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CONVERGENCE OF ASYMPTOTIC DIRECTIONS

DINH THE LUC AND JEAN-PAUL PENOT

ABSTRACT. We study convergence properties of asymptotic directions of un-
bounded sets in normed spaces. The links between the continuity of a set-
valued map and the convergence of asymptotic directions are examined. The
results are applied to investigate continuity properties of marginal functions
and asymptotic directions of level sets.

1. INTRODUCTION

The concept of asymptotic cone (also called recession cone or horizon cone) has
been introduced to study unbounded sets. As far as we know the first work de-
voted to asymptotic cones of convex sets is [45] by Steinitz. Further contributions
are credited to Choquet [9], Fenchel [19], Klee [20], Rockafellar [41] and some others.
The case of nonconvex sets was first investigated by Debreu [14], but most progress
has been made quite recently by Dedieu [15], Luc [26], [27, [28], Luc and Théra [32],
Penot [36] [37] B8], Rockafellar and Wets [42] [43], Zalinescu [46], [47]. In these works
the authors develop calculus rules for asymptotic cones and asymptotic functions
in general settings and apply them to several topics of applied mathematics, es-
pecially to nonconvex optimization. In Agadi and Penot [3] an analogy between
asymptotic cones and usual tangent cones is displayed and in Luc and Théra [32] a
link is established between the asymptotic function of a function and its derivative
with support, thereby showing that the roles the asymptotic cones and asymptotic
functions play in the study of sets and functions at remote points is similar to the
roles the tangent cones and conventional derivatives play at finite points.

The purpose of the present paper is to investigate convergence properties of
asymptotic cones in relation with continuity of set-valued maps. The paper is
organized as follows. In the next section we study continuity properties of cone-
valued maps. Section 3 is focused on the convergence of asymptotic directions of
a family of sets. In Section 4 further properties are established for asymptotic
directions in relation with several operations on set-valued maps. Applications to
the study of marginal functions are presented in Section 5 and applications to the
convergence of asymptotic directions of level sets are given in Section 6. A result
on the extreme desirability condition that guarantees the existence of equilibria
in unbounded exchange economies is also obtained in Section 6. The final section
contains a short discussion on a possible study of asymptotic directions with respect
to the weak topology following a suggestion of a referee.
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2. CONTINUITY OF CONE-VALUED MAPS

Throughout this paper, unless otherwise mentioned, €2 is a metrizable topological
space, X is a real normed vector space, Bx is the closed unit ball and Sx is the
unit sphere in X. For a set A C X, intA stands for the interior of A while ¢lA is its
closure. If Y is another normed space, then the product space X x Y is equipped
with the max norm. In particular, one has Bxxy = Bx X By. Let R be a set-valued
map from 2 to X. We recall some definitions concerning continuity properties of
R; most of them are standard, sometimes under a different terminology (see [6],
21], [3)).

a) R issaid to be lower (resp. upper) continuous at wg € §2 if for every open
set U C X with U N R(wp) # 0 (resp. R(wy) C U), one can find a neighborhood
W of wp in © such that U N R(w) # 0 (resp. R(w) C U) for every w € W.

b) R is said to be closed at wp if whenever a sequence {(wp,z,)}5>, from
the graph of R converges to some limit (wp,xg) € @ x X, this limit belongs to the
graph of R.

c¢) R is said to be upper hemicontinuous or upper Hausdorff continuous at
wg € Q if for each € > 0 there exists a neighborhood W, of wy such that R(W.) C
R(wo) +eBx.

d) R is said to be boundedly compact at wy € Q if for every sequence
{(wWn, )}, in the graph of R with {w,}>2; converging to wy and {z,}5>,
bounded, the sequence {x,}>2 ; admits a convergent subsequence.

e) Now let us suppose that R is a cone-valued map. We shall say that R is
cosmically upper continuous (resp. cosmically lower continuous, resp. cosmically
closed) at wy € § if the map w — R(w) N Bx is upper continuous (resp. lower
continuous, resp. closed) at wy.

We also recall [4], [17], [I8] that given a cone C C X and a positive &, the conic
e-neighborhood of C' is the set C.(C) := {z € X : d(z,C) < ¢||z||} U {0}, where
d(z,C) stands for the distance from x to C. Since for ¢ > 1 the set C.(C) is the
whole space, we shall assume ¢ € (0, 1) when speaking of conic neighborhoods; in
particular for C = {0} we have C.(C) = {0}. Moreover, for a vector v € X, by
writing C.(v) we mean the conic e-neighborhood of the ray {tv : ¢t > 0}.

f) A cone-valued map R is said to be conically upper continuous at wg € € if
for each € > 0 there exists a neighborhood W of wg such that R(W) C C.(R(wo)).

It is easy to show that a cone-valued map is closed at wyq if it is conically upper
continuous at wg (and, by Proposition 2.1 below, a fortiori when it is cosmically
upper continuous at this point). The relationships between some of the preceding
concepts for general set-valued maps are well known. Let us compare them in the
case of cone-valued maps.

Proposition 2.1. For any cone-valued map R, the following assertions hold:

i) If R is upper continuous at wy € ), then there is a neighborhood W of wq
such that R(W) C ¢lR(wy);

it) R is conically upper continuous at wy € S if it is cosmically upper continu-
ous at this point;

ii1) R is cosmically upper continuous at wo € Q if and only if for every bounded
closed set B C X, the map w — R(w) N B is upper continuous at wo;

iv) R is cosmically upper continuous at wo € Q if it is conically upper continuous
at this point and if R(wg) s locally compact;
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v) R is cosmically lower continuous (resp. cosmically closed) at wo € Q if and
only if it is lower continuous (resp. closed) at wy.
vi) R is cosmically closed at wy € Q if and only if it is closed at wy.

Proof. Let us prove the first assertion. By upper continuity, for the open set U :=
{z € X : d(z, R(wp)) < 1} there exists a neighborhood W of wg in £ such that
R(W) C U. Since R(wp) and R(W) are cones, the latter inclusion shows that
d(v, R(wp)) = 0 for every v € R(W) which means that R(W) C c¢/R(wo).

To prove ii) assume that R is cosmically upper continuous at wg. Since the case
R(wg) = {0} is trivial, we may assume that R(wq) # {0}. Let C-(R(wp)) be a conic
e-neighborhood of R(wy), with € € (0,1). Then there is a neighborhood W of wy
in €2 such that R(W)N Bx is contained in C:(R(wp)) U B(0,¢). Hence R(W)N Sx
is contained in C¢(R(wp)). By homogeneity R(W) C C.(R(wo)) and R is conically
upper continuous at wyg.

Now, it is obvious that the condition given in iii) implies cosmic upper continuity
of R at wy. For the converse, let B be a closed bounded set in X. There is a positive
A such that AB C Bx. The map w —— R(w) N (AB) is upper continuous at wp
because it is the intersection of the upper continuous map : w — R(w)NBx with
the closed subset AB. The upper continuity of the map w — R(w) N B follows by
observing that R(w) N B = 1 [R(w) N AB.

As to assertion iv), for every open set U containing R(wp) N Bx that is compact,
there is a positive € such that U contains the set {x € X : d(z, R(wo) N Bx) < €}.
Hence, if R(W) C {z € X : d(z, R(wp)) < ¢l||z||} for some neighborhood W of wy,
then R(W) N Bx is contained in U. Thus R is cosmically upper continuous at wy.

Let us turn to assertion v). For the necessary condition, let U be any open
set in X with U N R(wg) # 0. We can find a smaller bounded open set Uy C U
such that Uy N R(wg) # (). There exists a positive A such that AUy C Bx. Hence
AUpNR(wp) # 0 and AUy N (R(wo) N Bx ) # 0. By cosmic lower continuity, one can
find a neighborhood W of wg in Q such that AUy N (R(w) N Bx) # 0 for w € W.
Consequently AUy N R(w) # () and Uy N R(w) # () for all w € W.

For the sufficient condition, suppose that U N (R(wp) N Bx) # § where U is
an open set in X. There exists a smaller open set Uy C U Nint Bx such that
Up N (R(wo) N Bx) # 0. Hence Uy N R(wp) # O and by lower continuity of R,
Up N R(w) # 0 for w close to wg. This implies the cosmic lower continuity of R at
wp because Uy N R(w) = Up N (R(w) N Bx).

For the last assertion, the equivalence of the cosmic closedness and the closedness
of R at wy is straighforward. O

It should be noticed that the sufficiency part of assertion v) can also be derived
from a more general fact given in [31], [38] saying that if a set-valued map R; is
lower continuous at wp while for a set-valued map Ry there is a subset A C Ro(wy)
with the property that for every z € A, there is a neighborhood W of wgy and
a neighborhood U of x such that U C Rg(w) for each w € W, then the map
w — Ry (w) N Ra(w) is lower continuous at wg provided

Cg(Rl (’wo) n Rg(wo)) = Cg(Rl (’wo) n A)

In our case R is the map w —— Bx and A = int Byx. Furthermore, Proposition
2.1 (i) shows that when a map is closed-valued, upper continuity is a very stringent
property, especially for cone-valued maps: when R(wyp) is closed, the cone-valued
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map R is upper continuous at wy if and only if there is a neighborhood W of wq
such that R(W) C R(wyp).

In order to study the effect of some operations upon conic continuity and cosmic
continuity for cone-valued maps we need some preliminary results of independent
interest. In particular, in order to study the preservation of convergence under a
linear map, let us say that a positively homogeneous (or a linear) map L from X
to a real normed space Y is expanding at 0 on a cone P C X if there is a positive
a such that |L(x)|| > afjz|| for all z € P. This property implies 7By N L(P) C
L(a~'rBx N P) for each r > 0, an openness property at 0 on P. We will give
concrete criteria for such a property after the following lemma.

