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REGULARITY PROPERTIES OF SOLUTIONS OF A CLASS OF
ELLIPTIC-PARABOLIC NONLINEAR LEVI TYPE EQUATIONS

G. CITTI AND A. MONTANARI

ABSTRACT. In this paper we prove the smoothness of solutions of a class
of elliptic-parabolic nonlinear Levi type equations, represented as a sum of
squares plus a vector field. By means of a freezing method the study of the
operator is reduced to the analysis of a family L¢, of left invariant operators
on a free nilpotent Lie group. The fundamental solution I'¢, of the operator
L, is used as a parametrix of the fundamental solution of the Levi operator,
and provides an explicit representation formula for the solution of the given
equation. Differentiating this formula and applying a bootstrap method, we
prove that the solution is C'*°.

1. INTRODUCTION

In this paper we study the regularity properties of solutions of a class of elliptic
and parabolic equations, which contains in particular the motion by Levi curvature,
and the prescribed Levi curvature equation. We denote by 2 an open set in R?, by
(71, 2,t) the elements of R3, and for all u : Q — R we introduce the vector fields

(11) Xu = 83;1 + a&t, Yu = 8;52 + b(‘)t,
where

(1.2) a=

Ugy —Up Uy 0y e Ul
1+ u? 1+ u?
Then the Levi operator is defined as

Lu = X2u+ Y2u — (Xya + Yyb)o;
and the Levi curvature of the graph of u is

Lu

(1.3) curv(u) = (1+ a2+ b2)3/2(1 + u2)1/2"
Here we study the parabolic equation:
(1.4) Lu+ h(a,b,)0p,u = k(1 +a® +02)32(1 +u2)2,  in Qx]-1,1],
where k : Ox]—1,1[— Rand h : Rx R x Qx ]-1,1[ are smooth. When the solution
is independent of x3, the equation becomes

(1.5) Lu=k(Q1+a®+ )21 +u?)Y? inQ,
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which is, by ([[3), the equations of functions u whose graph has at any point
prescribed curvature k. If k = 0 the equation becomes

(1.6) Lu+ h(a, b, )0p,u=0, inQx]-1,1]

which describes the motion of the graph of u by Levi curvature. We refer the reader
to [STT] and [ST2] for a survey of the geometric meaning and applications of these
equations.

Existence results have been established for the solutions of (ICH) and (6], with
different techniques. The Dirichlet problem for the stationary equation (LH) has
been studied by Bedford and Gaveau, who proved in [BG] the existence of classical
solutions, less regular than the boundary datum. For the same problem Slodkowsky
and Tomassini proved in [ST1] the existence of a uniformly continuous solution un-
der a requirement on the boundary datum weaker than that of [BGl. Analogous
results hold for the existence of solutions of the Cauchy problem for the parabolic
equation (L6): Slodkowsky and Tomassini proved in [ST2] - [ST4] the existence of
Lipschitz continuous solutions. This result was improved by Huisken and Klingen-
berg, who proved in [HK] the existence of a solution with the same regularity as
the initial datum.

In all these papers the regularity of the solutions is not due to the equation, but
is inherited from the regularity of the boundary data. On the other hand, here we
study the interior regularity properties of the solutions, using in an essential way
the structure of the operator and of the vector fields. A linear operator with the
same structure as £ + h0,, would be

(1.7) Liu=Xiu+YPu— (Xpa+Yrb+¢)0; + hoy,,

for linear vector fields Xy, = 0, +ad; and Y, = 0y +b0;. When the vector fields are
smooth, a sufficient condition for the hypoellipticity is the Hormander condition
(see [H]), and in this case, the regularity of solutions has been studied by Folland
[E], Folland and Stein [ES], Rothschild and Stein [RS]. When the vector fields
are not smooth, the Hormander condition is meaningless, since the Lie algebra
generated by X and Y7, is not defined. On the other hand, Franchi and Lanconelli
in [FL] pointed out that the condition on the commutators can be replaced by
the requirement that every pair of points £ and € can be connected by an integral
curve of the vector fields. Under this assumption they proved a regularity result for
solutions of a class of equations associated to linear nonsmooth operators defined
in terms of suitable vector fields, which however does not contain the one studied
here.

