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GAUSSIAN BOUNDS FOR DERIVATIVES OF CENTRAL
GAUSSIAN SEMIGROUPS ON COMPACT GROUPS

A. BENDIKOV AND L. SALOFF-COSTE

ABSTRACT. For symmetric central Gaussian semigroups on compact connected
groups, assuming the existence of a continuous density, we show that this
density admits space derivatives of all orders in certain directions. Under
some additional assumptions, we prove that these derivatives satisfy certain
Gaussian bounds.

1. INTRODUCTION

Let G be a compact connected group equipped with its normalized Haar mea-
sure v. Let (u¢)i>0 be a weakly continuous convolution semigroup of probability
measures on GG. This means precisely that each g, t > 0, is a probability measure
on G and that (u¢)e>o satisfies

(1) g * phs = pheys, t, 8 > 0;
(ii) pr — d weakly as t — 0.

Such a semigroup is called Gaussian if it also satisfies
(iii) t~*u (V) — 0 as t — 0 for any neighborhood V of the identity element e € G.

We say that (u¢)¢>o is symmetric if pi(A) = p(A™1) for all ¢ > 0 and all Borel
sets A C G. We say that (u;)>o is central if (a1 Aa) = p(A) for all t > 0, all
a € G, and any Borel subset A C G.

Given a Gaussian semigroup (g¢)i>o, set

(11) H, f(z) = /G F(ay)dpn(v).

The operators (H)¢so form a Markov semigroup. If p; is symmetric then H; ex-
tends to L2?(G, dv) as a semigroup of self-adjoint operators. One can then associate
to (ut)e>o its L(G, dv)-infinitesimal generator (—L, Dom(L)) and its Dirichlet form
(€,Dom(€)) so that

H,=e ' on L*G,dv)
and
E(f.9) = (LY?f,L'?g), f,g € Dom(€) = Dom(L'/?).

Definition 1.1. Consider a Gaussian semigroup (pt)t>o0 on G.
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e We say that (u:)i>o has property (CK) if, for all ¢ > 0, p; is absolutely
continuous with respect to the Haar measure v on G and has a continuous
density z — pz(x).

e We say that (ut):>0 has property (CKx) if it has property (CK) and that

%gr(l)tlog pe(e) = 0.

It is known (see [9, [20]) that no Gaussian semigroup can have such properties if
the group G is not locally connected or is not metrizable. In [5], we proved that
any locally compact, connected, locally connected, metrizable group G admits many
symmetric Gaussian semigroups satisfying (CKx). In [8], we proved that any com-
pact, connected, locally connected, metrizable group G admits a host of symmetric
central Gaussian semigroups satisfying (CKx), and even stronger properties of this
type. In [6] [7], we obtained some Gaussian estimates for the density of symmetric
Gaussian semigroups satisfying (CKx). This Gaussian estimates differ from the
classical Gaussian estimates developed by Davies and others [16, 29] in that they
do not use the so-called intrinsic distance. Indeed, as explained in [6, [7], there are
many symmetric Gaussian semigroups satisfying (CKx) for which the associated
intrinsic distance is infinite almost everywhere.

The aim of the present paper is to prove Gaussian estimates for the time and
space derivatives of the density (¢, ) — p;(x) under the hypothesis that (u:)iso is
symmetric, central, and satisfies (CKx). In order to obtain Gaussian estimates on
space derivatives, we will adapt a line of reasoning introduced by the second author
in [26].

Such estimates are crucial for a number of further developments concerning
symmetric central Gaussian semigroups on compact groups. This is illustrated
in [10, [L1]. In these two papers, we show that property (CKx) characterizes those
symmetric central Gaussian semigroups whose infinitesimal generator is hypoellip-
tic. Our proof that property (CKx) implies hypoellipticity is adapted from the line
of reasoning developed in [24], Section 8] for second order differential operators in R™
(the authors are grateful to D. Stroock for asking whether hypoellipticity could be
studied by the method of [24] Section 8] in the present infinite dimensional setting).
This approach makes essential use of the Gaussian estimates obtained below.

2. BACKGROUND AND NOTATION

2.1. Projective structure. The following setup and notation will be in force
throughout this article. Let G be a connected compact group with neutral element
e. Such a group contains a descending family of compact normal subgroups K,
indexed by a suitable index set X, such that (. Ko = {e} and, for each a, G/ K,
is a Lie group. Consider the projection maps 7 g : Gg — Gq, 5 > a. G is the
projective limit of the projective system (Gu,73,0)8>q- The Lie algebra & of G
is then defined to be the projective limit of the Lie algebras &, of the groups G,
equipped with the projection maps dmng .

Throughout the paper we assume that G is compact, connected, locally con-
nected and metrizable. The latter hypothesis is equivalent to saying that the topol-
ogy of G is generated by a countable basis. See [2I]. Under this hypothesis, the
family K,, o € R, can be taken to be finite (if G is a Lie group) or countable and we
will assume throughout the paper that the index set N is indeed at most countable
so that G is the projective limit of the sequence of Lie groups (G,). By results
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of Heyer and Siebert [20], the topological hypotheses that G is locally connected
and metrizable are necessary for the existence of Gaussian semigroups which are
absolutely continuous with respect to Haar measure.

For a compact Lie group N, denote by C°°(N) the set of all smooth functions
on N. For any compact connected group G, set

(2.1) BG)={f:G—-R,f=¢om, for some a € X and ¢ € C*(G,)}.

