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THE STRUCTURE OF THE BRAUER GROUP AND CROSSED
PRODUCTS OF Cy(X)-LINEAR GROUP ACTIONS ON (Cy(X,K)

SIEGFRIED ECHTERHOFF AND RYSZARD NEST

ABSTRACT. For a second countable locally compact group G and a second
countable locally compact space X let Brg(X) denote the equivariant Brauer
group (for the trivial G-space X) consisting of all Morita equivalence classes of
spectrum fixing actions of G on continuous-trace C*-algebras A with spectrum
A=X. Extending recent results of several authors, we give a complete de-
scription of Brg(X) in terms of group cohomology of G and Cech cohomology
of X. Moreover, if G has a splitting group H in the sense of Calvin Moore,
we give a complete description of the Cy(X)-bundle structure of the crossed
product A x4 G in terms of the topological data associated to the given action
a : G — Aut A and the bundle structure of the group C*-algebra C*(H) of
H.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Assume that G is a second countable locally compact group acting continuously
on the second countable locally compact space X. The equivariant Brauer group
Brg(X) of Crocker, Kumjian, Raeburn and Williams (e.g., see [CKRW]) is the set
of all Cy(X)-Morita equivalence classes of dynamical systems (A, G, a), in which
A is a continuous-trace C*-algebra with spectrum A=Xanda:G — AutA
is an (strongly continuous) action of G on A which induces the given action on
X. The group operation is given by [(A,a)][(B, )] = [(A ®cy(x) B,a @x f)].
There has been quite some effort in recent years to describe the group Brg(X) in
terms of a combination of Moore’s group cohomology and Cech cohomology (see
[CKRW] [P| PRW], [EWT, BW?)).

If G acts trivially on X, then there is a natural splitting Brg(X) = H3(X,Z) ®
Ec(X), where (X)) denotes the subgroup of Brg(X) consisting of all exterior
equivalence classes of Cy(X)-linear actions of G on Cy(X, K), where K = K(H)
is the algebra of compact operators on the separable infinite dimensional Hilbert
space ‘H (see [EWT, Proposition 5.1]). If G = R™ x Z™ x T! x F, F finite abelian,
it was shown by Packer in [P] PRW] that £;(X) has a (non-canonical) splitting
as the direct sum H*(X, H(G,T)) ® C(X, H*(G,T)) (if N is a topological group,
we denote by H "(X,N) the nth cohomology of the sheaf of germs of continuous
N-valued functions on X). This result was extended in [EW1] to all groups G with
compactly generated abelianization G., = G/[G, G] such that G is smooth in the
sense of Moore ([M2]), i.e., there exists a central extension 1 -— 7 - H - G — 1

of G such that the transgression map tg : Z = HY(Z,T) — H?*(G,T) in the
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corresponding Lyndon-Hochschild-Serre spectral sequence is an isomorphism. The
group H in this extension is called a representation group of G and its group algebra
C*(H) has the structure of a (in general semi-continuous) C*-bundle over H?(G,T)
with fibres isomorphic to the twisted group algebras C*(G,w), [w] € H?(G, T). Now
if a is a Cp(X)-linear action of G on A = Cy(X,K) (or on any continuous-trace
algebra A with spectrum X)), then the crossed product A x, G is a bundle over X
with fibres stably isomorphic to twisted group algebras of GG, and the main result
of [EW?2] gives a description of this bundle in terms of the universal bundle C*(H)
and the topological data associated to a.

Although many groups are smooth (see [M2] and the discussion in [EWT, §4])
it is easy to construct examples of connected Lie groups which are not (see [M2]
p. 85] and [EWIl §7]). However, it was shown by Moore in [M2] that every
almost connected group satisfies the weaker condition of having a splitting extension
1 - Z — H — G — 1 in which the transgression map tg : Z — H2(G, T) is
surjective. It is the main task of this paper to obtain analogues of the results of
[EWTl, EW?2]| for groups which have a splitting extension H.

In order to do this we start with a more general construction in §2: Suppose that
the action of G is locally inner. This means that there exists an open cover U = {U,}
of X and a family of Borel maps m; : G — C(U;,U(H)) such that m; implements
o on Co(Uy, K). We then say that 7 := {m;} is an element of C*(G,CO(U,U(H)))
which locally implements o. Note that by a result of Rosenberg (see the proof of
[Rl Corollary 2.2]), any Co(X)-linear action of G on Co(X,K) is locally inner if
Gaw = G/|G, G| is compactly generated.

For n > 0, m > 0 we write

Cn(Ga Cm(UaT)) = H Cn(Ga C(Ui0,~~~7imaT))a

205+ 5tm

where C™(G, C(V,T)) denotes the set of all Borel maps of G™ into the trivial G-
module C(V,T) equipped with the compact open topology (of course, the notation
CY(G,C°(U,U(H))) used above is motivated by this definition). We obtain a
double complex

L |

0 —— CYG,C*(U,T)) —%— C*(G,C*(U,T)) —2—

(1.1) | g o]
0 —— CYG,CYU,T)) —2— (@, ¢V\(U,T)) —29—
[ o] o]
0 —— CYG,C°U,T)) —2— C*(G,COU,T)) —2—

where d¢ denotes the usual group coboundary and & denotes Cech coboundary.
Let H*(G,U) denote the kth cohomology of the associated total complex

( P cm@.cnw,m), ((-1)"+9) EB&G> :

n+m=~k
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and define
HG, X) := eran’“(G, U)

as the inductive limit with respect of taking refinements. As we will show later
(see §2), these groups control locally inner actions. More precisely, if a € Eg(X)
is locally inner, and if 7 € CY(G,C°(U,U(H))) locally implements «, then we
can formally apply the Cech coboundary 0 and the group coboundary d¢ to .
Since 7 locally implements c, it follows that 7 and dgm take values in the centers
CYU,T) C CYU,U(H)) and C°(U,T) C C°(U,U(H)), respectively, i.e.,

(O, 0gm) € CH@G, CHU,T)) @ C*(G,C°(U,T)),
and we get

Theorem 1.1. Assume that Ggp is compactly generated. Let oo € Eq(X) and let
T € CYG,COU,U(H))) such that m locally implements o. Then (dm,dqm) €
Z*(G,U) and the map [o] — [(Om,dgn)] € H*(G,X) induces an isomorphism
between Eq(X) and H?(G, X). In particular, for any trivial G-space X we get a
canonical isomorphism

Brg(X) = H*(X,Z) @ H*(G, X).

If G.p, is not necessarily compactly generated, we obtain at least a classification
of the group £4(X) of classes of locally inner actions via H?(G, X).

Remark 1.2. At this point we should remark that, in the literature, an inner action
a @ G — Aut A is sometimes understood as an action which is implemented by
a strictly continuous homomorphism m : G — UM (A). Of course this condition
is much stronger than the one we (locally) impose here, namely that every single
automorphism «; is implemented be some unitary ms, € UM (A) (if A is separable,
then it follows from [RR] §0] that s — 75 can then be chosen to be Borel). If « is
implemented by a strictly continuous homomorphism, then (following the conven-
tion of [PhR] and others) we say that « is unitary. Note that an action « is unitary
if and only if it is exterior equivalent to the trivial action (via 7). We come back
to (locally) unitary actions in Proposition 3.6l below.

The double complex above has two natural filtrations which play an important,
though not necessarily explicit, role in what follows.
The first one is given by

Fr= @ CUG,CHU,T)).
k>n,i>1
The corresponding spectral sequence has the Es term of the form
* * * *
HU,H'G,T))  HW(U,H*G.T)  * =«
(12) H(U,H\G,T)  H(U,HXG.T)  + =+

HO(U,HY(G,T)) HO(U, H*(G,T)) * %
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with the boundary map
dy : HO(U, H*(G, T)) — H>(U, HY(G,T)).

Here the groups H*(U, H7 (G, T)) have to be understood as the cohomology groups
of the mapping cone of

Bj(Ga é*(Ua T)) - Zj (G7 é*(U7 T))7

where B/ — Z7 is the inclusion of the group of coboundaries to the group of
cocycles.

Remark 1.3. Note that, at least in low dimensions, it is possible to write down a
natural evaluation map

H{(U,H’(G,T)) — H(U, H (G, T)).

Unfortunately, this map is not an isomorphism in general, which is basically due
to the fact that the topology on H*(G,T) is not well behaved (e.g., it is not
hard to use [EWI1, Example 7.3] to get an example in which the natural map
HO(X, H*(G,T)) — H°(X,H?*(G,T)) is not injective). However, for j = 1 the
evaluation map gives an identification of H*(U, H'(G, T)) with H*(U, éab). Here
and later @ab = H'(G,T) denotes the Pontrjagin dual of the abelianization G,; =

G/[G.C] of G.

In particular, the E>-term of our spectral sequence gives for the H?-term (after
taking the limit over coverings) an exact sequence of the form

(1.3)  0— HY(X,Ga) — E4(X) — HOX, H2(G,T)) 2 H*(X,Gu).

If G has a splitting extension 1 — Z — H — G — 1, the cohomology of the
mapping cone of

C*(U,Huw) — C*(U, 2)

maps naturally to ’}:[O(X, H?(G,T)). In fact, as we prove in section [ for the com-
putation of H?(G, X) we can replace the above double complex by the (inductive
limit over coverings of the) double complex

I d d

—— C’Q(U,ﬁab) SLECLEN C'Q(U,Z) — 0

o] i

0
0 —— CYU,Hy) == CYU,Z) —— 0
0

o] i

—— C’O(U,ﬁab) SLECLEN C'O(U,Z) — 0,

where res : Ig'ab — 2; X — X|z is the restriction map.

