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CUNTZ-KRIEGER ALGEBRAS AND ENDOMORPHISMS OF
FINITE DIRECT SUMS OF TYPE I∞ FACTORS

BERNDT BRENKEN

Abstract. A correspondence between algebra endomorphisms of a finite sum
of copies of the algebra of all bounded operators on a Hilbert space and repre-
sentations of certain norm closed ∗-subalgebras of bounded operators generated
by a finite collection of partial isometries is introduced. Basic properties of this
correspondence are investigated after developing some operations on bipartite
graphs that usefully describe aspects of this relationship.

Introduction

Consider an infinite dimensional Hilbert space H which decomposes into an or-
thogonal sum of two isomorphic subspaces H1,H2 so that there are unitary isomor-
phisms Si : H → Hi of H (i = 1, 2) with these subspaces. Viewed as self-maps of H
the maps Si are isometries ofH. The norm closed ∗-subalgebra of all bounded linear
operators B(H) on H generated by S1 and S2 is the Cuntz algebra O2. It is simple,
and unique up to isomorphism of C∗-algebras ([7]). The particular isometries above
may be viewed as defining a representation of O2 on H. If A is a bounded linear
operator onH the unitarily equivalent operators SiAS∗i on B(Hi), i = 1, 2, may also
be viewed as operators on H, where they may be added. This defines a self-map
of the algebra B(H), namely A →

∑
SiAS

∗
i , which is a unital ∗-endomorphism.

Conversely, by viewing any given unital ∗-endomorphism ϕ of B(H) as a represen-
tation of the algebra B(H) on the Hilbert space H and using standard techniques
of unitary equivalence for representations, it follows that ϕ arises in this manner
from a representation of some Cuntz algebra On. By exploring the representation
theory of Cuntz algebras one can analyse endomorphisms of B(H). Of particular
interest are the shifts and ergodic endomorphisms of B(H) — see [1], [16], [4], [12]
and references therein for example.

Now consider isometries defined only on subspaces of H, so that in essence part
of H is sent to zero. Given a finite collection {S1, . . . , Sd} of these so-called partial
isometries, subject to the conditions that the range spaces are orthogonal, and their
domain spaces decompose orthogonally in terms of the various range spaces, we can
form the norm closed ∗-subalgebra of B(H) generated by them to obtain a Cuntz-
Krieger algebra OA. Here A is a {0, 1} valued d × d matrix describing how each
initial, or domain subspace of a partial isometry decomposes into the various range
spaces of the given partial isometries.
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In this note we extend the above correspondence to one between representations
of OA on a Hilbert space H, and unital ∗-endomorphisms of a certain von Neumann
algebra, namely the subalgebra of all operators which are reduced by the initial
subspaces of the partial isometries. This subalgebra is isomorphic to a finite direct
sum of finitely many copies of B(H). Since unital ∗-endomorphisms of algebras of
this form can be described using matrices ([5]) the following question arises: how
is the matrix for the endomorphism defined by a representation of OA related to
the matrix A?

Here a third correspondence, a geometrical one, is invoked to describe this re-
lationship. The matrix A can be viewed as the vertex matrix for a certain bi-
partite graph, and it is by using certain operations on bipartite graphs that the
relationship between these two matrices becomes clear. The graph viewpoint for
endomorphisms was already part of the established context, going back to work
of Bratteli ([3]) on homomorphisms between finite dimensional algebras; while a
graphical viewpoint for Cuntz-Krieger algebras was more fully exploited only re-
cently ([15]). These graph operations are also needed to describe how an arbitrary
unital ∗-endomorphism of a finite sum of algebras isomorphic to B(H) arise from a
representation of an appropriate Cuntz-Krieger algebra.

An interesting extension of these graph operations with an application to arbi-
trary Cuntz-Krieger algebras is found in [6].

The Cuntz and Cuntz-Krieger algebras have played and continue to play a signifi-
cant role in several areas of investigation. Originally Cuntz and Krieger investigated
these algebras from the perspective of providing dynamical invariants for the topo-
logical Markov chains, or subshifts of finite type, that are also associated with such
matrices A. They showed that flow equivalent subshifts give rise to stably isomor-
phic algebras OA. In fact the K-groups of the algebras OA are computed in [8], and
using Frank’s classification of topological Markov chains up to flow equivalence the
algebra OA can be shown to be classified by these groups. Details and references
can be found in [21].

The argument in [9] involving flow equivalent subshifts rests on an alternate de-
scription of the algebras OA, namely that they arise stably as the crossed product
by an automorphism of an AF subalgebra of OA. This subalgebra is itself con-
structed as a crossed product involving the algebra of continuous, complex valued
functions vanishing at infinity on the unstable space of the subshift defined by A.

In [19] Putnam built on this dynamical aspect of Cuntz-Krieger algebras by
describing and investigating several C∗-algebras associated with hyperbolic dy-
namical systems in general, in other words, with expansive homeomorphisms of
compact metric spaces equipped with canonical coordinates. Outside of the usual
crossed product algebra, these dynamical systems in addition give rise to groupoid
C∗-algebras formed from stable and unstable equivalence relations, and to their
associated Ruelle algebras, which are defined as crossed product algebras by an
induced automorphism of the groupoid algebra. Those hyperbolic dynamical sys-
tems where the underlying space is zero dimensional give rise to topological Markov
chains, and the Ruelle algebras in this case are the Cuntz-Krieger algebras up to
stable isomorphism. Insights into these general dynamical algebras and also their
underlying dynamical systems can be guided by knowledge of the Cuntz-Krieger
algebras associated to topological Markov chains. An overview of recent progress
and problems in this direction can be found in [14].
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The possibilities of a groupoid approach to Cuntz-Krieger algebras were indicated
in [8] but it first seems to have been exploited in [15]. Beginning with a locally
finite directed graph one can associate with it a groupoid whose C∗-algebra is the
Cuntz-Krieger algebra defined by the possibly infinite, locally finite edge matrix
of the graph. This not only provided an approach to Cuntz-Krieger algebras for
infinite, locally finite matrices but also introduced a context in which to understand
the structure of the Morita equivalent C∗-algebras arising in Doplicher and Robert’s
duality theory for compact groups ([15]).

Other current lines of investigation are linked to Cuntz-Krieger algebras. In [18]
Pimsner introduced a construction for C∗-algebras associated with Hilbert bimod-
ules which simultaneously incorporated into a common context both the Cuntz-
Krieger algebras, which arise from a bimodule over an abelian finite dimensional
algebra, and crossed product algebras, which arise from a bimodule structure de-
fined by an automorphism of an algebra.

The threads connecting the Cuntz-Krieger algebras with these approaches are
also apparent in the continuous graph C∗-algebras of Deaconu ([10]), and more
recently in the C∗-algebras associated with branched coverings ([11]). These C∗-
algebras arise from groupoids described in [2], which reflect an underlying dynamics,
and which restrict in the graph situation to the groupoids considered in [15]. These
algebras are shown to be isomorphic to certain Cuntz-Pimsner algebras for appro-
priate Hilbert bimodules ([10], [11]). If the underlying dynamics come from an
expansive homeomorphism, then these groupoid C∗-algebras are Morita equivalent
to the Ruelle C∗-algebras.

It is hoped that the results described below will provide a useful tool to help
explore the various connections mentioned above.

In summary, this paper introduces and investigates some aspects of a new corre-
spondence between certain unital ∗-endomorphisms of finite direct sums of count-
ably decomposable type I factors on the one hand and representations of finite
dimensional Hilbert spaces of partial isometries on the other. This correspondence
restricts to one between certain ∗-endomorphisms of finite direct sums of type I∞
factors and representations of Cuntz-Krieger algebras. The well known and much
investigated correspondence between unital ∗-endomorphisms of a type I∞ factor
with finite index n and representations of the Cuntz algebra On is included in this
description. As one can imagine the step from On to OA with A a square matrix
of nonnegative integer entries introduces combinatorial complexities which either
stand in the way of, or further enrich, development of a basic theory. It is hoped that
some necessary tools for further pursuing questions concerning ∗-endomorphisms
of the kind considered here are provided below.

The process of going from a representation of a Cuntz-Krieger algebra to a unital
∗-endomorphism of a certain von Neumann algebra directly mimics the procedure
which takes representations of Cuntz algebras to endomorphisms of B(H). The con-
cept of a Hilbert space parametrizing partial isometries generating a Cuntz algebra
is useful in order to show that the endomorphism is independent of a particular basis
of the parametrization space. In a similar fashion it is possible to use Hilbert spaces
to parametrize some sets of partial isometries generating Cuntz-Krieger algebras. In
section 1 we opt for a conventional approach which generalizes in a straightforward
manner the original Roberts’ Hilbert space of isometries for a Cuntz algebra. If A
is a square n by n matrix of zeroes and ones, the parametrizing Hilbert space for
OA is of dimension n. Pimsner’s bimodule approach to Cuntz-Krieger algebras is
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also conceivably available here, one that uses a Hilbert space of varying dimension,
up to n2, depending on the entries of A.

A quick overview of the paper follows. In section 1 we develop a Hilbert space
of partial isometries. The basic object, called a coordinate system on a Hilbert
space E , is a finite collection P of commuting projections that cover E . It is called
orthogonal if any two of these projections are either equal or orthogonal. Certain
linear maps φ : E → B(H) are called displays of a coordinate system. Basically a
display fans out the projections in a given coordinate system to become orthogonal
projections. One can show that a display is faithful, norm decreasing and maps unit
vectors of E to certain linear combinations of partial isometries. To any coordinate
system P along with an orthogonal system generating it one can associate a matrix
with entries in {0, 1}. Using such a matrix A which is square we introduce the
concept of a dual pair P and Q of coordinate systems along with the basic idea
of a representation φ : (P , A,Q) → B(H) of a dual pair. Such a representation
is a properly aligned display of the coordinate system P . These representations
are equivalent to representations of the Cuntz-Krieger algebra OA if A satisfies
condition I of Cuntz-Krieger. Using representations of a dual pair also allows a
natural definition for the quasi-free automorphisms of a Cuntz-Krieger algebra OA.

In section 2 the process of assigning a unital ∗-endomorphism ϕφ of the commu-
tant of a certain coordinate system to a given representation φ of a dual system is
described. A natural line of investigation is to see how properties of the endomor-
phism are reflected in algebraic properties involving the representation. We show,
among other things, that the fixed point algebra of the endomorphism ϕφ is the
commutant of the ∗-algebra generated by the image of φ (Theorem 2.6). Thus the
endomorphism is ergodic if and only if the representation is irreducible. A unital
endomorphism ϕ is called a shift if the set of elements in common with all the
ranges ϕn, n ∈ N, is the set of scalars. We show (Theorem 2.7) that the endomor-
phism is a shift if the canonical AF subalgebra in the image of the representation is
irreducible. We also show that the domain of ϕφ must be a sum of type I∞ factors
if the matrix A describing the dual system satisfies condition I of Cuntz-Krieger.

Square matrices with nonnegative integer entries are naturally associated with
unital ∗-endomorphisms of finite direct sums of type I factors (cf. [5]). A natural
line of investigation is to determine relationships between the matrices used in the
description of the dual systems being represented and the matrices of the endomor-
phisms associated with the representation. Using bipartite graphs to picture the
matrices is a convenient way to describe the relationships that arise.

Section 3 quickly describes the in-split and in-amalgamation graphs of a bipartite
graph and introduces a partial order on finite bipartite graphs, or equivalently on
square matrices with nonnegative integer entries. This partial order has minimal
elements that determine intervals yielding a readily computable equivalence relation
on such matrices. It is clear that equivalent matrices are also strong shift equivalent.
The section closes with a small technical result showing that two equivalent matrices
either both satisfy condition I of Cuntz-Krieger or neither does.

Section 4 includes results about the correspondence described in section 2. The
two basic results are: that the endomorphism associated to a representation of a
dual system (P , A,Q) has the complete in-amalgamation of A as its matrix, and
that any finitely embedded endomorphism ϕ of a finite direct sum of type I factors
arises from a representation of a dual system (P , A,Q) where A is the complete
in-split of the matrix for ϕ.
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Notation. Our Hilbert spaces have an inner product 〈 , 〉 which is conjugate linear
in the first variable and linear in the second variable. A basis of a Hilbert space
E is understood to be an orthonormal basis and dim E is the cardinality of such a
basis. The identity map on E is IE , or just I if the context is clear. For a subset
E of E , SpE or Span E denotes the linear subspace of E generated by E. If S
is a collection of elements in B(H), the C∗-algebra of all bounded operators on a
Hilbert space H, then S′ denotes the commutant of S and C∗(S) is the C∗-algebra
generated by S.

The graphs we consider are bipartite graphs G(V,W ) with finite initial state set
V , finite final state set W and finite edge set E . If e is an edge of G(V,W ) then i(e)
denotes its initial vertex, an element of V , while t(e) denotes the terminal vertex
of e, an element of W . In order to skirt complications that are not central to the
main aspects of this study we restrict attention to those bipartite graphs G(V,W )
which have no stranded vertices; i.e., each element of V is i(e) for some e ∈ E and
each element of W is t(e) for some e ∈ E . This restriction is not necessary for
our results on in-splits for example, but does play a role in in-amalgamations as
described below (cf. [6]).

1. A spatial view of Cuntz-Krieger algebras

In this section a structure analogous to the Hilbert space underlying a Cuntz
algebra is developed for Cuntz-Krieger algebras. This gives a new perspective on
the structure of Cuntz-Krieger algebras that allows for a simplification of some
aspects of these algebras and also further unifies them with the family of Cuntz
algebras. In [18] Pimsner has earlier shown how both these families of algebras
arise from a common context, namely from a Hilbert bimodule structure. This
section develops a common spatial context that is different from that developed
in [18], with what seems different applicabilities. However, it seems likely that
by altering Pimsner’s approach one could include this present framework. For the
time being though, we adopt a direct generalization of the spatial view of Cuntz
algebras.

In order to clarify the spatial description of Cuntz algebras it is helpful to keep
the description of Cuntz-Krieger algebras as Hilbert spaces of isometries in mind.
This structure was brought to use by Roberts in [20], and later usefully exploited
in studying endomorphisms of B(H) by Arveson in [1]. Using the terminology of
[1], a map φ : E → B(H) of a Hilbert space E of (finite) dimension m is a Cuntz
system over E if

a) φ(v)∗φ(w) = 〈v, w〉I, v, w ∈ E ,
b) φ(E)H = H.
These properties alone are enough to establish that φ is a linear isometry send-

ing unit vectors to partial isometries with initial space H such that orthonor-
mal vectors are sent to partial isometries with orthogonal ranges. It follows that∑
φ(ej)φ(ej)∗ = I for any basis {ej | j = 1, . . . ,m} of E . Cuntz’s uniqueness

result shows that to any Cuntz system (φ, E) there is a representation πφ of the
Cuntz algebra Om on B(H), where m is the dimension of the Hilbert space E and
C∗(φ(E)) = πφ(Om).

The corresponding coordinate free approach for Cuntz-Krieger algebras OA re-
quires a more intricate framework. There is still a linear contraction φ : E → B(H)
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from a Hilbert space E with C∗(φ(E)) = πφ(OA) under the usual condition I of
Cuntz and Krieger on A, but φ will in general no longer send unit vectors to partial
isometries. Instead unit vectors correspond to certain linear combinations of partial
isometries. Also, a preferred dual set of subspaces of the Hilbert space E needs to
be specified, and this structure must be reflected by the map φ. Note that if A is
an m×m matrix of 0’s and 1’s, then the dimension of E is m.

We first introduce a key concept.

Definition 1.1. A coordinate system P = {Pk | k ∈ Σ} on a Hilbert space E is a
finite collection of non-zero commuting projections Pk with

∨
Pk = IE . Denote by

|P | the cardinality of the index set Σ (= ΣP ).

A coordinate system P on B(E) may be viewed as a linear map P : C(ΣP ) →
B(E) mapping the minimal projections δk (k ∈ ΣP ), where δk(j) = δkj , (j ∈ ΣP ),
to non-zero commuting projections Pk in B(E). Thus the C∗-algebra generated by
the image of P , denoted C∗(P ), is abelian. Two coordinate systems P , Q are said
to commute if Image Q is contained in the commutant P (C(ΣP ))′. In the case
that dim E is finite we say the coordinate system P is normalized if |ΣP | = dim E .

