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ON A STOCHASTIC NONLINEAR EQUATION IN
ONE-DIMENSIONAL VISCOELASTICITY

JONG UHN KIM

ABSTRACT. In this paper we discuss an initial-boundary value problem for a
stochastic nonlinear equation arising in one-dimensional viscoelasticity. We
propose to use a new direct method to obtain a solution. This method is
expected to be applicable to a broad class of nonlinear stochastic partial dif-
ferential equations.

0. INTRODUCTION

In this paper we will discuss an initial-boundary value problem associated with
one-dimensional viscoelasticity of rate type with random force. The equation is of
the following form:

(0.1) Ut = (U, Ut)w +E+ f,

where u(t, x) is the displacement, 7 is the stress function depending on the deforma-
tion gradient u, and its time derivative us;, £ is a random perturbation depending
on u,, and f represents a given random body force. When £ = 0, f is deter-
ministic and 7 is linear in wu4,, solutions were obtained by Greenberg, MacCamy
and Mizel [8] and Andrews [I]. When 7 is nonlinear in uy,, Dafermos [4] proved
the existence and uniqueness of a solution. Here the principal part of the equation
is patterned after the equation discussed in [4], but with random force. There are
many known results on semi-linear stochastic evolution equations. In particular,
semi-linear parabolic equations have been extensively investigated. See references
in Da Prato and Zabczyk [5]. The major tool in this case is the stochastic convolu-
tion. This approach was also adopted in de Bouard and Debussche [6], and Printems
[13]. For quasi-linear stochastic equations, only a particular class of equations has
been analyzed. The main reason is that we do not have compactness of approx-
imate solutions which ensures strong convergence, which is crucial to handle the
nonlinearity. Let us elaborate on this. For deterministic equations, we typically
obtain uniform estimates for a sequence of approximate solutions in a Banach space
X which is compactly imbedded into another Banach space ). Then, we can ex-
tract a subsequence which converges strongly in ). In case of a stochastic version
of the same equation, typical estimates are obtained in the space LP(; X') where
) is a probability space. Unfortunately, the embedding LP(; X) — LP(Q;)) is
not compact. But if the property of a monotone operator can be used, then weak
convergence is enough to obtain a solution by Minty’s method. This is exactly the
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case with the class of quasi-linear stochastic equations that has been analyzed in
the past. We will briefly review what has been known. The general form of an
equation in this class is

(0.2) vy = A(t,v) + f,

where f is random. To formulate the conditions on the nonlinear term A(t,v), we
consider a Hilbert space H, and a Banach space V and its dual V' such that there
is a continuous injection: V. — H — V’. The typical assumptions on A are as
follows.

(i) For some constants M > 0, and p > 2, ||A(t,v)||v: < MHUH{’,_1 holds for all
tandv e V.
(ii) For all ¢t and vy, ve € V, (A(t,v1) — A(t,v2), v1 —v2)yr,v <0 holds.
(iii) For some positive constants M and A, (A(t,v), v)v, v < —M|[v|]}, + Av|%
holds for all v € V' and all ¢.
(iv) For each t, the operator A(t,-) is hemicontinuous from V into V', and for
each v € V, A(-,v) is strongly measurable.

Here (-, -)y+ v is the duality pairing between V' and V. When f is deterministic,
a prototype for quasi-linear equations was fully investigated in Lions [9]. Stochastic
versions were discussed in Benssousan and Temam [2], Métivier and Pistone [10],
Métivier and Viot [I1], and Pardoux [I2]. The above conditions were essentially
used. Here the condition (i) is a growth condition and p is usually larger than
2. The condition (ii) requires that A is monotone. It can be a little relaxed by
considering ve*® in place of v in (0.2). The coercive condition (iii) combined with
(i) imposes a severe restriction on the form of A(t,v). However, if sufficient a priori
estimates can be obtained without (i) or (iii), the argument of Minty’s method can
be still used only by (ii) and (iv). Nevertheless this monotonicity condition can be
essentially broken by various random nonlinear terms of lower order. In such cases,
Minty’s method cannot be used. The particular equation discussed in this work is
such an example.

The main goal of this work is to find an alternative method to overcome the
difficulty due to the lack of compactness explained above. Perhaps one alternative
is first to obtain a uniform estimate of approximate solutions in LP(£2; X), and
construct a martingale solution with values in ) via the Skorokhod theorem, where
X is compactly embedded into ). Then, the pathwise uniqueness yields a solution
of the original problem with values in ). This highy nontrivial result was proved by
Yamada and Watanabe [I8], and the procedure was extended to stochastic partial
differential equations by Viot [16]. This approach was used for a semilinear heat
equation by Viot [14], and for the stochastic KdV equation by Printems [13].

