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RANDOM POINTS ON THE BOUNDARY
OF SMOOTH CONVEX BODIES

MATTHIAS REITZNER

ABSTRACT. The convex hull of n independent random points chosen on the
boundary of a convex body K C R? according to a given density function is a
random polytope. The expectation of its i—th intrinsic volume for i =1,...,d
is investigated. In the case that the boundary of K is sufficiently smooth,
asymptotic expansions for these expected intrinsic volumes as n — oo are
derived.

1. INTRODUCTION AND STATEMENT OF RESULTS

Approximation of d-dimensional convex bodies by random polytopes has been
considered frequently in stochastic geometry. Most of the investigations concentrate
on random polytopes with vertices chosen in the interior of a given convex body.
However, the approximation is improved if the vertices of the random polytope lie
on the boundary of the convex body. Thus in this paper we investigate random
polytopes with vertices chosen according to a density function concentrated on the
boundary of the given convex body. To determine how well the random polytope
approximates the convex body, the expected value of the difference of the i—th
intrinsic volume V; of the convex body and the random polytope is used, i =
1,...,d. Here, for instance, Vj; is the volume, 2V;_; the surface area, and V; is a
multiple of the mean width. Since — except for special cases (cf. [6], [I2]) — explicit
formulae seem to be out of reach, we are interested in asymptotic results as the
number of vertices of the random polytope tends to infinity.

Let ICﬁ denote the set of convex bodies, i.e., compact convex sets, in R?, with
boundary of differentiability class C* and everywhere positive Gaussian curvature.
Fix K € ICﬁ, and choose points Py, ..., P, randomly, independently, and accord-
ing to some density function dx on the boundary of K. We call the convex hull
[P1,...,P,] arandom polytope.

For any convex body K the expected value E, (V;) of the i—th intrinsic volume
of [Py,...,P,] tends to V;(K) as n tends to infinity, and the shape of the boundary
of K determines the asymptotic behaviour of V;(K) — E,(V;). If K € K2, the
boundary of K is determined by the principal curvatures ki(x),. .., kq—1(z) of K
at z. To state our results we need the following notions: denote by H;(z) the j-th
normalized elementary symmetric function of the principal curvatures of K at x;
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thus Ho(z) =1 and

(1) H(z) = ( d—1 >_1 S k@) k(@)

J 1<iy < <ij<d—1
In particular, Hy_1(x) is the Gaussian curvature and H;(z) the mean curvature of
K at z. In Theorem 1 we prove that for K € K% the difference V;(K) —E,(V;) is of
order n=2/(@=1 for = 1,...,d, thus solving a problem of Schneider (Problem 9.1.4
in [23]).

Theorem 1. Let K € ICi, Denote by E,(V;), i = 1,...,d, the expected i—th
intrinsic volume of the convex hull of n random points on 0K chosen independently
and according to a continuous, positive density di (x). Then

2)
Vi(K) — En (V) = 5 / i ()1 Hyoy(@) 77 Hy_s(a)da 0”77 40 (n=77)

(4,d)

as n — 00. The constant c;”™’ only depends on ¢ and on the dimension d.

If K is sufficiently smooth even more can be proved: we extend (2)) to an asymp-
totic expansion for V;(K) — E,(V;) as n — oc.

Theorem 2. Let K € ICTFI, k > 2. Choose n random points on 0K independently
and according to a positive density dig € C*~1 with uniformly bounded derivatives
up to order k — 1. Then

Vi(K) —Eo (Vi) = e V() n~ 71 + ¢ < yn~
+oe b Y (K)n T o(*’“f‘i)

as n — oo. If d is even, then cgmd)l(K) =0 form < £, and if d is odd, then
i) (K) =0 for allm
Com=—1 - .

In principle the coefficients c( ¥ )( K) in this expansion can be given explicitly:

cp(K) = [ fioD(x)dx
OK
with suitable functions £\ )( ). For each z € 9K these functions f, G )( ) depend
on expectations of weighted volumes of random simplices in the indicatrix of K
at . The weight functions are determined by the radial function of K. But, for
m > 3, there is no simple representation for the coefficients cg{d) (K) similar to the
representation of the coefficient c( ' )(K ) given in Theorem 1.

For convex bodies of class IC°° Theorem 2 yields asymptotic series expansions
for E,(V;) as n — oc.

For i = 1 and i = d asymptotic formulae for V;(K) — E,,(V;) as in Theorem 1
are already known: for K € K3 Buchta, Miiller and Tichy [6] (for points chosen
uniformly from 9K') and Miﬂler [1 ’%] (for arbitrary densities dg (z)) determined the
asymptotic behaviour of V;(K) — E,(V1):

(3) W(K)- d)/d —a Hd_l(at:)ﬁ dz n~ o1 —l—o(n_%)
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asn — 00, where cél’d) is a given constant depending on d. This result was extended
to convex bodies K € ICi by Gruber [8], who in the same paper also proved the
case i = 1 of Theorem 2. Miiller remarked that by Holder’s inequality the integral
occurring in (@) attains its minimum for the density

Hy o (z)@
d

[ Hq—1(x)™7 dx .
oK

an(z) =

In the planar case Schneider [21] showed that, with probability 1,

nler;onz(‘ﬁ( Y =Vi([Py,. .., Pn /dK V2H, ()% dx,
Jim 02 (V) — Val(Pry .. Pal) = 5 [ duco) 2 Hi (o) ds
OK

for K € ICi. Using Holder’s inequality, Schneider determined those densities
din(z) which minimize the integrals. In the special case that K is the d—dimen-
sional unit ball and dx = 1 the asymptotic behaviour of V;(B%) — E,, (V;) is already
known for all ¢ = 1,...,d: Miiller [14] for ¢ = d — 1,d, and Affentranger [1] for
general 3.

Recently Schiitt and Werner [25] proved that

(4)  Va(K) —E,(Va) = ™ / A" Haor(a) 77 do 0”77 40 (n=77)
OK

as n — oo for arbitrary convex bodies K € K only fulfilling some weak regularity
conditions on the boundary of K. Here C(Qd’d) is a given constant depending only
on the dimension d, and Hy_1(z) denotes the generalized Gaussian curvature of K
at z. Using Holder’s inequality, they deduce that the integral attains its minimum

for

Hd_l(l‘)ﬁ
1

[ Hy 1 (2)TT d
K

apn(e) =

We determine those densities which minimize V;(K) — E,(V;) for i € {1,...,d}
as n tends to infinity. Choose n random points on the boundary of K independently
and according to the density function

dmm( ) _

Then by Theorem 1
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as n — o0o. On the other hand, for an arbitrary density function dg(z) with
/. arc Arc(z) dr =1, it follows from Holder’s inequality that

%

l—1
aF1
d—1

/ ()T Hy 1 ()77 Hy o(2)dz | > / Hy 1(2) T Hyi(2) 55 (2) da .
OK oK

This implies that the right hand side of (@) is minimized if the density function
di () is equal to d 2" (x).

Surveys on random polytopes and related questions are due to Affentranger [1],
Buchta [5], Schneider [21], [23], and Weil and Wieacker [26] (section “Random
points in a convex body”). In a recent survey article by Gruber [9] approximation
of convex bodies by random polytopes is compared to approximation by ‘best ap-
proximating’ polytopes. For results corresponding to Theorems 1 and 2 for random
points chosen in the interior of a convex body, see Bardny [3], Bardny and Buchta
[4], Schiitt [24], and also [15].

2. FORMULAE OF BLASCHKE-PETKANTSCHIN TYPE

The use of the Blaschke-Petkantschin formula (cf., e.g., Santalé [19], I11.12.3)

// dP, ---dP,
K K

_ / / / o (d= D)V ([Ps, ..., Pi])dP, ---dPydH

HeH(d,d—1) KNH KnNH

()

is standard in papers dealing with the convex hull of random points in a given
convex body K. It relates the d-dimensional volume elements dP; of the points
P; € K to the (d — 1)-dimensional volume elements dP; of points P; € K N H,
where H is a random hyperplane in R?. (Throughout this paper we denote by dP
the j—dimensional volume element corresponding to the j—dimensional Hausdorff
measure on a given space. The space itself, and thus its dimension, and thus the
precise meaning of dP, is determined by the range of integration.) The differential
dH corresponds to the suitably normalized rigid motion invariant Haar measure
on the Grassmannian H(d,d — 1) of (d — 1)-dimensional planes. The hyperplane
can be parameterized by its unit normal vector v € S9! and its distance h to the
origin. Denoting by du the element of surface area on S?~!, we have dH = du dh.

In this paper we need an analogous formula for points distributed on the bound-
ary of a given convex body. A theorem which involves such a formula as a special
case has been proved by Zahle [28]. Using our notation, it reads as follows:

[ [ arar -
OK

OK
d

c(d =1V ([Pr, ..., Pd)) HlH(Pj)dpl .. dPydH

HeH(d,d—1) OKNH OKNH j=1

with suitable functions Iy (P;). Such a formula cannot hold if the boundary of K
contains a flat part, because with positive probability the affine hull of the random
points Py, ..., Py would coincide with the affine hull of the flat part on the boundary
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of K. Thus the formula proved by Zahle contains an additional factor vanishing in
this case. We avoid such a situation by assuming that K € Ki.

Lemma 1 (Zahle [28]). Let K € K2 and let g(Py,...,Py) be a continuous func-
tion. Denote by H(h,u) the hyperplane with unit normal vector v € S%1 and
distance h to the origin. Then

/"'/Q(th,Pd)dPr"de

oK oK
0o

:/ / g(Pr,... Py (d—1)Vy y([Py,..., Pa])

u€Sd-1 h=008KNH (h,u)  OKNH(h,u)
leH(hu) N dPy - --dPydhdu

with
Ui (h,u) (Pj) = [1Proj g nuynx (Pl

where ng (P) denotes the outer unit normal vector of K at P and projy the or-
thogonal projection onto the hyperplane H.

