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CRYSTAL BASES FOR Uq(Γ(σ1, σ2, σ3))

YI MING ZOU

Abstract. We construct crystal bases for certain infinite dimensional repre-
sentations of the q-deformation of the Lie superalgebra Γ(σ1, σ2, σ3).

1. Introduction

The notion of crystal bases has been generalized to the q-deformations of certain
Lie superalgebras by [1], [11] and [14]. Since the lack of reducibility property in the
superalgebra case, in order to generalize crystal base theory to the q-deformations
of Lie superalgebras, one needs to modify the original definition of crystal base. In
[1], the notion of pseudo-base was introduced. Roughly speaking, a crystal base for
a module M in the Lie algebra case is a pair (L,B), where L ⊂M is a lattice over
the subring A ⊂ Q(q) consisting of functions regular at q = 0 and B is a basis of
L/qL over Q. In the super case, one needs to allow B to contain both a Q-basis
and its negative, therefore B is not a basis, and the associated crystal is B/{±1}.

In this paper, we use an approach similar to that of [1] to construct crystal
bases for certain modules of the q-deformation of the universal enveloping algebra
of the Lie superalgebra Γ(σ1, σ2, σ3). The notation Γ(σ1, σ2, σ3) actually stands
for a one-parameter family of Lie superalgebras defined over the complex number
field C, though the corresponding q-deformations can be defined over the field
C(q), for our purpose, we shall consider the deformations over the field Q(q). The
construction of crystal bases in [1] depends a crucial fact about the Lie superalgebra
gl(m,n): this Lie superalgebra possesses a natural vector representation V with
a crystal base. This fact enables [1] to construct a crystal base theory for the
simple objects in a certain category of gl(m,n)-modules obtained by taking tensor
products of V , although modules in this category are not necessarily completely
reducible. Unlike the algebra gl(m,n), the algebra Γ(σ1, σ2, σ3) does not have a
natural vector representation. To construct a crystal base theory for Γ(σ1, σ2, σ3),
we first construct a simple module V with a crystal base, then we show that certain
simple modules possess crystal bases by studying tensor products of V. It turns
out that finite dimensional nontrivial Γ(σ1, σ2, σ3)-modules do not have bases that
behave well with respect to tensor products. The modules that we show to have
crystal bases are infinite dimensional Γ(σ1, σ2, σ3)-modules.

2. Preliminary

We use the notation adopted in [12], [13]. Recall that G = Γ(σ1, σ2, σ3) is defined
as a contragredient Lie superalgebra with three nonzero complex numbers σ1, σ2, σ3
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satisfying σ1 + σ2 + σ3 = 0, with generators ei, fi, hi (i = 1, 2, 3) and the defining
matrix (aij)3×3 given by  0 2σ2 2σ3

−1 2 0
−1 0 2

 .

Let G0 be the even part of G and let G1 be the odd part of G, then G0
∼=

sl(2)⊗ sl(2)⊗ sl(2). We denote the standard generators of G0 by Xi, Yi, Hi, i.e.

Xi =
(

0 1
0 0

)
, Yi =

(
0 0
1 0

)
, Hi =

(
1 0
0 1

)
, i = 1, 2, 3.

We use linear functions ε1, ε2, ε3 to express the roots of G, where εi(Hj) = δij . The
set of even roots and the set of odd roots are

R0 = {±2εi : i = 1, 2, 3}, R1 = {±ε1 ± ε2 ± ε3}.

We choose α1 = ε1 − ε2 − ε3, α2 = 2ε2, α3 = 2ε3 to be a simple root system
and denote the corresponding generators of G by ei, fi, hi (i = 1, 2, 3). Note that
ei = Xi, fi = Yi, hi = Hi (i = 2, 3), and h1 = −σ1H1 + σ2H2 + σ3H3. Note also
that

ρ = (
∑
α∈∆+

0

α−
∑
α∈∆+

1

α)/2 = −ε1 + ε2 + ε3 = −α1.

Let H = 〈h1, h2, h3〉. We denote an element λ = m1ε1 + m2ε2 + m3ε3 ∈ H∗ by
(m1,m2,m3). We also use the numerical marks to denote the elements in H∗. If
λ(hi) = ai (i = 1, 2, 3), then we write λ = [a1, a2, a3]. Let P be the set of integral
weights in H∗, i.e. P is the set of λ = [a1, a2, a3] such that ai ∈ Z.