Lemma 2.2. Given two cones P,Q in X, the following assertions are equivalent:
a) there exist o, 5> 0 such that Co(P) N Cp(Q) = {0};
b) there exists v > 0 such that PN C,(Q) = {0};
¢) the map (z,y) — x — y is expanding at 0 on the cone P X Q.
These assertions are satisfied whenever P, Q) are closed, P is locally compact and

Pn@={0}.

Proof. Since assertion a) is clearly stronger than assertion b), let us prove that
it follows from b) by showing that for any «, 3 € (0,1), and for any unit vector
z € Co(P) N Cs(Q) there exist y € PN C,(Q) for v = (1 — )~ (o + B) such that
y # 0. By definition, we can find y € P, z € @ such that ||z —y|| < «, ||z — 2| < (.
Then |y[| >1—a>0and |ly — 2| <a+ 6. Thus ||y — 2| < (1 — a) " (a+ B)|y|l
and y € PNC,(Q). Tt follows that when assertion b) holds, for « = 8 < y(y+2)~!
one has C,(P) N C3(Q) = {0}.

Let us show that a) implies ¢). This can be done by a standard contradiction
argument. However, here we provide a proof that expresses the dependence of
the expanding coefficient and the magnitude of the conic neighborhoods. More
precisely we show that if C.(P) N C:(Q) = {0}, then «||(z,y)| < |z — y|| for any
(z,y) € P x Q whenever a < 2¢(1 +¢)~1. We may suppose ||(z,y)|| = 1; we have
to show that the inequality ||z — y|| < « leads to a contradiction. In fact, setting
z:= (1/2)(z + y), this inequality yields ||z — z|| = (1/2) ||x — y|| = ||z — y|| hence

2]l = max(|[z|| — [|z — 2, [lyll = [z = yl) = max(|[=[|, |lyl) — /2 =1— /2
and
Iz = zl| < (1/2)a < (1/2)a(l = /2) |zl = a2 = )" 2] < e |||

and similarly ||z — y|| < e |z||, a contradiction with C.(P) N C.(Q) = {0}.

Conversely, let us show that Ce(P)NC.(Q) = {0} whenever ¢ < a(2+«a)~! and
all(z,y)]| < ||z — y|| for any (x,y) € Px Q. In fact, if there exists z € C-(P)NC-(Q)
with ||z|| = 1, for some (x,y) € P x @, we have

e =yl =li(z —2) = (y = 2)|| < 2¢;

hence [[(z,y)[| =1 —e> (1 —&)(1/2¢) [lx —yll = (1 —&)(1/2e)[|(z, y)] , a contra-
diction with e < a(2 4+ o)7L

Now let us suppose P is closed and locally compact. If assertion b) does not
hold we can find sequences {7,}52; — 0, {z,}32, in P with norm one such that
d(zpn, Q) < v, for each n. Since P is locally compact and closed, taking a subse-
quence if necessary, we may assume that {z,,}5%; has a limit z in P with ||z| = 1.
Since @ is closed, we get = € @), a contradiction. O
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In the following criteria, we say that L is open on its image if the image L(Bx)
is a neighborhood of the origin in L(X).

Lemma 2.3. Let P be a cone in X and let L be a continuous linear map from X
to Y. FEach of the following conditions is sufficient for L to be expanding at 0 on
P:

a) L is an isomorphism;

b) P is closed, locally compact and P N KerL = {0};

¢) L is open on its image and Co(N) N P = {0} for some a > 0, where
N := KerL is the kernel of L and N has a topological supplement;

d) P is closed, L is open on its image and the kernel KerL of L is finite
dimensional with P N KerL = {0}.

Proof. Tt is obvious that conditions a) and b) imply that L is expanding at 0 on P.
We now show that condition ¢) also does it. Indeed, if not, there exists a sequence
{zn}52, of elements in P with ||z, || =1 and {L(x,)}52; — 0. By decomposing X
into a topological direct sum of N :=KerL and a subspace Xy C X one can express
x, above as a,, + b, with a,, € N and b,, € Xy. It follows that the sequence {b,, }32 ,
converges to 0 because limy, oo L(by) = limy.oo L(an +by,) = 0 and the restriction

of L to Xy is an isomorphism onto L(X). Consequently, limp, oo ||[n — anl = 0
and for n large enough we get =, € Co(N) N P = {0}, a contradiction. Assertion
d) is a consequence of the preceding one and of the previous lemma. [l

Lemma 2.4. Let P be a cone in X and let L be a continuous linear map from X
toY. If L is expanding at 0 on P, then for some v > 0 it is expanding on C.(P)
and for every € > 0 there exists § > 0 such that L(Cs(P)) C Ce(L(P)).

Proof. Let a > 0 be such that ||L(x)| > al/z|| for each z € P. Let us show that for
any § € (0,«) we can find v € (0, 1) such that ||L(w)|| > B||w]|| for each w € C,(P).
Given w € C,(P) with ||w|| =1 we can find € P such that ||z —w|| < 7, so that
|z]| > 1 —~ and

L) = [[L(@)]] = [ Ll[[w = zf| = a(l =~) = [ L]}y = 8

provided v < (a — B)(a + ||L]|) 7 .

Suppose to the contrary that there is some € > 0 such that for each n > 1 the
inclusion L(C},,,(P)) € Cc(L(P)) does not hold, i.e. one can find z,, € P such that
|zn|| =1, d(zpn, P) < 1/n and

d(L(zn), L(P)) = e[| L(zn)||

for every n > 1. Let y,, € P be such that ||z, —yn|| < 1/n. Then, as L is expanding
at 0 on P, we have for some a > 0

a < |[L(za)ll < e7'd(L(zn), L(P)) < e[ L(za) = Lyn) |l < e IL]|/n,
a contradiction for n large. [l

It is worthwhile noticing that the expanding condition on L in the preceding
lemma can not be dropped. This can be seen by the following example. Let
X = R3Y = R? L(xy,12,23) = (21,72), P = {0} x R2. Then for any positive
number § one has L(C5(P)) = Y; nevertheless Ce(L(P)) = C.({0} x R) # Y. In
this example KerL C P.

The following result is an immediate consequence of the first assertion of the
preceding lemma and of the fact that when a continuous linear map is expanding
at 0 on a cone, it is expanding at 0 on its closure.
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Lemma 2.5. Assume that R is a cone-valued map from Q to X that is conically
upper continuous at wy and L is a continuous linear map from X to'Y that is
expanding at 0 on R(wo). Then there is a neighborhood W of wqy such that L is
expanding at 0 on the cone cl(R(W)).

Theorem 2.6. Let R, Ry, Ry (resp. S) be cone-valued maps from Q to X (resp.
Y ) and let L be a linear continuous map from X toY. Assume that the above cone-
valued maps are conically upper continuous at wg. Then the following assertions
hold.
i) R1 U Ryg is conically upper continuous at wo;
it) Ri N Rg is conically upper continuous at wg provided one of the following
conditions holds:
a) there exists ¢ > 0 such that d(x, Ri(wg) N Ra(wg)) < cd(x, Ry(wo)) +
cd(x, Ra(wy)) for all x € X;
b) either Ryi(wo) or Ra(wo) is locally compact and both are closed;
c) for anyy > 0 there exist o, § > 0 such that Co(R1(wo)) N Cg(R2(wo)) C
Cy (R1(wo) N Ra(wo)).
iii) R x S is conically upper continuous at wop;
iw) Lo R is conically upper continuous at wo if L is expanding at 0 on R(wp);
v)  Ri+Ras is conically upper continuous at wo if R1(wo) and Ra(wyg) are closed,
one of them is locally compact and Ry(wg) N —Ra(wo) = {0}.

Proof. Assertion i) is obvious, taking into account the following inequality
d(z, Ry (wo) U Ra(wp)) < min{d(z, R1(wo)), d(z, Ra(wo))}

for all x € X.

Clearly condition c) of ii) entails that Ry N Ry is conically upper continuous.
Taking @ = § = 7/2c we see that condition a) of ii) implies condition c) of ii).
Let us show that condition b) also implies condition c). Let us set P := Ry (wp),
Q@ := Ra(wop). If the condition ¢) does not hold, we can find a positive €, a sequence
{zn}52 such that z,, € Cy/,(P)NC/, (Q) with ||z, || = 1 such that d(z,,, PNQ) >
for each n = 1,2, .... Since P or @ is locally compact, we may assume that {x, }22
converges to some z with ||z|| = 1. It follows that x € P N Q because P and @ are
closed. Thus {d(z,, PN Q)}52, tends to 0, a contradiction.

For assertion iii) it suffices to observe that for the supremum norm on X x Y
one has C.(R(wp)) X C=(S(wp)) C Ce(R(wo) x S(wo)),

Assertion iv) is obtained by Lemma 2.4 with P = R(wy).

The last assertion is derived from assertion iv) by considering the map R =
R1 X Ry from € to the product space X x X and the linear map L from X x X to
X defined by L(z,y) = z + y, and by observing that the map R is conically upper
continuous at wq according to assertion iii) and L is expanding at 0 on R(wg) by
Lemma 2.2. |

It is worth noticing that in the preceding theorem condition b) does not imply
condition a) even in a finite dimensional space. To see this, let us consider the cones
(denoted by C; and Cy) generated by the sets {(z1,22,73) € R® : 21 = 1, 29 >
0, 0 < a3 < /Z2} and {(z1,22,23) € R® : 21 =1, 2, <0, 0 < z3 < /—x2},
respectively. Their intersection is the cone {t(1,0,0) € R3 : ¢ > 0}. It is evident
that these cones are locally compact. Nevertheless condition a) does not hold. In
fact, for each n > 1 one has d((1,0,1/n),C; N C2) = 1/n, and d((1,0,1/n),C)
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= d((1,0,1/n),C2) < 1/n?, which shows that there is no constant ¢ > 0 as in
condition a).

