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LOCAL SUBGROUPS AND THE STABLE CATEGORY

WAYNE W. WHEELER

ABSTRACT. If G is a finite group and k is an algebraically closed field of
characteristic p > 0, then this paper uses the local subgroup structure of
G to define a category £(G, k) that is equivalent to the stable category of all
left kG-modules modulo projectives. A subcategory of £(G, k) equivalent to
the stable category of finitely generated kG-modules is also identified. The
definition of £(G, k) depends largely but not exclusively upon local data; one
condition on the objects involves compatibility with respect to conjugations
by arbitrary group elements rather than just elements of p-local subgroups.

1. INTRODUCTION

One of the main themes of modular representation theory, going back many
decades to the fundamental work of R. Brauer, is the idea that the representations
of a finite group are closely related to those of its local subgroups. To some extent
this paper is intended to provide a general explanation for why this idea has proven
to be so fruitful over such a long period. In particular, the work presented here
shows that it is possible to use the local subgroups of a finite group to construct a
category equivalent to the stable category.

Let G be a finite group, let k£ be an algebraically closed field of characteristic p,
and let P(G) be the collection of all p-subgroups of G. The stable category kG-Mod
is obtained by factoring out the projective modules from the category of all left kG-
modules. Section 3 defines a category £(G, k) in which the objects are essentially
certain collections of modules. In particular, an object L in £(G, k) determines a
module L(P) in kN¢(P)-Mod for each P € P(G). Each module L(P) must satisfy
a condition on its variety, and the family of all modules determined by L must
be compatible under conjugation and restriction. In the compatibility conditions
conjugations by arbitrary group elements are allowed, so the definition of £(G, k)
does not depend solely on the local structure of G. The main result of this paper is
that £(G, k) is equivalent to kG-Mod. If Q is a Sylow p-subgroup of G, let (G, k)
be the full subcategory of £(G, k) consisting of the objects L such that L(Q) is
stably isomorphic to a finitely generated module. Then [(G, k) is equivalent to the
full subcategory kG-mod of finitely generated modules in kG-Mod.

The work presented here makes extensive use of Rickard’s work on idempotent
modules [3] as well as Benson, Carlson, and Rickard’s theory of varieties for in-
finitely generated modules [I]. These topics are reviewed in Section 2. The third
section defines the category £(G, k) and a canonical functor § : kG-Mod — £(G, k).
It is possible to define the tensor product of a kG-module M and an object L of
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£(G, k), and the result is another object of £(G, k). This idea is considered in
Section 4. Finally, Section 5 is devoted to proving that the canonical functor
§ : kG-Mod — £(G, k) is an equivalence of categories.

2. PRELIMINARY RESULTS

Throughout this paper G denotes a finite group, and k is an algebraically closed
field of prime characteristic p. If ¢ € G and H is a subgroup of G, let 9H = gHg ™.
For any kH-module M set M1 = kG @iy M; if M is a kG-module, then M|y
denotes the restriction of M to H. It will often be convenient simply to write M |
when the subgroup H can be inferred from the context. We write ¢ : k}{G — k for
the augmentation map given by

5( Z g®xg) = ng.
geG/H g

Let kG-Mod denote the category of all left kG-modules, and let kG-mod be the
full subcategory of finitely generated kG-modules. If M and M’ are kG-modules,
let PHomyg (M, M') denote the k-subspace of Homyg (M, M') consisting of those
maps that factor through a projective kG-module. The stable category kG-Mod
has the same objects as kG-Mod, but the morphisms from M to M’ in kG-Mod
are defined by setting

Hom, (M, M') = Homgg (M, M")/ PHomyg (M, M').

The full subcategory of kG-Mod consisting of finitely generated kG-modules is
denoted kG-mod. It is well known that the categories kG-Mod and kG-mod are
triangulated (Theorem 1.2.6 of [2]), and the translation functor is given by Q71
For convenience we often identify 1~! with the isomorphic functor Q 'k ® —.

If v : M — M’ is a kG-homomorphism, then we normally also write ~ for
the corresponding map in kG-Mod. In fact, we will generally only be concerned
with maps in the stable category. In a few cases homomorphisms are defined in
the module category, but even then it is always the image in kG-Mod that is of
interest.

Recall that if 7 is a triangulated category and C is a full triangulated subcategory
of 7T, then C is said to be a thick subcategory if it is closed under taking direct
summands of objects. Now suppose that C is a thick subcategory of kG-mod. As
in [3], we say that C is a tensor-ideal subcategory of kG-mod if M ® M’ is in
C whenever M is in C and M’ is in kG-mod. Let C® denote the smallest full
triangulated subcategory of kG-Mod that contains C and is closed under arbitrary
direct sums. A module M is said to be C-local if Hom,(C,M) =0 for all C'in C.

The following proposition summarizes the fundamental facts about idempotent
modules that will be needed in the following sections. Proofs can be found in [3].

Proposition 2.1. Let C be a tensor-ideal subcategory of kG-mod. For any object
M in kG-Mod there is a triangle

ec(M) —— M —— fe(M) —— Q" (ec(M))

in kG-Mod such that ec(M) is in C® and fc(M) is C-local, and such a triangle
is unique up to isomorphism. The morphism ec(M) — M is the universal map
in kG-Mod from an object of C® to M, and M — feo(M) is the universal map
from M to a C-local object. The modules ec(k) and fc(k) are idempotent in the
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sense that ec(k) @ ec(k) = ec(k) and fe(k) ® fe(k) = fe(k) in kG-Mod. Moreover,
ec(k) @ M = ec(M) and fe(k) @ M = fe(M) in kG-Mod for any module M.

In the following work it will often be necessary to consider the universal map
n : ec(k) — k described in Proposition 2] By abuse of notation we usually use
the same symbol 7 to denote this map for any thick subcategory C of kG-mod and
for any finite group G.