Remark. A direct and elementary proof of Lemma 1 can be given along the following
lines. Define

d
I(g)=/"'/g(P1,---,Pd) T lprojenw (P dP, - - dP
j=1

K K
where H = H(Py,...,P;) denotes the hyperplane which is the affine hull of
Py, ..., P; and dP denotes the (d — 1)-dimensional element of surface area. For a

point P ¢ K we denote by P the point in K nearest to P, i.e., the unique point
with |P — P| = anl}ré |P — @Q|. Steiner’s formula implies that
€

d
. 1 _ _
Z(g) = lim (E) / / g(Py,.... Py
(K+eB\K  (K+eB)\K
d
x [ llprojunw (Py)|| dPy - - dPa,
j=1
where — as indicated by the range of integration — d P now denotes the d—dimensional
volume element. We apply the Blaschke-Petkantschin formula () and obtain

Z(g9)=

113%() // / / o(Prs..., P2)

weSI-1h=0 ((K+eB)\K)NH(hu)  ((K+eB)\K)NH(hu)

X H [proj s (hwynr (Py)l| (d—=1)!'Var([Py,. .., Pa]) dPy - - - dPy dh du,
j=1

where dP denotes the (d — 1)-dimensional volume element in H(h,u).
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Each point P; € ((K+eB)\K)NH (h,u) is determined by the point in KNH (h, u)
nearest to P; and its distance ¢(P;) to 0K N H(h,u). We denote by Ay ) (FPj)
the length of the intersection of (K + ¢B)\K with the line in H(h,u) containing
P; and orthogonal to 9K N H(h,u). Then 0 <t = t(P;) < Ag(p,)(P;), and using
a generalization of Steiner’s formula for (K + eB) N H(h,u) (cf. Sangwine-Yager
[18]), the continuity of the integrand implies

Z(g) = lim 7 / /

u€S4=1 h=00KNH (h,u) OKNH(h,u)
9(Pry.. Py (d— D)!Var([Py, ..., Pa])

d XH (h,u) (P5)
< I [ " Iprojmn.wnx (P))] / dt | dP,---dPydhdu.
j=1 0
Since
At () (Pj) < €llproja(nuyni (P;)| ="
and

lim e Nan,uy (Py) = [projmn,uyni (Py)||

this proves

- [ [ [ [ enrg@-
u€S4=1 h=00KNH (h,u) OKNH(h,u)
><Vd_l([Pl,...,Pd])dpl-"dedhdu.

O

In the proof of Theorem 1 and Theorem 2 for the case ¢ < d — 1 we need an
analogous formula for integrals of the type

/ e /g(projgpl, ...,projgP;)dPy - - - dP;,

oK 0K
where G is an arbitrary i-dimensional linear subspace of R?. Such a result can be
deduced using the original Blaschke-Petkantschin formula. Again we assume the
convex body to be of differentiability class IC?H and thus at every boundary point
of K the outer unit normal vector is uniquely determined.

We calculate each integral
[ an

oK

by first integrating over all points Pj, with common point P& of projection onto
the linear subspace G and then integrating over P € projg K. This gives

1
e , dP, dPF,
_/ / [proja. nc (Pe)| g
projcK  p cop

projg Pr=Pf
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where G is the orthogonal complement of G. We obtain

/ . /g(prongl, ...,projaP;)dPy - - - dP;

oK OK
R Y N T
projec K proja K P, oK P, €K
projg Pi=PF  projcPi=Pf
: 1
X , dPy ---dP;dPf ---dPF.
e vt
The affine hull of the points PZ, ..., P¢ is an (i — 1)-dimensional plane H in

G. Thus we use the Blaschke-Petkantschin formula in GG, which yields

/ / oo dPC ... dPS

(3

projc K proja K

o e [T

Si4-1nG 0 proje KNHG (h,u) projc KNHG (h,u)
Vii([PE, ..., PE))dPF - - - dPE dhdu,

where H(h,u) is the (i — 1)-dimensional affine subspace of G with unit normal
vector u and distance h to the origin, and the points Pi,...,P; are chosen in
HY(h,u). Hence we have the following integral:

o [ ]

Sa-1nG 0 projecKNHS (h,u) projcKNHEC (h,u)

x / / g(P{, . PEYWina ([P, ..., PF])

P, €0K P €OK
projg Pi=PF projc Py=P_

: 1
X . dP; ---dP;dPE ---dPF dhdu.
1] Iproje nic (P '

To write the integrations with respect to PF € proje K NHY (h,u) and Py € 0K,
projePr = PkG as a single integration with respect to P, € JK we define the
hyperplane

H(h,u) = HC(h,u) + G
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and obtain

/ .- dP, dPfF

projc KNHEC (h,u) POk

projGPk:PkG

= [ Iproic.nemonn (PO 4P
OK N H (h,u)
Here ngnp(P) denotes the outer unit normal vector of the (d — 1)-dimensional

convex body K N H at P in the hyperplane H.
We combine our results:

/ cee /g(prongl, ...,projaP;)dP; - --dP;

oK oK
00

=(i—1)! / / / / g(projg P, ...,projaP;)
5d-1nG 0 8KNH(hyu)  OKNH(hu)

H Iproja., nxnw hu) ()]l
[lproja, nw ()|l

x Vi1 (projg[Pr, ..., P, dP, ---dP;dhdu.

Now |[[proja, nk (F;)[| = ”projH(h,u)nK(Pj)” [projc ., nxnm(nu) (P, since u €
S9N G and thus G, C H(h,u). Setting, as before,

Lir(howy (Py) = [|Proje(nwyn(P)|| ™,
we obtain the following analogon to Lemma 1:
Let K € IC?F and let G be an i—dimensional linear subspace, i < d — 1. Denote

by H(h,u) the hyperplane with unit normal vector u € ST~ NG and distance h to
the origin. Then

/"'/g(projGPh---,PTOJ'GPi)dH---dPi
oK OK

(7) =(i—1)! / / / e / g(projg P, ...,projaP;)
Si-1nG 0 6KNH (h,u) OKNH (h,u)

x Vi_1(projg[P1, ..., Pi Hthu ) dPy - - - dP; dh du .

3. PROOF OF THEOREM 2: THE CASE i =d

We split the proof of Theorem 2 into the case i = d and the case i < d, for the
following reason: Most of the main ideas of the proof can be made clear in the case
1 = d without the additional notation required in the case ¢ < d.

So we elaborate in detail the case i = d in this section. The necessary additional
considerations for the cases i = 1,...,d — 1 are carried out in Section 4. The proof
is closely related to the proof of Theorem 1 in [I5] concerning random polytopes
with vertices in the interior of a given convex body.
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The proof is divided into three parts. In 3.1 and 3.2 we present two tools and a
modification of Crofton’s boundary theorem needed in the subsequent sections. In
3.3-3.6 we prove the existence of an asymptotic expansion

En(Va) = cf" ™ (K) + D (K)n™ 71 4 M (K)o

+ ---—l—c,(gd,’g)(K)nf%ﬁ +0 (nf%) ;

and in Section 3.7 we show the properties of the coefficients cgd’d)(K) stated in
Theorem 2.

3.1. Tools. The first tool is a precise description of the local behaviour of the
boundary of a smooth convex body. It is a straightforward generalization of a
result of Schneider [20] concerning convex bodies of class K% to convex bodies of
class K i

Lemma 2. Let K € IC{T_'H, k > 2, be given. Then there are constants a, 3 > 0,
only depending on K, such that the following holds for every boundary point x € OK.
Identify the support plane of K at x with R, and x with the origin. Then
the a-neighborhood of x in OK can be represented by a convexr function f(y) of
differentiability class CF¥*1, y € R, Furthermore, the absolute values of the
partial derivatives of f(y) up to order k + 1 are uniformly bounded by (.

The next lemma concerns the Taylor expansions of inverse functions. It is a
refinement of well known results on the inversion of analytic functions (cf., e.g.,
Henrici [10], § 1.7. and § 1.9.), due to Gruber [§].

Lemma 3. Let
2= 2(w,t) = by (W™ + -+ + b (w)t" + O (tFF1)

for 0 <t < a, 2 <m <k, bea strictly increasing function in t for each fixed
w in a giwven set. Assume that by, (-) is bounded between positive constants, that
bm+1(+), ..., bi(+) are bounded, and that the constant in O(-) may be chosen inde-
pendent of w. Then there are coefficients c1(+), ..., Ck—m+1(:), and a constant v > 0
independent of w, such that for each fized w the inverse function t(w,-) of z(w,-)
has the representation

©) = tw) = ) e o) 10 (555
for 0 < z < ~. The coefficients c1(-), ..., Ck—m+1(:) can be determined explicitly in
terms of by, (+), ..., bk(+); in particular,
berl(')
c1() = , el)=———F%m
VT h0F #0705
b . m+ 3)b .
co() = ——mt2l) | [t 3oma()

mbpy, (+) "m 2m2by, (+) "
() = — bm+3(7;)+4 (m + 4)bm+1(2'lb+zw+2(') _ (m+2)(m+ 423Tj1(')3 .
mby,(+) m2by, (+) " m 3m3by, (-) " m
The coefficients are bounded, and if by, (+), ..., bi(+) are continuous, so are c1(+),. ..,
Ch—m~+1(-), and the constant in O(-) may be chosen independent of w.

Remark. Tt is easy to check the following additional property of the coefficients

Ci(-):
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If by (w), bmga2(w), bmta(w),... are even functions, and byi1(w), bymis(w),
bmts(w),... are odd functions of w, then c1(w), cs(w), cs(w),... are even func-
tions, and ca(w), ca(w), cg(w),... are odd functions of w. Further if bpyy1(w),
bim+3(w), bmts(w), ... vanish, then also ca(w), ca(w), cg(w), ... vanish.