Theorem 2.7. Let R, Ry, Rs (resp. S) be cone-valued maps from Q to X (resp.
Y ) and let L be a linear continuous map from X toY. Assume that the above cone-
valued maps are cosmically upper continuous at wg. Then the following assertions
are true.

i) Ri U Rg is cosmically upper continuous at wo;

it) Ry N Re is cosmically upper continuous at wo;

iii) R xS is cosmically upper continuous at woy provided R(wg) and S(wo) are
locally compact;

iv) Lo R is cosmically upper continuous at wg if R(wg) is closed and L is
expanding at 0 on R(wo);

v) Ri+ Rs is cosmically upper continuous at wg if Ri(wp) and Ra(wg) are
closed, locally compact and Ry(wg) N —Ra(wo) = {0}.

Proof. The first three assertions can be reduced to classical upper continuity results
(see Theorems 7.3.8, 7.3.10 and 7.3.14 of [21].)

Let us prove iv). For this purpose, let V' be an open set containing L(R(wg))NBy .
Set U = L7Y(V) and A = L~1(By). Since L is continuous, U is open and A is
closed. Moreover, U contains the closed set R(wp) N A. It follows from Lemma 2.5
that there is a neighborhood W of wy such that B := cl(R(W)) N A is bounded.
Since the inclusion R(wg) N B C R(wp) N'A C U holds, in view of Proposition 2.1
(iil) there exists a neighborhood Wy C W of wy such that R(Wy)NB C U. It follows
that

L(R(Wy))N By C L(R(Wy)NA) C L(R(Wy)NB) C L(U)CV.
This establishes iv).

The last assertion is deduced from the preceding one by a technique similar to

the one in the proof of Theorem 2.6. |

3. CONVERGENCE OF ASYMPTOTIC DIRECTIONS

Let A be a nonempty subset of the normed vector space X. We recall that the
asymptotic cone (or recession cone) of A is the cone, denoted by Rec(A4), consisting
of all limits of sequences t,,z,, where z,, € A, and t,, are positive numbers converging
to 0. In [26] the recession cone of A (in an arbitrary topological vector space) is
defined as the cone [y, ¢/ cone (ANV') where B is the filter generated by open sets
in X whose complements are bounded, and ¢f cone (ANV') stands for the closure of
the cone generated by ANV. In the above definition we adopt the convention that
clcone (ANV) ={0}if ANV =0, A # (). As noted in [26], [27] these definitions are
equivalent in normed spaces, as we suppose it throughout. The relations between
these cones in general spaces are analyzed in [47]. Although our feeling is that they
coincide (by using nets instead of sequences in the definition of asymptotic cones),
no precise argument has been known to prove or disprove it. The reader is referred
to [10], |14 (15, [16], [26] 27, 28, 29], [37], [3%], B2, [43], [@6], [7] for more details
on asymptotic cones of arbitrary sets.

In [42] the convergence of a family of sets in the cosmic topology has been
investigated in a finite dimensional setting. In this section we shall further study the
link between the convergence of a family of sets and the convergence of asymptotic
directions.
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Let M be a set-valued map from Q to X. We define the map of asymptotic
directions of M, denoted by Ry, as

Ryr(w) = Rec (M (w)) forwe Q.

It is clear that Rps(w) is a closed cone and is nonempty whenever M (w) # 0. If
M (w) is bounded, Rys(w) = {0}. The converse is also true in finite dimensional
spaces and some particular cases of infinite dimension (see [26]). Note that the map
Ry is different from the asymptotic map studied in [15], [16], [27], [46], which is
obtained by taking the asymptotic cone of the graph of M when  is a topological
vector space.

Before studying the link between the continuity of Rjys and that of M, let us
say (see also [29], [37], [38]) that a subset A C X is asymptotically compact if every
sequence {xy/||zn]|}o2, with z, € A and {||z,||}52; — oo, admits a convergent
subsequence. It is said to be boundedly compact if AN B is compact for every
bounded closed set B in X.

Observe that some similar notions (asymptotic compactness in [I5], condition
(CB) in [26], condition [AB] in [47]) have been introduced in the literature, however
all of them imply the above one. The following notions concerning set-valued maps
are new.

Definition 3.1. The set-valued map M is said to be recessively upper continuous
at wy if for every open set U containing Rys(wg) N Bx, there is a neighborhood W
of wg such that Rec(M(W))NBx CU.

The set-valued map M is said to be recessively lower continuous at wg if for
every v € Ry (wp) with v # 0, for every € > 0, there exists a neighborhood W of
wp such that M (w) N C¢(v) is unbounded for all w € W.

The set-valued map M is said to be asymptotically compact at wq if for ev-
ery sequence {(wp,z,)}52 from the graph of M with {w,}°,; converging to wy
and {||z,]|}2; unbounded, one can extract from the sequence {z,/|zn|}2; a
convergent subsequence.

It is evident that if M is asymptotically compact at wg, then its value at this
point is asymptotically compact. The converse is not true in general. On the other
hand, if there is a neighborhood W of wg such that the set M (W) is asymptotically
compact, then M is asymptotically compact at this point. In particular a constant
map is asymptotically compact if and only if its value is asymptotically compact.

Let us first give some immediate sufficient conditions for recessive continuities.

Proposition 3.2. Fach of the first four properties below entails the recessive up-
per continuity of M at wy € Q, while each of the rest entails the recessive lower
continuity of M at wy € €2

1) M is locally bounded at wo;

2) M is upper hemicontinuous (in particular, M is upper continuous) at wo;

3) Rec(M(wp)) is locally compact and for each positive €, there is a bounded
set B C X and a neighborhood W of wq such that M (w) C Ce(Rec (M (wp))) U Be
for allw e W;

4) M is cone-valued and M is cosmically upper continuous at wo;

5) M is bounded-valued at wo;

6) M is cone-valued and lower continuous at wo;

7)  M(wo) € M(w) for every w sufficiently close to wy.
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Proof. The cases 1), 2), 5), 7) are obvious. In 3), let U be an open set containing
Rpr(wo) N Bx. There is a positive € such that C.(Rp(wo)) N Bx C U. Let W be
a neighborhood of w such that M (W) C C.(Rps(wp)) U Be with B. bounded. One
has

Rec (M(W)) € Cu(Rar(w))
and by this, Rec (M(W)) N Bx C U. To see 4) and 6) it suffices to note that if
M (w) is a cone, then Rec M (w) = ¢l M (w). O

Let us recall [42] (see also [10] Lemma 3.6 and [38]) that the outer horizon limit
of M at wp, denoted by limsupy ., M (w) is the set consisting of all limits of
sequences {t,xy,} with {t,}°2, | 0, z,, € M(wy) and {w, }22 — wo.

Proposition 3.3. Assume that X is finite dimensional. Then M is recessively
upper continuous at wg if and only if

(1) lim sup™ M (w) C Ras(wo) -

w—wo

Proof. Let us denote by W the filter of neighborhoods of wg. In view of the com-
pactness of the unit ball, it is clear that M is recessively upper continuous at wqg if
and only if

(2) (| Rec (M(W)) € Ras(wy) -

Moreover, on the one hand, it is evident that
(3) limsup™ M (w) C ﬂ Rec (M(W)) .
w—wo wew
On the other hand, if v € Ny Rec(M(W)), for each W € W there are

a sequence of positive numbers {t¥}22, | 0, 2}V € M(wY),w) € W such

that lim,, . t%Wz% = v. Using a diagonal process we choose {t/=}>°, | 0,
{wWnye | — wp , 2 € M(w!'*) such that

lim tZV" on =v.
n—oo

This means that v belongs to the outer horizon limit of M(w). Thus, equality
in (3) holds. The equivalence between (1) and the recessive upper continuity is
established. O

We notice that the condition that dimX < oo is important for the equivalence
of (1) and the recessive upper continuity. To see this, consider the following map
from [0, 1] to 2. Let us denote by e, the vector of £> whose components are all
zero except for the nth component equal to 1. Define

M(w):{{()} tw=0

cone{en, ent1,-} Hwe[r, 25), n=12--.

It is easy to see that
limsup™ M (w) = {0} C Rp(0) .
w—0
However the map is not recessively upper continuous at 0. Neither is the map Ry,
(which is identical to M) cosmically upper continuous there.
As a matter of fact, the equivalence of (1) and the recessive upper continuity can
be guaranteed under a milder condition. Namely, suppose that M is asymptotically
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compact at wo (this is always true in a finite dimensional space). Then M is reces-
sively upper continuous at wyq if and only if limsup,,’,,,, M (w) € Ras(wo). To see
this, it suffices to observe that (2) and (1) are unconditionally equivalent, while (2)
is a consequence of recessive upper continuity. Under the asymptotic compactness
condition, (2) implies recessive upper continuity (using the same technique as in
the finite dimensional case), hence the equivalence.

Theorem 3.4. Assume that M (wg) # 0. Each of the following conditions is suf-
ficient for Ry to be closed at wy:

i) M is upper hemicontinuous at wo;

it) M is closed, lower continuous at wy and convez-valued in a neighborhood of
wo

iii) M is closed at wp, convez-valued in a neighborhood W of wo and there is
a compact set K C X such that M(w) N K # 0 for every w € W.