Here we propose to use a more direct method to construct solutions. As usual,
we first set up a scheme of Galerkin approximation and obtain a priori estimates.
But the method of constructing a pathwise solution is entirely different from all
the previous methods. We use a very simple measure-theoretic argument combined
with the pathwise uniqueness. This approach bypasses martingale solutions and
dispenses with other heavy machinery. Furthermore, the solution has values in the
smaller space X' in the above setting. Our method is expected to have applications
to many other nonlinear stochastic partial differential equations. The problem will
be formulated and the main result will be presented in Section 1, and the technical
proof will be given in Section 2.
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1. FORMULATION OF THE PROBLEM AND THE MAIN RESULT

We will follow the stochastic functional setting in Walsh [I7]. Let B([0, c0) %[0, 1])
be the set of all Borel subsets of [0,00) x [0,1], and p be the Lebesgue measure
over R%2. Let {W(h)} with h € L2([0,00) x [0,1],B, 1) be a centered Gaussian
family of random variables on a complete probability space (2, F, P) such that the
covariance is given by

(1.1) E(W(g) W (h)) = (g, h) 12((0,00)x [0,1],8.10)-

Let {F;}+>0 be a right-continuous filtration on (2, F, P) such that F; contains all
P-negligible sets and W (x[0,x 4) is Fi-measurable for each A € B([0,1]) and ¢ > 0.
Here x[0,x 4 is the characteristic function of the set [0,¢] x A. Then, (2, F, 7, P)
is our stochastic basis and W is the white noise. A Brownian sheet is defined by

(1.2) B(t,x) = W(Xo,4x[0,2])-
We assume that the random force f in (0.1) is given by
0?B(t,x)
1.3 ="

where @ is a Hilbert-Schmidt operator from L?(0,1) into H'(0,1). Similar random
force was also used in de Bouard and Debussche []. An example of such a force is
al d
(1.4) F=Y ¢j(2) b (%),
j=1
where each ¢; € H'(0,1) and b;’s are the standard Brownian motions which are
mutually independent and adapted to {F;}. Throughout this paper, we denote by
H?(0,1) the usual Sobolev space of order s over the open interval (0,1). We also
make the following assumptions on 7.
1] n € C*(R?) and 7(0,0) = 0 with the following properties:
for some positive constants M7, Mo and Ms,

(15) nq(paq) Z M17 fOI' au p7 Q7

(1.6) 1o (p, @) < May/1q(p,q), for all p, g,
and

(1.7) In(p,q)| < Ms(1+[p|+q)°,  forall p, g,

where 1, = 8%77, and 1y = 8%77. The assumptions on £ = £(t,w, h) are as
follows.

[II] For each t >0 and h € R, {(t,w,h) is Fi-measurable.

[III] For P-almost all w € Q, &(t,w,h) and %f(t,w,h) are continuous in (¢, h)

such that
(1.8) &(t,w,0) € L' (Q; L>(0,00)), %(i,w, h) € L% (9; L>((0,00) x R)).
We formulate the initial-boundary value problem as follows.

0?B(t, )
otoxr ’

(1.10) Uz =0, at . =0,1, fort¢ >0,

(1.9)  w = n(ug, Utz)s + &t w, uty) + D for0<ax<1,t>0,
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(1.11) u = Uy, U= Uy, att=0, forO<azx<l.

Here (1.10) is the traction-free boundary conditions, because 1(0,0) = 0.
We adopt the following definition of a solution to (1.9) - (1.11).

Definition 1.1. Let T > 0 be given. A H'(0,1)-valued continuous process u
adapted to {F;} is called a solution of (1.9) - (1.11) if us € L>(0,75L3(0,1)) N
L2(0,T; H}(0,1)) N LE(0,T; H/3(0,1)), for P-almost all w € €2, and if for each
NS COO([Ov 1]) with ¢x(0) = ¢x(1) =0,

t 1
<ut(t) — iy, ¢> = _/O /O n(uxausx) ¢x dz ds

+/Ot /01 Elswsun) 6 dxds+/0t /01 oW

holds for all ¢ € [0,T], for P-almost all w € 2, and u(0) = @y holds for P-almost
all w e Q.

(1.12)

Here, (-, -) denotes the L?(0,1)-product, and ®* is the adjoint of @, i.e., for all
g € L?(0,1) and h € H'(0,1)*, (®g, hyg1 g1~ = (g, ®*h), where the bracket in
the left-hand side is the duality pairing between H'(0,1) and H*(0,1)*, which is the
dual of H*(0,1). In particular, when h € L?(0,1), it holds that (®g, h) g1 g1+ =
(®g, h). Since ® is a Hilbert-Schmidt operator from L?(0,1) into H'(0,1), its
operator norm is given by

oo oo o] 1/2
]| = (ZZ Al (@(er), e + 3 |<<I><ek>,eo>|2>

(1.13) k:oo j:ol oo 1/2
= (ZZ Al (e @ (e)) P+ |<ek,<1>*<eo>>|2) < oo,
k=0 j=1 k=0

where \;’s and e;’s are defined by (2.2) below.

In the meantime, dWW stands for the orthogonal martingale measure induced
by the white noise above. Under the above assumptions, our main result is the
following.

Theorem 1.2. Suppose that Gg is H> (0,1)-vagued Fo-measurable and iy is H'(0,1)-
valued Fo-measurable such that 4o € L°(Q; H*(0,1)) and 4, € L(; H'(0,1)).
Then, for any given T > 0, there is a unique solution of (1.9) - (1.11).

Here we use the notation

(1.14) H?(0,1) = {f | . for fox € L*(0,1) and f,(0) = f,(1) = 0}.

The solution is said to be unique if any two solutions are indistinguishable. The
proof will be presented in the next section.