The space B(G) is the space of Bruhat test functions introduced in [I5]. We refer
to [15] for a precise definition of its topology. Since G is metrizable, i.e., Y is at
most countable, B(G) is the inductive limit of the sequence of topological vector
spaces C*°(Gy) ([15] p. 46]). By [15] Lemme 1], B(G) is independent of the choice
of the family K,, o € N.

By definition, a distribution on G is any continuous linear functional on B(G).
This definition was introduced in [15] and such distributions are called Bruhat
distributions.

Following [13], we consider the notion of projective family and projective basis.

Definition 2.1. A family (Y;)ie; of & is a projective family of left-invariant
vector fields (w.r.t. the family (K,)) if it has the property that, for each o € R,
there is a finite subset I, C I such that dmo(Y;) = 0if i & I,. A family (Y;)er
of & is a projective basis of & (w.r.t. the family (K,)) if it is projective and
(dro(Y3))ier, is a basis of the Lie algebra &,,.

By [13], & does admit a projective basis. If (Y;);es is a projective basis, we
can identify & with R as a topological vector space: For any Z € &, there exists
a unique a = (a;)ies such that for any a € N, drno(Z2) = ) ,c; aidmo(Y;) and
convergence in & is equivalent to convergence coordinate by coordinate. Since the
group G is assumed to be metrizable, projective families have at most a countable
number of elements.

Given a projective basis Y, a homogeneous left-invariant differential operator of
degree k on GG is a sum

P = Z aY?, ag€C,
Lerlk

where, for £ = ({1,...,0;) € I*, Y¢ =Y, ---Y,,, Y, €Y (this notion is in fact
independent of Y'). Such a P can be interpreted as a linear operator from B(G)

to B(G), and also as a linear operator acting on Bruhat distributions. Indeed, if
f=¢om, € B(G), we have

Pf(x) =Y aY'f(x) = > ag [dro (Yo, )dma (Ye,) - - dma (Y2, )¢ (Ta(2))
teIk (€1 ,La,... .05 )ETE

where the sum on the right-hand side is a finite sum since I, is finite for each « € X.

2.2. Gaussian semigroups and sums of squares. Given a (finite or) countable
set I, let RU) be the set of all z = (2;) € R! with finitely many non-zero entries.
Using [23] and the projective structure, Heyer and Born [20} [14] proved the following
theorem.
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Theorem 2.2. Given a projective basis (Y;)iez, the infinitesimal generators of
symmetric Gaussian convolution semigroups on G are exactly the second order left-
invariant differential operators of the form

L=-) ai;%y;
i,jeT
where A = (ai j)Tx7 i a Teal symmmetric non-negative matriz in the sense that
aij=a;; €R and V& € RD), S a; ;&€ > 0.
Given an infinite matrix T' = (¢; ;) indexed by a countable set Z, define
jr:Z —ITU{+o0}, jr(i)=inf{j:t;; # 0}
with the usual convention that inf ) = +oco. Set
(2.2) I={ieT:jr(i) < 4oo}.
Note that, for a given matrix 7', the property that jr is increasing implies that T is

upper-triangular. The following lemma is simple but important. The proof is left
to the reader.

Lemma 2.3. Let A = (a; ;) be an infinite symmetric non-negative matriz indexed
by a countable set T. There exists an infinite matriz T = (t; j)zxz such that jr is

increasing and
VEERD, N a6 = ni
i,j€T kel

where I is given by (2Z2) and
Viel, m=) ti;&.
JET
In other words, A =T'T. The matriz A is positive, i.e.,
Ve e REN\{0}, > a; 88 >0,
0,J
if and only if t;; > 0 for all i € T.
Theorem 2.4. Fiz a projective basis Y = (Y;)z and L = =3, jer a;;Y;Y; with A
symmetric non-negative. Let I be defined by [2.2). Let T = (t; j)zx7 be the matriz
gwen by Lemma[2.3. The family X = (X;); given by

X, = Zti’jy}’ 1€,
J

is a projective family of linearly independent vectors and yields a decomposition of
—L as a sum of squares:

VfeB(G), Lf=-Y Xif.
I

Proof. The fact that T is upper-triangular and Y is a projective basis implies that
X is a projective family. Hence, for any f € B(G), the sum ) ; X?f reduces to
a finite sum. Plugging the definition of the X;’s in terms of the Y;’s in >, X2 f
shows that this sum equals —Lf. [l

Note that the family X of Theorem[Z4lis a projective basis if and only if ¢; ; > 0
for all ¢ € Z. In this case Z = I. Note also that, for a given L, there are many
decompositions of L as minus a sum of squares.
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2.3. The Hilbert space of good directions. Define the field operator I' to be
the symmetric bilinear form

(2.3) P(f.9) = 3 (~L(fg) + fLg+ gL )

on the space B(G) of Bruhat test functions. Computing F in a projective family
(not necessarily a basis) X = (X;);e; where L = -3, X2 we find

(24) L(f.9) =) _(Xif)(Xig)-
icl
The next definition plays a crucial role in this paper.

Definition 2.5. Given the generator —L of a symmetric Gaussian semigroup on
G, let H(L) be the vector space

H(L)={Ze®:3c(2), V[ eBG), |Zf(e)]* <c(2)T(f, f)(e)}
equipped with the norm
170 = s {125}

FeB(G)
T(f,fHe)<t

We now give a different description of H(L).

