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CRYSTAL BASES FOR U,(I'(01,02,03))

YI MING ZOU

ABSTRACT. We construct crystal bases for certain infinite dimensional repre-
sentations of the g-deformation of the Lie superalgebra I'(o1, 02, 03).

1. INTRODUCTION

The notion of crystal bases has been generalized to the g-deformations of certain
Lie superalgebras by [1], [L1] and [I4]. Since the lack of reducibility property in the
superalgebra case, in order to generalize crystal base theory to the g-deformations
of Lie superalgebras, one needs to modify the original definition of crystal base. In
[1], the notion of pseudo-base was introduced. Roughly speaking, a crystal base for
a module M in the Lie algebra case is a pair (L, B), where L C M is a lattice over
the subring A C Q(q) consisting of functions regular at ¢ = 0 and B is a basis of
L/qL over Q. In the super case, one needs to allow B to contain both a Q-basis
and its negative, therefore B is not a basis, and the associated crystal is B/{£1}.

In this paper, we use an approach similar to that of [I] to construct crystal
bases for certain modules of the g-deformation of the universal enveloping algebra
of the Lie superalgebra I'(c1,02,03). The notation I'(o1,09,03) actually stands
for a one-parameter family of Lie superalgebras defined over the complex number
field C, though the corresponding g-deformations can be defined over the field
C(q), for our purpose, we shall consider the deformations over the field Q(q). The
construction of crystal bases in [1] depends a crucial fact about the Lie superalgebra
gl(m,n): this Lie superalgebra possesses a natural vector representation V with
a crystal base. This fact enables [I] to construct a crystal base theory for the
simple objects in a certain category of gl(m,n)-modules obtained by taking tensor
products of V, although modules in this category are not necessarily completely
reducible. Unlike the algebra gl(m,n), the algebra I'(01,09,03) does not have a
natural vector representation. To construct a crystal base theory for I'(o1, 02, 03),
we first construct a simple module V with a crystal base, then we show that certain
simple modules possess crystal bases by studying tensor products of V. It turns
out that finite dimensional nontrivial I'(o1, 02, 03)-modules do not have bases that
behave well with respect to tensor products. The modules that we show to have
crystal bases are infinite dimensional I'(o1, 02, 03)-modules.

2. PRELIMINARY

We use the notation adopted in [I2], [I3]. Recall that G =T'(01, 02, 03) is defined
as a contragredient Lie superalgebra with three nonzero complex numbers o1, 02, 03
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satisfying o1 + o2 + 03 = 0, with generators e;, fi, h; (i = 1,2,3) and the defining
matrix (a;j)3x3 given by

0 20’2 20’3
-1 2 0
-1 0 2

Let Gy be the even part of G and let G; be the odd part of G, then Gy =
sl(2) ® sl(2) @ sl(2). We denote the standard generators of Gy by X;,Y;, H;, i.e.

0 1 0 0 10 )
X’L<0 0>7}/Z(1 0>)HZ<O 1>7 27172)3'

We use linear functions €1, €2, €3 to express the roots of G, where ¢;(H;) = d;;. The
set of even roots and the set of odd roots are

Roz{iZGi:izl,Q,?)}, Rlz{i€1i62i€3}.

We choose a; = €1 — €5 — €3, 9 = 2€3,a3 = 2¢3 to be a simple root system
and denote the corresponding generators of G by e;, fi, h; (i = 1,2,3). Note that
e, =X, fi=Y;, hy = H; (Z = 2,3), and hy = —o1Hy + o9oHs + 03H3. Note also
that

p= Z o — Z a)/2=—€1+ € +e3=—aqy.

acAf a€AT

Let H = (hy, ha, h3). We denote an element A = mqe; + maea + mses € H* by
(mq, ma, ms). We also use the numerical marks to denote the elements in H*. If
Ahi) = a; (1 = 1,2,3), then we write A = [a1, az,a3]. Let P be the set of integral
weights in H*, i.e. P is the set of A\ = [a1, az, ag] such that a; € Z.