Since the second cohomology of this complex classifies the isomorphism classes
of the equivariant pairs (P, F) in which p : P — X is a principal ﬁab—bundle over
X and F : P — Z is a continuous H, ab-eéquivariant map, this gives
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Theorem 1.4. Let 1 - Z — H — G — 1 be a splitting extension for G such
that Hay, = H/[H, H] is compactly generated. Then there is a natural one-to-one
correspondence between Eq(X) and the set of isomorphism classes of all equivariant
pairs (P, F).

Remark 1.5. If H is actually a representation group for G, then the above result
reduces to the splitting £¢(X) = HY(X, HY(G,T))® C(X, H?(G, T)) of [EWT] (see
the discussion above).

We then proceed by giving a description of the crossed product Cy(X, ) %, G in
terms of an equivariant pair (P, F') corresponding to « and the (universal) bundle
C*(H) over Z. We can use the continuous map F : P — Z to construct the pull-
back Co(P) ®@r C*(H) := Co(P) @, z) C*(H), where the Co(Z)-action on Cy(P)
is induced by F in the obvious way. Now Hap, acts on Co(P) by the translation
action 7 and on C*(H) via the usual dual action, say . The ﬁab—equivariance of
F : P — Z then implies that the diagonal action on Cy(P)®C*(H) factors through
an action 7 ® 5 7 of H.p, on Co(P) ®@r C*(H).

Theorem 1.6. Let 1 — Z — H — G — 1 be a splitting extension for G such
that Hy, = H/[H, H] is compactly generated. Let [a] € Eq(X) and let (P, F) be
an equivariant pair corresponding to a via Theorem [I4 Then Co(X,K) xq G is
stably isomorphic to (Co(P) ®@p C*(H)) Xrg_~ Ha.

As a consequence we get a description of the spectrum (CO(X L) X G)A in

terms of (P, F), using the spectrum H of C*(H) as the universal object. Note that
since Z is central in H, any irreducible representation U of H restricts to a multlple
of some character x € Z. 7T hus, we get a well-defined restriction map res : H—Z.

Corollary 1.7. Let1 - Z — H — G — 1, a and (P, F) be as in Theorem [L.8.
Let

PxpH={(y,U)ePxH:F(y) " =resU},

and let Hyy, act on P xp H by x - (y,U) = (x4, X®U). Then (Co(X,K) xq G)A
is homeomorphic to (P X p ﬁ)/ﬁab

Remark 1.8. If we use the second filtration (by columns) for the double complex
(C4), then the FEs-term of the corresponding spectral sequence gives an exact se-
quence

(1.5) C(X, Hap) — C(X, Zap) — EV(X)—HY(X, Hy) — 0.

While it plays a role in the study of the local behavior of actions, we will not use
it in this paper.

All our results extend to give classifications of locally inner actions on arbitrary
(stable) continuous trace algebras A with spectrum X, and even to locally inner
actions on stable CR(X)-algebras as considered in [EW1| [EW?2]. In fact, we show in
the appendix that any locally inner action on such an algebra is exterior equivalent
to an action of the form S®yid, where 8 € £4(X) and B® x id denotes the diagonal
action of G on Cy(X, K) ®@¢,(x) A= A (see Proposition E1]). Since

(Co(X,K) ®cy(x) A) Xpaxia G = (Co(X,K) x5 G) @cy(x) A
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by [EW2, Proposition 4.3], we also obtain a description of the crossed products in
the case where G has a splitting extension H with H,}, compactly generated.

2. THE DOUBLE COMPLEX

If G is a second countable group and X is a second countable locally com-
pact space, then H"(G,C(X,T)) denotes Moore’s group cohomology with Borel
cochains with values in the trivial G-module C'(X,T) (see M1, IM3]). Note that
C(X,T) is a polish group when equipped with the compact open topology. If
fez™G,C(X,T)) we write f(x) € Z"(G, T) for the evaluation of f at x.

Recall that an action « : G — Aut(Co (X, K)) is innerif (and only if) there exists
a Borel map 7 : G — UM (Cy(X,K)) =2 C(X,U(H)) (where U(H) is equipped with
the strong operator topology) such that oy = Ad 7, for all s € G. If 7 is such a map,
then 7(s)m(t) and w(st) both implement as on Co(X, K). Thus (s,t) — dgm(s,t) =
mw(s)m(t)m(st)* is a Borel map with values in the center ZUM (Cy(X,K)) =2 C(X,T)
of UM (Co(X,K)). The usual computations show that dgm € Z%(G,C(X,T)). It
follows from [RR] Corollary 0.12] that the exterior equivalence classes of inner
actions are classified via the corresponding classes [0g7] € H?(G,C(X,T)). Since
we need this construction several times, we briefly recall how to reconstruct an
inner action from a given cocycle f € Z2(G,C(X,T)): If w € Z%(G,T), then we
denote by L, the left regular w-representation on L?(G) given by the formula

(2.1) (La()€)(8) = w(s, 5~ De(s 1),
It follows from [HORRJ, Proposition 3.1] that
(2.2) Ly: G — C(X,ULHG))); Ly(s)(w) = Lya(s),

is a Borel map such that dgL; = f. Thus of = Ad Ly is an inner action corre-
sponding to f.

An action « : G — Aut Co(X,K) is called locally inner if each x € X has an
open neighborhood U such that « restricts to an inner action on the ideal Cy(U, K)
of Cp(X, K). Such actions are automatically Cp(X )-linear and we denote by £4(X)
the subgroup of £z (X) consisting of all equivalence classes of locally inner actions
of G on Cy(X, K). The following well-known fact follows from the arguments given
in the proof of [R] Corollary 2.2].

Proposition 2.1. Suppose that the abelianization G4 of G is compactly generated,
or that each © € X has a neighborhood U with H*(U,Z) = 0 (e.g., if X is locally
euclidean). Then every Co(X)-linear action on Co(X,K) is automatically locally
inner, i.e., E&(X) = Eq(X).

For each open cover U of X consider the double complex

] o

0 —— CYG,C*U,T)) —2— C¥G,C*U,T) —2—

T i

0 —— CY(G,CY(U,T)) —*— C*G,C'(U,T)) —%—

L i

0 —— CY(G,C°U,T)) —*— C*G,C°U,T)) —%—
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as in the introduction. The group coboundary J¢ in this complex is defined via the
usual group coboundary dg : C™(G,C(Us,.... 4,,T)) — C™ (G, C(Ui,.... 4,,T))
and the Cech coboundary 9 is defined by (9f)(s) = 9(f(s)), where on the right-
hand side we applied the usual Cech coboundary d : C™*(U,T) — C"t(U,T)
to the evaluation f(s) € C™(U,T). The two-cocycles of the corresponding total
complex

< @ cm@G.cmw, ), (1)) @ ag> .

n+m==k
consist of pairs (g, f) € CY(G,C*(U,T)) © C*(G,C°(U, T)) satisfying
(2.3) fi € ZX(G,C(U;,T)), g(s) e ZY(U,T), and dgg = 0f.

If o : G — Aut Cyp(X,K) is locally inner, we find an open cover U = {U;} of X
and a family of Borel maps m; : G — C(U;,U(H)) such that o' = Adn;, where
o' denotes the restriction of a to Co(U;, K). Thus, we may view 7 = {m;} as an
element of C*(G, C°(U,U(H))) and we say that 7 locally implements a.

Proposition 2.2. If 7 € CY(G,C%(U,U(H))) locally implements an action « :
G — Aut Co(X,K), then (On,dgm) € Z*(G,U), and

©: EG(X) — HA(G, X); [a] = [(Om,de)),

is a well-defined injective homomorphism of abelian groups, where the group struc-
ture on H2(G, X) is given by pointwise multiplication of cocycles.

Proof. The above discussion on inner actions implies that dgm; € Z2(G,C(U;, T))
for all ¢ € I. Moreover, if we restrict m; and m; to the overlap U;; = U; N Uj,
then both implement the restriction o of o to Cy(U;j,K). Thus, the difference
mi(s)m7 (s) (defined on Uj;) takes values in the center C(Ui;, T) of Co(Uis, K). This
shows that or € CY(G,C"(U,T)), and since 9> = 0, it follows that dr(s) €
ZYU,T) for all s € G. A straightforward computation shows that dg(97) =
d(0g), and therefore (O, dam) € Z*(U, Q).

To see that ® is well defined assume that (§ is exterior equivalent to a. Then
there exists a strictly continuous map v : G — C(X,U(H)) satisfying

as =Advsofs and v = vsfs(vr)

for all s,t € G. Thus, if {m;} and {p;} implement « and 5 on a common cover U of
X, then (after multiplying {7;} with some element in C'(G, C°(U, T)) if necessary)
we may assume that m;(s) = v(s)p;(s) for all s € G. This implies that dr = Jp.
Moreover, using the relation v(st) = v(s)8s(v(t)) = v(s)p:i(s)v(t)pi(s)* on each U,
we compute

da(mi)(s,t) = v(s)pi(s)v(t)pi(t)pi(st) v
v(st)pi(s)pi(t) (
)

(
pi(st)*v
= v(st)dcpi(s,t .

o(st)" = (i) (s, 1).

Thus, we also have dgm = Jdgp.

In order to check that ® is a group homomorphism we just observe that if «
and ( are locally implemented by m = {m;} and p = {p;}, then the product action
a®x 3 of G on Co(X,K) @c,(x) Co(X,K) = Co(X, K ® K) is locally implemented
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by 7 ® p = {m ® p;} (taking pointwise tensor products). It then follows that
I(m @ p) = O - dp and dg(r ® p) = dam - D p.

