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RECURRENT DIMENSIONS OF QUASI-PERIODIC SOLUTIONS
FOR NONLINEAR EVOLUTION EQUATIONS

KOICHIRO NAITO

ABSTRACT. In this paper we introduce recurrent dimensions of discrete dy-
namical systems and we give upper and lower bounds of the recurrent dimen-
sions of the quasi-periodic orbits. We show that these bounds have different
values according to the algebraic properties of the frequency and we inves-
tigate these dimensions of quasi-periodic trajectories given by solutions of a
nonlinear PDE.

1. INTRODUCTION

In our previous papers ([I0], [I1]) we proved that lower bounds of correlation
dimensions of quasi-periodic orbits have different values according to algebraic prop-
erties, rational (badly) approximable properties, of the irrational frequencies. We
introduced a class of irrational numbers, a-order Roth numbers, which contains the
class of Roth numbers. These irrational numbers are classified according to badness
levels of approximation by rational numbers. On the contrary, Liouville numbers
are well known as the irrational numbers which have extremely good approximation
by rational numbers. In this paper we introduce a new class of irrational numbers
which contains the class of Liouville numbers and we call them a-order Liouville
numbers, where « specifies the goodness of approximation by rationals.

The most important and essential properties of a quasi-periodic orbit as a typ-
ical one of almost periodic orbits are recursive properties. In this paper first we
introduce definitions of recurrent or periodically recurrent dimensions and we give
the relations between correlation dimensions and recurrent dimensions. Then we
estimate lower and upper bounds of these dimensions for quasi-periodic orbits of
a nonlinear discrete dynamical system by using the goodness levels of rational ap-
proximations for the irrational frequencies which are a-order Liouville numbers.
Next we apply these results to an example of PDE, a nonlinear reaction diffusion
equation with two periodic terms, the periods of which are rationally independent.

Our plan of this paper is as follows: In section 2 we introduce definitions of
recurrent dimensions and give inequality relations to correlation dimensions. In
section 3 we estimate these dimensions, from below and above, for quasi-periodic
orbits with frequencies given by a-order Roth or a-order Liouville numbers. In
sections 4 and 5 we study a reaction diffusion equation with periodic terms. In
section 4 we consider an abstract formulation of the PDE by using the monotone
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operator theory and in section 5 we estimate the dimensions of discrete orbits given
by the quasi-periodic solutions.
2. RECURRENT DIMENSION

Let T be a nonlinear operator on a Banach space X. For an element z € X we
consider a discrete dynamical system given by

x, =T"x, n € Ny:=NU{0},
and its orbit is denoted by
Y, ={T"x:n € Ny}

For a small € > 0, define upper and lower first e-recurrent times by

M. = sup min{m : T™" "z € V.(T"z), m € N},
n€Nog

M_= inl\'fr min{m : T "z € V.(T"z), m € N},
n€Np

respectively, where V.(z) = {y € X : ||y — z|| < ¢}. Then upper and lower recurrent
dimensions are defined as follows:

— log M.
D, (2;) = limsup 08 ,
e—0 _10g5
log M
D, (2;) = liminf 08 L
e—0 —loge
If M. = M. and the limit exits as ¢ — 0, we denote D,.(X;) = D,(3,) =

D.(%,).

The recurrent properties are essential for almost periodic dynamical systems.
Next we define periodically recurrent dimensions of almost periodic orbits. Let the
operator T be invertible and consider the almost periodic orbit ¥, = {T™z: m¢e
Z}. We recall that an orbit is almost periodic if for each € > 0 there exists a number
Il > 0 such that for every m € Z there exists an integer p € [m, m + ;] N Z with
the property

(2.1) |[TH+ g —Trz|| <e  forall neZ.

Here the number p is called an e-almost period and [, is called an inclusion length
for e-almost period.
By using the inclusion length we can define periodically recurrent dimensions as
follows:
- = . log I
Dp(2;) = hr;lj(l)lp loge’
log (.

D, (%) = lim inf “loge

If the limit exists as € — 0, we put D, (%,) = Dp(X,) = Qp(ix).