3.2. Random Simplices in a Family of Convex Bodies. Consider a family
K (s) of convex bodies with the origin in their interiors which converge (with respect
to the usual Hausdorftf metric) for s — 0 to a convex body K(0). We call such a
family k—smooth if the radial function r(u;s) of K(s) satisfies

9) r(u; 8) = ro(u) + 71 (u)s 4+ ra(u)s® + - + 1 (u)s® + O (sk“)
and the outer unit normal n(u, s) of K(s) at the point r(u, s) satisfies
(10) n(u;s) = no(u) +ni(u)s + na(u)s® + - - + ng(u)s® + O (sF1)

uniformly for all u € S%~1. Le., there exists a constant 3 such that for all v € S¢~!

and m € {0, ..., k} the coefficients r,, (u) and the coordinates of n,, (u) are bounded
by 8, and
k
(11) (s 5) = 3 rm(u)s™] < st
m=0
and
k
(12) [In(u;s) — Z N (w)s™|| < BsFHL
m=0

Clearly ro(u) = r(u;0) and n(u;0) = no(u). Let the same conditions hold for some
weight function g(P;s) = g(r(u; s)u; s), i.e., assume that
(13)  g(r(u s)us s) = go(u) +g1(w)s + ga(w)s” + -+ gi(w)s" + O ("),

where for all u € S~! and m € {0,..., k} the coefficients g,,(u) are bounded by 3
and

(14) lg(r(ws sus ) = 3 g ()s™| < Bs*H7.

In this section we investigate for such functions g(P;s) the following integral:
d+1
Ik (Villg) = / e / Va([Py, ..., Para))® [ 9(Pjis) dPy---dPayy .
K (s)  OK(s) J=1
Note that Zg (s (V7 g) divided by Vy—1(K(s))?" is the mean value of the ran-
dom variable Vy([P4, ..., Pat1])? [] 9(P;), i.e., the second moment of the volume of

a random simplex whose vertices are chosen independently and according to the
weight function g on 9K (s).

Lemma 4. Let K(s) be a k-smooth family of convex bodies and let g satisfy (13)
and (I3). Then Ty (s)(V711g) satisfies

(15) Ik (Villg) =To+Tis+ -+ Ips" + O (s") .
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Clearly Top = T, K(O)(Vd2 g). Further, there exists a constant, v only depending on
B, such that |Z,,| <~v, m=0,...,k, and such that

k
(16) Tr(sy(ViTlg) = > Tns™| < ™t

m=0

Proof of Lemma 4. First we rewrite the integral using polar coordinates:
00 TeWtg) = [ o [ Valrtus s, rluss )
gd—1 gd—1

d+1
+ 1

:5)4 7 g(r(un; s)u wy - dugy
TT (usi 90" alrugi 9un) s s+ i

k=1

where u, € S9! and duy denotes surface area measure on S¢~!. In this integral
only the integrand depends on the variable s.

The convex hull of the random points P, ..., Pyy1 is a simplex whose volume
Va([P1, ..., Piy1]) is given by the absolute value of the determinant

1 i coead
1 1 ox -
(18) E det 1 . . . 5
1 d
Loagy 0 2
where Py = (4,...,2¢). The value of the determinant can be positive or negative

according to the orientation of the ordered (d + 1)-tuple of points Pi,..., Pji1.
Observe that this determinant is a polynomial Q4(-) in the variables xi, and thus
Va([P1, ..., Pis1])®> = Qa(-)? is a polynomial in the variables #, and hence is an
analytic function with bounded derivatives. Since the origin is contained in the
interior of all convex bodies K (s), the factor wuy - n(r(ug; s)uy) is bounded from
below by a positive constant and thus (u - n(r(ux; s)ux)) ! has a Taylor expansion.
Therefore the existence of a Taylor formula is obvious.

By () the coefficients of the polynomial Q4(-)? are bounded by d!=2. By (@) —
(T4) the coefficients of the Taylor expansion as well as the error term of r(-), g(-) and
uy - n(-) are uniformly bounded. Thus the same holds for the Taylor expansion of
Va()r(-)¥ 1 g() (u-n(-))~! with respect to s, where the coefficients and the error
term are bounded by constants only depending on (. Integrating the uniformly
bounded coefficients of the Taylor expansion just proves

(19) Ir(s(Villg) =To +Tis+ -+ Ips" + O (s*11),
and thus the statement of our lemma. O

In Section 3.5 we deal with radial functions r(u;s), outer unit normal vectors
n(u; s), and weight functions g(P;s) having the further property that the coeffi-
cients rom, (1), gom (1) and the coordinates of nay,41(u) are even functions, and the
coefficients rom,+1 (1), gam+1(u) and the coordinates of na,, (u) are odd functions of
u € S9!, Consider the expansion of

Va([r(ua; s)us, . .., 7(tay1; $)uara))?
d+1

X kl;[l <7“(uk75)d1 g(r(ur; s)ur) 1 >

ug - n(r(ug; $)ug)
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in a Taylor series using ([@)—(Id). Our assumption implies that the coefficient of

2l m =0,..., L%J, is an odd function on S9!, and thus the integration over
591 yields
(20) h=I3=I5=---=0.

3.3.  Assume without loss of generality that the origin is contained in the interior
of the convex body K. In a first step we transform the integral

En(Vd):/ /V [Pr,....P) [[ dx(P;)dPy - --dP,
K 0K j=1
into a form which is useful for further investigations, using ideas of Rényi and
Sulanke [16], [17], and Wieacker [27]. With probability 1 the random polytope
[P1,...,P,] is simple, and thus the facets are (d — 1)-dimensional simplices. Denote
by F/ = [P;,,...,P;,], j =1,...,k, the facets of the random polytope and by H_{_
the halfspace which satisfies F/ C 0H j_ and which contains the origin. Without loss

of generality assume that for j = 1,..., k4 the halfspace Hi contains the random
polytope [Py, ..., P,].
The volume of the random polytope is given by

Va([Pr,..., P, Zvd Py, Zvd Pj,...,P;]).

j= k}+~‘r1

Define

(21) S9 = / di (P)dP,

OKNHY

which is the weighted surface area of 0K N H. i The (d — 1)-dimensional simplex
defined by the points Pj,,..., P, is a facet of [Py,...,P,] if the remaining n — d
points lie either all in Hj (i.e., j <ky)orallin R\Hj (i.e., j > ky). The first event
occurs with probability (Sj )"~4  the second event with probability (1 — Si)”*d.
(Recall that dg () is a density on 0K, and so [, dgx(P)dP = 1.) The argument
is the same for each selection of d points, and thus

(22)
/~-~/vd<[P1,...,Pn])HdK<Pj> dP; - -dP,
oK 0K J=1
d
_ < " )/.../vd([o,Pl,...,Pd])(sz d_(1— g ) H ) dP; -~ dPy,

oK oK

where H is the halfspace satisfying [Py,..., P;] C 0H1 and which contains the
origin, and S is the weighted surface area of 0K N H..

The halfspace H; and thus the hyperplane H := 9H, can be parameterized by
the outer unit normal vector v € S%~1 of H,, and the distance h of H to the origin,
Hy = Hy(h,u) and H = H(h,u). Also define the weighted surface area Sy (h,u)
of 0K N Hy (h,u) analogously to ([ZII). Observe that the integrand vanishes for h
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larger than the support function hg (u) of K in direction u. Using Lemma 1, we

obtain
- ( d ) (d:zl)! / 7 u)h<5+<h7u>"—d— (1= Sy (h,u)"™)
sd-1 0

y / / Vaea([Pr, ... Pal)?

OKNH(hyuu)  OKNH(h,w)

d
x [ (dx (P)lsznuy(Py)) dPy---dPy dhdu
j=1

N ( a ) (d:zl)! / ]7( u>h<5+<h7u>"—d— (1= Sy (h,u)"~%

Sd-1 0
X IBKHH(h,u)(Vd{1H dx lH(h,u)) dh du,

where IgKQH(h’u)(Vd{IH di U (h,u)) 18, up to a factor Vg1 (9K N H(h,u))~4, the
mean value of the random variable Vy_1([P1, ..., Pa])* [T dk (P}) Li(n,u)(P;), where
the points Py, ..., Py are chosen at random in 0K NH (h, u). (Recall that dP denotes
the j—dimensional volume element corresponding to the j—dimensional Hausdorff
measure on a given space, which is determined by the range of integration.)

Since dg > 0, the following holds uniformly for v € S9~!: for given ¢ > 0
sufficiently small there exists a constant 0 < 7 < 1 such that 1 — Sy (h,u) < n for
all h € [0, hi(uw)], and S4(h,u) <n for 0 < h < hi(u) —e. Hence

B (Vy) = ( Z ) (d;1)! / hi (u) T

Sd=1 hi (u)—e
X o) Vi1 1L di Ur(nwy) dhdu + O (™) .
Now let u € S 1 be fixed. In Section 3.4 we investigate the local behaviour of
0K at the boundary x with outer unit normal vector u. In Section 3.5 we show that

hIaKmH(h,u)(Vd2,1H dx lp(h,u)) can be expanded in a suitable Taylor series, which
in Section 3.6 leads to an asymptotic series expansion of the integral

h}((u)
(24) / h S (hyw)™ Loreor(nuy (Vi1 I di Lgnuy) dh s n— oo

hi(u)—e

(23)

for given u. Taking the remaining integrations into account, we obtain our theorem.