Proof. Under the first condition, the conclusion is a direct consequence of Proposi-
tion 3.2. For ii) and iii), let v, € Rpyr(wy), n=1,2,---, with lim,_ _ (wy,v,) =
(wo, vp). Let zo be an arbitrary point in M (wg). To show vy € Rys(wyp), it suffices
to prove that xg + tvg € M (wp) for every positive ¢. Assuming the assumptions of
(ii) hold, we can find z,, € M(w,,) converging to zo as n tends to co. Since M (wy,)
is convex, without loss of generality we may assume that z,, + tv,, € M(w,). By
the closedness of M at wg, the limit lim (T, + tv,) = 2o + tvp must lie in
M (wg). Thus vg € Rps(wp).

Under condition iii), take any point z, € M(w,) N K. Since K is compact,
one may assume that {x,}>2; converges to some zg € K. Actually z¢o € M (wo)
because M is closed at wy. As before, it can be supposed that z,, + tv, € M (w,,)
for all t > 0. One has again g + tvg € M (wp), which shows that vg € Ryr(wp). O

n—oo

The above proof also reveals that the lower continuity hypothesis in condition
ii) and the existence of K in condition iii) can be replaced by the following weaker
condition (called lower semicontinuity of M at (wo, X) in [37]): for any sequence
{wn }52; converging to wy, there exists a convergent sequence {x,, }7° ; such that
T, € M(wy, ), where {wy,, }72, is a subsequence of {w, };2 ;. This observation is
also valid for Theorem 3.7 to come.

Theorem 3.5. Assume M (wg) # (. Then the following properties hold:
i) R is upper continuous at wo if M is upper hemicontinuous at this point;
it) Rar is lower continuous at wy if M is recessively lower continuous at this
point, and asymptotically compact-valued on a neighborhood of wy.

Proof. For the first assertion it suffices to observe that there exists a neighborhood
W of wy such that M (W) C M (wg) 4+ Bx if M is upper hemicontinuous at wg. We
have then Rj(w) C Rec (M(W)) C Rys(wp) for all w € W.

To prove ii), let v € Rar(wo). The case v = 0 is trivial, so we may assume
||v]| = 1. Let U be any open set containing v. There is a positive £ < 1 such that
B(v,¢€) (the ball centered at v of radius ¢€) is contained in U. We show that there
can be found a positive § < € such that the conic d-neighborhood Cs(v) of the ray
[v] ;= {tv :t > 0} is contained in cone(B(v,¢)). Indeed, if not, there is a sequence
{z,}52; in X such that

d(zy, [v]) < % [|zn]|, but z, ¢ cone(B(v,e)) .
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It is obvious that ||zy|| # 0. Moreover d(z,/||zn]| , [v]) < 1/n. Let t, > 0 be such
that ||zn/||zn|] — thv|| < 1/n. Then lim, o ||zn/||zn|| — tnv|| = 0. This implies
lim, oo tp =1and lim, z,/||z,|| = v. Hence z,/||z,|| € B(v,e) whenever n
is sufficiently large. For these n, x,, € cone(B(v,¢€)), a contradiction. By the same
technique one can prove, by taking a smaller ¢ if necessary, that u € Cs(v) and
|lu|| = 1 imply v € B(v,¢€). With such ¢ in hand, using recessive lower continuity
we are able to find a neighborhood W of wq such that M (w) N Cs(v) is unbounded
for w € W. Since M(w) is recessively compact, the set M(w) N Cs(v) admits an
asymptotic direction v, ||vy|| = 1 and vy, € Cs(v). Hence v, € Rpr(w) N B(v,e) C
Ryr(w) NU, showing the lower continuity of Rjy. O

We recall further [42] that the inner horizon limit of M at wq is the set, de-

noted by liminf7 . =~ M(w), consisting of all limits lim,, . twZw, where t,, > 0,
lim,, ., tw =0 and z,, € M(w).

Corollary 3.6. Assume that X is finite dimensional and M is recessively lower
continuous at wg. Then

lim inf> M (w) 2 Ras(wp) .

w—wo
Proof. Observe that in finite dimensional spaces every set-valued map is asymptot-
ically compact-valued. Hence by Theorem 3.5, R is lower continuous at wg and
one has

Ry (wo) C liminf Ry (w) ,

w—wo

where “liminf” is understood in the Kuratowski-Painlevé sense. By Proposition
3.9 of 2] (or by a direct verification),
liminf Ry (w) C liminf™ M (w).

w—wo w—wo

Hence the required inclusion is obtained. [l

It should be noticed that the inclusion of Corollary 3.6 does not imply the lower
continuity of Rp; at wg. A counterexample can be given as follows. Let M be the
set-valued map from [0, 1] to R, defined by

_ [ {2} if0<w<1,
M(w){ {t:t>0} ifw=0.

Then Ry (0) = {t: ¢ > 0} = liminf;, ,,, M(w). However, Ry (w) = {0} for w # 0

w—wo
and Rj; is not lower continuous at wy.

Theorem 3.7. Assume that M(wg) # 0. Each of the following conditions is suf-
ficient for the map Rp; to be cosmically upper continuous, hence conically upper
continuous at wq:

i) M s recessively upper continuous at wq;

it) M s asymptotically compact at wo and Ry is closed at wo; (in particular
if either of conditions i) and i) of Theorem 3.4 holds).

Proof. Since Rpr(w) C Rec (M(W)) for every w € W, the first condition implies
at once cosmic upper continuity.

Assume that condition ii) holds. If Rps is not cosmically upper continuous
at wp, there can be found a sequence {w,}22; converging to wp, an open set U
containing Rys(wo)NBx and v, € Ry (w,)NBx such that v, € U, n =1,2,---. In
particular v, # 0, and one may assume that {||v,||}52; converges to some r € (0, 1].
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For each n, there is a sequence {zF}2°  C M(w,) with lim,  __ |[2%|| = co and
lim, ¥ /||zk|| = vn/|lvnl|. Choose 26" with the property that Hxﬁ(n)ﬂ >
n and ||xlfb(n)/||mfl(n)|| — vp/||vn]||l € 1/n. By asymptotic compactness, one can
extract a convergent subsequence {xﬁ(n) / ||xlfl(n) o 1, say with limit vy # 0. Then
{n; [ |vn, 1| }321 also converges to vg. Hence lim, , vy, = rvg. This limit belongs to
Ry (wo) because Ry is closed at wy. We arrive at a contradiction with v,, € Bx \U

for all n > 1. O

Notice also that none of the conditions appearing in Theorem 3.7 is necessary for
cosmic upper continuity. A counterexample is given as follows. Let M : [0,1] - R
be defined by

_ {1/w} if0<w<]1,
M{w) = { (0 ifw=0.
Then Rjs(w) = {0} for all w € [0,1] so that Ry is closed at wg. It is also upper
continuous (hence cosmically upper continuous). Nevertheless,
limsup™ M(w) = {t: ¢ > 0}
w—wq
and the map M is not recessively upper continuous at 0.

The results of Proposition 3.3 and Theorem 3.7 reveal that actually relation (1)
presents a condition stronger than the cosmic upper continuity of Rps, but weaker
than the upper continuity of Rj,.

We end this section introducing another type of recessive continuity. Let us
say that M is recessively conically upper continuous at wyq if for every € > 0 there
exists a neighborhood W of wg such that Rec(M (W)) C C.(Rps(wp)). Observe that
recessive upper continuity implies recessive conic upper continuity. The converse
implication is also valid provided Ry (wq) is locally compact. In particular in finite
dimensional spaces there is no distinction between recessive upper continuity and
recessive conic upper continuity. Observe also that if M is recessively conically
upper continuous at wg, then the map Ry is conically upper continuous at that
point. The example given after Theorem 3.7 shows that the converse does not hold,
that is a map M with Rjs conically upper continuous is not necessarily recessively
conically upper continuous.

4. OPERATIONS WITH SET-VALUED MAPS

As we have seen in the preceding section, the concepts of cosmic upper continuity,
conic upper continuity and recessive upper continuity are useful in the study of
asymptotic directions of set-valued maps. We shall further investigate them in
relation with the most important operations on set-valued maps, such as union,
intersection, sum and composition with linear maps.

Let us say that a subset A of X is asymptotable if for each v € Rec(A) and
each sequence of positive numbers {¢,, }52 ; converging to co there exists a sequence
{vn}52, converging to v such that t,v, € A for all n. It is clear that a set A C X
satisfying the condition (CD) of [26] (namely for each v € Rec(A) there exists a
bounded set B such that (tv + B) N A # @ for every t > 0) is asymptotable. Since
A is asymptotable if and only if

liminftA = limsuptA
t]0 t10
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the above condition can be considered as a tangentability condition at infinity. This
interpretation can be performed in a precise way using the stereographic mapping
method of [39] (see also [42]).

Lemma 4.1. Let A, A1 and Ay be nonempty subsets of X and let B be a nonempty
subset of another normed space Y. Then the following properties hold:

i) Rec(A; U As) = Rec(A1) URec(As);

ii) Rec(A1NAs) C Rec(A1) NRec(Az). Equality holds provided Ay and Ay are
closed convexr with Ay N As # (;

iii) Rec(A1 + Az) C Rec(A1) + Rec(Az) provided one of the sets Ay and Ag is
asymptotically compact, and Rec(A1) N —Rec(Az) = {0};

iv) Rec(A1)+Rec(Az) C Rec(Ay + Ag) provided at least one of the sets A1 and
As is asymptotable;

v) Rec(A) x Rec(B) 2 Rec(A4 x B). Equality holds provided at least one of the
sets A and B is asymptotable.