Correlation dimensions are very popular and studied in various dynamical sys-
tems or in fractal geometry (cf. [2] or [13]). Let S = {x1,x2, ..., &y, ...} be an infinite
sequence of elements in X and, for a small number ¢ > 0, define

&
N(e) = lim — > H(e — ||z — z4))

ij=1



RECURRENT DIMENSIONS OF QUASI-PERIODIC SOLUTIONS 1139

where H(-) is a Heaviside function:

1 ifa>0,
H(a){ 0 ifa<0.

The upper and lower correlation dimension of S, D.(S),D.(S), are defined as
follows:

— log N
D.(S) = limsup L(E),
10 loge
log N (¢)
D =1 f
D.(5) H?ﬁ)n loge

If D. = D, we say that S has the correlation dimension D.(S) = D, = D,.

Theorem 2.1. Let X be a Banach space and consider a monlinear operator T on
X and its orbits Xy = {T"x :n € No} for some x € X. Then

(2.2) D.(2;) > D, ().

Proof. From the definition, for every § > 0, there exists a constant €y > 0 such
that, if 0 < € < &g,

log M
Qrfh‘f'é
—loge

It follows that
eDot < A
For a large integer n € N, let 1 <I,m <n. If 0 <m —1 < e 219 we have
Tz — Tlx|| = |T™ Tz — T'z| > e,
and also, if 0 <1 —m < e 2+ we have
|T'e — T™x|| = | T T™x — T™z|| > .
Let M, () be a number of elements T™z, 1 < m < n, in the e-neighborhood of
Tz, 1 <1<n;
M,(e)=#{m e N :T"x € VE(Tlx), 1 <m <n}.
Then we have
M, (g/2) < nePr=?
and it follows that

1 € . 1 b s b s
ﬁlng(g_HTx_meH)SFn-ns—r = gLr—0,

n

Thus we obtain

log N (5 log 2~
D, = timinf 2B VE) 5 i loge= 0 p s
e=0 log$5 e—0 log §
for every § > 0, which yields (Z2). O

On the other hand, we can estimate the upper bound of the correlation dimen-
sions by using the periodically recurrent dimension.
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Theorem 2.2. Let T™x,m € Z, be almost periodic and denote
Y, ={T"z: mcZl}

Then we have

(2.3) D,(5) > Do(Sa).

Proof. From the definition, for every § > 0, there exists a constant €y > 0 such
that, if 0 < € < &g,

— log!
Dy+06> —b

—loge’
It follows that
e~ (Dpt0) le.

For a large integer n € N, let M, (¢) be a number of elements Tz, —n < m < n,
in the e-neighborhood of Tlx, —n <[ <n. Then we have

2 .
M (e) > l—n > 2nelrto,
€

since for each interval [a,a + I.), a € Z, there exists an integer m’ € [a,a + I.),
which satisfies

T Tle — Tha|| < e
or
[Tl — T x| = | T T e = T 2| < e

It follows that

1 —
— H(e — ||T'¢ = T™z||) > —————(2n+1) 2neP*
DY > ;
(2n+1) i Thn (2n+1)
_ 2n 551’-"—6
2n+1
Thus we obtain
_ 1 Dy+6 _
D, < limsup& =D,+56
e—0 loge
for every § > 0, which completes the proof. O

3. DIMENSIONS OF QUASI-PERIODIC ORBITS

Let S(t), t > 0, be a semigroup of continous (generally nonlinear) operators on
a Banach space X. For each x € X, assume that S(t + 1)x = S(t)z, t > 0 and
consider the following Holder conditions:

(G1) There exists a constants d; : 0 < ¢; < 1 and a monotone increasing
function k; : RT — R, which satisfies

IS(t)z = S(s)all < ka(lzl)lt —s|™,  t,5>0,]t 5| < e,

for a small constant ¢ > 0.
(G2) There exists a constant d3 : 0 < d3 < 1 and a monotone increasing
function ks : R™ — R, which satisfies

IS(t)z = S(s)zll = k2(zl)ft = sI°,  t.5 >0, ]t —s| <

N =
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For an irrational number 7 : 0 < 7 < 1, define a quasi-periodic dynamical system
by