If P is a coordinate system define an equivalence relation on ΣP by setting
k ∼ l iff Pk = Pl. Setting ψ(δk) = δπ(k) for k ∈ ΣP where πP : ΣP → XP is
the quotient map onto the space XP of equivalence classes defines a conditional
expectation ψ : C(ΣP ) → C(XP ). If the context is clear πP is written π. We

also write [k]P for πP (k). For f =
∑
fkδk we have ψ(f) =

∑
j∈X

( ∑
k∈π−1(j)

fk

)
δj .

Setting P redδπ(k) = Pk and extending linearly yields a coordinate system P red :
C(XP ) → B(E) with P redψ = P . We refer to P red as the reduced coordinate
system associated with P . A coordinate system is called reduced if P red = P , so
in other words, if the projections of P are distinct. We also refer to the cardinality
of π−1([k]) as the multiplicity of the projection Pk. It is the number of times each
projection Pk occurs in P .

An important class of coordinate systems are the orthogonal systems. We say
a coordinate system P is orthogonal if PiPk = 0 whenever Pi 6= Pk. An intrinsic
description follows.

Proposition 1.2. A coordinate system P : C(ΣP ) → B(E) is orthogonal iff P =
[P ] ◦ ψ where ψ : C(ΣP )→ C(X) is a conditional expectation onto a unital subal-
gebra C(X) of C(ΣP ) and [P ] is an injective ∗-homomorphism of C(X) to B(E).

Proof. Suppose P = [P ]ψ. Since [P ] is a ∗-homomorphism we have [P ](ψ(δk)) =
Pk = P 2

k = [P ](ψ(δk))2 and [P ](ψ(δk)) = Pk = P ∗k = [P ](ψ(δk))∗. Thus each
ψ(δk) is a projection by the injectivity of [P ]. Denote by π : ΣP � X the quotient
map dual to the inclusion i : C(X)→ C(ΣP ). For j ∈ X we have i(δj) = δj ◦ π =∑
k∈π−1(j)

δk, so ψ(δk)δj = ψ(δki(δj)) = ψ

( ∑
l∈π−1(j)

δkδl

)
= ψ(δk) if π(k) = j and

zero otherwise. Since the only non-zero projection of C(X) supported on j is δj
we have ψ(δk) = δπ(k), (k ∈ ΣP ) and so Pk = [P ](δπ(k)). It follows that P is
orthogonal.

Conversely, let P = [P ]ψ where [P ] = P red is the coordinate system described
above and ψ : C(ΣP )→ C(XP ) is the conditional expectation. To check that [P ] is
a homomorphism it is sufficient to show that [P ](δπ(k)δπ(l)) = [P ](δπ(k))[P ](δπ(l)).
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However, since P is orthogonal the right side is PkPl = Pkδπ(k)π(l), which is the
left side. It follows that [P ] is also injective.

It is clear that if P is orthogonal, then so is P red. It also follows that P is
orthogonal if and only if P red is a ∗-homomorphism.

By a normalized orthogonal system P we mean that P is not only normalized
and orthogonal but in addition that the multiplicity of each element Pk of P is
equal to its dimension. Thus rank Pk =

∣∣π−1
P (k)

∣∣. A normalized orthogonal system
with multiplicity one for each element will also be referred to as a basis system.

Two systems P and Q are called strongly equivalent if there is a bijection ν
between the index sets of ΣP and ΣQ with Pk = Qν(k), k ∈ ΣP , and equivalent
if there is a unitary U in B(E) so that the coordinate system UPU∗ is strongly
equivalent to Q.

We first investigate some elementary properties of coordinate systems.
The C∗-algebra C∗(P ) is finite dimensional, abelian, and contains the identity

map on E , IE . Since a maximal abelian self-adjoint subalgebra of B(E) has di-
mension m, the algebra C∗(P ) has dimension ≤ m. If P is a reduced orthogonal
coordinate system, then the elements Pk of P are the minimal projections in C∗(P ).
In general, if E = {Ek | k ∈ ΣE} are the minimal projections in C∗(P ), then E is
a reduced orthogonal coordinate system with C∗(E) = C∗(P ). We call an orthog-
onal coordinate system E satisfying C∗(E) = C∗(P ) an orthogonal generator for
P .

Define a partial order on coordinate systems by setting P ≺ Q, read as Q
is a refinement of P , iff P (C(ΣP )+) ⊆ Q(C(ΣQ)+). Note that if P ≺ Q, then
P (C(ΣP )+) ⊆ Q(C(ΣQ)) ⊆ Q(C(ΣQ))′, so that P and Q commute. We also
have that if each projection Pk is a sum of projections Qi, then P ≺ Q. Although
P ≺ Q implies that C∗(P ) ⊆ C∗(Q) the converse is not true in general: for
example if P consists of two orthogonal projections e and f and Q = {e + f, f},
then C∗(P ) = C∗(Q) but Q is not a refinement of P . Since there is a conditional
expectation ψ with P = P red ◦ψ, it follows that P ≺ Q if and only if P red ≺ Qred.

For commuting coordinate systems P and Q on E we may form the tensor
product coordinate system P ·Q on E where ΣP ·Q = ΣP × ΣQ and P ·Q(k,j) =
Pk · Qj for (k, j) ∈ ΣP × ΣQ. We may also form the disjoint union P ∪ Q, a
coordinate system on E with index set the disjoint union ΣP + ΣQ.

Proposition 1.3. If P , Q are two coordinate systems on E that commute, then

C∗(P ) · C∗(Q) = C∗(P ·Q) = C∗(P ∪Q).

Proof. Both P , Q ≺ P ∪Q ≺ P ·Q, so C∗(P ) ·C∗(Q) ⊆ C∗(P ∪Q) ⊆ C∗(P ·Q).
Since P ·Q ⊆ C∗(P ) · C∗(Q) we also have C∗(P ·Q) ⊆ C∗(P ) · C∗(Q).

The partial order relation has stronger implications under orthogonality assump-
tions.

Proposition 1.4. If Q is an orthogonal coordinate system, then P ≺ Q if and
only if each projection of P is a sum of projections from Q.

Proof. It is enough to show this if P and Q are both reduced. Since P ≺ Q, each
projection Pl ∈ Q(C(Σ)+), so is of the form Q(

∑
αiδi) with αi ∈ R+. Since Q is

reduced and orthogonal, it is a ∗-homomorphism and
∑
αiQi is a projection, where

Qi are distinct orthogonal projections. Thus αi is either 0 or 1 for each i. The
converse direction was already noted without the orthogonality hypothesis.
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Proposition 1.5. Let P , Q be two commuting coordinate systems. If Q is orthog-
onal, then P ≺ Q if and only if C∗(P ) ⊆ C∗(Q).

Proof. It is enough to show that C∗(P ) ⊆ C∗(Q) implies that P ≺ Q. Since each
projection Pk of P is a sum of minimal projections in C∗(P ), and each minimal
projection of C∗(P ) is a projection in C∗(Q), we see that Pk is a sum of projections
in C∗(Q). However Qred is a set of orthogonal minimal projections in C∗(Q)
corresponding to the points of XQ. Thus any projection in C∗(Q), and therefore
in P , is a sum of elements from Q.

Thus, if P and Q are commuting systems that are both orthogonal, then C∗(P )
= C∗(Q) if and only if P ≺ Q and Q ≺ P .

Proposition 1.6. If P , Q are two commuting orthogonal and reduced coordinate
systems, then C∗(P ) = C∗(Q) if and only if P is strongly equivalent to Q.

Proof. It is enough to show that if C∗(P ) = C∗(Q), then P is strongly equivalent
to Q. For each k ∈ ΣP , Pk is a minimal projection in C∗(Q), since it is minimal
in C∗(P ). Since P , Q commute, and since Q is orthogonal and reduced, the
projections PkQj (j ∈ ΣQ) must all be zero, except for exactly one j = ϕ(k) with
PkQj = Pk. Since Qj is minimal in C∗(Q), we have Qj = PkQj = Pk for j = ϕ(k).
This defines a bijection ϕ giving the strong equivalence.

If E and F are two reduced orthogonal systems generating the same coordinate
system P on E , then C∗(E) = C∗(P ) = C∗(F) so the previous proposition shows
that E and F are strongly equivalent. If E is finite dimensional and if we normalize
E by setting the multiplicity of each member to be its rank in B(E) we obtain a
normalized orthogonal generating system for P which is also unique up to strong
equivalence. Notice that the rank mk of Ek is recoverable from C∗(P )′Ek, since
this is isomorphic to a type Imk factor ([13]).

To each pair (P ,B) of commuting coordinate systems with B orthogonal and
P ≺ B assign a bipartite graph G(ΣP ,ΣB) = G(P ,B) with edges e given by
i(e) = k ∈ ΣP and t(e) = j in ΣB if and only if Bj ≤ Pk. We may also associate
with such a pair (P ,B) a matrix A = [P ,B] which is the transpose of the usual
adjacency matrix of the graph G(P ,B). Thus [P ,B] has entries in {0, 1}, has
ΣB rows and ΣP columns, and A(j, k) = 1 if and only if Bj ≤ Pk. We have
BjPk = A(j, k)Bj (j ∈ ΣB, k ∈ ΣP ).

Notice that Pj =
∑⊥

A(i, j)Bi and rank (Pj) =
∑⊥

A(i, j) rank Bi, where∑⊥ is a sum over distinct orthogonal terms. If B is a normalized system, so that
rank Bi is the multiplicity of Bi, then rank (Pj) =

∑
i∈ΣB

A(i, j). Since we assume
that Pk 6= 0 for all k, each column of [P ,B] has at least one nonzero entry. Also
since

∨
Pk = I, each row of [P ,B] has at least one nonzero term. Conversely,

given such a matrix A with entries in {0, 1} there is a coordinate system P and an
orthogonal system E with P ≺ E and [P ,E] = A. For example let E be any basis
system of E , a Hilbert space of dimension equal to the number of rows of A, and
set Pk =

∑
A(j, k)Ej .

If E,B are two commuting orthogonal systems withE ≺ B, or equivalently with
C∗(E) ⊆ C∗(B) then since any two elements of E are either equal or orthogonal,
the matrix D = [E,B] satisfies the following: if two columns of D share a 1 in the
same row, the columns must be equal. Thus if E is a reduced orthogonal system
there is exactly one 1 in each row.
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For the next proposition notice that one may obtain a groupoid structure on
bipartite graphs by composing. Thus G(V,W )G(W,Y ) is a bipartite graph G(V, Y )
where the edges are paths ef , where e, f are edges in G(V,W ), G(W,Y ) respectively
such that t(e) = i(f). If AVW denotes the matrix associated with G(V,W ), then
AWY AVW is the matrix associated with G(V,W )G(W,Y )

Proposition 1.7. Let P be a coordinate system with E a reduced orthogonal sys-
tem such that P ≺ E. If B is an orthogonal system with E ≺ B, then G(P ,B) =
G(P ,E)G(E,B) and [P ,B] = [E,B][P ,E].

Proof. Since E is reduced, there is exactly one 1 in each row of [E,B]. Thus
the (i, j) entry of the product [E,B][P ,E] =

∑
[E,B](i,k)[P ,E](k,j) = 1 iff there

is a k such that Bi ≤ Ek and Ek ≤ Pj , which is equivalent to Bi ≤ Pj , i.e.,
[P ,B](i,j) = 1.

Example 1.8. If E is not reduced this can easily fail. Take P1 = I, P2 = Sp{e3} on
a three dimensional Hilbert space E with basis {e1, e2, e3}, E1 = E2 = Sp{e1, e2},
E3 = P2, and Bi = Sp{ei}. Then [P,E] = [P,B] 6= [E,B][P,E].

Remark 1.9. If E is the reduced orthogonal system for P , and B is an orthogonal
system with P ≺ B, then C∗(E) = C∗(P ) ⊆ C∗(B) and therefore by Proposition
1.5, E ≺ B. Thus the hypotheses of Proposition 1.7 are fulfilled under these
assumptions also.

For the following we assume E is finite dimensional.

Definition 1.10. For E and B normalized coordinate systems with E ≺ B we
say E and B are aligned if E −B is a positive map from C(Σ) to B(E).

This just ensures that Bk ≤ Ek for all k ∈ Σ.

Lemma 1.11. If E,B are normalized orthogonal coordinate systems on E with
E ≺ B, then there is a system B′ strongly equivalent to B so that E and B′ are
aligned. Equivalently, there is a system E′ strongly equivalent to E with E′ and B
aligned.

Proof. Let ϕ : XB → XE be the onto map defined by ϕ([j]B) = [i]E if and only
if Bj ≤ Ei. Since each Ei is a sum of elements from B,

∣∣π−1
E [i]

∣∣ = rank Ei =∑⊥
Bj≤Ei rank Bj =

∑
[j]∈ϕ−1[i]

∣∣π−1
B [j]

∣∣ and Σ =
⋃

[i]∈XE
π−1
E [i] =

⋃
[i]∈XE

⋃
[j]∈ϕ−1

[i]

π−1
B [j]

where these are disjoint unions. Thus there is a permutation σ of Σ with σ
(
π−1
E [i]

)
=

⋃
[j]∈ϕ−1[i]

π−1
B [j]. Since k ∈ π−1

E [k] we have σ(k) ∈ π−1
B [j] for some [j] ∈ ϕ−1[k] and

so πB(σ(k)) ∈ ϕ−1([k]E). Thus ϕ[σ(k)]B = [k]E , which is equivalent to Bσ(k) ≤ Ek.
Setting B′k = Bσ(k) yields a system B′ aligned with E, or letting E′k = Eσ−1(k)

yields a system E′ aligned with B.

Proposition 1.12. Let P be a coordinate system, E and B normalized orthogonal
systems with P ≺ E ≺ B. If E and B are aligned then [P ,E] = [P ,B] and
G(P ,E) = G(P ,B).

Proof. Since [P ,E](k, j) = 1 if and only if Ek ≤ Pj , and [P ,B](k, j) = 1 if and
only if Bk ≤ Pj , it is enough to note that Ek ≤ Pj if and only if Bk ≤ Pj for the
aligned pair E,B.
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Lemma 1.13. Let P be a coordinate system, E an orthogonal system with P ≺ E
and E′ the orthogonal system strongly equivalent to E defined by E′k = Eσ(k) for a
permutation σ of ΣE = {1, . . . , |E|}. Then [P ,E′](k, l) = [P ,E](σ(k), l).

Proof. It is enough to note that E′k ≤ Pl if and only if Eσ(k) ≤ Pl.

We see now what the possible set of matrices [P ,E] is for a given fixed coordinate
system P and E any normalized orthogonal system with P ≺ E. The previous
results show that, up to a permutation of the rows, there is only one possible matrix.
For if B and B′ are two normalized orthogonal systems with P ≺ B and P ≺ B′,
by Proposition 1.5 we have F ≺ B and F ≺ B′ where F is any (normalized)
orthogonal generator for P . There are, by Lemma 1.11, two normalized orthogonal
systems E and E′ strongly equivalent to F such that E and B are aligned and E′,
B′ are aligned. We have by Proposition 1.12 [P ,B] = [P ,E] and [P ,B′] = [P ,E′].
Now E and E′ are strongly equivalent so by Lemma 1.13 the matrices [P ,E] and
[P ,E′] are equal up to a permutation of the rows.

Proposition 1.14. Let P be a normalized coordinate system. Given any normal-
ized orthogonal system E with P ≺ E there is a normalized coordinate system Q
commuting with P such that

1. [P ,B]T = [Q,B],
2. [P ,B] = [P ,E]

for some orthogonal coordinate system B with P ∪Q ≺ B.

Proof. Set A = [P ,E] and choose a basis {ek} of E with ek ∈ Ek. If Bk = Sp{ek}
then (E,B) is an aligned pair and [P ,B] = [P ,E] = A. Define Q by Qk =∑
A(k, i)Bi, so [Q,B] = AT ,Q commutes with P and P ∪Q ≺ B.

Note that any orthogonal system B′ with P ∪Q ≺ B′ and (B′,B) aligned will
satisfy the above properties for B also.

Definition 1.15. Let P be a normalized coordinate system on E and E a given
normalized orthogonal system with P ≺ E. With A = [P ,E] and Q a normalized
coordinate system on E commuting with P and satisfying [P ,B] = [Q,B]T = A
for some orthogonal system B with P ∪Q ≺ B we say (P , A,Q) is a dual system,
or that P ,Q are dual via A. Such a coordinate system B is said to implement the
dual system (P , A,Q).

