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GENERALIZED SUBDIFFERENTIALS:
A BAIRE CATEGORICAL APPROACH

JONATHAN M. BORWEIN, WARREN B. MOORS, AND XIANFU WANG

ABSTRACT. We use Baire categorical arguments to construct pathological lo-
cally Lipschitz functions. The origins of this approach can be traced back
to Banach and Mazurkiewicz (1931) who independently used similar categor-
ical arguments to show that “almost every continuous real-valued function
defined on [0,1] is nowhere differentiable”. As with the results of Banach and
Mazurkiewicz, it appears that it is easier to show that almost every func-
tion possesses a certain property than to construct a single concrete exam-
ple. Among the most striking results contained in this paper are: Almost
every 1-Lipschitz function defined on a Banach space has a Clarke subdiffer-
ential mapping that is identically equal to the dual ball; if {T1,T5,... ,Tn}
is a family of maximal cyclically monotone operators defined on a Banach
space X then there exists a real-valued locally Lipschitz function g such that
Oog(x) = co{Ti(x), T2 (x),... ,Tn(z)} for each x € X; in a separable Banach
space each non-empty weak* compact convex subset in the dual space is iden-
tically equal to the approximate subdifferential mapping of some Lipschitz
function and for locally Lipschitz functions defined on separable spaces the
notions of strong and weak integrability coincide.

1. INTRODUCTION

An important aspect of developing a mathematical theory is in producing both
examples and counterexamples that illuminate the content and boundaries of the
subject. In this paper we give a general method for constructing examples and
counterexamples for the differentiability theory of Lipschitz functions.

The first and perhaps best known counterexample in differentiability theory is
the construction of a continuous nowhere differentiable function. The explicit con-
structions given in the 19th century were later (in 1931) augmented by the use
of Baire categorical arguments. Since this time the use of Baire category for the
construction of functions (either well behaved or pathological) has been applied to
several areas of analysis, (see, [12], [I3] and [23] to name but a few). In this paper
we continue this tradition by using Baire category arguments to construct Lipschitz
functions that have ‘large’ generalized derivatives. The first and most crucial step
towards achieving this result is to produce a candidate complete metric space on
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which we may apply the Baire category theorem. Here we consider the class of
T-Lipschitz functions, denoted X7. Loosely speaking (though precise in a smooth
space), for a weak* cusco T': X — 2X" from a Banach space X into its dual X*,
we say that a locally Lipschitz function f on X is T-Lipschitz if Vf(z) € T(x)
whenever V f(x) exists. In Lemma B we show that for a fixed weak* cusco T the set
of all T-Lipschitz functions form a complete metric space (under an appropriately
defined metric). This simple result provides the basis which enables us to derive a
plentiful supply of both examples and counterexamples.

Notation. For a normed linear space (X, || - ||), we denote by X* its dual space;
Bx :={ze X :|lz|| <1}; Sx:={zeX:|lz||=1}
By« ={z" € X" :|[z"|| <1} Bs(z)={y € X |z —yl| <}

- . . o 0 ifye B5[x]a
Balei= e X lo =yl <o) Tmga)={ § o NUS
For a non-empty subset E of X* we denote by Ew* the weak* closure of F; co® E
the weak* closed convex hull of E. In a topological space (A, 7) we shall denote by
B4 the Borel sets on A, that is, the o-algebra generated by the open subsets of A
and as usual A will denote the Lebesgue measure.

The structure of the paper is as follows. In the remainder of Section 1 we will
review some basic facts concerning the Clarke and approximate subdifferentials,
then in Section 2 we will derive the basic properties of the T-Lipschitz functions.
In Section 3 we will show that in any separable Banach space Gy := {g € Xr :
Ouf(z) C 049(x) for all x € A} is residual in (Xr,p) for each f € Xp and then
derive some of the consequences of this result. Section 4 deals with extending the
results from Section 3 to non-separable Banach spaces, while in Section 5 we briefly
look at the question of how to determine when X7 # (). This section also examines
the question of the existence of Lipschitz functions with ‘minimal’ subdifferential
mappings. This provides a contrast to the results contained in Sections 3 and 4.

We begin by recalling some preliminary definitions and properties of locally
Lipschitz functions defined on Banach spaces.

1.1. Uscos and cuscos. Let T be a set-valued mapping from a topological space
A into the dual of a normed linear space X. We say that T is weak™ upper semi-
continuous on A if for each weak™ open subset W of X*, {r € A : T(z) C W} is
open in A. When the images of T' are non-empty and compact we call T a weak™
usco and if, in addition, the images of T are also convex, then we call T a weak"
cusco. We call T a minimal weak® usco (cusco) if its graph does not properly
contain the graph of any other weak* usco (cusco) on A. By the graph of T' we
mean the set Gr(T') := {(x,2*) : 2* € T'(x)}, which is closed whenever T is an usco.
The following result from [I] enables us to generate uscos and cuscos from densely
defined set-valued mappings.

Lemma 1 ([I]). Let T be a densely defined set-valued mapping that maps from a
topological space A into the dual of a Banach space X . If T is locally bounded on A
then there exists a unique smallest weak® usco (weak® cusco) containing T', denoted

USC(T) (CSC(T)) and given by
UsSC(T)(z) == ﬂ{T(V)w* : V' is an open neighbourhood of x},
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CSC(T)(z) == ﬂ{@“’*T(V) : V' is an open neighborhood of x}.

The next result reveals one of the key properties enjoyed by minimal uscos (cus-
CO8).

Lemma 2 ([6]). Let A be a non-empty open subset of a Banach space X. If T :
A — 2% s a weak* usco (weak* cusco) and S : A — 2% is a minimal weak* usco
(weak* cusco) and T'(x)NS(x) # O for each x € A, then S(x) C T'(x) for all x € A.

1.2. Subderivatives and subdifferentials. Let f : A C X — R be a locally
Lipschitz function defined on a non-empty open set A of a Banach space X. The
Clarke derivative of f at x € A, [11] is given by

tv) —
fo(x, ’U) := lim sup w
t|0,y—z t
The upper and lower Dini—derivatives of f at x are given by

fla+tv) - f(z) fla+tv) - fz)

fT(z,v) := limsup

_ — iminf
and f~(x,v) im in

t10 t 3
The corresponding generalized subdifferentials are defined by
Osf () :={x* € X" : 2*(v) < f*(x,v) for allv € X},
where { is one of 0, +, —. When X is a smooth Banach space (i.e., has an equiv-

alent Gateaux differentiable renorm), the approzimate subdifferential [3] is given
by, 9uf(x) := USC(d-f)(z). If in addition (X*, weak™) is angelic (e.g. when X
is weakly Lindelof determined [I4], which includes weakly compactly generated
spaces) then,

Ouf(x) ={2" 12" =w* lim «), and ), € O_f(zn)}-

In all cases 9y f is a weak™ cusco on A and J, f is a weak™* usco on A.