Proof. This is essentially the result of Theorem 2.5 and Theorem 2.12 of [26] (Chap-
ter 1) (see also [43]), except for the last statement which is evident. A stronger
condition was used for iii) in the above mentioned theorems, namely it was required
that there is a bounded set D C X such that the cone generated by A;\D can be
generated by a compact set (not containing zero). However, as the proof given
there reveals, the asymptotic compactness is sufficient to ensure the result. O

The following result is an improvement of Theorem 2.5 of [42] in infinite dimen-
sions.

Lemma 4.2. Let A be a nonempty subset of X and let L be a continuous linear
map from X toY. Then one has

L(Rec(A4)) C Rec(L(A)) .

Equality holds under each of the following conditions:

a) L is open on its image and L~1(L(A)) = A;

b) L is open on its image with a finite dimensional kernel and KerLNRec(A) =
{0}

c) A s asymptotically compact and KerL N Rec(A) = {0}.

Proof. Let v € L(Rec(A)). There exist u € Rec(A) with L(u) = v, a sequence
{zp}52, € A and a sequence of positive numbers {t,}52; converging to 0 such
that lim, oo tpTn = u. By the continuity of L, one has v = limy, oo L(tnzy) €
Rec(L(A)).

Under condition a), let v € Rec(L(A)), that is v = lim,, 0o tnyn for y, € L(A)
and t, > 0 with lim, .o t, = 0. Since L is open, given u € L~ !(v) we can
find a sequence {u,}2%; in X with lim, .o u, = uw and L(u,) = t,y, for all
n=1,2,.... Setting z,, = ¢, u,, we have z,, € L™'(L(A)) = A so that u € Rec(A).
Consequently v € L(Rec(A)).

Suppose now that condition b) holds. Let us decompose X = Xy@®KerL as in the
proof of Lemma 2.3 so that the restriction Lg of L to X is an isomorphism. Let v €
Rec(L(A)), that is v = lim,, o0 tnyn for y, € L(A) and ¢, > 0 with lim,, o t, =
0. Let z,, = a, + b, with a,, € Xy, b, € KerL be such that y,, = L(x,). Consider
the sequence {t,b,}52 ;. We claim that it is bounded. In fact, if not, by taking
a subsequence if necessary, we may assume that lim, oo ¢]|bn|| = oo and that
{bn/|bn|| 352, converges to some u; € KerL. Then {(an + by)/||bn||}52, converges
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to uy because Lg is an isomorphism onto its image and the sequence {tpa,}22
converges to us := Ly ' (v). We arrive at the contradiction that u; € Rec(A)NKerL.
We have shown that {t,,b,}52, is bounded. Since KerL is finite dimensional, one
may assume that it has a limit uy € KerL. Moreover, as before, the sequence
{tnan}22, converges to us := Ly ' (v). Thus uy +us = lim, . t,2, € Rec(A) and
v = L(u1 + u2) € L(Rec(A)).

Finally, assume that c) holds. As in the preceding case, let v € Rec(L(A)), that
is v = limy oo tnyn for y, € L(A) and ¢, > 0 with lim,,_,» ¢, =0. Let z,, € 4
be such that y, = L(zy). If {||z,]|}52; is bounded, lim, o t,x, = 0. Conse-
quently v = limy, 00 tnL(zy) = limy, oo L(thzy) =0 € L(Rec(A)). If {||zn]}22,
is unbounded, by asymptotic compactness, one may assume that {x,/||zn]}22,
converges to some v € Rec(A4). The sequence {t,||z||}52; is bounded, otherwise
one should have

. v .
L(u) = nh—{%o el 0 with |lul|=1,
contradicting the condition KerL N Rec(A) = {0}. Therefore we may assume that
{tnl|znl|}52, converges to some o > 0. By this,
v=lim Ltp||za||—2) = aL(u) € L(Rec(A))
n—00 ||zl

and the inclusion becomes an equality. [l

We note that the inclusion stated in Lemma 4.2 may be strict. For instance, let
L be the projection (z,y) — (z,0) in R? and A = {(z,22) : z > 0}. Then we have
Rec(A) = {(0,2) : « > 0} and L(Rec(A)) = {0}, while Rec(L(A)) = {(,0) : = €
R}. Furthermore, in condition c), the asymptotic compactness assumption cannot
be dropped. A counterexample can be given as follows. Let A = (J 2, {n%e,} C
02, where e, es, ... represents the canonical Hilbert basis in £ as in Section 3. Then
A is not asymptotically compact and Rec(A) = {0}. Consider the continuous linear
map L from ¢? to ¢2 defined by

1
L(e,) = el forall n>1.

It is clear that L is continuous and KerLNRec(A) = {0}. Nevertheless Rec(L(A)) =
Rec(Us2; {ne1}) # {0} and the inclusion is strict.
For later use, let us derive two more general facts about cones in normed spaces.

Lemma 4.3. Let K1 and Ky be two closed cones in X. Then for every open set U
containing K1 N Ko N Bx there can be found two open sets Uy, Us in X such that
KinNnBx CU;,KoNBx CUs and Uy NU; CU.

Proof. Consider the two closed sets K1 N Bx \ U and K3 N Bx \ U. They do not
intersect. Therefore there exist two disjoint open sets Vi and V5 that contain
K1N Bx \U and Ko N Bx \ U respectively. Take Uy :=V; UU and Uy := Vo UU
to obtain the required sets. [l

Lemma 4.4. Let Kx and Ky be locally compact cones in X and Y respectively.
Then for every open set U containing (Kx X Ky)NBxxy there can be found e > 0
such that (KX N Bx +€Bx) X (Ky N By -I—EBy) cU.

Proof. Remember first that the product space X x Y is endowed with the max
norm, hence Bxxy = Bx x By. Furthermore for every (z,y) € (Kx x Ky) N



ASYMPTOTIC DIRECTIONS 4109

Bxxy there exists €, ,) > 0 such that (z,y) + €(,,,)Bx x By C U. Using the
compactness of the set (Kx X Ky) N Bxxy we get an € > 0 common for every
(z,y) € (Kx x Ky) N Bxxy. This € satisfies our requirements. O

In the remaining part of this section, My, Ms and M are set-valued maps from
Q to X; N is a set-valued map from €2 to Y; and L is a continuous linear map from
X to Y. The two following theorems deal with the cosmic continuity and the conic
continuity of asymptotic directions of set-valued maps.

Theorem 4.5. Assume that Ry, © = 1,2, Ry and Ry are cosmically upper
continuous at wy. Then the following assertions are true:
i) Rarum, 1S cosmically upper continuous at wo;
it) R nm, 18 cosmically upper continuous at wgo provided Rpyp, i, (wo) =
R, (wo) N R, (wo) ;
i11) Rpyrxn is cosmically upper continuous at wo provided the following condi-
tions hold:
a) Ruxn(wo) = Ru(wo) x Ry(wo);
b) Ra(wo) and Ry(wo) are locally compact;
i) Rpom is cosmically upper continuous at wo provided one of the following
conditions holds:
¢) L is open with a finite dimensional kernel and Ker L N Ryr(wo) = {0};
d) M(w) is asymptotically compact for all w sufficiently close to wy and
Ker LN Ryr(wo) = {0};
v)  Rar+m, s cosmically upper continuous at wg provided the following condi-
tions hold:
e) R, (wo) N —Rag, (wo) = {0};
f) Mi(w) and Ma(w) are asymptotically compact for all w sufficiently close
to wo;
9)  Rar, (wo) X Rag, (wo) € Ry xna, (wo).-

Proof. We apply Theorem 2.7 and Lemmas 4.1, 4.2 to achieve our proof. The first
three assertions are immediate.

To prove assertion iv) let us notice that for w sufficiently close to wp one has
KerL N Ry(w) = {0}. This follows from Proposition 2.1 and from the fact that
being cosmically upper continuous, Rjs is also conically upper continuous. By
conditions ¢) and d) and Lemma 4.2 one has L o Rys(w) = Rponm(w) for w € W.
Therefore it suffices to apply Theorem 2.7 to obtain that Ryps is cosmically upper
continuous at wy.

The last assertion is obtained from the preceding one by using the map M :=
M; x Ms, the linear map L from X x X to X defined by L(z,y) =  + y, and by
observing that condition f) implies condition d) for the product map, while condi-
tion g) ensures that Rps, xar, is cosmically upper continuous in view of assertion
iii). O

Theorem 4.6. Assume that Rar,, i = 1,2, Ry and Ry are conically upper con-
tinuous at wg. Then the following assertions are true:
i) Raum, 18 conically upper continuous at wo;
it)  Rarnm, 18 conically upper continuous at wo provided the following condi-
tions hold:
a’) Ry nm, (wO) = R, (wO) N R, (wo);
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b) Either there is ¢ > 0 such that
d(z, Rar, (wo) N Rar, (wo)) < e(d(z, Rar, (wo)) + d(, Rar, (wo)))

for every x € X, or at least one of the sets Ry, (wo) and Rz, (wo) is locally compact;
i11) Rprxn 1s conically upper continuous at wo provided Ry« n(wo) = R (wo)
X RN (wo);
i) Rpom 1is conically upper continuous alt wg provided one of the following
conditions holds:
¢) L is open with a finite dimensional kernel and KerL N Ry (wo) = {0};
d) M(w) is asymptotically compact for all w sufficiently close to wy and
KerL N Ry (wg) = {0};
v)  Rar 4+, 18 conically upper continuous at wg provided the following condi-
tions hold:
e) R, (wo) N —Rag, (wo) = {0};
f) Mi(w) and Ma(w) are asymptotically compact for all w sufficiently close
to wo;
9)  Rar, (wo) x Rag, (wo) € Ragy xaa, (wo).-

Proof. The technique of the preceding theorem goes through by using Theorem 2.6
instead of Theorem 2.7. O

Now we turn our study to the recessive upper continuity of set-valued maps using
asymptotic directions.