Note that E may be chosen to be the normalized orthogonal generator for P with
[P ,E] = A. Proposition 1.14 shows that given P and [P ,E] = A there is always
a dual system (P , A,Q). If (P , A,Q) is a dual system, then so is (Q, AT ,P ).

The following proposition shows that all dual systems on E given by a matrix A
are related by an automorphism of B(E).

Proposition 1.16. Let P be a normalized coordinate system and A = [P ,E] for
E a normalized orthogonal system with P ≺ E. If (P , A,Q) is a dual system,
then (P ′, A,Q′) is also a dual system if and only if there is a unitary U on E with
Q′ = UQU∗ and P ′ = UPU∗.

Proof. Since (P , A,Q) is a dual system there is a normalized orthogonal system B
with P ∪Q ≺ B and [P ,B] = A = [Q,B]T .

Assume there is a unitary U on E with Q′ = UQU∗ and P ′ = UPU∗. Setting
B′ = UBU∗ we have B′ is a normalized orthogonal system with P ′ ∪Q′ ≺ B′.
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Since [P ′,B′](i, k) = 1 iff B′i ≤ P ′k which is equivalent to Bi ≤ Pk, i.e., A(i, k) = 1,
we have [P ′,B′] = A. Similarly [Q′,B′] = [Q,B], so (P ′, A,Q′) is a dual system.

Conversely suppose (P ′, A,Q′) is a dual system implemented by an orthogonal
coordinate system B′. Choose two orthogonal coordinate systems of rank one
projections E,E′ aligned with B and B′ respectively and define a unitary U on E
with UEkU

∗ = E′k. Then [P ,E] = [P ,B] = A = [P ′,B′] = [P ′,E′] and [Q,E] =
[Q,B] = AT = [Q′,B′] = [Q′,E′]. One can check that P ′k =

∑
A(i, k)E′i =∑

A(i, k)UEiU∗ = U(
∑
A(i, k)Ei)U∗ = UPkU

∗, and similarly Q′k = UQkU
∗.

Corollary 1.17. If (P , A,Q) is a dual system, then (P , A,Q′) is a dual system if
and only if there is a unitary U ∈ C∗(P )′ with Q′ = UQU∗.

Example 1.18. Let E = C2 with basis {e1, e2}. Set P1 = I, P2 = Ce2 and Ei =

Cei. Then [P ,E] =
[

1 0
1 1

]
and Q1 = C e1, Q2 = I defines the unique system

Q with [Q,E] = [P ,E]T , since any unitary U commuting with the system P , or
equivalently with E, must be diagonal, and so Q = UQU∗. If we had chosen E′ by

E′1 = C e2 and E′2 = C e1 then [P ,E′] =
[

1 1
1 0

]
and P is self-dual, i.e., P is the

unique system P with [P ,E′] = [P ,E′]T .

Definition 1.19. A symmetry of a dual system (P , A,Q) is a unitary in C∗(P )′∩
C∗(Q)′.

Proposition 1.20. Let (P , A,Q) be a dual system of coordinates on E and B an
orthogonal coordinate system implementing the dual system. Another orthogonal
coordinate system B′, implements (P , A,Q) if and only if B′ = UBU∗ for a
symmetry U of (P , A,Q).

Proof. If U is a symmetry of (P , A,Q), then B′ = UBU∗ is a normalized or-
thogonal system with P ∪ Q ≺ B′. Arguing as in Proposition 1.16 we see that
[P ,B′] = [P ,B] and [Q,B′] = [Q,B]. In the converse direction apply Proposition
1.16 for the case Q′ = Q, to obtain a symmetry U .

Note that it is certainly possible for two coordinate systems (P ,Q) to be dual
via different matrices A and A′. By preceding remarks the matrices must however
be equal up to a permutation of the rows. If B and B′ are normalized orthogonal
systems implementing (P , A,Q) and (P , A′,Q) respectively, then by Proposition
1.20 this is equivalent to B′ not being conjugate to B via a symmetry of (P ,Q).
In the following examples we let B be a basis of E and set B′k = Bσ(k) for σ a
permutation of {1, . . . ,m}.

Set A to be the matrix [P ,B] and A′ = [P ,B′]. We have Qk =
∑

[Q,B](i, k)Bi
=
∑
A(k, i)Bi and also

Qk =
∑

[Q,B′](i, k)B′i =
∑

[P ,B′]T (i, k)Bσ(i) =
∑

[P ,B′](k, i)Bσ(i)

=
∑

[P ,B](σ(k), i)Bσ(i) =
∑

A(σ(k), σ−1(i))Bi.

Thus A(k, i) = A(σ(k), σ−1(i)) is needed in order to have P dual to Q via both B
and B′. For a trivial example, one can set P = B so A = Id and Q = P , i.e., P is
self-dual. Then if σ2 = Id, A(k, i) = A(σ(k), σ−1(i)) = Id, and P is also self-dual
via B′. Note that any symmetry U must be a diagonal unitary, so B′ 6= UBU∗ for
any such U . For a second example, let E = C3 with basis {e1, e2, e3} and set Bi =
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Cei. Let P1 = Sp{e1, e3}, P2 = Sp{e2, e3}, P3 = Sp{e1, e2}, and σ = (1 2 3). Again,
any unitary commuting with P , in particular any symmetry, must be a diagonal

unitary. Then [P ,B] = A =

 1 0 1
0 1 1
1 1 0

 satisfies A(k, i) = A(σ(k), σ−1(i)),

[P ,B′] 6= A and B′ is not conjugate to B via a symmetry. Here P is again
self-dual.

To obtain a non-self-dual example in E = C3, set P1 = Sp{e1, e3}, P2 =
Sp{e2, e3}, P3 = Sp{e3} and let σ be the transposition (1, 2). The matrix [P ,B] =

A =

 1 0 0
0 1 0
1 1 1

 satisfies A(k, i) = A(σ(k), σ−1(i)) and Q1 = Sp{e1}, Q2 =

Sp{e2}, Q3 = I defines the dual system Q. The system B′ is not conjugate to B
via a symmetry, since a symmetry must again be a diagonal unitary in this example.

Definition 1.21. For P a coordinate system on E , a map φ : E → B(H) is a
display of P if there is a reduced orthogonal coordinate system ρ : C(ΣP )→ B(H)
such that

1. φ(y)∗φ(z)ρ(k) = 〈y, P (k)z〉ρ(k), k ∈ C(ΣP ); y, z ∈ E ,
2. φ(E)H = H.

Of course condition 1 may be restated in terms of the projections ρk and Pk as
φ(y)∗φ(z)ρk = 〈y, Pkz〉ρk, k ∈ ΣP . We also say (φ, ρ,H) or just (φ, ρ) is a display
of P . We shall see that the usual facts true for Cuntz systems over E also hold in
this setting.

Proposition 1.22. If (φ, ρ) is a display of P , then φ is a faithful norm decreasing
linear map.

Proof. To see that φ is linear, we compute for example that

[φ(λy + z)∗ − λφ(y)∗ − φ(z)∗][φ(λy + z)− λφ(y) − φ(z)]ρk = 0 for all k.

Summing over k and using
∑
ρk = IH we have

(φ(y + z)− φ(y)− φ(z))∗(φ(y + z)− φ(y)− φ(z)) = 0.

Also φ(y)∗φ(y)ρk = 〈y, Pky〉ρk ≤ ‖y‖2 ρk. Summing over k we have φ(y)∗φ(y) ≤
‖y‖2 and thus ‖φ‖ ≤ 1.

To see that φ is faithful note that since
∨
Pk = I, for any y ∈ E there is a k with

Pky 6= 0. Thus φ(y)∗φ(y)ρk = 〈y, Pky〉ρk = ‖Pky‖2 ρk 6= 0.

Let (φ, ρ,H) be a display of a coordinate system P on E . If E is an orthogonal
system with P ≺ E and v a unit vector in Es, then φ(v)∗φ(v)ρk = 〈v, Pkv〉ρk =
A(s, k) ‖v‖2 ρk = A(s, k)ρk, where A = [P ,E]. Thus φ(v)∗φ(v) =

∑
A(s, k)ρk, a

projection independent of the given unit vector v in Es. Thus, if U is a unitary in
C∗(P )′, then A = [P ,E′] where E′s = UEsU

∗ and φ(v)∗φ(v) = φ(w)∗φ(w) for unit
vectors w ∈ E′s, v ∈ Es.

Proposition 1.23. Let (φ, ρ,H) be a display of a coordinate system P and E an
orthogonal coordinate system with P ≺ E. Then φ(v) is a partial isometry for any
unit vector v contained in an element of E. Its initial projection is independent of
the particular v chosen in a fixed element of E. If v, w are orthogonal unit vectors,
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each contained in some element of E, then φ(v) and φ(w) have orthogonal final
projections φ(v)φ(v)∗ and φ(w)φ(w)∗ .

Proof. For v ∈ Es, w ∈ Er orthogonal unit vectors in E , it remains to show that
φ(v)∗φ(w) = 0. We have

φ(v)∗φ(w)ρk = 〈v, Pkw〉ρk =
{
〈v, w〉ρk if Pkw = w
0 if Pkw = 0 = 0

for any k, so summing over k yields the result.

Remark 1.24. In particular if {vi | i = 1, . . . ,m} is a basis of E so that for each k,
vk ∈ Es for some s, then φ(vk)φ(vk)∗ = pk is an orthogonal family of projections
in B(H). We also have

∑
pk = IH. Indeed,

H = φ(E)H = {
∑

αkφ(vk)H | αk ∈ C}

=
∑

φ(vk)H =
∑

φ(vk)φ(vk)∗φ(vk)H ⊆
∑

φ(vk)φ(vk)∗H

=
∑

pkH.

Thus p = {pk | k = 1, . . . ,m} is a reduced orthogonal coordinate system on H
associated to the display φ and such a basis of E .

Remark 1.25. Let (P , A,Q) be a dual system and (φ, ρ,H) a display of P . We
associate with the dual system and the display φ a family of projections ql, l ∈
{1, . . . ,m} on H, namely

ql =
∑

A(l, k)ρk = φ(v)∗φ(v)

where v ∈ Bl is any unit vector and B = {Bl | l = 1, . . . ,m} is any orthogonal
system implementing (P , A,Q.) Since A is a matrix with a nonzero entry in each
row and column, we see that

∨
qk = IH, so q = {qk | k = 1, . . . ,m} is also a

coordinate system on H.

It is relatively straightforward to construct displays (φ, ρ,H) of a coordinate
system P . Choose any normalized orthogonal coordinate system E with P ≺ E
and {ei | i = 1, . . . ,m} a basis of E with ei ∈ Ei. Set A = [P ,E]. Choose H a
Hilbert space and a family ρk of orthogonal projections with sum IH and partial
isometries vi with initial space qk =

∑
A(k, i)ρi and orthogonal range spaces viv∗i

with
∑
viv
∗
i = IH. The form of the matrix A may of course force the rank of some

of the ρi, and therefore also of H, to be infinite.
Define φ : E → B(H) by φ(ei) = vi and extend linearly. Then (φ, ρ,H) is a

display of P . To check this it is enough to see that φ(ej)∗φ(el)ρk = 〈ej , Pkel〉ρk
for all j, k, l. However,the left side is δjlqlρk = δjlA(l, k)ρk, while the right side is
equal to 〈ej , A(l, k)el〉ρk = δjlA(l, k)ρk. Thus (φ, ρ,H) is a display of P .

Definition 1.26. If (P , A,Q) is a dual system and (φ, ρ,H) is a display of P , we
say φ is a representation of the dual system (P , A,Q) if

φ(QkE)H = qkH ∀k,
where qk =

∑
A(k, l)ρl is the family of projections on H associated with the dual

system (P , A,Q) described in Remark 1.25. The display φ of P is Cuntz-Krieger
realizable if there is a system Q dual to P so that φ is a representation of the dual
pair (P ,Q), i.e., of a dual system (P , A,Q). We say φ is infinite if the projections
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qk are infinite in B(H) for all k. In this case the projections in any coordinate
system p on H associated to φ as in Remark 1.24 are also all infinite.

Lemma 1.27. Let (φ, ρ,H) be a display of a normalized coordinate system P on
E that is also a representation of a dual system (P , A,Q). Then φ(ek)∗φ(ek) =∑

[P ,B](k, i)φ(ei)φ(ei)∗ for any basis {ek | k = 1, . . . ,m} of E with ek ∈ Bk,
where B is any orthogonal system implementing the duality (P , A,Q).

Proof. Since φ is a representation of the dual system (P , A,Q) we have that
φ(QkE)H = qkH where qk = φ(ek)∗φ(ek) =

∑
[P ,B](k, i)ρi. Thus

qkH = φ(Qk)H = {
∑

αi[P ,B](k, i)φ(ei)H | αi ∈ C}

=
∑

[P ,B](k, i)φ(ei)H =
∑

[P ,B](k, i)φ(ei)φ(ei)∗φ(ei)H

⊆
∑

[P ,B](k, i)φ(ei)φ(ei)∗H

⊆
∑

[PB](k, i)φ(ei)H = φ(QkE)H = qkH.

By Remark 1.24 we know
∑

[P ,B](k, i)φ(ei)φ(ei)∗ is a projection, so it must then
be the projection qk.

Theorem 1.28. Let (φ, ρ,H) be a display of a normalized coordinate system P on
E. Let (P , A,Q) be a dual system, {ek | k = 1, . . . ,m} a basis of E with ek ∈ Bk
where B implements (P , A,Q), and pk = φ(ek)φ(ek)∗ the orthogonal coordinate
system p of H associated with φ and this basis, as in Remark 1.24. The following
are equivalent:

a) φ is a representation of the dual system (P , A,Q).
b)
∑
A(k, i)pi =

∑
A(k, i)ρi for each k.

c) (φ,p,H) is a display of P .

Proof. a) ⇒ b): By the comments after Proposition 1.22

φ(ek)∗φ(ek) =
∑

[P ,B](k, i)ρi.

Lemma 1.27 finishes the claim.
b)⇒ c): Remark 1.24 shows

∑
pk = IH, so it remains to show that φ(y)∗φ(z)pk

= 〈y, Pnz〉pk for y, z ∈ E . Since φ is linear we may set y = el and z = ei.
Then φ(y)∗φ(z)pk = δl,iφ(el)∗φ(ei)pk by Proposition 1.23. This is equal to
δilφ(el)∗φ(el)pk = δil(

∑
[P ,B](l, j)ρj)pk by the comments after Proposition 1.22.

By assumption, this equals δil(
∑

[P ,B](l, j)pj)pk which is δil[P ,B](l, k)pk. How-
ever 〈y, Pkz〉pk = 〈el, Pkei〉pk = 〈el, [P ,B](i, k)ei〉pk = δil[P ,B](l, k)pk proving
the claim.

c)⇒ a): To show (φ,p,H) is a representation we need to establish that φ(QkE)H
= φ(ek)∗φ(ek)H. Since (φ,p,H) is a display we see by the same arguments preced-
ing Proposition 1.23 that

φ(ek)∗φ(ek) =
∑

[P ,B](k, i)pi =
∑

[P ,B](k, i)φ(ei)φ(ei)∗.
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We have

φ(QkE)H =
∑
{αi[P ,B](k, i)φ(ei)H | αi ∈ C}

=
∑

[P ,B](k, i)φ(ei)H

=
∑

[P ,B](k, i)φ(ei)φ(ei)∗φ(ei)H

=
∑

[P ,B](k, i)φ(ei)φ(ei)∗H
= φ(ek)∗φ(ek)H.

Notice that if A is the matrix with a 1 in each entry, A(i, k) = 1 for all i and k,
then condition b) of the previous theorem is satisfied. In this case P must be the
coordinate system Pk = IE for all k, and so any display of P is a representation of
the dual system (P , A,P ).

Proposition 1.29. Let (P , A,Q) be a dual system on E, U a unitary in B(E) and
(φ, ρ,H) a display of P . If ψ = φ ◦ U , then ψ is a display of U∗ PU . If φ is also
a representation of (P , A,Q), then ψ is a representation of (U∗PU,A,U∗QU).

