS of solutions to equation (L1). If A, = 0(respectively, C; = 0),
then Ppo(z,y) = Pno(x) (respectively, Pon(z,y) = Pon(y)) for each n > 0 and
{Pno(x)}52 (respectively, {Pon(y)}32,) is a WOPS in one variable satisfying the
second-order ordinary differential equation

Augy + Dug = Au (respectively, Cuyy + Euy = Ayu).

Moreover, if the canonical moment functional o of the PS {P,}>2 is positive-
definite, then {Pno(2)}52, (respectively, {Pon(y)}S2,) is a positive-definite classi-
cal OPS in one variable. If Ay = Cy, = B =0, then

Pmn(xvy) = Pmo(x)POn(y)
form,n > 0.

3. GENERATING ORTHOGONAL POLYNOMIAL SOLUTIONS

Concerning the partial differential equation (1)), which we assume to be admis-
sible, we can find its unique monic PS {P,}5° , of solutions at least recursively.
However, as mentioned earlier, it is not always easy to find an OPS solution of the
equation (ZI) even when we know that it has an OPS as solutions (see also the
discussion in [I1]).

Moreover, as Krall and Sheffer pointed out in [7], it is sometimes very difficult
to see if the partial differential equation (ZI) has an OPS of solutions even when
it has a monic WOPS of solutions. Indeed, Krall and Sheffer show in [7] that the
monic polynomial solutions to the equations ([L2) and (I3) are WOPS’s but were
unable to show whether they have an OPS of solutions.

Let {pn(k;2)}2, (k=0,1,2,---) and {g.(y)}>2, be PS’s in one variable, both
of which will be specified later. For any nontrivial function o(x), let

(3.1) b (1) = o (s 2)0" (@)a <$) (0<k<n),

and {®, 152 = {{bn—kr(,y)} 1 o}02. In general, {®,}°L, need not be a PS
but we can establish the following.
Lemma 3.1. (see [15]) Let {pn(k;2)}52 o (k=0,1,2,--+) and {gn(y)}52y be PS’s
as described above and {®,}5°, be defined as in (D). In addition, suppose that
q2(0) + ¢3(0) # 0 (which is automatically true when {q,(y)}2>, is an OPS). Then
{9,122, is a PS if and only if either

(i) o(z) is a polynomial of degree <1

or

(ii) o(z) is not a polynomial but o*(z) is a polynomial of degree <2 and {q,(y)}>>,

is symmetric (that is, gn(—y) = (—1)"qn(y) for each n > 0).
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From now on, we will always assume that one of the conditions in Lemma BTl
holds so that {®,}52, is a PS.

To initiate our study of equation (ZII), we claim that we may assume, via a
suitable linear change of variables, that either A, = 0 or C, = 0; that is, e;ds = 0.
If e1ds # 0, then set

x=a1s+bit, y=azs+bat (A :=a1by —azby #0)
and
u(z,y) = w(s,t).
Then in the new coordinates (s,t), the partial differential equation (ZI) becomes
Lw] := A% wgs 4+ 2B*wgt + C*wy + D*wy + E*wy = Aqw

where A* = as? + dis + ejt + f; and e = A"Yeiad + bi(e2 — di)ad +
b3(e3 — d2)ay — b3ds}, etc. Take by = 1 and a; to be any real root of

61&? + (62 — dl)a% + (63 — dz)al —ds = 0.

Then ef = 0 so that A*(s,t) = A*(s). Therefore, we can consider the admissible
partial differential equation

(3.2)  Llu] := a(x)ugy + 2B(x, Y) gy + C(x, y)tyy + B(2)us + E(y)uy = Apu

where a(z) = az? + bz + ¢, B(x) = dz + e, and E(y) = dy + ha.

We will show that for most of the partial differential equations (3.2), orthogonal
polynomial solutions (if they exist) to differential equation (3:2)) can be obtained in
the form (Bl), where {p,(k;z)}>2, and {g,(y)}52, are certain classical OPS’s in
one variable.