The conditions on the o;’s imply that G' depends on only one parameter (compare
with [4, 2.5.2]). In order to construct our basic simple highest weight module with
a crystal base, we need to assume (see Section 3) that the highest weight A\ =
(m1, ma, ms) of the module satisfies (A+p)(h1) =0, i.e. —mq0o1+maoa+mszosz = 0.
Thus the parameter and the highest weight are determined by each other, and if a
result holds for one set of o;, we can adjust the corresponding highest weight for
another set of o; to obtain a similar result (see the end of Section 3 for an example).
In order to simplify our notation, we fix

1
0120225, o3 = —1.
Under our assumption, the defining matrix is now
0 1 -2
-1 2 0
-1 0 2
We use 01 = 1,05 = —1,05 = 2 to symmetrize the matrix.

Let ¢ be an indeterminate over Q, let ¢; = qf"’ (i = 1,2,3), and let A be the
subring of the quotient field Q(g) consisting of those f/g with g(0) # 0. We define
the algebra U’ to be the Zs-graded unital associative algebra over Q(q) generated
by the elements E;, F;, KijEl (i =1,2,3), with the parities given by

p(E)=p(F) =0, i=23 pE)=0, i=1,2,3 p(E)=pF)=1,
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and the following generating relations:

2.1 KK, =KK;, KK'=K'K,=1, 1<i,j<3;
J J ) )
(2.2) K,E;K;'=q¢/"E;, KK '=q “"F, 1<i,j<3;
K;— K ! .
(2.3)  EiFj— (-)"FE; = 51‘3‘#7@ = p(Ei),b=p(F;),1 <i,j <3;
(24) E2E3 = 15‘31227 F2F3 = FgFQ;
(2.5) E?By — (i + ¢, )EE1E; + E1E? =0, i=2,3;

F’Fy — (i + ¢ Y WF, + FLF? =0, i=2,3;

(2.6) E} =F?=0.

As in [T], to define the Hopf algebra structure, we use the parity operator o on U,
which is defined by o(z) = (=1)?®)z for the generators z of U'. Let U =U' DU'c
with the algebra structure given by 02 = 1 and cuoc = o(u) for u € U'. Let
p(i) = p(E;), (i = 1,2, 3). The Hopf algebra structure on U has the comultiplication
A, the antipode S and the counit ¢ defined by

Alo) =0 ®o0, A(K;) = K; ® K;,

(2.7) ~1 (i) (i)
A(E)=E; @ K; " +0" @ E;, A(F;) = F; ®1+ 0" K; ® F;;

(28)  S(0) =0,S(E;) = —o?DE;K;, S(F;) = —o? DK F;, S(K;) = K; '

(2.9) e(E;) =0, e(F;)=0, ¢(o)=¢e(K;)=1.

There exists an algebra anti-automorphism 7 of U defined by
(2.10) (o) = o,n(K;) = Ki,n(E;) = K n(Fy) = g KB
and n(uv) = n(v)n(u), for all u,v € U. Note that n* = id and

(2.11) Aon=(n®n)oA.
The adjoint action of U’ on itself is given by
(2.12) adga(y) =Y _(=1)""PWa;yS(b,),

where Az = a; ® b;.
Define a Q-algebra anti-automorphism 6 of U’ by

0(E)=F, 0(F)=E;, 6(K)=K " 6@q=q"

and 0(uv) = 6(v)8(u), for all u,v € U'.
Introduce the following elements of U’

Eig1 = adyE3(Ey) = E3sEy — g3 ' By Es,
(213) E112 = aqug (El) = E2E1 — q;lElEQ,
E111 = aqugaqug(El) = adq(EgEg)(El),

Eo= (g2 + ¢ E1Einn + (g3 + ¢35 ) Ein By
+ (3305 " — ¢3 'q2) E121 E12,
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and let
(2.14) Fo12 =0F121, Foo1 =0F112, Foop =0FE111, Fy=0Ey.

Let U+, U=, U° be the subalgebras of U’ generated by the E;, the F;, and the
KijEl (i = 1,2,3) respectively. Then U’ = U UU and U’ = U~ U’ @UT as
Q(q)-vector spaces.