T"z = S(tn)z, n € Ny,

then our purpose is to estimate the recurrent dimension under the following alge-
braic conditions on the frequency 7.
(i) Constant type: there exists a constant ¢ > 0 such that
T Co
a ¢
for all positive integers r, q.
(ii) Roth number type: for every € > 0, there exists a constant ¢. > 0 which
satisfies
r Ce
(3.2) | — §| > o

for all positive integers r, gq.
(iii) ap-order Roth number type: there exist a constant ag > 0 such that for
every a > «g there exists a constant ¢, > 0 which satisfies

r Ca
(33) |T - 6| 2 q2+0’
for all positive integers r, q.

These conditions are classified by the rational approximable properties of the
irrational number 7.

Consider the following continued fraction of the number 7:

(3.4) = (a; € N)

ag + ———
2 a5+

and take the rational approximation as follows. Let mg = 1,n9 =0,m_1 =0,n_1
= 1 and define the pair of sequences of natural numbers

(3.5) m; = a;M;—1 + M;—2,

(36) n; = a;N;—1 + Nij—2, 1> 1,

then the elementary number theory gives the Diophantine approximation
1 n; 1 1

= <[T - [ < —— < —
m;(Mig1 + m;) m; MM Mg

(3.7)

where the sequence {n;/m;} is the best approximation in the sense that
n; r
T——|<|T—~
=< -l
holds for every rational v/l : [ < m,;.
An irrational number 7, which has an extremely good approximable property by
rational numbers, is called a Liouville number if
n; 1
|7 — —| < —, Vi
m; m;
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Here we introduce a class of irrational numbers which contains Liouville numbers
as follows. We state that an irrational number 7 is an «;-order Liouville number if
(iv) there exist constants ¢, a1 > 0 such that

n; C .

For the case of the constant type (i), it is well known (cf. [I6]) that the uniform
boundedness of the sequence {a;} is equivalent to the property (1.1). For the a-
order Roth numbers and the a-order Liouville numbers we can show the equivalent
conditions to the approximable properties of these numbers by using the growth
rate of {m;}.

(B1) There exist constants 3, K > 0:

(3.9) mjp < Kmi*’, vy

We have proved the following two lemmas in [11].

Lemma 3.1. If Hypothesis (B1) is satisfied for an irrational number 7, then T is
a Roth number with its order

(3.10) ag = B(B+3).

Lemma 3.2. If 7 is a Roth number with its order «q, then for every 8 > «ag, there
exists Kg > 0 which satisfies (B1):

(3.11) mjp < Kgm; ™7, Vj.
For the aj-order Liouville numbers we can show the equivalent condition:
(B2) There exist constants aq, L > 0:
(3.12) mjp1 > Lm; T, V)
Lemma 3.3. 7 is a Liouville number with its order c if and only if T satisfies the
condition (B2).
Proof. If T satisfies (B2), then it follows from [37) that
n; 1 1
_j| < < 5 .
mj o mypamy LIt

T —

On the other hand, if 7 is a Liouville number with the order a;y, then also (B:7)
yields

c > | n; | 1
— >4 - -
mite m; mj(mjs1 +m;)
1
> .
2mjpam;
Thus we have
1 4
+a
mjy1 > %mj '

O

Obviously, (B2) is equivalent to the following condition on the partial quotients
in the continued fraction expansion of 7.
(B3) There exist constants a1, L’ > 0:

(313) Aj41 2 L'm;-“, Vj
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In [11] we have given a sufficient condition for an a-order Roth number, using
the partial quotients of the continued fraction expansion.

Lemma 3.4. Let {a;} be the partial quotients in the continued fraction expansion
of T. Assume that, for a given constant € > 0, there exists a constant C; > 0,
which satisfies

2 .
ajy10; < Ce(aj—1aj-2---a1)*, Vj.

Then we have
Ce
)
q2+6

|T—f|2 Vq,r € N
q

where c. = 1/(16C;).
For an a-order Liouville number we can show the following lemma.