We now show that ® is injective: For this let a be given by a family of local maps
7; : G — C(U;,U(H)) such that (97, dg) gives the trivial class in H?(G, X). Then,
after taking a refinement if necessary and multiplying 7 with a suitable element
f € CYG,C°U,T)), we may assume that (Om,dgm) = (1,1). But dgm = 1
implies that each m; : G — C(U;,U(H)) is a group homomorphism and dr = 1
implies that these homomorphisms coincide on the overlaps U;; = U; N U;. Thus
a is implemented by a global homomorphism 7 : G — C(X,U(H)), which means
that « is exterior equivalent to the trivial action. [l

Recall that if U is an open cover of X and V;; : U;; — U(H) is a set of strongly
continuous transition functions satisfying (5‘V)ijk = Vi; Vi V3, = 1 on the triple
overlaps Ujji, then there exists a locally trivial bundle ¢ : A — X of compact
operators over X with local trivializations h; : U; x K — ¢~ (U;) such that

hitohi(y,T) = (y, Ad Vi (y)(T))

for all (y,T) € U;; x K. Note that A is the continuous field of elementary C*-
algebras associated to the continuous field of Hilbert spaces with fibre H and tran-
sition functions V;; as described in [D} Chapter 10]. Since U(7H) is contractible by
Kuiper’s theorem, it follows that this bundle of Hilbert spaces is trivial (e.g., see
[IRW2| Corollary 4.79]). Thus A is isomorphic to the trivial bundle X x IC, and
therefore its algebra Cy(X,.A) of Cy-sections is isomorphic to Cy(X, K); but it is
important for us to work with the local trivializations given above.

Assume that for each i € I there is a Co(U;)-linear action o : G — Aut Co(U;, K).
Then we can conjugate each o with the isomorphisms h; : U; x K — ¢~ 1(U;) to get
actions &; of G on Cy(U;, ¢ (U;)). Some routine fiddling with the transition func-
tions reveals that there exists a global Cy(X)-linear action o : G — Aut Cy(X,.A)
which restricts to &; on the ideals Co(U;, ¢~ (U;)) if and only if

(2.4) atoAdV;j =AdVijoal, s€G,
on Cy(U;;,K). We need

Lemma 2.3. Suppose that g € C*(G,T) and w € Z*(G,T). Let V, € U(L*(G)) be
the unitary operator given by (Vy€)(s) = g(s)&(s), s € G, and let L, and Lo, g..
denote the left reqular representations corresponding to w and dgg - w (see (21])).
Then

VoLu(s) = 9(5) Loggu(s)V, for alls € G.
Proof. For £ € L?(G) and s,t € G we just compute
(VoLu(8)V,€) (1) = g(t)w(s, s~ )g (s TH)E(s™ 1)
= 9(5)0cg(s, s~ thw(s, s )E(s™'t)
= 9(5) (Logg-w()€) (1)

We are now ready to finish the proof of Theorem [Tt

Proposition 2.4. The map ® : E4(X) — H3(G, X) of Proposition [Z3 is surjec-
tive.
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Proof. Consider a cocycle (g, f) € Z*(G,U), i.e., (g, f) satisfies the conditions of
(Z3). For each y € U;; let Vi;j(z) denote the unitary operator on L?(G) given by
pointwise multiplication with g;;(x) € C(G, T). Since g;;(x,) converges pointwise
to g(z) if x, — x, it follows that the maps V;; : U;; — U(L?(G)) are strongly contin-
uous. Moreover, 59 = 1 implies V = 1, so we can use the Vi;j as transition functions
to build a bundle ¢ : A — X with local trivializations h; : U; x K(L*(G)) — ¢~ (U;)
as in the discussion above. If G is infinite, then Cy (X, A) is isomorphic to Cy (X, K);
otherwise, we stabilize in order to get the trivial bundle.

We use the family {f;} of elements in Z%(G,C(U;,T)) to define an action o of
G on Cy(U;, K(L3(@))) as in (22, i.e.,

ay(9)(@) = Ad Ly, (s)(¢(2)), ¢ € Co(Us, K(L*(G))).

In order to see that these actions induce a global action on Cy(X,.A) we have
to show that they satisfy (24]) above, which in our situation is equivalent to the
equation

(2:5) Ad (L) (s)Vij(2)) = Ad (Vij () L, ) (5))

for all s € G, x € Uyj. The equation 0gg = Of implies that f;(z) = O0agi;(x) f;(x),
and it follows from Lemma 23] that

(2.6) Vij(®) L, () (8) = ij (8, 2) Lf, () (8)Vij (2)

for all s € G, x € U;;. But this implies (2.5).

Finally, if we choose any Cy(X)-linear isomorphism between Cy(X,.A) and
Co(X,K) we may conjugate our global action on Cp(X,.A) to a Cy(X)-linear ac-
tion o : G — Aut Cy(X,K). This action is locally implemented by Cy(U;)-linear
conjugates m; of Ly,. But then dgm; = gLy, = f; for all i € I, and on the
overlaps we use (Z6) to compute (97);;(s) = Ly, (8)Vij Ly (s)Vis = gij(s). Thus,
(Om,0am) = (g, f)- O

Remark 2.5. In our use of group cohomology we broke the common conventions by
setting C°(G, C™(U,T)) = 0 instead of using C°(G,C"(U,T)) = C*(U,T). Since
all our G-modules carry the trivial action of G, we get in both cases the zero map
for the coboundary operator dg : C°(G,C™(U,T)) — C*(G,C™(U,T)). Thus, if
we would use the usual group complex instead of the one we use here, we would get
H?(X,T) = H3(X,Z) as an extra direct summand in the second cohomology of the
corresponding total complex. This summand corresponds to the factor H 3(X,Z) in
the splitting of the full Brauer group Brg(X) = H3(X,Z) ® Eg(X) as discussed in
the introduction. Certainly, if one would try to extend the results of this section to
nontrivial G-spaces X, one would have to work with an analogue of the “full” double
complex. Actually, we plan to come back to this point in another publication, and
we omit further details here.

3. SPLITTING GROUPS

Suppose that 1 — Z — H — G — 1 is a short exact sequence of second
countable locally compact groups such that Z is central in H (in particular Z is
abelian). Then (see [M1l p. 53]) we obtain an exact sequence in cohomology

inf inf

(3.1) 0— HY(G,T) ™ HY(H,T) S H'(Z,T) % H*G,T) ™ H*(H,T),
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where inf and res denote the inflation and restriction maps, and where tg : 7 =
HY(Z,T) — H?*(G,T) is the transgression map, which can most conveniently be
described as follows: Choose a Borel section ¢ : G — H for the quotient map
q: H — G. Then 0gc(s,t) = c(s)c(t)c(st)! is a Borel cocycle in Z2(G, Z) which
in turn determines a cocycle u € Z%(G, C’(Z7 T)) by defining

(32) u(s, )(x) = x(els)e(t)e(st) ™), x € Z.

Then tg(x) is the cohomology class of the evaluation u(x) € Z2(G, T) (note that
the cocycle u € Z2(G,C(Z,T)) constructed above will play a very important role
in the following section). Note that all maps in the above sequence are continuous

with respect to Moore topology (in the sense of [M3]; see also the discussion below).
We recall the following definitions of Moore ([M2]):

Definition 3.1. A central extension 1 — Z — H — G — 1 of G by Z is called a
splitting extension for G (and T) if the transgression map tg : H'(Z,T) — H?(G,T)
is surjective. The group H is then called a splitting group for G.

A representation group for G is a splitting group H such that tg : Z — H? (G,T)
is an isomorphism. G is called smooth if G has a representation group.

It follows from the discussions in [M2] and [EWT] §4] that the class of smooth
groups is quite large: it contains all compactly generated abelian groups, all discrete
groups, all compact groups and all simply connected and connected Lie groups. On
the other hand, it is not difficult to construct examples of connected Lie groups
which are not smooth (e.g., see [M2), p. 85]). However, it is shown in [M2], Chapter
1] that any almost connected group G (i.e., G/Gy is compact) has a splitting group
H. Note that if H is a splitting extension of G, then it follows from [M4] Theorem
6] that the transgression map induces a topological isomorphism tg : Z / kertg —
H?(G,T).

In what follows we denote by C"(G,T) the quotient of C™(G,T), where we
identify functions which coincide almost everywhere. If d € C™(G, T) we denote by
d the corresponding class in C"(G, T). Note that C"(G,T) is a polish group when
equipped with the topology of convergence in measure (with respect to the measure
class of Haar measure on (). The group coboundary d¢ : C"(G, T) — C"*1(G,T)
determines a (continuous) coboundary map 9, : C"(G,T) — C" (G, T), and it
follows from [M3, Corollary 1] that the maps ¢ — ¢ induce isomorphisms between
the cohomology groups H"(G,T) and H"(G,T). The Moore topology (see [M3])
on H"(G,T) is the quotient topology of Z"(G,T)/B"(G,T). Thus H"(G,T) is
Hausdorfl if and only if B"(G,T) is closed in Z"(G,T).

Every element f € C"(G,C(X,T)) can be viewed as a function from X into
C™(G,T) via evaluation, and the resulting map f : X — C"(G,T) is continuous. It
is not clear at all whether any continuous function from X into C" (G, T') comes from
evaluating an element of C"(G,C(X,T)). The following nontrivial result (which
deals with this question in case n = 1) will play a crucial role in this paper. It is
basically a consequence of the arguments given in the proof of [Rl Theorem 2.1],
some more detailed arguments can be found in the proof of [RWT], Proposition 3.4].

Lemma 3.2. Suppose that f € Z*(G,C(X,T)) and p: X — C'(G,T) is a con-
tinuous map such that O (u(z)) = f(x) for every x € X. Then there exists a

unique element g € CY(G,C(X,T)) such that p = g and Ogg = f. In particular,
f € B*(G,C(X,T)).
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Ifl1— 72— H— G — 1 is a splitting extension for G, then the inflation map
inf : H*(G,T) — H?(H,T) is the zero map. Thus inf(Z*(G,T)) can be identified
with the subgroup C of §2(H ,T) consisting of all functions which are constant
on cosets of Z almost everywhere. Let D := 9, *(C) € C*(H,T). Since d is
continuous, it follows that D is a closed subgroup of C'(H, T). For further use
note that kerd, = Z'(H, T) = I:jab, and therefore C = D/ﬁab. The inflation map
inf : C'(G,T) - D defines a canonical inclusion of C*(G,T) into D and there is

also an inclusion ¢ : Z — D given by
(3.3) ) (e()2) = x(2), X€Z,s€GCze 2.
The proof of the following lemma is part of the proof of [M4, Theorem 6].
Lemma 3.3. The map
U : CY(G,T) x Z — D;¥(g, x) = inf(g) - 1(x)
is a (topological) isomorphism of groups.