Proof. We have

ψ(y)∗ψ(z)ρk = φ(Uy)∗φ(Uz)ρk = 〈Uy, PkUz〉ρk
= 〈Uy, UU∗PkUz〉ρk = 〈y, U∗PkUz〉ρk,

which shows the first claim.
If B implements (P , A,Q) and {ek, k = 1, . . . ,m} is a basis of E with ek ∈

Bk, then fn = U∗ek is a basis of E with fk ∈ U∗BkU, where U∗BU implements
(U∗PU,A,U∗QU). Since ψ(fk) = φ(ek) condition b) of Theorem 1.28 holds and so
ψ is a representation of (U∗PU,A,U∗QU).

The real case of interest here is if U is a symmetry of (P , A,Q). Then ψ = φ ◦U
remains a representation of (P , A,Q) if φ is a representation of (P , A,Q). More
importantly, the coordinate system B still implements the duality and we may
choose the elements ek for a basis of E in this case, not the fk. Then as in the
proof of Proposition 1.29, ψ(y)∗ψ(z) = φ(y)∗φ(z) for y, z ∈ E , so ψ(ek) = φ(Uek)
is a partial isometry with the same initial space as φ(ek), namely qk. We have
ψ(QkE)H = φ(UQkE)H = φ(QkUE)H = φ(QkE)H = qkH, so ψ is a representation
of (P , A,Q).

Proposition 1.30. Let (φ, ρ,H) be a display of a normalized coordinate system P
on E and U ∈ B(H) a unitary. Set rk = UρkU

∗.
a) If ψ(x) = Uφ(x)U∗, then (ψ, r,H) is also a display of P . If φ is a represen-

tation of a dual system (P , A,Q), then so is ψ.
b) If ψ(x) = φ(x)U∗ then (ψ, r,H) is a display of P .

Proof. In both cases, to check that ψ is a display of P it is enough to check that
ψ(y)∗ψ(z)rk = 〈y, Pkz〉rk. However, the left side is

Uφ(y)∗φ(z)ρkU∗ = U〈y, Pkz〉ρkU∗ = 〈y, Pkz〉rk.
The map φ is a representation of a dual system (P , A,Q) iff (φ,p) is a display, where
pk = φ(ek)φ(ek)∗ with ek ∈ Bk a basis of E and B implementing (P , A,Q). Thus
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(ψ,UpU∗) is a display and since ψ(ek)ψ(ek)∗ = UpkU∗, we have by c) of Theorem
1.28 that the display (ψ, r, H) of P must also be a representation of (P , A,Q).

Remark 1.31. With φ,U as above, B a coordinate system implementing a dual
system (P , A,Q) and ψ(x) = φ(x)U∗ it is certainly possible for ψ to be a rep-
resentation of the dual system (P , A,Q) even if φ is not. For if ek ∈ Bk is a
basis then pk = φ(ek)φ(ek)∗ = ψ(ek)ψ(ek)∗. Thus if U is a unitary satisfying∑
A(k, i)UρiU∗ =

∑
A(k, i)pi, then Theorem 1.28 c) implies that ψ is a represen-

tation of (P , A,Q), even though φ may not be.

We give a simple example of a display φ of a system P on E so that ψ, where
ψ(x) = φ(x)U∗ cannot be a representation of any dual pair (P ,Q), for any unitary
U .

Let E be a two dimensional Hilbert space with basis {e1, e2}. If P1 = I, P2 the

projection onto Span {e2} then [P ,E] = A =
[

1 0
1 1

]
where Ei is the projection

onto Span {ei}. Let H be an infinite dimensional Hilbert space and βi, i = 1, 2,
two orthogonal projections, each of infinite rank, with sum IH. Let ρi, i = 1, 2, be
two orthogonal projections with sum IH and rank ρ2 finite. Choose vi, i = 1, 2,
two partial isometries on H with viv

∗
i = βi and v∗1v1 = ρ1, v∗2v2 = IH. Defining

φ : E → B(H) by φ(ei) = vi and extending linearly we have that (φ, ρ,H) is a
display of P .

We claim that ψ cannot be a representation for any dual system (P , A′,Q′).
Any possible matrix A′ for P is related to A by a permutation θ, namely A′(k, l) =
A(θ(k), l) for all k, l, where A′ = [P ,E′] with E′i the projection onto Span {e′i} and
e′i = eθ(i). Then by Theorem 1.28b), ψ is a representation of (P , A′,Q′) if and only
if
∑
A′(k, i)UρiU∗ =

∑
A′(k, i)β′i where β′i = ψ(e′i)ψ(e′i)

∗ = φ(e′i)φ(e′i)
∗ = βθ(i).

This amounts to requiring
∑
A(k, i)UρiU∗ =

∑
A(k, i)βθ(i) for each k. For our A,

this means that Uρ1U
∗ = βθ(1) and U(ρ1 +ρ2)U∗ = βθ(1) +βθ(2). The last equality

imposes no new condition since both sides are the identity operator on H. However
the first equality implies Uρ2U

∗ = βθ(2), which contradicts the choice of rank for
β2 and ρ2. For (φ, ρ,H) a display of a coordinate system P on E there are some
very mild conditions on the orthogonal family of projections ρi that ensure that
one can perturb φ to be a representation of some dual system (P , A,Q). The last
example shows how the rank of the projections ρi may prevent this from being the
case, but basically this is the main obstacle.

Proposition 1.32. Let (φ, ρ,H) be a display of P , and (P , A,Q) a dual system
implemented by B. Set pk = φ(ek)φ(ek)∗ where {ek | k = 1, . . . ,m} is a basis of E
with ek ∈ Bk. There is a permutation θ and a unitary U such that

U(
∑

(A(k, i)ρi)U∗) =
∑

A(k, i)pθ(i)

iff ψ defined by ψ(x) = φ(x)U∗ is a representation of the dual system (P , A′,Q′)
where A′(k, i) = A(θ(k), i).

Remark 1.33. In particular, if there is permutation θ so that rank ρi = rank pθ(i)
for all i, then there is a unitary U with UρiU

∗ = pθ(i) for all i, and the conditions
of the proposition are fulfilled. Thus the display φ of P may be perturbed to yield
a representation of a dual system involving P .

Proof. Since [P ,B] = A we have [P ,B′] = A′ where B′k = Bθ(k). The projections
ψ(e′i)ψ(e′i)

∗ = φ(e′i)φ(e′i)
∗ = pθ(i), where e′i = eθ(i). Since (φ, ρ,H) is a display of
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P , so is (ψ,UρU∗,H) by Proposition 1.30. By Theorem 1.28 ψ is a representation
of (P , A′,Q′) iff

∑
A′(k, i)UρiU∗ =

∑
A′(k, i)p′i, which is equivalent to the stated

condition.

Let A be a square m × m matrix with entries in {0, 1}. If φ : E → B(H) is
a representation of a dual system (P , A,Q) on E , a Hilbert space of dimension
m, then there is a basis ek of E with φ(ek)∗φ(ek) =

∑
A(k, i)φ(ei)φ(ei)∗ and the

φ(ek) are partial isometries. If A satisfies condition I of Cuntz-Krieger [9], then
by their uniqueness result, the C∗-algebra generated by the image of the Hilbert
space E under φ is OA. One may think of this as a particular representation
πφ : OA → B(H) of the Cuntz-Krieger algebra naturally associated with the dual
system representation φ of E in B(H).

By the comments after Proposition 1.29, for A satisfying condition I of [9], there
is therefore an automorphism αU of OA for every unitary U on the m-dimensional
Hilbert space E that is a symmetry of (P , A,Q). The automorphism αU is deter-
mined by αUφ(ei) = φ(Uei). One may view these automorphisms as the quasi-free
automorphisms of OA, as they naturally extend the notion of such automorphisms
for the Cuntz algebras.

Given a Cuntz-Krieger algebra OA acting on a Hilbert space H, with a specified
set of generating partial isometries vi, i = 1, . . . ,m, satisfying the Cuntz-Krieger
relations then this determines a representation φ : E → B(H) of a dual system
(P , A,Q) on an m-dimensional Hilbert space E so that OA = C∗(φ(E)), the C∗-
algebra generated by the subspace φ(E). The map φ is defined by setting φ(ei) = vi
with {ei | i = 1, . . . ,m} a basis for E and extending linearly. The coordinate
systems P and Q are given by Pk =

∑
A(i, k)Ei, Qk =

∑
A(k, i)Ei with Ei the

orthogonal rank one projections onto Span {ei}. One can think of E , or rather
φ(E) as an underlying finite dimensional Hilbert space of partial isometries in the
algebra OA, and one can refer to a generating Hilbert space E of partial isometries
as meaning a representation φ : E → OA ⊆ B(H) of a dual system (P , A,Q) on E
with C∗(φ(E)) = OA.

2. Endomorphisms of finite direct sums of type I∞ von Neumann

algebras arising from representations of OA
There is a well known correspondence between ∗-representations π of the Cuntz

algebra On, π : On → B(H), and unital ∗-endomorphisms α of B(H) [1]; namely
α(a) =

∑n
π(vi)aπ(vi)∗, (a ∈ B(H)) where {vi | i = 1, . . . , n} are partial isometries

in On with v∗kvk = I =
∑
vlv
∗
l . In this section we explore an extension of this

correspondence to one between representations of Cuntz-Krieger algebras and unital
∗-endomorphisms of finite direct sums of type I∞ factors. In the following (φ : E →
B(H), ρ,H) is a display of a coordinate system P on an m-dimensional Hilbert
space E . If E is a normalized orthogonal coordinate system with P ≺ E and
[P ,E] = A, and {ek | n = 1, . . . ,m} is a basis of E with ek ∈ Ek, then by Remarks
1.24 and 1.25 sk = φ(ek) is a partial isometry with initial space qk = φ(ek)∗φ(ek) =∑
A(k, i)ρi; the final spaces φ(ek)φ(ek)∗ = pk are m orthogonal projections with

sum IH. For each such display φ form the ∗-linear unital map ϕ : x→
∑
skxs

∗
k of

B(H) to itself. Since
∨

qk = IH and the projections pi are orthogonal it is clear
that ϕ is injective. There is a maximal domain R of definition for ϕ so that ϕ
becomes a ∗-homomorphism defined on R. Let q denote the coordinate system
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{qk | k = 1, . . . , n} and p the orthogonal coordinate system {pk | k = 1, . . . ,m} on
H.

Proposition 2.1. The maximal domain R for ϕ so that ϕ is a ∗-homomorphism
is the von Neumann algebra {qk | k = 1, . . . ,m}′.

Proof. We first show {qk | k = 1, . . . ,m}′ ⊆ R, i.e., that ϕ(a b) = ϕ(a)ϕ(b) for
a, b ∈ {qk | k = 1, . . . ,m}′. The right side is

∑
skas

∗
kslbs

∗
l =

∑
skaδklqkb =∑

skaqkbs∗k =
∑
skqkabs∗k = ϕ(a b), since skqk = sks

∗
ksk = sk.

Conversely suppose ϕ(a b) = ϕ(a)ϕ(b). Then
∑
skaqkbs∗k =

∑
skabs

∗
k, so multi-

plying by s∗l on the left and sl on the right we obtain the equation qlaqlbql = qlabql
for each l, and for each a, b ∈ R. If aql 6= qla for some l and some a ∈ R, then since
aql = qlaql + (1 − ql)aql and qla = qlaql + qla(1 − ql) we must have (1 − ql)aql
6= qla(1−ql). Thus one of these, say (1−ql)aql 6= 0. Since {qk | k = 1, . . . ,m}′ ⊆ R
we also have that both x = (1 − ql)aql ∈ R and x∗ ∈ R. Thus by setting a = x∗

and b = x in the equation above, qlx∗qlxql = qlx∗xql. Since qlx = 0, this implies
0 = x∗x. However x 6= 0 by assumption, so a must commute with each ql. A
similar contradiction follows if qla(1− ql) is nonzero.

Since

pkϕ(a) = sks
∗
k

∑
slas

∗
l =

∑
δlksks

∗
kslas

∗
l = skas

∗
k

and

ϕ(a)pk =
∑

slas
∗
l sks

∗
k =

∑
slaδlks

∗
l sks

∗
k = skas

∗
k,

we have that ϕ is a unital ∗-homomorphism from R = {s∗ksk | k = 1, . . . ,m}′
to {sks∗k | k = 1, . . . ,m}′. Note that ϕ is ultra weakly continuous. The domain
algebraR has as its commutant the discrete abelian, and so type I algebra generated
by the commuting projections qk, k = 1, . . . ,m. It follows that R is unitarily
equivalent to a finite direct sum of type I factors. Since the range of ϕ is contained
in
⊕

pk(B(H)pk, a finite direct sum of type I factors, ϕ is a unital ∗-homomorphism
of a finite sum of type I factors on H to another finite direct sum of type I factors
on H.

If one now strengthens the assumption on the display φ and insist that φ : E →
B(H) is a representation of a dual system (P , A,Q) rather than just a display,
we may then assume by Theorem 1.28 that (φ,p,H) is a display. Thus qk =∑
A(k, i)pi in this case and the algebra generated by the projections pk therefore

contains the algebra generated by the projections qk, so R ⊇ {pk | k = 1, . . . ,m}′.
Thus the range of ϕ ⊆ R and ϕ becomes a unital ∗-endomorphism of R =

⊕
Rk,

a finite direct sum of type I von Neumann algebras Rk. If φ is an infinite represen-
tation then R is a finite direct factor sum of type I∞ factors.

Theorem 2.2. Let φ : E → B(H) be a representation of a dual system (P , A,Q)
of coordinate systems on E and sk = φ(ek) where {ek | k = 1, . . . ,m} is a basis of
E with ek ∈ Bk and B implementing the duality. The map

ϕ : x→
m∑
k=1

skxs
∗
k, x ∈ {s∗ksk | k = 1, . . . ,m}′ = R,

is a unital injective ∗-endomorphism of R, a finite direct sum of type I factors.
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Although a basis {ek | k = 1, . . . ,m} of E was chosen with ek ∈ Bk where B
implements the duality in order to define the endomorphism ϕ we will show that ϕ
does not depend on the particular choice of such a basis.

For ϕ a unital ∗-endomorphism of a von Neumann subalgebra R of B(H), let Lϕ
be the norm closed linear subspace defined by {T ∈ B(H) | ϕ(a)T = Ta, (a ∈ R)}.
We will show that Lϕ is a Hilbert A-module where A = R′. First note that Lϕ
is a right A-module, in fact a two-sided A-module. For if x ∈ A, T ∈ Lϕ, then
ϕ(a)Tx = Tax = Txa, (a ∈ R) so Tx ∈ Lϕ. Also, given, T, S ∈ Lϕ we have
T ∗Sa = T ∗ϕ(a)S = (ϕ(a)∗T )∗S = (ϕ(a∗)T )∗S = (Ta∗)∗S = aT ∗S, (a ∈ R),
so T ∗S ∈ A. Since ‖T ‖ = ‖T ∗T ‖1/2 for T ∈ B(H) we see that Lϕ is a Hilbert
A-module with the A-valued inner product given by 〈T, S〉 = T ∗S for T, S ∈ Lϕ.

Proposition 2.3. If ϕ is an endomorphism of R = C∗(q)′ arising from a repre-
sentation φ : E → B(H) of a dual system (P , A,Q) then Lϕ = SpanA φ(E), the
right A-submodule of B(H) generated by φ(E).

Proof. Let {ek | k = 1, . . . ,m} be a basis of E with ek ∈ Bk, B a coordi-
nate system implementing the dual system. Since ϕ(a)φ(ek) = ϕ(a)φ(ek)qk =∑
φ(ej)aφ(ej)∗φ(ek)qk = φ(ek)aqk = φ(ek)qka = φ(ek)a for a ∈ R we have that

φ(E) ⊆ Lϕ. For T ∈ Lϕ we have T = 1HT =
∑
φ(ei)φ(ei)∗T =

∑
φ(ei)〈φ(ei), T 〉

which is in the right A-module generated by φ(E).

Proposition 2.4. Let φ : E → B(H) be a representation of a dual system (P , A,Q)
on E and ϕ be the unital ∗-endomorphism of R = C∗(q)′ described in Theorem 2.2.
If bT = Ta (T ∈ φ(E)) for some a ∈ R, b ∈ B(H) then b = ϕ (a)

Proof. Since φ(E) ⊂ Lϕ and a ∈ R we have ϕ(a)T = Ta, (T ∈ φ(E)). Thus
(b−ϕ(a))T = T (a−a) = 0 for all T ∈ φ(E). Thus (b−ϕ(a))(φ(E)H) = 0 and since
φ(E)H = H we must have b = ϕ(a).