A different and more general technique for studying linear operators represented
as in ([[L7) was introduced in [C] and [CMI]. There, the authors proved a first
regularity result for the stationary operator, in suitable classes C7"” of Holder
continuous functions:

If X1,,Y5, [ X1, Y1) are linearly independent at every point and their coefficients
a, b, ¢ belong to a suitable class of Holder continuous functions C7"*(Q), any

solution u € 7'~ "*(Q) of
X2u+Yiu— (Xpa+Yrb+¢)du= f e CPh(Q)

is of class O (Q).
In [Csem]| it was pointed out that the same theory applies to the more general
equation (IAl), and that if the structure of the vector fields is rich, it could be
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convenient to study the solutions of the elliptic problem as stationary solutions of
(C4). Then, under the assumption that X, Yy, [X,Y.] are linearly independent
at every point, the regularity result has been extended to the parabolic case by
Montanari in [M]. We also refer to [CPP], where a simple presentation of the same
method is provided, and it is applied to a different parabolic equation.

Due to the low regularity requirements on the coefficients of the operators, these
kind of theorems can be naturally applied to nonlinear equations. It has been proved
in [C] that in the case of the Levi equation assumptions on the commutators can
be expressed in terms of the curvature of the graph of u:

Lu 5 — curv(u)(1 + a® + b?)3/?
T+u2 ' (14 u?)i/? v

Hence, using the linear result, the following theorem has been proved in [C]:

(1-8) [Xw Yu] =

Theorem. Assume that k never vanishes in Q, and w is a solution of [I-5]) be-
longing to the standard euclidean class c*e (Q) with « > % Then it is of class

euclid
C>(Q) (see [C]).

The analogous linear parabolic result, applied to the Levi equation, holds (see
(M]):

Theorem. If k =0, and curv(u) never vanishes in Qx |—1,1[, any solution u of

(L3) of class C2*(x ]| —1,1]) is of class C=(Qx]—1,1]).

This method seems to work only when the curvature of u never vanishes in 2. If
the curvature is identically zero, different methods apply: foliation results for the
graph of the solution have been established in [BG], [BK], [Sd], [CS] with complex
analysis techniques and in [CM1] by means of a real analysis method. However the
solution is not regular as a function of all its derivatives, since any function of the
variable ¢ is a solution.

On the other side, when the curvature has zeros of finite order the problem of
the regularity was completely open, and its solution is the aim of this note. We
will introduce a new technical apparatus, based on the property of the Lie algebra
formally generated by X, and Y,, which—as we will see—has step 3. As before
we introduce a linear operator L whose structure is formally the same as the Levi
one, and study the regularity properties of its solutions. Applying these results to
the nonlinear equation, we prove

Theorem 1.1. Assume that u is a solution of class Ciﬁlid of equation (I7) in
an open subset Qx| —1,1[ of RY, that h € C®(R x R x Qx]|—1,1[), and that
ke C®(Qx]—1,1[xR). Assume that the following condition holds in Qx]—1,1][:

(1.9) curv*(u) + (Xycurv(u))? + (Yycurv(u))? # 0.
Then u € C®(x |—1,1]).

Obviously, by the results in [C] and [M], we have only to study the regularity of
the solution in a neighborhood of the points &y, where curv(u)(§y) = 0. At these
points we can assume that X, (curv(u))(§) # 0. Due to condition (&) we also
have

[Xu; Yu]|§0 =0,
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and

(1+a2+b2)3/23
a7

so that X,,, Y, and [X,, [X, Yu]] are linearly independent at &g, and, by continuity,
in a neighborhood of this point. The choice of the last element of the basis, in terms
of which we will define the control distance and the structure of the classes C7"%, is
not unique. We will see that the apparently natural choice of 9, does not properly
describe the operator in our situation. The natural geometry associated to the

operator is induced by the control distance generated by X,, Y, and the vector
field

(X, [Xu, Yu]]\fo = Xu(curv(u))(&o)

Sy = h0y, — (Xya +Y,b+ ¢)0;.

Let us now state the linear result we need to prove Theorem [Tl We fix an open
set 2 C R3, and functions

(1.10) a,be C*(Qx]—1,1)), ce€ C?*(Qx]-1,1]),

h e C*(Qx]—1,1]) such that 1 < h(€) <2in Qx]|—1,1[.
We introduce, in analogy with (I.I)) and (I4)), the linear vector fields
(1.11) Xy =0, + a0y, Yr =0, +b0, Sp=h0y, — (Xpa+Yrb—c)o,
and the linear operator

Lp=X}+Y2+ Sy

Then we study the regularity properties of solutions of
(1.12) Liu=g inQx]-1,1].
We assume that there exists §y € Qx ]—1, 1] such that
(1.13) (XL YL]jg, =0, [Xp,[XL, Yi]]jg #0.