The conditions on the σi’s imply that G depends on only one parameter (compare
with [4, 2.5.2]). In order to construct our basic simple highest weight module with
a crystal base, we need to assume (see Section 3) that the highest weight λ =
(m1,m2,m3) of the module satisfies (λ+ρ)(h1) = 0, i.e. −m1σ1+m2σ2+m3σ3 = 0.
Thus the parameter and the highest weight are determined by each other, and if a
result holds for one set of σi, we can adjust the corresponding highest weight for
another set of σi to obtain a similar result (see the end of Section 3 for an example).
In order to simplify our notation, we fix

σ1 = σ2 =
1
2
, σ3 = −1.

Under our assumption, the defining matrix is now 0 1 −2
−1 2 0
−1 0 2

 .

We use `1 = 1, `2 = −1, `3 = 2 to symmetrize the matrix.
Let q be an indeterminate over Q, let qi = q`ii (i = 1, 2, 3), and let A be the

subring of the quotient field Q(q) consisting of those f/g with g(0) 6= 0. We define
the algebra U ′ to be the Z2-graded unital associative algebra over Q(q) generated
by the elements Ei, Fi, K±1

i (i = 1, 2, 3), with the parities given by

p(Ei) = p(Fi) = 0, i = 2, 3; p(K±1
i ) = 0, i = 1, 2, 3; p(E1) = p(F1) = 1,
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and the following generating relations:

KiKj = KjKi, KiK
−1
i = K−1

i Ki = 1, 1 ≤ i, j ≤ 3;(2.1)

KiEjK
−1
i = q

aij
i Ej , KiFjK

−1
i = q

−aij
i Fj , 1 ≤ i, j ≤ 3;(2.2)

EiFj − (−1)abFjEi = δij
Ki −K−1

i

qi − q−1
i

, a = p(Ei), b = p(Fj), 1 ≤ i, j ≤ 3;(2.3)

E2E3 = E3E2, F2F3 = F3F2;(2.4)

E2
i E1 − (qi + q−1

i )EiE1Ei + E1E
2
i = 0, i = 2, 3;(2.5)

F 2
i F1 − (qi + q−1

i )FiF1Fi + F1F
2
i = 0, i = 2, 3;

E2
1 = F 2

1 = 0.(2.6)

As in [1], to define the Hopf algebra structure, we use the parity operator σ on U ′,
which is defined by σ(x) = (−1)p(x)x for the generators x of U ′. Let U = U ′ ⊕U ′σ
with the algebra structure given by σ2 = 1 and σuσ = σ(u) for u ∈ U ′. Let
p(i) = p(Ei), (i = 1, 2, 3). The Hopf algebra structure on U has the comultiplication
∆, the antipode S and the counit ε defined by

∆(σ) = σ ⊗ σ, ∆(Ki) = Ki ⊗Ki,

∆(Ei) = Ei ⊗K−1
i + σp(i) ⊗ Ei,∆(Fi) = Fi ⊗ 1 + σp(i)Ki ⊗ Fi;

(2.7)

S(σ) = σ, S(Ei) = −σp(i)EiKi, S(Fi) = −σp(i)K−1
i Fi, S(Ki) = K−1

i ;(2.8)

ε(Ei) = 0, ε(Fi) = 0, ε(σ) = ε(Ki) = 1.(2.9)

There exists an algebra anti-automorphism η of U defined by

η(σ) = σ, η(Ki) = Ki, η(Ei) = qiFiK
−1
i , η(Fi) = q−1

i KiEi,(2.10)

and η(uv) = η(v)η(u), for all u, v ∈ U . Note that η2 = id and

∆ ◦ η = (η ⊗ η) ◦∆.(2.11)

The adjoint action of U ′ on itself is given by

adqx(y) =
∑

(−1)p(bi)p(y)aiyS(bi),(2.12)

where ∆x =
∑
ai ⊗ bi.

Define a Q-algebra anti-automorphism θ of U ′ by

θ(Ei) = Fi, θ(Fi) = Ei, θ(Ki) = K−1
i , θ(q) = q−1,

and θ(uv) = θ(v)θ(u), for all u, v ∈ U ′.
Introduce the following elements of U ′:

E121 = adqE3(E1) = E3E1 − q−1
3 E1E3,

E112 = adqE2(E1) = E2E1 − q−1
2 E1E2,

E111 = adqE3adqE2(E1) = adq(E3E2)(E1),

(2.13)

E0 = (q2 + q−1
2 )E1E111 + (q3 + q−1

3 )E111E1

+ (q3q
−1
2 − q−1

3 q2)E121E112,
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and let

F212 = θE121, F221 = θE112, F222 = θE111, F0 = θE0.(2.14)