For § = (01, 02,03, 04), where 0; = 0 or 1, and m = (m1, me, m3), m; € Z>q, let

(6,m) _ o1 pd2 103 pda ppma ppme poms
E 7E111E121E112E1 EO E2 E3 ’

(2.15
) F(é,m) _ F25212F25122F25231F154 F(;ml F2m2 F3m3

Fort = (t1,t2,t3), t; € Z, let K* = K{* K}? K. Then by [13], a PBW type theorem
holds, i.e., the K* form a basis of °, the elements of the form E®™) (resp. F(%™)
form a basis of Ut (resp. U™ ), and the elements of the form FOm) gt gphm) form
a basis of U’'.

Following [1], we define the category O;,; of U-modules and the modified Kashi-
wara operators. The category O;,; consists of /-modules M such that the following
conditions hold:

(i) M is a weight module M =}, _p My, where

My = {uEM:Kiu:q;\(h"’)u,i: 1,2,3}.

(ii) dim My < oo for any A € P.

(iii) For ¢ = 2,3, M is locally U;-finite, where U; is the subalgebra of U generated
by E;, Fy, K.

(iv) For any A such that My # 0, A(hy) > 0.

(v) For A € P such that A(h1) =0, EsM) = F1M, = 0.

The modified Kashiwara operators for the modules M in O;,; are defined as
follows. For i =2,3, n > 0, let Fi(") = F"/[n];! be as usual. For u € M of weight

A, let
u = Z Fi(k)uk
kE=>0,—=A(h)

be the unique expression such that E;u; = 0 for each k.
For i = 3, we define

(2.16) Bou=S"FF Ve =S R
k k
For i = 2, we let £, = (A + kag)(hs2) and define
(2.17) Fou = Z qék72k+1F2(k71)uk, Fyu = Z q;£k+2k+1F2(k+1)uk.
k k

For i = 1, we define Eyu = ¢ K1 Equ, Fy = Fyu.

Definition 2.1 ([I, Def. 2.3 and Def. 2.4]). Let M € O;nt. A crystal base of M
is a pair (L, B) such that:

(A1) L generates M as a vector space over Q(q).

(A2) oL = L and L has a weight decomposition L = @, p Lx with Ly = LNM).

(A3) E;L C L and F;L C L for i =1,2,3.

(C1) B is a subset of L /gL such that ob = +b for any b € B, and B has a weight
decomposition B = | |,cp Bx with By = BN (Lx/qLy).
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(C2) B is a pseudo-base of L/qL, that is, B = B’ U (—B’) for a Q base B’ of
L/qL.

(C3) E;B ¢ BU{0} and F;B C BU{0}, for i = 1,2,3.

(C4) For any b,b/ € Band i =1,2,3, b= Fjb/ <= b= E;b.

The crystal associated to the crystal base (L, B) is B/{£1}.

Definition 2.2. We call a symmetric bilinear form (, ) on a U-module M n-invari-
ant if it satisfies

(2.18) (um,m’) = (m,n(u)m”)

for all m,m’ € M and u € U. We say that a crystal base (L, B) for a U-module

M is polarizable if there exists an n-invariant form (,) on M such that (L, L) C A,

and with respect to the induced Q-valued symmetric bilinear form (, ) on L/qL,
if o/ = +b

+1
(2.19) (b,0")o = ’ ) for all b,b" € B.
0, otherwise,

By [, Thm. 2.12], a #-module M with a polarizable crystal base is completely
reducible.

We now consider the tensor products of «-modules. Let (L, B) be a crystal base
of a U-module M. For b € B and i = 2,3, we define

gi(b) = max{n € Z>q : E'b # 0},
©i(b) = maz{n € Zso : E'b #0}.

Note that wt(b)(h;) = i(b) — e;(b),i = 2, 3.
Let My, My € Oy and suppose that they have crystal bases (L1, B;) and
(L2, Ba) respectively. Set L = L1 ®4 Ly and B = B; ® Bs. Ther~1 (L,B) is a

crystal base for My ® M, and by [I Prop. 2.8], the actions of E;, F; on by ® by
(b1 € By and by € Bs) are given by

- JE() ®@ba, if wt(br) (1) > 0,

o Erlbrebe) = {01)1 @ By(bs), i wiby)(hn) =0,
' ~ R @) @b, it wt(b)(h) >0,
Filbre) = {am @ Fa(ba), it whbr)(h) = 0;

i@ Eax(ba), if ga(ba) > ea(by),

- Ey(01 @ by) = { ~2(b1) ® ba, if pa(ba) < e2(b1),
) B B b1 ® FQ(bQ); if (pg(bg) > 52(b1)7
Falbr®be) = { o (b1) @ e, if pa(b2) < ea(b1);