Since we are interested in a local result, we can assume that [Xr,[Xr,Y7]] never
vanishes in Q% |—1, 1[. Finally we assume that

Xra+Yrb, Xpb—Yra€ CQ(QX]—l,lD.

This last assumption, which seems to be very strong, is on the contrary very natural
for our application, since, as we will see, it is satisfied by the nonlinear model.

In the following sections we will introduce suitable classes C7"*(Q2x ]—1,1[) of
Holder continuous functions and prove that

Theorem 1.2. Assume that the coefficients a, b, h, ¢ in equation (I.12) are of class
Cr T (Qx —1,1)).

Assume that the second member g is in 7' >*(Qx]—1,1]), and that da,d:b €

O (x| =1,1]). Let u € C7"*(Qx]—1,1]), be a solution of (II3) such that

dyu € Cp*(Qx]=1,1]), Spu e CL¥Qx]—1,1[). Then, u € C}"P(Qx]—1,1]), for
every 0 < a.
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The Lie algebra associated to the operator Ly, is not free up to step 3 at every
point. Hence, we first develop a modified version of the well known method of
Rothschild and Stein tailored to the equation at hand. We add some more variables
and lift our vector fields to new vector fields X, Y S such that the Lie algebra
generated by X, Y, S is free up to step 3. The associated operator will be

L=X?4+Y%2+5S inR%

In Section 2 we describe the properties of this new operator in R®, and also the
properties of the associated classes C7"” of Holder continuous functions. Precisely,
we will say that X and Y are “intrinsic” derivatives of weight 1, S of weight 2,
and 0¢, which is proportional to a third order commutator, of weight 3. Derivatives
of higher weight are defined accordingly. The classes C;"® are the the spaces of
functions whose derivatives of weight m are Holder continuous with respect to the
control distance associated to the vector fields.

In Section 3 we will use a freezing method and we will associate to every point
of the space a model operator Lg of Hérmander type, whose associated Lie algebra
is nilpotent, free and, up to step 3, has the same structure as the one formally
associated to L. This method is simpler than the procedure of Rothschild and Stein,
because we directly define the frozen operator, by means of the Taylor polynomial
of order 2, in the direction of the vector fields. In this procedure the choice of the
vector fields is crucial: the vector S is defined in such a way that all the operators
L¢, coincide, up to a change of variable. Then, by using a rather technical argument
based on the Campbell-Hausdorff formula, we prove that the control distances de,
and d associated to Lg and L are equivalent, and we study the dependence of dg,
on the variable &.

In Section 4 the fundamental solution of Lg will be used as a parametrix of the
fundamental solution of L. Hence any solution of equation ([.4) admits an integral
representation in terms of it and of suitable kernels Ng ;:

3
w© =" / Pe(£, Q) Ne 4(C)de

(see TheoremE3). In [CPP] the authors provide necessary conditions on the kernels
N¢ ;, which ensure the differentiability of the functions u. Similar conditions are
satisfied in our context, and we can prove the regularity result stated in Theorem
1.2.

In Section 5 we conclude the proof of Theorem 1.1, applying these results to the
nonlinear equation. We first introduce a linearized operator

Ly,=X2+Y2— (Xya+Yub+ )0 + hiy,,

whose coefficients depend on u. In the classical bootstrap argument one differenti-
ates the equation with respect to the spatial derivatives, and then deduces from this
the regularity in the time direction. This procedure does not apply here because,
if u € C7"%, the function X,u is a solution of

Lu(qu) = f(XuU7 815qu)7
where f is a function of class C*° of its arguments. Since the derivative with
respect to t has weight 3, the second member is of class Cﬂf4’“. Then X, u is of

class C’ZTZQ and u is of class C'Z_l’o‘, which is less than the starting regularity.
Hence we introduce a new bootstrap argument, using both euclidean and intrinsic
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derivatives. First we apply Theorem and deduce that u € C’Zua On the other

side, if all the Euclidean derivatives D"*u of order m are of class C’Z’f, the function
0:D™u is a solution of

L,(0: D) = f(D"u, X, D™u, Y, D™u),

so that, again by Theorem[L.2] we deduce that 9;D™u € CZ;)‘ Once the regularity
in the direction 0, is established, we can show in the same way that 0,,D™u, is
of class CZ’f, and then that 9,,D™u € CZ;)‘ with ¢ = 1,2. This obviously proves
that the solution is smooth. We explicitly note that in this procedure the variable
t has a crucial role, while x3 is treated as a spatial variable, and this explains the
apparently nonstandard choice of its name.