2. PROOF OF THE MAIN RESULT

We outline the general strategy. First we set up an approximation scheme using
a special orthonormal basis for L2(0,1). We then derive basic a priori estimates.
Finally, a pathwise solution is constructed, and necessary properties for the solution
are verified.
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2.1. Approximation and a priori estimates. We choose a complete orthonor-
mal basis {ej}7, for L2(0,1) from the eigenvalue problem

(2 1) —VQek = /\kek,
' Ver(0) = Ve (1) = 0.

Here V = d%. In fact, we have

(2.2) Mo =0, eo(x)=1, I\ =k7% enlz)=V2cos(krzx), k=1,2---
Next we approximate £ by using (1.8). Let us write

h, for |h| <N,
2.3 h) =
(2:3) v (h) {Nsign(h)7 for |h| > N,

and define

(2.4 et = oot 0) + [ o (G0 an

We then consider the Galerkin approximation. Let us write for each m =1,2,--- |
(2.5) m(t, T, w) dektwek x),

and

(2.6) Cmk(t,w) = Opdmi (t, w).

We fix m > 1, and discuss the following system of stochastic integral equations.

Cmk(t) — (U1, ex) = / / de]Vej, Zcm]Ve] Ve drds
(2.7) +/ / Em(s, w, Z cm;Vej)eg dx ds
o Jo =
t 1
—|—/ / O*e dW, tel0,T], k=0,---,m,
o Jo

(2.8) dmr(t) = (o, ex) +/0 cmi(8) ds, t e [0,7), k=0,---,m.

For a priori estimates, we first note that for some positive constants K1, Ko,

(2.9 — (1, q1) — 1(p2,32)) (@1 — @2) < —Ki(q1 — ¢2)* + Ka(p1 — p2)?,
for all (p1,q1), (p2,q2) € R?,

which follows from (1.5), (1.6) and the mean value theorem. We will also use the
fact that

(2.10) Bj(t)z/ot /01 O e, dW

is a continuous martingale adapted to F;. It follows from the Burkholder-Davis-
Gundy inequalities that

(2.11) E( sup |B;(1)[") <CE(/ / ej|2dxdt)p/2>,

0<t<T
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for some positive constant C,, depending only on p > 1. Since the function n may
not grow linearly in its arguments, the standard result on the existence of solutions
for stochastic differential equations cannot be applied. But a result of Métivier and
Pistone [I0] can be used. For this, let us introduce a R?™-valued random function
X (t) whose components are defined by

{Xk(t) = e M (cpi(t) = ) [} @ exdW), k=1,---,m,

2.12
(212 Xk (t) = dpmp(t)e ™, k=1,---,m.

The above system (2.7) and (2.8) for 1 < k < m can be put in the form
t
(2.13) X(t,w)=Y(w)+ / Ax(s,w, X (s,w)) ds,
0

where the R?>™-valued function Ay is defined as follows. For 1 < k < m, the k-th
component of Ay (t,w, X (t,w)) is

(2.14)
1 m m t 1
—/ e)‘tn(z M Xy Vej, Z(e)‘th —|—/ / d*e; dW)Vej> Ve dx
0 = = o Jo
1 m t 1
+/ e Me, (t, w, > (eMX; +/ / De; dW)Vej) e dz — AX},
0 = o Jo
and the (m 4+ k)-th component is
t 1
(2.15) A Xtk + Xk + e M / / d* e, dW.
o Jo

The components of the initial value Y are given by
(2.16) Yi = (41, ex) and Yioir = (Go, ), 1<k<m.

It is apparent that Y is Fy-measurable and belongs to L5(f). It is also obvi-
ous that for each A > 0 and each h € R®™, A\(t,w,h) is a predictable process,
i.e., measurable with respect to the o-algebra generated by all continuous adapted
processes. By virtue of (2.3), (2.4), (2.9) and the fact that B;(t) is continuous for
P-almost all w, we can choose a positive number A depending only on K7, Ko and
m, and find a subset Q with P(Q) = 1 such that for each ¢ € [0, 7] and each w € ,
Ax(t,w, h) is continuous in h, and for all hy, hy € R?™,

(2.17) (Ax(t,w, h1) — Ax(t,w, ha), h1 — h2)gzm < 0.

Furthermore, it follows from (1.7), (2.4) and (2.11) that for each L > 0, there is a
predictable process ¢, (¢,w) such that

(2.18) |Ax(t,w,h)| < ¢r(t,w),  for all h € R*™ with |h| < L
and
(2.19) ¢r € L°(,C([0,T))).

According to the result of [10], we have

Lemma 2.1. There is a unique continuous adapted process X which satisfies (2.13)
on the interval [0, T], for P-almost all w € Q. Furthermore, X (t,w) is Fr-measur-
able and belongs to L°(€; C([0,T))).
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The last assertion follows easily from (2.13) and (2.17) - (2.19). We now have
a solution of (2.7) and (2.8) on the interval [0,7]. Here ¢ is determined by
Cmk, k=1,---,m, through (2.7).

For later use, we will clarify measurability of c¢,,;’s. We first define our termi-
nology.

Definition 2.2. Let I/ be a Banach space and G be a o-algebra over 2. A function
g: Q — U is said to be U-valued G-measurable if g~(V') € G for every open subset
VofU.