Let U+, U−, U0 be the subalgebras of U ′ generated by the Ei, the Fi, and the
K±1
i (i = 1, 2, 3) respectively. Then U ′ = U−U0U+ and U ′ ∼= U− ⊗ U0 ⊗ U+ as

Q(q)-vector spaces.
For δ = (δ1, δ2, δ3, δ4), where δi = 0 or 1, and m = (m1,m2,m3),mi ∈ Z≥0, let

E(δ,m) = Eδ1111E
δ2
121E

δ3
112E

δ4
1 E

m1
0 Em2

2 Em3
3 ,

F (δ,m) = F δ1222F
δ2
212F

δ3
221F

δ4
1 Fm1

0 Fm2
2 Fm3

3 .
(2.15)

For t = (t1, t2, t3), ti ∈ Z, let Kt = Kt1
1 K

t2
2 K

t3
3 . Then by [13], a PBW type theorem

holds, i.e., the Kt form a basis of U0, the elements of the form E(δ,m) (resp. F (δ,m))
form a basis of U+ (resp. U−), and the elements of the form F (δ,m)KtE(δ′,m′) form
a basis of U ′.

Following [1], we define the category Oint of U-modules and the modified Kashi-
wara operators. The categoryOint consists of U-modules M such that the following
conditions hold:

(i) M is a weight module M =
∑
λ∈P Mλ, where

Mλ = {u ∈M : Kiu = q
λ(hi)
i u, i = 1, 2, 3}.

(ii) dimMλ <∞ for any λ ∈ P .
(iii) For i = 2, 3, M is locally Ui-finite, where Ui is the subalgebra of U generated

by Ei, Fi,K±1
i .

(iv) For any λ such that Mλ 6= 0, λ(h1) ≥ 0.
(v) For λ ∈ P such that λ(h1) = 0, E1Mλ = F1Mλ = 0.
The modified Kashiwara operators for the modules M in Oint are defined as

follows. For i = 2, 3, n ≥ 0, let F (n)
i = Fni /[n]i! be as usual. For u ∈ M of weight

λ, let

u =
∑

k≥0,−λ(hi)

F
(k)
i uk

be the unique expression such that Eiuk = 0 for each k.
For i = 3, we define

Ẽ3u =
∑
k

F
(k−1)
3 uk, F̃3u =

∑
k

F
(k+1)
3 uk.(2.16)

For i = 2, we let `k = (λ+ kα2)(h2) and define

Ẽ2u =
∑
k

q`k−2k+1
2 F

(k−1)
2 uk, F̃2u =

∑
k

q−`k+2k+1
2 F

(k+1)
2 uk.(2.17)

For i = 1, we define Ẽ1u = q−1K1E1u, F̃1 = F1u.

Definition 2.1 ([1, Def. 2.3 and Def. 2.4]). Let M ∈ Oint. A crystal base of M
is a pair (L,B) such that:

(A1) L generates M as a vector space over Q(q).
(A2) σL = L and L has a weight decomposition L =

⊕
λ∈P Lλ with Lλ = L∩Mλ.

(A3) ẼiL ⊂ L and F̃iL ⊂ L for i = 1, 2, 3.
(C1) B is a subset of L/qL such that σb = ±b for any b ∈ B, and B has a weight

decomposition B =
⊔
λ∈P Bλ with Bλ = B ∩ (Lλ/qLλ).
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(C2) B is a pseudo-base of L/qL, that is, B = B′ ∪ (−B′) for a Q base B′ of
L/qL.

(C3) ẼiB ⊂ B t {0} and F̃iB ⊂ B t {0}, for i = 1, 2, 3.
(C4) For any b, b′ ∈ B and i = 1, 2, 3, b = F̃ib

′ ⇐⇒ b = Ẽib.
The crystal associated to the crystal base (L,B) is B/{±1}.

Definition 2.2. We call a symmetric bilinear form (, ) on a U-module M η-invari-
ant if it satisfies

(um,m′) = (m, η(u)m′)(2.18)

for all m,m′ ∈ M and u ∈ U . We say that a crystal base (L,B) for a U-module
M is polarizable if there exists an η-invariant form (, ) on M such that (L,L) ⊂ A,
and with respect to the induced Q-valued symmetric bilinear form (, )0 on L/qL,

(b, b′)0 =

{
±1, if b′ = ±b,
0, otherwise,

for all b, b′ ∈ B.(2.19)

By [1, Thm. 2.12], a U-module M with a polarizable crystal base is completely
reducible.