Theorem 4.7. Assume that M; (i =1,2), M and N are recessively upper contin-
uwous at wg. Then the following assertions hold.
i) My U My is recessively upper continuous at wo;
it) My N My is recessively upper continuous at wo provided Rap,nn,(wo) =
R, (wo) N R, (wo) ;
it1) M x N is recessively upper continuous at wo provided the following condi-
tions hold:
a) Ruxn(wo) = Rum(wo) x Ry(wo);
b) Rp(wg) and Ry (wo) are locally compact;
iw) Lo M is recessively upper continuous at wy provided one of the following
conditions holds:
¢) L is open with a finite dimensional kernel and KerL N Ry (wo) = {0};
d) M is asymptotically compact at wy and KerL N Ryr(wo) = {0};
v) M+ My is recessively upper continuous at wg provided the following con-
ditions hold:
e) Rar (wo) N =R, (wo) = {0};
f) My and My are asymptotically compact at wo;
9) Rar (wo) X Rar, (wo) € Ry xar, (wo).

Proof. Assertion i) is a direct consequence of the definitions and of Lemma 4.1.

For assertion ii) let U be an open set containing the set Rys, nar, (wo) N Bx, which
is identical to Rz, (wo) N Rar,(wo) N Bx. By Lemma 4.3, one can find two open
sets U1, Us in X such that

Ry, (wo) N Bx C Us, 1=1,2,
UinU, CU.
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It follows from recessive upper continuity that there exists a neighborhood W of wjq

such that Rec(M;(W)) N Bx C U;,i = 1,2. These inclusions and Lemma 4.1 imply
Rec (M1 N M2)(W)) N Bx Rec (M1 (W) N My(W)) N Bx

Rec (M1 (W)) N Rec (M2(W)) N Bx

UpnU; CU,

N 1N 1N

which establishes assertion ii).

As to assertion iii), let U be an open set containing the set Ry« n(wo) N Bxxy-
In view of conditions a), b) and of Lemma 4.4 there exist two open sets U; C X,
Us CY containing Ry (wo)NBx and Ry (wo)NBy respectively such that Uy x Uy C
U. By recessive upper continuity there exists a neighborhood W of wy such that
Rec(M(W)) N Bx C Uy and Rec(N(W)) N By C Us. These inclusions and Lemma
4.1 imply

Rec (M x N)(W)) N Bxxy Rec (M (W) x N(W)) N Bxxy

-
C Rec(M(W))x Rec(N(W))N Bxxy
g Ul X U2 g U;

which proves assertion iii).

Now we proceed to assertion iv). Suppose to the contrary that the composition is
not recessively upper continuous at wy, i.e. there are an open set V' C Y containing
Rron(wo) N By, a decreasing basis of neighborhoods {W,,}22 ; of wy, vectors v,, €
By NRec (Lo M(W,)\V , n=1,2,--- .

By the definition of asymptotic directions, for every n > 1, there exist wf €
W, of € M(wk), y* = L(zF) and t* > 0 such that limy_o, t¥ = 0, and
Vp = limg—oo thyk with limy_o |y = oo. Since L is continuous, one also has
limy oo [l2F| = .

Assume that condition d) holds. For each n > 1 choose an integer k(n) > n
with the property that ||v, — tﬁ(n)yz(n)ﬂ < 1/n and ||:cfl(n)|| > n. Observe that

k(n)

limg oo Wy~ = wg. By the asymptotic compactness of M at wy one may assume

that {xﬁ(n)/Hxﬁ(n) 1352, converges to some u # 0 which belongs to Rs(wo) because

M is recessively upper continuous at wg. Consider the sequence {tﬁ(n) ||mlfl(n) 1}
We may assume that it converges to some r € [0, oo]. Note that r # 0, otherwise one
would have lim,,_, o L(tﬁ(n)mﬁ(n)) = 0, hence lim,,_,oc v, = 0 which contradicts
the fact that v, ¢ V. Note further that r # oo because in the contrary case one
would have 0 = limp oo ve/(tE™ 5™ ) = limp—oe L(zh™/|25™|) = L(u)
with u # 0, a contradiction with KerZ N Ry (wo) = {0}. Thus

lim v, = lim L(tfb(”)xfb(”)) = L(ru)
€ L(RM(wo)) N By
C Rpom(wo)N By
c Vv,

a contradiction with v, ¢ V.

Now assume condition ¢) hold. Decomposing X = Xy @ Ker L as in the proof of
Lemma 4.2 we can express ¥ = a* +bF with a* € Xg,b% € KerL. Since the restric-
tion Lo of L to Xp is an isomorphism, one has limy_, o, tFa* = limj_ Lal(tﬁyﬁ)
=Ly ! (vp,). Furthermore, since KerL is finite dimensional, as in the proof of Lemma
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4.2 one may assume that limy_,o t*bF exists. Let u, = limtFa* € Rec(M(W,,))
with L(uy) = v,. A similar technique shows that {||u,|[}22; is bounded, say ma-
jorized by a positive S > 1/||L||. Let Vo be an open subset in V' which contains
Rpon(wo)NBy and has the property that y € V whenever y € By and y/8||L| € Vo
(take for instance Vo = t~'V U (By \ t"!By) with ¢t = S||L||). We note that
Rrom(wo) = L(Rar(wp)) by Lemma 4.2 and by the asymptotic compactness of
M (wp). Then in view of the recessive upper continuity of M, there is ng > 0 such
that

Rec(M(W,,)) ﬁBX C L\ (Vp)

for all n > ng. In particular for such n one has wu,/B||L|| € L~*(Vp). Hence
vn/B||L] € Vo and v, € V for all n > ng, a contradiction. Thus assertion iv)
is established.

The last assertion is deduced from the previous ones by a standard argument. O

Observe that in condition d) of this theorem it is not sufficient to require M (wyp)
to be asymptotically compact. To see this, let us consider the set-valued map M
from [0,1] to % defined by M(0) = {0} and M (w) = U;—, {n?e,} C ¢, if w # 0.
Let L be the linear map defined by L(e,) = e1/n as in the counterexample given
after Lemma 4.2. Then M is recessively upper continuous at 0. Despite this, the
composition L o M is not recessively upper continuous at 0. Note that M is not
asymptotically compact at this point.

Up to this moment we have extensively exploited the standard approach of de-
riving a continuity criterion for a sum of two set-valued maps from a continuity
criterion for a composition of a set-valued map with a linear map. Below we shall
use a direct approach to establish a sufficient condition for recessive (resp. cos-
mic, resp. conic) upper continuity of a sum, which is not a consequence of the
counterpart for a composition. The next two lemmas have some links with Lemma
2.2.

Lemma 4.8. Assume that My and My are recessively upper continuous at wg and
that Ry, (wo) N —Rap, (wo) = {0}. Then there exists a neighborhood Wy of wg such
that Rar, (Wo) N — R, (Wo) = {0}.

Proof. Let S; := Ry, (wo)NSx,i = 1,2. These sets are closed disjoint subsets of Sx.
Since Sx is normal, there are disjoint open subsets U, Uy of Sx which contain S
and Ss respectively. Then the sets (0, 00)U; and (0, 00)Us are disjoint open subsets
in X and their unions with intBx contain Ry (wo) N Bx and Ry, (wp) N Bx
respectively. By recessive upper continuity there is a neighborhood Wy of wg such
that Rec M7 (Wp) N Bx C intBx U (0,00)U; and Rec My(Wp) N Bx C intBx U
(0, 00)Us. Hence Rec M;(Wy) C {0} U (0,00)U; and Rec Ma(Wp) C {0} U (0, 00)Us
by homogeneity. O

Lemma 4.9. Assume that Ry, (wo) N —Rap, (wo) = {0} and one of the following
conditions holds:

a) Ry, and Ry, are cosmically upper continuous at wo;

b) R and Ry, are conically upper continuous at wo with Ry, (wo) or R, (wo)
locally compact.

Then there exists a neighborhood Wy of wg such that Ry, (w) N — R, (w) = {0}
for all w € Wy.
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Proof. The technique of the preceding lemma applies. [l

Theorem 4.10. Assume that My and My are recessively upper continuous at wg.
Then the following conditions are sufficient for the sum My + Ms to be recessively
upper continuous at wy :

a) R (wo) N —Rap, (wo) = {0};

b) R, (wo) + R, (wo) € Ragy 40, (wo);

¢) There is a neighborhood W of wq such that My (W) and Ma(wo) are asymp-
totically compact.

Proof. Suppose to the contrary that the sum is not recessively upper continuous
at wp, i.e. there are an open set U containing R, 4, (wo) N Bx, a basis of
neighborhoods {W,,}22; C W N W, of wy, (where Wy is determined by Lemma
4.8), and vectors v, € Bx NRec([My + Ma](Wyp)\U, n=1,2,---.

By the definition of asymptotic directions, for each n > 1, there exist wk €
W, yk € My(wk) | 2k e My(wk), 2k = yF+2F andtf > 0such that limy_o th =
0, limg 0o ||| = 00 and v, = limy o tFzk.