Lemma 2.3. Fiz any t* € (0,T]. FEach ¢y is C([0,t"])-valued Fi--measurable,
and also, HY*(0,t*)-valued Fy- -measurable.

Proof. Let us fix m > 1 and k£ > 1, and define

N
(2.20) an (1) = cmr(0)X (0} + D Cmk(ti1) X(t,_1.6,1 (1),
j=1
where 0 = t) < t; < -+ < ty = t*, t; —t;—1 = t*/N, and x stands for a

characteristic function. Since ¢,,; is a continuous process adapted to {F;}, each
gn is L*°(0,t*)-valued Fy~-measurable. In the meantime, for P-almost all w,

(2.21) llan — kaHLoo(O’t*) — 0, as N — oo.

Since Fy contains all P-negligible sets, ¢y is L™(0,t*)-valued Fy«-measurable.
But for P-almost all w, ¢y is continuous in ¢, and C([0,t*]) is a closed subspace
of L>(0,t*). Thus, ¢y is C([0,*])-valued Fy--measurable. Since g is H2(0,1)-
valued Fo-measurable and 4 € LS (Q, H? (0, 1)), it follows from (2.8) that dp,y is
also C([0, t*])-valued Fi«-measurable. Next we consider (2.7) and (2.8). For fixed
w, the mapping

(2.22)

) 1 m m
(dm17"' s Amm, Cm1, - - - 7Cmm) — _/ / U(dejvej, ZcmjVej) Ve drds
0 Jo i j=1

is continuous from (C([O, t*]))Qm into H'(0,t*), foreach k =1,---,m. Since ¢;i’s
and dp,’s are C([0,t*])-valued Fi~-measurable, the first integral in the right-hand
side of (2.7) is H'(0,t*)-valued F;«-measurable for k = 1,---,m. For the second
integral in (2.7), we need more work. The integral

1 m
/ Em (t, w, Z hj(t)Vej) e, dr
0 ‘

Jj=1

is continuous in ¢ for P-almost all w, and is adapted to {F;} if each deterministic
h;(t) is continuous in ¢. Hence, by the same argument as above, it is C([0,t*])-
valued Fi--measurable if h; € C([0,¢*]), 5 = 1,--- ,m. In the meantime, the

mapping

)
(2.23) g~ /0 g(s)ds
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is continuous from C([0,¢*]) into H'(0,¢*). Therefore, the function Q(w, h) defined
by

t el m

(2.24) Qw, h)(t) = / / Em (t, w, Z hj(t)Ve;) e dz ds
o Jo =

is H'(0,t*)-valued Fy--measurable for each h = (hy,- -, hy) € (C([0, t*]))m. It is
easy to see that for P-almost all w, the mapping h — Q(w, h) is continuous from
(C([O,t*]))m to H(0,t*). Since (C’([O,t*]))m is a separable Banach space, each
(C ([o, t*]))m—valued Fi-measurable function 1 can be approximated by a sequence
of simple functions {¢n}3°_; of the form

N
(2.25) On(tw) = gnr(t) xnr(w),
k=1

where each gy i € (C’([O7 t*]))m, and each xnx is a Fy--measurable characteristic
function such that xnx(w) xn,;(w) =0, for j # k and Zlk\/:1 XN, k(w) =1, for all
w. Here ¢y converges to 1 in (C([0,¢*]))™ as N — oo, for each w. Now we note
that

(2.26) Qn =Q(w, ¢n) Z Qw, gnk(t)) X k(W)

is H'(0,t*)-valued Fy+-measurable and converges to Q(w, ) as N — oo strongly in
H(0,t*) for P-almost all w. Consequently, the second integral in (2.7) is H'(0, t*)-
valued Fi--measurable. Next we rewrite (2.10):

t ol
:/ / O*erdW, k=0,---,m
o Jo

Since Bi(t) is a continuous martingale adapted to {F:}, it is B([0,t*]) ® Fix-
measurable as a function on [0,t*] x ©, where B([0,t*]) is the Borel o-algebra over
[0,t*]. Tt is easy to see that

|Bi(t2) — Bi(t1)[?
(2.27) (// o ) <M

for some positive constant M independent of t* and k. This implies that for P-
almost all w, By is HY4(0,t*)-valued. Let

N +*
(2.28) () = Z (2/t) </ By(s) sin(jms/t¥) ds> sin(jmt/t*).

j=1 0
Since By, is B([0, t*]) ® Fi--measurable, the integral term in (2.28) is F;~-measurable,
and hence, vy is H'/ 4(0,t*)-valued Fy--measurable. Meanwhile, for P-almost all
w, N converges strongly to By in H1/4(O,t*) as N — oo. Consequently, By
is H'/4(0,t*)-valued F;--measurable. We now conclude that c,,; is H'/*(0,t*)-
valued Fi«-measurable for k¥ = 1,--- ,m. By the same argument as above, the
measurability of ¢,,o(t) follows easily from its representation formula:

(2.29) emo(t) = (i1, eo) / / fm s, w, Z chVej)eo dx ds + Bo(t).

Jj=1
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Next we establish a priori estimates.

Lemma 2.4. Let u,, be defined by (2.5) - (2.8), and tg, 41 be given as in Theorem
1.2. Then, it holds that

<M,

(2.30) ||(9tVum||L6 (@z=@.riL201)) =

(2.31) 10, A]|, <M,

o (@:L2(0.7:22(0,1))) =
for some positive constants M independent of m.