- _ ~3(b1)®bz, if 903(b1) 263(b2)7

. Ea(br1 ®52) = {m By(ba), it s(br) < ealba),
' ~ _ ~3(b1)®b2; if 903(b1) > 63(b2)7
F3(bl ® bz) = {bl ® F3(b2)’ if <,03(b1) < 63(b2).
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3. THE BASIC MODULE AND THE MAIN RESULT

Since a PBW type theorem holds for U’, we can define highest weight modules
for U as usual. We call a Y-module M a highest weight module if there is a weight
vector v of M such that M = U~ (v), if this is the case, we call v a highest weight
vector. We call a weight vector v maximal if & (v) = 0. For a highest weight
module M with a highest weight vector v, the action of o on M can be specified
by the action of o on v.

By M, Thm. 8] (compare with [8 Prop. 2.1]), the simple /{/-module L(\) with
highest weight A = mie; + maex + mges is finite dimensional only if m; € Zx>¢
(1 =1,2,3). Consider condition (iv) in the definition of the category Ojn:. If L(\)
is finite dimensional with

myp >0 and A(hy) = —%ml + %mg —mg >0,
then msy > 0. By using the action of the Weyl group W = Zs ® Zs ® Zs of G, we
see that there is a weight p of the module L(\) such that u(hy) < 0. If my = 0,
then L(A) is finite dimensional if and only if mgy = ms = 0, i.e., L(A) is the trivial
module. Since condition (iv) (alternatively p(hi1) < 0 for all weights u of a U-
module in the category) is needed in working with the tensor products of crystal
bases, we should consider simple highest weight ¢//-modules with m; < 0.

Let A = (=2,0,1) = [0,0,1] (recall that the numbers inside (,) stand for the
coefficients of the ¢;’s and the numbers in [, ] stand for the numerical marks), denote
the U-module L(A\) by V. Let vg be a highest weight vector of V and let the action
o on 'V be given by vy = vg. Note that V is infinite dimensional since A(H;) = —2.

Proposition 3.1. The U-module V has a polarizable crystal base (L, B) with the
associated crystal graph (the repeating block is 3,1,2,1):

(3.1) [0] = [1] 5 [2] -5 [B] 5[4 -2 5] 5 [6] = [7] 5 [8]-

Proof. Define a set of vectors {v;};>0 of V according to the action of the Fj’s
described in the given crystal graph, i.e.

v1 = F3vg, w2 = Fiv1, vz = Fave, vg= Flus,....

We claim that {v;}i>¢ is a basis of V with the action of E;, F; (i = 1,2, 3) given by

0 1 even
Fl’Uz — { ) )

Vi+1, i Odda
0 | £ 4 2
(3.2) szzz{ A
Vi+1, 1= 4n + 27
0 | £ 4
Fyo; = { ; Zjé n,
Vi1, ©=4n;
0, 1 =10 or odd,
(3.3) Ev; = < [n]vi-1, t=4n,n > 1,

[n + 2]vi-1,

t=4n+2,n > 0,
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where [n] = q;':qq__ln (note that ¢ =1 and ¢; = q).
0 ) £ 4 3 0 £ 4 1
(3.4) JoRru L ek L T W R S
Vi1, & =4n+ 3, Vi—1, ©=4n+ 1.

These formulas will imply that the subspace of V spanned by {v;};>0 is a sub-
module of V, thus must be the whole V since V is simple. We verify these formulas
at the first block:

’U()i>1}1 L>’U2i>1)3;>.

The verification at any other block is similar.

Consider vy. If Fivg # 0, then since E;Fivg = 0 for i = 1,2,3, Fyvg generates
a proper submodule of V contradicting the simplicity of V. Similarly, Frvg = 0.
Also by Uy(sl(2))-theory, v1 = F3vp # 0 and F3vi = 0.

Consider v1. By (2.4) Fovy = FyFsvg = F3Fsvg = 0. Since V is infinite
dimensional, vo = Fyvy # 0.