We now consider the tensor products of U-modules. Let (L,B) be a crystal base
of a U-module M . For b ∈ B and i = 2, 3, we define

εi(b) = max{n ∈ Z≥0 : Ẽni b 6= 0},
ϕi(b) = max{n ∈ Z≥0 : F̃ni b 6= 0}.

Note that wt(b)(hi) = ϕi(b)− εi(b), i = 2, 3.
Let M1,M2 ∈ Oint and suppose that they have crystal bases (L1, B1) and

(L2, B2) respectively. Set L = L1 ⊗A L2 and B = B1 ⊗ B2. Then (L,B) is a
crystal base for M1 ⊗M2 and by [1, Prop. 2.8], the actions of Ẽi, F̃i on b1 ⊗ b2
(b1 ∈ B1 and b2 ∈ B2) are given by

Ẽ1(b1 ⊗ b2) =

{
Ẽ1(b1)⊗ b2, if wt(b1)(h1) > 0,
σb1 ⊗ Ẽ1(b2), if wt(b1)(h1) = 0,

F̃1(b1 ⊗ b2) =

{
F̃1(b1)⊗ b2, if wt(b1)(h1) > 0,
σb1 ⊗ F̃1(b2), if wt(b1)(h1) = 0;

(2.20)

Ẽ2(b1 ⊗ b2) =

{
b1 ⊗ Ẽ2(b2), if ϕ2(b2) ≥ ε2(b1),
Ẽ2(b1)⊗ b2, if ϕ2(b2) < ε2(b1),

F̃2(b1 ⊗ b2) =

{
b1 ⊗ F̃2(b2), if ϕ2(b2) > ε2(b1),
F̃2(b1)⊗ b2, if ϕ2(b2) ≤ ε2(b1);

(2.21)

Ẽ3(b1 ⊗ b2) =

{
Ẽ3(b1)⊗ b2, if ϕ3(b1) ≥ ε3(b2),
b1 ⊗ Ẽ3(b2), if ϕ3(b1) < ε3(b2),

F̃3(b1 ⊗ b2) =

{
F̃3(b1)⊗ b2, if ϕ3(b1) > ε3(b2),
b1 ⊗ F̃3(b2), if ϕ3(b1) ≤ ε3(b2).

(2.22)
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3. The basic module and the main result

Since a PBW type theorem holds for U ′, we can define highest weight modules
for U as usual. We call a U-module M a highest weight module if there is a weight
vector v of M such that M = U−(v), if this is the case, we call v a highest weight
vector. We call a weight vector v maximal if U+(v) = 0. For a highest weight
module M with a highest weight vector v, the action of σ on M can be specified
by the action of σ on v.

By [4, Thm. 8] (compare with [8, Prop. 2.1]), the simple U-module L(λ) with
highest weight λ = m1ε1 + m2ε2 + m3ε3 is finite dimensional only if mi ∈ Z≥0

(i = 1, 2, 3). Consider condition (iv) in the definition of the category Oint. If L(λ)
is finite dimensional with

m1 > 0 and λ(h1) = −1
2
m1 +

1
2
m2 −m3 ≥ 0,

then m2 > 0. By using the action of the Weyl group W ∼= Z2 ⊗ Z2 ⊗ Z2 of G, we
see that there is a weight µ of the module L(λ) such that µ(h1) < 0. If m1 = 0,
then L(λ) is finite dimensional if and only if m2 = m3 = 0, i.e., L(λ) is the trivial
module. Since condition (iv) (alternatively µ(h1) ≤ 0 for all weights µ of a U-
module in the category) is needed in working with the tensor products of crystal
bases, we should consider simple highest weight U-modules with m1 < 0.

Let λ = (−2, 0, 1) = [0, 0, 1] (recall that the numbers inside (, ) stand for the
coefficients of the εi’s and the numbers in [, ] stand for the numerical marks), denote
the U-module L(λ) by V. Let v0 be a highest weight vector of V and let the action
σ on V be given by σv0 = v0. Note that V is infinite dimensional since λ(H1) = −2.

Proposition 3.1. The U-module V has a polarizable crystal base (L,B) with the
associated crystal graph (the repeating block is 3, 1, 2, 1):

0 3−→ 1 1−→ 2 2−→ 3 1−→ 4 3−→ 5 1−→ 6 2−→ 7 1−→ 8 · · ·(3.1)

Proof. Define a set of vectors {vi}i≥0 of V according to the action of the Fi’s
described in the given crystal graph, i.e.

v1 = F3v0, v2 = F1v1, v3 = F2v2, v4 = F1v3, . . . .