Proof. First we note that the quadratic variation of B;(t) defined by (2.10) is

t ol
(2.32) (Bj, Bp)t = / / (®*e;)(P*ex) dx ds.
o Jo
Let us fix m and apply Ito’s rule to the functional
(2.33) 10:Vum|F 20,1y = D Ao (8)-
k=1

It follows that for P-almost all w € €,
10: Vet (t)l|720,1) — 110: Vet (0)[|720,1)

t 1 m m
= —/ / 2<V77(Z dm;Vey, Z cmjVej)) Ot Aty dx ds
o Jo = =
mo et el moot ol
+ Z / / QAkak(‘I‘*ek) dw + Z / / /\k(‘l)*ek)Q dr ds.
i Jo Jo i Jo Jo

(2.34)

Here, by virtue of (2.1), it holds that for P-almost all w and all ¢,

1 m
(2.35) / Em (t, w, Z cmjVej)é‘tAum dxr = 0.

0 =

We will estimate the first integral in the right-hand side of (2.34). By means of
(1.5) and (1.6), it is easy to see that for P-almost all w € €,

t 1 m m
_/ / 2<V7)(Z dmjVe;, Z cmjVej)> Ot Ay, dx ds
o Jo = =

(2.36)
t t
<0 / 105 At (3)]12 0.1, d5 + Co / At ()2 0.1, s
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for some positive constants C7, Co independent of m, w. Next we will estimate the

second integral. Since it is a continuous martingale, we can use the Burkholder-
Davis-Gundy inequalities to find that for all ¢ € [0, T]

2\ (B

g [ E vemioe

gcg,E<(/ / \Z 2Akcmk(q>*ek)\2dxds)3/2)
0 70 k=1

t m m 3/2
B(( ) O ) wlweulin)as) )
k=1 k=1

t
3/2
< ([ 107wl 0 ds)** )

for some positive constant Cs independent of m. It follows from Holder’s inequality
that for any € > 0,

t t
3/2 3 1
(2.38) E<(/0 105V ttm||72(0.1) ds) / > < EE((/O 105 Atim[|72(0.1) ds) >+E'

It is also easy to see that for P-almost all w € Q and all ¢ € [0,T],

(2.37)

t
(239) [ Aum®)lI72(0,1) < 21 Aum(0)[Z2(0.1) +2T/0 105 A () 1201, ds

Since E(||Aum(0)|\6L2(071) + ||8tVum(O)H6L2(O71)) < M, for some positive constant
M independent of m, we can derive from (2.34) - (2.39)
(2.40)

t t s
E((/ 105 At |72(0.1y ds)B) < C5+06/ E((/ 100 At 17201y da)g) ds
0 0 0

where C5 and Cg are positive constants independent of m. By Gronwall’s inequality,
it holds that

T
3
(2.41) E((/0 [0c At 17201y dt) > <M,

for some positive constant M independent of m. Combining this with (2.34) and
(2.36) - (2.39), we find
(2.42) E( sup ||8tVum(t)||6L2(071)) < M,

t€[0,T]

for some positive constant M independent of m. This completes the proof of Lemma
2.4. O

We will need some more regularity with respect to the time variable. This
will be found with the help of the above estimates. First we recall some facts on
interpolation. Let U/ be a Banach space and L> (0, T;U) be the completion of U-
valued simple functions in the sup-norm. Let L*°(0,7;U) be the usual space of
U-valued essentially bounded functions. If ¢ is of infinite dimension, L> (0, T5U)
is a proper closed subspace of L (0,T;U).

Lemma 2.5. The function class L™ (O7 T; L*(0, 1)) NL? (O7 T; H*(0, 1)) 18 1mbedded
into L8(0,T; HY/3(0,1)).



A STOCHASTIC NONLINEAR EQUATION 1127

Proof. See Bergh and Lofstrom [3]. O

By virtue of the structure of each w,y,, it follows from (2.41), (2.42) and Lemma
2.5 that

(243) 10V umll (225((0,7)%(0,1))) =M,

for some positive constant M independent of m. This yields

(2.44) IVl (2:L5((0.1)x(0,1))) =M,

for some positive constant M independent of m. Now we use (1.7) to obtain

(249 (9 8657 sy rayson) < M
for some positive constant M independent of m. Since H'/3(0,1) is densely imbed-
ded into L9(0,1), L%/5(0,1) is imbedded into H~'/3(0,1), which can be charac-
terized by

(oo} (o]
(2.46) H7Y30,1) = {Z arV2 sin(krz) Z /\,;1/3|ak|2 < oo}.
k=1 k=1
Let A,, denote the projection on H~1/3(0,1) defined by
(2.47) Am (Z ak\/isin(kmv)) = Z axV'2 sin(krz)
k=1 k=1

so that we can write

f: (‘ /01 nVe da?) ex = i (/01 V2 sin(kmz) da:) en

k=1 k=1
(2.48) = szmjl ( /O 1 n V2 sin(kmz) dx) V2 sin (k)

=V (Am N(Vum, 8tVum))