Lemma 3.5. If the partial quotients in the continued fraction expansion of T sat-
isfies

B+1 vj

aj+1 = Loa; ",

for some 3 >0 and Lo > 2°FY, then 7 is a Liouville number with its order (3.

Proof. By induction we show that the condition (B2) is satisfied. Let 1 < K < ay,
then we have

1
mi1 =aimog+m—_1=aimgy > Kmg= ng+ .

B+1

Next we assume that m; > ij—1~ Since

i e )
m; ij_l

it follows by hypothesis that

mj41 B+1
— > 11 > Loa:
mj = i1 = Loy
1 m;
> Lo(=)Pt1 ()B4,
@)

Thus we obtain

1 m;

B+1,,8+1_ "%
mjy1 > Lo(5)"" 'm) 5T
2 m;y

> Km?"_l.

Example 3.6. For some positive numbers x, M > 1, let
a; ~ M”j7

that is, there exist constants d; > do > 0:

(3.14) A M* > a; > dyM* .

Assume that

2
(3.15) M 2
do
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then 7 is a Liouville number with its order 3:
log dy + k2% log M _
log 2dy + xlog M

(3.16) B <
In fact, (3.15)) yields

log dy + k2log M > log 2d; + xlog M

and (BI6) gives

log dy + k71! log M
3.17 1< .
( ) prls log 2d; + k7 log M

for j > 1. It follows that
i1 > dQMﬁj+1 > (2d1)5+1 . (Mﬁj)ﬁ-‘rl > 2[3-1-1a§3+17

which satisfies the hypothesis of Lemma
The number, which satisfies ([B14), is also a Roth number with its order
(k—1)(k +1). (For further details and examples, see [11].)

Since the correlation dimensions are estimated by the recurrent dimensions, here
we give a lower bound of the recurrent dimension of the quasi-periodic orbit

Y. ={S(mn)x:ne Ny}, ze€lX,

when the frequency 7 is an a-order Roth number and we also give an upper bound
of the recurrent dimension when 7 is an a-order Liouville number.

Theorem 3.7. Under the assumption (G2), assume that there exists a constant
Ko > 0 such that

nf ke S(rn)al) = Ko

and assume that the frequency 7 is a Roth number with its order ag. Then the
recurrent dimension of the quasi-periodic orbit ¥, satisfies

1

(3.18) D, (%) = 5+ a0)

Proof. Put
o(m) = S(tm)x, m € Ny,

then, since we can find an integer n':

1
|mr —n'| < =,

2
it follows from (iii), (G2) and the hypothesis that
[e(m +n) —e@)| = [IS(T(m+n))z—S(rn)z

|S(r(m +n))x — S(tn +n')z||

> ky([|S(rn)a)|rm — n'|*
¢
> Q(ml(ia )52, Vo > ay,

for all m € N and for all n € Ng. For every € > 0, there exists m € N such that

Ca
K2( mlto

Co
(m 4+ 1)l+e

)2 < e < Koy )92
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and as € — 0, m — +oo. Thus we can obtain
log M
D, — liminf 282
e—0 —loge

1
> liminf ogm

. logm
lim 3
m—0o0 §o(1 + a) log(m + 1) — log Kac?
1
d2(1+ )
for all o > ag. ([l

Y

Theorem 3.8. Under the assumption (G1), assume that the frequency 7 is a
Liouville number with its order c1. Then the recurrent dimension of the quasi-
periodic orbit ¥, satisfies

1
(3.19) D, (%;) < i+
Proof. Put
o = Bt
M1

for some positive integer ng and = € X. It follows from the hypothesis that we
have

c
(320) |mk+17' - nk+1| < e
k+1
By the above estimate and (G1) we have
[o(mrs1 +mno) = @(no)ll = [[S(T(mk41 + n0))z — S(Tno) |

[1S(7(mp+1 + no))x — S(Tno + ng41) ||

< ki ([S(rno)zl) mga T — npg |
< klS(rno)zl)e _
- 61 (1+ar) -
My
Thus we can obtain
log M
D, = lim inf —8==
e0—00<e<eg —10g5
log M
< lim 2%
k—oo —logey
. logmp+1
< lim
= koo 01(1 + an)logmyyr — log ki (|| (7no)z () e
1
o 51(1 + al) ’

O

If the partial quotient a; in the continued fraction expansion of 7 satisfies a1 ~
mf , that is, there exist constants c;, ca > 0 such that

B B
clmj < aj41 < Cgmj,
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then it follows from the lemmas that the frequency 7 is the Roth number with
its order (8 + 3) and the Liouville number with its order 5. Thus we have the
following estimate.