Consider vy. By (2.5)

ngg = F3F1F3U0 = %(F;Fl + F1F32)U0 =0.
q3 + q3
Since F2 = 0, Fyvg = 0. The weight of vy is wt(v2) = [2,1,0]. By (2.3), Eava = 0,
so Ugy(sl(2))-theory implies vg = Fove # 0 and Fhvs = 0.
Consider vs. By (2.4), F3vs = 0, then Fyus # 0.
Observe that the weights of the vectors in {v; };>o are given by

wt(van) = [0, 0,1], wt(vgnt1) = [0+ 2,0, —1],

3.9
(3:5) wt(Vgny2) = [n+ 2,1, 0], wt(vants) = [n+1,—1,0];

the actions of E; (i = 1,2,3) are then clear.
We denote the images of +v; in L/¢L also by +v; and let

L= Avi, B={fv:i>0}.
i>0

To see that (L, B) is a crystal base for V, we only need to verify conditions (A3),
(C3) and (C4) in Definition 2.1. For ¢ = 2,3, by formulas (2.2)—(2.7), we see that
V is a direct sum of one- or two-dimensional modules for the subalgebra U; =
(E;, F;, K1), so conditions (A3), (C3) and (C4) clearly hold. For i =1, F} = Fy
and

0, i =0 or odd,
Elvi = qilKlElvi = %Ui—la 7 = 4n, n > 17
2n+44 )
(3.6) L1, i =4n+2,n >0,
0, i =0 or odd,
vy, i=4n,n>1,  (modgL).

Vi1, t=4n+2,n >0,

Thus (A3), (C3) and (C4) also hold for E; and F}.
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To show that (L, B) is polarizable, we define a symmetric bilinear form on V by
letting

(vo,v0) =1  and  (uvg,u'vg) = (vo, n(u)u'vp),

for all u,u’ € U~ ®U 0. Then (,) is n-invariant and (v;,v;) = 0if i # j. To prove
that (L,L) C A, we use induction on n to prove that

(3.7) (Vantis Vantyi) € A, forn>0and 0 <7 < 3.

(hs)

. A
For n =0, since K3vg = ¢q3" ~’vp = q3vg, we have

(v1,v1) = (F3vo, F3vg) = (vo,n(F3)F3v0)
= (vo, g3 ' K3E3F3v0) = (vo,vp) = 1.

Then
(v2,v2) = (Fyv1, Fiv1) = (v1,q¢ ' K1 E1Fior) = (v, (@2 + D)v1) = ¢ + 1.

Similarly to the case n = 0, we have (v3,v3) = (va, v2).
For n > 0, by formulas (3.3) and (3.4) we have

2n __ 1
(U4n, ’U4n) = q27_1(’04n717?f4n71)7 (U4n+1;v4n+1) = (v4n7v4n)a
(38) q2n+4 -1
(’U4n+2, ’U4n+2) = q27_1(’04n+1, ’U4n+1), (’U4n+3, ’U4n+3) = (U4n+2704n+2)~

Thus by induction, we see that (v;,v;) € A (i > 0), hence (L,L) C A. From these
computations we also see that the induced Q-valued symmetric bilinear form (, )o
on L/qL satisfies (2.19). O

By the results in Section 2.4 of [1], we have the following corollary.
Corollary 3.2. For all integers n > 0, the U-module VO™ is completely reducible.
Now we can state our main result.

Theorem 3.3. For any p = [m,0,n] (m,n € Z>o), the simple U-module L(p) has
a polarizable crystal base.

We will give the proof of Theorem 3.3 in the next section. Although we will see
that there are simple U-modules L(A) with A(h2) > 0 which possess polarizable
crystal bases, we cannot expect that all simple #-modules L(A) with A(h;) > 0
(1 =1,2,3) possess crystal bases for the same reason as discussed at the beginning
of this section. It is clear that if we choose o7 = 03 = £ and 09 = —1 instead, then

2
similar results hold, in particular, the statement in Theorem 3.3 can be changed to

Theorem 3.3'. For any p = [m,n,0] (m,n € Z>q), the simple U-module L) has
a polarizable crystal base.
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4. PROOF OF THEOREM 3.3