We claim that for n sufficiently large one has

lim ||yﬁ|| =00 and lim ||Z,Z|| = 00.
k—oo k—o0

Indeed, if not, say for i = 1,2, ..., {||zﬁ||}zil are bounded, then one should have
vn, € Rec(M1(Wy,)) C Rec([M1 + M3](Wy,,)) and v,, ¢ U for all 4+ > 1, which
contradicts the recessive upper continuity of M;. We claim further that for such
n the sequence {tFyk}2° | possesses a subsequence (say with the same notation)
converging to some a,, € Rec(M;(W,,)). Indeed, by the asymptotic compactness
of My(W,,) (because W,, C W) one may assume that the sequence {y*/||y¥[}s2,
converges to some u,, € Rec(M;(W,,)). Consider the sequence {¢¥||y¥|}22, which
is assumed to converge to some r € [0,00]. Observe that r # oo, otherwise one
should obtain 0 = limg—eo va/(tE||YE]]) = limg—oo (¥%/|lyE| + 2%/l9%|), which
leads to a contradiction u, € Rar, (Wo) N —Rar, (W), un # 0 (Lemma 4.8). By this
an = limg_ o0 tﬁyﬁ = TUp,.

Consequently limy_, tﬁzﬁ = v, — a,, denoted by b,. A similar argument
shows that the sequences {|la,||}52; and {||b,||}22, are bounded, say majorized
by 6 > 0. Using a diagonal process and the asymptotic compactness of M7 (W)
one may assume that {a,}32; converges to some a € Rpp (wo). Since Ma(wy)
is asymptotically compact, the set Rz, (wo) N BBx is compact. This and the
recessive upper continuity of Ms imply the convergence of {b,}52; (or eventually
a subsequence of {b,}22 ), say lim, . b, = b € Rpp,(wp). Thus, lim, 0o v, =
a+b. In view of condition c¢), this limit lies in Rz, 4, (wo) N Bx, hence in U. We
arrive at a contradiction with v,, € U and establish the recessive upper continuity
of the sum. O

Theorem 4.11. Assume that My and My are cosmically (resp. conically) upper
continuous at wy. Then the following conditions are sufficient for the sum M+ Mo
to be cosmically (resp. conically) upper continuous at wy :

a) R (wo) N —Rap, (wo) = {0};

b) RMl (’wo) + RM2 (’wo) c RM1+M2 (’UJ()),’

¢) There is a neighborhood W of wg such that My (w),w € W, and Ma(wo) are
asymptotically compact.
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Proof. Apply the technique of Theorem 4.10, using Lemma 4.9 instead of Lemma
4.8. O

Note that in condition c) of Theorem 4.10 the set M (W) is not required to be
asymptotically compact nor is Ms assumed to be asymptotically compact at wq. If
both of the sets M1 (W) and My(W) are asymptotically compact, then the maps
M, and M, are asymptotically compact at wg. In this event Theorem 4.7, v) is
applicable (with condition g) instead of condition b) of Theorem 4.10). Similar
observations can be made concerning Theorem 4.11.

Furthermore, one can provide conditions for the intersection, sum, product, com-
position of recessively lower continuous set-valued maps to be recessively lower con-
tinuous. However, except for the union and for the case of cone-valued maps already
studied in Section 2, such sufficient conditions are of extremely particular charac-
ter, so we do not mention them in this study. For instance, the product M x N is
not recessively lower continuous even if M is a constant cone-valued map, while IV
is a nonzero constant point-valued map; or M; N My may be not recessively lower
continuous even when their values are closed convex in a finite dimensional space
and M;(w) N Ma(w) # 0 for every w.

Finally, note also that a result similar to Theorems 4.7 and 4.10 can be obtained
for recessive conic upper continuity by a similar argument. We leave it to the
interested readers.

5. MARGINAL FUNCTIONS

Let f be a function from Q x X to the extended real line R U {oo} and let M
be a set-valued map from 2 to X. The marginal function (also called value or
performance function) we are going to study is defined by

ow):= inf f(w,x), for weQ.
zeM(w)
The set S(w) :={x € M(w) : p(w) = f(w,z)} is the solution set corresponding to
w.

An important issue of optimization theory is to find conditions which guarantee
continuity properties of ¢. It is known that ¢ is lower semicontinuous provided f is
lower semicontinuous and M is upper continuous, compact-valued ; and ¢ is upper
semicontinuous provided f is upper semicontinuous and M is lower continuous (see
[6], [8]). In the case of non-compact values, especially unbounded values, the upper
continuity condition, as we have seen in Section 2, is a very restrictive one. Many
efforts have been made to replace this requirement by a milder one (see for instance
6], [7], [22], [24], [25], [31], [36], [44] to name but a few). Below we present some
sufficient conditions for the continuity of ¢ without upper continuity of M. From
now on f is suppposed to be continuous.

Let us denote by fM(wq ; -) the recession function of f with respect to M at
wy, defined by

f;\g(’LUo, 'U) = inf{ lim tnf(wna xn)
n—oo
Aty wntory — (04, wo), {thxntor, — v, 2n € M(wy)}.

Note that this function differs from the recession function of the function f(wy,-)
with wyp fixed.
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Theorem 5.1. Assume that M (wg) # 0 and the following conditions hold:

i) There is a neighborhood W of wg such that M(W) is boundedly relatively
compact;

it) M 1is closed, lower continuous, recessively upper continuous and asymptoti-
cally compact at wy;

iii) M (wo,v) > 0 for all v € Rpr(wo)\{0}.

Then @ is continuous at wo and p(wg) is attained.

Proof. In view of the conditions recalled above for upper semicontinuity of ¢ it
suffices to show that ¢ is lower semicontinuous at wg. This can be done if we are
able to find a positive a such that

(1) p(w) = flw,z)

inf
zeM(w)NB(0,a)
for w sufficiently close to wg. Moreover ¢(wyp) is attained because M (w) N B(0, «)
is compact (remember that the map w — M (w) N B(0,«) is closed and takes its
values in the relatively compact set M (W)NB(0, «)). Suppose to the contrary that
(1) is not true, i.e. there is a sequence {wy}52; converging to wo, x, € M(wy,)
with ||z,,|| > n, such that for n > 1,

flwn, z,) <

;cEM(wl,gfr‘TB(O,n) f(wn,x) '
By asymptotic compactness we may assume that {z,/||z,||}52; converges to some
v € X, v#0. In view of recessive upper continuity one has v € Rps(wp). Now,
pick any ag € M (wp). By the lower continuity of M there is a,, € M (w,) such that
lim, 0o an = ag. Without loss of generality we may also assume that ||a,|| < n,
for all n > 1, so that f(wn, ) < f(wWn,an).

Hence fM(wo,v) < liminf, o 1/||zn]| [f(wn, Zn) — f(wn, an)] < 0 (here we use
the fact that lim f(wn, a,) = f(wo, ap) is finite). This contradicts iii) and the proof
is complete. O

Note that the recessive upper continuity requirement in condition ii) of the pre-
ceding proposition can be dispensed with if the inequality in condition iii) is satisfied
for all v € (limsupg, ., M(w)) \ {0}.

Theorem 5.2. Assume that M (wgy) # 0 and the following conditions hold.

i) M is closed, asymptotically compact, lower continuous at wy and convez-
valued on some neighborhood W of wg such that M (W) is boundedly relatively
compact;

it) f is quasiconver in x for every fized w € W;

iii) S(wo) is bounded, nonempty.

Then ¢ is continuous at wy.

Proof. As in the proof of Theorem 5.1, it suffices to show relation (1) with a > ||zo]|
for some xg € S(wp). Supposing that (1) is not true, we can find a sequence {w, }22 ;
converging to wop, a sequence {x,}>2; with lim |zn|| = 00 and z, € M(w,)
such that

n—oo |

flwn,x) .

ny Tn) < inf
f(w (E) xeM(wly,I;ﬂB(O,(y)

By asymptotic compactness, we may assume that {x, /||z,||}52,; converges to some
vg € X, vg # 0. Moreover, since M is lower continuous at wg, we can find z,, €
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M (wy) with lim,, o Z, = xo. For n sufficiently large, one has z, € B(0,«),
consequently f(wy,, z,) < f(wn,T,). For every fixed positive ¢, one has

t

if n is large enough. It follows from the closedness of M at wq that zo+tvg € M (wp).
Moreover, since f is quasiconvex in x, one also has

f(wn,fn-kﬁ(xn—fn)) < max{f(wn,Tn) , f(wn,1n)}

< flwn, Tn).

Consequently, f(wo,zo + tvg) < f(wo,zo). Actually, we have equality because

xo € S(wp). Since t is arbitrary, we arrive at the contradiction that S(wg) 3 zo+tvy
for all t > 0. O

Observe that if X is finite dimensional, then the recessive compactness and the
boundedly compact valuedness property of M are automatically satisfied. This case
was studied in [13].

It is worthwhile noticing that without quasiconvexity of f, Theorem 5.3 may
fail. Indeed, let us define M from R to R? by

M(w) = {(w,t) € R* : t > w?}
for w € R, and a function f on R? by
fla,y) =y —22°
for (z,y) € R2. It can be verified that for wo = 0, all the conditions of Theorem 5.2
are satisfied except for the second one. The performance function is not continuous
at wo = 0, for its value at this point is 0, while at other points its value is —oo.
In the remaining part of this section we consider the case where M is a convex

polyhedral set in a finite dimensional space. More precisely, M is given by a system
of linear equalities and inequalities

(ai(w),z) + ai(x) <0, i=1,---,p,
(a;(w),2) + a;(w) =0, j=p+1,--,q+p,

where € X, a finite dimensional space; o, -+, apt4 are real-valued continuous
functions on , a1, - - - , ag+p are continuous vector functions from 2 to X', the dual
of X.