Corollary 3.9. Under the assumptions (G1) and (G2) with the same hypothesis
as that in Theorem[37 assume that a;,, ~ m’. Then we have

1 1
(14 B(B + 3))d2 <D, () < (14 B)61

4. EXAMPLE OF PDE AND ABSTRACT FORMULATION

Let Q be a bounded domain in R with its smooth boundary 992 and let H™ (),
H{*(Q) be the usual Sobolev spaces. We consider the following initial value problem

% —Au+gt)u>s f(t,z), (t,z) € (s,+00) xQ,
(4.1) u(t,z) =0, €N, t>s,
u(s, ) = ¢(x), x € Q,
where we assume the periodicity of the perturbation term f: R x Q — R and the
nonlinear monotone operator (possibly multi-valued) g(t) C R x R:
f+1,2) = f(t,x), gt+7)=9g(), teR, x€Q,

for an irrational number 0 < 7 < 1.

To investigate (1), we consider an abstract evolution equation. Hereafter, let
X be a Hilbert space with its norm and the inner product denoted by |- |, (-, "),
respectively, and consider a reflexive Banach space V' and its dual V* with their
norms and the dual pair denoted by || - ||, || - |+, (, ), respectively. Assume that

VcXcVve

where V is densely and continuously embedded in X.
In view of (41]) we consider an operator A(t) which has the form

At)u=Aju+ Gt)u+ f(t)

for a single-valued maximal monotone operator Ag from V to V*, a multi-valued
maximal monotone operator G(t) on X and a perturbation f: R — X. We assume
the periodicity

(4.2) fE+1)=f@1), Git+7)=G({)

for every t € R. For simplicity we assume that the domain of G(t) is time-
independent and put

D:=D(GI) CV, teR

We can consider an abstract evolution equation on X.

du
(4.3) 7 +A)u>30, s<t,
u(s) = .

We assume that the domain of the nonlinear multi-valued operator A(t) on X is
time-independent:

(A1) D(A(t))=DcCV, teR.
For each t € R, A(t) is a maximal monotone operator on X (cf. [6]):
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(A2) There exits a constant w > 0 such that
(A(t)yu — A(t)v,u —v) > wlu—|?,  wu,veD.

(A3) R(I+MA(t))=X, t€ R, A>0,where R(-) denotes the range of the
operator.

Since the Holder continuity is essential to determine the dimensions of trajecto-
ries, we need the following condition on the resolvent Jy (t) := (I+AA ()", A > 0.

(J) There exist a small constant g > 0, an exponent 0 < § < 1 and a monotone
increasing function [ : Rt — R7T such that the resolvent satisfies

[ Ia(O)z = Ja(r)a] < Al(Jz])[¢ - 7|°

fort,re R:|t—7| <ep, =€ X.

The conditions above are sufficient to construct the associated two-parameter
family of operators U(s,7): X — X, (s,7) € R x RT, which satisfies the following
properties from (u-i) to (u-v) (see Theorem 3.2, Proposition 2.1 in []):

(u-i) U(s,0) =1 (the identity operator), s € R.

(u-ii) U(s,o0+71)=U(s+T1,0)U(s,7), s€R, o,71€R".

(u-iii) For any fixed 7 € R, the one-parameter family of maps U(s,7) : X —
X with the parameters s € R is equicontinuous.

A two-parameter family of the operators on X, which satisfies (u-i), (u-ii) and
(u-iii), is called a process or an evolutionary operator (cf. [4] or [5]).

(u-iv) There exists a monotone increasing function k : Rt — R™ which satisfies

\U(s,7)z — U(s,0)z| < k(lz])|r —o|’, T,0€ R: |7 —0| <eo.