In what follows we denote by p; : D — Z and pcr D — C*(G,T) the pro-
jections of D onto Z and C* (G, T), respectively given by the above splitting of D.
Recall also, that for x € Z we denoted by u(x) the two-cocycle on G defined by

u(x)(s,t) = (x 0 dge) (st) = x(c(s)e(t)e(st) ™).

Lemma 3.4. Let 1 — Z - H — G — 1 and ¢ : G — H be as above. Let
f € Z*G,T) and let g € C*(H,T) such that Oyg = inf f. Further, let g be the
element of D determined by g. Then the following is true:

(1) The restriction g|z is a character of Z and pz(g) = gz.

(2) We have pcr (g) =goc.

(3) dc(goc)=f-ulglz) and O (u(x)) = inf u(x)~" for all x € Z.
Here we view 1(x) as an element of C*(H,T) (and not of C*(H,T) as above).

Proof. Since 1 = inf f(2,h) = Oug(z,h) = g(2)g(h)g(zh)~!, we get g(hz) =
g(h)g(z) for all (h,z) € H x Z. But this implies that g|z is a character, and
that g(c(s)z) = g(c(s))g|z(z) = inf(goc)- (g|Z) This proves (1) and (2). In order
to get (3) we use the equation c(s)c(t)c(st) ™! = c(st) ! (s)c(t) (which follows by
conjugating the central element c(s)c(t)c(st) ™1 by e(st)™!) to compute

f(s,t) = inf f(c(s), c(t)) = Ong(c(s), c(t))
= g(c(s))g(e(t))g(e(s)e(t) ™
= g(c(s))g(c(t))g(c(st)e(s)e(t)e(st) ™)~
= (g(e(s))g(c(t))g(e(st)) ")
-gle(s)e(t)e(st) ™)™ (since ¢(s)c(t)c(st) ™t € Z)

=0c(goc)(s,t) - plglz)(s,)™"
A similar computation shows that dg (¢(x)) = inf u(x)~! for all x € Z. O

A cocycle f € Z"(G,C(X,T)) is called locally trivial, if every x € X has an open
neighborhood U such that the restriction f|y € Z2(G, C(U,T)) of f to U is trivial,
ie., fluv € B*(G,C(U,T)).
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Proposition 3.5. Let 1 - Z — H — G — 1 be a splitting extension for G such
that Hy, = H/[H, H] is compactly generated, and let f € Z?(G,C(X,T)). Then
the inflation inf f € Z2(H,C(X,T)) of f is locally trivial.

Proof. Let f: X — Z*(G, T) be the continuous map given by evaluation of f. Then
x +— inf f(z) is a continuous map of X into C = D/ ker 9 with ker 05 = H,p,. Since

H,}, is compactly generated, it follows that ﬁab is a Lie group. Hence, Palais’ slice
theorem [Pal] implies that there exist local continuous sections from C — D which
invert 9. Thus, if z € X is given, we find an open neighborhood U of x and a
continuous function f :U — D C C'(H,T) such that QHf(x) = inf f(x) for all x €
U. Tt follows then from Lemma B2 that there exists an element f € C'(H, C(U, T))
such that 8y f = inf f. |

If A is a C*-algebra with continuous trace and spectrum A= X, then an action
a: G — Aut A is called locally unitary if each x € X has an open neighborhood
U such that « restricts to a unitary action on Ay, where Ay denotes the ideal
corresponding to U (for the definition of unitary actions see Remark above).
A Cy(X)-linear action « is called pointwise unitary if all actions o : G — Aut A,
induced by « on the fibres A, are unitary. Note that the crossed product by a
locally unitary action « can be described particularly well via the Phillips-Raeburn
obstruction ¢(a) € H(X,Gap) (see [PhR, RR] R, [EWTl EW2]). Hence, there has
been substantial interest in the question under what conditions pointwise unitary
actions are automatically locally unitary. Using the above results we are now able
to extend the known results on automatic local unitarity by the following

Proposition 3.6. Suppose that G has a splitting extension 1 - 72 — H — G — 1
such that Hgp is compactly generated and such that D := kertg is countable (it
is shown in [M2l Chapter 2] that every almost connected second countable group
satisfies these assumptions). Suppose further that A is a separable continuous-trace
C*-algebra with locally connected spectrum X = A. Then every pointwise unitary
action o : G — Aut A is automatically locally unitary.

Proof. Since G,p, is a quotient of H,y,, it follows from our assumptions that Gap
is compactly generated. Thus we can follow the arguments given in the proof
of [R] Corollary 2.2] to see that it suffices to show that every pointwise trivial
cocycle f € Z2%(G,C(X,T)) is locally trivial (a cocycle f € Z?(G,C(X,T)) is
called pointwise trivial, if f(z) € B%(G,T) for all z € X).

So let f € Z?(G,C(X,T)) be pointwise trivial and let o € X be given. By
Proposition 3.5 we find a neighborhood U of z and an element f € C*(H, C(U,T))
such that 8y f = inf f|y. Part (1) of Lemma B4 then implies that = — f(x)|z is
a continuous function of U into Z. Since f is pointwise trivial, it follows now from
part (3) of Lemma [3.4] that

t8(f(2)lz) = [f(@)]u(f(2)2)] = 0a(f(2) o )] = [1]

in H%(G,T) for all € U. Thus the map z — f(z)|z takes its values in D = kertg.
In particular, since kertg = res(H'(H,T)), we find a character y € H,, such
that x|z = f(z0)|z, and by multiplying each f(x) with x~*
f(zo)lz = 1.

Since X is locally connected, we may assume without loss of generality that U is
compact and connected. Since D is countable by assumption, it follows then that

we may assume that



THE BRAUER GROUP 3697

the image under the map x — f (z)|z is a connected, compact, and countable subset
of the Hausdorff space X. But an easy application of Baire’s theorem then implies
that z — f(x)|z is constant on U. Thus we get f(z)|z = 1 for all # € U, which
implies that f = inf g for some g € CY(G, C(U,T)). Thus we get f|y = dayg. O

Remark 3.7. Note that the above proposition is not true in this generality if we
omit the assumption on the local connectivity of the spectrum X of A. In fact,
in [EW1], §7] the authors constructed a pointwise unitary action of a connected
two-step nilpotent group G on Co(N U {00}, K) which is not locally unitary.

4. THE REDUCED DOUBLE COMPLEX
In this section we will show that if G has a splitting extension 1 - 7 — H —

G — 1 such that H,y, is compactly generated, then £5(X) can be described in
terms of continuous H,p-equivariant maps from principal H,p-bundles over X into
Z.

Let ¢ : N — M be a continuous homomorphism of the topological abelian group
N into the topological abelian group M and let X vbe a paracompact topological
space. Then for each open cover U of X the cone of C*(X, ) is the double complex

I d d

0 —— C?(U,N) —2—

ap | d d

0 —— CYU,N) —2—

I a ]
0 —— COU,N) —2— (U, M) — 0.

We denote by H?(U,C(1)) its second cohomology and put
HE(X.C(1) = lmEX(U. C(v).

Let (v, f) € Z*(U,C(1)) be a representative of some class in H?(X,C(¢)). This
means that (v, f) satisfies the conditions

v€Z'U,N), fe€C(U,M), and ¢.(y)=0f.

By standard techniques we can construct a principal N-bundle P over X with
local trivializations U; x N and transition functions 7;;. To be more precise, if
p: P — X denotes the projection, then there exist N-equivariant homeomorphisms
hi : Uix N — p~1(U;) such that hj_lohi(y,n) = (y,nv;(y)) for all (y,n) € U;; x N.
Note that the bundle P is unique up to isomorphism and that the isomorphism class
of P only depends on the class [y] € H'(X, N).

Since 1, (y) = Of, it is straightforward to check that the equation

(4'2) F(ht(xan)) = fz(x)w(n)v (x,n) € U; x N,

determines a continuous N-equivariant map F : P — M. Thus the pair (P, F) is
an equivariant pair in the sense of
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Definition 4.1. Let ¢y : N — M and X be as above. Let P be a principal (i.e.,
locally trivial) N-bundle over X and let F': P — M be a continuous N-equivariant
map. Then (P, M) is called an equivariant pair with respect to X and ¢ : N — M.
Two equivariant pairs (P, F) and (Q,G) are called isomorphic if there exists a
bundle isomorphism ¢ : P — Q such that F' = G o ¢.

The proof of the following proposition is completely routine, so we omit the
details.

Proposition 4.2. If (v, f) € Z*(X,C(v¥)) and (P, F) denote the equivariant pair
constructed from (7, f) as in the discussion above, then the assignment [(v, f)] —
[(P, F)] defines a one-to-one correspondence between H?(X,C(v))) and the set of all
isomorphism classes of equivariant pairs with respect to X and y : N — M.

Assume now that 1 — 7 — H — G — 1 is a splitting extension for G such that
H,}, is compactly generated. Since G, is a quotient of H,y,, this automatically
implies that G,p is compactly generated, and hence we get Eq(X) = E4(X) by
Proposition 211 Let res : ﬁab — Z denote the restriction map. In what follows
we want to show that there is a canonical isomorphism between H?(X, C(res)) and
H2(G, X) = E(X), thus, giving a classification of £5(X) in terms of equivariant
pairs with respect to X and res : H ab — 7 via Proposition 22 above.