Benson, Carlson, and Rickard have used idempotent modules to develop a theory
of varieties for arbitrary kG-modules, and we give a brief review of this theory. Al-
though it is common to consider the maximal ideal spectrum of the cohomology ring
H*(G, k), we will use the space Proj H*(G, k) of all homogeneous prime ideals that
do not contain the ideal @~ ; H"(G, k). If I is a homogeneous ideal in H*(G, k), we
set Vo (I) = {p € Proj H*(G, k) | I C p}. If M is a finitely generated kG-module, let
J(M) be the annihilator of Exty (M, M) in H*(G, k), and let V(M) = Vg (J(M)).
Then Vg (M) is closed in Proj H*(G, k), and Vg (k) = Proj H*(G, k).

If M is infinitely generated, however, then the definition of Vg (M) is more com-
plicated. For p € Vi (k) let C(p) denote the full subcategory of kG-mod consisting
of all finitely generated kG-modules M’ such that Vg(M') C Ve(p), and let C'(p)
denote the full subcategory of C(p) consisting of all finitely generated modules M’
such that p ¢ Vg(M'). Then C(p) and C’(p) are tensor-ideal subcategories of kG-
mod. If M is an arbitrary kG-module, then V(M) can be defined as the collection
of all primes p € Vg (k) such that Jerp) ® ec(py ® M is not projective.

Although the set Vg (M) is not necessarily closed in Vi (k) if M is not finitely
generated, these sets do retain the most important properties of varieties for finitely
generated modules. In particular, the following results hold for any kG-modules M
and M':

(1) M is projective if and only if Vg (M) = 0;

(2) VoM & M) = Va(M) U Va(M),

(3) Vg(M & M’) = Vg(M) N Vg(M/).
The reader should be warned, however, that the definition of V(M) given here
is not used in [I]. In that paper the authors define the so-called variety Vg(M)
of a module M to be a collection of homogeneous irreducible subvarieties of the
maximal ideal spectrum of H*(G, k). The results of [I] can be translated into the
notation used here by observing that V' € Vg (M) if and only if the generic point
of V lies in Vg (M).

Now let V be a closed subset of Vg (k), and let C(V) denote the full subcategory of
kG-mod consisting of all finitely generated kG-modules M such that Vg (M) C V.
For simplicity we write ey for ec(vy and fv for fe(yy. If H is a subgroup of G, let
resg; i+ Vi (k) — Vg (k) denote the map induced by the restriction homomorphism
resg. i - H*(G, k) — H*(H, k).

Proposition 2.2. Let V and W be closed subsets of Vg (k), and let H be a subgroup
of G. Then

(1) ev @ ew = eyaw and fv @ fw = fvow in kG-Mod;

(2) evlg = eqesy ,n-2(v) and fvlg = fuesy )-1(v)i

(3) Vg(ev) =V and Vg(fv) = Vg(k) - V.

Proof. The first two statements are proven in [3]; the third statement is Proposi-
tion 3.1 of M. g
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Proposition 2.3. Suppose that H is a subgroup of G.
(1) If M is a kG-module, then Vg (M |y) = (resg )" (Va(M)).
(2) If M is a kH-module, then Vg(M1¢) = resg; (Vi (M)).
Proof. See Propositions 4.1 and 4.2 of [4]. O

Now suppose that P is an arbitrary p-subgroup of G, and define
VG,P = resap (Vp(k))

We shall write eg p for ey, , and fg p for fy, ,. If E is an elementary abelian
p-subgroup of G, set

VC;,E = U Va, g,

Eo<E
and V&E = Vor — V(;E. Then the module A\g g = fVc_,E ® ey, satisfies
Vg()\G7E) = V(J;F’E.
Proposition 2.4. Let E be an elementary abelian p-subgroup of G, and set N =
Ng(E). Then )\;,GE is stably isomorphic to Ag,g. Moreover, the map 1 ® EnTG :
AG,E® e;\,c"‘E — Ag,E 15 a stable isomorphism.
Proof. The first statement is Proposition 4.5 of [4]. The proof of that proposition

also shows that the second statement is true, although it is not explicitly stated
in [4]. O
Lemma 2.5. Let V, W, and X be closed subsets of Vi (k), and assume that W N

X C V. Then there are canonical stable isomorphisms (fy @ ew) @ (fv @ ex) —
fv ®@ewux and fv @ ew — frux @ ew.

Proof. See Lemma 3.2 of [4]. O
Let r be the p-rank of G. For 0 < s < r let

Vs = U Ve, E,
E

where the union is taken over all elementary abelian p-subgroups E of G with
rank E <s. Set e; = ey, and f; = fy..
The proof of the following result is similar to that of Proposition 4.3 of [4].

Proposition 2.6. Let0 < s <r—1, and let £y, ... ,FE, be a set of representatives
for the conjugacy classes of elementary abelian p-subgroups of rank s+1 in G. Then

n
fs ® €s+1 = @)\G,Ey

i=1

Proof. For 1 <14 <n set Vg(j_)l = Vg,E,, and let V(ff Y be the union of all compo-

S
nents of Vsy1 of dimension at most s. Then Vi1 = Vs(j_)l U---u V;(_ffrl), and we
N
VO U-uv ), = P,_1 fs ®6Vs(i)1 for1 <t<n+1.
There is nothing to prove if ¢ = 1, so assume that 1 < ¢t < n + 1. Because

(VS(JP1 U---u VS(frIl)) N Vs(fr)l C V, Lemmal[2.5] and the inductive assumption give

prove by induction on ¢ that fs®e

t
fs ® ey U UV, = (fs® eri)lumquiIl)) ®(fs ® eV.fl)l) = 691 fs® ey,
1=



LOCAL SUBGROUPS AND THE STABLE CATEGORY 2191

as desired. Moreover, Vs(ffl) C Vs, so that fs ® eVs(LH) >~ (0 in kG-Mod. Hence

n+1 n

Feoen @100y 2@ Lo o,
i=1 =1

Fix ¢ with 1 < i < mn, and let V; be the union of all components of V; that are
not contained in Vi .. Then Vg g, NV C V., so Lemma LAl implies that

J— ~ J—
f:® Vap, T fVG_,EiU‘/i/ ®Cver, = fVCvT,Ei ® e, = AG. B
Thus fs ® es41 = D, Aa,E, as desired. O

Proposition 2.7. Let 0 < s <r—1, and let F1, ..., E, be a set of representatives
for the conjugacy classes of elementary abelian p-subgroups of rank s+ 1 in G. Set
Nj = Ng(Ej) for all j, and let n; : en; 5, — k be the universal map described
in Proposition [Z1. Then for 1 < j < n there are maps «o; : e}viEj — esy1 Such
that na; = en;1 and 1 ® (@?:1 o) fs ® (@;;1 e}vf7Ej) — fs ®esy1 is a stable
isomorphism.