Lemma 2.6. The space H(L) equipped with the norm ||Z|| is a Hilbert space. In
particular, for any projective family X = (X;)icr of linearly independent vectors
such that L = =%, ., X2, we have

Z=>GXi: Y |GI* < oo}
iel iel
and, for all Z =73, ; (i Xy,
1213 = 3 I
iel
Proof. For L = =%, ; X2, T is given by ([Z4). Thus, if Z = Y., (;X; with
Y 1G|? < 00, Z € H(L), and

1213 < (Z w) |

iel
Let us first assume that X = (X;); is a projective family extracted from a
projective basis (X;)z. Let Z = >"; (;X; be an arbitrary left-invariant vector field.
For any finite subset J C Z and any sequence £ = (§;), we can find f§ € B(G)
such Xjfﬁ(e) =¢ifjed, Xjf§(e) =0if j ¢ J. Then we have
2

|ZfJ ZCij and Ffwa Z |fj|2

jeJ jeJni

Thus if Z € H(L) then we must have ¢; =0 for alli € Z\ I and also >_; |¢;]? < oo
Moreover,

1217 > = 1G

(fJ,fJ s
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Since this holds for any finite subset J C I, we conclude that

1Z17 = 11
icl
as desired. A simple Hilbert space argument then shows that any independent
projective family (X;); such that L = — 3" X? must be a basis of H(L). O

Remark 2.7. The space H(L) must be interpreted as a space of good directions in
&. It captures very important non-trivial information about L and necessarily plays
a crucial role in any precise analysis of L and the associated Gaussian semigroup.
For instance, the one parameter subgroups associated to directions in H(L) are
rectifiable for the intrinsic distance. See, e.g., [6] [7] and Definition A7

Example 2.8. Let G = T = R/27Z where R = R* and Z = Z*°. Thus, T is the
countable product of circle groups, each isomorphic to T = R/27xZ. However, for
the following discussion it is important to observe that T is defined independently
of the product structure. Writing T as an infinite product yields a projective basis
of its Lie algebra R = R, say Y = (¥;)$°, where Y; = 9; can be identified with
partial differentiation in the i-th coordinate. Any symmetric Gaussian semigroup
(t¢)e>0 is determined by a matrix A = (a; ;) as explained above. One usually says
that (u¢)e>o is diagonal if A is a diagonal matrix with a;; = a; and quite a lot is
known about the properties of (u¢);>0 in this case. See [2], 3, 6] [12]. In such a case,
‘H(L) is the Hilbert space contained in R with orthonormal Hilbert basis

(a}*8)ier, I=1{i:a;>0}.

Let us now look at two non-diagonal A’s:

111111 1%0000
122 2 2 2 %ggooo
123333 05%33’%500
123 4 4 4 oo 3 % 2 0
A=1123 455 ’A2*000§%g
1 23456 00 0 0 2 &

Thus, for A, a;; = min{i,j} whereas, for As, a;; = 1+ (%)2, Qi1 = H_Ll,
ai—1; = =1 and a;; = 0if [i — j| > 2. A simple calculation shows that the
corresponding Hilbert space H(L) has orthonormal basis X = (X;)$° given by

> Vi for Ay,
X; = |
Yi+ 7g7Yiq1  for As.

In both cases, the family (X;)$° is also a projective basis of the Lie algebra R of T.
The case of A;: Consider the “integer lattice”

Zx ={Z=) zuX;:u€L}CR
1

and observe that it coincides in the case of A; with the original integer lattice
Z = Zy. Since the infinitesimal generator of (u¢);~o is > X2, this means that
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the Gaussian semigroup (u:)¢>o associated to A; is exactly the infinite product of
identical standard Gaussian semigroups on the circles

[RX]/[27ZX].

To illustrate what this says, observe that Kakutani’s theorem implies easily that
the measure p; is singular with respect to Haar measure for each t > 0.

The case of As: In this case, we cannot find a basis which “diagonalizes”
(1t)t>0. One can ask what is a “good” basis to study (u:)¢>o but it seems hard to
make this precise. For instance, one may want to try X/ = Y; +Y; 11 since X; tends
to X/ as i tends to infinity and the integer lattice Zx+ coincides with the original
one. But, in X’ = (X/)$°, the matrix A’ representing (¢ )¢>0 has

1 . 1 ‘1
[ A— [ —1 . .
a;; =1+ 52 7 and aj ;= (—1)7 <z i + E ],—2> for j > 1,

2

which is not easy at all to interpret. Developing a theory to study this kind of
examples appears to be a real challenge. For instance, although we strongly sus-
pect that the present Gaussian semigroup ()0 is singular with respect to Haar
measure for all ¢ > 0, we have no proof of this fact at the present writing.

3. SPACES OF SMOOTH FUNCTIONS

3.1. The spaces C%. Any left-invariant vector field Z € & generates a one pa-
rameter group ¢ — e'Z in G. By definition, a function f : G — R has a derivative
at x in the direction of Z if

tZy 5
Zf(x):%j_{%wz 5 (metz) _

exists. For Z; € &, Zy --- Z f(x) = Z1[Zs - - - Z f](x) is defined inductively and we
set
Dif(Z1,..., Z1) = Z -+ Zi f (x).

For instance, for all € G, any function f in B(G) has a derivative at z in any
direction Z € & and DF f is a k-linear form on &.
The proof of the following classical statement is left to the reader.

Lemma 3.1. Let u be a continuous function and Z € &. Consider u as a Bruhat
distribution and assume that the Bruhat distribution Zu can be represented by a
continuous function v. Then u has a continuous derivative Zu in the direction of
Z and Zu = v.