Let us fix once and for all a Borel section ¢ : G — H. Let u € Z%(G, ( ,
be the cocycle constructed from ¢ as in B2) (i-e., u(s, t)(x) = x(c(s)c ( Ye(st)™
and let v € C*(G, C(H.p, T)) be given by

(43) V(S)(X) = X(C(S)), s € GvX € ﬁab~

If X is any second countable locally compact space, and U is an open subset of X,
then v and p induce homomorphisms

vy : C(U, Hyp) — CHG,C(U,T)); v : C(U,Z) — Z*(G,C(U,T))

T))
Y

by
(4.4) vu(f)(s)(z) :=v(s)(f(@));  pu(9)(s,t)(x) = uls,t)(g(x)).
Thus, for any open cover U of X we get obvious homomorphisms
vy : C"(U, Hy,) — CHG,C™(U,T));  ps: C(U, Z) — Z*(G,C™(U,T)).

Now observe that for the computation of £5(X), i.e., of the second cohomology of
the double complex of Theorem [l (for a given open cover U '), we may reduce our
attention to the complex

I | |

0 —— CYG,C*U.T) —%— 2%(G,C*(U,T)) —— 0

I d d

0 —— CYG,CYU,T)) —%— 22(G,CHU,T)) —— 0

I d d

0 —— CYG,COU,T)) —%— 22(G,C°U,T)) —— 0
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It is easily checked that the diagram

0 —— CYG,C"(U,T)) —2— 2%(G,C™U,T)) —— 0

0 —— C™(U,Hy) —2 Cc™(U, Z) — 0

commutes. Hence, since (vs, ) also commutes with 0 it follows that (., )
induces a chain map between the total complexes of the corresponding double
complexes. The proof of Theorem [I.6] as stated in the introduction, will follow
from Proposition 2] together with

Theorem 4.3. Assume that 1 — Z — H — G — 1 is a splitting extension for
the second countable locally compact group G such that H gy, is compactly generated.

Then the chain map (V, px) constructed above induces a group isomorphism U :
H2(X,C(res)) — H?(G, X) =2 Eq(X).

Proof. We first show that U is injective. For this let (¢;;,h;) be a cocycle in
Z*(U,C(res)) such that (v.(), p«(h)) = (9n,dgn) for some n € C*(G,C(U,T)).
We have to construct an element ¢ € CO(U, ﬁab) such that (@, h) = (01, res, 1h).

For each i € I we define h; € C*(H,C(U;,T)) by hi(c(s)z) = hi(z). Thus we
have h;(z) = ¢(hi(z)), where v : Z — C'(H,T) is as in Lemma B4 Moreover, let
infn; denote the inflation of n; € C*(G,C(U;,T)) to H. Since dgn; = p(hi), it
follows from Lemma B4, (3) that

Op (inf n;(z))

inf(dgni(x)) = inf(pu(hi)(x))
= 0n (t(hi(@))) ™" = O (ha(x)) ™.
Thus we get inf n; - h; € ZY(H,C(U;,T)) = C(Ui,ﬁab). We then have

rest; = res(inf n; - h;) = h;,
for all i € I. Moreover, since dn = ¢ and Oh = res ¢ we get
(Wi (@)t (2) 1) (c(5)2) = mi() (s)m; () (5) ™" ha(@) () () (2) 7
= ij(x)(c(s)) i () (2)
= @ij(x)(c(s)2),
for all z € U;j, s € G and z € Z. This proves that (¢, h) = (O, res, 1)).
We now show surjectivity of ¥. For this let (g;;, fi) be a representative of some
class in H?(G, X) with respect to some open cover U = {U;};c;. It follows then
from Proposition that, after passing to a refinement if necessary, there exist

elements f; € C'(H,C(U;, T)) such that 8 f; = inf f;.
Since dgg = 0f it follows that on each overlap U;;, we get

On (inf gi;(y)) = inf fi(y)inf £; " (y) = Ou (fif; " (v))-
Thus there exist unique continuous functions ¢;; : Usj; — i ab satisfying

(4.5) Fiy) fi ()™ = wisy) - inf g5 (y)
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for all y € U;;. Moreover, since ﬁ(m)|Z is a character by Lemma B4l (1), we get
hi = filz € ZY(Z,C(U;,T)) = C(U;, Z). Tt follows directly from our constructions
that (o, h) € Z2(U,C(res)), i.e., that dp = 1 and res p = dh.

We claim that (v (@)1, u«(h)~1) is cohomologous to (g, f). To see this we have
to produce an element € C*(G,C°(U,T)) such that (9n,0gn) = (g - vi(9), f -
p«(h)). For this let f; € C*(H,C(U;, T)) be as above. Define n; € C*(G, C (U, T))
by n; = f; o c. Since dy f; = inf f;, it follows from Lemma [3.4] (3) that

dami(z) = filx) - p(fi(x)2) = filz) - u(ha(x)),
for all x € U;. This proves 0gn = f - p«(h). On the other hand, we have for all
y €U and s € G:

()i () () = (F:(w) 5)) (c(s)
2 iy

(4
(ij (y) - inf gij (y)) (c(s))
= ((0i) () - 91 (y)) (s)-
Thus, we also have dn = g - v, (¢), which completes the proof. O

If H is actually a representation group of G, then res, : C*(U, ﬁab) — C™(U, 2)
is the zero map. Thus we get a natural splitting H?(X, C(res)) HY(X,Gap) @
C(X, Z) Since in this situation the transgression map tg : Z — H?(G,T) is a

topological isomorphism and H,, = Gap, we obtain an alternative proof of [EW1}
Theorem 5.4]:

Corollary 4.4. é'uppose that G is smooth and G4y is compactly generated. Then
Ea(X) =2 HY(X,Gw) ® C(X,H*(G,T)).

We should note that the splitting in the above corollary depends on the given
choice of a representation group H of G, thus the splitting is not canonical!

It is certainly interesting to see how one can directly recover the class [a] € Eg(X)
from a corresponding equivariant pair (P, F'), and in fact we shall need such a
construction later So i in what follows let p : P — X be a principal H ab-bundle and
let F:P — Z be an Hab equivariant continuous map. Let ¢ : G — H be a Borel
section and consider the action 3 : G — Aut K, K = K(L*(G)) (or any stabilization
of it if G is finite), given by 8, = AdV,, where

(Vi&)(s) = x(e(s))&(s), € € L*(G).
Let 7 ® 8 denote the diagonal action of H,, on Co(P, K) given by
(T @B () = B (¥(X-v), ¥ € Co(P,K).

This action extends to an (probably not strongly continuous) action on Cy(P, K)
and the induced algebra IndglC is the fixed point algebra of Co(X) - Cp(P,K) C
Cy(P, K) with respect to 7 ® 3 (here the action of Co(X) on Cy(P, K) is given via
the canonical extension of functions of X to functions of P).

We now use the function F : P — Z to construct an action o : G — Aut(lndzgD K).
For this we consider the cocycle u(F) = up(F) € Z*(G,C(P,T)) as given in ({@4).
Then as in (Z2) we obtain an action af : G — Aut Co(P, K) by defining

(af () (y) = Ad Lyypy) (s) (¥(y)), 1 € Co(P,K).
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We need

Lemma 4.5. The actions o : G — Aut Co(P,K) and 7@ : Hay — Aut Co(P, K)
commute.

Proof. For s,t € G, x € H,p, and y € P we get

HIE)(X - y)(s.t) = F(X - y)(e(s)et)e(st) ™) = (X|z - F(y)) (es)e(t)e(st) ™)
=0a(X o c)(s,)u(F)(y)(s,1).

Using this, it follows from Lemma 23 that

(4.6)

(4.7) Loty (5) Vi = X(e()) Vi L)) (5)s - X € Hab, s € G.
Thus, for s € G, x € Hyp, and ¢ € Co(P,K) we get
((r @ B)xal (1)) (s) = Ad Vi (ol ()(X - y

)
= Ad(V4 LH(F)(X n(E) WX -Y)
)

WALy ) (9)Vi) (X - )

= (g (1@ B)x (¥)) ().
This finishes the proof. O
The above lemma implies that for each s € G the automorphism o (extended
to an automorphism of Cy(X)-Cy (P, K)) restricts to an automorphism on the fixed

point algebra Ind7ﬁD K with respect to 7 ® .

Proposition 4.6. Let (P, F) be an equivariant pair and for each s € G let a5 de-
note the restriction of af to IndzgD K. Then IndzgD K is (Co(X)-linearly) isomorphic
to Co(X,K) and o : G — Au‘u(Ind%D K) is a representative of the class in Eq(X)
which corresponds to the isomorphism class of (P, F') via Theorem [14.

Proof. Let U = {U;} be an open cover of X such that there are local trivializations

ki : U; x f[ab — p~1(U;) with transition functions ¢;; : U;; — flab, i.e., we have
kit oki(x,1) = (z,0i(x), €Uy

Further, let f; : U; — Z be defined by fi(z) = F(ki(z,1)). Then (¢, f) €

Z*(X,C(res)) is a cocycle representing (P, F) in H?(X, C(res)) via Proposition B2

and Theorem E:3] tells us that (v, u«f) € Z*(G, X) is a representative for the

class in Eg(X) corresponding to the isomorphism class of (P, F).

We show that our action « coincides (up to isomorphism) with the action corre-
sponding to (V«p, u«f) as constructed in the proof of Proposition 2:4] For this we
first observe that Indg KC can be identified with the algebra of Cy-sections of the
bundle

P xg., K= (P xK)/Hap,
where ﬁab acts diagonally on P x K and the projection g : P X K — X is

given by q([y,T]) = p(y). In fact, if ¥ € IndZ;IC, then the corresponding section

Ve Co(X,P X3, K) is given by D(p(y)) = [y, ¥(y)] (see [EW2, Proposition 3.7]).
Now, P X+ IC has local trivializations

Hap
hi :U; X K — q I(Ui); hi(l‘,T) = [k}z(l‘, 1),T].
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On the overlaps we get
hitohy(w,T) = hy ' ([k;(2,1), T]) = hfl([( ij(2) ™), T1)

= hi (i ()™t - ki, 1), T)) = by ([ki(2, 1), Bpy () (T))])
(iL' Ad V«p,J(x)(T))

But by definition we have
(Viois () (5) = i (2)(c(3))&(5) = v(wpis)(2)()E(s), € € L*(G),

and this implies that the bundle P XFo. KC coincides (up to isomorphism of bundles
over X) with the bundle A constructed from (ve, s f) in Proposition 24 As
observed in the discussions preceding Proposition [Z4] this implies that IndéD K=
Co(X,A) = Cy(X,K).