Consider the decomposition of V ® V. The actions of E; and F; on B® B can
be obtained from (2.20)—(2.22) and (3.1). We have

F Ei(v;)®v;, i#0,
Biwouy) = A @w 07
(4.1) ovo ® Er(vj), i=0,
4.1 ~
P Fi(vi))®v;, i#0,
O -
ovo ® Fi(v;), i=0.
; v; @ Ea(vj), otherwise,
Es(vi ®@vj) =1 = 2(07), . )
(4.2) 2(vi) @y, ifi=4m+3,j#4n+2,
4.2 5
~ v @ Fo(vi), ifi#4m+3,7=4n+ 2,
FQ('Ui@'Uj): 2 2( J) # - J
b(v;) @ vj, otherwise;
3 Es(v; th
By(v; @ v;) = 3(1)2@1)], 0 .ervvlse
(43) v @ 3(”3)) ifi#4m,j=4n+1
| - Py(v;) @y, i i = dm,j # dn + 1,
F3(v; @ vj) = s 2 J ’ J#
v; ® F3(v;), otherwise.
Let

HWB®B)={rcB®B: Ez=0,i=1,23}.

The elements of HW (B ® B) provide a set of linear independent maximal vectors
inV®V.

Proposition 4.1. We have
HWB®B)={vw®v;j:j=4n+1,n> 0} U{v4my3 ® Vant2 : m,n > 0}.

Proof. We first consider elements of the form vy ® v;. By (4.1), Ei(vo ® v;) = 0
if and only if Eyv; = 0, that is, j = 0 or j is odd (see (3.3)). The case j = 0
is clear, consider the case j is odd. By (4.2), (4.3), (3.4) we have Fs(vy ® vj) =
vo ®@ Ea(v;) = 0 < j = 4n 4+ 1 and E3(vo ® vj) = E3(vg) ® v; = 0. Therefore
Vg ® Van+t1 € HW(B ® B)

Then we consider the case i # 0. We have E1(v; ® v;) =0 < Ey(v;) =0 & i is
odd. For i = 4n + 1, formulas (4.3) and (3.4) imply that

~ . {’Ui®E3(’Uj), j:4m—|—1,

FE3(viQu;) =< ~ 0
v © ;) Es3(vi) ® vy, .7'7'547714‘177é

For i = 4n + 3, we have

( )®Uja ]7&4m+27

=0&j=4m+ 2.
® By(v;), §=4m+2, ’

By (v; ® ;) = {

and Eg(’l}4n+3 ® Vam+2) = E3(Vant3) ® vamia = 0. Therefore the desired result
follows. O]
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Note that
wt(vg @ vg) =
(4.4) wt(vy @ Vapt1) =

Wt (Vam43 © Vant2)

(_47 0) 2) = [07 0) 2])

(=2n—4,0,0) = [n+2,0,0],

(=2m —2n—6,0,0) = [m +n +3,0,0].

Lemma 4.2. Let Ay = (—2,0,0) = [1,0,0], then the U-module L(\1) has a polar-
izable crystal base.

Remark. Since the highest weight of V is A = [0,0, 1], we see that Theorem 3.3
follows immediately from Lemma 4.2.

Proof. Let p = wit(vg ® v1) = (—4,0,0) = [2,0,0]. Then by Proposition 4.1 and
the results in Section 2.4 of [I], the ¢/-module L(u) has a polarizable crystal base.
Let M () be the Verma module (see 2] p. 72]) with the highest weight p and let
M (A1) be the Verma module with the highest weight A;. Let v, € M(u) (resp.
vx, € M(A1)) be a highest weight vector. Then

L(p) = M(p)/(Fvp, Fsv),  L(Ar) = M(A1)/(Faox,, Fava, ).
Let v be either v, or vy,. Then
FO™y = F, Fy2 Fog FUUF™, 8, =0,1, m € Zso,
form a basis of L(u) or L(A\1). The weights of these elements are
(45) wt(FO™y) = wt(v) — (61 + 02 + J3 4 04 + 2m)e;
+ (=61 + 2 — 93 + da)ea + (=1 — J2 + I3 + 04)€s.