Fix a projective family X = (X;);es of . Let N=1{0,1,2,...}. For any k € N
and any £ € I*, consider the seminorms on B(G) defined by

(3.1) Nﬁ(f)ZIIXZfHoo:SgplXZfI, tel.

Definition 3.2. Let C°(G) = C(G) be the set of all continuous functions on G
and, for each k = 1,2,..., let C% be the linear space of all continuous functions
f: G — R such that, for each o < k and each i € I*, Xf = X;, ... X;_f exists
and is a continuous function on G. The space C% is equipped with the topology
defined by the family of seminorms N%, £ € I™, m =0,1,..., k. Set also

cx =()ck
keN
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equipped with the seminorms N§(, (el k=0,1,2,....

Recall that the left and right convolutions of a function f € C(G) and a measure
u are defined by

o flz) = /G F 2)dply), f () = /G Flay ™ )dp(y).

With this notation, the semigroup of operators (Hy)¢~o associated to a Gaussian
convolution semigroup (it )¢~ on G is given by Hyf = f* ji; where ji(B) = u(B~!)
for any Borel set B and any Borel measure p. If p is central, i.e., u(a~'Ba) = u(B)
for any Borel set B and any a € G, then fx pu = p* f. Thus, for any symmetric
central Gaussian semigroup (u¢)tso, Hef = f % e = pe * f.

The following proposition gathers some properties of the spaces C%. See, e.g.,
[10).

Lemma 3.3. Fiz a projective family X and k =0,1,2,....

1. For any Borel measure p of total mass ||y,

Vielk, X u*fllo < IullXfllo-

2. Let ¢, € LY(Q), ¢y, — c. Then, for any f € C%, fn = ¢n * f converges to f
in C%.

3. B(G) is dense in C% .

C% is an algebra for pointwise multiplication.

5. Let E C C(G) be such that, for any projective basis Y, E C C°. Then
E C B(G).

3.2. The spaces S%. Fix a projective family X = (X;). For f € B(G), set
1/2

=~

|D];f|X: Z |D];f(X[1,X[2,...,ng)|2
(€1,02,....0,)ETF

Consider also the function |D¥ f|x : G — [0, +00] defined by
= [DVflx (2) = | Dy flx
and set
(32) D" flxlloe = sup (D7 I}, SX(f) = sup 1D flx .

Definition 3.4. Given a projective family X = (X;), let S% be the closure of B(G)
for the norm S%(f). Let S be the space

Sg=)sk

keN

equipped with the topology defined by the family of seminorms S%, k =0,1,2,....
The spaces S% have the followig simple but remarkable property.

Proposition 3.5. Let X = (X;); and Z = (Z;); be two projective families such
that Y2, X7 =32, Z7 on B(G). Then, for each k,

VfeB(G), |D"flx=|D"f|z.

In particular, 8% = S%.
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Proof. It suffices to show that for any f € B(G),
IDEfIX = |DEfIZ-
We can assume without loss of generality that these two families X, Z, are indexed

by the same countable set I. We can also assume that X is extracted from a
projective basis (X;)iez. Set L =—>", X? = — >, Z2. By (24), we have

(3:3) Vig€B(G), T(f,9)=> XifXig=> ZifZg.
I I

Moreover, each X;, Z; belongs to H(L) and, by Lemma X is a basis of the
Hilbert space H(L). Thus there are coefficients b; ; such that
Viel, Zi=> bi;X;.
jeI
As in the proof of Lemma 2], observe that for any sequence £ = (&;) with finitely

many non-zero entries we can find a function f € B(G) such that X, f(e) = & (here
we use the independence of the family X). Thus, (33) yields

VECERD, N 66 =D binbimbnlm.
I

i n,m
That is
(3.4) VYn,m eI, Y binbim = 0nm
i
where 6, ,, = 1 if n =m and 0 otherwise.
Now, write
Z |Zéf|2 = Z Z by ny bt bty my - by XX f
Lelk Lelk nmelk
= D X
nelk

where the last equality uses (84)) for each (nj,m;) € I x I. O

The following proposition gathers some important properties of the spaces S%.

Proposition 3.6. Fiz a projective family X = (X;)r.
(1) Let p be a Borel measure of total mass ||| = |u|(G). Then
VfeSk, Sk(uxf) < |ullSk()-

(2) A function f is in S¥ if and only if, for any £ < k and j € I*, the functions
x+— XJf(x), and x — |D.f|L exists and are continuous on G.

(3) Let ¢, € LYG), ¢n — e as n tends to infinity. Then, for any function
f € Sk, the sequence f, = ¢, * f converges to f in S¥.

(4) The spaces S¥ are algebras for pointwise multiplication and, for any f,g € S¥,

[D(fg)lx < 4" sup{|D" f|x} sup{|D"g|x}.
n<k n<k
Proof of (1). For any f € B(G) and £ € I™,

(3.5) X (ux f)() = /G X f (g 2)du(y).
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Minkowski’s inequality and (3H) yield

ID?W*fNXE{KJDﬁmfhﬂMMOSHMWDmfhﬂm

for any integers m. The desired conclusion follows. O

Proof of (2) and (3). Assume that f € S%. Then, for each m < k and each ¢ € I™,
the function X‘f is continuous as the uniform limit of continuous functions. The
function

|DY flx @ DY flx

is also continuous as the uniform limit of continuous functions. Indeed, if f, — f
in 8% and f,, € B(G), z — |D™ f,|x is a continuous function since it is, in fact, a
finite sum of continuous functions.