We now assume that «(z) (# 0) is monic and o(x) satisfies

(3.3) ag’ = Byo

and let {p, (k; ) }22, be the unique monic PS of solutions to the admissible ordinary
differential equation:

(3.4) a(x)Z" (z) + Bk (2) Z' () = pn(k)Z(z),
where p, (k) = nla(n + 2k — 1) + d] and
1
(3.5) Br(x) = p(x) + kBy(x,y) = (d+ ka)xr + e+ 5/<:62 (k>0).
Naturally, there arises the question: when does the PS {®,}52, defined in (BI)),
satisfy the partial differential equation (B2)7?
For simplicity, we set
P(e) = Pkl ), al) = ae), 1 = 5, and = bl y) = p(2)e" (2)aln)
Then
Llu] = Ay = po* 2 X (x, 1) +p'* 1 ¢'Y (z,7),

where

X (2,m) = (Byoe'n” = 2Ba'n+ C)q" (n)

+[{a’ = (2k = 1)B, — BYoo'n — ao®n +2(k — 1)Bo' + 0Elq (n)

+[(2ak — ak® — dk)o® + k(kB, — o + B3)0d'la(n)
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and
Y (z,n) = (2B — 20Byn)q'(n) = (d2x + f2)q'(n)

since ag” = Byo' — /¢ + ag, ap” + Porp’ = pin—r(k)p, and pn_p(k) +ak — A, =
2ak — ak?® — dk. Assume that L[u] = \,u, that is,

(3.6) Llu] = Mu = po" 2 X (z,n) + 9/ 0" ¢V (z,n) = 0.

Take n = k in (3.6) so that p(z) = po(k;z) = 1. Then X(z,n7) = 0 and so
Y (z,m) = 0. Hence dy = f3 = 0; that is,

(3.7) 2B(x,y) = 2axy + ey
and
X(z,n) = [{a0® — (ax + 3e2)00'}1* + eson + dsz + f3] 4" (n)
+[{(a=d)z+b—Fes — e} 00’ + (d — a)o™n + hao] ¢' (1)
+ko [(2@ —ak —d)(o — o) + (%keg —b+ e) Q'] q(n)
=0.

(3.8)

First assume that b = es. Then po(z) = /a(z) is a solution to equation ([B3));
consequently, equation (B3] becomes

1
X(z,n) = [(ac - 162) n° + eson + dsx + fg} q"(n)

1 1 1
(3.9) + H <§bd — ae) T+ ZbQ —ac+ cd — Ebe} n+ hgg] q (n)

1 1 1
+k Kae - §bd> z+ (k—2) (ZbQ - ac> + §be - cd} q(n)
=0.
Hence by differentiating (39) twice with respect to x, we obtain

(310)  fesg'n +dsla" () + [(5bd — ac) + hao)g' () + klae — Sbda(n) =0
and

(3.11) 0" (x)[esng” (n) + hag'(n)] =0

so that either ¢”(z) =0 or e3 = ha = 0.

Case 1. b=ez,a =1, and b? — 4c = 0: Then a(z) = (v —7)?, b = —27. If we take
o(x) = x — =, then equation (3) becomes

les(z —y)n +dsz + f3]q" (n) + (x —)[ha — (dy + e)nld'(n)
+ k(x —v)(dy + €e)q(n) = 0.
When z = v, we have (dsy + f3)¢” (n) = 0 so that f3 = —dzy and so
(esn +d3)q" () + {h2 — (dvy +e)n}d'(n) + k(dy + e)q(n) = 0.

Case 2. a = b =e3 =0 and ¢ = 1: Then a(z) = 1. If we take o(z) = 1, then
ds = 0 from (3I0) and so the equation (39) becomes

(esn + f3)q" (1) + (dn + ha)q' (n) — kdg(n) = 0.
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Case 3. b= ey and b? — 4ac # 0: Then o(z) = y/a(z) is not a polynomial so that
es = hg = 0 from (3II). Hence, equations (39) and (BI0) become, respectively,

1 1 1 1
[(ac = 36))0° + dszz + f)g" (n) + [(5bd — ae)z + b7 — ac + ed — Sbelng' (n)
+ k[(ae — %bd)x + (ibQ —ac)(k —2) + %be —cdlg(n) =0,
and
1 1
(3.12) dsq" (n) + (5bd — ae)ng'(n) + (ac = 5bd)kq(n) = 0,

from which we also have

(3.13) [(ac B ibQ> 0’ + fz]l q"(n) + (ibQ —ac+ecd— %be> nd (n)
+k [(ZbQ - ac) (k—2)+ %be - cd] q(n) = 0.