3.4. Fix u and let x be the point on JK with outer unit normal vector u. For
brevity we write S and H instead of Sy (h,u) and H(h,u), respectively. In this
section we give local representations of K, K N H, ly, and the outer unit normal
vectors in a neighborhood of z, and thus for h sufficiently small, using cylinder
coordinates. Let R? = (Rt x S972) x R and thus denote by (rv, z) a point in R,
v E ST2 r e RY, z € R. Identify the support plane of 0K at x with the plane
z = 0 and x with the origin so that K is contained in the halfspace z > 0. Note
that if z is the distance from a hyperplane H with normal vector u to the support
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plane of 0K at x, then h = hg(u) — z. Since K € ICiH, by Lemma 2 there is a
neighborhood of z in 0K such that 0K can be represented by a convex function
f(rv) which in polar coordinates reads as

(25) z= f(rv) = bz(v)r2 + b3(v)r3 4ot bk(v)rk +0 (rk+1) .

The coefficients are bounded by a constant independent of z and v, and are con-
tinuous in v for fixed x. The constant in O(-) can be chosen independent of = and
v. By choosing a suitable Cartesian coordinate system in R~! the coefficient by (v)
can be written as

(26) bo(v) = =

2
and since for all boundary points x of K the principal curvatures k;(z) are bounded
from below and above by positive constants, the same holds for by (v). Since (28]
is a Taylor series, the coefficients ba(v),bs(v),be(v),... are even functions, and
b3(v), bs(v), b7 (v), ... are odd functions of v € S92,

Inverting this series using Lemma 3 gives

(k1(z) (v-e1)® + -+ ka-1(z) (v-eq-1)?),

(27) r:cl(v)z% —l—---—l—ck_l(v)z% —l—O(z%) ,

which is the radial function of K N H, where H is the hyperplane with distance
z to the parallel hyperplane z = 0. Again the coefficients as well as the constant
in O(+) are uniformly bounded, independent of z and v. Further, the coefficients
c1(v),c3(v), ... are even functions, and the coefficients ca(v), c4(v), . .. are odd func-
tions of v € S92,

On the other hand, the Taylor expansion of f(y), y € R%~! implies a Taylor
expansion of f(y);, ¢ = 1,...,d — 1, where f(y); is the i-th partial derivative of
f(y). In cylinder coordinates this Taylor expansion reads as

(28) frv)i = diy(v)r +dio(v)r® + -+ dig_1(0)r* 1 + 0 (rk) )

The coefficients are bounded by a constant independent of z and v, and are con-
tinuous in v for fixed . The constant in O(-) can be chosen independent of z and
v. The coefficients d; 1(v), d; 3(v), ... are odd functions, and d; 2(v), d; 4(v), ... are
even functions of v € S92, Hence

(gradf(rv))? = da(v)r® + d3(v)r® + - + di(v)r" + O (rF+1)
(29) 5 ® k41

=do(v)z +ds(v)z2 + -+ di(v)z2 + O (z 2 ) ,

where the coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed z. The constant in O(:) can be chosen independent of
x and v. Again, by choosing a suitable Cartesian coordinate system in R4~! the
coefficient da(v) can be written as

_ k(@) (voe)® + - A ki (@)? (v ea-1)?
(30) B = T @) o e T F bt () (0 eaa D)

and since for all boundary points of K the principal curvatures k; are bounded from
below and above by positive constants, the same holds for da(v). The coefficients
da(v),ds(v),... are even functions, and dsz(v),ds(v),... are odd functions of v €
542,
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Therefore the element of surface area /1 + (gradf)? has a Taylor expansion up
to order O (z%>

(31) 1+ (gradf(rv))? =1+ ea(v)z + e5(v)23 + - + ep(v)2% + O (zi) .

All coefficients are bounded by a constant independent of z and v, and are contin-
uous in v for fixed x. The constant in O(-) can be chosen independent of x and
v. The coefficients ea(v), e4(v), ... are even functions, and es(v), e5(v), ... are odd
functions of v € S92,

As K € IC:?;_, for every boundary point there is a unique outer unit normal vector.

Thus by (29) and (3T
Ui (rv) = ([[projan(rv)|) ™!

/I radf (o)
(@rad (r0))?

(32) =275 (Io(0) + (@)} 4+ hs(@)2" T 10 (7))

By (B0), all coefficients are bounded by a constant independent of x and v, and are
continuous in v for fixed . The constant in O(-) can be chosen independent of x
and v. The coefficients lo(v),l2(v),... are even functions, and I (v),l3(v),... are
odd functions of v € S92,

3.5. Now we prove that the function hIgKQH(VilH dg lp), which is part of the
integrand in (24)), has a Taylor expansion in z2. Recall that z is the distance from
H to the support plane of 0K at x, and thus h = hg (u) — z.

By (27) rz"7 is the radial function of the convex body z~%(K N H), which
tends by definition — up to a factor 272 — to the indicatrix of K at x, which is a
(d — 1)-dimensional ellipsoid. Set

[

s=z
We define a family of convex bodies by K (s) = K(22) := z~2(K N H). Then
r(vis) = c1(v) + ca(v)s + -+ crr(v)s" 2+ O (87

is the radial function of K (s). By (28) and (29) the outer unit normal vector of
K (s) at the boundary point r(v; s)v has a Taylor expansion in s:

n(v;s) = gradf(r(v; s)v)
(33) , V(gradf(r(v; s)v))?
=no(v) +n1(0)s + n2(v)s® + -+ + ny_a(v)s" 2+ 0 (s"71) .

All coefficients are bounded by a constant independent of « and v. The constant in
O(-) can be chosen independent of z and v. Thus K (s) is a (k—2)-smooth family of
convex bodies. The coefficients ¢1(v), c3(v), ... and the coordinates of na,,1+1(v) are
even functions, and the coefficients ca(v), c4(v),... and the coordinates of na, (v)
are odd functions of v € S4~1,

Let g = z%dKlH. As dg € C*~!, we obtain a Taylor expansion for dx in terms
of r(v; z) where the first term equals dg (x), which implies the existence of functions
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dK,m (U) with

(34)  di(r(v,2)v) = dc(z) + dg.1(0)2% + - + dgpo(v)2 T + O (z*) .

All coefficients are bounded by a constant independent of z and v. The constant
in O(-) can be chosen independent of  and v. The coefficients dx 2(v), dx 4(v), ...
are even functions, and the coefficients dg 1(v),dk 3(v),... are odd functions of
v € S By (32) there is a Taylor expansion for 22ly. Hence there is a Taylor
expansion for ¢ in terms of the variable s:

g(r(v; s)v; s) = go(v) + g1(v)s + g2(v)s® + -+ + ge_2(v)s" 2 + O (s"71) .

All coefficients are bounded by a constant independent of z and v. The constant

in O(-) can be chosen independent of x and v. The coefficients go(v), g2(v), ... are

even functions, and the coefficients g1(v), g3(v),... are odd functions of v € S9~1.
Thus Lemma 4 yields

12 —d—
Toxnn (Vi Tdi lyg) =2 7 iy (Vi Tlg)
2_4-—
=2 (To+Tis+ -+ T o 2+ 0 (5571))
2_4-— — —1
(35) =t (IO +I1,z% +-~-+Ik,gz¥ +O<sz)) .

The coefficients and the constant in O(-) are bounded independent of z. By the
remarks at the end of Section 3.2, 7y =73 =--- = 0.
Collecting terms, we obtain

(36)  (hr(u) — 2)Toxknm (Vi di ly) = L= (pL%J () + 0 (zk;>> ,

where PL*2°) (z) is a polynomial in the variable z of degree 252 |. The coefficients
of PL*3) () and the constant in O(-) are bounded independent of z.

3.6. In the last step we expand the integral (24I),
/ h ST Tk (Vi Hdk ly) dh

hi(u)—e
€

:/Si_d,zﬁ}df2 (PL%J(Z)-FO(Z%)) dz

0

in an asymptotic series in powers of n~ -1, First we prove that this can be written
as

1-S4(e)
(37) [ a-srist (PR 0 (55 as.
0
To this end, define the function s; (z) by

a2 Or(v,2)

522 = [ (e, 20T @adf (o, 20 rio, 2y T do.

gd—2
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By (&), (31), and (Z7) the integrand can be evaluated in a Taylor series in 22:
51(”)2¥ + SQ(U)Z% NI sk_l(v)zd+§_5 L0 (2#) .

All coefficients are bounded by a constant independent of  and v, and the constant

in O(-) can be chosen independent of z and v. The coefficients s2(v), s4(v), ... are
odd functions of v € S4~1. Thus
(38)
sy(z) = / sl(v)z% + 82(0)2% +- sk,l(v)zd+g_5 +0 (z d+g_4) dv
gd—2

d—3 d—2 d+k—5 d+k—4
=512"2 48222 +---+85k_12 2 +0(z7 2

and
1 = — —1
B ol (et s 10 (5)),
s+(2)
where the coefficients sg,s4,... and S2,54,... vanish. Since s; is bounded from

below by a positive constant, all coeflicients are bounded by a constant independent
of . The constant in O(-) can be chosen independent of x.
By the definition of the weighted surface area S, = Sy (z) we have

1= S a0) = [ duc(P)dP.

where the integral is extended over all points on the boundary of K with z(P) < z.
We rewrite this integral using cylinder coordinates:
(40)
=840 = [ dilp) VT (erad )2 dy
F(y)<zo
= / / dg (rv)\/1 + (gradf(rv))2 r4 2 dr dv

Sd=2 r<r(v,z0)

= / / di (r(v, 2)v)\/1 + (grad f(r(v, 2)v))2 7(v, 2)

Sd—2 2<z

= [ s

2<zp
which means that d(1 — Sy (2))/dz = s4(2).

We introduce the new variable s := 1 — .S, which is a function of z. To describe
the relation between these variables we use (38) and obtain

d=2 LT(U’ ?) dz dv

2s -1 2s 25k - Ik —
821_5+(z):d_11 Z%+f2%+...+ﬁz%+0(zd+g 2).