2. BASIC PROPERTIES OF THE SPACE OF T—LIPSCHITZ FUNCTIONS

Let T be weak™ cusco that maps from a non-empty open subset A of a Banach
space X into its dual space X*. For such a cusco mapping one may consider the
following (possibly empty) set of locally Lipschitz functions defined on A, called
the T'-Lipschitz functions on A.

Xr = {f € R": f is locally Lipschitz and 9y f(x) C T(z) for all z € A}.
When X is smooth, we have by [21] the following simplified definition:
Xr = {f € R fislocally Lipschitz and Vf(z) € T(x) whenever Vf(z) exists}.

On X7, we may define a metric p by p(f,g) := min{1,d(f,g)}, where d(f,g) :=
sup | f(z)—g(x)|. If T is identically equal to some non-empty weak* compact, convex
TEA

subset C' of X* then we may simply write X¢ in place of Xr. Some basic properties
of T and Xp are

Lemma 3. Let X be a Banach space and let A be a metric space, then each weak*
usco from A into X™* is locally bounded on A.
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Proof. Let us assume, in order to obtain a contradiction, that 7" is not locally
bounded on A. Then there exists a point zg € A such that for each n € N the set
T(Bi/n(x0))\nBx~ # 0. Using this we may construct two sequences (z, : n € N)
in A and (z}; : n € N) in X* so that (x, : n € N) converges to zo and z], €
T(xy,)\nBx~ for all n € N. Now if we set K := {x, z1,%2,...,ZTn, . ..}, then K is
compact and so T(K) is weak* compact. Therefore, by the uniform boundedness
theorem T'(K) is bounded, which is impossible since {z} : n € N} C T(K) is
unbounded. Hence, T' must be locally bounded on A. [l

With a little extra effort one can show that each weak®™ usco mapping from a
g-space, [19], into X* is locally bounded. However, we have no need for this extra
generality here.

Lemma 4. Let A be a non-empty open subset of a normed linear space X and let
T:A— 2% be a weak* cusco on A, then Xp is a convex sub-lattice of the locally
Lipschitz functions defined on A.

Proof. By Propositions 2.3.12 and 2.3.3 in [11]], we have

A (fV g)(x) S cofdof(x), Bog(x)} € T(x)
for all z € A, since T'(x) is convex. Similarly, one can show that do(fAg)(x) C T'(x)
for all z € A. Also for any 0 < A <1 we have, dy(Af + (1 — N)g)(x) C Ao f(x) +
(1 =XN)dog(z) CAT(z) + (1 = NT(x) = T(x) for all z € A. O

Lemma 5. Let A be a non-empty open subset of a Banach space X and let T :
A — 2% be a weak® cusco on A, then (X1, p) is a complete metric space.

Proof. Let (f, : n € N) be a Cauchy sequence in (X7, p) and let f be the pointwise
limit of the sequence (f, : n € N). Note: fo is well-defined since for each z € A,
(fn(z) : n € N) is a Cauchy sequence in R. Now since T is locally bounded f is
locally Lipschitz on A. Indeed, if U is a convex open neighbourhood of some point
xo € A and T(U) C nBx-, then for each f € Xr, |f(x) — f(y)| < n||x — y|| for all
x,y € U. So in particular we have

oo®) = Loo®)] = Jim |ful@) = fu(w)] < nlle = .
for all z,y € U. We now need to show that 9y foo(z) C T'(z) for all z € A. To do

this it will suffice to show that for each zg € A, y € Sy and ¢ > 0, f (z0;y) =
max{z*(y) : * € Ofoc(x0)} < max{z*(y) : 2* € T'(x0)} + . So let us fix z¢ € A4,
y € Sx and € > 0. Now since the mapping * — max{z*(y) : «* € T'(z)} is upper
semi-continuous on A there exists a § > 0 such that max{z*(y) : z* € T(z)} <
max{z*(y) : * € T(xg)} + € for all z € Bys(xg). From this and the Lebourg
mean-value theorem it follows that

fz+My) — f(2)

A

for all f € Xpr, 0 < X< ¢ and z € Bs(xg). Therefore,

foo(z+/\y)_foo(z) fn(2+)‘y)_fn(z)

< max{z*(y): z* € T(z0)} +e¢,

= lim <max{z*(y) : 2" € T(z0)} + ¢,
A n—oo A
for all 0 < XA < § and z € Bs(wg). Hence, 2 (z0,y) < max{z*(y) : 2* € T(wo)} +¢.
This completes the proof. O

The following result follows from Lemmas [l and [3.
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Proposition 1. Let F be a family of real-valued locally Lipschitz functions defined
on a non-empty open subset A of a Banach space X. Then the functions in F are
T-Lipschitz for some weak* cusco T : A — 2X" if and only if the family of functions
F is locally equi-Lipschitz on A.

3. RESULTS ON SEPARABLE BANACH SPACES

Lemma 6. Let X be a separable Banach space and let f be a locally Lipschitz
function defined on a non-empty open subset A of X, then there exists a countable

set C C Gr(0-f) such that Gr(0of) = C, where the closure is taken with respect to
the product topology on X x X* and X* is endowed with weak® topology.

Proof. For each m € N define A, := {zr € A : 0_f(x) C mBx-}. Since Bx-
is weak™ compact and metrizable, A,, X mBx- is hereditarily separable and thus
Gr(0_f) N (Ay x mBx~) is separable. Hence there exists a countable set,

Cm CGr(0_f)N (A, x mBx~) with  Gr(0_f) N (A, x mBx«) C Cp,.
Let C := U,,cny Cm- Then C is countable and

Gr(0-f) = Gr(0-f) N | J (Am x mBx-)

meN
= |J Gro-f)n(An xmBx-) C | J Crn CC.
meN meN
Since Gr(0,f) = Gr(d_ f) we have Gr(d,f) C C C Gr(d,f) = Gr(daf). O

Lemma 7 ([21]). If X is a smooth Banach space and Y is a finite dimensional
subspace of X, then the distance function x — dy (x) := mingey ||z — y|| is smooth
on X \'Y and d? is smooth on X.

Lemma 8. Let Y be a finite dimensional subspace of a smooth Banach space X
and let h : X — (—o0,400] be a proper lower semi-continuous function. If ,6 > 0
and zg € X are given and h satisfies:

(1) h is bounded below on Bys[zp);

(ii) h(z) — h(z0) > —0 - € for all z € zy + 0By
Then there exists a point z € Bs(29) and z* € O_h(z) with ||z*|y| < 2e.

Proof. First let us choose K sufficiently large so that
inf{h(z) + Kd2 |y (z): z € Bs[z0]} > h(z0) — € - 0.