Keeping the same notation, assume now that f, X*f, |D™ f|x are continuous
functions. Let ¢, € B(G), ¢, — d. and set f, = ¢, * f € B(G). Note that

K:sup/ | |dv < 400.
n Ja

By a classical argument X*f,, = ¢, *[X*f] tends to X*f(x), uniformly in G. As x
| D2 f|x is continuous, Dini’s theorem shows that the partial sums Y, ; [ X f(2)|?
converge uniformly to |[D™ f|3 as the finite set J C I™ increases to I™. Hence, for
any € > 0 there exists a finite set J such that

Ve eG, Z X f(2)]? <e
LeJje

1/2 1/2

sup Z | X fo () < K sup Z | X f ()2 ,

z€G jeJe z€G jeJe

we obtain

DI (fu = )5 <D IX (o= H@)P + 1+ K)e.

JjeJ

This shows that S%(f, — f) — 0. Hence, f belongs to S% as desired. The same
line of reasoning proves (3). O

Proof of (4). For f,g € B(G), and i € I"™, m < k, write

X'(fg)= Y XVfX"g

66{0,1}"”

where € is the “complement” of € obtained by adding 1 modulo 2 to each coordinate
and

X=X X Xjh=Xh, X)h=h.
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Thus, setting |e] = >"7" €,

MIX P < 2 > DX PP

iem e€{0,1}m ieI™
= 2 Y IP YD 1XgP
e€{0,1}m \jerlel jerlel
<

4™ sup {ID"fI5} Sgp{anglgc}

Now, if fn,gn € B(G) and f, — f, g» — g in S%, it easily follows from the
inequality above that S% (f.gn — fg) — 0. This proves (4). O

3.3. The spaces 7}* associated with bi-invariant L. Now let L be the infinites-
imal generator of a symmetric central Gaussian semigroup (u¢)¢>o. The hypothesis
that (u¢)¢>0 is central is equivalent to the fact that L is bi-invariant. This section in-
troduces some spaces of smooth functions precisely adapted to L. Let X = (X;);er
be a projective family such that (such a family always exists by Lemma [2.4))

L=-) X}
icl
By Proposition B3] we can denote the spaces S5 by S¥ since they depend only

on L. In fact, when L is bi-invariant, one can describe S¥ intrinsically as follows.

Recall that the iterated gradient I';, is defined recursively for n =1,2,3,..., by
1
Fn(fv g) = 5 (_L]-—‘nfl(fv g) + ]-—‘nfl(fa Lg) + anl(Lf7 g))
with To(f,g) = fg. See [11125] and the references therein. Higher iterated gradients,
are difficult to compute in general but, since L is bi-invariant, we have

VIgeBW@), Tulf,e)= Y.  (Xe - Xe, /)Xo, -+ X, 9)-
([1,“.,[”)61"
In particular |[D"f|% =T, (f, f) and we set
|D"f[7, = |D" f|% = Taulf, f)-
Now, for two integers n, m, define w(n,m) = n + 2m and set, for any f € B(G),

(3.6) M(f)=sup sup {|DIL™f|.}.
A

Definition 3.7. Given a symmetric central Gaussian semigroup (4t )¢>0 on G with
infinitesimal generator —L, let 7/ be the closure of B(G) for the norm MF(f).
Define 77, = 7° to be the space

T = ﬂ TLk
kEN
equipped with the topology defined by the family of seminorms M¥ k =0,1,2,....
Note that, if X = (X;) is a projective family such that L = —_ X2, we have
B(G)c Tf c Sk cck cc(@).

Proposition [0 has an exact analog concerning the spaces 7. For instance, these
spaces are algebras for pointwise multiplication. See [I1]. For the purpose of the
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present paper, we only need to record the following alternative description of 7.
The proof is entirely similar to that of Proposition B.6/(2).

Proposition 3.8. A function f is in T} if and only if, for any pair of integers
(n,m) with w(n,m) < k and j € I"™, the Bruhat distributions X’ L™ f can be
represented by continuous functions and x — |DZL™ f|r is continuous on G.

4. HEAT KERNEL DERIVATIVE ESTIMATES

4.1. Gaussian estimates for derivatives. Fix a central symmetric Gaussian
semigroup (pt)+>o on G with infinitesimal generator — L.

Definition 4.1. Let p : G x G — [0,+00) be a bi-invariant continuous distance
function on G and set p(x) = p(e,x). We say that p is adapted to L (equivalently,
to (pt)e>0) if it has the following property: for any non-negative function ¢ € B(G)
such that [ ¢dv =1, p x ¢ satisfies

T(px g, pxd) =Y | Xi(pxd)* <1,

Examples will be given in Section

Theorem 4.2. Let (uut)i>0 be a central symmetric Gaussian semigroup on G with
infinitesimal generator —L. Let X = (X); be a projective family such that —L =
Dier X7
1. Assume that (ut)e>0 satisfies property (CK). Then, for all t > 0, the contin-
uous density x — p(x) of the measure py belongs to Tr,.
2. Let p be an adapted distance. Assume that (u:)i>o satisfies (CK). Assume
further that there is a positive decreasing continuous function M(t) and a
constant By > 0 such that

Byt
Then, for any (k,n) € N2, there exist positive constants A, B,C,a such that

Vte (0,1), Vz € G, u(x)<exp (M(t) - p(]?)Q) :