In this case, there are several possibilities : If %bd —ae = 0, then d3 = 0 from
BI2). If d3 = 0 but $bd — ae # 0, then gx(n) = n* from BIZ) so that f3 = 0
from BI3). If {qx(n)}3, is an OPS, then {qx(n)}3>, must be a classical OPS
satisfying the ordinary differential equation (B.I3)); moreover, d3 = %bd —ae =0
since ac — %bQ # 0 and a second order ordinary differential equation having a given
OPS as solutions is unique up to a constant multiple. In this last case, we also have
f3 # 0 by Proposition 2.3.

We now assume that b # es. In this case, it is easy to see that equation (B3)
has a solution o(z)(# 0) such that o?(x) is a polynomial only when either a = 1
and b2 —4c>0or a=0and b= 1.

Case 4. a = 1,b% —4c > 0, and b # ea: Then a(x) = (z — 1) (z — 72), 71 # V2,
and we may take o(x) as
les +
o(z) = (x —71)%(x — 2)*~°, where § = 22T
Y172
Hence, 0?(x) is a polynomial of degree < 2 only for § = 0,% or 1; that is, e =
=271, — (71 + 72), or —27s. Since b # e, we have e = —2v; or eg = —27,. For
example, if e = —27v; so that o(z) = ¢ — 72, then equation (3:8)) becomes
(71 = 72)(@ = 72)7° + es(a — y2)n + dsz + f3]q" (1)
+ (@ = 2)[he — (e + dy2)nld’ ()
+ k(@ —2)[(v2 = ) (k = 1) + dv2 + €lg(n) = 0.

When x = 75, we have (dsy2 + f3)q”(n) = 0 so that f3 = —d3v2 and

(1 = v2)n* + ean + dslq” (n) + [h2 — (e + dy2)n)q' (n)
+ k[(v2 —7)(k — 1) + dy2 +e]g(n) = 0.

If e = —275, we have the same conclusion with «; and -5 interchanged.
1

Ifa=0,b=1, and ep # 1, then a(z) = x 4+ ¢ and o(z) = (x + ¢)2° so that
es =0 or e =2.

Case 5. a =0,b=1, and eo = 0: With p(z) = 1, equation () becomes
(esn +dsz + f3)q" (1) + (dn + h2)q'(n) — kdq(n) = 0
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so that dg = 0 and
(esn + f3)q" (n) + (dn + h2)q'(n) — kdg(n) = 0.

Case 6. a =0,b=1, and ex = 2: With g(x) = x + ¢, equation (BE) becomes

[ (z +)n? +es(x + ) + dsx + fs]q" (n)

+[(=dz = e)(@ + )y + d(x + )*n + ha(z + ¢))g' (n)
+Ek(k—1+e—cd)(x+c)g(n) =0.

When 2 = —¢, we have (—dsc + f3)¢”(n) = 0 so that f3 = dsc and

(=n* + ean + dz)q" (n) + [ha — (e = cd)nlq'(n) + k(k — 1 + e — ed)q(n) = 0.
In summary, we have

Theorem 3.2. Let {®,}22 be a PS as in (F1), where {p,(k; )} is a monic
PS satisfying the ordinary differential equation ([3F) for each k > 0. If {®,}0%,
satisfies equation ([3.2), then dy = fo = 0 and we must have one of the following
Six cases :

(i) if a(x) = (x — )2 (v real), ea = —2, and o(z) = = — 7, then f3 = —dzy and

(3.14) (esy + ds)q, (y) + [ha — (dy + e)yla, (y) = —(dy + €)ngn(y);
(ii) if a(x) =1, e2 =0, and o(x) =1, then d3 =0 and
(3.15) (esy + f3)ay (y) + (dy + h2)q, (y) = dngn(y);
(iii) if b — dac # 0, ea = b, and o(x) = \/m, then e3 = ha =0 and
(3.16) 3y, (y) + (3bd — ae) ya,,(y) = (3bd — ae) ngn(y)
and

1 1 1
[(ac = 0%y + f]a;/(y) + (7b* — ac + cd = Sbe)ya, (y)