By Lemma [7], dgo 4y is smooth on X and constant along lines parallel to Y. There-
fore we have that V(d2 ,y)(z)|y = 0 for every z € X. Now by the Borwein-Preiss
smooth variational principle [9] we obtain z € Bjs(z9) and z* € X* so that ||z*| < 2¢
and

0€0_(h+ Kd2 oy + Ipss0)(2) + 2° = 0_h(z) + KV(d2 .y)(2) + 2"

Therefore if we set 2* := —(z* + KV(d2 ,y)(2)), then z* € d_h(z) and |[z*|y || =
lz*|v | < 2e. O

Theorem 1 (The approximate subdifferential). Let A be a non—-empty open sub-
set of a separable Banach space X (finite or infinite dimensional) and let T :
A — 2X7 be a weak* cusco on A, then for each f € Xr, {g € X : .f(x) C
0ag(x) for all x € A} is residual in (X, p).
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Proof. Since X is separable, we may choose an increasing sequence of finite dimen-
sional subspaces of X such that |J, .y Xn = X. For each (z,2*) € Gr(9- f) and
n € N we consider the set,
G(z,2+n) = {9 € A7 : there exists a z € By /()
and z* € 0_g(z) so that ||(z* — z*)

X, S 4/71}

The proof is divided into three parts:

(a) For each (z,2*) € Gr(0_f) and n € N, intG , ;+ ,,) is dense in (X7, p).
Suppose (go, ) € X x(0,1) is given. We need to verify that B.(go) NintG 5 o+ n) 7#
(. Define hy € Xr by hi(2) := f(2) + (go(z) — ¢/3 — f(x)) and the function
he € Xr by ha(z) := min{go(z), h1(2)}. Clearly, ha(z) < go(z) for all z € A.
Next we define hy € Xp by hsg(z) := max{ha(z),go(z) — 2¢/3} and obtain that
go(z) — % < h3(z) < go(z) for all z € A, and so p(hs, go) = min{1,d(hs,g0)} < e.
We claim that hs € intG(; 4+ »). To see this, first note that

go(z) — % < h3(@) = ha(x) = hi(z) = go(x) — % < gola).

Hence there exists an open neighbourhood U of x so that hy = ho = h3 on U. Since
x* € O_ f(x), f is Lipschitz around z and S, is compact, there exists 0 < § < 1/n
so that (i) Bs[z] C U; (ii) f is Lipschitz on Bs[x]; (iii)

(f —2") x4+ ) = (f —2")(x) > A > =0 forall 0 <A< and v € Sx,,.
n-n

We now show that B,.(h3) C G4 4+ n) for any 0 <r < d/(2n). To accomplish this,
let g be any member of B,.(hs3). Then,

2
(g—2")(2) = (g —2")(z) > —;5 for all z € x + dBx,,.

By Lemma [§, there exists z € Bs(x) and y* € 0_(g — z*)(z) with ||y*|x, || < 4/n.
Thus if we set z* := y* 4+ 2*, then 2* € 0_g(z) and ||(2* — 2%)|x, || < 4/n. This
shows that g € G4 4+ n)-

(b) Fix (z,2*) € Gr(0-f), then for each g in G4 4+) := [,y G(z,2*,n), We have
r* € 0q9(). If g € G54+, then for each n € N there exists an x, € By, (x) and
xk € d_g(zy) so that ||xf|x, — 2*|x, || < 4/n. Since the subspaces (X, : n € N)
are monotonely increasing, we see that (x) : n € N) converges to * pointwise on
Unen Xn- Moreover, since g is locally Lipschitz around x, the sequence (z;, : n € N)
is norm bounded, and so we have that (z} : n € N) converges to z* pointwise on
Upen Xn = X. Hence ((zn,7},) : n € N) converges to (z,2*) in A x X*, with A4
endowed with the norm topology and X* with the weak® topology. However, as
Gr(0,9) is closed in A x X* we obtain that z* € d,g(x).

(c) By Lemmal[B, we may choose a countable set C' C Gr(9_ f) so that Gr(d,.f) = C.
Let

G:=(NCuau : (x,2*)€C}.
By (a), G is a residual set in (Xp,p) and if ¢ € G, then for every (z,z2*) € C

we have z* € 0,9(x). That is, C C Gr(d,g). Now since Gr(9,9) is closed in the
product topology on A x X* we have

Gr(9.f) = C C Gr(0a9).
This shows that if g € G then 9, f(x) C 0y9(x) for all x € A. O
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Corollary 1. Let {f, : n € N} be a sequence of locally equi—Lipschitz functions
defined on a non-empty open subset A of a separable Banach space X . If we define
T:A— 2% by T(x) := UpenOafn(x), then {g € Xoscmry : USC(T)(z) C
0ag(x) C Oog(x) € CSC(T)(x) for every x € A} is residual in (Xcsc(ry, p)-

Proof. By Proposition[ll] CSC(T) exists. For each n € N, we may apply Theorem[I]
to deduce that the set G, := {9 € Xogo(r) @ Oafn(x) C dug(x) for all x € A} is
residual in (Xosc(ry, p). Thus the set G := (), oy G is residual in (Xosc(ry, )
and if ¢ € G, then we have J,cy0afn(z) € Oug(w) for every z € A. Hence
USC(T)(z) C Jag(x) C dog(z) C CSC(T)(x) for all x € A. O

Theorem 2 (The Clarke subdifferential). Let A be a non-empty open subset of a
separable Banach space X and let T : A — 2% be a weak* cusco on A, then for
each f € Xr, {g € Xr: 0o f(x) C Oog(z) for all x € A} is residual in (Xr,p).

Proof. This follows from Theorem [Mand the fact that o f(z) = c6" 9, f(z) for all
x € A, [I7]. O

Corollary 2. Let {f, : n € N} be a locally equi-Lipschitz family of real-valued
functions defined on a non-empty open subset A of a separable Banach space X . If
we define T : A — 2% by T(z) = U, ey O0fn(2), then {g € Xoscr) : Doglz) =
CSC(T)(x) for all x € A} is residual in (Xcsco(ry, p)-

Corollary 3. Let fi1, fa,..., fn be real-valued locally Lipschitz functions defined
on a non-empty open subset A of a separable Banach space X. If T : A — 2% s
defined by

T(z) := co{do f1(x), o f2(x), ... , 0o fn(x)},

then {g € X7 : Oog(x) = T(x) for all x € A} is residual in (X7, p). In particular,
the Clarke subdifferential is closed under the operation of taking finite convex hulls.

Proof. By Corollary 2lit suffices to show that T is a weak* cusco on A. To see that
this is indeed the case, consider the set-valued mapping  : A — 2% defined by
Qz) =U{0of;(z) : 1 < j < n}. Clearly Q is a weak™ usco on A. Hence, by Lemma
7.12 in [20] the mapping T : A — 2% defined by T'(z) := @" Q(z) = co Q(z) is a
weak™ cusco on A. This completes the proof. O

Corollary B improves the main result of [§], where the minimality of each 0 f;
was required.