Proof. For each j there is a commutative diagram

G
a 1®en; T
es+1 ® e}vj’Ej ———es11®k

n®1l Jf@l

1
%
W@ en;.k 1®en; 1€ .

and VG(e}\gij) =Ve,g; CViy1,s0that n®@1:e541 ® e}\,(j’Ej — e}ij’Ej is a stable

isomorphism for all j. Set a; = (1 ®en;19)(n ® 1)~!. Then the above diagram
shows that na; = en; 1€ for all j.

To prove that 1 ® (@?:1 )t fs® (@?:1 e;,f’Ej) — fs ® egyq is a sta-
ble isomorphism, it suffices to prove that 1 ® 1 ® (@;;1 EanG) D fs ®est1 ®
(@?:1 eijj’Ej) — fs ®esy1 is a stable isomorphism. Now f, ® eg11 = @?:1 AG,E;»
and Vg(Ag g, ® e}viEj) = Vi g, NVar, = 0if i # j. Thus it is only necessary
to show that @j_, (1 ® en;19) : D). (Ac.E ® e}VCj’Ej) — @)_, Ag,5; is a stable
isomorphism. But this is an immediate consequence of Proposition O

3. THE CATEGORY OF LOCAL MODULES

The main purpose of this section is to define the category £(G, k) of G-local
modules and a canonical functor § : kG-Mod — £(G, k) that will be studied in the
following sections. It will be useful to begin by fixing some notation. Let P(G) be
the collection of all p-subgroups of G. If P € P(G), then throughout the remainder
of the paper we usually write N for Ng(P). Similar notation will be used for
normalizers of other p-subgroups. For example, if Py, P; € P(G), then we write Ny
for Ng(Py) and Ny for Ng(Py).

Suppose that for every P € P(G) we have a module L(P) in kN-Mod such that
Vn (L(P)) C Vn,p. Assume in addition that whenever P; C P, in P(G), there is a
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homomorphism ¢p, p, : L(P1)|yx,nn, — L(P2)|N,An, such that the diagram

¢P11P2

L(Pl)lNlﬂNQ P2 lNlﬂNg

wP11P2J/ H

EN1NN2, P ® L(PQ)lNlﬁNg T) L P2 lNlﬁNg

commutes for some stable isomorphism ¢p, p,. Assume that ¢pp = 17p) for all
P e P(G) and that ¢P2,P3 o ¢p1,p2 = ¢P1,P3 in k[Nl N Ny N Ng]-m whenever
P, C P, C P3in P(G). For each g € G assume that there is a stable isomorphism
cg(P) : g ® L(P) — L(?P) such that the diagram

g®h® L(P) ———— gh® L(P)

g®0h(P)l chh(P)

h N gh
g ® L("P) 0P L(9"P)
commutes for all g,h € G and all P € P(G); assume in addition that if g € N,
then ¢4(P) : g ® L(P) — L(P) is the map given by ¢ ®  — gz. Finally, suppose
that if P, C P, and g € G, then there is a commutative diagram

cg(P1)
(9 ® L(Pl))ls'(NmNz) — L(gpl)ls'(NmNz)

9gRdpy ,PQJ Jjﬁgpl 9Py

(9@ L(P2))lg(NmN2) T L(9P2) Lo(nynna)-

Then we say that (L, ¢, ¢) is a G-local module (over k). We usually abbreviate the
notation by writing L for the G-local module (L, ¢, ¢). For simplicity we sometimes
also write ¢ instead of ¢p, p, when the subgroups P; and P can be determined
from the context.

IfL=(L,¢p,c)and L' = (L', ¢, ') are G-local modules, let £(P) : L(P) — L'(P)
be a map in kN-Mod for all P € P(G). Assume that there is a commutative
diagram

cg(P)
9@ L(P) L(“P)

g®£(P)J JS("P)

for all P € P(G) and g € G; assume in addition that if P;, P» € P(G) and P, C Ps,
then there is a commutative diagram

oP, Py

L(P1)] NN, L(P2) | Ny,

§(P1)l li(l’z)

L'(P)lnan, ——— L' (P2) v,

’
Py, Py
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Under these circumstances we say that the sequence of maps { = {{(P)}pep(q) is
a G-local homomorphism.

Let £(G,k) denote the category in which the objects are the G-local modules
and the morphisms are the G-local homomorphisms. Our next objective is to define
a canonical functor § : kG-Mod — £(G, k). For any kG-module M set (FM)(P) =
en,p®@M]| y for all P € P(G). The map ¢p, p, : (FM)(P1) — (§M)(P,) is defined
to be the composition

(1@ne1) !
€N1,P1leN2 Y MlNlﬂNQ - eNl;PIl' Y eN27P2l ® Ml«

n®¥1R1
—— eny, PN, @ Mn,an,

whenever P; C P,. For each P € P(G) and each g € G there is a stable isomorphism

-1

(9®1)@n ®n)®1

g EN,P Q (g & eN’P) ® €gN 9P % €N 9P -

Combining this map with the isomorphism g® M |y — M |4y given by g&m +— gm,
we obtain a stable isomorphism ¢,(P) by taking the composition

g (enp@M|yN) = (9Qenp)® (9@ M|y) = enap @ M|gy.