2. THE LIFTING PROCEDURE

The behavior of the solutions of equations (LI2) is based on the structure of the
Lie algebra generated by the vector fields Xy, Y7, and Si. By condition (CI3) we
need commutators of weight at most 3 to generate the whole space, but the algebra
is not free up to step 3. To overcome this problem we apply the lifting method,
introduced by Rothschild and Stein in [RS], by adding suitable new variables, and
lifting our original vector fields to new ones defined in R®. In this way the Lie
algebra generated by the new vector fields X, Y and S is free up to step 3, i.e.
X, Y, S and their commutators up to weight 3 satisfy the minimal number of
relations at every point and span the tangent space to R®. In this section we
introduce a metric naturally associated to the vector fields, we define classes of
Holder continuous functions with respect to this metric, and we study the Taylor
polynomials of a function belonging to these spaces.

The choice of new vector fields is not unique. We add the variables (x4, - - - z7),
we order the components of each point in such a way that ¢ is the last variable and
we consider the following vectors:

2
x
X = X1, — 220z, — 5 0uy,

(2.1) Y =YL — 230,
S =S+ x104,-
Correspondingly we can introduce a lifted operator
(2.2) L=X?+Y%*45,
and consider the equation
(2.3) Lu=g inUCQx]-1,1[xR"

Remark 2.1. Assume that u is a solution of (LI2) of class C3(Qx ]—1,1[). We can
set 50 = (£,0) € U; then the function u can be trivially extended to a function
(always denoted by u) that is a solution of [3) in 2x ]—1,1[x R* and independent
of the new variables x4, --- ,x7. Hence in the sequel we will study the more general

equation (3.
In order to simplify notations we will denote
(2.4) Doy =identity, Duy=X, Dpy=Y, D@ =S5
Also, for every multi-index o = (01, ...,0m), with o, € {0,1,2,3}, we set
Dy =D,, - D, ,
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and we define the weight of o and of D, to be the natural number
(2.5) WI=1@)]=1, 1B)]=2 lo|=)_lovl.
r=1

The Lie derivative of a function f with respect to a vector field D, is defined as
follows:

Definition 2.2. Let U C Qx]—},l[xR‘ﬂ f:U — R, &£ €U, and let v be an
integral curve of D, starting at £. If there exists

d
E(fov)m:m

then we will denote it by D, f (&), and we will call it derivative of f in the direction
D, at the point &.

A direct computation shows that the Lie algebra generated by (D) with o €
{(1),(2),(3)} is free up to step 3, and a possible choice of a basis is the following
one:

D(4) - [Xa Y] = (Xb - Ya)at + 33289” + Oy,
Dy = [Y,S] =YhO,, —Y(Xa+Yb— )0 — SbO; + 0.,

D(G) = [X, S] = Xhamg — X(Xa—|— Yb— C)at — Saat + 8356,
Diry = [V, [X, Y]] = (Y(Xb ~Ya) - (Xb— Ya)(‘)tb> Oy + O,

D) = [X,[X, Y]] = (X(Xb ~Ya) - (Xb— Ya)ata) ;.
According to (Z3) we will also set
(4)=2, |(§)|=3, fori=5,--,8.

Then we can define the canonical coordinates of any point, and a natural distance
associated to these vector fields, as follows (see for example [NSW]):

Definition 2.3. If ¢ belongs to Qx]—1,1[x R?*, then the map

8
Fg:e—exp (Z eiD(i)) €3
i=1
is a diffeomorphism of a neighborhood of the origin of R® to a neighborhood Ug of £
in R®. Its inverse function ® p,¢ defines the canonical change of variable associated
to the vector fields D, and center £. The numbers

€= ‘I)D,g’(f)

are called canonical coordinates of ¢ around £ with respect to the vector fields D 4.

By the local invertibility theorem, the open set Ug on which ®p, ¢ is defined
depends continuously on £. Hence in the sequel we will assume that U is a fixed
open set such that U cC Qx]—1,1[xR* and

(2.6) 30, (6) VEEeU.
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According to the different weights defined in (Z3)), it is natural to consider the
homogeneous norm on R8

8 1/N
lell = (lex™ + leal™ + les| /2 4 JeaN/2 + 3 Jesf¥/2)
i=5
where N = 18. The natural distance induced by ®p, ¢ is defined as follows:

In terms of this distance we can define natural Holder continuous classes as
follows:

Definition 2.4. Let U be fixed as in (Z6). We say that f € C¥(U) if there exists
C > 0 such that

[F() = F(O)] < Cd*(&,€) VEEeU.
We say that f € C¥(U) if there exists a positive constant C' such that

(2.7) |f(exp(hD3))(€)) — f(E)] < Cln[*,
for every suitably small h, for every & € U.
1ta

We say that u € C;*(U) if Xu,Yu € C¢(U) and u € C; 2 (U), for i= 3.