Corollary 4. Let f be a real-valued locally Lipschitz function defined on a non-
empty open connected subset A of a separable Banach space X . Then the following
conditions are equivalent:

(i) f is “strongly integrable” that is, for each real-valued locally Lipschitz func-
tion g defined on A with dpg(x) C 0o f(x) for allx € A, f — g = constant.
(i) f ds “weakly integrable” that is, for each real-valued locally Lipschitz function

g defined on A with dog(x) = 0o f(x) for allx € A, f — g = constant.

Proof. The fact that (i) implies (ii) is obvious. So it suffices for us to justify that
(i) implies (i). Fix o € A and let g be any member of Xy ;. By Corollary
we may select, for each 0 < ¢ < 1, a function g. € Xay so that p(g,g9.) < € and
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Ooge(r) = 0o f(x) for all x € A. Then for any = € A,
[(f = 9)(x) = (f = g)(2o0)]
<|(f = ge)(@) = (f = ge)(@o)| + [(9e — 9) (=) = (9 = 9)(o)|
(9= — 9) (%) = (9c — 9)(wo)] (since f — g = constant on A)
<19 = 9)(@)] + |(ge = 9)(20)| < 2e.

However, as our choice of € was arbitrary, we must have that (f—g)(z) = (f—g)(x0).
This shows that f — g = constant on A. |

Let I be an open interval in R and let f : I — R. We say that f is robustly lower
(upper) semi-continuous if,

f(x) =liminf f(y) (f () = limsup f (y)>

yEN ygN

for each Lebesgue null set N of 1.

Corollary 5. Let I be an open interval in R and let o and [ be functions on I
such that o < 3. Then the following are equivalent:

(1) « is robustly lower semi-continuous and (3 is robustly upper semi-continuous;

(i) there exists a locally Lipschitz function f on I such that 0o f (z) =[a(z), B(z)]
forallx € I;

(iii) if T : I — 2% is defined by T(x) := [a(z), B(x)], then X1 is non-empty and
{9 € Xr: dog(x) = [a(x), B(z)] for all x € I} is residual in Xr.

Proof. (1)=-(iii) Since « is lower semi-continuous and § is upper semi-continuous
on I, both functions are Lebesgue integrable. Choose any p € I and define f1, f5 :
I — R by

fi(z) == /x a(t)dt and  fo(x) := /xﬂ(t)dt.

Let N C I be any Lebesgue null set so that fi{(z) = a(x) and fi(z) = (z) on
I\N. Then we have
0o f(x) = [lim inf f7(¢), lim sup f{(¢)] = [a(x), limsup f1(¢)] ~ and
t tg N

tgN
t—x t—x

Oof2(x) = limyinf f5(¢), lim sup f3(8)] = i inf (1), 6()].

t—x

t—x

t—ax t—w

Moreover, since a(x) < B(x) for all x € I we have

limsup fi(t) < limsup 3(¢) = B(x) and liminf f5(¢) > liminf a(t) = a(x).
tgN tgN tgN tgN
Therefore, T'(x) = co{dy f1(z), 0o f2(z)} for each x € I and so the result follows by
Corollary 3.
(ili)= (ii) is clear and (ii)=-(i) follows from the basic properties of the Clarke

subdifferential mapping. O

t—x t—x

This has recovered and improved the main result in [2].

Example 1. Theorem [Mfails if T" is only assumed to be a weak™* usco. To see this,
we consider T : R — 2% defined by T'(z) := {0,1}. If Theorem [ holds for this
T, then there would exist a residual set G in X1 where d,g9 = T for each g € G.
However, T is not an approximate subdifferential map of any Lipschitz function.
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Because if there exists an f with d,f = T, then 0y f(x) = co 9, f(z) = [0, 1] for all
xz € R and so by Theorem 2.2 in [2] we would have that 0, f(x) = 0o f(z) = [0, 1]
for all z € R; a contradiction.

With some extra work one can show that the sum and lattice rules of sub-
differential calculus hold with equality for almost all Lipschitz functions. Indeed,
if on Xp,. X Xp,. we define the complete metric p1 by p1((f1, f2), (91,92)) =
o(f1, 1)+ p(f2,92), then we may obtain the following from a more elaborate version
of Theorem [T

Theorem 3 ([26]). Let A be a non-empty open subset of a separable Banach space
X, then there exists a residual set G in (Xp,. X XBy.,p1) so that for each (f1, f2) €
G and y1,y2 > 0,

Oo(y1f1 + y2f2)(x) = y100 f1(x) + Y200 f2(x), Oofi(x) = Oofa(x) = Bx~ and
Oo[min{f1, fo}](x) = Oo[max{f1, f2}](x) = co{do f1(x), Do f2(x)} for all x € A.

Example 2. In this example we examine what can be said about the size of
the generalized Jacobian of a Lipschitz mapping acting between Banach spaces.
For a vector—valued locally Lipschitz function F' : R™ — R™ given by F(z) :=
[f1(@),..., fm(x)]. The generalized Jacobian of F at x, denoted by OyF(z), is
defined by

OoF(x) := co{limVF(z;) : x; — z,2; € Qr},

where Qr denotes the set of points at which F' fails to be differentiable. In Xp,, x
XB,. there exists a residual set G such that for every F' € G, 0pF is not a minimal
cusco. Indeed, by Theorem [3] we obtain a residual set G C X, x Xp., such that
for F':= (f1, f2) € G we have 0y(f1 + f2) = 2Bgn. By Theorem 2.6.6 [LI] we have
Ao(f1 + f2) = (1,1)0pF. Since 2Bgn is not a minimal cusco, JpF is not minimal
for F' € G. However, if each f; is strictly differentiable almost everywhere on A for
i=1,...,m, then Oy F is a minimal cusco on A.

The scalarization formula for the coderivative of F [25] page 366] also shows
that the Clarke coderivatives have large images for every F' € G since the Clarke
coderivative D! F(z)(y1,y2) 2 (y1 + y2)Bg~ holds for all z € A and (y1,y2) €
RF \ {0}. Similar results hold for F' having arbitrary m components.

4. RESULTS ON GENERAL BANACH SPACES

In general Banach spaces we obtain weaker, but still highly useful results.

Lemma 9. Let A be a non-empty open subset of a Banach space X and let T :
A — 2% be a weak® cusco on A. If f,g € Xp and E C R is Lebesque measurable,
then the function h : A — R defined by h(z) := Ag((f — g)(z)) + g(z) belongs to
Xr and p(h, g) < A(E), where Ag : R — R is defined by, Ap(z) := [ Xp(t)dt.