We claim that {vi}i≥0 is a basis of V with the action of Ei, Fi (i = 1, 2, 3) given by

F1vi =

{
0, i even,
vi+1, i odd,

F2vi =

{
0, i 6= 4n+ 2,
vi+1, i = 4n+ 2,

F3vi =

{
0, i 6= 4n,
vi+1, i = 4n;

(3.2)

E1vi =


0, i = 0 or odd,
[n]vi−1, i = 4n, n ≥ 1,
[n+ 2]vi−1, i = 4n+ 2, n ≥ 0,

(3.3)
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where [n] = qn−q−n
q−q−1 (note that `1 = 1 and q1 = q).

E2vi =

{
0, i 6= 4n+ 3,
vi−1, i = 4n+ 3,

E3vi =

{
0, i 6= 4n+ 1,
vi−1, i = 4n+ 1.

(3.4)

These formulas will imply that the subspace of V spanned by {vi}i≥0 is a sub-
module of V, thus must be the whole V since V is simple. We verify these formulas
at the first block:

v0
3−→ v1

1−→ v2
2−→ v3

1−→ .

The verification at any other block is similar.
Consider v0. If F1v0 6= 0, then since EiF1v0 = 0 for i = 1, 2, 3, F1v0 generates

a proper submodule of V, contradicting the simplicity of V. Similarly, F2v0 = 0.
Also by Uq(sl(2))-theory, v1 = F3v0 6= 0 and F3v1 = 0.

Consider v1. By (2.4) F2v1 = F2F3v0 = F3F2v0 = 0. Since V is infinite
dimensional, v2 = F1v1 6= 0.

Consider v2. By (2.5)

F3v2 = F3F1F3v0 =
1

q3 + q−1
3

(F 2
3F1 + F1F

2
3 )v0 = 0.

Since F 2
1 = 0, F1v2 = 0. The weight of v2 is wt(v2) = [2, 1, 0]. By (2.3), E2v2 = 0,

so Uq(sl(2))-theory implies v3 = F2v2 6= 0 and F2v3 = 0.
Consider v3. By (2.4), F3v3 = 0, then F1v3 6= 0.
Observe that the weights of the vectors in {vi}i≥0 are given by

wt(v4n) = [n, 0, 1], wt(v4n+1) = [n+ 2, 0,−1],

wt(v4n+2) = [n+ 2, 1, 0], wt(v4n+3) = [n+ 1,−1, 0];
(3.5)

the actions of Ei (i = 1, 2, 3) are then clear.
We denote the images of ±vi in L/qL also by ±vi and let

L =
⊕
i≥0

Avi, B = {±vi : i ≥ 0}.

To see that (L,B) is a crystal base for V, we only need to verify conditions (A3),
(C3) and (C4) in Definition 2.1. For i = 2, 3, by formulas (2.2)–(2.7), we see that
V is a direct sum of one- or two-dimensional modules for the subalgebra Ui =
〈Ei, Fi,K±1

i 〉, so conditions (A3), (C3) and (C4) clearly hold. For i = 1, F̃1 = F1

and

Ẽ1vi = q−1K1E1vi =


0, i = 0 or odd,
q2n−1
q2−1 vi−1, i = 4n, n ≥ 1,
q2n+4−1
q2−1 vi−1, i = 4n+ 2, n ≥ 0,

=


0, i = 0 or odd,
vi−1, i = 4n, n ≥ 1,
vi−1, i = 4n+ 2, n ≥ 0,

(mod qL).

(3.6)

Thus (A3), (C3) and (C4) also hold for Ẽ1 and F̃1.
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To show that (L,B) is polarizable, we define a symmetric bilinear form on V by
letting

(v0, v0) = 1 and (uv0, u
′v0) = (v0, η(u)u′v0),

for all u, u′ ∈ U−⊕U−σ. Then (, ) is η-invariant and (vi, vj) = 0 if i 6= j. To prove
that (L,L) ⊂ A, we use induction on n to prove that

(v4n+i, v4n+i) ∈ A, for n ≥ 0 and 0 ≤ i ≤ 3.(3.7)

For n = 0, since K3v0 = q
λ(h3)
3 v0 = q3v0, we have

(v1, v1) = (F3v0, F3v0) = (v0, η(F3)F3v0)

= (v0, q
−1
3 K3E3F3v0) = (v0, v0) = 1.

Then

(v2, v2) = (F1v1, F1v1) = (v1, q
−1K1E1F1v1) = (v1, (q2 + 1)v1) = q2 + 1.