To define the endomorphism ϕ given by a representation φ : E → B(H) of a
given dual system (P , A,Q) on E we first choose a basis {ek | k = 1, . . . ,m} of E
implementing the duality (P , A,Q). We will show that ϕ is independent of such a
chosen basis. If {e′k | k = 1, . . . ,m} is another basis of E implementing the duality
then by Proposition 1.20 there is a symmetry U of (P , A,Q) with e′k = Uek. If
s′k are the partial isometries φ(e′k) = φ(Uek), then the s′k have the same initial
projections qk as the sk = φ(ek). Thus the domains of the unital ∗-endomorphisms
ϕ′ and ϕ coincide, where ϕ′ : x→

∑
s′kxs

′∗
k . For x ∈ R we have ϕ′(x)T = Tx for all

T ∈ φ(UE) = φ(E), so by Proposition 2.4, ϕ′(x) = ϕ(x). Thus the endomorphism ϕ
depends only on the representation φ : E → B(H) of a given dual system (P , A,Q).
We denote this endomorphism by ϕφ if the context is not clear.

Given two representations of the same dual system then their associated endo-
morphisms are basically the same.

Proposition 2.5. Given two infinite representations φ, ψ : (P , A,Q) → B(H)
of a dual system on E there is an inner automorphism β of B(H) and an inner
automorphism α of range (ϕφ) so that ϕφ = α ◦ β ◦ ϕψ ◦ β−1.

Proof. Denote by qi, pi the infinite initial and final projections respectively of the
partial isometry φ(ei), where {ei | i = 1, . . . , n} is a basis of E implementing the
duality, and q′i, p

′
i the analogous projections for the partial isometry ψ(ei). Since the

projections pi, p′i are infinite with
∑

pi =
∑

p′i = IH, there is a unitary U ∈ B(H)
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with β(p′i) = pi, where β = adU . Thus β(ψ(ei)) is a partial isometry with final
projection pi and initial projection β(q′i) = β(

∑
A(i, l)p′l) =

∑
A(i, l)β(p′l) = qi.

Thus the domain of the endomorphism associated to the representation β ◦ ψ is
that of the endomorphism ϕφ. It is clear that ϕβ◦ψ = β ◦ ϕψ ◦ β−1.

Since φ(ei) and βψ(ei) are partial isometries with the same initial and final
spaces, and the final projections have sum IH,

∑n
i=1 φ(ei)βψ(ei)∗ defines a unitary

V in B(H) with V β(ψ(ei)) equal to the partial isometry φ(ei). Since V com-
mutes with the projections pi for all i, V is in range (ϕφ). For x ∈ M we have∑
V β(ψ(ei))xβψ(ei)∗V ∗ =

∑
φ(ei)xφ(ei)∗ = ϕφ(x), so ϕφ = α ◦ β ◦ϕψ ◦ β−1 with

α = adV .

Notice that if ψ is an infinite representation of a dual system (P ′, A,Q′) on E
defined by the same matrix A as a representation φ of a dual system (P , A,Q) on
E , then Propositions 1.16 and 1.29 imply that there is a unitary W in B(E) so that
ψ ◦W is a representation of the dual system (P , A,Q) on E , and the hypothesis of
the proposition above are satisfied.

The following theorem describes the fixed point algebra of the endomorphism
ϕφ as the commutant of the ∗-algebra generated by the image of φ. If the matrix
A satisfies condition I of Cuntz-Krieger [9], then of course this is the commutant
of πφ(OA), where πφ is the representation of OA on H defined by φ. This again
extends the known situation for the Cuntz algebras On ([1], [16]).

Theorem 2.6. Let φ : E → B(H) be a representation of a dual system (P , A,Q)
on E. If ϕ is the unital ∗-endomorphism of the von Neumann algebra R = C∗(q)′

defined by φ, then

{a ∈ R | ϕ(a) = a} = (φ(E) ∪ φ(E)∗)′ ∩R.
Proof. If a ∈ φ(E)′ then a commutes with φ(E), so ϕ(a) =

∑
φ(ei)aφ(ei)∗ =

a
∑
φ(ei)φ(ei)∗ = a · I = a. Here {ek | k ∈ Σ} is a basis of E with ek ∈ Bk where

B implements (P , A,Q).
Conversely, if ϕ(a) = a, then ϕ(a∗) = ϕ(a)∗ = a∗. Now {T ∈ B(H) | ϕ(a)T =

Ta (a ∈ R)} = SpanAφ(E) by Proposition 2.3, so both a and a∗ commute with
SpanAφ(E). Thus a commutes with both φ(E) and φ(E)∗.

For the next result we make use of some notation in [9]. Let φ : E → B(H)
be a representation of a dual system (P , A,Q). Choose a basis {ek | k ∈ Σ} of E
with ek ∈ Bk where B implements (P , A,Q). For µ = (i1, . . . , ik) a multi-index
with i, j ∈ Σ, set |µ| = k, the length of µ. Write sµ = φ(ei1)φ(ei2 ) . . . φ(eik) and
pµ, qµ the range and support projections of sµ, respectively. Let MA denote the
set of multi-indices µ with sµ 6= 0. Set Fk to be the finite dimensional C∗-algebra
generated by {sµpis∗ν | i ∈ Σ, |µ| = |ν| = k}, an increasing sequence of algebras,

and FA to be the norm closure of
∞⋃
k=0

Fk ([9]).

Theorem 2.7. Let φ : E → B(H) be a representation of a dual system (P , A,Q)
on E. If ϕ is the unital ∗-endomorphism of R = C∗(q)′ defined by φ, then⋂

k≥0

ϕk(R) = F ′A.

Proof. Since F ′A =
⋂
k≥0

F ′k it is enough to establish that ϕk+1(R) ⊆ F ′k ⊆ ϕk(R)

for all k ≥ 0. Recall from [9] that Eiµν = sµpis∗ν (i ∈ Σ, µ, ν ∈ MA such that
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|µ| = |ν| = k) are a system of matrix units for Fk. By Proposition 2.3 φ(E) ⊆
{T ∈ B(H) | ϕ(a)T = Ta, (a ∈ R)}, so for µ with |µ| = k it follows that
ϕk+1(a)sµ = sµϕ(a), (a ∈ R). Thus ϕk+1(a)Eiµν = sµϕ(a)pis∗ν = sµpiϕ(a)s∗ν =
Eiµνϕ

k+1(a), the second equality following from the fact that range ϕ ⊆ {pi | i ∈
Σ}′. Thus ϕk+1(R) ⊆ F ′k.

Since Fk is the direct sum of matrix algebras
⊕
i∈Σ

C∗{Eiµν | |µ| = |ν| = k}, the

commutantF ′k is the direct sum
⊕
i∈Σ

C∗{Eiµν | |µ| = |ν| = k}′. Since the commutant

of a matrix algebra consists of diagonal matrices we see that any y ∈ F ′k must have
the form

∑
i∈Σ

{
∑
|ν|=k

Eiνµ(EiµµyE
i
µµ)Eiµν where µ is chosen so that Eiµµ 6= 0. Set x =∑

i∈Σ

(sµpi)∗EiµµyE
i
µµ(sµpi) and note that x ∈ C∗({pi | i ∈ Σ})′ ⊆ C∗({qi | i ∈ Σ})′

= R. We compute ϕk(x) =
∑
|ν|=k

sνxs
∗
ν =

∑
|ν|=k

sν

(∑
i∈Σ

pis∗µE
i
µµyE

i
µµsµpi

)
s∗ν =∑

|ν|=k,i∈Σ

sνpi(sµpi)∗EiµµyE
i
µµ(sµpi)(sνpi)∗ =

∑
|ν|=k,i∈Σ

EiνµE
i
µµyE

i
µµE

i
µν = y. Thus

F ′k ⊆ ϕk(R).

It is clear that ϕ restricts to an automorphism of F ′A.
We recall ([9]) that a square 0-1 matrix A satisfies condition I of Cuntz-Krieger

if the compact space XA = {(xk)k∈N ∈ ΣN | A(xk, xk+1) = 1, (k ∈ N)} has no
isolated points. This space may be viewed as a one sided vertex shift space. We
will return to this space later in section 3.

Theorem 2.8. With the assumptions of Theorem 2.2, if the matrix A satisfies
condition I of Cuntz-Krieger then the domain R of the ∗-endomorphism ϕ is a
finite direct sum of I∞ factors. In particular, the representation φ must be infinite.

Proof. Suppose that R =
⊕

rkRrk has a finite type I factor summand Rk = rkRrk
where r = {rl | l ∈ Σ} is a reduced orthogonal generator for q = {qk | k =
1, . . . ,m}. Since p = {pl | l = 1, . . . ,m} is an orthogonal system with q ≺ p we
have by Proposition 1.5 that r ≺ p . Thus by Proposition 1.6, pjRpj is a type I
factor for each j, and so there are projections pj with pjRpj a finite type I factor.
Choose one, say pj0 with pj0Rpj0 a type In factor with n finite and minimal.

Since sj0 = φ(ej0) is a partial isometry mapping qj0 to pj0 , the endomorphism
ϕ maps the algebra qj0Rqj0 into pj0Rpj0 . Since qj0 =

∑
A(j0, k)pk, each algebra

pkRpk with A(j0, k) 6= 0 is mapped injectively into pj0Rpj0 . Since n is minimal,
there is a unique j1 with A(j0, j1) = 1 and A(j0, k) = 0 for k 6= j1, and pj1Rpj1 a
type In factor.

If j0 = j1 then A cannot satisfy condition I of Cuntz-Krieger so j0 6= j1 and
pj1Rpj1 is another type In factor. Using the above argument again, there is a
unique j2, j1 6= j2 with A(j1, k) = 0 for k 6= j2 and A(j1, j2) = 1. The point j2
can also not be j0, since otherwise A will not satisfy condition I of Cuntz-Krieger.
Thus j0, j1, j2 are distinct. Continuing in this manner forces A to be a permutation
matrix, which again contradicts the assumption on A. Thus R cannot have finite
type I factor summands.

We note some known facts concerning normal unital ∗-homomorphisms ϕ :M→
N where bothM =

m⊕
k=1

Mk and N =
n⊕
k=1

Nk are finite direct sums of type I factors
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[5]. With such a map ϕ associate a matrix ϕ∗, with (i, j) entry equal to ϕ∗(i, j), the
multiplicity of ϕ(Mj) in Ni. Although in [5] this is defined forM and N both finite
direct sums of type I∞ factors, it is possible to modify the presentation slightly to
accommodate finite direct sums of any type I factors. With this convention one has
that ϕ∗ψ∗ = (ϕ ◦ψ)∗ for ϕ :M→N and ψ : L →M two such ∗-homomorphisms.
Other results of [5] will still hold, so for example, if ϕ1∗ = ϕ2∗ with ϕi :M→ N ,
(i = 1, 2), then there is an inner automorphism of N with αϕ1 = ϕ2. Also, given
an n×m matrix D of nonnegative integers with at least one nonzero entry in each
row and column, there is an injective unital ∗-homomorphism ϕ : M → N with
ϕ∗(i, j) = Dij , as long as we assume in addition that ni =

∑
Dijmj , where Mk is

a type Imk factor and Nk is a type Ink factor. This additional caveat is unnecessary
if all the factors involved are type I∞. With ϕ : R → R the unital injective ∗-
endomorphism arising from our context, namely from a representation of a dual
system with A a square 0-1 valued matrix, we will later see that ϕ∗ is a square
matrix with values in N. Also since ϕ is unital and injective, ϕ∗ has a non-zero
entry in each row and column. In the situation of a single type I∞ factor with a
unital ∗-endomorphism ϕ the matrix ϕ∗ is of course just a single number referred
to as the index of the endomorphism. In a similar vein we may refer to the matrix
ϕ∗ as the index of the endomorphism ϕ.

The question naturally arises about a relationship between the matrix A and the
matrix ϕ∗. There are also questions about the nature of the correspondence between
representations of the Cuntz-Krieger algebras and unital ∗-endomorphisms of finite
direct sums of I∞ factors. In order to answer these questions we first describe some
concepts from a graph theoretical perspective.

3. Operations on bipartite graphs

For bipartite graphs we describe various in-split and in-amalgamation procedures
and determine their elementary properties. These are slight variations of the usual
concepts for graphs ([17]). This allows one to define a partial order on (finite)
bipartite graphs which one can translate to a partial order on square matrices
with nonnegative integer entries. This context also allows one to understand the
connection between endomorphisms of finite sums of type I factors and their graphs.

Recall that V , W are respectively the initial and final states of a bipartite graph
G(V,W ). A bipartite graph G(V, W̃ ) is a final state in-split of G(V,W ) if it can be
formed by the following procedure from G(V,W ) : for J ∈ W , partition EJ , the set
of edges with terminal state J, into disjoint sets E1

J , . . . , E
m(J)
J . Replace the vertex

J ∈ W with m(J) vertices J1, . . . , Jm(J), and the edges of G(V, W̃ ) with terminal
point Jk are the edges in EkJ . If this is done for all J ∈W and if the partition of EJ
in each case is the maximal one consisting of one element sets then the resulting
graph G(V, W̃ ) is referred to as the complete final state in-split of G(V,W ).

We also deal with graphs G(V, V ). In this case, we can form what is known as an
in-split G(Ṽ , Ṽ ) of G(V, V ). For J ∈ V partition EJ , the set of edges with terminal
state J into disjoint sets as before, and form the final state in-split G(V, Ṽ ) as
before. Replace the point J ∈ V with m(J) points Jk, k = 1, . . . ,m(J). Then for
each edge e in G(V, Ṽ ) with initial vertex J and final vertex I, there is for each k =
1, . . . ,m(J), an edge (e, k) in G(Ṽ ,Ṽ ) with initial vertex Jk, k = 1, . . . ,m(J), and
final vertex I. The graph G(V, Ṽ ) is referred to as the corresponding intermediate
final state split for the in-split G(Ṽ , Ṽ ).
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Example 3.1. The graphs

are all final state in-splits of the graph

The first graph is the complete final state in-split.
The graphs

are all in-splits of the graph

The first one is the complete in-split.

Given a graph G(V,W ) we say that a vertex I in V is connected to J in W with
multiplicity m if there are exactly m edges with initial vertex I and final vertex
J . If the associated matrix for a graph G has entries consisting of 0’s and 1’s only,
we say G is a multiplicity free graph. If G(V,W ) is a graph it is clear that there is
always a final state in-split G(V, W̃ ) which is multiplicity free. If G = G(V, V ), then
it follows that there is always an in-split of G which is multiplicity free.

We describe other operations on a graph G(V,W ), namely an initial state amal-
gamation, and if V = W an in-amalgamation of G(V, V ). For each m ∈ N,
J ∈ W let SmJ = {I ∈ V | I is connected to J with multiplicity m} and let
{T1, . . . , Tk} = T be the partition of V defined by the finite number of nonempty
subsets SmJ , (m ∈ N, J ∈W ). We refer to this partition as the ‘base’ partition of V .
Note that if a vertex I in Tj is connected to some vertex J in W with multiplicity m,
then every point in Tj is connected to J with multiplicity m. For each set Tk con-
sider a partition of Tk into m(k) sets, T 1

k , . . . , T
m(k)
k . Form a new graph G(V∼ ,W )

where each set of initial states T jk , j = 1, . . . ,m(k), k = 1, . . . , l, is collapsed to a
single vertex Ijk in V and the edges of multiplicity m with initial vertex in T jk and
final vertex J in W are replaced with one edge of multiplicity m with initial vertex
Ijk and final vertex J . The graph G(V∼ ,W ) is called an initial state amalgamation

of G(V,W ). If V = W then by further collapsing the vertices in W in the same way
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that V was formed and leaving the edges in G(V∼ ,W ) otherwise intact, one obtains

the partial in-amalgamation G(V∼ , V∼) of G(V, V ). The amalgamation is complete if

the entire set Tj is collapsed to a vertex for each j = 1, . . . , k. The graph G(V∼ , V )

is referred to as the corresponding intermediate initial state amalgamation of the
in-amalgamation G(V∼ , V∼).