2
Vte (0,1), VoG, [DEL"ulp <Ot exp (AM(at) _ %) ,

Proof of “uy € Tr,”. We start with the following simple lemma.
Lemma 4.3. For any f € B(G),

)
[ sk = [ 10*sizan

Proof. To see this observe that

[rasna = [ A3 xzs i

icl
= 3 [axat i =3 (XA
il iel
The lemma follows by induction. [l

Remark 4.4. The lemma above depends heavily on the fact that L is central, i.e.,
commutes with any left-invariant vector field. In general, the correct statement is
in terms of iterated gradients. Namely, [ f(L*f)dv = [Ty (f, f)dv. See [25].
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Lemma 4.5. Let (ut)i>0 be a central symmetric Gaussian semigroup on G satis-
fying (CK). Then u; € Ty, and, for any pair of integers (n,m), we have

2 @) /2
D2zl <o (1) st

Proof. As B(G) is dense in the L?(G, dv)-domain D3 of L*, the identity of Lemma
extends to any function in D2¥. In particular,

I1D™ L™ el 13 = /(Lmut)(L”mut)dV = 1L 2 13-

Let H; = e ' be the semigroup of operators defined at (II). Then, for any
€ L*(G,v),
2| LV2H, f|l3 = 2(LH. f, Hef) = =0, Hi f I3

is a non-negative decreasing function. As

t
2 / (LHLf, 1. f)ds = |f1 — | H. /]2
0

it follows that
2t|LY2H, f1|3 < || £113-

1/2
LY2H, s < (& ”
-\ 2t

In other words,

By the semigroup property, this implies

1\ R/
LF2H, a0 < [ =
| tll2—2 < (215)

and
IL¥ 2l = NEMPHE o < L2 Hypol3 ol Hypoll3 e

(%)kuxe).

Finally, for any integer p, ¢, we obtain

+q
p+q\’
D7l = 120213 < (2E0) " o

IA

t
To prove Lemma L, use the semigroup property once more and write
IDRL™ |7 = Z |X£Mt/2 *Lth/2($)|2
EEIN
2
= 3 | Xl DL al)avty)
ee]n
< Z”Xéﬂt/z”%”Lth/QH%
EEIN

n+2m
= D el I el <t (3) et
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To see that x — X‘L™f(x), £ € I", and x — |DPL™ f|, are continuous, observe
that both [X*L™ f(x) — X*L™ f(y)|* and || D2L™ |1, — |D8Lmut|,;‘2 are bounded
by

m 2
S XL gy pega (@) — X pigga # pe2 ()]

Lein
2
< 3 ([ IX TN atez) st ) ans)
Leln
< WD L pgalu B swp (=) = sl

This, together with finiteness of |||[D™L™ ;5|1 |l2 and uniform continuity of the
density s, shows that z +— X L™, (), £ € I" and & — | D? L™ 14|, are continuous.

O
Clearly, Lemma .5l shows that u; € 7. O

Proof of the Gaussian upper-bounds. We start with the following lemma.
Lemma 4.6. Under the hypothesis of Theorem B2, we have

2
Vte(0,1), Ve ed, |Lu(x) < (18)°klt " exp (M(t/2> - _2%@ ) '
0

Proof. After observing that (—L)¥u; = 0Fpus, this follows from the hypotheses
and [I7, Theorem 4] by taking y = e, 6 = 1/2, ¢ = 1/9, a = b = exp(M(t)),
¢ = exp(—p(x)?/[Bot]) in that theorem. O

Thus we are left with proving the corresponding bounds for

|IDEL"ps|p, k=1,2,..., n=0,1,....
We claim it suffices to prove that, for any £ = 0,1,..., n = 0,1, ..., there exist
positive constants A, a, B, C' (depending on (n, k)) such that

(4.1)
Va>0, Yte (0,1), [e*|D*L"u|r]lo < Ct™" %2 exp(AM (at) + Ba?t).

Indeed, given (ETl), write
|DEL™ iy |, < Ct"7F/2 exp(AM (at) + Bat — ap(z))
and choose a = p(x)/[2Bt]. This yields

n e p()*
|DEL™ | < Ot % 2 exp (AM(at) ~ 1Bt )

as desired.
Next, we claim that it suffices to prove that, for any £k =0,1,..., n =0,1,...,
there exist positive constants A, a, B, C' such that

(4.2) Ya >0, Yte (0,1), [|e*|D*L u|r|ls < Ct™" %/ exp(AM (at) + Ba?t).
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Indeed, assuming that (Z2) holds and using the triangle inequality p(x) < p(y~ta)+
p(y), we have

2o DAL
2

—1
< > / [e"”‘y ”)X‘L”ut/z(y‘lx)} [e“”(y)ut/z(y)} dv(y)
Lelk
ap|Nnkrn 2| ,ap 2
< (e [DEL g po| L3 1€ pae 2 13-

By the postulated Gaussian upper-bound on p; and the elementary inequality

2 th
(4.3) Vaibtp>0, ap— <=

we have

o 042B()t
e put/znzs(exp(mann : )

Thus ([@2) implies (@) as claimed.