= n[(ac — sz)(n —2)+cd— ibe]qn(y);

(iv) if a(z) = (x —7)(x —y2) (M1 # 72 real), ez = =271, and o(x) = x — 72, then
f3 = —dg’}/g cmd

(01 = 72)y” + ey + dslar (y) + [h2 — (e + d2)yla, ()
=nl(n —72)(n — 1) —dy2 = €lgn(y);
(v) if a(x) =x+ ¢, e2 =0, and o(x) = 1, then d3 =0 and
(3.19) (esy + f3)d (y) + (dy + h2) gy, (y) = dngn(y);
(vi) if a(x) =z + ¢, ea =2, and o(x) = x + ¢, then f3 = dsc and
(320) (=y” +esy +d3)a(y) + [h2 — (e — cd)yla, (y) = n(l — n — e + cd)gn(y)-

Moreover, if {qn(y)}22, is an OPS in case (iii), then d3 = e3 = hy = $bd —
ae = 0.

(3.18)

Remark 3.3. The differential equation (33) defining o(z) has many solutions and
different choices of p(x) may yield different differential equations for {g,(y)}22,
(consequently, a different PS {g.(y)}52,). For example, if we choose o(x) =
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—a(z) in case (iii), then {g,(y)}5>, satisfy ordinary differential equations (see

(BI0) and (B17))

1 1

d3,(y) + (ae = 5bd)yg, (y) = (ae — 5bd)ngn (y)
and
1 1 1
(70 — ac)y + falaji(y) + (ac — 6% + Sbe — cd)yq, (y)
1 1
= n[(1b2 —ac)(n—2)+ Ebe — cd)qn(y)-
In the first three cases above, that is, when b = eq, we have from BZ) and (&)
2B(x,y) = 2axy + by = o/ (z)y
and
ng(x) = 6($) + ko/(:c).

Hence if we let {pn(2)}52 = {pn(0;2)}22,, then for each k > 0, {p,(k; )}, is

given recursively by

1
pn(k;x) = n——i—lp;l“(k —1;2), kE>1.

On the other hand, in Case 2 and Case 5, where p(x) = 1, we have

B(z,y) =0, Cla,y) = C(y), and fx(x) = (x)
so that
Pn(k; ) = pn(0;2) := pu(x), k 2 0, and ¢n—kk(2,y) = pn—k(®)qk(y);
see Proposition [2.4] for the details.
Conversely, we also have

Theorem 3.4. Suppose that the sequence {q,(y)}52 satisfies one of the ordinary
differential equations listed in (3.1]) ~ (3.20) which appear in Theorem [32. Then
{®,}22 satisfies the partial differential equation (32) where da = fo = 0 and the
corresponding additional condition is satisfied:

(1) f3 = _d3’7 zfa(:c) = ({E - 7)2; €2 = _27; and Q(x) =T =7

(ii) d3 =0 if a(z) =1, e =0, and o(x) = 1;
(iii) d3 =e3=ho =0 if b=ez, b —dac # 0, 3bd — ae = 0, and o(z) = \/a(z);
(iv) fa = —dsye if a(z) = (x —)(@ —72) (1 # 712), b # €2, e2 = =271, and

Q(J?) =T =725

(v) ds=0ifa(r) =z+c, e =0, and o(z) = 1;

(Vi) fs=dscif a(x) =x+c¢, e =2, and o(x) = x + c.
Proof. We prove only case (iii) since the proofs for the other cases are essentially
the same. Assume that b = €3, b? —4ac # 0, 1bd—ae =0, and {gn(y)}22, satisfies
equation (BI7). Then we have

Llu] = Ayu = po" X (z,1) + p'o" 1 ¢'Y (x,n),

where u = ¢p_pi(z,y) and p, ¢, X, and Y are the same as before. Now Y = 0
since dy = fo = 0 and X = 0 (see () since d3 = e3 = hg = %bd— ae = 0 and
qn(y) satisfies equation (BIT). Therefore, L{u] = A\, u. O
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We now discuss the orthogonality of the PS {®,}5° , given by (BI). It is well
known (see [5], [14], [I5]) that {®,}32, is an OPS with respect to the weight
function

w(z,y) = wl(x)%x)“& (ﬁ)

on the domain

{(z,y)lar <z <b1,az0(x) <y < bro(z)}

it {pn(k;2)}52o(k > 0) and {gn(y)}32, are OPS’s with respect to weights
w (1) 0?* () on [a1, b1] and wa(y) on [az, ba], respectively, and if o(x) > 0 on [a1, b1].