If v : M — M’ is a map in kG-Mod, then v is the G-local homomorphism
satisfying (§v)(P) =1®~v:enp @ M|y — en,p ® M'| y for all P € P(G).

We have now defined a canonical functor § : kG-Mod — £(G, k). It will some-
times be useful to consider the analogous functor kH-Mod — £(H, k) for some
subgroup H of G. By abuse of notation we use the same symbol § to denote this
functor for any subgroup of G.

The following proposition characterizes the isomorphisms in £(G, k). The proof
is straightforward and is left to the reader.

Proposition 3.1. Let £ : L — L' be a G-local homomorphism. Then £ is an
isomorphism in £(G, k) if and only if {(P) : L(P) — L'(P) is an isomorphism for
all P € P(G).

4. TENSOR PRODUCTS

If one thinks of a G-local module essentially as a kG-module, then one would
expect to be able to define the tensor product of two G-local modules. Such a
definition is indeed possible, but for our purposes it will be more useful to consider
the tensor product of a kG-module and a G-local module. This construction has
the advantage of being slightly easier to define and to use. The main result of this
section is the existence of a certain natural isomorphism relating tensor products
and the functor §. This isomorphism is needed in the next section to show that §
is an equivalence.

Let M be a kG-module, and let L = (L, ¢, c) be a G-local module. For any
PeP(GQ)set (M@ L)(P)=M|y®L(P). If P, P, € P(G) with P, C P, then
there is a stable isomorphism 1 ® ¢p, p, : M| n, AN, @ L(P1) N, AN, — Mn,AN, ®
L(P2)| nynnN,- Forany g € G and P € P(G) let my(P) : g@ M|y — M|y be the
isomorphism given by g ® x — gx. Then there is a stable isomorphism given by
the composition

mg(P)®cy (P)

g® (M|ly®L(P)) 2 (9@ M|y)® (g ® L(P)) M|,y ® L(°P).
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With these definitions it is easy to see that M @ L = (M ® L, 1® ¢, m ® ¢) is again
a G-local module. In order to provide a connection between this definition and the
functor §, we begin with the following lemma.

Lemma 4.1. Let L be a G-local module, and let Py, P, € P(G). Then there is a
stable isomorphism 01, (P1, P2) of k[N1 N Na]-modules given by the composition

(1on®¢) "
_—

€Ny, Py lNlﬁNz ® L(PQ)l 6N1,P1~L & eNz,le o2y L(Pl N P2)~L

N1

oy

€Ny, Py | @ L(P1)].

Moreover, the isomorphism 01,(Py, Py) is natural in L. For each g € G there is a
commutative diagram in k[%(N1 N N2)]-Mod of the form

1®cq(P2)
g® (eny,p | @ L(P)]) = eon, op | ® (9@ L(P)) ] esn, 9P, | @ L(9Py)]

g®9L(P1,P2)l laL(gPthﬂ

9@ (eny Pl @ L(P1)L) = eanyap, | ® (9© L(PL)) | ——— €an, op, | @ L(9P1)].

1®cq(P1)

IR

Furthermore, if Py C P and P € P(G), then there is a commutative diagram
in k[N1 N N2 N N]-Mod given by

R

eny, Pl ®en, p,l ® L(P)| en, Pl ®en, Pl @ L(P)|

1®9L(P2,P)i ll@@L(Pl,P)
en,.pl ®enpl ®L(P)| en,. Pl ®en,pl @ L(P)]
7@% «W
en,pl ® L(P)].

Proof. Set P3 = P; N P,. Because N1 N Ny C N3, we can restrict the maps ¢p, p,
to N1 N Ny for ¢ = 1,2, and we claim that the resulting maps 1 ® 7 ® ¢p,,p,| and
N®1® ¢p, p, | occurring in the definition of 0 (P;, P») are isomorphisms. There
is a triangle of k[N N Na]-modules of the form

eNgﬁNg,Pgl ® L(PQ)l Ieil_} L(PQ)l - fNQf-WN;;,Pgl ® L(PQ)l - Q_lk ® eNgﬁN;},P;}l ® L(PQ)l
Because Vi, nn, (eth1 1® fNoANs, Py l®L(P2)L) = (), the map n®1 occurring in this
triangle becomes an isomorphism upon tensoring with e, p, |. The commutativity
of the diagram

1@n®¢p; Pyl
E—

eny, Py LN AN, ® eNy Pyl vy, © L(P3) N, ANy eny, PN ANy ® L(P2) LNy,

1®1®wp3,p2Jg

1®n®n®1
eny, Pl ®eny Pyl ® enyg, Pyl © L(P2)l —————eny Py v, avy, © L(P2) Ly an,

1@n1®1 | o

o

eny, PLINy AN, ® eNanNg Py lng nv, @ LIP2) LNy niv, W eny, Py vy N, @ L(P2) vy v,

shows that 1®7®¢p,, p, | is an isomorphism. Similarly, n®1®¢p, p, | is an isomor-
phism, and so is 01, (Py, P»). Tt is straightforward to check that this isomorphism is
natural in L.
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Now suppose in addition that g € G. Observe that there is a commutative
diagram in k[9( N1 N N3)]-Mod of the form

R(1RNR¢)
9® (enp L ®enyp | @ L(Ps)|) ———"— g ® (en,,p, | @ L(P2)])
J 1878(9®4) J
Conyop, | ® eanyopy | @ (9@ L(P3)) | ——"" eanyop, | @ (9 @ L(Py)) |

1®1®C9(P3)J Jl@cg(Pg)

esNy,op | ® ean, op, | @ L(9P3)] esn, 9P, | ® L(9Ps)].

1en®eé

Combining this diagram with the analogous diagram in which P; and P» are inter-
changed, we conclude that the first diagram given in the statement of the lemma
commutes.

Finally, if P, C P, and P € P(G), then it is straightforward to verify that the
last diagram given in the statement of the lemma commutes. O

Proposition 4.2. Let L be a G-local module, and let P € P(G). Then there is an
isomorphism &(L(P)TG) = ejvcfp ® L, and this isomorphism is natural in L.