Lemma 5.3. Assume that M (wo) # 0. Then Ry is cosmically upper continuous
at wy.

Proof. We know that Rjs(w) consists of the solutions to the homogeneous system
(a;(w),z) <0, i=1,---,p,
(aj(w),z) =0,  j=p+1,--,q+p.
Moreover, with Bx being compact, it is clear that the maps
w — {reX:{(a(w),z)y <0}, i=1,..,p,
w +— {zxeX:{(a(w),z) =0}, ji=p+1,.,p+q,

are cosmically upper continuous. By Theorem 2.7, their intersection (i.e. Rps) is
cosmically upper continuous. O
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Corollary 5.4. Assume that for the preceding data the following conditions hold:
i) M is lower continuous at wy and M (wq) # 0;
it) f is quasiconvex in x for every fized w;
iii)  fM(wg,v) > 0 for every v € Rys(wo)\{0}.
Then ¢ is continuous at wy.

Proof. Observe that the last two conditions of the corollary imply that S(wp) is
nonempty and compact. Moreover, since X is finite dimensional, condition i) of
Theorem 5.2 holds. By this, ¢ is continuous at wg. One can also see that in view
of Lemma 5.3 the conditions of Theorem 5.1 are satisfied; therefore the result of
that theorem can also be applied to our case. O

Corollary 5.5. Assume that M(w) # 0 for w close to wo and conditions ii), iii)
of Corollary 5.4 hold. Then for every neighborhood W of wq, there exists an open
set Wo C W such that ¢ is continuous on Wy.

Proof. By Lemma 5.3, it follows from condition iii) of Corollary 5.4 that there exists
a neighborhood Wi C W of wg such that fM(w,v) > 0 for every w € Wy , v €
Rar(w)\{0}. In view of Proposition 2.1 of [20] (which says that the map M is
closed and lower continuous on an open dense subset of W), there exists an open
set Wy C Wi such that M is lower continuous on Wy. Now it remains to apply
Corollary 5.4 to every point w € Wj. |

In the case where f is linear with respect to the variable z, a result stronger
than Corollary 5.5 has been obtained in [31]. Namely, it was shown that there
can be found a solution z(w) € M (w) which depends smoothly on w such that
o(w) = f(w, z(w)) for all w € Wy if the functions a;, o; are smooth.

6. ASYMPTOTIC DIRECTIONS OF LEVEL SETS

Let f be a function defined on a Banach space X with values in the extended
real line RU{oo}. Let us define the level set map associated with f as a set-valued
map from R to X by

Li(a):={zeX: f(z) <a}

for all @ € RU {oo}. Level sets (called also sublevel sets) play an important role
in the study of functions (see [6], [33], [41] and the references given there). They
characterize, for instance, continuity properties and other properties relative to the
structure of functions (convexity, connectedness, etc.). In optimization the feasible
solution set of a problem is often expressed as a level set of a constraint function. In
this section we shall establish some convergence properties of asymptotic directions
of level sets with the help of the results of the previous sections. An application
is made to derive the extreme desirability condition in an unbounded exchange
economy. We shall need the following result of [33].

Lemma 6.1. The level set map Ly has the following properties:

i) Ly is closed on R if and only if f is lower semicontinuous;

it) Ly is lower continuous on its domain if and only if every local minimizer
of f with finite value is a global minimizer.

Theorem 6.2. Assume that [ is a lower semicontinuous, quasiconvex function
from X to RU{oc}. Then the following assertions hold:

i) Rp, is closed on the domain of Ly if every local minimizer of f with finite
value is a global minimizer;
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i) Rr, is cosmically upper continuous on the domain of Ly if every local min-
imizer of f with finite value is a global minimizer and if the domain of f is asymp-
totically compact.

Proof. Let a be an element of the domain of the level set map Ly. In view of
the preceding lemma, under the condition of assertion i), L is lower continuous,
convex-valued and closed at . By Theorem 3.4, Ry, is closed at this point. If in
addition the domain of f is asymptotically compact, then according to Theorem
3.7, Ry, is cosmically upper continuous at this point. The proof is complete. [

Corollary 6.3. Assume that f is a lower semicontinuous quasiconvexr function
from a finite dimensional space X to RU{oo} and every local minimizer of f with
finite value is a global minimizer. Then Ry, is cosmically upper continuous on its
domain.

Proof. This follows from Theorem 6.2 and the fact that every subset of a finite
dimensional space is asymptotically compact. O

Note that the conclusion of Theorem 6.2 (ii) is not always true without the
asymptotic compactness assumption. This can be seen by the following example.
Let X be the product space R x Y, where Y is an infinite dimensional space. Define
a function f on X by

0 if t=0and y=0,
fty)=9 llyll/t if £>0,
00 ift<0or t=0andy #0.

It is evident that the requirements of Theorem 6.2 (ii) are satisfied, except for
the asymptotic compactness of the domain of f. For all & > 0, one sees that
Rr,(a) = L¢(a) coincides with the cone generated by the set {1} x aBy. Hence
Ry, is not cosmically upper continuous at a > 0.

Let us now discuss the so-called “extreme desirability condition” that guarantees
the existence of equilibria in unbounded exchange economies. Let f be a continuous
function from a finite dimensional space X to R . We say that the extreme desir-
ability condition is satisfied at a level a € R if every nonzero asymptotic direction
v of Ly(a) is decreasing in the sense that for every « € L¢(a) there exists t > 0
such that f(x 4 tv) < f(z). The interested reader is referred to [34], [35] for more
about this condition and its role in economics. We shall show that under suitable
assumptions, if the extreme desirability condition is satisfied at some level, it is so
at any level sufficiently close to that level.

Proposition 6.4. Suppose the function f is continuous and quasiconvex on a finite
dimensional space X with values in RU {oco}, and that:
i) Ewvery local minimizer of [ with finite value is a global minimizer;
i) The extreme desirability condition is satisfied at a level o with Ly(cr) # 0;
1i) For each asymptotic direction v of this level with ||v]| =1, one has

lim f(z + tv) > liminf f(z,)
t—o0 n—oo

whenever limy, o ||Zn| = 00 and limy, 00 Tn /|| 2] = v.
Then there exists a positive € such that the extreme desirability condition is
satisfied at any level in (—oo, o+ €).
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Proof. Suppose to the contrary that there are a sequence {o,}52 ; decreasing to
@, vectors v, € Rr,(ay,) with |lv,|| = 1 and y, € Ly(an) such that f(y,) =
min{ f(yn + tv,) : t > 0}. Without loss of generality one may assume that {v,}22;
converges to some vector vg. In view of Theorem 6.2 (i), vo € Rz, (). Now we show
that actually for n sufficiently large, v,, € Rp, (). Indeed, if not, for an arbitrary
fixed x € Ly(«) one can find ¢, > 0 such that f(z + tv,) > o for all t > ¢,,. Let
Sy > t, with lim,, . s, = oo and let z,, = = + s,v,. Then on one hand one
has that lim, . ||Zn] = 00, imy, oo Zn/||Zn]] = vo and liminf, ., f(z,) > a.
On the other hand, by the extreme desirability condition at the level @ and by the
quasiconvexity of f, one can find A > 0 such that f(z+1tvy) < a— A for ¢ sufficiently
large. This implies that lim, . f(x + tvg) < « and leads to a contradiction
with condition iii). By this, for n sufficiently large, one has v, € Rp,(a). For
these n, one also has f(y,) > «, because otherwise y, could not minimize the
function ¢t — f(yn + tv,) over R} according to the extreme desirability condition.
Consequently f(y, + tv,) > a for all t > 0. Let 7, > |lyn||? with lim,, o 7, = 00.
Putting ,, = yn + TnVn, we see that lim, o ||z,| = oo, lim,—co zn/||Zn] = vo
and arrive at the same contradiction as above. The proof is complete. O

Finally, let us make a comment on Theorem 1 (page 487) of [34] stating that for
a continuous quasiconvex function f the extreme desirability condition is satisfied
at all levels o € {f(z) : © € X} if and only if the following condition (called the no-
half-lines condition) holds: there do not exist z and v # 0 such that f(z) = f(z+tv)
for all ¢ > 0. This result, however, can not be extended to all levels a € R. For
instance, for the function f(z) := z/(1 + |z|) on R the no-half-lines condition is
satisfied, but the extreme desirability condition does not hold at the level 1. This
example also shows that the extreme desirability condition is not continuous in the
sense that if it is satisfied at all the levels strictly lower than a € R, it may fail at
the level a.

7. CONCLUSION

Our investigation has been centered around the properties linking asymptotic
analysis and perturbations of the data. Up to now several applications of asymptotic
analysis have already been obtained and many are in progress. For a broad view of
applications to optimization we refer to [5]-[7], [43], [46] for scalar problems and to
[28], [&7] for vector problems. Applications to mechanics, variational inequalities
and other topics of functional analysis are found in [1], [7], [29], [30]. A study of
continuity properties with respect to weaker topologies in the image space X as
suggested by a referee, is possible and worth further attention because it should
offer a larger range of applications. In fact the research along this direction has
already been initiated in [5], [6], [7]. In these works the authors define asymptotic
cones in the weak topology. However, in order to obtain their results they impose
additional conditions that make these cones identical with the asymptotic cones
defined by the norm topology. In order to really exploit the advantages of weak
topologies, further investigations are needed and we shall address this topic in a
future work.
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