For more general cases, in which orthogonalizing weights (and so orthogonalizing
intervals) of {pn(k;x)}>2, and {g.(y)}32, are not known explicitly, we need to
discuss the orthogonality of {®,,}5 ; formally using moment functionals.

Theorem 3.5. Assume that {pn(k; )} (k> 0) and {¢n(y)}22, are OPS’s rel-
ative to 0**(x)v and w respectively, where v and w are quasi-definite moment func-
tionals in one variable. Then {®,}°2, is an OPS relative to the moment functional
o defined by either the formula

(o, 2™y") = (0" (x)v, 2™ )(w, y")

when o(x) is a polynomial or the formula

m, n\ __ <92p(x)v’xm><w,y2p> if n = 2p,
(o y>{o ifn=2p+1

when o(x) is not a polynomial. In both cases, m,n € Ny. In this case, {®,}2,
is positive-definite if and only if both {pn(k;x)}52y and {qn(y)}>, are positive-
definite.

Proof. Let
Qn(y) = chjyj (Cnn a 0) (n 2> O)'
§=0
First assume that o(z) is a polynomial. Then

(0, dm—j.j On—k,k)

7 k
CisCri{0, pm—j (55 )P (k; ) ()T TF=57tys T

0

j+k757t>< s+t>

¢jsCht (0", P (j; 2)pr—rk (ks ) 0()
0

w,y

CjsCkt <Qj+kvv Pm—j (]a {E)pn,k (k, LE)> <wa ys+t>

= (0", P (3s 2)Pr—is (k3 7)) (w, ¢; (y) ar (y))
(

0*" v, ik (ks 2)) (w0, G (1)) O
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Secondly assume that g(x) is not a polynomial. Then {g,(y)}5>, must be symmet-
ric by Lemma[3.1] and, similarly as above, we have
(0, Pim—2j,2) Prn—2k 2k)
ik
= Z Z C2,25C2k 20 (0, Pm—2 (255 2)Pn -2k (2k; ) ()T T =571y 20 10))
s=0 t=0
= (0", P ok (2k; 2)) (w, 43k (4)) Srmn G,

as well as

(0, dm—2j,2jPn—2k—12k+1) = 0,

and

20, D k1 (2k + 1;2)) (w, q§k+1 (Y))0mn -

Hence {®,}22, is an OPS relative to o, which is positive-definite if and only if
{pn(k;x)}22 and {g,(y)}22, are positive-definite. O

From Theorem Theorem [3.4] and Theorem [3.5] we now have

(0, dm—2j—-1,2j41Pn—2k—1,2k+1) = (0

Corollary 3.6. Assume, for each k > 0,{pn(k;x)}22, is a classical OPS satisfying
the ordinary differential equation (34) and that {q,(y)}2>, is an OPS. Then

(i) {®n}7Zo is an OPS;

(ii) {gn(y)}22, is also a classical OPS if {®,}5°, satisfies the partial differential

equation (T2);
(iil) {®n}22, satisfies the partial differential equation (3Z2) (with suitable restric-
tions on the coefficients as in Theorem if {qn(y)}22, is a classical OPS

satisfying one of the ordinary differential equations (FI1F) ~ (F20) which
appear in Theorem [F.2.

Proof. Assume that {p,(0;2)}52, is an OPS relative to a quasi-definite moment
functional v. Then v must satisfy

(aw)' = Bu.
It is then easy to see that o**v satisfies
(o®*v) = Borv.

Since 0?*v # 0, {pn(k;7)}2, must be an OPS relative to o?*v (see Proposition
2:3). Hence, {®,,}22, is an OPS by Theorem B.5, which proves (i). Finally, (ii) and
(iii) are immediate consequences of Theorem B2land Theorem[34] respectively. [

In closing this section, we note that the roles of z and y can be exchanged in the
above discussions (see Example 4.1 below).