Inverting this series in the variable 23 using Lemma 3 gives

N

(41) z zglsﬁ +925% —l—---—l—gk_ls% +O(de+1> ,

where the coefficients g, g4, ... vanish. All coefficients are bounded by a constant
independent of x, and the constant in O(-) can be chosen independent of .
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Now substituting s = 1 — S (z) yields

g

/S” d T2 (PL¥J(Z)+O(Z%)) dz

' 1-5,(e) 7 ) X
= ?/ (1= s)me ___(PL2N)+O(’Tj)s+@)“'

Using (), we define the polynomial pl*3 (+) by

JRaE (pt’“ =)+ 0 (z%)) %(z) = g%1 (PL%J(sﬁ) +0 (s%)) :

which proves [B1). The coefficients of PL%J(-) and the constant in O(:) are
bounded independent of .
Finally, the integral

1-S4(e)
(1 —s)nds?1 (PL%J (s%) +0 (5%)) ds
0

can be evaluated by the substitution e™% := 1 — 5. Observe that — taking the
remarks before (23) into account — S+ (e) < n < 1, independent of z. Consider the
integral of a single term s@-1. Up to an error term which decreases exponentially
in n, this is the following Laplace transform:

1284 (¢) ~In(S4(e))
(1—s)"tsTids = / e M1 —e Ha T dt
0 0

m

L{(1-etya

} (n)+0 (e_”)

=£{t% (1—ﬁt+---)}(n)+0(6_”).

Using an Abelian theorem, cf., e.g., Doetsch [7], chap. 3, § 1, we obtain

_F(%"-l) —atil 2(dn11)1“(di11+2> nTaTT? 40 (7).

In particular,

E{O (tﬁﬂ"’l) } = O(n_%_j_Q) as n — 00.

Therefore terminating the Taylor expansion of (1 —e~*)7-T after the term of order
ta-1+7 and taking into account the error term O (t#ﬂ'“) of the same order as
the ﬁrst term omitted, results in an expansion of the Laplace transform up to order

m

n~ @197 with an error term of order O (n a-17972 ) Choose j as the smallest
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integer such that =5 +j+2 > % +d. Then expanding (1 — s)~4*1 in ([37) gives

s(e)
/ (1—s)" g1 (PL%J (sT1) 40 (s%)) ds
0
—d __1__4q _k=2_g _k=1_4
=hon ¢+ hin~ a1 4+ -4 hg_o,n a1 _|_O(n d—1 )
where the coefficients h,, = hp,(u) and the constant in O(+) are bounded indepen-

dent of x and thus independent of the outer unit normal vector v of K at z. Taking
into account that

(42) (Z>:§<1_W+...>7

the integration in (23) concerning u € S~ ! yields

E,(Va) = e (K) + i (K)n™ 77 4 &) (K)n~ 73
R )
which proves the case i = d of Theorem 2.

3.7.  The following facts concerning the coeflicients cgff’d)(K ) are easily checked:
E, (Va) tends to V4(K) as n — oo, and thus c(()d’d)(K) = Vu(K).
If d—1 is even, then (1 —s)~4+! sd-1pl3 (s%) has a Taylor series in powers
% of s, which yields that for odd d

cgd,d)(K) _ ng,d)(K) _ céd’d)(K) —..=0.

Let d—1 be odd. The integral concerning the constant & in the polynomial P(-)
gives

1-S4(¢) B
() T a0t
d d
0
The Taylor expansion of (1—s)~*! implies a series in 7T of (1 —s5)"HL(P(-)—&)
where the coefficients of s°, sa=T , s%, ceey $4=1 vanish. This yields that for d even

d,d d,d d,d
A" = MK = = PP (K) = 0.

4. PROOF OF THEOREM 2: THE CASE 7 < d

We prove the case ¢ < d of Theorem 2 using Kubota’s integral recursion. The
main part of the proof is already contained in Section 3. We only point out the
differences and work out the required additional considerations. The proof is pre-
sented in the same format as the proof of the case i = d.

4.1. See 3.1.
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4.2. It is easy to obtain the more general statement concerning projections of an
i-dimensional simplex onto a (fixed) i—dimensional subspace G C R%, i =1,...,d.
So denote by projg the orthogonal projection of R onto G. The following lemma
concerns the integral

i+1
TR (Vi Tl g) = / / Vi(proja[Py, ..., Pral)? [[9(Pjis) dPy---dPipy.
K (s) K (s) j=1

Note that the case i = d is just Lemma 4.

Lemma 5. Let K(s) be a k-smooth family of convex bodies and let g satisfy (I13)
and (Ij)). Then Ig(s)(ViQ Ig) satisfies

(43) TR (Vi g) =I5 + I's + -+ I7s" + O (M)

Clearly I§ = Ig(o)(Vf g). The coefficients TG are continuous functions of G.

Furthermore, there exists a constant v, only depending on 3, such that |ZG| < v,
m=20,...,k, and such that

(44) TR (o (Vi T g) — ZIG < ystt

m=0

Proof of Lemma 5. The proof is the same as the proof of Lemma 4. It relies heavily
on the fact that V;(projg[Pi,...,Piy1])? is a polynomial and hence an analytic
function with coefficients depending continuously on G. |

4.3. Assume that the origin is contained in the interior of the convex body K
Using Kubota’s integral recursion for quermassintegrals, we obtain

(45)
n
E,( / /V [P1,...,P, H ) dP, - - - dP,
oK J=1
() :
=7 / / /V(prOJpG Py,...,P H ) dPy - --dP, dp,
Rd—iki -
SO(d) 9K 8K =
where G is a fixed i-dimensional linear subspace of R, i = 1,...,d — 1, pG is the

image of G' under the rotation p, and proj,c denotes orthogonal projection onto
pG. dp corresponds to the normalized Haar measure on the group SO(d) of proper
rotations of R?, cf. Schneider [22].

Thus for pG fixed we are led to consider the expected i—dimensional volume
of the convex hull of random points in a convex body proj,cK. We rewrite this
integral, using again the ideas of Rényi and Sulanke [16]. Let H; be the halfspace
whose boundary hyperplane is the affine hull of [Py,...,P] + (pG). and which
contains the origin. (pG)_ is the orthogonal complement of pG. Denoting by S
the weighted surface area of K N Hy (see (ZI)) and using the same arguments
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which led to ([22), we obtain

n
/ / (projoc[Pr,-- -, B, H ) dPy - - - dP,
OK J=1

_ ( n >/.../wpmjpg[o,pl,...,Pi])(sz—i— (1—-5)"™)

7
oK oK

deK YdPy---dP;.

The analogon (7)) to Lemma 1 implies that

n 4 —1)! Fore (1)
SR LD Lkl Ly
0

SO(d) $i-1npG
h (S (hyu)™ ™" = (1= Sy (b, w)"™") Toxcam(hwy (Vi i L (ny) dh du dp,

where

IaKmH(h,u)(Vzg—lndK lH(hM) =
aKmH(h w)  OKNH(hu)

x Vi_ (prOJpG P,...,P 2l_IdK lH(hu)(Pj)d-Pl"'dPi

and H(h,u) and Sy (h,u) again depend on the normal vector u and the distance h
from H to the origin. In the case i = 1, V;_; is the Euler characteristic and thus
equals one.

Therefore the asymptotic behaviour of E,,(V;) is — up to an error term of order
O (n™) — determined by

hK(u)
WSy (hyw)" ™ Tognmr(hyw (Vi i XL di L)) dh
hi(u)—e

as n — oo.
4.4. See 3.4

4.5. Since K(s) := z72(K N H) is a (k — 2)-smooth family of convex bodies,
Lemma 5 proves that

di—i—2

(46) Toxru (V2 Idy ly) = 2" 2 (Io+21z%+~~+Ik,22¥+o(z%))7

which implies

A7) (hi(u) — 2)Toxnu (VA dg L) = 252 (pL¥J () + 0 (z—)) 7

where PLZ21(2) is a polynomial in the variable z of degree | 252 |. The coefficients
2

of PL*3*) () and the constant in O(-) are bounded independent of = and p.
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4.6. In order to expand the integral
hi (u)
h S Toxnn (V2 ILdg lyr) dh

hi(u)—e
€

= /S’f__izdi_zi_2 (PL¥J(Z)+O (z%» dz,

0

we use the same substitutions as in Section 3.6 and obtain
1-54(¢)
_ k-2

(1—s)n i st (PLTJ(sﬁ) +0 (s%)) ds

; 1 . k—2 . k—1 .
=hon '+ hin T "4 d hp_on a1 "+ 0O (’I’L_ d—l_'L) ,
and thus

E, (Vi) = ¢ P (K) + o (K)n= 77 + o (K)n~ 7
k 1

4ot (KT 40 n*ﬁ).

4.7.  The following properties of the coefficients c( ¥ )(K ) are easily checked:
E,.(V;) tends to V;(K) as n — oo, and thus céz d)( K)=V{(K).
If d — 1 is even, then (1 —s)~¢*! si=1plis?] (sd T) has a Taylor series in powers
% of s, which yields that for odd d

() = () = "V (K) =+ =0

Let d— 1 be odd. The integral concerning the constant & in the polynomial P(-)
gives
1V, (o)

( n > / (1=t lagds = L4 0 (e)
0

7

The Taylor expansion of (1 —s)~ ! implies a series in sT1 of (1—5)""H1(P(-)—¢co)

where the coefficients of s°, sa-T , s%, e ,s% vanish. This yields that for d even
i,d i,d i,d
ANEKY =Ky ==K =0
O

5. PROOF OF THEOREM 1

The proof of Theorem 1 uses a slightly different approach than that given in the
proofs of Theorem 2. Nevertheless we present the proof in an order similar to that
of the proofs of Theorem 2.
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5.1. Tools. Again we need a precise description of the local behaviour of the
boundary of a convex body K € Ki. The essential point in Lemma 2 was the
existence of a convex function f with uniformly bounded derivatives representing
0K in a neighborhood of an arbitrary boundary point x of K. This implied a Taylor
expansion of f with a uniformly bounded error term (cf. Section 3.1 and 3.4).