Proof. Let Py € P(G). By Lemma (1] there are isomorphisms

eNo,Py @ L(P)TGlNO = @ €Ny, Py @ (g Y L(P))lHNﬂNOTNO
gENo\G/N

=~ B (eno.po Lavane ® LEP) Lanang )1
g

= @(GQN,HPLHNQNO &® L(Po)lgNﬁNo)TNo
g

= @(9 ®en,p)Lavan 1" © L(Fo)
g

=~ el7pln, ® L(P),

and it is straightforward to check that these isomorphisms are natural in L. Let

D(Py) :eny,p, @ L(P)TGLNO — e}VC”YPlND ® L(Py) be the above isomorphism. Then

it is only necessary to show that & : S(L(P)TG) — e}vc’;P ® L is a G-local homomor-

phism.
Suppose that P, Py € P(G) with P, C P,. We wish to show that there is a
commutative diagram

1®@n®1 n®I®1
eny, PN ANy ® L(P)Tclwlm\fz S en Pl ®eny, Pl ® L(P)1¢] —— €Ny, Pyl ® L(P)191

&~

<I>(P1)l lﬂpﬂ

EJTVG,PlNlmNQ ® L(P1)l N ANy eIV(,;Pl®L(P2)l~

189p,Py
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If g € G, then Lemma Tlshows that in k[N NN NNz]-Mod there is a commutative
diagram given by

R

eny,p L ®en, p,| ® L(9P)]

en,. Pl ®en, Pl @ L(9P)]
1®6L(P2,-"P)l l1®0L(P1,9P)
en,,p,l ®esnvopl @ L(P)] eNy, Py | ® €snopl ® L(P1)]
n@% %
egN,s'Pl 2y L(PQ)l-

After inducing from 9N N Ny N Ny to N3 N Ny and taking the direct sum over

g € (N1 N N2)\G/N, some tedious verifications show that there is a commutative
diagram

nQ®(P1)
6N2,P2l ® eNhPll ® L(P)TGlNlﬂNz —1>

!

elePIl & 6N27P2~L Y L(P)TGlNlnNQ

fe!
ejv,plz\flm\f2 ® L(P1)l N, an,

l1®¢P1,P2

e
—eam  eNPivny, © L) N o,

It is easy to see that this is equivalent to the commutativity of the desired diagram.

Finally, suppose that g € G and that Py € P(G). We must show that there is a
commutative diagram in k[INy]-Mod of the form

9® (eng,py ® L(P)TGl)

g®<I>(Po)J/

l@(S’PO)
9@ (eNply, ®L(P)) = eNplav, ® (98 L(Po)) — eN'plon, ® L(Ry).

= €aNy,9Py & (g ® L(P)TGL) T €Ny, 9Py & L(P)TGl

Let T be a set of representatives for the (No, N) double cosets in G. It follows from
Lemma [£.T] that there is a commutative diagram

9® (eng, Py ®L(P)TGlNO) =

eang,apy @ L(P)TY Loy,

Orer(9® (eng.py L ® (M ® L(P))thmNOTNO)) = D esng.9p, @ (9h ® L(P))lgthgNO 1Mo

@heT(g ® (eng,pp | ® L(hP)thﬁNO)TNO) ;) @heT(e-"Nov-"Pol ® L(ghp)l)TgNO

Brner(9® (eny npl ® LP)DINO) ———5 @) e (eonyonpl © L(FP) 1) 1N

1R

9® (eNpln, ® L(P0))

eJTV(,;PlHNO ® L(9P),
and this completes the proof.

O
It is possible to define not only the tensor product but also operations such as
induction and restriction of G-local modules. In the case of restriction, for example,
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let L be a G-local module, and let H C G. Define an H-local module L| ; by setting
Ly (P)=L(P)|lgnn
for every p-subgroup P C H. Note that Vy (L(P)) C Vn,p, so
Vion (Ll (P)) = (resiy gan) (Vv (L(P))) S (vesiy, grn) ™ (Va,p) = Vian, p-

If Py and P, are p-subgroups of H with P; C P», then the map ¢p, p, : L(P1)| A,
— L(P2)| n,nnN, gives a commutative diagram

¢py Pyl

L(Pl)leszH L(P2)leN2mH
wpl,Pgll H
eN1ANo, P L @ L(P2)| BT E— L(P2) | N, AnonE-

* -1 —
Moreover, (resy, nn, Nyanenm)  (VNiANz,P) = VNianane, Py so that
~
6N1ﬂN2,P1J»N1r‘1N20H = €EN1NN2NH,P; -

Finally, if h € H, then ¢;(P) : h ® L(P) — L("P) is a stable isomorphism, so
ch(P)lnyag : h @ Ll (P) — L] ("P) is also a stable isomorphism. It is easy to
check that the resulting object L]y = (Llg, ¢ly,cly) is an H-local module. If
¢: L — L'is a G-local homomorphism, set £| 5 (P) = E(P)Innm : LP)Inng —
L'(P)| ynpg for every p-subgroup P of H. Then ¢| g : Ly — L'] 5 is an H-local
homomorphism, so there is a restriction functor resq. g : £(G, k) — £(H, k).

Using arguments similar to those given in the proof of Proposition [d.2] one can
show that for any P € P(G) there is a natural isomorphism §(L(P)) = en,p®L| y
in £(N, k). It is much easier, however, to deduce the existence of this isomorphism
from Theorem [5.9] so we postpone any further discussion of the restriction functor
to the next section.

5. AN EQUIVALENCE OF CATEGORIES

The current section is devoted to showing that the canonical functor § : kG-Mod
— £(G, k) is an equivalence of categories. Constructing an explicit adjoint seems
to be rather difficult, so we prove that § is an equivalence by showing that it is
essentially surjective, full, and faithful. As a first step toward proving faithful-
ness, we begin with a result showing that any G-local homomorphism is uniquely
determined by its value on a Sylow p-subgroup.