4. EXAMPLES

We now examine each of the six cases in Section 3. By Proposition 23] and
Theorem B4 and Corollary B8, we have:

Case 1. We may assume that v = 0 so that a(x) = 2. Let {p,(k;z)}2, and
{an(y)}22, be PS’s satisfying the differential equations
22p! (k;z) + [(d + 2k)x + €] pl, (ks z) = n(n + d + 2k — 1)p,(k; 2);
(esy + d3) g, (y) + (h2 — ey)q,(y) = —engn(y)-
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Then, the PS {®,}22, where

bn-ri(@.y) = puoslkizaten (L) (0 <k <),
satisfies the partial differential equation
Uy 4 20YUay + (y° + d3 + e3y)uy,y
+ (dx + e)ug + (dy + h2)uy = n(n+d — 1)u.
Moreover, {®,,}52 is an OPS, which cannot be positive-definite, if e # 0, d+n # 0,
and dze + ez(ha + egn) # 0 for n > 0. In this case,

1
pulk;x) = ——pp, 1 (k = L2) = B0 (x)

n+1
and
L (£ (y+2)) e o,
an(y) = H, ﬁ(y—%)) if e3 =0 and eds > 0,
Hn( —ﬁ(y—%)) if e3 =0 and ed3 < 0,

— ha | eds _
where o = o+ e 1.

Example 4.1. Consider the differential equation (.Z) in which we replace y + 1
by y:
(4.1) (2% 4 Y) Uy + 22Ytsy + Y Uy, + grus + (9y — 9)uy = n(n+g — 1)u.
This differential equation (1) has an OPS {®,,}°°,, which cannot be positive-
definite, of solutions if g +n # 0 (n > 0), where
B )y H), ( —2‘15) if g <0,
Br(lgjfk’fg) (y)y*H (@%) if g > 0.
Example 4.2. Consider the partial differential equation (I3)
(4.2)

Ty + 20Ytzy + (Y° — y)uyy + (97 — g)us + (9y — g7)uy = n(n+g — L,
which is obtained from Case 1 by taking

(bn—k,k(ma y) =

d=g,e=—g,d3=0,e3=—1hy=—g.
Differential equation (4.2)) has an OPS {®,,}52 ,, which cannot be positive-definite,
as solutions if g +n # 0 and gy + n # 0 for n > 0, where
2k, — -1 (9Y
bn-rn(a,y) = B @t L) (2.

We remark that Example 4.1 and Example 4.2 answer open questions raised by
Krall and Sheffer [7]. Krall and Sheffer only showed that the partial differential
equations (1)) and ([@2)) have at least weak OPS’s.

Case 2. Let {pn(2)}52, and {gn(y)}52, be PS’s satistying the respective differen-
tial equations

() + (da + e)p;, (x) = dnpp();

(esy + f3)an(y) + (dy + h2)qp,(y) = dngn(y).
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Then the PS {®,}2 ), where
On—kk(2,y) = Pni()qr(y) (0 <k <n),
satisfies the partial differential equation
Uzz + (e3y + f3)Uyy + (dz + e)uy + (dy + ho)uy = dnu.

Moreover, {®,,}22 , is an OPS (respectively, a positive-definite OPS) if d # 0 and
dfs — es(esn + ha) # 0 for n > 0 (respectively, d < 0 and eghs — df3) > 0). In this
case, we have

H, \/jg(wrg)) if d <0,
S Y @mg)) ifd>0,
and
Lg@(—é(“g)) if e5 £ 0,
any) = Ho (/=55 (y+ %)) ifes=0and dfs <0,
(/3% (v+ %)) ifes=0and dfy >0,
where a = h2 — 4 .