The action, say &, of G on P X K corresponding to our action a on

Co(X,P xg K)=ndj K
is given by as([y, T]) = [y, Ad L)) (s)(T)]. We then get
as(hi(z, T)) = [ki(2, 1), Add Ly (i (2.,1)) (8)(T))]
= [k, 1), Ad Lygy @ (8)(T)]
= hi(2, Ad L,,(1,) ) (s)(T)).

But this shows that the actions o’ : G — Aut Cy(U;,K) coming from « via the
local trivializations h; are precisely the inner actions corresponding to the cocycles
u(fi) € Z*(G,C(U;, T)) via 22). Thus « is precisely the action corresponding to
(v, s f) as constructed in the proof of Proposition [2.4l O

5. THE CROSSED PRODUCTS

In this section we want to use our description of £ (X) in terms of equivariant
pairs (P, F) (in the presence of a splitting extension 1 - Z — H — G — 1) to
describe the bundle structure of the crossed products Cy(X, K) %, G.

For this we first have to recall some basic facts on Co(X)-algebras. If X is a
locally compact space, then a Cy(X)-algebra is a C*-algebra A together with a
non-degenerate *-homomorphism ¢ : Co(X) — ZM(A). We usually write ¢ - a for
¢(¢p)a if confusion seems unlikely. If € X, then the fibre of A over x is the quotient
Ay = A/I;, with I, = Co(X \ {z}) - A. Note that Cy(X)-algebras are the C*-
algebra analogues of topological bundles p : Y — X, where p is just a continuous
map, and in this respect the fibres A, correspond to the fibres Y, = p~1({z})
of such topological bundles. In particular, if Y is a locally compact space and
p:Y — X is a continuous map, then Cy(Y") becomes a Cy(X )-algebra via the map
p*: Co(X) — Cp(Y) = M(Co(Y));p*(¢) = ¢ o p. This allows us to define the
pull-back Co(Y) ®, A of a Cy(X)-algebra A via a continuous map p:Y — X as

CO(Y) ®p A= CO(Y) ®C0(X) A
(see [RW]).

If Aisa Cy(X)-algebra and a@ : G — Aut A is an action of G by Cy(X)-
linear automorphisms, then the crossed product A x,, G carries a natural structure
of a Cy(X)-algebra via the composition igq 0 ¢ : Co(X) — M(A x4 G), where
ia: A— M(A %, G) denotes the canonical embedding. The fibres (A x4 G), are
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then canonically isomorphic to A, X, G, where o is the action on the G-invariant
quotient A, = A/I, induced from « (e.g., see [N] for more details).

In particular, if a : G — Aut Cy(X, K) is Co(X)-linear, then Cy(X,K) x4 G can
be viewed as a “bundle” over X with fibres K x4« G. Moreover, if [w,] € H*(G,T)
denotes the Mackey obstruction of a® (i.e., the class [w,] € H?(G,T) corresponding
to the inner action o* : G — Aut K), then K %= G is isomorphic to K® C*(G, &, ),
where C*(G,w,) is the twisted group algebra with respect to the inverse [w,] of
[wz] (see |Gl Theorem 18]). Note that the isomorphism class of Cy(X,K) xo G (as
a Cp(X)-algebra) only depends on the class [a] € £g(X) (e.g., see [EW2] Remark
4.4]).

Suppose now that 1 - Z — H — G — 1 is a central extension of G and
let ig : H — UM(C*(H)) denote the canonical map. Then the integrated form
of iglz :+ Z — UM(C*(H)) is a non-degenerate *-homomorphism ¢ : C*(Z) —
ZM(C*(H)). Thus, if we identify C*(Z) with Cy(Z A) via the Gelfand transform we
see that C*(H) is a Cy(Z ) algebra in a natural way.

Remark 5.1. In this paper we use the formula

(5.1) oo = / F2)X(@) dz

for the Fourier transform of f € C.(Z) C C*(Z). Notice that this convention dif-
fers from the convention used in [EW2] Lemma 6.3], where the alternative formula

=/, f 7 z)dz was used (without explicitly wrltmg it down). This con-
Ventlon 1mphes that the structure of C*(H) as a Co(Z)-algebra we use here differs
from the structure obtained in [EW2| Lemma 6.3] by applying the homeomorphism
x — X to the base space Z. Thus it follows from [EW2, Lemma 6.3] that our fibres
C*(H)y are isomorphic to C*(G, tg(X)) (see also Remark [5.5] below).

Lemma 5.2. Let1 — Z — H — G — 1 be a central extension ofG let P be
a locally compact Ha;, -space and let F' : P — Z be a continuous Hab equwamant
map. Further, let T : Hab — Aut Cy(P) be the translation action and let 7y : Hab —
Aut C*(H) be defined by vy (v)(h) = x(h)e(h) for ¢ € C.(H) C C*(H). Then
the diagonal action T ® v of Hay on Co(P) ® C*(H) factors through an action
T®s7: Hap — Aut(Co(P) @p C*(H)).

Proof. Let § : Hy, — Aut Co(Z) be the action & v(H(w) = f(Xlz - 1). Then
it is enough to show that the maps F* : Co(Z 7) — ZM(Co(P)) = Cy(P) and

¢ : Co(Z) — ZM(C*(H)) are both Hyy- equivariant, since this will imply that the
closed ideal generated by

{9-f®a—g®f-a:geCo(P),feCy(Z),aecC(H)}

is Ig'ab—invariant.
The equivariance of F™* follows directly from the equivariance of F'. To prove the
equivariance of ¢ let g € C.(Z). Then it follows from (G.]) that

6 (@) (1) = 9(Xlz - 1) = (xlz - 9)" ().
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Using this we compute for g € C.(Z) and ¢ € C.(H):
W@ =xh) [ gl2elmds = [ (299 de
Z Z
= (2(x|z - 9)" 1 () (h) = (¢(0:(9))1x () (h).

Thus ¢ is H ab-€quivariant. O

Remark 5.3. If in the above lemma p : P — X is a principal ﬁab—bundle over
X, then the composition of p* : Co(X) — Cy(P) composed with the canonical
embedding Cy(P) — ZM (Cy(P) @p C*(H)) turns Co(P) ®@p C*(H) into a Cy(X)-
algebra. It is easy to check that the action 7 ®5 v of the lemma is Cp(X)-linear.
Thus the crossed product (CO(P) Qp C* (H)) Mgy ﬁab carries a natural structure
as a Cp(X)-algebra.

We now recall from the introduction what will be the main result of this section.

Theorem 5.4. Suppose that 1 — Z — H — G — 1 is a splitting extension for
G such that Hgyp is compactly generated. Let (o] € Eq(X) and let (P, F) be in the
isomorphism class of equivariant pairs corresponding to [a] via Theorem[1.8. Then

Co(X,K) x4 G is stably Co(X)-isomorphic to (Co(P) @r C*(H)) X7 _~ Hap.

Remark 5.5. Notice, that in the special situation where H is a representation group
of G, the map F' : P — 7 is the lift of the Mackey obstruction map ¢ : X — 7
H 2(G T) for a. Thus our result is comparable to [EW2, Theorem 6.6]. In fact,
a stabilized (and hence weaker) version of that theorem can be deduced from our
result above; we omit the details. Note that in [EW2, Theorem 6.6] the pull-back
was taken with respect to the function f(z) = ¢®(x)~!. However, by our change of

convention for the Fourier transform (see Remark [5.1] above) we can directly work
with F' here.

The proof of the theorem requires several steps. First of all it follows from
Proposition[L6lthat we may work with the action o : G — Aut (IndzgD K) constructed

from (P, F') as in that proposition. Notice that the Co(X )-module action on Indg K
is given via the canonical action of Cy(X) on Cy(P). We further need to work with
the actions

@ = AutCo(P,K), 7&f: Hap — Aut Co(P, K)

which we used for the construction of « (see the discussions preceding Proposition
H6). Note that all these actions are Cy(X)-linear with respect to the canonical
Co(X)-action on Cy(P,K). Lemma FLH implies that o and 7 ® 3 commute. Thus
we get a Cp(X)-linear product action o’ x (1® 3) of G x ﬁab on Cy(P,K). Via the
usual decomposition of crossed products by product actions, we then get natural
Co(X)-linear isomorphisms between the crossed product Co(P, K) X or «(rga) (G X

j‘jab) and the iterated crossed products
(Co(P,K) xor G) X (rgpytee Hap and  (Co(P,K) rep Hab) Xgdee G,
where the decomposition actions (7 ® 3)4° and ozdec are defined on the dense subal-

gebras C.(G, Cy(P,K)) C Co(P,K)xor G and C, ( abs Co(P,K)) C Co(P,K) Xrep
H,,, by the formulas

(52)  ((r@B)()(s) = (T@F)x(f(s)) and (ai™(9))(x) = af (9(x))-
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The following proposition shows that the above crossed products are all Cy(X)-
linearly isomorphic to (Indg K) %, G.

Proposition 5.6. There exists a Co(X)-linear isomorphism between the crossed
products (IndzgD K) % G and (Co(P,K) Xrgp Hap) X gie G.