We say that u € C3*(U) if Xu,Yu € Cp*(U), Su e C¢(U).

Let m > 3 and let a,b,h € C’Zq_l’(y(U)7 c € C’ZL_Q’O‘(U). We say that u €
CTU) if Xu,Yu € O (U) and Su € O >*(U).

For simplicity, in the sequel, when we write u € C7"*(U), for m > 3, we will
assume implicitly that a,b,h € C7*""*(U), c € C7*~>*(U).

Let us recall the following properties of the classes C7"*(U):

lta
Remark 2.5. If u € Cp*(U), then u € C; * (U) for every i = 5,--- ,8.
2ta
If ue Cy*(U), thenu e C; * (U), for every i =5,--- ,8.
Remark 2.6. If 0 < a <1 and m > 1, then
ey copttw), B €, 1.

cime(U) C o™E(U) C O (D),

where C™<(U) is the space of functions with derivatives up to order m that are
a-Hélder continuous functions in the Euclidean sense.

A function f belonging to a class C7"*(U) has a natural Taylor development.

Proposition 2.7. Let U be fized as in (2.6). Let f € C7"*(U), with m = 1,2.
Then f has the following Taylor development of order 1 or 2 in the direction of the
vector fields:

F(&) = PEFE) + O™ (£,€), m=1,2,

where

PLf(&) =€) + ) eDiyf (),

i=1
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P2 —l— Zez z)f Z e?,ej z)D (5)

zj 1
and (e1, ...,eg) are the canonical coordinates of & around &.
Proof. Let us first prove the assertion for m = 1. Let £, £ be fixed, and let

2
e=®p¢(§) and & =exp (Z eiD(i))(f_)~

i=1
Then

(2.8) & =exp (zj: eiD(i)> (§) = exp (28: 61D(i)) exp ( - zj: eiD(i)) (&2)

i=1

— e (3 (e + Ol Do ) €0
=3

Then, if f € C;*(U),
F(&) = f(&) = (&) + f(&) = F(E) + f(&)

(by the properties of the classes Cp*(U) recalled in Remark B3, condition (2R)
and the definition of &)

—O(

(by definition of the distance d and the mean value theorem)

N

(Iesl 72 4 1]e]] 1¥) ) 4 £ (exp (ieipm) (&) = 1) + £(©)
i=1

w

1=

2
= [(©) +D_eDi) [(€) + 0(d(&,9)
i=1
(where gsatisﬁes d(g, €) <d(&,€) < d(&,€) +d(€,€) < 2d(€,€), and since Dy f is
Hélder continuous)
— PLF(€) + O(d™" (€, 8)).

The proof for m = 2 is similar to the preceding one. We choose

&3 = exp (24: eiD(i)) (&2),
i—3

and as before we get

(2.9) § =exp (28: eiD(i)) ©)
i=1
8 2 4
= exp (Z eiD(i)> exp ( - Z eiD(i)) €xXp ( - Z ez‘D(i)) (53
i=1 i=1 i=3

8
= exp (3 (e +O(lel®) Dy ) (€)
=5
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We immediately deduce that

F&) = f(&) = f(&) + f(&) — f(&2) + f(&2) — f(E) + f(©)

(by Remark 25 and condition (Z3)))
4

= O(zg: |ei|(2+a)/3 + ||e||2+a> + f(exp (ZeiD(i)) (&)) — f(&)

i=5 =3
2 —. — —
+f(exp (YD) (@) = £(&) + £(6)
i=1
(by the mean value theorem and ([29))

£) 4 Z e:Deiy £(€) Z eie; D D) f(&2)

’L],—l

+261D( (&) +O(d* ™ (£,))

(since the derivatives of f are Holder continuous)
= PZf(£) + O(d***(&,9)).

Note that 1552 f is a polynomial in the canonical coordinates. If we need a poly-
nomial in the Euclidean coordinates, we have to approximate the canonical coordi-
nates e; of a point £ in a neighborhood of £ with polynomials.