€3 €3
Case 3. Consider the partial differential equation

(a:c2 + bz + ¢)ugs + (2ax + b)yuqy + (ay2 + f3)uyy

(4.3) + (dz + e)ug + dyuy = nfa(n — 1) + d] u,

where b? — 4ac # 0 and %bd —ae = 0. Then a # 0 so that we may assume that
a=1,b=0and ¢ ==+1. Then e = 0 and the differential equation [@3) becomes

(4.4) (2% + ugs + 20Yyuzy + (V2 + f3)uyy + dzu, + dyu, = n(n +d — 1)u,

where ¢ = +1. Here, we take o(z) = V1 + cz?, that is, o(z) = /a(z) if c=1 and
o(z) = /—a(x) if c = —1 (see Remark B.3).
Let {pn(k; )}, and {gn(y)}52, be PS’s satistying the equations
(% + )p (k; 2) + (d + 2k)ap, (ks x) = n(n+ d + 2k — D)py (k; ),
(2 + fs)a,(v) + (d — Dyap,(y) = n(n +d — 2)gn(y)-

Then the PS {®,}°2, defined by

_ - g (Y
d)nfk,k(xvy) pn*k(k,x)(l +cr ) dk (m) (O <k< TL),
satisfies the differential equation (4]). Moreover, {®,,}22 is an OPS (respectively,
a positive-definite OPS) if f5 # 0 and d+n—1 # 0 for n > 0 (respectively, ¢ = —1,
d>1andf3<0).
In this case, we may assume f3 = %1 so that
( Li+22k72 , d+22k72)

1 xz) ife=-1
p(k;z) = ——ph (k= 1,2) = ¢ " Vaion 2 arar ’
n+17m" pim )(x) ife=1,
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and

(452,458)
q(y>:{Pn2 2 y) it f = -1,

V(@7@) .
P,?2 2 (y) if f3=1.

When ¢ = f3 = —1, {®,}52, is the circle polynomials (see [1] and [7]) and all other
{®,}22, are new quasi-definite OPS’s, which cannot be positive-definite.

Case 4. We may assume that 7; = 0 and 72 = 1 so that a(z) = 22 — . Then
es =0 o0r es = —2.

Case 4-1. Suppose ea = 0. Let {p,(k;x)}2, and {¢.(y)}>2, be PS’s satisfying
the respective differential equations

(2* — z)py (k; ) + [(d + 2k)x + €] pp, (k; ©) = n(n + d + 2k — D)pn(k; x),
(y* — esy — d3)qll(y) + [(d+ €)y — ha] ¢, (y) = n(n+d + e — 1)gu ().
Then the PS {®,}2 ), where

Gtk (T, Y) = Pr—i(k;2)(x — 1)¥qp ( ) (0 <k <n),

z—1
satisfies the partial differential equation
(2% = 2)ugs + 20Ytay + (y* + dsx + €3y — da)uyy
+ (dx + e)ug + (dy + ho)uy =n(n+d — 1)u.
Moreover, {®,,}22, is an OPS (respectively, a positive-definite OPS) if d + n # 0,
e—n#0,d+e+n#0ande®—£2n+d+e)? #0 for n > 0 (respectively, e < 0,

d+e>0,&>0and vV&(d+e)te > 0), where £ = d3z+ 1e3 and e = $(d+e)ez — ho.
In this case, we have

pn(k;x) _ Pr(ld+e+2k—1,—e—1)(2x . 1)

and
pled) 212/;\[23 if € >0,
G(y) ={ plod) (e if £ <0,

2
Br(ld+e’€) (y—%eg) if £€=0.
where a = %(d—f—e—l—\%—%,ﬂ: %(d+e—\/i€—2) when £ > 0 and a =

sld+e—isEs—2), f=5(d+e+izz —2) when ¢ <0.

Case 4-2. Suppose ez = —2. Let {pn(k;z)}22, and {g,(y)}52, be PS’s satisfying
the respective differential equations
(22 — 2)pl!(k;x) + [(d + 2k)z + e — 2k pl, (k; 2) = n(n + d + 2k — 1)p,(k; x),
(y? +esy + ds)ay (y) + [ha — eyl 4, (y) = n(n — e — 1)qn(y).
Then the PS {®,,}5° ,, where

Gtk (T, y) = pr—i(k; 2)2" i (%) (0 <k <n),
satisfies the partial differential equation
(2% — 2)Ugs + 2(z — D)yugy + (Y* + d3x + e3y)uyy

+ (dx + e)ug + (dy + ho)uy =n(n+d — 1)u.
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Moreover, {®,,}22 , is an OPS (respectively, a positive-definite OPS) if d +n # 0,
e—n#0,d+e+n#0ande? —&2n —e)? # 0 for n > 0 (respectively, e < 0,
d+e>0,&>0and e/ £ <0), where £ = ie%—dg and € = %ege—i—hg.