In order to prove ({Z) we will proceed by induction on k. By Lemma and
#3), the upper-bound (42) is satisfied for & = 0. Assume it is satisfied for some
integer k. Fix a non-negative function ¢ € B(G) and let ¢ = ¢ * p. Then write

/62ag|Dk+1Ln,LLt|2Ldl/ = Z /€2ag|X£Lnﬂt|2dV
ZEIk+1

= > Y /62a9|XiXZLnut|2dl/

i€l eIk

= -2 / (1X:€2°0) (X L™ 1) [ X X L™ ]

i€l eIk
+ 2 XL ) [X2X L™ py]) dv

= 203 [ (i) (XX L )| XL

Lerk

+> / X L 1y ) [LX L™ i) dv
Lerk

IN

2 Z /620‘9 <Z |Xig||XiXZL”ut|> | XEL™ 1y dv
i

Lerk

£ [ X el
7=
(4.4) = 20E; + B

Note that to obtain the formula which gives Es we have used the fact that L
commutes with any left-invariant vector field. Next, recall that our hypothesis on
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p implies that >, |X;0|*> < 1 and write

By = Z/ehg <Z |Xi9||XiXZLth|> | XL g |dv

lelk
1/2
< /GZGQZ <Z |XiX€Lth|2> |X€Lnut|dl/
Lerk 4
1/2 1/2
< /620(9 Z Z|X1X€Lnﬂt|2 Z |X€Ln‘ut|2 dy
Lerk 1 Lelk
1/2 1/2
< / Z | XOL" e [P dv /@4(”) Z | XOL" e P dv
LeIk+1 LIk
(4.5) < IDML el |21 €2* 2 DL | |2
To bound FEy, write
(4.6) By < [|e®¢|DPL" | |2 e¢| D L™ | |2

By (#4), @35), (&6), the induction hypothesis and Lemma [£5, we obtain
e*? DL )3 < 2a[[DFFEL" e ||al|€* ¢ DL pue | 2
+H e[ DL e |alle*?| DF L™ e |2

< O(1+2at'/?)t= 2= Lexp (AM (at) + Ba’t)
< 't Flexp (AM(at) + B'a’t).
This finishes the inductive proof of (:2)) and the proof of Theorem O

4.2. Examples of Gaussian estimates. Let us fix a symmetric central Gaussian
semigroup (pt)e>0. Given a A > 0, we say that (ut):>o satisfies (CK\) if property
(CK) holds and the continuous density u:(z) satisfies

(4.7) k= sup {t*logus(e)} < +oo.
0<t<1

In order to apply Theorem 2] we need to have some basic Gaussian estimates for
the density u:(z) of our Gaussian semigroup in terms of some bi-invariant distance
adapted to L. The next definition provides adapted distance candidates.

Definition 4.7. Given a symmetric Gaussian semigroup (g¢);>0 on G with infini-
tesimal generator — L, we set

d(x,y) = dp(z,y) = supf{[f(x) = f(y)| : f € B(G), T(f,f) <1}

and

These quasi-distances are called, respectively the intrinsic distance and the relaxed
distance associated with L.

The distances d and § are not necessarily adapted because it may happen that
they are not continuous. However, if d (resp. ) is continuous, then it is not hard
to show that it is adapted. Indeed, if d (resp. J) is continuous, then it satisfies
I'(d,d) <1 (resp. I'(6,0) < 1) almost everywhere.
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Gaussian estimates involving either the intrinsic distance d or the relaxed dis-
tance 0 introduced in Definition @71 have been obtained in [6] under various hy-
potheses. We now recall these results which are crucial in the sequel.

The following result is taken from [6), [7].

Theorem 4.8. Let (ut)i>0 be a symmetric Gaussian semigroup satisfying property
(CK) and let x — p(x) be its continuous density.
(1) Assume that (u)e>0 satisfies (CKx). Then the relazed distance § is a contin-
wous distance function which defines the topology of G and

o(x)?
Vte (0,1), Ve e G, p(x) <exp|M(t)— ol
where M satisfies }in(l) tM(t) = 0.

(2) Fiz A € (0,1). Assume that (p)e>o0 satisfies (CKA). Then the intrinsic
distance d is a continuous distance function which defines the topology of G
and

2
Vte (0,1), Ve e G, p(z) <exp (té/\ - d(gg ) .

Let us comment that, in Theorem FZ[1), the intrinsic distance d might well be
equal to 400 almost everywhere in which case no Gaussian estimate involving the
intrinsic distance can possibly hold. Thus the relaxed distance plays a crucial role
in this case.

Applying Theorem 2] and the above result we obtain the following corollary.

Corollary 4.9. Let d,é denote the intrinsic and relaxed distances, respectively.

(1) Assume that (pt)i>o satisfies (CKx). Then, for each fized k and n there exists
C = C(k,n) such that
krn 6(x)2
VtG(O,l), VfEeG, |DIL ut|L§exp M(t)—w
where M satisfies }in(l) tM(t) = 0.
(2) Fiz A € (0,1). Assume that (pt)e>o satisfies (CKA) and let k be as in ().

Then, for each fized k and n there exists A = A(k, A\, k,n) and C = C(k,n)
such that,

A d(z)?
krn
vte (0,1), Ve € G, |D;L"u|r <exp (t_)‘_ o)

In terms of potential theory, the importance of condition (CKx) and of the
Gaussian bound stated in Theorem E.R(1) is that it implies that

(4.8) lim sup pe(x) =0
t—0,cK

for any compact K which does not contain e. See [4,[5,[6] where we call this property
(CK#). The next corollary gives a bound on the Green function g = fooo e~ tudt.
As defined, g is a measure. In [§], it is proved that g is absolutely continuous w.r.t.
Haar measure and admits a continuous density on G \ {e} if and only if property
(CKx) holds true. In this case, we denote by z +— g(x) the continuous density of
g on G\ {e}. The following result easily follows from the bounds of Corollary FZ9]
The proof is omitted.
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Corollary 4.10. Let (pt)t>0 be a symmetric central Gaussian semigroup.