Proof. We actually show that there is a C(X)-Morita equivalence between the sys-
tems (IndéD K,G,a) and (Co(P,K) x-rgs Hu, G, %), Since the algebras Indg K
and Co(P,K) Xrgp H,, are both separable and stable, it will follow from [CKRW]
Lemma 3.1] that o and o are outer conjugate, i.e., there exists a Cp(X)-linear
isomorphism ® : Co(P, K) Xrgs ﬁab — Indg K which transports ad¢¢ to an action
which is exterior equivalent to c. But this will imply that there exists a Cy(X)-
linear isomorphism between the crossed products.

For the construction of the Cy(P, K) x,gp ﬁab — Indg K imprimitivity bimodule
we follow the construction given in [RW| Theorem 2.2]. We write Ag for the dense
subalgebra C., ( ab, Co(P, K)) of Co(P, K) xrep fAIab, and set Xy = C’C(ﬁab x P, K).
We define left and right module actions of Ay and Indg K and Ap- and Indg K-
valued inner products on X by

§(y) / FOGUBENXT 1)) dx,
- Y(y) =EWv(y),
(€ Mrnaz (4) = /A B(e0 m) ) d

Hab
A0(&mOGY) = EW)By (nx ™1 -y)"),
where £, € Xy, f € Ap and ¢ € Indg K. Then it follows from [RW|, Theorem
2.2] that the completion X of A is a Co(P,K) X,gs H. — Indg K imprimitivity
bimodule. It follows directly from the above formulas, that
(f-9)-(&-)=(f-& (9-)

for g e Co(X), £ € Xy, f € Ag and ¢ € Indg KC, so that X is a actually a Cp(X)-
Morita equivalence.
For s € G and £ € X define 75(¢)(y) = ()Y (£(y)), where (af')¥ denotes the

S
evaluation of o at y € P. Then some routine checking shows that

(5.3)

(1) the map s — v5(§) is inductive limit continuous for all £ € Xp;
(2) Vs (5 T Ao <77a <>) = 78(5) Ag <75(77)a WS(C» for all 57 7, C € XO;

(3) Ag <78 (g)v Vs (77)> = adec (Ao <£7 77>) and <’78 (5)) Vs (77)>Ind§ K = Qs (<£a n>Ind7ﬁ> IC)
for all &, € Xp.

(3) implies in particular, that 5 is norm preserving, so it extends to a linear map
on X which by (2) is an automorphism of X" in the sense of [C]. It follows from the
formula for the Ap-valued inner product on Xy that the inductive limit topology
on Xj is stronger than the norm topology. Thus (1) implies that s — ~5(§) is
norm continuous for all £ € X. But then (3) implies that (X,G,v) is a Morita
equivalence for (Indg K, G,a) and (C’O(P,IC) Xrep flab, G,adec). This completes
the proof. O

Corollary 5.7. There exist Co(X)-linear isomorphisms between the crossed prod-
ucts (Indg K) %4 G and (Co(P,K) xor G) X (rgs)ic Hap.
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Proof. By the discussion preceding the proposition there exists a Co(X)-linear iso-
morphism between (Co(P, K) X 4r G) X (rgg)ace H,p, and (Co(P,K) xrep ﬁab) X gydec
G. But the proposition implies that the latter is Cy(X)-linearly isomorphic to
(Ind}; K) x4 G- O

The last ingredient we need for the proof of the theorem is a very precise version
of the Packer-Raeburn stabilization trick for central extensions of groups.

Lemma 5.8. Assume that 1 — Z — H — G — 1 is a central extension of
second countable groups. Let ¢ : G — H be a Borel cross-section and let p €
Z2(G,C(Z,T)) be given by u(s, t)(x) = x(c(s)c(t)c(st)™). Further, let o' : G —
Aut Co(Z,K), K = K(L*(G)), denote the inner action implemented by the Borel
map L, : G — C(Z,ULA(G))) as in ), and let ¢ : Co(Z) — M(C*(H)) denote
the canonical embedding as in the discussion preceding Lemmalid. Define

$:Co(Z)®K — M(C*(H)®K), v:G—UM(C*(H)®K)
by
(5.4) ®=¢®idc and vs=P(L,(s)) (in(c(s)) ®1).
Then (®,v) is a covariant homomorphism of (Co(Z,K),G,a*) into M(C*(H)

-~

K) such that its integrated form ® x v is a Cy(Z)-linear isomorphism between
CO(Z,IC) N G and C*(H) X K.

Proof. This is basically a consequence of the Packer-Raeburn stabilization trick (see
[PRI] Theorem 3.4 and Theorem 4.1]). But in order to get the specific structure
of the isomorphism we have to do some work. By [EW2] Proposition 4.6] we know
that we have an isomorphism

(1®3id) x (ic ®; Ly) : Co(Z,K) %au G — C*(G, Z,Ti) @, 3) Co(Z,K)

(we refer to [EW2] for the relevant notations) and by [EWZ2, Lemma 6.3] we get an
isomorphism

¢ x (igoc): C*(G,Z, ;i) — C*(H),

where ¢ : Cy(Z) — M(C*(H)) is the map considered above (note that we have to
use @ instead of y, which was used in [EW2, Lemma 6.3], by our convention for the
Fourier-transform). Combining these isomorphisms, we get an isomorphism

(¢ x (imoc) @zid) o (1@4id) x (ic @5 L,))
from Co(Z,K) xan G to C*(H) ®¢, (5 Co(Z,K) = C*(H) ® K. Following closely

what it does to the canonical images of C’O(Z7 K) and G in M(C’O(Z K) Xon G),
we see that this isomorphism coincides with the integrated form ® x v of (®,v) as

defined in the lemma. Since ® is Cy(Z)-linear, the same is true for & x v. O

Proof of Theorem [5.4) Using Corollary [b.7] the proof follows if we can show that

(Co(P,K) M or G) X (zggyaee Hap is stably Co(X)-isomorphic to (Co(P) @p C*(H))
NT@E’Y Hab.

As a first step we show that Cy(P,K) Xor G is Cp(X)-linearly isomorphic to
(Co(P)®r C*(H)) @K, with K = K(L*(G)). For this let ® x v : Co(Z,K) Xqn G —
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-~

C*(H)®K be the isomorphism of Lemma B8 Since & x v is Cy(Z)-linear, it follows
that

(Co(P) @ C*(H)) ® K 2 Co(P) @F (C*(H) ® K)

is naturally isomorphic to the pull-back Cy(P) @ (C’o(27 K) xan G) as a Co(P)-
algebra.

The action af : G — Aut(Co(P, K)) is by definition the pull-back of the action
ot : G — Aut C’O(Z K), i.e., it can be identified with the diagonal action id ® za*
on Co(P)®@pCo(Z,K) = Co(P, K). Thus we can apply [EW?2] Proposition 4.3] to see
that Co (P, K) % ,r G is isomorphic to Co(P)®@F (CO(Z, K)xqnG) as a Co(P)-algebra
(since the C*-algebra part of the isomorphism given in [EW2, Proposition 4.3] is
Co(P)-linear). Combining this with the above result we get a Cy(P)-linear (and
hence also a Cy(X)-linear) isomorphism between Co(P,K) x,r G and (Co(P) @r
C*(H))® K.

For the second step we claim that the above isomorphism carries the action
(1 ® B)9°¢ of Hyp on the first algebra to the action (7 ®zv) ® B on the second
algebra. For this recall that we have an action J : ﬁab — Aut CO(Z ) defined by
(6x¥)(v) = ¥(X|z - v). The same arguments as used in Lemma 7l show that
the action 6 ® 3 of H.p, on Gy (P,K) commutes with a#. Thus § ® § induces the
decomposition action (§ ® 3)9¢¢ of H,p, on C’O(Z7 K) Xan G. The isomorphism be-
tween Co(P) @F (C’O(Z K) %au G) and Co(P, K) x4+ G is given by first identifying
Co(P)®F (C’o(27 KC) X gu G) with (CO(P) QF CO(Z, IC)) Xid @ an G and then identi-
fying the latter with Co(P,K) X+ G via the isomorphism of the crossed products
which is induced by the canonical id @ za# — af-equivariant isomorphism

Co(P) ®@r Co(Z,K) = (Co(P) @r Co(Z)) © K = Co(P) @ K.

(The isomorphism Co(P) @ Co(Z) — Co(P) is given by f ® g — f -g.) Having
this picture, it is straightforward to check that the isomorphism Cy(P, ) X ¢ G =2
Co(P) ®@F (C’O(Z K) xqn G) carries (1 @ 3)9°° to the action 7 ®5 (6 ® 8)d°c.

Furthermore, the claim will follow if we can show that ® x v : CO(Z, K)Xan G —
C*(H) ® K carries (6§ ® ()9 to vy ® 3. For this it suffices to show that

(1) (7@ B (®(1)) = B((6 @ B)(¥)) for all ¥ € Co(Z,K), and
(2) (Y®PB)y(vs) =v, forall s € G.