In this case, we have

pn(k, (E) _ P£d+671’2k7671)(2$ o 1)

and
PP () itg >,
an(y) = PP e if € <0,
B ) (y+ tes) if€=0,
where

o =

(o) -3

(—e—i%—Q), 8=

Example 4.3. Consider the partial differential equation

(22 — 2)Usy + 2zyusy + (y? —YPuyy + [(a+0+v+3)z— (a+1)]u,
+(a+B8+7+3)y—B+Duy=nn+a+8+y+2)u.

Ifa+14n # 0, f+14n # 0, v+1+n # 0, B+v+2+n # 0 and a+B+v+3+n # 0 for
n > 0 (respectively, «, 3,7 > —1), then the differential equation (£H]) has an OPS
(called the triangle polynomials; see [1] and [7]) (respectively, a positive-definite
OPS) {®,,}5°, as solutions, where

|~

when £ > 0 and

o =

| —
/T\
®
+
~.
s
|
)
~_

N =

when & < 0.

(4.5)

2
dn—ti(@.y) = P27 (22 = 1) (@ - )R (—y1 - 1) (0<k<n).

The results in this example show a marked improvement in the original results
stated by Krall and Sheffer in [7} p. 370].

Case 5. We may assume that ¢ = 0. Let {pn(k;2)}52, and {g.(y)}32, be PS’s
satisfying the respective differential equations

xpy(z) + (dz + e)p),(z) = dnpn (),
(esy + f3)q)(y) + (dy + h2)q,,(y) = dngn(y).
Then the PS {®,}52,, where

n=0»
Gn—tk(T,y) = Pr—r(@)qe(y) (0 <k <n),
satisfies the partial differential equation
TUgzy + (€3y + f3)uyy + (dr + €)ug + (dy + ho)u, = dnu.

Moreover, {®,}52, is an OPS (respectively, a positive-definite OPS) if d # 0,
e+n # 0, dfs —es(esn + ha) # 0 for n > 0 (respectively, d # 0, e # 0, and
hses — dfs > 0). In this case,

pu(@) = LV (~da)
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and
L (—% Y+ i)) if e3 # 0,
n(y) = Hn< _% (y + %)) if e3 = 0 and df3 < 0,
ﬁn( %(y—k%)) if e3 = 0 and df3 > 0,

where a = e %(esha — df3) — 1.

Case 6. We may assume that ¢ = 0. Let {pn(k;2)}52, and {g.(y)}32, be PS’s
satisfying the respective differential equations

xpy (k) + (do + e + 2k)p), (k; 2) = dnpn (k; 2);
(y* — esy — d3)qn(y) + (ey — ha)q),(y) = n(n+ e — 1)gn(y).

Then the PS {®,}2 ), where
-tk (2, Y) = Poi(k; 2)z" g, (%) (0 <k <n),
satisfies the partial differential equation
(4.6) TUgy + 2YUay + (d3x 4 €3Y)Uyy + (dx + e)u, + (dy + ho)uy = dnu.

Moreover, {®,}52, is an OPS (respectively, a positive-definite OPS) if d # 0,
e+n#0,e2—&(e+2n)? # 0 for n > 0 (respectively, d # 0, e > 0, £ > 0 and
evE e >0), where £ = d3 + ie% and € = %636 — ho, In this case,

pa(ksx) = L2 (—da)

and
pLep) o) i >0,
anly) =4 PP (=) if¢<o,
B (y— Les) if&=0,
where

when £ > 0 and

1 . € 1 . €
s (i) el )
when £ < 0.

We remark that Theorem B4 and Corollary B.6 are applicable to all the differen-
tial equations found by Krall and Sheffer [7] except the partial differential equation

(4.7) 3YUge + 2Uzy — TUL — YUy + nu = 0.

Krall and Sheffer [7] showed that differential equation ([@7)) has an OPS (which
cannot be positive-definite by Proposition [2.4]). Trivially, Theorem [3:4] is not ap-
plicable to differential equation (@). Anthony du Rapau (see [2]) found the monic
PS of solutions to (@) in a closed form, which is a WOPS but not an OPS.
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