Proposition 5.1. Let L and L' be G-local modules, and let £ : L — L’ be a G-local
homomorphism such that £(P) = 0 for some Sylow p-subgroup P of G. Then & = 0.

Proof. Let @ be a p-subgroup of G, and let R be a Sylow p-subgroup of Ng(Q).
Then there is an element g € G with YR C P. The commutative diagram

g0 LQ) —<Y 1)

9®£(Q)J JE(“’Q)

g® L'(Q) v L'(Q)

shows that £(Q) = 0 if and only if £(9Q) = 0. In order to show that £(Q) = 0, then,
we may replace @ by 9 and may therefore assume that ¢ = 1 and that R C P.
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The commutative diagram

¢Q,
L(Q)lNG(Q)mNG(P) — = L(P)lNG(Q NNg(P)
0

)
s(cml J«Pu
l

bq,
L'(Q)lng(@)nne(p) ————— L'(P)l ng@)nne(p)

(
wQ,pl ‘
(

eNe(@nNe(P),Q ® L'(P)] ———— L'(P)ln,
shows that (n®1)otg, poé(Q)| = 0. But Vi, @)nne(p) (L(Q)!) € Ve (@)nne(P).o»
so the map (n® 1) o9g,p0&(Q)| factors uniquely through n® 1, and hence ¥, p o
§(Q)1 = 0. Because g, p is a stable isomorphism, it follows that £(Q) | n (0)nne(P)
=0 and hence £(Q)|z = 0. Thus
1 N
Q) = Na(Q) | TFRG(Q) (€@)lg) =0,

as desired. O

Q)NNg(P)

Let P be a Sylow p-subgroup of G. Set N = Ng(P), and let g € G. If Q is a
Sylow p-subgroup of YN N N, then Q@ C 9P NP CINNN, and hence Q = 9PN P.
It follows that the map 1 : esynn,spnp — k is a stable isomorphism, and hence so
are

¢apnpsp : LOP N P)loyan — L(P)lonan

and
¢9PmP,P : L(gp N P)lgNmN - L(P)lgNmN~

Definition 5.2. Let L and L’ be G-local modules, let P be a Sylow p-subgroup of
G, and set N = Ng(P). Suppose that v : L(P) — L'(P) is a kN-homomorphism.
We say that v is G-stable if there is a commutative diagram in k[N N N]-Mod of
the form

(go L) —2P Py — " L pePAP) — s L(P)|

(9® L'(P))| TL'(‘QPN TL'(QPﬂp)l TL'(PN

for all g € G.
The following result is easy to verify, and the proof is left to the reader.

Proposition 5.3. Let L and L' be G-local modules, let P be a Sylow p-subgroup of
G, and set N = Ng(P). Suppose that v : L(P) — L'(P) is a kN-homomorphism.
If there is a G-local homomorphism & : L — L' with £&(P) = =, then v is G-stable.

Let L and L’ be G-local modules, and let P be a Sylow p-subgroup of G. Set
N = N¢(P). We will define a homomorphism

T = T . Hom, y (L(P), L'(P)) — Homg(q ) (L, L').
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Because P is a Sylow p-subgroup of G, we have ey p = kn. The maps ¢ : kg — k]TVG

and € : k]T\,G — ke given by «(z) =} cq/ny 9 ® z and E(EgeG/Ng ® xy) = 29T
satisfy ev = 1y because |G : N| = 1 (mod p). If v : L(P) — L'(P) is a kN-
homomorphism, let Ty : L — L’ be the G-local homomorphism given by the
composition

@1 ~ F(v19)
L2 koL =elp o L= F(LP)1%) 222 5(1(P)1€)
_eNP®L/NkTG L/i&l)[//.

Proposition 5.4. Let L and L' be G-local modules, and let P be a Sylow p-subgroup
of G. Set N = Ng(P), and let v : L(P) — L'(P) be a kN-homomorphism.

(1) If~y is G-stable, then Ty : L — L' is a G-local homomorphism with (Tv)(P) =

.
(2) If L = M and L' = M’ for some kG-modules M and M’, then Ty =
F(Tr§ )

Proof. To compute (Ty)(P), we begin by observing that the definition of the iso-
morphism in Proposition shows that the composition of the isomorphisms

L(P)1%y 2 enp ® L(P)1% |y = F(L(P)1°)(P)
> elfply ® L(P) 2 kY |y ® L(P)

is given by
L(P)1% |y = @ (9®L(P))lgNnNTN
geN\G/N
= @ L(%P)Lonan TV

o~ EB LEP N P) Lonen 1Y
= EBL Yavan ™

= @kw (P)

o~ k-,TVGlN ® L(P).

If « is G-stable, then there is a commutative diagram

=
Z
R

R

k@ L(P) =2 k%] y ® L(P) L(P)1%ly

gl 1®7J 1®vl JvTclN

ko L'(P )<—/JG1N ® L'(P) L'(P)1%] 5.

&
3
R

R

Hence (Ty)(P) = v, and (1) holds.
Now suppose that L = M and L' = FM'. Identifying ey p with ky, we may
assume that L(P) = M| and L'(P) = M'| ;. Then the isomorphism

kG Iy @ L(P) = kP y @ M|y = M| 5%y = L(P)1%]y
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1

is given by (¢ ® 1) @ m — g ® g~ 'm, and similarly for L’ instead of L. Tt follows

that the composition

My ZL kv @My =M1y
G
DU M 19y 2 R Iy @ MYy S5 M|y

is equal to Tr% ~. Thus T : §M — FM' and g(Trg v) : §M — FM' are G-local
homomorphisms with (T)(P) = F(Tr§ 4)(P). Proposition B now implies that
Ty = F(Tr§ 7), as desired. O

Corollary 5.5. The functor § : kG-Mod — £(G, k) is full.