But it follows from (2.45) and (2.47) that

(2.49) IV A 1) (Vt, 3 V) | =M

L£6/5(5L8/5(0,T;H-4/3(0,1))) =

)

for some positive constant M independent of m. It is easy to derive from (2.7) and
(2.48) that for all ¢ € [0,T],

t
Ottt (t) — Pty = / V(Amn(Vum, 88Vum)) ds
0

2.50 t
( ) +/ mem(sa w, asvum) ds
0

+ W (t),

where

(2.51) U, (t) = kZ: </0t /01 D*ey, dW> e
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and P, is the projection of L2(0,1) onto the subspace spanned by {eg, -+ ,em}.
Since {ex}3°, is a complete orthonormal basis in L?(0,1), it is apparent that

E<||\I/m(t2)_\I/m(tl)|%2(0,1)> :i E( 2>
(2.52) _E< /t Z 1% ex 2201, dtD

S M|t2 _t1|7

1
@*

for some positive constant M independent of m, t1, t2, which yields, for each 0 <
€< 1/2,

1nt2) — o (t2) 20
(2.53) / / ( e )dt1 dty < M.,

for some positive constant M. independent of m. By taking ¢ = 1/4, we derive
from (2.53)

(2.54)

||\Ilm||L2 (Q;H1/4(O,T;L2(O71))) < M;

for some positive constant M independent of m. Next we derive from (1.8), (2.4)
and (2.30)

(2.55) [P (t, w, 0 V)| <M

L1 (L% (0,7522(0,1))) =

3

for some positive constant M independent of m. Consequently, it follows from
(2.49), (2.50), (2.54) and (2.55) that

(2.56) 19rtmll )y S

Q;HL/4(0,T;H-4/3(0,1))

for some positive constant M independent of m. Finally, we again use (1.8), (2.4),
(2.29) and (2.30) to obtain

(2.57) [9vl <M,

Q;Lx(O,T;L2(071)))

for some positive constant M independent of m. These estimates will be used to
construct a pathwise solution.

2.2. Construction of a pathwise solution. We first observe the following fact.

Lemma 2.6. There is Q C Q with P(Q) =1 such that for each w € Q,

t 1
(2.58) / / O*e; dW s continuous int for all e;’s,
0

(2.59) to(-, w) € H*0,1) and (-, w) € HY(0,1),

£(t,w, h) and Z-£(t,w,h) are continuous in (t,h), and
(2.60) 2 (t w, h) is bounded and (2.7) and (2.8) hold for all
€ [0, ], for every m.

From now on, § stands for the above subset.
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Lemma 2.7. For 0 < s < 3/2, H?(0,1) can be characterized by
(2.61) H*(0,1) = {Z aer. | laol® + > M lax]? < oo}.
k=0 k=1

Proof. See Fujiwara [7]. O

Lemma 2.8. Fiz anyw € Q. Suppose that for j = 1,2, O, € L? (O,T; H?(0, 1))0
L8(0,T; HY3(0,1)), v;(0) = (-, w), and

el
(Ovj(t) — 1, ex) = —/ / n(Vvj, 0;Vv;)Vey dx ds
o Jo

t ol
(2.62) +/ / &(s, w, OsVuj)e dr ds
o Jo

t el
+/ / @*ek dw
o Jo
holds for allt € [0,T] and all ey ’s. Then, v1 = va.
Proof. Let us set
(2.63) v =V — Va.
It follows from (2.62) that

1
(Opv, ex) = —/ / (n(VUl, 0sVv1) — n(Vug, 83Vv2)) Ve dr ds
(2.64) o 7o

t 1
+/0 /0 (5(87 w, asvvl) - 5(3, w, 85Vv2))ek dx ds

holds for all ¢ and all e;’s. Choose any h € H*/3(0,1). Then, by Lemma 2.7,

N
(2.65) Z (h,ex)ex — h strongly in H*/3(0,1), as N — oc.
k=0

Since H'/3(0,1) c L(0,1), dyv € L?(0,T; H*(0,1)), and
n(Voy, 8 V1) — n(Vug, 8 Vuy) € L5((0,T) x (0,1)),
it follows from (2.64) and (2.65) that

(Opv, b)Y = / / n(Vur, 0sVur) — n(Vos, 83Vv2)) Vhdzds
(2.66)

+/O /O (5(87 w, asvvl) - 5(8, w, 85Vv2))hdx dS,

for almost all ¢ (with respect to the Lebesgue measure). Since the right-hand side
is continuous in ¢, the left-hand side is also continuous and (2.66) holds for all ¢.
We can infer from (2.66) that

1

0 (0w, h) = —/ (n(Vvr, 9, Vur) — n(Vua, 0, Vuy)) Vhdz

(2.67) 70

+ / (E(t, w, OVuy) — E(t, w, 8,5Vv2))hda:
0
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holds in L%°(0,T) for each h € H*/3(0,1), and hence,

(2.68) duv € LY/°(0,T; HY3(0,1)"),

where H*/3(0,1)* is the dual of H*/3(0,1). Since d,v € L5(0,T; H*/3(0,1)), it
follows from (2.67) that

6_/\t||at’0( HL2 0,1) = // e ¥ (0,0)? da ds

t
(2.69) - 2/ / e (n(Vvy, 0;Vv1) — n(Voa, 0,Vv2))0s Vv da ds

+2/ / (s, w, OsVv1) — &(s, w, OsVv2))Osv dx ds

for all ¢ € [0,T]. By considering (2.9) and (2.60), we can choose sufficiently large
positive A in (2.69), which yields

t 1 t 1
(2.70) / / (&;VU)Q dr ds < K/ / (Vv)2 dx ds,
o Jo o Jo

for all ¢ € [0,T] with some positive constant K. This, together with (2.69), yields
that

(2.71) v=0
on [0,T], and the proof is complete. O

We are now ready to construct a pathwise solution. Let us define
(2.72) & = HY*0,T; H-*3(0,1)) N L>(0, 75 H'(0,1)) N L(0,T; H*(0,1)).