Note that, except for the trivial in-amalgamation of a graph G(V, V ), the vertex
set V∼ of an in-amalgamated graph has cardinality strictly less than the cardinality

of V , assuming that V is a finite set.

Example 3.2. The graph

G(V∼ , V ) =

is an initial state amalgamation of

G(V, V ) =

.

It is complete. Also

Gc =

is a complete in-amalgamation of G(V, V ).

The following observations are straightforward. If G(V, V ) has an in-split graph
G(Ṽ , Ṽ ) with G(V, Ṽ ) the corresponding intermediate final state split then G(V, V ) is
an in-amalgamation of G(Ṽ ,Ṽ ) with corresponding intermediate initial state amal-
gamation G(V, Ṽ ). Conversely, if G(V∼ ,V∼) is an in-amalgamation of G(V, V ) with

corresponding intermediate initial state amalgamation G(V∼ , V ), then G(V, V ) is an

in-split of G(V∼ , V∼) with corresponding final state split G(V∼ , V ). Thus G(Ṽ , Ṽ ) is

an in-split of G(V, V ) if and only if G(V, V ) is an in-amalgamation of G(Ṽ , Ṽ )
Also, if G1 = G(V1, V1) is the complete in-split of G = G(V, V ), then G is the

complete in-amalgamation of G1. To see this, note that the intermediate final state
split G(V, V1) has exactly one edge eJ with terminal state t(eJ) = J for each vertex
J of V1. Thus the complete initial state amalgamation of G1 = G(V1, V1) is G(V, V1)
and the complete in-amalgamation of G1 is G. The converse of this is false; namely
if Gc is the complete in-amalgamation of G, then the complete in-split of Gc is not
in general G. For example, the complete in-amalgamation Gc of the graph G given
in Example 3.2 has complete in-split different from G. We shall see however that
the complete in-split of Gc is always an in-split of G.

We fix some notation regarding partitions T of an arbitrary set V . We say
T1 ≺ T2 if and only if each element of T2 is contained in some element of T1.
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The collection P of partitions of V not only forms a partially ordered set but a
complete lattice. To see this note that any collection S of subsets covering V
determines a partition, namely that given by the equivalence relation x ∼ y if and
only if x ∈ S for some S ∈ S implies y ∈ S. For Tα ∈ P , α ∈ A define

∨
Tα to be

the partition determined by the collection of subsets S =
⋃
α∈A
{T | T ∈ Tα} and set∧

Tα =
∨
{T | T ≺ Tα(α ∈ A)}.

For G = G(V, V ) let TG be the ‘base’ partition {Tk | k = 1, . . . , l} of V defined
by the nonempty subsets SmJ , (m ∈ N, J ∈ V ) described above for forming in-
amalgamations, and Tw the partition of V consisting of the singleton subsets of V .
Then TG ≺ Tw, and any in-amalgamation G1 = G(V1, V1) of G is defined using a
partition T1 of V with TG ≺ T1 ≺ Tw and V1 = V/T1. The trivial in-amalgamation
G itself corresponds to the partition Tw while the complete in-amalgamation of G
corresponds to the partition TG .

Lemma 3.3. If the graphs Gk = G(Vk, Vk) are in-amalgamations of G correspond-
ing to two partitions Tk of V , (k = 1, 2), then T1 ≺ T2 implies that G1 is an
in-amalgamation of G2.

Proof. If TG = {Tk | k = 1, . . . , l} as above then recall that if a vertex I in Tk is
connected to a vertex J with multiplicity m, then every vertex in Tk is connected
to J with multiplicity m. Since TG ≺ T1 = {T 1

k | k = 1, . . . , l1} the same is true
for the vertices in T 1

k . To form an in-amalgamation of G2(V2, V2) where V2 = V/T2

one needs the ‘base’ partition TG2 of V2. When viewed as a partition of V we have
that TG2 ≺ T1. Thus T1 also defines a partition of V2 with TG2 ≺ T1 and G1 is an
in-amalgamation of G2.

Corollary 3.4. The complete amalgamation Gc of G is itself an in-amalgamation
of any other in-amalgamation G1 of G.

Corollary 3.5. If G1, G2 are two in-amalgamations of G = G(V, V ), then there
is a graph G1 ∧ G2 which is an in-amalgamation of G1,G2 and G, and any in-
amalgamation of G, which is also an in-amalgamation of G1 and G2 is an in-
amalgamation of G1 ∧ G2.

Proof. Let TG be the ‘base’ partition of V used to form in-amalgamations of G.
Let Tk be the partitions of V corresponding to the in-amalgamations Gk, k = 1, 2,
so that T ≺ Tk ≺ Tw, k = 1, 2. Then T ≺ T1 ∧ T2 ≺ Tk ≺ Tw, k = 1, 2, so the
in-amalgamation corresponding to T1 ∧ T2, named G1 ∧ G2, is an in-amalgamation
of G1, G2 and G with the required properties.

Definition 3.6. Define a partial order ≺ on the set of all finite graphs G(V, V )
(with V finite) by setting G0 ≺ G if there is a finite collection of graphs Gk, k =
0, . . . , l, with Gk an in-amalgamation of Gk+1 (k = 0, 1, . . . , l − 1) and Gl = G.

Theorem 3.7. For a given graph G = G(V, V ) there is a unique graph G
∼

with

1. G
∼
≺ G,

2. G
∼

is a minimal element.

Proof. To show existence start with G0 = G and inductively form a sequence Gk,
with Gk+1 the complete in-amalgamation of Gk. Since the set V is finite there is a
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k0 with Gk = Gk0 for k ≥ k0. Set G
∼

= Gk0 . It is clear that G
∼

is minimal by Corollary

3.4 and the note preceding Example 3.2.
It remains to show uniqueness. Suppose J is a graph with J ≺ G and J minimal.

Since J ≺ G there is a finite sequence J0, . . . ,Jp with J0 = G, Jp = J and Jk+1

an in-amalgamation of Jk, k = 0, . . . , p − 1. We claim that Gk ≺ Jk for all k.
For k = 1, this is clear by Corollary 3.4 since J1 is an in-amalgamation of G while
G1 is a complete in-amalgamation of G. Now proceed by induction and show that
Gk+1 ≺ Jk+1 if Gk ≺ Jk. Let H1, . . . ,Hr be graphs with H1 = Jk, and Hr = Gk
and Hj+1 an in-amalgamation of Hj for all j. Set H′1 = Jk+1. Then by Corollary
3.5 H′2 = H2 ∧ H′1 is defined, since H2 and Jk+1 are both in-amalgamations of
Jk. Again, since H3 and H′2 are both in-amalgamations of H2, set H′3 = H3 ∧H′2,
and recursively, H′j = Hj ∧H′j−1 for j = 1, . . . , r. Thus H′j is an in-amalgamation
of H′j−1 and H′r = Gk ∧ H′r−1. By Corollary 3.4 it follows that Gk+1 is an in-
amalgamation of H′r. If we set H′r+1 = Gk+1 we obtain a chain H′j of length r + 1
of in-amalgamations, showing that Gk+1 ≺ Jk+1.

Choosing k large enough we obtain G
∼
≺ J . Since J is minimal, we conclude

that G
∼

= J .

This last result allows one to use the partial order on the set of all finite bipartite
graphs G(V, V ) to partition this set and thus obtain an equivalence relation on
finite bipartite graphs G(V, V ). Indeed if J1 and J2 are minimal elements, then the
intervals of the partial order, IJk = {G = G(V, V ) | Jk ≺ G(V, V )} for k = 1, 2 are
either disjoint or equal. The intervals IJ with J a minimal element are also the
directed subsets of the set of all finite bipartite graphs with respect to this partial
order.

A similar approach is also available for studying in-splits of graphs. For G =
G(V, V ), let SG be the partition of the edge set E given by {EJ | J ∈ V } and Sw the
partition of E given by the singleton subsets of E . Then SG ≺ Sw, and any in-split
G1 of G is defined by using a partition S1 of E with SG ≺ S1 ≺ Sw. The trivial
in-split G itself corresponds to the partition SG , while the complete in-split of G,
denoted Gw, corresponds to the partition Sw.

Lemma 3.8. If the graphs Gk = G(Vk, Vk) are in-splits of G = G(V, V ) correspond-
ing to the partitions Sk of the edge set E of G (k = 1, 2), then S1 ≺ S2 implies that
G2 is an in-split of G1.

Proof. Recall that for e an edge of a graph G(V,W ), i(e) denotes the initial vertex of
e and t(e) denotes the terminal vertex of e. Also, for J ∈ V, EJ = {e ∈ E | t(e) = J}.
Since S1 ≺ S2 we have that S1 is the partition EkJ , 1 ≤ k ≤ m(J), J ∈ V of E , with

EJ =
m(J)⋃
·

k=1

EkJ , while S2 is the partition of E defined by Ek,lJ , J ∈ V , 1 ≤ k ≤ m(J)

and 1 ≤ l ≤ mk(J), with EkJ =
mk(J)⋃
·
l=1

Ek,lJ . For G, the vertex set V1 =
⋃
·

J∈V
{(J, k) |

1 ≤ k ≤ m(J)} and for G2 the vertex set V2 =
⋃
·

(J,k)∈V1

{(J, k, l) | 1 ≤ l ≤ mk(J)}.

For the edge set E1 of G1 we have E1 =
⋃

(J,k)∈V1

E1
(J,k) with E1

(J,k) =
⋃
e∈EkJ
{(e, j) |

1 ≤ j ≤ m(i(e))}, where (e, j) has initial vertex (i(e), j) in V1 and terminal vertex



CUNTZ-KRIEGER ALGEBRAS 3861

(J, k). For G2 the edge set E2 =
⋃

(J,k,l)∈V2

E2
(J,k,l) with E2

(J,k,l) =
⋃

e∈E(k,l)
J

{(e, j, h) |

1 ≤ j ≤ m(i(e)), 1 ≤ h ≤ mj(i(e))} where (e, j, h) has initial vertex (i(e), j, h) and
terminal vertex (J, k, l).

To form an in-split of G1 use the partition E1l
(J,k), 1 ≤ l ≤ mk(J) of E1

(J,k), where
E1l

(J,k) = {(e, j) | 1 ≤ j ≤ m(i(e)), e ∈ EklJ }. This is the partition of E1
(J,k) determined

by the partition of EkJ by the sets EklJ , 1 ≤ l ≤ mK(J). It is clear that the vertex
set formed by this in-split of G1 is the same as V2 with m(J, k) = mk(J).

The edges Ẽ for this in-split of G1 are Ẽ =
⋃

(J,k,l)∈V2

Ẽ(J,k,l) with Ẽ(J,k,l) =⋃
ẽ∈E1l

(J,k)

{(ẽ, h) | 1 ≤ h ≤ m(i(ẽ))} =
⋃

(e,j)∈E1l
(J,k)

{(e, j, h) | 1 ≤ j ≤ m(i(e)), 1 ≤

h ≤ mj(i(e))} which is clearly E2
(J,k,l). Thus G2 is an in-split of G1.

Corollary 3.9. The complete in-split Gw of G = G(V, V ) is itself an in-split of any
other in-split G1 of G.

Corollary 3.10. If G1,G2 are two in-splits of G = G(V, V ), then there is a graph
G1 ∨G2 which is an in-split of G1,G2 and G such that any in-split of G which is also
an in-split of G1 and G2 is then an in-split of G1 ∨ G2.

Proof. Let SG be the partition EJ , J ∈ V , of the edge set E of G = G(V, V ) and
let Sk be the partitions of E corresponding to the graphs Gk, k = 1, 2, so that
SG ≺ Sk ≺ Sw, k = 1, 2. Define G1∨G2 to be the in-split of G given by the partition
S1 ∨ S2 of E .

Corollary 3.11. Let G be a graph with an in-amalgamation G1. There is a multi-
plicity free graph H so that both G and G1 are in-amalgamations of H.

Proof. We will show something slightly stronger. Let H1 be any multiplicity free
in-split of G1. These certainly exist since the complete in-split of G1 is multiplicity
free. Then one can form H = G ∨H1, since G is also an in-split of G1. Note that if
H1 is the complete in-split of G1, then H = H1. Now apply Corollary 3.10.

Before the relationship between representations of OA and the associated endo-
morphisms is investigated further we translate our partial order on graphs to one
on nonnegative integer valued square matrices, and show how the compact space
XA associated to a matrix A behaves under this partial order.

Recall that with a graph G(V,W ) we associate a |W | × |V | matrix AG with
nonnegative integer entries: AG(J, I) = number of edges from I ∈ V to J ∈ W.
This is, as mentioned in section 1, the transpose of the usual adjacency matrix of
the graph. Conversely, if A is an m × n matrix with nonnegative integer entries
then GA is the graph G(V,W ) with V = {1, . . . , n}, W = {1, . . . ,m} with A(j, i)
edges from i in V to j in W .

Definition 3.12. We say a matrix A1 = AG1 associated with a graph G1 is an
in-split (or in-amalgamation) of A = AG iff G1 is an in-split (or in-amalgamation)
of G. We also translate the partial order ≺ defined previously on graphs G(V, V ) to
a partial order on square matrices with nonnegative integer entries.

The equivalence relation on the set of finite bipartite graphs defined by the
minimal elements of the partial order then gives rise to an equivalence relation
on the set of square nonnegative integer valued matrices with non-zero rows and
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columns. Two such matrices are equivalent if they both determine the same minimal
element. It follows that two such matrices A and B are equivalent if there is a finite
chain of matrices A0, . . . , An so that Ai is either an in-split or an in-amalgamation
of Ai+1 for each i ∈ {0, . . . , n − 1}. It is clear that this is a stronger equivalence
relation than the strong shift equivalence relation on square matrices, so that A is
equivalent to B implies that A is strong shift equivalent to B. Computationally
it is a straightforward task to calculate the minimal element of our partial order
determined by any given matrix, so one can quickly and easily determine whether
two given matrices are equivalent or not, in contrast to the strong shift equivalence
relation.

Recall ([9]) that for an n × n matrix A with nonnegative integer entries and
satisfying the analogue of condition I of [9], the Cuntz-Krieger algebraOA is defined
to be OAw , where Aw is the square matrix with entries in 0-1 with the larger index
set {(i, k, j) | i, j ∈ {1, . . . , n}, 1 ≤ k ≤ A(i, j)};

Aw(i, k, j)(i′, k′, j′) =
{

1 if j = i′,
0 otherwise.

It is straightforward to see that this matrix Aw defined in [9] is actually the matrix
of the complete in-split Gw of the graph G = GA. For example, the vertex i in GA
is split into

∑
j A(i, j) vertices, corresponding to the new vertices {(i, k, j) | j ∈

{1, . . . , n}, 1 ≤ k ≤ A(i, j)}. The vertices {(i, k, j) | 1 ≤ k ≤ A(i, j)} correspond to
the A(i, j) edges from j to i in G. By a generating Hilbert space of partial isometries
for OA we will then mean a representation φ : F → OAw where Aw is the complete
in-split of A.

For A a square matrix with nonnegative integer entries we may define A to have
condition I if the complete in-split matrix Aw, a 0-1 matrix, satisfies condition I.
To be consistent it should be checked that if A is a 0-1 square matrix and B an
in-split of A, then A satisfies condition I if and only if B does. Restated, we must
have that the one-sided vertex shift space XA has isolated points if and only if XB

has isolated points. It is known that the two-sided edge shift spaces for matrices A
and B, one matrix the in-split of the other, must be topologically conjugate ([17]).
We show this also to be the case for the spaces XA.

Note that since A is a 0-1 matrix then the one-sided vertex shift space XA =
{(xk)k∈N | A(xk, xk+1) = 1} may be identified with the one-sided edge shift space
{(ek)k∈N ∈

∏
N EA | t(ek+1) = i(ek), k ≥ 0}. Note that the paths are in this

direction because of our convention that e ∈ EA if and only if A(t(e), i(e)) = 1.

Proposition 3.13. If A, B are square 0-1 matrices with B an in-split of A, then
XA is homeomorphic with XB.

Proof. We provide a sketch of the proof only. An edge in GB is the form (e, j) for
some j, 1 ≤ j ≤ m(i(e)), and for e an edge in GA. This yields a continuous surjection
of the edge set EB of GB to EA which defines a continuous map ψ : XB → XA,
namely the product of this surjection overN, restricted toXB. A map φ : XA → XB

is defined by taking the product over N of a map that takes pairs of edges ef with
e, f ∈ EA and t(f) = i(e) to the edge (e, k) in EB, where f is in the k-th partition
Ekt(f) ⊆ EB. A straightforward check shows φ ◦ ψ = IdXB and ψ ◦ φ = IdXA .