Proof. Let M and M’ be kG-modules, and let & : M — FM’ be a G-local ho-
momorphism. Let P be a Sylow p-subgroup of G, and set N = Ng(P). Then
£(P) is G-stable, so TE(P) : §M — FM' satisfies (TE(P))(P) = &(P). Hence
£ =TE(P) = F(Tr§ £(P)), and § is full. O

As another consequence of Proposition[5.4, we present a result that strengthens
the statement of Proposition [3.1]

Corollary 5.6. Let & : L — L' be a G-local homomorphism, and let P be a Sylow
p-subgroup of G. Then & is an isomorphism if and only if £(P) is an isomorphism.

Proof. Tt is clear that if ¢ is an isomorphism, then £(P) is an isomorphism. To prove
the converse, suppose that £(P) is an isomorphism. Because £(P) is G-stable, the
map &(P)~!: L'(P) — L(P) is also G-stable. By Proposition[5.4l there is a G-local
homomorphism ¢ : L' — L with ¢'(P) = &(P)~!. Then (¢'¢)(P) = 11(p) and
(£ (P) = 1p(py, s0 &6 = 11 and &' = 11 by Proposition BTl Thus £ is an
isomorphism. [l

The following technical lemma is needed to show that the functor § is essentially
surjective.

Lemma 5.7. Let & : Ly — L} and & : Ly — LY be G-local homomorphisms, and
let P be a Sylow p-subgroup of G. Set N = Ng(P). Suppose that v : L1(P) —
Lo(P) and ' : LY (P) — LL(P) are kN-homomorphisms such that there is a com-
mutative diagram

£&1(P)
Ly(P) 14(P)
’)’J ~'
La(P) > T4(P).

Then (T) 0 & = & o (T7).
Proof. The result follows immediately from the commutativity of the diagram

@1 F19) e®1
L5k @n = F(L(P)1%) F(L2(P)1C) = kNP ®@Ly— Lo

5{ 1®51l 3(51(p)TG)J Jg(&(P)TG) ll@@ }2

Lk oL = S(LA(P)I) ——B(La(P)19) = & ® Lh o7 L.
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Let r denote the p-rank of GG, and suppose that s is an integer with 0 < s < r.
Let kG-Mod(s) denote the full subcategory of kG-Mod consisting of all modules M
with es @ M = M, and let £,(G, k) be the full subcategory of £(G, k) consisting
of all objects L such that e; ® L = L. It is easy to check that if M is any kG-
module, then M is in kG-Mod(s) if and only if §M is in £,(G, k). In particular,
the restriction of § to kG-Mod(s) defines a functor §s : kG-Mod(s) — £4(G, k).

Lemma 5.8. Let 0 < s < r — 1, and assume that the functor §s : kG-Mod(s) —
L£4(G, k) is essentially surjective. Then Fs11 is also essentially surjective.

Proof. Let L be an object of £,11(G, k). Then e; ® L is an object of £,(G, k), so
there is a module M in kG-Mod(s) such that §M =~ e, @ L. Let £ : §M — L
denote the composition

FM~e, 0L 725 L.

Then 1®¢:es @ §M — es ® L is an isomorphism.

Let Eq,..., E, be representatives for the conjugacy classes of elementary abelian
p-subgroups of rank s + 1 in G. Fix i with 1 < ¢ < n, and consider the map
BE, = Bs ® 1 occurring in the triangle

esly, ® L(E;) — L(E;) — feln, ® L(E;) —2=2

Q 'k ®es|y, @ L(E;).
Using the isomorphisms
Homy v, (fsln, ® L(E;), Q2 'k ® 5]y, ® L(E;))

= Homy v, (fsln, ® L(E;), Q 'k @ (FM)(E;))

= Homy,, v, (fsl @ L(E), Y 'k@en, B ® Ml)

= HO_mkNi (fslN, ® L(Ei)v Q 'k ® MlN,)

= Homyg (f: @ L(E), Q7 'k @ M),
we obtain a map B : fs ® L(Ei)TG — Q7 'k ® M corresponding to (Bg,. Set
Moy =B, L(Ei)TG. Taking the direct sum of the maps (3}, for 1 <i < n gives
amap B : fs ® Mgy — Q 'k ® M. Let M’ be the kG-module defined by the
triangle

M —"= M —— fe ® Mo —6>Q*1k®M.

Then Vg(M') C V(M) U Vg(fs ® Mgi1) € Vi1, so M’ is an object of kG-
Mod(s + 1). We will show that M’ = L.
Observe that for 1 <4 <n the map 8% : fs ® L(Ei)TG — QO 'k ® M factors as

£ @ LENC 22 0 k@ e, © LENTS = Q7% ® (esly, ® LE))1C

ENi G
> Ok ® (enpm © MUy 20k @eld p oM 228 9 kg M.

Let P be a Sylow p-subgroup of G, and set N = Ng(P). Then the map (F8%,)(P)
in kN-Mod is given by the composition
enp @ fsly @ LIE)Ty — enp@Q k@ e}\,(iEil ® M|

e
18l@end &1, enp @ k@ M| y.
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After a permutation of the tensor factors, the first map in this composition is just
the composition around the diagram

fsln ®en,p @ L(E)TC | x

1R

Foly @ el g, In ® L(P)

Bs®1®1 Bs®1®1

Q 'k ®esly en,p @ LENC N

1R

Q k@ esly ®ey, g, In ® L(P)
(110106(8,)11) " (1e1012¢(P)) "

QO Mk ®esly @en,p ® (en,, B, ® My )1y

1R

Qe ®esln ®61TV?’E1.1N ®enp M|y

191 | =~ =1 179191®1

1R

Q 'k ®en,p ® (en;,B; ® Mly,)T% N O kel Iy ®enp @My,

in which the middle square commutes by Proposition 221 It follows, therefore, that
the triangle in which the third map is

188
enNP @ fsly @ Msy1ly ——enp@Q k@ M|y 20 'k@enp @ M|y

is isomorphic to the triangle in which the third map is given by the composition

T 8101 T
foln @ (@D el pln) © LP) 2220 Q7 k@ ey © (D el s, L) © L(P)
i=1 i=1
(1e1e10eP) | N 16
e O ey © (Dl ) ®enp® My
i=1
110(Pen:T1)®101