(The second requirement comes from the equation
B x 0((6® H)X(ic()) = @ ® vlic(s)) = v,

where i : G — M (Co (Co(Z,KC) X G) denotes the canonical map.)
But (1) follows directly from the definition of ® and the 6 — v equivariance of

the embedding ¢ : CO(Z) — M(C*(H)) (see the proof of Lemma [£2)). In order to
check (2) we first note that it follows from Lemma 23 and the computations given

in the proof of Lemma[ZH| that for s € G, x € H,p, and o € Z we get

(5.5) (6 @ B)x(Lyu()(0) = Vy (Lu(xiz-o) () Vi = X(e()) Ly (5) (o).
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Using this, the equivariance of @, and the definition of v (see Lemma [5.2]) we get

(7®5)x(v) (v ® B (P(Lyu(s)) - (in(c(s)) ® 1))
((0® B)x(Lu(9)) - (v @ B)x(in(e(s)) @ 1)

I (X (e(s)) Liu(s)) - x(els) i (e(s) 1)
= ®(Ly(s)) - (in(c(s)) ©1) = vs.
This proves the claim.
It follows now that (Co(P, K) xor G) X (7 @@)dec H,y is Co(X)-linearly isomorphic
to

((Co(P) @F C*(H)) ® K) % (16 )25 Hab-

Since 3 is implemented by a strongly continuous homomorphism V' : ﬁab —
U(L3(G)), it follows that it is exterior equivalent to the trivial action idx. But
this implies that (7 ®;v) ® 3 is exterior equivalent to (7 ®v) ®idx. Since exterior
equivalent Cp(X)-actions have isomorphic Cp(X)-crossed products it follows that

(Co(P,K) Xtor G) X (repyace Hap
= ((Co(P) @r C*(H)) © K) A (70,9100 Han

~

= ((Co(P) @F C*(H)) @ K) X (r0+)@ide Hab
= ((Co(P) @F C*(H)) X7,y Han) ® K,
where all isomorphism are Cy(X)-linear. This finishes the proof. |

If A is a separable and stable continuous-trace C*-algebra with spectrum X,
and a : G — Aut A is Cy(X)-linear, then it follows from the canonical splitting
Brg(X) = H?(X,Z) ® Eg(X) (e.g., see the discussions preceding [EWTl, Corollary
5.5]) that there exists an element [5] € Eq(X) such that « is exterior equivalent
to the action id®@x 3 of G on A ®¢,(x) Co(X,K) = A. Tt follows then from [EW2]
Proposition 4.3] that A x4 G is isomorphic to A ®c,(x) (CO(X, K) g G). Thus we
get

Corollary 5.9. Assume that G has a splitting extension 1 - Z — H — G — 1
such that Ig'ab is compactly generated. Let a: G — Aut A be a Cy(X)-linear action
of G on the continuous-trace algebra A with spectrum A = X and let 0] € Ea(X)
such that « is exterior equivalent to id®@x (. Then A x4 G is isomorphic to

A ®CO(X) ((CO(P) QF C*(H)) ><]T®§“/ ﬁab)a
where (P, F) is an equivariant pair corresponding to [f].

We are now going to investigate the dual space of
Co(X,K) %o G 2 (Co(P) @F C*(H)) Xrey Hab.

Recall that if A is a C*-algebra, then the dual space A of A is the set of equivalence
classes of irreducible representations of A equipped with the Jacobsen topology (see
[Dl Chapter 3]). If Ais a Cy(Y)-algebra, then each irreducible representation factors
through an irreducible representation of some unique fibre A, and the resulting
projection ¢ : A — Y is continuous. As we shall see, the following general result
is a consequence of Green’s version of the Mackey machine [G, Theorem 17] for
crossed products.
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Proposition 5.10. Suppose that (A, G, «) is a C*-dynamical system such that A is
a Co(Y)-algebra for some free and proper G-space Y. Suppose further that the em-
bedding ¢ : Co(Y) — ZM(A) is G-equivariant. Then (A X, G)" is homeomorphic
to Z/G, where the action of G on A s given by s - T =moa,1, s € G,TE A.

Proof. Let m € A. Then we claim that the induced representation Ind?e} m of
A X4 G (in the sense of Green [(3]) is irreducible, and that the resulting map

Ind: A — (Axy G)N;m Ind?e} T

is surjective.

For this let X = Y/G. Then A becomes a Cj(X)-algebra in a canonical way such
that the action o : G — Aut A is Cy(X)-linear. Thus each irreducible representa-
tion of A factors through a unique fibre A, and it follows from |Gl Proposition 12]
that the induced representation Ind?e} 7 factors through the corresponding induced
representation of A, X« G. Thus we may as well assume that Y = G with action
of G on Y given by translation. Let A, be the fibre of A over the unit e € G.
Then it follows from |Gl Theorem 17] that induction of representations of A, to
A%, G gives a homeomorphism between //1\6 and (A x, G)". In particular, Ind?e} T
is irreducible for all m € ;1; Since each irreducible representation of A is conjugate
to a (unique) irreducible representation of A., the claim follows from the fact that
conjugate representations induce to equivalent representations of A x,, G.

The above reasoning also implies that the map Ind : A - (A x4 G)" factors
through a continuous bijection I : 2/ G — (A x4 G)". The openness then follows
from the continuity of restricting representations (e.g., combine [EL Proposition
1.4.6] with [El Proposition 1.4.8]). O

If (P,F) is a covariant pair corresponding to a Co(X)-linear action 8 : G —
Aut Cy(X, K), then the natural embedding of Cy(P) into M(Co(P) @ C*(H))
is clearly ﬁab equivariant with respect to the diagonal action 7 ®; 7 of ﬁab
on Co(P) ®p C*(H). Thus the above proposition implies that the spectrum

((Co(P) ®@F C*(H)) X7~ flab)/\ is homeomorphic to (Co(P) ®@p C*(H))A/ﬁab-
But it is shown in [RW] that (Co(P) @ C* (H))A is homeomorphic to the set

PxpH={(zU)ePxH:F(z)=qU)},

where ¢ : H — 7 denotes the projection corresponding to our embedding ¢ :
CO(Z) — ZM(C*(H)) (here, and in the rest of the paper, Hx~cC* (H)" denotes
the set of equivalence classes of irreducible unitary representations of H). By
our convention on the Fourier transform on Z, we get q(U) = res(U)~!, where

ves: H — Z is the restriction map (i.e., resU denotes the unique character y of Z
which satisfies the equation U(z) = x(z)U(e) for all z € Z). Thus we get

PxpH={(2,U)ePxH:F(z)"" =resU},

Moreover, since Uovg(f) = (X®U)(f), the corresponding action of HaponPxpH
is given by

Thus, as a consequence of Theorem b4l and Proposition 610 we get



3710 SIEGFRIED ECHTERHOFF AND RYSZARD NEST

Corollary 5.11. Assume that 1 — Z — H — G — 1 is a splitting extension
of G such that Hyy is compactly generated. Assume that (P, F) is an equivariant
pair corresponding to a Co(X)-linear action o : G — AutCo(X,K). Then
(Co(X,K) g G)/\ is homeomorphic to (P Xp ﬁ)/ﬁab

Of course, in view of Corollary 5.9 we get an analogous result for any Cy(X)-
linear action of G on a separable continuous trace algebra with spectrum X: If
«a : G — Aut A is such action, then by passing to the action o ® id of G on A ® K
we may assume without loss of generality that A is stable. We then use the fact
that

(A®CO(X)B)/\ gA\XXB\:X Xxgzg
for any Co(X)-algebra B (see [EW2, Remark 2.5]).

6. APPENDIX: LOCALLY INNER ACTIONS ON CR(X )-ALGEBRAS

In [EWI],[EW2] the authors considered locally inner actions on CR(X)-algebras,
i.e., on C*-algebras whose primitive ideal space Prim(A) has complete regulariza-
tion X, where X is a given second countable locally compact Hausdorff space (we
refer to [EWT] for the details). Let us denote by £LZ ¢ (A) the set of exterior equiva-
lence classes of locally inner G-actions on a given CR(X)-algebra A. If A is stable,
B e EL(X), and o € LZ(A), then B ®x « is again a locally inner action of G' on
Co(X,K) ®@cy(x) A= A, and it is a consequence of [EWI], Lemma 3.5] that this
induces a well-defined map

EG(X) x LIg(A) — LIc(A); (6], [a]) = [8 @x a].
The following result generalizes [EW1] Theorem 6.3] (at least if A is stable).

Proposition 6.1. Suppose that A is a stable CR(X)-algebra. Then the map E4(X)
— LIg(A),[6] — [B®x1id] is a bijection.

Proof. If A is a CR(X)-algebra and a : G — Aut A is locally inner (in the sense
of [EW2|, Definition 2.8]), then « is locally implemented by Borel maps m; : G —
UM (Ay,) and the pair (9, dq) gives a cocycle in Z?(G, X) (using Lemma 2.6
and Lemma 3.1 of [EWZ2], this follows from the same arguments as used for the
special case A = Cy(X, K) as considered in §2). Moreover, the same arguments as
used in the proof of Proposition22show that the class [(O7, dg7)] € H?(G, X) only
depends on the exterior equivalence class of «, that « is exterior equivalent to the
trivial action if and only if [(Jm, dg7)] is trivial, and that the class corresponding
to [8 ®@x a] is the product of the classes corresponding to [8] € E4(X) and [o] €
LZ(A). From this and Proposition 22 one can easily deduce that the map [5] —
[0 ®x id] is injective.

To see surjectivity, let [a] € LZ¢(A) be given. Then it follows from Proposition
and Proposition 24 that there exists a unique class [8] € £4(X) such that [3]
and [a] determine the same class in H?(G, X). Let 371 denote a representative of
[B]7! € EL(X). Then the class in H(G, X) corresponding to [371 ®@x o] is trivial,
and therefore 7! @ x « is exterior equivalent to the trivial action. Thus we get

Bexid =[Box (b7 @xa)=[(Bex 87" @x o] = i[doxa] = [a].
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If G has a splitting extension 1 — Z — H — G — 1 such that H,p, is compactly
generated, the above proposition combined with Theorem[5.4] provides the following
description of the crossed product A x,, G in terms of equivariant pairs.

Proposition 6.2. Assume that G is as above, let A be a (stable) CR(X)-algebra
and assume that o : G — Aut A is locally inner. Let [8] € Eq(X) such that « is
exterior equivalent to ida ®x 3 and let (P, F) be an equivariant pair corresponding
to [B]. Then A x4 G is Co(X)-isomorphic to

A@cy(x) ((Co(P) @ C*(H)) Xre,y Hap).

Proof. Using the results mentioned in the discussion above, the proof follows from
Theorem 5.4 and

A X G= (A ®CO(X) CO(X, IC)) Nid@x 3 G=A ®CO(X) (CQ(X, IC) X3 G),
where all isomorphisms are Cy(X)-linear. O

Of course, if A is a CR(X)-algebra which is non-stable, we can stabilize on both
sides to get a similar result.
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