Corollary 3.14. If A is a square 0-1 matrix and if B is an in-split of A, then A
satisfies condition I of Cuntz-Krieger if and only if B does.
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Proof. Proposition 3.13 implies that XA has isolated points if and only if XB does.

There are other results concerning this partial order. For example if A, B are
matrices with Ac, Bc denoting their respective complete in-amalgamations, then
A ≺ B implies that Ac ≺ Bc. To see this it is enough to show that if A is an in-
amalgamation of B then Ac is an in-amalgamation of Bc, which follows from two
applications of Corollary 3.4. The first shows that Bc must be an in-amalgamation
of A while the second concludes that Ac must be an in-amalgamation of Bc. Simi-
larly, by using Corollary 3.9, if Aw and Bw denote the complete in-splits of A and
B respectively, then A ≺ B implies Aw ≺ Bw. It follows that if A and B are
two equivalent square matrices with nonnegative integer entries, then A satisfies
condition I if and only if B does.

4. Endomorphisms and their extensions

In this section we investigate relationships between endomorphisms induced by
representations of dual systems (P , A,Q) in terms of the partial order on square
matrices A. For example, if A ≺ B then roughly speaking the endomorphism
associated with a representation of a dual system involving B is the restriction of
the endomorphism coming from a representation of a dual system involving A. A
more restricted version of the converse, which may however be applied inductively,
also holds and is proved at the end of the section.

Proposition 4.1. Let A, B be two square 0-1 matrices with A ≺ B or B ≺ A.
If φ : K → B(H) is a representation of a dual system (P , A,Q), then there is a
representation ψ : K̃ → B(H) of a dual system (P̃ , B, Q̃) so that the ∗-algebras
generated by φ(K) and ψ(K̃) are equal and the AF C∗-algebras FA and FB are
equal. The associated unital ∗-endomorphism ϕψ is the restriction of ϕφ if A ≺ B
and vice versa if B ≺ A.

Proof. We assume A ≺ B as the proof for B ≺ A is similar. In this case there is
a finite sequence of in-splits from A to B, so we may assume that B is itself an
in-split of A.

Let GA = G(V, V ) be the graph associated with A where V = {1, . . . , n}, n =
dimK. Also, as usual, denote by EJ the elements of the edge set E of GA with
terminal vertex J . Choose a basis {eK | K ∈ V } of K so that SK = φ(eK) is
a partial isometry with initial projection qK =

∑
A(K, I)pI and final projection

pK as in the comments preceding Proposition 2.1 and Theorem 2.2. Let {EkJ |
J ∈ V, 1 ≤ k ≤ m(J)} be the partition of E defining the in-split graph GB(W,W )
of GA, where GB has associated matrix B and edge set Ẽ . Write W = {Jk |
J ∈ V, 1 ≤ k ≤ m(J)} and set K̃ to be a Hilbert space of dimension

∑
J∈V m(J) =

|W |. It will be enough to show that there are partial isometries TI , I ∈ W , in the
∗-algebra generated by the SK , K ∈ V , that also generate this ∗-algebra and satisfy
T ∗KTK =

∑
B(K, I)TIT ∗I .

Since A is a 0-1 matrix, the graph GA is multiplicity free and there is a bijection
between the edges e in EJ and the vertices I in V with I connected to J, i.e., with
I = i(e) and J = t(e) for some e ∈ E . Since B is an in-split of A, B is also a matrix
with entries in {0, 1}. Using this bijection we then write that a vertex I ∈ EJ
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even though, strictly speaking, EJ consists of edges. Thus S∗JSJ =
∑
I∈EJ

SIS
∗
I since

A(J, I) = 1 iff I ∈ EJ .

For Jk ∈ W define TJk = SJ

( ∑
I∈EkJ

SIS
∗
I

)
. Since TJk is of the form vp with v

a partial isometry and p a projection with p ≤ v∗v, we have that TJk is a partial
isometry. It is clear that the ∗-algebra generated by the partial isometries TJk ,
(Jk ∈ W ), is contained in the ∗-algebra generated by the SI , I ∈ V . However

SI = SIS
∗
ISI = SI

∑
K∈EI

SKS
∗
K = SI

m(I)∑
j=1

∑
K∈EjI

SKS
∗
K =

m(I)∑
j=1

TIj , so φ(K) ⊆ ψ(K̃)

and the two ∗-algebras are equal.
We next need to show that T ∗JkTJk =

∑
Pl∈ẼJk

TPlT
∗
Pl

. The left side

=

( ∑
J∈EkJ

SIS
∗
I

)
S∗JSJ

( ∑
I∈EkJ

SIS
∗
I

)

=

( ∑
I∈EkJ

SIS
∗
I

)( ∑
I∈EJ

SIS
∗
I

)( ∑
I∈EkJ

SIS
∗
I

)
=
∑
I∈EkJ

SIS
∗
I .

Moreover the right side =
∑

Pl∈ẼJk

SP

( ∑
I∈ElP

SIS
∗
I

)
S∗P . Now if Pl ∈ ẼJk for some l

then it is true for all l with 1 ≤ l ≤ m(P ). Since EP =
⋃m(P )
l=1 E lP we have that this

last expression =
∑
P∈EkJ

SP

( ∑
I∈EP

SIS
∗
I

)
S∗P =

∑
P∈EkJ

SP (S∗PSP )S∗P =
∑
P∈EkJ

SPS
∗
P ,

which is equal to the left side. Now note that S∗ISI =
m(I)∑
k,j=1

T ∗IkTIj =
m(I)∑
k=1

T ∗IkTIk

so it follows that dom(ϕψ) ⊆ dom(ϕφ). For a ∈ dom(ϕψ), Proposition 2.4 shows
ϕψ(a)T = Ta for all T ∈ ψ(K̃). Since φ(K) ⊆ ψ(K̃) this also holds for all T ∈ φ(K),
so Proposition 2.4 implies that ϕψ(a) must be ϕφ(a).

It remains to show that FA = FB where FA =
∞⋃
k=1

FkA and FkA is the finite

dimensional C∗-algebra generated by {SµPISν | I ∈ V, |ν| = |µ| = k} described

before Theorem 2.6, and similarly for FB. Since SI =
m(I)∑
j=1

TIj it is clear that FkA ⊆

FkB and so FA ⊆ FB. To see the other inclusion we first notice that F0B ⊆ F1A

since the final projection TkT
∗
Jk

= SJ

( ∑
I∈EkJ

SIS
∗
I

)
S∗J ∈ F1A. We then have that

TJk
(
TIlT

∗
Il

)
T ∗Lr ⊆ SJ

( ∑
I∈EkJ

SIS
∗
I

)
F1A

( ∑
I∈ErL

SIS
∗
I

)
S∗L ⊆ SJF1AS

∗
L ⊆ F2A, so

F1B ⊆ F2A. In general FkB ⊆ F(k+1)A, and so FA = FB.

Theorem 4.2. Let A be a square matrix with nonnegative integer entries satisfying
condition I of Cuntz and Krieger. Let φ : E → π(OA) ⊆ B(H) be an underlying
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Hilbert space of partial isometries for a representation π of OA on a Hilbert space
H. If A is equivalent to B there is a representation π̃ : OB → B(H) with ψ :
(K)→ π̃(OB) an underlying Hilbert space of partial isometries so that the ∗-algebras
generated by φ(E) and ψ(K) are equal. In particular π(OA) = π̃(OB).

Proof. Since there is a finite sequence of in-amalgamations and in-splits from B
to A it is enough to show this if A is an in-amalgamation of B. Let Aw and Bw
be the complete in-splits of A and B respectively. By definition OA = OAw and
OB = OBw . By Corollary 3.9, Aw is an in-split of B , since B is an in-split of A.
Applying Corollary 3.9 once again, we see that Bw is an in-split of Aw. The result
follows from Proposition 4.1.

Using a notion of when a finite direct sum of type I factors is included in another
such sum we define a fairly weak notion of when an endomorphism ψ extends an
endomorphism ϕ. Note that this is not the same as requiring ϕ to be a restriction
of ψ.

Definition 4.3. Given M =
⊕
i∈V
Mi, N =

⊕
i∈W
Ni finite direct sums of countably

decomposable type I factors, we say a unital ∗-homomorphism d : M → N is a
unital inclusion if the matrix d∗ is a 0-1 matrix such that

a) each row has at least one nonzero entry,
b) each column has exactly one nonzero entry.

Such a 0-1 matrix is known as a division matrix [17]. Recall that d∗(i, j) is
by definition the multiplicity of d(Mj) in Ni. Thus, if E is the edge set of the
graph G(V,W ) of the matrix d∗, then |E| = |V | by b) and |W | ≤ |E| by a). Thus
|W | ≤ |V |. We remark that if d :M→N is a unital inclusion, then d(M)′ ∩ N is
abelian. If N is represented in B(H) via a unital inclusion, then d(M)′ in B(H) is
also abelian.

Let ϕ, ψ be unital ∗-endomorphisms of M, N respectively with |W | ≤ |V | and
D a division matrix with |W | rows and |V | columns. If the entries of D satisfy
a dimension condition, ni =

∑
Dijmj , (i ∈ W ), and if ψ∗D = Dϕ∗, then by

Propositions 1.1 and 1.2 of [5] there is a unital inclusion d :M→ N with α◦d◦ϕ =
ψ ◦ d. Here Mi is a type Imi factor and Ni is a type Ini factor. If M, N are both
direct sums of I∞ factors only, the dimension condition on the entries Dij of D is
superfluous.

Definition 4.4. WithM, N as above and ϕ, ψ unital ∗-endomorphisms ofM and
N respectively, we say ψ extends ϕ if there is a unital inclusion d :M→N and α
an inner ∗-automorphism of N such that ψ ◦ d = α ◦ d ◦ ϕ.

It is straightforward to show that the product of two division matrices, when
defined, is again a division matrix. This can be used to show that if ϕ :M→M,
ψ : N → N and ρ : R → R are unital ∗-endomorphisms of M,N ,R respectively,
each a finite direct sum of type I factors, and if ψ extends ϕ and ρ extends ψ, then
ρ also extends ϕ. To see this let d1 :M→N and d2 : N → R be unital inclusions
with ψ◦d1 = α◦d1◦ϕ and ρ◦d2 = β◦d2◦ψ, where α, β are inner automorphisms of
N and R respectively. Then ρ◦d2 ◦d1 = β ◦d2 ◦ψ◦d1 = β ◦d2 ◦α◦d1 ◦ϕ. However,
it is evident that there is an inner automorphism α̃ of R with α̃ ◦ d2 = d2 ◦ α,
yielding ρ◦d2 ◦d1 = β ◦ α̃◦d2 ◦d1 ◦ψ. Since (d2 ◦d1)∗ = d2∗ ◦d1∗ is again a division
matrix, d2 ◦ d1 is a unital inclusion and ρ extends ϕ.
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The following fact ([17]) is used in the next theorem. For A, B square matrices
with nonnegative integer entries, B is an in-split of A, or A is an in-amalgamation
of B, if and only if there is a division matrix D and a matrix E with nonnegative
integer entries so that A = DE and B = ED.

Theorem 4.5. Let ϕ : M →M, ψ : N → N be unital ∗-endomorphisms, where
M, N are finite direct sums of countably decomposable type I∞ factors. If ψ∗ ≺ ϕ∗
then ψ extends ϕ.

Proof. Since there are a finite number of in-amalgamation procedures required to
arrive at ψ∗ from ϕ∗ the comments following Definition 4.4 show that it is enough
to show this if the matrix ψ∗ is an in-amalgamation of the matrix ϕ∗. By the
above-mentioned fact there is a division matrix D and a nonnegative integer valued
matrix E so that ψ∗ = DE and ϕ∗ = ED. By Proposition 1.2 of [5] there is a
unital ∗-homomorphism d : M → N with d∗ = D. Thus d is a unital inclusion.
The matrix (ψ ◦ d)∗ = ψ∗D = DED = Dϕ∗ = (d ◦ ϕ)∗, so Proposition 1.1 of [5]
implies that there is an inner automorphism α of N with α ◦ d ◦ ϕ = ψ ◦ d.

One may extend the result of Theorem 4.5 to the more general context of finite
direct sums of type I factors by carefully keeping track of the dimensions of the fi-

nite type I factors that may occur. If ϕ is a unital ∗-endomorphism ofM =
m⊕
i=1

Mi

with Mi a type Imi factor, then mi =
∑
ϕ∗(i, j)mj . Denoting the finite part

of M, namely the sum of the finite type I factors occurring in M, by Mf it is
clear that ϕ−1(Mf ) ⊆ Mf . In fact if mi < ∞, then ϕ−1(Mi) ⊆

⊕
mj<mi

Mj or

ϕ−1(Mi) = Mj with mj = mi. If Mf is actually invariant under ϕ, so that
ϕ(Mf ) ⊆ Mf , and if ϕ is injective, as is the case for endomorphisms arising
from representations of Cuntz-Krieger algebras, or also more generally of dual sys-
tems, then ϕ|Mf

is an isomorphism ofMf . In this situation the associated matrix
(ϕ|Mf

)∗ is a permutation matrix, or rather the identity matrix modified with some
possible permutation matrix subblocks. Thus the graph of ϕ|Mf

is a minimal ele-
ment in our partial order; it has no further possible in-amalgamations so remains
fixed in any in-amalgamation process applied to ϕ. In general however, Mf may
not be invariant under ϕ as finite type I summands ofMf may be mapped to type
I∞ factor summands of M. If T = {Tk | k = 1, . . . , l} is the base partition of
{1, . . . ,m} used for forming any in-amalgamation of the graph of ϕ∗, then a set
Tk must consist solely of finite vertices, namely vertices j with mj <∞, if there is
a finite vertex i and a j ∈ Tk with ϕ∗(i, j) 6= 0. By keeping track of the sums of
the mj that occur in the subsets of the partition of Tk used in forming a particular
in-amalgamation of the graph of ϕ∗ it is possible to extend Theorem 4.5 to this

more general context. One needs to further require that each ni, where N =
n⊕
i=1

Ni,
Ni a type Ini factor, is the sum of the mk associated with ni in the course of the
finite number of in-amalgamation steps needed.

The converse of Theorem 4.5 is false, namely there are unital ∗-endomorphisms ϕ
and ψ of finite direct sums of type I∞ factors so that ψ extends ϕ in our weak sense
yet ψ∗ 6≺ ϕ∗. In fact ψ∗ and ϕ∗ can determine two different minimal elements of the
partial order, so they may not even be equivalent under the relation determined by
in-amalgamations and in-splits.
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For example, define ψ to be the unital ∗-endomorphism of N , a sum of two type

I∞ factors, with ψ∗ =
[

1 1
0 2

]
. The graph of ψ∗ is

Let ϕ be the unital ∗-endomorphism of M , a sum of three type I∞ factors with

ϕ∗ =

 0 1 1
1 0 0
0 0 2

 , so the graph of ϕ∗ is

Both of these are minimal elements in our partial order, so ψ∗ cannot be an in-
amalgamation of ϕ∗. However if d : M → N is the unital inclusion with d∗ =[

1 1 0
0 0 1

]
, then ψ∗d∗ = d∗ϕ∗ =

[
1 1 1
0 0 2

]
and so ψ extends ϕ via d. It

should be noted that ϕ is not the restriction of ψ, i.e., that ψ ◦ d is not d ◦ ϕ, so
that the inner automorphism in our definition of extension is a weakening of the
concept of restriction.

In fact the notion of extension used here is quite weak. We see below that one
way this is reflected is in the isomorphism classes of the direct limit C∗-algebras
lim
⇀

(M, ϕn) where ϕn = ϕ, n ∈ N, for ϕ a unital injective ∗-endomorphism of a
finite direct sum of type I∞ factors, with ϕ∗ a matrix with nonnegative integer
entries. We first quickly show that the isomorphism class of these C∗-algebras is
unaffected when ϕ is replaced by an equivalent endomorphism ψ.

Proposition 4.6. Let ϕ : M → M and ψ : N → N be injective unital ∗-
endomorphisms of finite direct sums of type I∞ factors where ϕ∗, ψ∗ are matrices
with nonnegative integer entries. If ψ∗ ≺ ϕ∗ then lim

⇀
(M,ϕ) ' lim

⇀
(N , ψ).