Remark 2.8. Tf f € C7*(U), we have
7€) = P21(€) + 0> (£,€)),

where P2 f(€) is the polynomial in the Euclidean coordinates

4 A _ 1 2 _
PEFE) =FE)+ > eDuf(E) h(é)xBD@)f(E) +5 > eies DDy £ (©).
i=1,i#3 4,5=1

Besides,

(210)  P2f() - P2 F(©) < O(d*2(E &) + d° (€, 6)d*(€,9)).

If f € CP*U), or f €% uean(U) and € = exp(sS)(€), then

(2.11) PEF©) = P2 F(©)] < CsBH/2 4 s 2d(¢ ¢,

Proof. We first note that P€—2 f is a polynomial in the Euclidean coordinates. Indeed,
€1 =T1 —T1, €2=T2— T,

(w1 — &1) (w2 — @)

2
Besides, the first assertion is a consequence of Proposition 27, since

O(d(€,£)*).

€4 =124 —Tg+ (21 — T1)T2 +

T3 — I3

h(€)

€3 =
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We also have, for every i =1, ..., 4:
(212) D P2f = P2 D f.
Hence if we set

(&) = P2(¢) - P2 [(¢).
we get

P2(€) — P2 (€) = F(€)

4

=F(@E)+ > e )DyF() +

i=1,

2
> ei(6,9)e; (€, 9D D) F(E)
i,j=1

N =

2
= £(€) = P2I©) + Y eile. O (D) f(€) - PAD, £(9))
+ ) eil&€) (D(i)f@ - D(i)f(él))
1=3,
2
+% D eil€.9)ej(€,€) (D(i)D(j)f(f_) - D(i)D(j)f(fl))

i,j=1

< O(d (€ ) +d° (€ 6P (E,)),
and this proves (2I0). If f € C3*(U) or f € C>* (U) and & = exp(sS)(£),

euclidean
then

[D:f(€) = Dif(€0)] + Dii f(§) = Dis f(£2)] < CsUF2,

Inserting this estimate in the preceding inequality, we deduce assertion (2:11)).

3. THE FREEZING PROCEDURE

In this section we introduce new vector fields Xg, Yz, and Sg, whose generated
Lie algebra is nilpotent and has the same structure as the Lie algebra generated
by X, Y, and S. Since we need to compute commutators of weight 3 of X and
Y, we define our frozen vector fields, substituting for the coefficients a and b their
Taylor expansion of second order, while we only have to compute second order
commutators of S, so we will consider first order development of its coefficient.
With this choice of polynomial we define the vector fields as follows:

Xg = aZl + Pgaat — SCQagM — %5}7,
(3.1) Ye = Ou, + P2b0; — 2305,
Sg = PLhdy, — PX(Xa+Yb— c); + 210y,

The frozen operator of the operator L defined in (22)) will be defined in terms
of the new vector fields X¢, Yz and Sg as follows:

(3.2) L= X2 +Y? + S¢.

Lg is a C™° operator satisfying the Hormander condition; hence there exist a con-
trol distance dg and a fundamental solution I'z associated to Lg. Moreover, the
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homogeneous dimension of the space is N = 18, and I'¢ is locally equivalent to

d-N*2. Let us now study in detail the properties of the distance dg, and of the

fundamental solution.
In order to simplify notations we introduce notations similar to (Z4):

Dg (o) = identity, Dgay=Xe, De@)=Ye, De) =S¢
Remark 3.1. For the reader’s convenience we compute the commutators of the

frozen vector fields. From their explicit expression the structure of the generated
Lie algebra will be clear. We have

De sy = [Xe, Yol = (PL(XB) = PH(Y0)) 0y + 2202, + .,

Dg‘,(5) = [Yg'a 55‘] =Yh(§)0z; — Y (Xa+Yb—c)(§)0r — Sb(§)0; + O,

De () = [Xg, S¢] = X1(§)0uy — X (Xa+Yb—c)(§)0 — Sa(§)0 + O,
De ) = Ve, [Xe, Vi = (Y (X0 = Ya)(€) — (Xb— Y@)aib(€)) 2, + i,

D s) = [Xe, [Xe. Yell = (X(Xb = Ya)(©) — (X~ Ya)2ra(§) ) 0.