By virtue of (2.41), (2.42), (2.56) and (2.57), we have, for some positive constant
M,

(2.73) 10sum || L1520y < M,

for all m, which implies

(2.74) P({l19umllx > L}) < M/L,
for all m and all L > 0. Consequently, it is evident that

(2.75) P(ﬁ G ﬁ {ll0vumllx > L}) =0.

L=1 k=1 m=k

We now write

oo

(2.76) a=an (U A U {190nlx < L}),
=1 m=k

where  was chosen in Lemma 2.6. It follows from (2.75)
(2.77) P(Q) = 1.
Fix any w € Q. Then, there is some L > 1 and a subsequence {tm, } such that

(2.78) 0w |lx < L,
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for all v > 1, where v, = uy,,. For each v > 1,

t 1
(Opvy, (t) — G, eg) = —/ / n(Vu,, 0sVuv,)Vey dx ds
o Jo

t 1 t 1
—|—/ / Em, (8, w, sV, ey dx ds —|—/ / D e dW
o Jo o Jo

for all t € [0,7] and for all k =0,--- ,m,. Also, we have

(2.79)

(2.80) (0o (£) — o, ex) = /0 D0y, ex) ds,

for all Kk =0,---,m,. By Lemma 2.5 and (2.78), we can further extract a subse-
quence still denoted by {v,} such that for some function v with v(0) = Go(-, w)
and Oy € X,

Vv, and 9, Vv, converge to Vv and 9; Vv, respectively,

(2.81) weakly in LS (0, T; H'/3(0,1)),

(2.82) dyv, converges to dyv strongly in L? (O, T; H3/2(0, 1)),

(2.83) &, (t, w, 9, Vv,) converges to &(t, w, 9;Vv) weakly in L*((0,T) x (0,1))

and

(2.84) n(Vv,, 0:Vuv,) converges to n(Vv, 0;Vv) weakly in L6/5((O,T) x (0,1)).
Here we have also used the following facts proved in Lions [9].

Lemma 2.9. Let g and gx’s, k > 1, belong to Lp((O,T) X (0,1)), 1 <p< oo
Suppose that

(2.85) for some M > 0 independent of k,

||‘ngLi”((O,T)><(O71)) < M;
and, as k — oo,

(2.86) gk — g, for p-almost all (t,x).

Then, gi converges to g weakly in LP((0,T) x (0,1)), as k — oc.

Lemma 2.10. Suppose that &1, & and E3 are Hilbert spaces such that £, is
compactly embedded into E; and E is embedded into E. Then, HY/* (O,T;Eg) N
L?(0,T; &) is compactly embedded into L*(0,T; E).

Next we fix any k& > 0, and consider (2.79) for m, > k. Multiply both sides of

(2.79) by any 9 (t) € C§°((0,T)) and integrate in ¢ over (0,7"). By passing v — oo
with help of (2.82) - (2.84), we arrive at

/T P(t) (Opv(t) — 1, ex) dt = /OT »(t) (— /Ot /01 n(Vv, 0sVv)Vey, dx ds

0
(2.87) - ¢ 1
—|—/ / &(s, w, 5‘5Vv)ekdxds+/ / @*ede>dt.
o Jo o Jo



1132 JONG UHN KIM
This implies that

t ol
(O (t) — 1, ex) = —/ / n(Vv, 0sVv)Vey dz ds
o Jo

t 1 t ol
—|—/ / &(s, w, 0sVv)ex dx ds —|—/ / d*ep dW
o Jo o Jo

holds in the sense of distribution over (0, 7). Since the right-hand side is continuous
in ¢, so is the left-hand side, and (2.88) holds for all ¢ € [0,7] and for all k£ > 0.
Since v was constructed so that for the above fixed w,

(2.89) v(0) = Go(-, w),

it follows from Lemma 2.8 that v is determined regardless of any particular subse-
quence. Thus, for each w € Q, we can choose v unambiguously such that 0;v € X,
and (2.88) and (2.89) hold. It remains to show that this v is indeed a solution
according to Definition 1.1.

(2.88)

Lemma 2.11. Suppose that v = v(-, w) has been constructed for each w € QO
according to the above procedure. Then, v is a H'(0,1)-valued continuous process
adapted to {Fi}.

Proof. For each w € ©, we have d,v € X. Hence, v(-, w) is 1:12(0, 1)-valued con-
tinuous in ¢ € [0,7] for each w € 2. Next we fix any arbitrary t* € (0,7], and
define

(2.90) X, = HY*(0,¢*; H*/3(0,1)) N L>(0,¢*; H*(0,1)) N L*(0,¢*; H*(0,1)).