In the following lemma we prove an analogous result for convex bodies of differ-
entiability class Ki. In principle, such a result is well known and has already been
used before, but we think that an explicit statement of this result will be helpful.

Sofix K € ICi. At every boundary point = of K there is a paraboloid ng), given
by a quadratic form ng’x), osculating 0K at x. Qém) and bg””’””) can be defined in the
following way. Identify the hyperplane tangent to K at z with R4~! and x with the
origin. Then there is a convex function f®)(y) € C2, y = (y*,...,y* ') € R 1,
representing 0K in a neighborhood of z, i.e., (y, f*)(y)) € 9K. Denote by fi(f)(O)

the second partial derivatives of f(*) at the origin. Then
z,T 1 T i g
b5 (y) = 5 S0y
4,J

and
= {(y,2) | 2 > b5 ()} .

We prove that at each boundary point x of K the deviation of &ng) from 0K is
uniformly bounded in a suitable neighborhood of x.

Lemma 6. Let K € IC?Ir be given. Choose § > 0 sufficiently small. Then there
exists a X > 0, only depending on 6 and K, such that for each boundary point x of
K the following holds. Identify the hyperplane tangent to K at x with R*~" and x
with the origin. The A-neighborhood U> of x in OK defined by projga—1U» = A\B4~1
can be represented by a convex function f@(y) € C?, y € AB*~'. Furthermore

(48)  (1+08)75" ) (y) < FOy) < A+ 0)05 T (y) fory e ABITT

(19) 1+ (@radf© ()2 < (148) forye ABTT,
(50) (1+0)Ydg(z) < dg(p) < (A +0)dy(x) forpeU?,
and

(51)  (1+6)71265 7 (y) < (4,0) - nxc(y) < (L+8) 205 (y)  fory € MBI,
where ng(y) is the outer unit normal vector of K at the boundary point (y, f©®)(y)).

Proof of Lemma 6. Let p € K. Identify the support plane H(p) of K at p with
R4-1. Since K € K%, there are a function f(P) and an open neighborhood U(p) C
OK of p such that the projection of U(p) onto R?~! is an open (d — 1)-dimensional
ball with center in p, and U(p) is represented in the form

Ulp) = {(y, fPy)ye prodeflU(p)} ,

where f() is a convex function of differentiability class C2.
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For each y € projge-1U(p) we use the second term of the Taylor expansion of
f®) at y to define a quadratic form bép’y)(v) by

(P9 () — L (P) (1)) ayigyd
(52) by (v) = 3 Zfij (y) v'v’
i
with v = (v!,...,0%7!) € R¥"!. Since K € K%, the quadratic forms bép’y) are

positive and continuous in p and z. Choosing U(p) sufficiently small, we get
(1+0)~t bép’p) (v) < bép’y) (v) < (1+9) bép’p)(v) for y € projga—1U(p), v € R4!
with § > 0. Since dg is a continuous function,

(148 dic(p) < dc () < (1+8)dxc(p)  for @ € U(p).
As f;(0)=0fori=1,...,d — 1, we further can assume that

1+ (P (y)2 <(1+3)  for y € projpa—U(p).

Consider an additional point € U(p). We choose a Cartesian coordinate system
in R9~1 such that the intersection of R?~! with the support plane H(x) to K at
x is parallel to the first d — 2 coordinate axes. Analogously we choose in H(z) a
coordinate system such that the origin coincides with x and the intersection with
R~ is parallel to the first d — 2 coordinate axes. Thus, if y = projga—1x, then
fily)y=0for i =1,...,d — 2, and we can assume that f;_1(y) > 0. With respect

to these corresponding coordinate systems the continuity of bép P)

(1+8) b8P () < b5 (0) < (14 8) b8P (v)  for z € U(p), v e R,

implies

So let 6 > 0 be arbitrary, but fixed. The union of the sets U(p) = U°(p) for
all p € 0K covers the boundary of K, and as 0K is compact there exist points
pi, 1 =1,...,m, say, and corresponding open neighborhoods U?(p;) such that the
union of the sets U%(p;) covers 9K, and, further, the projection of U?(p;) onto the
support plane at p; is an open (d — 1)—dimensional ball with center in p;,

(53) (1+8)7 b5 () < b (v) < (148) by ™ (v),
(54) (1+0)7 b5 (v) < b5 () < (14+8) 0" ™) (v),
(55) 1+3 (w2 < (1+9),

(56) (1+40) " dr(p) < di(x) < (146)dk(p1),

for x € U%(py), y € projga—1U%(p;), and v € RE1,

As K € K2, there is a constant A = A(d) > 0 such that for each z € OK there
exists a suitable [ € {1,...,m} with = € U‘g(pl)7 and, further, the projection of
U’ (p1) onto the support plane H(z) of K at z contains a (d — 1)-dimensional ball
with radius A and center z, i.e.,

(57) B(x,\) N H(x) C proju( U (pr) -

Now we prove that the conditions (B3)—(&1) imply @S)—(Ed) at each boundary
point of K. So fix z € 9K and thus the point p; with z € U%(p;). Again we identify
the support plane of 0K at p; with R%! and choose corresponding coordinate
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systems in R?~! and H(z). To distinguish between corresponding coordinates in
H(x) and R we add a ~ to coordinates in H(x), for example, z = (0,...,0).
For abbreviation put y := projga-1z, i.e., x = (y, fP)(y)). Define z = z(y + t),
t € R, as the distance from the point (y 4 t, fP)(y +t)) on 0K to the support
plane H(z) of 0K at z. Taylor’s theorem implies

FE(y+ 1) — fP (y) — Zf"’”()
L+ £ ()

l Z £ (y + oty

LS A )2

with @ € [0,1], and t = (¢',...,t?"1). Combining this with (53] and (53), we have
(58) (1+ 5)*2 b(Qpl’p’)(t) <z<(1496) b(Qpl’pl)(t)

for y +t € projga—1U% (p1).
To each point y + ¢ there corresponds a point ¢, € H(x) with

tr = PrOjH(;c) (y +1, f(;Dl)(y + t)) .

Consider z as a function of t,. Then f(*) defined by z = f®)(t,) represents the
boundary of K for t, € B(xz,\) N H(x). To prove (@R) we replace b p"p')( t) in (B3)
first by b(2p’ ’pl)(tw) and then by bgc’x)( tr). Observe that

=t/ ford=1,...,d—2,

B =1 £ W)+ 2 W)

with ¢, = (£L,...,#971). By (B5) and (B8) this implies

o=t = (Vi 22 - 1) + 21220
< VB (#4400 (1)

Since K € IC?|r7 the coefficients of the quadratic forms bgp ?) are bounded for ar-
bitrary p € O0K. Therefore there exist constants c1,co,c3 > 0 independent of p
such that for all t1,t, € R?™! and for all p on the boundary of K, bép’p) (t1) is
bounded from below by c1]/#1? and from above by ca]|¢1]|?, and the absolute value
of bg”’” (t1) — bép’p)(tg) is bounded from above by cs]|t1 — to|| max{||t1||, |[t2]|}. Here
|It]] denotes the Euclidean norm with respect to the coordinate system with origin

in py.
Hence
It = tall < V5 (Jlt] + 465" (1))
implies

|b(2;017;01)(t ) — b(m,pz) | < 62\/i ( 1+5 —1 —I—Sb(pl’pl)( ))
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for ||t||, ||tx]] <1, or, equivalently,

(59) (1 —|—Oc\/5:)71bépl’pl)(t7r) < bépl’pl)(t) <1+ a\/g)bgm’pl)(tﬂ)
for § small and with a suitable & > 0 depending only on K. Combining this with

(BY) yields
(60)  (1+aV8) (1 +8) 35" (tr) < FP(te) < (1+ V)1 + 625 (tr)
for t, € B(x,\) N H(x).
It remains to prove (51). Define
tp o= (¢t P )Y

which is chosen so that ¢, is parallel to the support plane H(x) and its projection
onto R?~! equals ¢. The outer unit normal vector nx(y + t) clearly is given by
(fl(pl)(y +t),.. ., 5 i(y +1),—1) divided by its length. Since ¢, is parallel to H(z)
it is orthogonal to nk (y). So Taylor’s theorem yields

S APy + 0t — fi !

3

tpni(y+t) =

1+ 3 £ (y +1)?

\/1 + fo””(y +1)2
7
with 6 € [0,1]. Together with (53] and (53)), this shows that
(L8227 (1) <ty nac(y +) = (24 1) - nacly +1) < (14 8) 20577 (1).

Changing the coordinate system, the vector = + ¢, in coordinates with respect to
H(z) has the form

fg,,:tj ford=1,...,d—2,
7d—1 _ 4d—1 (p1)
ty =t 1+ R ()2,

a4

t, =0,

since  +t, € H(x). Thus to replace (z 4 t,) - ng(y +1t) by (tr,0) - ng(y +t) we
investigate

[((z +tp) = (tx,0)) - nrc(y + )| < |[(& + tp) = (tr, 0)[| = 2fa—1(v),
which by (B5) and (58) gives
(1+8)2(1+2V8) 1 267 (1) < (tr,0) - nxc(y + 1)
< (14 8)(1 +2/8) 2657070 (1)

for 6 small. We already know how to replace by (pr.p1) (t) by ng’x)(tﬂ): using (B4)) and
E9), we get

(1+ave)~2(1+6)=3 26" () < (tr,0) - i (y + 1)
< (1+aV3)2(1 +6)2 2657 (t,)

(61)

where @ denotes max{c, 2}.
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This completes the proof of Lemma 6: for given § we choose § sufficiently small

such that (60), (59), (B0, and (@) imply (@), (@), Gd), and GI). O

5.2.  Assume that the origin is contained in the interior of the convex body K. We
investigate

V)~ BaV) = [+ [ (40) = Vil ) ﬁ ) dPy - dP,,

oK oK
which by Kubota’s integral recursion (cf. Section 4.3) equals
(62)
() :
/ / . /V(prOJpgK\prOJpG P,..., P, H ) dPy - --dP, dp.