Similarly to the case n = 0, we have (v3, v3) = (v2, v2).
For n > 0, by formulas (3.3) and (3.4) we have

(v4n, v4n) =
q2n − 1
q2 − 1

(v4n−1, v4n−1), (v4n+1, v4n+1) = (v4n, v4n),

(v4n+2, v4n+2) =
q2n+4 − 1
q2 − 1

(v4n+1, v4n+1), (v4n+3, v4n+3) = (v4n+2, v4n+2).
(3.8)

Thus by induction, we see that (vi, vi) ∈ A (i ≥ 0), hence (L,L) ⊂ A. From these
computations we also see that the induced Q-valued symmetric bilinear form (, )0

on L/qL satisfies (2.19).

By the results in Section 2.4 of [1], we have the following corollary.

Corollary 3.2. For all integers n > 0, the U-module V⊗n is completely reducible.

Now we can state our main result.

Theorem 3.3. For any µ = [m, 0, n] (m,n ∈ Z≥0), the simple U-module L(µ) has
a polarizable crystal base.

We will give the proof of Theorem 3.3 in the next section. Although we will see
that there are simple U-modules L(λ) with λ(h2) > 0 which possess polarizable
crystal bases, we cannot expect that all simple U-modules L(λ) with λ(hi) ≥ 0
(i = 1, 2, 3) possess crystal bases for the same reason as discussed at the beginning
of this section. It is clear that if we choose σ1 = σ3 = 1

2 and σ2 = −1 instead, then
similar results hold, in particular, the statement in Theorem 3.3 can be changed to

Theorem 3.3′. For any µ = [m,n, 0] (m,n ∈ Z≥0), the simple U-module L(µ) has
a polarizable crystal base.
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4. Proof of Theorem 3.3

Consider the decomposition of V ⊗V. The actions of Ẽi and F̃i on B⊗B can
be obtained from (2.20)–(2.22) and (3.1). We have

Ẽ1(vi ⊗ vj) =

{
Ẽ1(vi)⊗ vj , i 6= 0,
σv0 ⊗ Ẽ1(vj), i = 0,

F̃1(vi ⊗ vj) =

{
F̃1(vi)⊗ vj , i 6= 0,
σv0 ⊗ F̃1(vj), i = 0.

(4.1)

Ẽ2(vi ⊗ vj) =

{
vi ⊗ Ẽ2(vj), otherwise,
Ẽ2(vi)⊗ vj , if i = 4m+ 3, j 6= 4n+ 2,

F̃2(vi ⊗ vj) =

{
vi ⊗ F̃2(vj), if i 6= 4m+ 3, j = 4n+ 2,
F̃2(vi)⊗ vj , otherwise;

(4.2)

Ẽ3(vi ⊗ vj) =

{
Ẽ3(vi)⊗ vj , otherwise,
vi ⊗ Ẽ3(vj), if i 6= 4m, j = 4n+ 1,

F̃3(vi ⊗ vj) =

{
F̃3(vi)⊗ vj , if i = 4m, j 6= 4n+ 1,
vi ⊗ F̃3(vj), otherwise.

(4.3)

Let

HW (B⊗B) = {x ∈ B⊗B : Ẽix = 0, i = 1, 2, 3}.

The elements of HW (B⊗B) provide a set of linear independent maximal vectors
in V ⊗V.

Proposition 4.1. We have

HW (B⊗B) = {v0 ⊗ vj : j = 4n+ 1, n ≥ 0} ∪ {v4m+3 ⊗ v4n+2 : m,n ≥ 0}.

Proof. We first consider elements of the form v0 ⊗ vj . By (4.1), Ẽ1(v0 ⊗ vj) = 0
if and only if Ẽ1vj = 0, that is, j = 0 or j is odd (see (3.3)). The case j = 0
is clear, consider the case j is odd. By (4.2), (4.3), (3.4) we have Ẽ2(v0 ⊗ vj) =
v0 ⊗ Ẽ2(vj) = 0 ⇔ j = 4n + 1 and Ẽ3(v0 ⊗ vj) = Ẽ3(v0) ⊗ vj = 0. Therefore
v0 ⊗ v4n+1 ∈ HW (B⊗B).

Then we consider the case i 6= 0. We have Ẽ1(vi ⊗ vj) = 0⇔ Ẽ1(vi) = 0⇔ i is
odd. For i = 4n+ 1, formulas (4.3) and (3.4) imply that

Ẽ3(vi ⊗ vj) =

{
vi ⊗ Ẽ3(vj), j = 4m+ 1,
Ẽ3(vi)⊗ vj , j 6= 4m+ 1,

6= 0.