(u-v) Given s € R,z € X, define a local Hélder continuous function u :
[s, +00) — X by
u(s +0) = Uls,o)uls), uls) =,
and let yo € A(s)zo and y(t) € A(t)xzo,t > s, such that y(s) = yo and y(t) is

continuous, then u(t) satisfies

/0 (s +7) — wlzo — u(s + 7)), 20 — uls + 7))dr

v

5170 = u(s + 07 — o — u(s)P?)
(u(s) (s + ), 20 — uls)

where we use (A2) and (3) in the first inequality and the second inequality is
obvious.
Here we introduce some definitions of trajectories associated with the process

U(s,T).

Definitions. The positive trajectory through (s,z) € R x X is the map U(s, )z :
R* — X. A complete trajectory through (s,z) is a function u(:) : R — X such
that u(s) =z and u(t +7) = U(¢t, 7)u(t) for all (t,7) € R x R*.

(4.4)

Y

Define the o-translate U, by U,(s,7) = U(s + o,7), then a process U on X is
called almost periodic if for any sequence {o,} of R, there exists a subsequence
{0} of {o} such that the sequence {U,: (s, )z} converges to some V (s, 7)z in X
uniformly in s € R and pointwise (7,z) € Rt x X.

(A2) yields relative compactness of each positive trajectory and then our purpose
is to estimate the recurrent dimension of the positive trajectory.
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Note that for each s € R,z € X, u(t) in (u-v), which is called an integral
solution, is weakly differentiable (cf. [3]). Then, dividing (&4]) by o, taking the
limit o | 0, we have

(Yo — w(@o — u(s)), xo — u(s)) = —(u', 20 — u(s))

for every [zo,y0] € A(s) where «’ is the weak derivative of u(t) at ¢t = s. Thus the
maximal monotonicity yields —u’(s) € A(s)u(s).
In view of (J), we assume local Holder continuity on f(¢), G(t) with exponents
01,09 : 0 < 01,09 < 1, respectively. Let g > 0 be a sufficiently small constant.
(A4-i) There exists a positive constant L; such that

f@) = fOI < Laft =77, t,r€R:[t—7|<eo, ueV.

(A4-ii) There exists a monotone increasing function Ly : Rt — R™ such that,
ift,7e R: |t —7| <ep,x € D and y € G(7)z, then there exists w € G(t)x which
satisfies

jw —y| < Lo(l])[t - 7]72.

(A5) Ap0=0, G()0>0 foreveryte R.
Under the above conditions we can show the local Holder continuity of the re-
solvents.

Lemma 4.1 ([7]). Assume from (A1) to (A5). Then (J) holds in the following
sense. For x € X and for the constant 6 = min{o1, 02}, the estimate

|In(t)x — Jx(r)z| < M|zt —7|°, t,7 € R: |t —7| < &0,
holds where J\(t)z = (I + AA(t)) " tx.

We can estimate the upper bound of the recurrent dimension of the discrete
positive trajectory u(s +mn) = U(s, ™)z and u(s +n) = U(s,n)z.

Theorem 4.2. Under the assumptions (A1)-(Ab5), assume that T is a Liouville
number with its order aq and the unique complete trajectory u(t) satisfies

(4.5) sup |Ju(t)|| < oo.
teER

Then the recurrent dimension of the discrete positive trajectories

»!l = U U(s,7n)z and Y2 = U U(s,n)z

n€Ng neNg
satisfies
1 1
D, (Z;) < 2 <

—, D.(%;) < ———.
- O'1(1—|—0q) —7"( ) 0’2(14—0(1)
Proof. We have already shown in [9] that u(t) satisfies

lu(y +p) —u(y)l < Cfggﬂf(t + 1) = FOI+IGE+ pu(t) = GEu@)]+),

for every y, u € R. Thus, for every m,n,l € N, it follows from the periodicity and
(A4-i) that we have

[u(s+7(n+m)) —u(s+1n)| < ecsup|f(t+rm)— f(t+1)]
teR
< celq|rm =17
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and it follows from the periodicity of G(¢) and (A4-ii) that we have
[u(s+n+1) —u(s+n)| < ecsup||G(t+Du(t) — Gt + mm)u(t)]].
teR

< CLz(SlgpIIU(t)ll)le—ll‘”-

In view of the proof of Theorem [3.8] since we can put
e(n)e =U(s,mn)x = u(s + mn)
and
pn)x =U(s,n)z =u(s+n)

for every n € N, following the argument in the proof of Theorem with n =
ng, m = my4+1 and | = ng41 yields the conclusions. O

5. SEMILINEAR PARABOLIC EQUATIONS

Let g(t) C R x R be a maximal monotone set in R X R for each t € R. Assume
the following conditions.