Kd—iki
S0(d) oK 0K

Choose € > 0 sufficiently small. Ensure in particular that hx(u) —e > 0 for all
u € S971. Since the probability that hx(u) — hip,....p,)(u) > € tends to zero of
order O (e™™) ([G2) can be written as

(1)~ o
/ // Vi(proj,c K\projoc[Pr, - - -, Pyl)

Rd—iks
50(d) K 0K
———

hi(uw)=hip ... p,1(u)<e

X H di(Pj)dP; -+ dP, dp+ O (e™™),

where the integral is extended over all choices of random points such that hx (u) —
hip,,...p,(u) <€ for all u € 4L,

Let pG be fixed. The projection of [Py,..., P,] onto pG is a polytope with, say,
k facets F7 and outer unit normal vectors v/ € S¥1 N pG. With probability 1 the
random polytope is simple, and thus the facets are (i — 1)—dimensional simplices.
We need the following notion:

FJ :={P € proj,cK | [0, P] N F7 # (}.

F7 is that part of proj,g K \proj,c[P1, ..., P,] which is behind the facet F7 looked
at from the origin.

Clearly the union of the sets FY, j = 1,..., k, equals proj,c K \proj,c[Pi, . . ., Pl
whence

k
Vi(projoa K\projp[Pr, ..., Pal) = Y Vi(FY)
j=1

Denote by Hi the halfspace whose boundary hyperplane is the affine hull of
FJ + (pG) 1 and which contains the origin (and thus [P,..., P,]). The simplex
F7 = proj,q[Pj,, ..., Pj] is a facet of the random polytope proj,g[P1, ..., Py] if
the remaining (n—1) points are contained in H j_ This event occurs with probability
(Si)"’i, where Si is the weighted surface area of 6K|’1H_{_ (see ([ZI))). The argument
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is the same for each selection of ¢ points, and since the points are distributed
independently we obtain

n
/ / Vi(proj,cK\projoc[Pis - - -, P, H 5 )dPy -+ -dP, dp
oK oK J=1
——

hi (u)—=hip, ... ppy(u)<e

_(7;) // STUVi(F, HdK ) dP; ---dP;

OK oK
———
hi(uw)=hip, ... P, (u)<e

as n — 0o, where F' = proj,q|P1, ..., P, and thus Hy, Sy, and F, depend on the
positions of the points Py, ..., P;. u denotes the outer unit normal vector of F' in
pG.

We rewrite this integral using Lemma 1 in the case i = d and () for i < d — 1.
Again define H (h,u), H(h,u), and S;(h,u) as in Section 3.3:

h}((u)

-<?)<i-1>!/ [ [

Sd=1NpG hi (u)—e BKﬂH(h u) OKNH (h,u)

X Sy (h,u)" " Vi, HdK ) Uit (huy (Py) dPy - - - dP; dh du,

where H (h,u) is the boundary hyperplane of H (h,u). Therefore we obtain

(63)
() (1) 6=
URd—iHi
hg(u)
X / / / Sy (ho )™ o pr () (hy u, p)dh du dp + O (e7™)
S0(d) S4—1NpG hi(u)—e

with

TornH(h,u) (b, p)

— / / Vi i (F HdK Yt (Py) dPy - dP,

OKNH(hyu) — OKNH(hyu)

as n — oo. In the case i = 1, V;_; is the Euler characteristic and thus equals one.
Therefore the asymptotic behaviour of V;(K) — E,(V;) is — up to an error term
of order O (e~") — determined by

h}((u)

/ Sy ()™ Tt ooy (b s p) d
hi(u)—e

as n — oo for given p and u.
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5.3. Fix p and u, and let & be the point on 0K with outer unit normal vector
u. For brevity we write S; and H instead of Sy (h,u) and H(h,u), respectively.
In this section we give local representations of K, K N H, Iy and the outer unit
normal vectors in a neighborhood of the point x using cylinder coordinates. Let
R? = (R x $972) x R, and denote by (rv, z) a point in R%, v € §972 r e Rt z €
R. Identify the support plane of 0K at x with the plane z = 0 and z with the
origin, so that K is contained in the halfspace z > 0. Recall that h = hg (u) — z.
Since K € IC?H by Lemma 6 there is a A—neighborhood of z in dK such that 0K
can be represented by a convex function f(*)(rv) which satisfies ({@%)-(5I). For
abbreviation write ba(-) and f(-) instead of bg””’””)(-) and f®)(.). Put z = f(rv). In
polar coordinates (@) reads as

(64) (1+06)"  ba(v)

r2< < (146)ba(v) r2,
which implies that (compare this to (27)))

(65) (140) 2 by(v) 222 <r < (146)2 by(v) 2 27
for r < \.
In the following section we need a similar formula for the expression
1
Ly (rv)

v-ngng(rv)

Fix rv, and let H be the hyperplane containing (rv, f(rv)) and parallel to R?~L.
The intersection of K with H is a (d — 1)-dimensional convex body whose outer
unit normal vector nxng in H at (rv, f(rv)) is determined by the projection of the
outer unit normal vector nx of K at the same point:

1 1 Iprojge-—1nx (rv)||
L (rv) = . -
v ngn(rv) |lprojga-1nk (rv)|| v - projga-1ng (rv)
1
v-ng(rv)’
Hence, using (BI)) combined with (G3), we obtain
(66)
< 1 1 1 3 1 1
140)7 327 hy(v) 2273 < < (148)22 () T 2
(1402 () F e E <) s < ()2 )
for r < \.

5.4. Now we investigate the function Zoxng (h,u, pG), which is part of the inte-
grand in (G3)), in the case when wu is the outer unit normal vector of z and h is
sufficiently small. Ignoring the density dx (), which by (B0) is locally nearly con-
stant, we compare this to the same quantity where we replace the boundary of the
convex body K by the osculating paraboloid ng). Note that z is the distance from
H to the support plane of 0K at x, and thus z = hg(u) — h.

As a first step we replace the random points chosen on 0K N H which determine
the facet F' by random points chosen on the intersection of H with the paraboloid
ng). Let the facet F' be the convex hull of the projection of the points Py, ..., P;
with P; = r(v;)v;, j =1,...,4, where r(v;) is the radial function of K N H and thus
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given in ([63). To determine V;_1(F') it is essential that V;_; is a linear function in
the variables r(v;). E.g. for j =1 we have

Vic1(F) = Vica(projpa(r(v2)ve, . .., m(vi)vs]) e [r(v1) — 1o

with suitably chosen a < 1 and rp, depending on the points 7(v;)v;, j
and on vy. If 7(v1) is contained in the interval [(1 4 6)~tra(v1), (1 + &) r
follows immediately that

[r2(v1) — 10| — dra(v1) < |r(vi) — 7ol < |r2(vi) — 7ol + 672(v1),

which implies

=2,...,1i,
2(v1)], it

[Vi—1(F) = Vic1(projeclra(vi)vr, r(v2)ve, . .., 7(vi)vi])|
< 6 Viea(projpg[r(ve)vs, ..., r(vi)vi]) r2(v1)
since @ < 1. Let ro(v) be bg(v)_%z%. Then by (GH)
r(v) € [(146) tra(vr), (1 +0) ro(v1)].
In particular (65) proves r = O (z%), where the constant in O(-) can be chosen

independent of x, p, and §. Hence the right hand side of (67 is of order 6 O (z%l)
This holding true also for j = 2,...,4 proves that

(68) Vies (F) = Vi (B) <60 (=)

(67)

as n — oo, where the constant in O(-) can be chosen independent of z, p, and 9,
and

Fy = projyglra(vi)v, . .., ro(vi)vi] .
Next we compare F,. to that part of proj,gK which is below the facet F' in

direction orthogonal to R¢~!, i.e., which is contained in the convex hull of F and
the projection of F onto R4~1,

Fq = proijK N [F‘7 pI‘Ode—lF].

We show that the difference between V;(F,) and V;(Fi) is of small order. Choose
do sufficiently small so that due to ([64) z < § for all v, z, and § < &, where
¢ has already been chosen after (62). This ensures that the angle between the
line from the origin to an arbitrary point in H N K and the line orthogonal to
H is bounded away from 5. In particular, this condition and (49) show that for
any point p € F the angle between the line from the origin through p and the
line through p orthogonal to R4~ is bounded. Hence there exists a constant c,

independent of F', x, §, and p, such that
Vi(Fe) = Vi(Fn)| < a2?Vi_o(3F),
and thus
Vi 1 (F)Vi(Fe) = Vit (F)Vi(Fn) + Vi1 (F)Vioo(F)O (2%)

as n — oo. The differentiability class IC?F of K implies the existence of a constant
R such that K slides freely inside a ball of radius R. Hence

Vie1 (F)Vi_(9F) 22 < Vi_1 (K N H)V;_2(0K N H) 2>
< (=R (R = (R—2)) "7 22 =0 (")




RANDOM POINTS 2273

as n — 0o, where the constant in O(-) can be chosen independent of z, p, and 9,
and k;_1 is the volume of the (i — 1)-dimensional unit ball.