For i = 4n+ 3, we have

Ẽ2(vi ⊗ vj) =

{
Ẽ2(vi)⊗ vj , j 6= 4m+ 2,
vi ⊗ Ẽ2(vj), j = 4m+ 2,

= 0⇔ j = 4m+ 2.

and Ẽ3(v4n+3 ⊗ v4m+2) = Ẽ3(v4n+3) ⊗ v4m+2 = 0. Therefore the desired result
follows.
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Note that
wt(v0 ⊗ v0) = (−4, 0, 2) = [0, 0, 2],

wt(v0 ⊗ v4n+1) = (−2n− 4, 0, 0) = [n+ 2, 0, 0],

wt(v4m+3 ⊗ v4n+2) = (−2m− 2n− 6, 0, 0) = [m+ n+ 3, 0, 0].
(4.4)

Lemma 4.2. Let λ1 = (−2, 0, 0) = [1, 0, 0], then the U-module L(λ1) has a polar-
izable crystal base.

Remark. Since the highest weight of V is λ = [0, 0, 1], we see that Theorem 3.3
follows immediately from Lemma 4.2.

Proof. Let µ = wt(v0 ⊗ v1) = (−4, 0, 0) = [2, 0, 0]. Then by Proposition 4.1 and
the results in Section 2.4 of [1], the U-module L(µ) has a polarizable crystal base.
Let M(µ) be the Verma module (see [2, p. 72]) with the highest weight µ and let
M(λ1) be the Verma module with the highest weight λ1. Let vµ ∈ M(µ) (resp.
vλ1 ∈M(λ1)) be a highest weight vector. Then

L(µ) ∼= M(µ)/〈F2vµ, F3vµ〉, L(λ1) ∼= M(λ1)/〈F2vλ1 , F3vλ1〉.

Let v be either vµ or vλ1 . Then

F (δ,m)v = F δ1222F
δ2
212F

δ3
221F

δ4
1 Fm0 v, δi = 0, 1, m ∈ Z≥0,

form a basis of L(µ) or L(λ1). The weights of these elements are

wt(F (δ,m)v) = wt(v) − (δ1 + δ2 + δ3 + δ4 + 2m)ε1
+ (−δ1 + δ2 − δ3 + δ4)ε2 + (−δ1 − δ2 + δ3 + δ4)ε3.

(4.5)

Thus wt(F (δ,m)vλ1)(h1) = m+ 1 + δ1 + 2δ2 − δ3 ≥ 0 and L(λ1) ∈ Oint.
Formula (4.5) implies that the decomposition of L(µ) and L(λ1) into simple

Ui-modules (i = 2, 3) are the same, and L(µ) ∼= L(λ1) as Ui-modules (i = 2, 3).
The corresponding weights of L(µ) and L(λ1) have different numerical marks on

h1, however, the difference is just 1. Therefore, by applying an argument similar to
the proof of Proposition 3.1 (in particular, the computations (3.3) and (3.6)), we
see that if (Lµ, Bµ) is a polarizable crystal base for L(µ) with

Lµ = {Fi1 · · ·Fikvµ : (i1 · · · ik) ∈ J},

where J is a certain set of sequences formed by the numbers in {1, 2, 3}, then

Lλ1 = {Fi1 · · ·Fikvλ1 : (i1 · · · ik) ∈ J},

with the corresponding Bλ1 will define a polarizable crystal base for L(λ1).

5. Crystal graphs

From the proof of Lemma 4.2 we see that we can identify the crystal graph of
L([m, 0, 0]) (m > 0) with the crystal graph of L([2, 0, 0]). We also identify the
crystal graph of L([2, 0, 0]) with the connected component generated by 0 ⊗ 1 in
the crystal graph of V ⊗V. Write

i ⊗ j =
i

j
, i, j ≥ 0.
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The crystal graph of L([2, 0, 0]) is given by the diagram

0
1

1−−−−→ 0
2

2−−−−→ 0
3

1−−−−→ B0
1−−−−→ B1

1−−−−→ · · ·

3

y y3

1
2

2−−−−→ 1
3

1

y y1

2
2

2−−−−→ 2
3

2−−−−→ 3
3

1−−−−→ B′1
1−−−−→ · · ·

(5.1)

where the blocks Bi (i = 0, 1, 2, ...) are given by

1−−−−→ 4i
4

3−−−−→ 4i+ 1
4

1−−−−→ 4i+ 2
4

2−−−−→ 4i+ 3
4

1−−−−→y3

y3

y3

4i+ 1
5

1−−−−→ 4i+ 2
5

2−−−−→ 4i+ 3
5y1

4i+ 4
5

(5.2)

and the blocks B′j (j = 1, 2, ...) are given by

1−→ 4j
3

3−→ 4j + 1
3

1−→ 4j + 2
3

2−→ 4j + 3
3

1−→ .(5.3)