(g-i) The domain of g is independent of ¢, D(g(t)) = Dy.

(g-ii) 0 € g(¢)0.

(g-iii) There exist a constant k; > 0 and a constant 02,0 < o2 < 1, such that,
ift,r€e R:|t—7| <&, € Dy and y € g(t)z, then there exists an element
w € g(T)x:

ly —w| < k(1 +[z])[t — 7|72
(g-iv) There exists a constant ko > 0 such that
sup{ly| : y € g(t)u, t € R} < ko(1 + [ul).

Put X := L*(Q),V := H}(Q) and V* := H~1(Q), then, applying routine meth-
ods in the theory of maximal monotone operators (see Proposition 2.7 in Chapter
2 of [1]), we can define a maximal monotone operator g(t) C X x X by

g(t) = {[u,v] : u,v € X and v(x) € g(t)u(x) a.e.}.

(See [14], [L5] for further details.)
Next we consider the conditions on f: R x Q2 — R.

(f) For each t € R, f(t,-) is measurable and there exist constants L; > 0 and
0 < 01 <1 such that
lft,z) = f(r,o)| < Lat =717, t,7€R:|t—7| <eg, €
Lemma 5.1 ([9]). Under the assumptions above, the weak solution u(t) of (41))
satisfies

sup ||u(t)]] < oc.
teR

Define the operator Ay on X by
Agu = —Au, D(Ag) = H*(Q) N Hy(Q),
then, the operator Ay satisfies (A4-i). Furthermore we can show that the maximal
monotone operator A(¢) on X defined by
At)u = Aou+ g(t)u + f(t),
u € D(A(t)) := D = H*(Q) N H}(Q) N D(g)
satisfies the conditions from (A1) to (A5).
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Theorem 5.2. Under the conditions from (g-i) to (g-iv), and (f), assume that
7 18 a Liouville number with its order a1. Then the recurrent dimensions of the
discrete trajectories ¥y, = U, en, u(s +7n) and X2 = |, cn, u(s +n) satisfy

1 1

D (%} < ——, _ .
—r( )_ 01(1+a1) 02(14-041)

D,(%3) <
Remark 5.3. Here we give a simple example of g(t) C R X R satifying our assump-
tions.
[—(t),(t)] ifz=0,
git)x =4 pt)(z+1) ifz>0,
pt)(x—1) ifz<0,

where ¢(t) : R — RT is Holder continuous with its exponent o2 : 0 < 02 < 1 and
uniformly bounded: sup,cp ¢(t) < +o0.

Remark 5.4. Following the proof in [9], we can prove that the discrete complete
trajectories

5 ={u(mn), neZ}, 33={uln), nelZ},
are almost periodic and their inclusion lengths satisfy
1 1 9 1
legcls 71, lESCQE 72,

respectively. For an arbitrarily given irrational number 7, it follows that

_ — 1
De(31) < Dp(51) < 0_1’
— — 1
De(32) < Dp(52) < —.
02
Remark 5.5. As an example of an evolution equation, its solution of which satisfies

the hypotheses of Theorem [3.7] and the estimate
N 1
~ 61+ ap)’

we have studied the following linear abstract equation on a Hilbert space (cf. [10]);

D.(X2) > D, (%)

— +Au=f*(t), t>0
dt+uf(), >0,

u(0) = ug

where the perturbation term f*(¢) is quasi-periodic and given as a Weierstrass type
function (see also [I2]). Under suitable conditions we can prove that the solution
satisfies the Holder condition (G2) with the hypothesis in Theorem B.71
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