Proof. Suppose f,g € Xp, we need to show h € Xp. To this end, let us fix x € A
and choose § > 0 so that Bos(x) € A. For each v € Sx we define the function
K, : Bs(x) x (0,6) — [0,1] by

0 if (f —9)(z+ M) =(f —9)(2),
K, (z7 )\) — . ((ff:;))((;;r)\u) xe(t)dt

(F—9) Gzt ) —(F—9)(2) otherwise.
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Then we have

h(z+/\1;\)—h(z) - Ey(e) (z—i—)\z;\) g(z )+K (Z,A)f(zﬂz;)—f(Z)
z+ /\v —g(2) flz+ M) — f(2)
g2 =0) S0

for all (z,A) € Bs(x) x (0,8). Therefore h°(x,v) < max{g°(x,v), f'(x,v)} for
all v € Sx and so dgh(x) C co{dog(x),dof(x)} C T(x). Since the point z was
arbitrary we have that h € Xr. The proof that p(g, h) < A(E) is obvious. O

We will say that a Banach space is smoothable if it has an equivalent smooth
renorm (as is the case in all separable, reflexive or WCG spaces).

Theorem 4 (The approximate subdifferential in smooth Banach space). Let A be
a non-empty open subset of a smoothable Banach space X and let T : A — 2% be

a weak® cusco on A. If f € Xp and © — O,f(x) is a minimal weak* usco, then
{g € X1 : 0o.f(x) C 0a9(x) for all x € A} is residual in (Xr,p).

Proof. For each m € N, let A, :=int{t € A: T(t) C mBx~}. Then by Lemma B]
A = U, en Am and each g € X is m-Lipschitz on each convex subset of A,,. Let
J :={Jp : n € N} be an enumeration of all the open intervals in R with rational
end-points. For each (m,n,p,e) € N® x (0,00) we consider the set

O(mnpe) = 19 € X7 : for each connected open set

U with U + %BX C Ay, and J, C (f — ¢)(U) there

exists a zp € U and 0 < ro < 1/p so that (g — f)(z)—

(9 — f)(z0) > —erg for all z € By (20)}
The proof is now divided into two parts:
(a) For each (m,n,p,e) € N* x (0,00), intO(p p p,e) is dense in (X7, p).
Suppose (go,9) € X1 x (0,1), we need to verify that Bs(go) NintO, ;, p.c) # 0. To
this end, suppose J,, := (1, s,) and 0 < 0’ := min{(s, — r,)/5,d}. Now let us
choose a dense open subset E of R such that u(E) < ¢" and define h: A — R by

h(z) := Ag((f —go)(®)) + go(x) where Ag(z):= /OI xe(t)dt.

By Lemma [ we have h € Xr and p(go,h) < &' < 6. We claim that h €
intO(m,npe) N Bs(go). To this end, choose 0 < r < 2m/p and ¢t € R so that
[t—rt+7] C (ry,+20,s,—20")NE and set d := min{(er)/(4m), ' }. We will show
that Bi(h) € O(m,npe)- Let g € Bq(h) and let U be any connected open subset of
Ay, with U +1/pBx C Ay, and J,, C (f — ¢)(U). Then,

[t —rt+ 7"] < (Tn + 25,; Sn — 25,) c (f - 90)(U)7
since (f — go)(U) is connected (hence convex) and

1(f = g0) = (f = 9lloo = ll90 = glloc < g0 = Alloc + g = hlloc < 0" +d < 26"

Choose zg € U so that (f — go)(z0) =t then for any z € B, (20) with ro =r/2m <
1/p, (f —g0)(2) € [t —r,t+7r] C E and so h(z) — h(z0) = f(z) — f(20). Therefore
by our choice of d,

ETo ETo

(9= D) = (9= iz0) = (9= W) = (9= W)(z0) > =3¢ = 2 = e,

for all z € By, (20). This shows that g € O(y,np.e)-
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(b) The set G := ({On, .ns,n5,1/na) : (N1,n2,n3,n4) € N*} is residual in (X7, p)
and for each g € G we have 9,g(x) N, f(x) # O for every z € A.

Indeed, if this is not the case then there exists a g € G and z¢p € A such that
0ag(20) N Oy f(xo) = 0. Moreover, since {x € A : 9,9(x) N, f(x) = 0} is open in A
we may assume that f is strictly differentiable at xg € A, [22]. We may now select
a finite set FF C Sx and a € R so that if W := {z* : |2*(y)| < a, y € F} then
(0ag(x0) + W) N (Oaf(x0) + W) = 0 and by the weak™ upper semi-continuity of
x — 0q9(x), there exists r > 0 so that 0,g(By(x0)) C Jdag(zo)+W. Next, we choose
nyg € N so that 4/n4 < « and set Y := spF. Then by the strict differentiability of
f at zg, the Lipschitzness of f and the compactness of Sy, there exists a d > 0 so
that

TEAW 2 TE) G pag)y) > -

Ny
for all ||z —zo|] <d,0< A< and y € Sy.

We may now select ni,n3 € N so that 1/n3 < § and By, (v0) € An, N Br(x0).
Then we set U := By, (70). Now (f —g)(U) is convex, so either (f —g)(U) = {a}
for some @ € R or J, C (f — g)(U) for some n. In the first case we get that
f(z) = g(x) + a on U which is impossible since 0, f(xo) # Jag(xo). Therefore,
there is some ny € N so that J,, C (f — g)(U). However, as g € O(n, ny.na,1/n4)
there exists a point zp € U and 0 < 9 < 1/n3 so that

(9 —Vf(x0))(2) — (g — Vf(z0))(20) > —i—? for all z € zy + 9By,

since (f — Vf(z0))(z0 + Ay) — (f — Vf(x0))(z0) > =\ - n% for 0 < A < n% and
y € Sy. By Lemma Bl there exists z1 € B,,(20) and z* € X* so that z* €
0_(g — Vf(z0))(#z1) and ||z*|y] < 4/na, ie., Vf(zo) + z* € J_g(z1). However,
Vf(zo)+2* € Vf(zo)+ W, which is impossible since d_g(z1) N (V f(zo) + W) = 0.
Therefore, it must be the case that for each g € G, 9, f(x) N dug(x) # O for all
2 € A. The result now follows by Lemma 2. O

While minimality of & — 0,f(z) is quite restrictive, it does hold when f is
smooth or concave on A. Even this allows for some nice applications:

Corollary 6. Let A be a non-empty open subset of a smoothable Banach space X
and suppose C C X* is non-empty, weak* compact, conver and weak” separable,
then {g € Xc : Oug(x) = C for all x € A} is residual in (Xc, p).