By virtue of Lemma 2.3 and the special structure of dyu,, given by (2.5) and (2.6),
it is easy to see that each Oiu,, is X,-valued F;+-measurable and, for some positive
constant M,

(2.91) 10tm || L1 @iy < M,

for all m. Now we choose an arbitrary open ball b,(z) in H(0,1), where z is the
center and r > 0 is the radius. We will show that

Qn {v(t*) € br(2)}

= U N U ({nl) € bemsgal} 0 000

L=1n=1k=1m=k

where b,_1/,(2) means an empty set if » < 1/n. Suppose w* belongs to the left-
hand side. By recalling how v was constructed at w*, we find that there is a
subsequence {u,,} such that u,,, (t*) converges strongly to v(t*) in H*(0,1) at

*

w*, and, for some integer L > 1,

(2.93) Ovtim, ||x < L,
for all v, and hence,
(2.94) lOsum, || x. < L,

for all v. Consequently, w* belongs to the right-hand side. We next show the
opposite inclusion. Let w* belong to the right-hand side. Then, there are L* >
1, n* > 1, and a subsequence {u,,, } such that

(2.95) U, (1°) € by_1/n=(2), for all v
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and
(2.96) |0stim,,

By Lemma 2.8 with T' replaced by t*, we find that there is a subsequence {v;} of
{tm, } such that at w*,

x, <L, for all v.

(2.97) v;(t*) converges strongly to v(t*) in H'(0,1),
and
(2.98) Vi (t*) € by_1/pn+(2), forall j > 1.

Thus, v(t*) € b.(z) and w* € QN {v(t*) € br(2)}, and (2.92) has been established.
Since each w,, is a H'(0,1)-valued continuous process adapted to {F;}, and Fy
contains all P-negligible sets, (2.92) implies that

(2.99) {v(t*) € by(2)} € Fp.

Now the proof of Lemma 2.11 is complete. O

Next we show that v satisfies (1.12). Choose any ¢ € C*°([0,1]) with V¢(0) =
V(1) = 0. Then, the sequence {¢y} defined by

k

(2.100) =316, e5)es

Jj=0

converges to ¢ strongly in H2(0,1). Let us write

t 1
. v = D* 1. dW. k = -
(2 101) k(t) /0 /0 Ok ) 0,1, ,
and
t 1
2.102 )\ = D* b dW.
(2.102) o=[ | oo

All Up’s and ¥ are continuous martingales, and it follows from the Burkholder-
Davis-Gundy inequalities that

(2.103) E( sup | W(t) — \If(t)\2> S/O 19" (¢r — D) 17201 It

te[0,T]
Hence, there is a subsequence still denoted by {¥(¢)} such that
(2.104) sup | Wy (t) — ¥(t)| — 0, for P-almost all w.
t€[0,T]

By (2.88), we have
t 1
@uott)~in on) = = [ [ a(V0, 0.90) Vo dods
0o Jo
t 1 t 1
—l—/ / £(s, w, 83Vv)qbkdxds+/ / D* ¢y, AW,
0o Jo o Jo

forallk >0, allt € [0,T] and all w € Q. Since n(Vv, 8;Vv) € L5/5((0,T) x (0,1))
for each w € Q, it is evident that as k — oo,

! t 1
(2.106) / / n(Vv, 0sVu)Ve, drds — / / n(Vu, 0sVu)Vedr ds
o Jo o Jo

(2.105)
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strongly in C([0,T]), for each w € Q. Also, as k — oo,

(2.107) / / &(s, w, 0sV) ¢kdmds—>/ / &(s, w, OsVv)gpdrds

strongly in C([0,T1]), for each w € Q). Meanwhile, since dyv € L (O, T; HY(0, 1))
for each w € €, it follows that
(2.108) (Opo(t) — tin, @) — (Fpo(t) — da, ),

as k — oo, strongly in L*°(0,T) for each w € Q. By virtue of (2.105), we find that
(Opo(t) — 11, ¢) € C([0,T1]), for all k, and hence, by (2.108),

(2.109) (Opv(t) — 11, @) € C([0,T]).
It now follows from (2.104) - (2.108) that

t 1
@uott) =i, ¢) = - [ [ 0(Vo, 0.90)Vodwds
0 0

+/Ot /01 (s, w, 8SVU)¢dxds+/0t /01 O*p AW

holds for all ¢t € [0, T], for P-almost all w. This completes the proof of existence of
a solution. If there are two solutions v; and ve, we can use the same argument as
in Lemma 2.8 to find that vy = vy for P-almost all w. This ends the proof of our
main result.

(2.110)

Remark. We could also include a random perturbation of the form £(¢, w, u,) if £
satisfies the conditions [II] and [ITI] above with (1.8) replaced by

&(t,w, h) € LG(Q;L‘X’((O,OO) X R))7
(2.111) {g—%(t7¢u7h) € L6/5(Q;L°°((O, 00) X R))

Under these conditions, the perturbation may look very mild, but the monotonicity
is essentially broken by randomness of L?(€2; L>((0,00) x R)) because p < co. If
p = oo, randomness does not cause any obstacle. We also note that the Dirichlet
boundary conditions can be handled by the same procedure. But (1.8) should be
replaced by (2.111).
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