QO 'k@esly@enp M|y

Let us call this composition ﬁ For1 <i<nleta;: e;,GE — esy1 be the map
defined in Proposition 277, and let o : @), e;,GE — eg41 be the direct sum of

the a;. Then na = @, EmTG, and one can check that there is a commutative
diagram

8
foln ® (@B eN 5 In) ®L(P) ——= Q 'k @e |y ®enp @My

1®a®1J/ ll@l@g(P)

fSlN®es+1lN®L(P) 5 onol Q_1k®€slN®L(P)

Now 1®a: fs ® (@:.;1 e%j E1) — fs ® es41 is a stable isomorphism by Proposi-
tion 27, and 1Q&(P) : eslyQen,p@ M|y — es] y ® L(P) is also an isomorphism.
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It follows that there are isomorphisms of triangles

1®
en,p @ M| —, enpOM | — fsl®enp @ Msp1l ——— Q 'k Q@en,p @ M|

“J(n@l@l)—l “JW (1®"1®1®1)_1J/

n®IR B
esl®enp @ MI"—'enp @ M| — f.1® (B, el 5, 1) ©L(P) — Q@ 'k ® el @ en.p © M|

Jl‘@é(}’) (J l1®a®1 1®1®£(P)J/

esl ® L(P) ey L(P) fsl®€s+1l®L(P)Wﬂflk(@esl@ﬂp)

for some ¢ :en p @ M'| 5y — L(P).
The first and last triangles in this commutative diagram correspond to G-local
homomorphisms

sM sn SM, fs®SMs+1 —>Q_1k®SM

and

®1
es®L L —f®e1®L— 0 k®e,® L.
Because there are G-local homomorphisms

(ne1)~! 1€

SM es QFM —> e ® L

and
n n
fs ®SM5+1 = fs & @S(L(E’L)TG) = fs ® (@ e}VCj,Ei) ® L
i=1 1=1
M) fs R €s+1 ® L’
Proposition 53 shows that the compositions

1Q&(P

@187 —)>€slN®L(P)

eN,P®M~LN eslN®eN,P®MlN

and
fslN ®eN,P ® Ms+ll,N —;_} fsl ® (@ e}VCj,Ei ) ®L(P)
i=1
BBl fslny ®esq1ly ® L(P)
are both G-stable. Define
c=(1R&Pome1a1) ienp @ M|y — esly @ L(P).

Then Proposition 5.4l and Lemma B.7] imply that there is a commutative diagram
of triangles

1®
en,p @ M| —H>€N,P QM |y —fsln®@enp @M1y —Q 'k ®@enp @ M|y

GJ (TC)(P)J J](1®a®1)7 l1®0

esly ® L(P) L(P) foly ®estily @ L(P) — Q 'k @ es] y @ L(P).

n®1

Hence (T'¢)(P) : en,p ® M'| 5 — L(P) is an isomorphism. Corollary 6.6 implies
that T¢ : §M' — L is an isomorphism in £411(G, k), and this completes the
proof. O
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We can now prove the main result of the paper.
Theorem 5.9. The functor § : kG-Mod — £(G, k) is an equivalence of categories.

Proof. The functor §o : kG-Mod(0) — £0(G, k) is trivially an equivalence because
all objects of both kG-Mod(0) and £¢(G, k) are isomorphic to zero. For 1 < s <r
Lemma [5.8 implies by induction that §, is essentially surjective. In particular,
$ = 3§, is essentially surjective.

Now suppose that v : M — M’ is a kG-homomorphism such that §y = 0. Let
P be a Sylow p-subgroup of G, and set N = Ng(P). Identifying en p with ky, we
see that 0 = (§7)(P) = v| 5 and hence v = 0. Thus § is faithful. Since § is full by
Corollary B.5, it follows that § is an equivalence, as desired. O

Assume that P is a Sylow p-subgroup of G, and set N = Ng(P). Let [(G, k)
be the full subcategory of £(G,k) consisting of the objects L such that L(P) is
stably isomorphic to a finitely generated kN-module. If M is a finitely generated
kG-module, then §M is an object of [(G, k), so the restriction of § defines a functor
f: kG-mod — [(G, k).

Corollary 5.10. The functorf : kG-mod — (G, k) is an equivalence of categories.

Proof. Theorem [5.9] implies that § is full and faithful, so it is only necessary to
show that f is essentially surjective. Let L be an object of (G, k). Then there
is a kG-module M with §M = L in £(G, k), and we may assume without loss of
generality that M has no projective summands. The definition of [(G, k) shows
that M|y = My @ Q in kN-Mod for some finitely generated module My and some
projective module ). But M is a summand of MLNTG ~ Mo19®Q1¢, and M has
no projective summands. Thus M is a summand of MOTG, so that M is finitely
generated. It follows that fM = L in (G, k), as desired. O

We now prove the result on restrictions of G-local modules stated in Section 4.

Corollary 5.11. Let L be an object of £(G,k), and let P € P(G). Then there is
an isomorphism S(L(P)) Sen,p®L|y in £(N, k), and the isomorphism is natural
in L.

Proof. Let M be a kG-module such that there is an isomorphism £ : L — §M in
£(G, k). Then we obtain isomorphisms

S(E(P)
e

S(L(P)) Slenp@Mly) =enp@F(Mly)

Zenp® M)y Zenp®Lly

in £(N, k). It is easy to check that the resulting isomorphism §(L(P)) = ey p®L| 5
is natural. O

If B is a block of kG, then it seems reasonable to expect that there is a cate-
gory that is equivalent to the stable category B-Mod and has a definition similar
to that of £(G, k). Unfortunately, the definition of £(G, k) does not seem to be
compatible with the block structure of kG. It is not clear, therefore, whether an
appropriate construction can be obtained simply by modifying the techniques used
here; significantly different ideas may be necessary.
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