Now we replace Fii by proj,g[re(vi)vi, ..., 72(v;)vi]m, which is analogously de-
fined as the part of proj,q K below proj,g[ra(vi)vi, ..., m2(vi)v;] = proj,c F>. Both
sets are located between the hyperplane H and R?~!, which are at a distance z
from each other. This implies

|Vi(Fir) — Vi(projpa[ra(vi)vi, . . .y ra(vi)viln)| < 2 |Vier (F) = Vie1 (F2)] -

Hence it is an easy consequence of (G8) that
+1>

(69) |Vi(Fri) — Vi(projpc(ra(vi)vi, . . ., r2(vi)vilm)| < 5O (22

as n — oo, where the constant in O(-) can be chosen independent of z, p, and 0.
In the definition of proj,g(ra(vi)vi, ..., r2(v;)v;]m we want to replace the bound-
ary of K by the boundary of Q2. So denote by Fbyy that part of proj,c@2 which
is contained in the convex hull of F» and the projection of F» onto R?~!. The
definition of Fiy, (69) and (64]) imply that V;(Fr1) is bounded from below by

) = VilPon) = 60 (%)
Vi(Fort) + 622 Vi1 (Fy) + 60 (ZL) = Vi(Fonp) + 60 (z

+1>
as n — oo. Again, the differentiability class IC_%_ of K implies the existence of a
constant R such that K slides freely inside a ball of radius R. Hence V;_1(F') is of

order O (z%l), and V;(Fy) is of order O (z#) Combining these results yields

)

W(FQH) — 52"/;_1(F2) - 60 (ngl

and from above by

Torco (. ) = / [ (VR + 50 () +0 (=
OKNH OKNH

X HdK P;) dP, ---dP;

as n — oo, where the constant in O(:) can be chosen independent of z, p, and 4.
To evaluate the integral concerning O(-) + O(+), note that dk is bounded, and the
integrations concerning I (P;) dP; result by (Gf]) in terms of order

o( —%) Vi_2(9K N H),

that is,

/ / (50(zi) (

)) H dic(P;) L (P;) dP, - dP;
OKNH(hu)  OKNH(h,u)
= (b0 (=) +0 (")) 0 (=) Vas(0K N Y

a0 (-] w0 (<4

as n — oo, where the constants in O(-) can be chosen independent of z, p, and 0.
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It remains to investigate

Vi Vi(Fam) H dic(P;) 1l (P;) dPy ---dP;.
OKNH  OKNH
We rewrite this as an integral over S%~2 C H,

/ / 1 (F2)Vi(Fan) HdK r(v;)0;) La (r(v;)v;) r(v;

v nra(r(vi)vs)

)d72

dvy - - - dv; .
Together W1th @6), @0), and (@R this yields
(1+5)—3¢2—id1<(x)i1'2(x)z—i+6O( (@-1) ) ( (- 1),+1) §
< Eoxnm(h,u, pG) <
< (14 6)% 27 dg (x) o ()2~ +50( = ) +O< M)
as n — 0o, where

_ / / Vi1 (Fo)Vi(Fort) [ ra () oy - - dv
gd—2 gd—2 J=1

and
ro(v) = bg(v)_%z% .

In the case i = d the result of Schiitt and Werner [25] indicates that Za(x)
is invariant under volume-preserving affinities acting in the hyperplane H. This
implies that Z5(z) only depends on the Gaussian curvature Hy—;(x) of K at x, and
leads to (). We prove the analogous property for general ¢ € {1,...,d}.

Define the ellipsoid Fs as the (d — 1)-dimensional convex body with radial func-
tion bg(v)_%. E» is the intersection of Q2 with the hyperplane z = 1. Since V;_1 (")
and V;(-) are homogeneous, Zo(x) can be rewritten as an integral where the random
points are chosen in the interior of Fy according to the uniform distribution,

bo(ui)~3  bo(ui)~ 3
IQ(x):ZW/.../
gi2  gi-s
X Vi_1(projalba(ur)~Fus, . . ., ba (i)~ uy)
x V(projpg[bQ(ul)*%ul, o bo(us) 2 un)

><H d—10)t2dty - dtyduy - duy

(g i - _
— % (d—1) /.../V}ﬂ(pro‘]pG[Pl,...,Pi])
Es Es
x Vi(proj,c[Py, ..., Plu)dP, --- dP,

where Py, is the projection of the point P onto the boundary of Es, i.e.,

_ P Py
P — b TE<—) .
| Pl | Pyl
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Clearly, the volume-elements dPy as well as V;_1(-)V;(-) are homogeneous and
invariant with respect to volume preserving affinities acting in the affine sub-
space pG N {z = 1} or in the affine subspace pG; N {z = 1}. Observe that
the volume of Fs equals Q%Hd,l(x)*%nd,l and the volume of proj,zFE2 equals
25+ ngd_l(a:)_%/@i_l, where Hy_1(x), resp. ,cHaq—1(x), is the Gaussian curva-
ture of K, resp. proj,gK, at z and k; denotes the volume of the j-dimensional
unit ball. Transforming the ellipsoid F5 into the unit ball B?~! using a suitable
affinity, and rewriting the integral again as an integral over S92, we finally obtain

i (d+1)i

To(x) = pgHa1(x) P Hyq(2) "2 2" 2

/ / 1 (pr0JG[Prs -, P]) Vi(proja[Pr, ., Pln) dPy -+« dP;

-2

_ _ i (d41)i .
= ngd_l(x) Hd_1($) 2z 2 E(Z,d),
where E(i,d) is a suitable constant, depending only on ¢ and d, since the integral
is invariant under rotations and hence is independent of p.
Collecting terms, we obtain

i (d—1)i

(1+0)""E(i,d)2 " dx (2)' pg Ha—1(2) " Hy-1(2) "% 2" 2
+50( )+0( = l”“)g
< ZToknm(h,u, pG) <
< (14 6)YE(i,d)2 " dk (2) paHa1(x) "  Hy_q(z) 22
+50( g ) +o(z“;;"“)

as n — oo with a suitable constant E(i, d), and where the constants in O(-) can be
chosen independent of x, p, and J.

(d—1)i
2

5.5. In order to expand the integral
hk (u) €
(70) / S Tonm (h,u, pG) dh = / S Tonm (hi (u) — 2,u, pG) dz
hrc(u)—e

we use similar substitutions as in Section 3.6. By @9), (&0), and (@3) it follows
from

1-5, = / di (y)v/'1 + (gradf(y))? dy

= / / dg (rv)\/1 + (gradf(rv))2 r=2 dr dv
542 r<r(v,z)
that
(71) 57 <1-8, <st

with
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and
st =1+ 5)d+12%dK(x)Hd,1(x)*%ﬁ;d,lz% )

Since the coefficients of the quadratic forms by(-) are bounded from below by a
positive constant, it follows from (G4]) that for all z < 7, the radial function r of
KNH is bounded by A, i.e., ([G3) holds for all z < 7, with a suitably chosen constant
1, > 0 depending only on A. This also implies that (T]) holds for all s™,sT < n;
with a suitable constant 77; > 0 depending only on A and thus on §.

So we obtain the following lower bound for (70):

/SifiIaKmH(hK(u) — z,u, pQG) dz
0

M=

= /Si_iIaKmH(hK(u) —z,u,pG) dz + 0O (e*”)
0
- ‘

> / (1= 5" (14 6) ™ E(G, d)2 "k (@) pHa1 (2) 7" Haoa ()7 27
0
+50 (z‘dz”") +0 (z‘d"?"’“)) dz +0(e™)

as n — oo.
Introducing s as a new variable and then substituting 1 — sT = e¢7? as in

Section 3.6 leads to Laplace transforms, and using an Abelian theorem we obtain

(72)

/Si_iIaKmH(hK(u) - z,u,pQG) dz
0

2(d+1) 2

> (14 0)” OIS i d) dic ()T g Haoa (1) Hyoa(2) 77 0”00
+0 (n7 1 T) 460 (n7 T ) 40 (ni )

as n — oo with

_@ni 1 —i— 2 2
Tt PO gD

and where the constants in O(-) can be chosen independent of z, p, and J. Analo-
gously, using S, <1 — s7, we obtain

(73)

c(i,d) = E(i,d)2

/SifiIaKnH(hK(u) - z,u,pQG) dz
0

2

< (14 0) HFER (i, d) die ()T o Har (@) Haoa(@) =0~
+0 (0 71) 460 (n 7 ) 40 (ni )

as n — oo.
Concerning the remaining two integrations, we introduce the j-th normalized
elementary symmetric function H;(z(u)) of the principal curvatures of K and the
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j-th normalized elementary symmetric function ,¢H;(x(u)) of the principal curva-
tures of proj,gK at the boundary point x with outer unit normal vector u which
are defined in (). Since the constants in the above result are independent of p
and w, only ,gH;_1(z(u)) — depending on p and v — and dk (z) and Hy—1(z(u)) —
depending on u only — are of interest for the remaining integrations. Changing the
order of integration gives

1

dre (2(w)) ™77 Hy_y (2(w) ™7 o Hior (2(u) " dudp
SO(d) Si—1npG

1

= [ drlat) T Haa @)™ [ peHis ()™ dl du,
gd—1 SO(d)|w
where SO(d)|, denotes the set of all rotations p such that v € pG, and dp|, cor-
responds to the normalized Haar measure on SO(d)|,. Using a local version of an
integral geometric projection formula for surface area measures which is contained
in Hug [11], Lemma 4.3, this equals

1 Hd,z(:c(u))

/ di(2(w))” 771 Hy_q(2(u)) T Hor(2(0)) du

(74) st
- /dK(x(u))—% Hy 1(2) 7T Hy_i(2) do.
oK

We summarize our results: by (G3), and by {@2), by (2), ([3)), and (74) there
exists a constant céz’d), only depending on ¢ and on d, such that

2

(1 + §)~ (0= 2 (id) / dre ()" 71 Hyy ()77 Hy_i(z) de n~ 71
oK
+ 60 (n_%> +0 (n_%> <
<Vi(K) = E,(Vi) <

2

< (1 + )it nd) / di ()" 7 Hy_y(2)T 7 Hy_i(z)dz n~ 71
K

+60 (n——) +0 (n——)
as n — o0o. This, holding for each > 0, proves Theorem 1. |
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