Proof. It is enough to show this if ψ∗ is an in-amalgamation of ϕ∗. There is a
division matrix D and a matrix E with nonnegative integer entries with ϕ∗ = ED
and ψ∗ = DE. Since the matrices ϕ∗, ψ∗, and D all have a nonzero element in
each row and column, the same is true for E. By Proposition 1.2 of [5] there is a
unital inclusion d :M→ N and an injective unital ∗-homomorphism e : N →M
with d∗ = D and e∗ = E. Since ϕ∗ = e∗ ◦ d∗ there is an inner automorphism
α1 of M with ϕ = α1 ◦ e ◦ d. Continuing in this manner one arrives at two
sequences of compatible injective unital ∗-homomorphisms defining injective unital
∗-homomorphisms ε : lim

⇀
(N , ψ) → lim

⇀
(M, ϕ) and δ : lim

⇀
(M, ϕ) → lim

⇀
(N , ψ)

which are inverse to each other.

If ψ were an extension of ϕ, so d∗ϕ∗ = ψ∗d∗ with d :M→N a unital inclusion,
then there is always a unital C∗-homomorphism δ : lim

⇀
(M, ϕ)→ lim

⇀
(N , ψ). Since

d∗ : Zm → Zn is surjective, in fact d∗ : Nm → Nn is surjective, where m, n are
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the number of type I∞ factor summands of M and N respectively, we obtain a
surjective monoid homomorphism from lim

⇀
(Nm, ϕ∗) to lim(Nn, ψ∗). In some cases

δ is an isomorphism, even if ψ∗ is not an in-amalgamation of ϕ∗. For example

with ψ∗ =
[

1 1
0 2

]
and ϕ∗ =

 0 1 1
1 0 0
0 0 2

 as above, these limit algebras are

isomorphic since ΓA = B where A is the matrix for the complete in-split of ϕ∗, B

is the matrix for the complete in-split of

 1 1 0
0 0 1
0 0 2

 , itself an in-split of ψ∗, and

Γ is the permutation matrix for the graph

For an example where ψ extends ϕ but the limit algebras are non-isomorphic

consider the matrix ψ∗ = [2] and ϕ∗ =
[

1 0
1 2

]
. The division matrix D = [1, 1]

satisfies Dϕ∗ = ψ∗D, however lim
⇀

(Z2, ϕ∗) 6' lim
⇀

(Z, ψ∗), which by [5] implies

that the limit C∗-algebras are non-isomorphic. Here lim
⇀

(Z, ψ∗) = Z[1/2], while

lim
⇀

(Z2, ϕ∗) = {(s, s+ t) | s ∈ Z, t ∈ Z[1/2]} ' Z⊕ Z[1/2].
The next results show that the relationship between a representation φ of a

dual system described by a square 0-1 matrix A and the corresponding unital ∗-
endomorphism ϕφ = ϕ can be understood geometrically in terms of the bipartite
graphs associated with the matrix A and the matrix ϕ∗. We first illustrate this
relationship by considering a simple, though explicit, example.

Let E be a three dimensional Hilbert space and P = {P1, P2, P3} a normalized

coordinate system such that the matrix A = [P ,E] =

 1 1 1
1 1 0
1 1 0

 for a normal-

ized orthogonal system E,P ≺ E. Thus P1 = P2 = IE and P3 = E1. If Q is the
normalized coordinate system with Q1 = IE , Q2 = Q3 = E1 + E2, then (P , A,Q)
is a dual system. If (φ, ρ,H) is a representation of this dual system and ek is unit
vector in Ek then the partial isometries sk = φ(ek) have orthogonal final spaces
pk with sum IH, and initial spaces qk with q1 = IH, q2 = q3 = p1 + p2. Since
the matrix A satisfies condition I of Cuntz and Krieger these three partial isome-
tries determine a representation of the Cuntz-Krieger algebra OA on H, and the
von Neumann algebra R = {q1, q2, q3}′ is R1 ⊕R2, a sum of two type I∞ factors,
namely R1 = q2B(H)q2 and R2 = p3B(H)p3.

The unital ∗-endomorphism ϕ of R maps an element a ⊕ b of R to the sum∑
sk(a⊕ b)s∗k = (s1(a+ b)s∗1 + s2as

∗
2)⊕ s3as

∗
3. Since the (i, j) entry of the matrix

ϕ∗ is the multiplicity of ϕ(Rj) in Ri it is evident that ϕ∗ =
[

2 1
1 0

]
. Note that
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the graph associated with A, namely

has as its complete in-amalgamation the graph associated with ϕ∗, namely

This relationship between a representation of a dual system described by the matrix
A and the matrix of the induced ∗-endomorphism holds in general.

Theorem 4.7. Let ϕ be the unital injective ∗-endomorphism of R = {qk | k =
1, . . . ,m}′ associated with φ : E → B(H), a representation of a dual system
(P , A,Q) as in Theorem 2.2 where A is a 0-1 matrix. Then ϕ∗ is the complete
in-amalgamation of A.

Proof. Let G = G(V, V ) be the graph, multiplicity free, associated with the 0-1
matrix A. If TG = {T1, . . . , Tl} is the partition of V needed to form the complete
in-amalgamation of G then rk =

∑
j∈Tk

sjs
∗
j , 1 ≤ k ≤ l, are orthogonal projections

generating the same ∗-algebra as the not necessarily orthogonal projections qk =
s∗ksk =

∑
j∈Ek

sjs
∗
j , 1 ≤ k ≤ m. Here, as in the proof of Proposition 4.1, Ek the edges

of G with terminal vertex k, are identified with the vertices connected to k, since A
is a 0-1 matrix. Setting Rk to be the type I factor rk(B(H))rk, we have R =

⊕
Rk.

Now ϕ(x) =
∑
sjxs

∗
j for x ∈ R, and since ϕ∗(k, l) is the multiplicity of ϕ(Rl) in Rk

and the image of ϕ is actually contained in the ∗-subalgebra {sks∗k | k = 1, . . . ,m}′
of R, it follows that ϕ∗ is the complete in-amalgamation of A.

Note that the endomorphism ϕ arising from a representation of a dual system
(P , A,Q) is thus a finite embedding, namely ϕ∗ is a matrix with entries in N. Also,
the number of type I factors in the domain of ϕ is n, where ϕ∗ is an n× n matrix.

The following result is the analogue for Cuntz-Krieger algebras of the result
which states that unital ∗-endomorphisms of B(H) arise from representations of
the appropriate Cuntz algebra.

Theorem 4.8. Let R be a finite direct sum of countably decomposable type I factors
and ϕ : R → R an injective unital ∗-endomorphism of R with ϕ∗ = A a matrix
with values in N. For every unital inclusion Γ : R → B(H) there is a representation
φ : E → B(H) of a dual system (P , Aw,Q) where Aw is the complete in-split of A,
so that the unital ∗-endomorphism ϕφ associated with φ is ϕ.

Proof. Let R =
m⊕
l=1

Rl with Rl, l = 1, . . . ,m, the type I factors. Since Γ is a

unital inclusion the map Γl : Rl → B(Hl) defined by Γl(x) = Γ(el)Γ(x)Γ(el) is an
irreducible representation of Rl on Γ(el)H = Hl, where el is the unit of Rl.
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The map of Rk to Γl(Rl) defined by x → Γl(elϕ(x)) is a representation of the
I factor Rk on B(Hl), so is unitarily equivalent to πlk ⊕ 0, where πlk is a uniform
multiplicity A(l, k) representation of Rk on a subspace Hlk of Hl and 0 is the zero
representation of Rk on H⊥lk with Hl = Hlk ⊕H⊥lk. Now πlk is unitarily equivalent
to the direct sum of A(l, k) irreducible representations ρlik, i = 1, . . . , A(l, k) of Rk

on the mutually orthogonal subspaces Hilk of Hlk, with Hlk =
A(l,k)⊕
i=1

Hilk. However

the representations ρlik, i = 1, . . . , A(l, k), are all unitarily equivalent, so there are
unitary maps Vlik from H1

lk to Hilk with

Vlikρl1k(x)V ∗lik = ρlik(x) for x ∈ Rk,

and πlk(x) =
A(l,k)∑
i=1

Vlikρl1k(x)V ∗lik , x ∈ Rk.

Since Γk is an irreducible representation of Rk on Hk it is unitarily equivalent
to ρl1k, and there is a unitary map Ulk from Hk to H1

lk with ρl1k(x) = UlkΓk(x)U∗lk
for x ∈ Rk. The unitary Vl1kUlk maps Hk to Hilk and may be viewed as a partial
isometry slik in B(H) with unital space Hk and final space Hilk.

We have

s∗pqlspql = Hl =
⊕
k

{Hlk | A(l, k) 6= 0}

=
∑
i,k

A(l, k)sliks∗lik =
∑
i,k

Aw((p, q, l), (l, i, k))sliks∗lik

=
∑

(h,i,k)∈Vw

Aw((p, q, l), (h, i, k))shiks∗hik

where G(Vw, Vw) is the graph for the complete in-split Aw of A. This yields partial
isometries slik, (l, i, k) ∈ Vw in H satisfying the Cuntz-Krieger relations for OAw ,
so gives a representation φ : E → B(H) of a dual system (P , Aw,Q). The domain

of the endomorphism defined by φ is
m⊕
k=1

B(Hk), which is isomorphic to R via the

map Γ. For x ∈ R, we compute that

Γϕ(x) = Γ

(∑
k

ϕ(ekx)

)
= Γ

∑
l,k

elϕ(ekx)


=

∑
l,k

Γl(elϕ(enx)) =
∑
l,k

A(l,k)∑
i=1

ρlik(ekx)

=
∑

(l,i,k)∈Vw

Vlikρl1k(ekx)V ∗lik
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=
∑

(l,i,k)∈V w
VlikUlkΓk(ekx)U∗lkV

∗
lik

=
∑

(l,i,k)∈Vw

slik

∑
j

Γj(ejx)

 s∗lik

=
∑

(l,i,k)∈Vw

slik (Γ(x))s∗lik) ,

since the initial space of slik is Hk. Thus the endomorphism defined by φ is ϕ.

It is worth noting that by using Theorem 4.8 a few more facts can be gleaned
from the argument of Proposition 4.1. If A is a 0-1 matrix and B is an in-split of
A, then using the notation of the proof of Proposition 4.1, the domain N of ϕψ is
{T ∗JkTJk | Jk ∈ W}

′, and N ′ is abelian. We also saw that the projection T ∗JkTJk
was

∑
I∈EkJ

SIS
∗
I , so dom (ϕψ) contains {SIS∗I | I ∈ V }′, which in turn contains the

range of the endomorphism ϕφ. The following proposition is a converse to this.

Proposition 4.9. LetM, N be finite direct sums of type I factors with d : N →M
a unital inclusion and ψ :M→M an injective unital ∗-endomorphism of M with
ran (ψ) ⊆ d(N ). Then ψ|d(N ) = ϕ is an injective unital ∗-endomorphism of N and
ϕ∗ is an in-split of ψ∗.

Proof. ViewN ⊆M. Since range of ψ is contained in N , it is clear that ϕ(N ) ⊆ N .
Represent M in B(H) via a unital inclusion and use Theorem 4.8 to write ψ as
ϕφ, the ∗-endomorphism associated to a representation φ : (P , A,Q) → B(H) of
a dual system with A a 0-1 matrix, namely the complete in-split of the matrix
ψ∗. Thus ψ∗ is the complete in-amalgamation of A. We will show that ϕ∗ is
an in-amalgamation of A, which by Corollary 3.4 is enough to finish the proof.
Note that N ′ in B(H) is abelian, since as noted earlier a composition of unital
inclusions is a unital inclusion. With the notation of Theorem 2.2, so that p, q are
coordinate systems on H with φ defining the partial isometries from qi to pi we
haveM = C∗(q)′, and ran ψ ⊆ C∗(p)′. Thus C∗(p)′ ⊆ N , since A is the complete
in-split of ψ∗ and so C∗(p)′ is the smallest von Neumann algebra containing ranψ
with abelian commutant. If wi is the unit of Ni, where N =

⊕
Ni, let w be

the reduced orthogonal coordinate system defined by the projections wi. We have
C∗(q)′ ⊇ C∗(w)′ ⊇ C∗(p)′, so since the C∗-algebras are finite dimensional we have
C∗(q) ⊆ C∗(w) ⊆ C∗(p) and by Proposition 1.5, q ≺ w ≺ p. If T = {T1, . . . , Tl} is
the partition needed to form the complete in-amalgamation of A, then rk =

∑
j∈Tk

pj

are orthogonal projections defining a reduced orthogonal generator r for q with
M =

⊕
rkMrk, as in Theorem 4.7. Thus r ≺ w ≺ p, and it follows that there

is a partition of Tk into m(k) sets, T 1
k , . . . , T

m(k)
k so that each projection wj is a

sum of projections {pj | j ∈ T ik} for some k and i, 1 ≤ i ≤ m(k). Relabel these

projections wi
k, so wi

k =
∑
j∈T ik

pj , and rk =
m(k)∑
i=1

wi
k. Since ϕ = ψ|N and N =

⊕
Nk,i

with Nk,i = wi
kNwi

k = wi
kMwi

k, it follows that ϕ∗ is the in-amalgamation of A
corresponding to the partition {T ik | k = 1, . . . , l, 1 ≤ i ≤ m(k)} of the vertices of
the graph of A.
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Theorem 4.8 completes a picture of the correspondence φ → ϕφ between repre-
sentations φ : (P , A,Q)→ B(H) of a dual system, with A a 0-1 matrix, and injec-
tive unital ∗-endomorphisms ϕφ of a finite sum of type I factors M,M ⊆ B(H).
Given ϕ an injective unital ∗-endomorphism of M ⊆ B(H) with ϕ∗ = B, there
is a representation φ0 of a dual system (P , Bw,Q) with ϕφ0 = ϕ, where Bw is
the complete in-split of B. If the endomorphism ϕ arose from a representation
φ : (P , A,Q)→ B(H), so that ϕ = ϕφ, then by Theorem 4.7 B is also the complete
in-amalgamation of A. By Corollary 3.9, Bw must then be an in-split of A, and so,
by Proposition 4.1 there is a representation ψ of a dual system with matrix Bw so
that its associated endomorphism ϕψ is the restriction of ϕφ. Now ϕφ = ϕ = ϕφ0 ,
so ϕψ is the restriction to domϕψ of ϕφ0 . In particular, domϕψ ⊆ domϕφ0 . How-
ever both ψ and φ0 are representations of dual systems involving the matrix Bw,
so (ϕψ)∗ = (ϕφ0)∗ = B and so the number of type I factor summands in domϕψ
and domϕφ0 must be the same. Thus domϕψ = domϕφ0 and ϕ = ϕψ also.

We remark that this correspondence associates the infinite representations φ with
unital ∗-endomorphisms of finite direct sum of type I∞ factors. It also restricts to a
correspondence between representations of Cuntz-Krieger algebrasOA, A satisfying
condition I of Cuntz-Krieger, and injective unital ∗-endomorphisms ϕ of finite direct
sums of type I∞ factors with ϕ∗ a matrix satisfying condition I of Cuntz-Krieger.

This correspondence, and our knowledge of the partial order can be used to
work with ∗-endomorphisms in a fairly straightforward manner. For example let
ϕ : M → M with ϕ∗ = B be an injective unital ∗-endomorphism of M, a finite
direct sum of type I factors, M ⊆ B(H). If A ≺ B, then by the comments at
the end of section 3, Aw ≺ Bw where Aw, Bw are the complete in-splits of A and
B respectively. In fact Aw ≺ Bw via a finite sequence of 0-1 matrices. Theorem
4.8 shows that ϕ is the ∗-endomorphism ϕφ associated with a representation φ of
a dual system (P , Bw,Q). By applying Proposition 4.1 a finite member of times,
there is a representation ψ of a dual system (P ′, Aw,Q′) with the image of ψ
containing that of φ, the ∗-algebras generated by φ and ψ are equal, and with ϕφ
the restriction of the ∗-endomorphism ϕψ associated to ψ. Thus by Proposition 4.6,
lim
⇀

(M, ϕ) ' lim
⇀

(N , ϕψ), where N is the domain of ϕψ.
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