Proof. Let {xf : n € N} be a dense subset of (C, weak*) and for each n € N, let
Gn = {g € Xo : z}, € Du9(x) for all x € A}. Then by Theorem ] G := (N, .y Gn
is residual in (X¢, p) and 9,9 = C for each g € G. O

Theorem 5 (The Clarke subdifferential in arbitrary Banach space). Let A be a
non-empty open subset of a Banach space X and let T : A — 2% be a weak*
cusco on A, then for each f € Xr, {g € Xr : dog(x) N o f(x) # D for all x € A} is
residual in (Xr, p). In particular, if Oof is a minimal weak® cusco, then {g € X :
0o f(x) C Oog(x) for all x € A} is residual in (Xr, p).

Proof. For each m € N, let A,,, :=int{t € A: T(t) C mBx=«}. Then by Lemma B]
A= U,,en Am and each g € Ar is m-Lipschitz on each convex subset of A,,. Let
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J :={J, : n € N} be an enumeration of all the open intervals in R with rational
end—points. For each (m,n,e) € N2 x (0, 4+00) consider the set

O(mn,e) = {g € Xr : for each connected open set U
with U +eBx C A, and J,, C (f — g)(U) there exist
zo € U and 0 < A9 < € so that (g — f)(z0 + Aov)—
(9= f)(z0) > =Xoe for all v € Sx}.

(a) IntO(s ¢ is dense in (X7, p) for each (m,n,e) € N* x (0, +00).

Suppose (go,d) € Xr x (0, ) We need to verify that Bs(go) N intO(y, n.c) # 0.
To this end, suppose J,, := (rn,s,) and ¢’ := min{(s, — r,)/5,0}. Now let us
choose a dense open subset E of R such that u(E) < §" and define h: A — R by

hla) == Ap((J = g0)(@) + 90(s) where Asa) = [ "yt

Then by Lemma[d, h € X7 and p(go, h) < §" < 4. We claim that h € intO(y, 5,,¢) N
Bs(go). To this end, choose 0 < r < 2me and t € R so that [t —r,t + 1] C (r,, +
20', 5, —20") N E and set d := min{(er)/(4m),d"}. We show that Byq(h) C O(m n,c)-
Let g € By(h) and let U be any connected open subset of A,, with U +ecBx C A,,
and J, C (f — ¢)(U). Since (f — go)(U) is connected (hence convex) and

I(f = 9) = (f = g0)lloe = llgo = glloe < llg0 = Plloc + lg = Alloc < d 48" <28,

we have [t — r,t + 7] C (ry, + 20,8, — 26") C (f — go)(U). Choose zyp € U so
that (f — go)(20) = t, then for every 0 < A < r/(2m) < € and v € Sx we have
(f —90)(z0 + Av) € [t —r,t + 7] C E, thus if we set Ao :=r/(2m)

9(z0 + Aov) — g(20) < h(zo + Aov) — h(z0)  2d _ f(20 + Aov) — f(20) 2d

Ao - Ao Ao Ao T

2m
> f(z0 + Aov) — f(2z0) .

Ao

This shows that g € O p,c)-
(b) The set G := ({On, .ns,1/ns) : (n1,n2,n3) € N*} is residual in (X7, p) and for
each g € G we have dpg(x) N Oy f(z) # () for all z € A.

Indeed, if this is not the case, then there exists a ¢ € G and ¢ € A such that
og(zo) N o f(zo) = 0. By the strong separation theorem, applied in the locally
convex space (X*, weak®) there exists a y € Sx, @ € R and ¢ > 0 such that

—f%(x0, —y) = min{a*(y) : 2* € 0o f(x0)} > +¢
>a—e>max{z*(y) : z* € dg(z0)} = ¢°(20,7).
Now zy € Ay, for some ny € N and

o z+ty) — flz . z+ty) —g(z
_fo(x()a _y) = hggg}£ M, go(qjo, y) = hrzrlsgp w
"o 10

Therefore there exists an n3 € N such that 1/n3 < e, By/p,(v0) C A,, and

inf{f(z+>\y)_f(z) 0< A< i,zEBl/ns(xo)} Za—f—i
A ns n3

(+) X
>q— — > sup
ns

{g(z +Ay) —9g(2)

1
5 0< A< — - zEBl/n3(x0)}
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Let U := By, (20), then U +1/n3Bx C A,,. Now (f —g)(U) is convex, so either
(f —9)(U) = {a} for some a € R or J, C (f — g)(U) for some n € N. In the first
case, we get that f(x) = g(x)+a on U which is impossible since 9y f(xo) # 9og(xo).
Therefore, there exists some ng € N so that J,, C (f — ¢)(U). Since g € G, we
have that g € O, ny,1/ns) and so there exists zo € U and 0 < A\g < 1/n3 so that

9(z0 + dov) = g(20)  flz0+Aov) = f(20) 1
Ao - Ao ns
which contradicts (*). Therefore, it must be the case that for each g € G we have

Ao f(z) N Oyg(x) # O for each x € A. The case when Jy f is a minimal weak* cusco
follows from Lemma Bl O

for every v € Sx,

Corollary 7. Let A be a non—empty open subset of a Banach space X and let { f,, :
n € N} be a sequence of locally equi—Lipschitz real-valued functions. If T : A — 2X"
is defined by T(z) := U, ey Oofn(x) and each 0o fr is a minimal weak® cusco then
{9 € Xosc(r) : Qog(x) = CSC(T)(x) for each x € A} is residual in (Xcsc(ry, p)-

Since each maximal cyclically monotone operator defined on a non-empty open
convex subset of a Banach space is the Clarke subgradient of some convex locally
Lipschitz function we have

Corollary 8. Let A be a non-empty open convex subset of a Banach space X and
let {T1,Ts,... ,Tp} be a finite family of mazimal cyclically monotone operators from
A into non—empty subsets of X*. Then there exists a real-valued locally Lipschitz
function f defined on A such that

Oof(z) = co{Ti(x), Ta(x),... , Tn(x)}  for every x € A.
This generalizes Corollary 2 in [§] to non-separable spaces.

Example 3. There are Clarke subdifferentials that can not be expressed as the
cusco generated by a countable family of minimal cuscos. Indeed, let f : R —
R be a differentiable and nowhere monotone Lipschitz function [10], then {z :
f is strictly differentiable at x and f’(z) = 0} is residual in R and so the only pos-
sible minimal cusco lying inside 9y f is T = {0}.

Lemma 10 (Lemma 2.5, [I5]). A weak® cusco T from a topological space A into
subsets of the dual of a Banach space X is a minimal weak* cusco if, and only
if, given any open subset U of A and weak® closed convexr subset K of X* with
T(U) € K, there exists a non-empty open subset V.C U such that T(V)N K = 0.