From this it follows that the Lie algebra generated by Xg, Yz and Sg is a free
nilpotent Lie algebra with three generators and of step three. The vectors (Dg ;)
are a basis of the vector space underlying the Lie algebra. Hence the exponential
mapping

8
Feere— eXP(Z ez‘DE,(i))(ﬁ)

i=1
is a global diffeomorphism. Its inverse function, the canonical change of variable
associated to the vector fields Dg and center &, will be denoted

(3.3) (I)E,ga and if £ = f_, then (I)g = (I)E»E'

The control distance dg associated to Dg (;) is equivalent to the quasi distance (see
[NSW))

de(&,€) = || D¢ (&)]]-
Proposition 3.2. There exist two constants Cy and Co such that
C1d(§,§) < dg(&,€) < Cad(&, )
for all €, € € U.

Proof. Let us write e = @, £(§) and & = ®¢(¢). In order to estimate e and €, we
consider the following two curves:

8 8
v(s) = exp(s Y_eiD))(€) and A(s) = exp(s ) &Dg ;))(€).
i=1 i=1

Then the first components satisfy the following equations:

7(s) =) =er—er, (1 —7)0) = (n—mn)1)=0.
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Hence

(3.4) e; = €.
Analogously,

(3.5) ea =¢ey and e4 = éy4.

Let us consider the third component:

v3(s) = esh(v) + esYh(y) + es X h(v),

35(s) = eaPAh(7) + &Y h(E) + es X h(E).

Integrating, we get

(5.6) es — 2| / hir(5)ds|

< |es] 1 h(v(s)) = Pgh(3(s))|ds + |é5] 1 Yh(y(s)) = Yh(£)|ds
0 0

1
+|é5—e5|+|é6|/0 [Xh(y(5)) — Xn(©)|ds + [es — ol

Since Pg—lh depends on the first two coordinates of its argument, which coincide in
v and 7, it follows that Pg—lh('y(s)) = Pg—lh('_y(s)). The function h is of class C?

euclid

in the Euclidean sense; hence it belongs to C}"* and, by Proposition B
(3.7)
|h((s)) = Pih(3(s)] = [h(v(s)) = Peh(v(s))] < Cd'F(1(s),€) < Cd' (€, €).

Analogously, since Xh and Y'h are of class C! then

euclid’

[Xh((s)) = XRE] + [YR(y(s)) = YR(E)] < Cd(y(s),€) < Cd(E,€),

for a suitable constant C. Inserting in (B8] the previous estimates and using the
fact that h > 1, we get

es = al < les — al [ na(o)as|

< les|d'™(€,€) + (Ies| + les|)d(€, €) + les — es| + |és — e

(3.8) < dZ(€,€)dMT(E,€) + dFT(E, €)d(E, €) + |es — es| + leo — eql.
Let us consider the fifth component:

Y5(s) = —eay3(s) + es, Y5(s) = —e273(s) + es.

Integrating and using the fact that e; = e, we get

&5 — es| = |62|/01 "73(5) —%(s)‘ds < |ez|/01 /OS
< feal(les — el + e /O h(r) - PGl )

+feal (les! + leal ) + leal (Jes] + Ieol) <

() = 74(7)|drds
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(by B.1)

(3.9) < lealles — | + leslleald 7 (€,€) + [eal (Jes| + les| +[es| + |eo]

< lealles — &3] + dg(€, )d* (&, €) + d(€, E)dF T (€, €).
Analogously,

(3.10) le6 — eol < lenlles — &3] + dg(€, E)d*H*(€,€) + d(&, E)dZ T (&, ).
Inserting this estimate in (B.8)), we get, for e1, ez sufficiently small,
(3.11) les — es] < d(€,€)dZT(€,€) + d*T(€,€)de (&, €).

We can now consider the last component:

s —asl < [ Jala(s)) = PRa(i(s)lds
1 — P2b(3(s))|ds
e / b(y(s)) — P2b(5(s))]d
1
v [ E(0(5) = PEG)lds + Jes —

tes / ld(1(s) — PLd(5(s))ds

+0(Jes| + les| + ler]) + O(les| + les| + [er]),

where ¢ = —(Xa+Yb—c), and d = Xb—Ya. Using again the fact that Pg—1 depends
only on the first two coordinates, and the properties of the Taylor polynomial,

s =l < del6€) [ @ (a(e). s+ €. [ a0 ().

0

+O0(les| + es| + |er]) + O(|és| + [eés| + [é7]) + |es — &5].

Then

+O0(|es| + les| + |er]) + O(les] + |es| + [€7]) + |es — és].
Finally,
(3.13) e7 = ery.