These graphs can be verified by using (4.1)-(4.3) and (3.1).
The crystal graph of L([0, 0, n]) can be identified with the connected component

generated by 0 ⊗ 0 ⊗ · · · ⊗ 0 (n copies) in the crystal graph of V⊗n, and is
given by

0 ⊗ 0 ⊗ · · · ⊗ 0︸ ︷︷ ︸
n copies

3−→ B1
3−→ B2

3−→ · · · ,(5.4)
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where the blocks Bi (i = 0, 1, 2, ...) are given by

3−−−−→ 1, 1 1−−−−→ 1, 2 2−−−−→ 1, 3 1−−−−→ 1, 4 3−−−−→

3

y 3

y 3

y
2, 1 1−−−−→ 2, 2 2−−−−→ 2, 3 1−−−−→ 2, 4

3

y 3

y 3

y 3

y
3, 1 1−−−−→ 3, 2 2−−−−→ 3, 3 1−−−−→ 3, 4

3

y 3

y 3

y 3

y
...

...
...

...

3

y 3

y 3

y 3

y
n, 1 1−−−−→ n, 2 2−−−−→ n, 3 1−−−−→ n, 4

in which

s, t = 4i+ t ⊗ 1 ⊗ · · · ⊗ 1︸ ︷︷ ︸
s− 1 copies

⊗ 0 ⊗ · · · ⊗ 0︸ ︷︷ ︸
n− s copies

, 1 ≤ s ≤ n, 1 ≤ t ≤ 4.

The crystal graph of L([m, 0, n]) (m,n > 0) can be identified with the connected
component generated by

0 ⊗ 0 ⊗ · · · ⊗ 0︸ ︷︷ ︸
n copies

⊗ 0
1

in the crystal graph of L([0, 0, n]) ⊗ L([m, 0, 0]) (or L([0, 0, n]) ⊗ L([2, 0, 0])). We
should just give the crystal graph in the case n = 1 as an example.

Example. The crystal graph of L([m, 0, 1]) is given by

0 ⊗ 0
1

1−−−−→ D
1−−−−→ D0

1−−−−→ D1
1−−−−→ · · ·y3

C0
3−−−−→ C1

3−−−−→ · · ·

(5.4)

where the blocks Ci (i = 0, 1, 2, ...) are given by

3−→ 4i+ 1 ⊗ 0
1

1−→ 4i+ 2 ⊗ 0
1

2−→ 4i+ 3 ⊗ 0
1

1−→ 4i+ 4 ⊗ 0
1

3−→,
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the block D is given by

1−−−−→ 0 ⊗ 0
2

2−−−−→ 0 ⊗ 0
3

1−−−−→y3

y3

1 ⊗ 0
2

2−−−−→ 1 ⊗ 0
3y3

y3

1 ⊗ 1
2

2−−−−→ 1 ⊗ 1
3y1

y1

2 ⊗ 1
2

2−−−−→ 2 ⊗ 1
3

2−−−−→ 3 ⊗ 1
3

1−−−−→ 4 ⊗ 1
3

and the blocks Di (i = 0, 1, 2, ...) are given by

1−−−−→ 4i ⊗ 0
4

3−−−−→ 1, 1 1−−−−→ 0, 2 2−−−−→ 0, 3 1−−−−→y3

y3

y3

1, 1 1−−−−→ 1, 2 2−−−−→ 1, 3 1−−−−→ 1, 4y3

y3

y3 3

y
2, 1 1−−−−→ 2, 2 2−−−−→ 2, 3 1−−−−→ 2, 4

in which

0, t = 4i+ t ⊗ 0
4
, 1 ≤ t ≤ 3,

1, t = 4i+ t ⊗ 1
4
, 1 ≤ t ≤ 4,

2, t = 4i+ t ⊗ 1
5
, 1 ≤ t ≤ 4.

Remark. From graph (5.1) we see that

Ẽi

(
0
1
⊗ 0

2

)
= 0, i = 1, 2, 3.

So
0
1
⊗ 0

2
generates a connected component in the crystal graph of L([2, 0, 0])⊗

L([2, 0, 0]). Since

wt

(
0
1
⊗ 0

2

)
= [4, 1, 1],

we see that there are L(ν) with ν(h2) > 0 which possess polarizable crystal bases.
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