Theorem 6. Let f be a real-valued locally Lipschitz function defined on a non—
empty open subset A of a Banach space X. If Oyof is a minimal weak® cusco and
T : A — 2% s defined by T(x) := Oof(x) + Bx-, then {g € Xr : dog(z) =
T(x) for all x € A} is residual in (X7, p).

Proof. For each n € N choose a maximal disjoint family of an open ball { By /,, (x};) :
a € 'y} in A and define f, : A — R by fn(z) := f(z) + dc, (x), where C), =
{z% : a € T',}. Let G,, be any residual set in (X7, p) such that for each g € G,
og(x)No fr(x) # 0 for all x € A. By [5] we know that the sum of a function whose
Clarke subdifferential mapping is a minimal weak* cusco and a regular function
has a Clarke subgradient that is a minimal weak* cusco. Therefore, 0y f, is a
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minimal weak* cusco on By, (z5) and so do fn(z5;) € Gog(x;;) for each a € I'y. Set
G :=(o_, Gn. We will show that for each g € G, dyg(x) = T'(z) for all z € A. To
this end, let g be any member of G and let us suppose that dyg(zo) # T'(z¢) for
some zg € A. Then there is some y € Sx and a € R so that

9°(wo,y) = max{z™(y) : 2" € dog(z0)} < @
< max{z*(y) : x* € T(x0)} = f(z0,y) + 1.

Now, by the upper semi-continuity of z — ¢°(z,y) there exists an open neighbour-
hood U of xg in A such that g°(z,y) < a for all 2 € U. On the other hand, from the
minimality of  — 9y f(x) (see Lemma 10) there exists a non-empty open subset V'
of U so that 9y f (V) N{z* € X* : 2*(y) < a — 1} = (. Therefore,

a—1<min{z*(y): 2* € dof(x)} = —fO(x,—y) forallzecV.

Note that in particular, f~(x,y) > o — 1 for all z € V. Next, we may choose
n € N so that C, NV # 0 and calculate f, (z,y) = f~(2,y) + dg, (z,y) for
z€ C,NV, toget f,(z,y) > a—1+1= a However, this is impossible since
Iz < f2z2,y) < ¢°%2,y) < a for all 2 € UNC,. Hence for each g € G,
Oog(z) = T'(z) for all x € A. O

An important special case of the above theorem is the following:

Corollary 9 (The dual ball). Let A be a non-empty open subset of a Banach space
X, then {g € Xp,. : Oog(x) = Bx~ for all x € A} is residual in (Xp,.,p).

We may also extend a central case of Theorem [T}

Corollary 10. Let A be a non-empty open subset of an infinite dimensional smooth-
able Banach space X. Suppose that ||| - ||| is an equivalent norm on X such that
ext Bx~, the extreme points of its associated dual ball Bx«, is weak™ dense in By,
then {g € Xp. : Oug(x) = Bx~ for all x € A} is residual in (Xp,.,p).

Proof. Let G := {g € Xp,. : Oog(x) = Bx~ for all z € A}. We claim that for each
g € G, 0,9(x) = Bx- for all x € A. To see this, simply note that by the converse
of the Krein-Milman theorem ext Bx» C 0,9(x) for each g € G and = € A since,
By« = 0pg(z) = @0 ag(x) and d,g(x) is weak* closed for each x € A. O

Remark 1. The hypotheses of the last corollary are satisfied if the norm ||| - ||| on
X is smooth.

Corollary 11. Let A be a non-empty open subset of a Banach space X, then
{9 € Xg,. : for eachv e Sx,{x € A: g (x;v) exists} is first category}
is residual in (Xp,.,p).

Proof. Let G :={g € Xp,. : Oog(z) = Bx~ for all z € A}. We claim that for each
g€ G, Dy :={x e A:¢(x;y) exists} is first category in A for each y € Sx. To
see this, let us fix y € Sx. Then, by [16] there exists a dense G5 subset P, of A
where ¢%(z;y) = g* (;y) and —g%(x; —y) = —g™ (2; —y) for each x € P,. We will
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now show that D, C A\P,. Indeed, if 2y € P, N D,, then

1= g%z0sy) = ¢'(z03y) = —g (w03 —y) = —9°(wo; —y) = 1,
which is absurd. Therefore, D, C A\ P, and so first category in A. O

5. WHEN IS X7 NON-EMPTY?

Thus far we have not dwelt too much upon the question of when X7 is non-
empty. However, below we show that this issue is in fact finitely determined, that
is, determined by the behaviour of T' on finite dimensional subspaces.

Let A be a non-empty open subset of a Banach space X and let T : A — 2%~
be a weak* cusco defined on A. Then for each subspace Y of X with Y N A # 0 we
define Ty : Y NA —2Y by

Ty(z) ={y* €Y " :y"=2"]y and 2" € T(x)}.

Theorem 7. Let A be a mon-empty open connected subset of a Banach space X
and let T : A — 2% be a weak® cusco on A. Then Xp # 0 if and only if there exists
an upwardly directed set (D, C) of finite dimensional subspaces of X such that (i)
ACUyepY and (it) Xry, # 0 for each Y € D with Y N A # ().

Proof. Tt is clear that if X7 # () then (7) and (4) are satisfied. So we will consider
the converse question. Fix zo € A and define X1, (x0) := {g € X1, : g(xo) = 0}.
Note that by possibly making D smaller we may assume that g € Y forall Y € D.
Then for each Y € D choose gy € Xp, (z9). For each such function we consider
the following extension gy : A — R defined by

- _Jogv(x) fzeANnY,
gy (@) = { 0 otherwise.

Thus, (§y : D) is a net in (R.)*—which is compact by Tychonoff’s theorem.
Therefore (gy : D) has a convergent subnet which converges to some element
g € (R.)A. Tt is now routine to check that g is real-valued and locally Lipschitz on
A. In fact one can show that dog(x) C T'(z) for all z € A and g(xo) = 0. This
shows that g € Xp(zg) C Xp. O

Remark 2. By applying a similar argument to the above proof we can show that
for each zp € A, Xp(z¢) is a pointwise compact, convex sub-lattice of Xp.

The problem of determining when X1 # () now reduces to the semi-classical
problem of determining when Xp,, # (. Below we give an obvious first step in this
direction.

Let (M, o) be a measurable space and let X be a normed linear space. We say
that a function f : (M,0) — X* is weak* measurable if f=*(U) € o for each weak*
open subset U of X*. Note: if X is a separable normed linear space, then this is
equivalent to demanding that for each x € X, the mapping o f : A — R defined
by (Z o f)(t) := f(t)(x) is measurable.

For a non-empty open subset A of a normed linear space X the line integral
along a line segment [a,b] C A of a weak™ measurable function f : (4,84) — X*
is the Lebesgue integral

f(z)dz = /0 f&b+ (1 —1t)a)(d— a)dt.