Thus wt(F(é’m)UAl)(hl) =m+ 14061 +202 — 63 >0 and L(A1) € O
Formula (4.5) implies that the decomposition of L(p) and L(A1) into simple
U;-modules (i = 2, 3) are the same, and L(u) = L(A;) as U;-modules (i = 2, 3).
The corresponding weights of L(p) and L(A;) have different numerical marks on
h1, however, the difference is just 1. Therefore, by applying an argument similar to
the proof of Proposition 3.1 (in particular, the computations (3.3) and (3.6)), we
see that if (L,, B,,) is a polarizable crystal base for L(u) with

LM = {Fi1 '-'Fikvu : (il Zk) S J},
where J is a certain set of sequences formed by the numbers in {1, 2,3}, then
Ly, = {E1 '.'Flikv)\l : (lek) € J}7

with the corresponding Bj, will define a polarizable crystal base for L(A1). O

5. CRYSTAL GRAPHS

From the proof of Lemma 4.2 we see that we can identify the crystal graph of
L([m,0,0]) (m > 0) with the crystal graph of L([2,0,0]). We also identify the

crystal graph of L([2,0,0]) with the connected component generated by @@ in
the crystal graph of V. ® V. Write

®=, i,j > 0.
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The crystal graph of L([2,0,0]) is given by the diagram

0 (0] (0]
1 2 2 i 1 1 ;}
3l la
(5.1) %#%
1l ll
[2] [2] 3
23— L]

where the blocks (1=0,1,2,...) are given by

1 43 3 47 +1 1 43 + 2 9 47+ 3 1
_ - =
4 4 4 4

(5.2)

and the blocks | B} | (j = 1,2, ...) are given by

(53) 1 4] 3 4j+1 1 4j+2 2 4j+3 1
. — | = — e —_— | ———

3 3 3 3

These graphs can be verified by using (4.1)-(4.3) and (3.1).

The crystal graph of L([0,0,n]) can be identified with the connected component
generated by @ ® @ R ® @ (n copies) in the crystal graph of V®" and is
given by

(5.4) o]elo]e-o[0] [ ] - [B] -5,

n copies
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where the blocks | B; | (i = 0,1,2,...) are given by

\w
w =
« =
.
J{H
N
[\
\M
w [
L
w
\H
=
I
JM

—_
[»—A
N

[\

[\
[m
[\
“C/J
[»—t
[\

w
—
w
—
w
—
w
—

w
—_
[)—‘
w
[\)
[M
w
w
[H
w

w
—
w
—
w
—
w
—

SJ/ 3l SJ/ 3
) [13] 2 []

—

|

in which
[s.t]=[4i+t]e[1]e--o[i]e[0]e [0, 1<s<n, 1<t<4

s — 1 copies n — s copies

The crystal graph of L([m,0,n]) (m,n > 0) can be identified with the connected

component generated by
[0]o[0]®---o[0]e

n copies

in the crystal graph of L([0,0,n]) ® L(|m,0,0]) (or L([0,0,n]) ® L([2,0,0])). We
should just give the crystal graph in the case n = 1 as an example.

Example. The crystal graph of L([m,0,1]) is given by
@@@;@ 1 LDy
(5.4) l‘s
e

where the blocks | C; | (i = 0,1,2,...) are given by

= [51)s| 9| [Ew )| o] 2 [Ew8e | 3| [ a)e| | -
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the block @l is given by
_r @ ®
®

|
[1]®

[oio)]

#@@)g;}
[s
;,Q@E
E
;,Q@E
| L
Fe|5| = D3] = Be[;| =~ @e|3]
and the blocks (1=0,1,2,...) are given by
— [ | [11] 03] ——
5 s 13
5 s s |
23] 2 23] 2]

w w
[o1o)]

|l\>|>—l|

[

|l\>|>—l|

in which
- 4z+t®%, 1<t<3,
—®i, 1<t<4,
- 4z+t®%, 1<t<4

Remark. From graph (5.1) we see that

o ()
0 0 .
So 1 ® 3 generates a connected component in the crystal graph of L([2,0,0]) ®

L(]2,0,0]). Since
o ([E) -

we see that there are L(v) with v(hs) > 0 which possess polarizable crystal bases.
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10.

11.
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13.

14.
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