(1) Assume that (put)eso satisfies (CKx). Then, for any function ¢ € B(G) with
support in G\ {e}, ¢ g belongs to T,. In particular, for any integers n,m and
j € I™, the Bruhat distribution X7L"g can be represented in G\ {e} by a
continuous function.

(2) Fiz A € (0,1). Assume that (pu)e>0 satisfies (CKX). Then, for any fized
integers m, m, there exists a constant C' such that

VeeG\{e}, log(|DIL ) < Cd(x) Tx.

In [T1], in order to study hypoellipticity questions, we will use the following
result which is in the same spirit as ([8). For each Q C G and f € T, set

Mp(Q, f)=sup sup {|DFL™f|L}.
TEQ (n.m)eN

w(n,m)<k
Corollary 4.11. Assume that (jit)e>0 @S a symmetric central Gausssian semigroup
satisfying condition (CKx). Then, for any compact set K with e ¢ K, any integer
k, any o > 0, there exists a constant C' (which depends on (ut)i>0, K, k and o)
such that

sup {t~7 M (K, u)} < C.
t€(0,1)

Proof. Under condition (CKx) the relaxed distance is continuous and defines the
topology of G. As K is compact and does not contain e it follows that inf 5 d(x) > 0.
The desired result thus follows from Corollary 9] |

Example 4.12. Let G = T = R/27Z where R = R™ and Z = Z®, as in the
example of Section 23 Write T = (R/27Z)> as an infinite product of circles and
consider the projective basis Y = (¥;){° where Y; = 0; is identified with partial
differentiation in the i-th coordinate. For any sequence a = (a;), a; > 0, let (1§ )¢>0
the symmetric Gaussian semigroup with generator —L = Y a;0?. Set N,(s) =
#{i:a; < s}. Then, (uf)e>o satisfies (CKx) if and only if N,(s) = o(s) as s tends
to infinity. For any fixed A > 0, (uf);>0 satisfies (CK)\) if and only if N, (s) = O(s*)
as s tends to infinity. See [2,[3,[6]. Thus, assuming that N,(s) = O(s*) at infinity,
for some X € (0, 1), Corollary B9 gives the following bound on the first order spatial
derivatives:
2
Vte (0,1), Vo €T, zi:ai|8iuf(x)|2 < exp <At)‘ - %) .

Example 4.13. Keeping the notation of Example EET2] consider an increasing se-
quence b = (b;) of positive numbers. Set

by b1 b1 b1 b1 by
by by by by by Do
by by b3 b3 b3 b3
by by bz by by by
by by bz by bs bs
by by bz by bs bg
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This generalizes the matrix A; of the example of Section which corresponds
to b; = ¢ for all ¢. Thus, A = (a;;) with a;; = min{b;,b;}. Set X; = ijiYi'
Then the family (X;)$° is a projective basis of the Lie algebra R of T. Moreover, as
observed in Section[2.3] Zx = Z so that T is in fact the direct product of the circles
given by the one parameter subgroup generated by the X,’s. Let (u)i>0 be the
symmetric Gaussian semigroup with infinitesimal generator —L = Ei’ ;@i YiY;.
In the basis X, we have —L = ZiuiXiQ where u; = by and u; = b; — b;_1 for
i > 2. Thus (ut)r>o satisfies (CKx) if and only if #{u; < s} = o(s) at infinity.
For instance, this is the case if b; = i2log(1 + 4). (u¢)i>0 satisfies (CK)) if and
only if #{u; < s} = O(s*) at infinity, e.g., if b; = i't'/*. Corollary I3 gives
Gaussian upper-bounds for derivatives in the directions of the basis X but, since
0; =Y; = X; — Xiy1 € Hy, one easily deduces Gaussian bounds in the directions
of the basis Y. For instance, assuming that b; = i'*/* for some fixed A € (0,1),
we obtain

Ct
Example 4.14. A compact connected group is semisimple if it is equal to its com-
mutator subgroup. See [2I]. For any semisimple group G, there exists a family
(Xg) of compact connected simple Lie groups, and a closed central subgroup H of
¥ =[] 2k such that G = ¥/H. Since we assume that G is metrizable, the family
(k) is countable. The center of ¥, being a product of finite groups, is totally
disconnected. Thus, so is H. It follows that ¥ and G have the same Lie algebra
(see [8]). The infinitesimal generator —L of any given symmetric central Gaussian
semigroup (u¢)e>0 on G has the form —L = )" ap Ay where ax, > 0 and Ay is the
Laplace-Beltrami operator of the canonical Killing metric on X, (i.e., the Casimir
operator). Let also |V f|r denote the length of the gradient in the Killing metric
on Y. In what follows we assume that L is not degenerate, i.e., ap > 0 for all k.

Set
N(s) = Z ng

ap<s

2
Vi, Vte (0,1), Vo €T, ' du(x)| < exp (At’\ - ) :

where ny, is the topological dimension of Xj;. Then (u:):~o satisfies (CKx) if and
only if N(s) = o(s) as s tends to infinity. It satisfies (CK\) if and only if N(s) =
O(s*). See [, B]. Assuming that N(s) = O(s*) for some A € (0, 1), we obtain that

d 2
S a Vi (@)]2 < exp <AM - %)
k

and similar estimates for higher derivatives.
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