[a,0]
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A polygonal path C in A is an ordered collection of line segments {[a;,a; 1] : 1 <
1 < n—1} for some integer n. Such a path is said to be closed if a1 = a,,. The line
integral of f on C' is defined as

n—1
/Cf(z)dz = ;/{ahawl] f(z)dz.

For any fixed ¢ > 0 we will call an ordered collection of line segments P(e) :=
{[ai,b;] : 1 < <n—1} an e—path from a to b provided
n—1
lla = ar + ) llairs = bill + by — bl| < e
i=1
Such a path is closed if a = b. For a Borel subset E of A we say that P is an
E-admissible e—path from a to b if P is an e—path from a to b and

AM{te0,1]:thi+ (1 —t)a; € E}) =0
for 1 <4 <n — 1. Line integrals on an e-path are defined similarly as above.

Theorem 8 ([7]). Let A be a non-empty open connected subset of a finite dimen-
sional normed linear space X and let T : A — 2%~ be a bounded weak* cusco on A.
Then Xr # 0 if and only if there exists a Borel set E C A with A(A\E) =0 and a
weak® measurable selection f: (E,Bg) — X* of T so that

lim f(z)dz =0,
e—0+ P(e) ( )

where P(g) is any closed E-admissible e-path in A.

We now turn to the existence of Lipschitz functions with ‘minimal’ subdifferen-
tial mappings. These results form a sharp contrast to the existence of Lipschitz
functions with maximal subdifferential mappings given in Sections 3 and 4.

Theorem 9 (Minimal approximate subdifferential). Let A be a non-empty open
connected subset of a smoothable Banach space X and let f : A — R be a locally
Lipschitz function on A. Then there exists a locally Lipschitz g : A — R such that
0a9(x) C Do f (x) for all x € A and 0,9 is minimal in the sense that for each § with
0.G(x) C Dug(x) for all x € A we have that 05§ = Dug.

Proof. Fix zp € A and define,
P :={Gr(GQ) C Gr(9.f) :
there exists a locally Lipschitz function g on A with 9,9 = G}.

On P, which is clearly non-empty, we may define a partial order ‘<’ by G; < G4 if
and only if G; C G2. We will use Zorn’s lemma to show that (P, <) has a minimal
element. To this end, let C' be a chain in P. We will show that C has a lower
bound in P. For each G € C let gg be a locally Lipschitz function on A such that
dagc = G and gg(wo) = f(z0). Thus, (gg : C) is a net in (R.)*—which is compact.
Therefore (g : C) has a subnet which converges to some element g € (R.)". As
with Theorem [T it is routine to show that ¢ is real-valued and locally Lipschitz on
A. We claim that 0,¢ is a lower bound for C'. To prove this claim let us consider
any Gy € C. We need to show that d_g(z) C J,g9a,(x) for all z € A. Indeed,
if this is not the case, then there exist an 21 € A and 2} € J_g(z1) such that
xf & Ougc,(x1). We may now select a finite set F C Sx and a € R so that if
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W = {z* € X* : |2*(y)| < 4da,y € F}, then (27 + W) N (Qugg,(z1) + W) =0
and by the weak* upper semi-continuity of © — 9,9, (x) there exists an r > 0
so that 9,9, (Br(21)) C dugc,(x1) + W. Next we set Y := spF. Then since
g is Lipschitz around z; and Sy is compact there exists a 0 < § < r so that
(g—zP) (1 + ) —(g—2)(x1) > =A-a>—-F-aforall0 < XA <éand v € Sy.
Now by the Arzela-Ascoli theorem the set {g9a|z,+58, : G € C} is relatively norm
compact in (C(x1+0By),||||cc). Hence the net (9¢|sy+6By : C) has a subnet which
converges t0 glz,+s8, With respect to the sup-norm on z1 + §By. In particular,
this means that we can choose G < Gy so that,

(9¢ —27)(2) — (9 — z7)(z1) > =25 -a  for all z € 1 + 0By

Therefore, by Lemma 8 there exists a z € Bs(z1) and z* € X* with z* €
0_(9c — =7)(2) and ||z*|y|| < 4a. That is, 7 + z* € 0_ga(z). However, x5 + z* €
x} + W; which is impossible since 0_gg(2) N (x5 + W) C duga,(z) N (zF + W) = 0.
This shows that J,9(x) C 0.9a,(x) for all x € A. Hence by Zorn’s lemma (P, <)
has a minimal element which is the desired subgradient. [l

One may similarly prove the following;:

Theorem 10 (Minimal Clarke subdifferential). Let A be a non-empty open con-
nected subset of Banach space X and let f: A — R be a locally Lipschitz function
on A. Then there exists a locally Lipschitz g : A — R such that dog(z) C Jof(x)
for all z € A and Oyg is minimal in the sense that for each § with 9yg(x) C dog(x)
for all x € A we have that 0gG = Opg.

As with an usco (cusco) mapping which may contain several minimal uscos (cus-
cos), an approximate (Clarke) subdifferential mapping may contain several minimal
approximate (Clarke) subdifferential mappings. On the real line, Theorem [1Q is
clear by using the fact that every cusco contains a minimal cusco and that every
minimal cusco on the line is a Clarke subdifferential map of some locally Lipschitz
function. In fact on the line Jyg is a minimal cusco if and only if Jyg is minimal
in the sense of Theorem [10] while the latter is equivalent to d,¢ being minimal in
the sense of Theorem [J] as in one dimension the Clarke subdifferential determines
the approximate subdifferential by Theorem 2.2 [2]. However, each strongly inte-
grable function is minimal in the sense defined in Theorems Bl and [[0] and there are
integrable functions whose generalized subdifferentials are neither minimal weak*
cuscos nor minimal weak* uscos (see Example 7.1 in [6]).

In Corollary 3 we saw that the Clarke subdifferential mapping is closed under
the operation of taking finite convex hulls. Hence it is natural to ask the question
of whether the Clarke subdifferential is closed under the operation of taking finite
intersections. The next example shows that this fails in a rather strong way.

Example 4. Let f : R — R be an everywhere differentiable and strictly increasing
function such that {z € R : f’(z) = 0} is dense in R and |f(z) — f(y)] < |z — y|
for all z,y € R. Let C := epi(f) := {(z,y) € R? : f(z) < y}. Next, consider the
distance function dc defined on R? by the I; norm and the set C. Let g be any
Lipschitz function on R? such that dyg(z) is equivalently equal to the I norm ball.
If we define T : R? — 2&° by T(z) := dog(x) N dode () for all x € R2, then T is
a cusco but Xr = 0. Indeed, if h € Xr, then dph(z) C dodc(z) for all x € R2.
However, as d¢ is integrable [6] we must have that dyh(x) = dpdc () for all x € R2.
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But this is impossible since dydc(z) is not contained in the I ball for all values of

T

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

€ R2.
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