From the estimates (B4)), 35), (313)), and the definition of the distance, we get
d(&,€) < dg(&,€) + les — &3]/ + |es — &5]"/3 + |eg — €|/ + |es — es]'/®
(by @10), B.9), B.10), B3.12))
< dg(€,€) + d (€, (€, ) + A3 (€, §)dE P (€, €).
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Now the first inequality of the thesis follows. The other inequality follows in the
same way from the established estimates.

By construction, the Lie algebra generated by Xg, Yz and Sg has the same
structure at every point. Hence the canonical change of variables changes Xg,

Yz and Sg into linear vector fields of class C°°, nilpotent and independent of 3
Precisely, we have

Remark 3.3. We say that a vector field D(i) is the image of D¢ ;) with respect to
the canonical change of variables defined in (3.3), if for every function f € C}(U)

D(i)fé = DE,(i)fv where ff =fo @gl.

If ®; ; denotes the j-th component of ®¢, then the vector D(i) can be represented
in coordinates as follows:

8
Z &) (Pe ) 0
86

Moreover, the function Dg ;)(®g;) is a polynomial P(€) in the variables e = &g,
with coefficients independent of &.

In fact, D(i) can obviously be written

8

_ 0

(3.14) Dy = E aij—aéj
j=1

for suitable coefficients a;;. On the other hand, if f = @, then f; = identity.
Hence

8
_ oe
De 1)(®¢.m) = Doy (em) = ) aija—gj = Qim-

Substituting in (B.14), we get the first assertion. Let us compute Dg ;) (®g). At a
point ¢ we have

(3.15) De () = lm ‘I’E(QXP(SDE,(Z)(C)) - ‘1’5(0’

If we call € the canonical coordinates of ¢ with respect to Dg, the first term in the
right hand side of (BI5) becomes

De(exp(sDg ()()) = D¢ exp(sDe ) (exp(EDe) €)))
(by the Campbell-Hausdorff formula)

= ég(exp(an)(é)) =n(s),

for a polynomial n(s) in the variables s and &. The derivative in ([BI5) is the
coefficient of s in 7n(s); hence it is a polynomial in the components of &. For the
reader’s convenience we compute these derivatives explicitly:

é R
_ €9 €3 e €4 €16>
Pt = (100, %02, %)

_ er ¢
DE,(2)(6) = (07 1,0, 3; -y
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_ €y €1 _ €2 €1
DE,(B)(e) = (0,0, 170a 3; Evoao)v DE,(4)(6) = (0,0,0, 170a07 37 37);
and Dg ;)(€;) = 6ij, where i = 5,---,8, j = 1,---,8, and § is the Kroneker
function.
Because of the previous remark the operator

-, ., _
L =D{y) +Dig) + D)
is a sum of squares of linear and nilpotent vector fields of class C*° independent of

€. If we denote by T its fundamental solution, and d its natural distance, then T is
locally equivalent to d>~. Moreover,
1 _

Fg(g, C) = h(é)(Xb — Ya)(é) F((bg_(f)v (I)E(C))

and

(3.16) dg(&,€) = d(®¢(€), P£(C))-

Let us now study the dependence of the canonical coordinates (I)E(C) on the
variable &, and as a consequence we will deduce the dependence of the fundamental
solution I'g(&, ¢) on the same variable.

Lemma 3.4. Let U be defined as in (2Z4), and let £,€ be fized in U. Then there
exists a constant Cs, independent of & and &, such that for every ( € U

A(®(0), @, () < Cs(delE,€) + /(€ ©)dL*(€,0)).

Precisely, if w denotes the canonical coordinate of ®¢(C) around ®¢, (¢) with respect
to the wector fields D, then

il < Gy (df7(€.€) + 2 (€A (.0)),

for every i = 1,---,8. Moreover if & = exp(sS)(€), then for every i such that
|(9)| <1, we have w; = 0. For |(i)| > 1

jwi] < Gy (sd DI=2(¢, ) + 5122 (. ) ).
Proof. By the definition of the canonical coordinates, w can be expressed as follows:
w =g (05 0(0)).
The distances are expressed in terms of canonical coordinates

n=®c(C), 0=P(S),

and we have to estimate w in terms of  and 6. Since ®¢ . is the inverse mapping
of the exponential, we have

exp(wDg)(¢) = 7 (®¢(¢))
(by definition of )

= ;' (n) = exp(1Dg)(€)
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(since £ = exp(—0D¢)(&))
— exp(nDg) exp(—0Dg) ()

= exp(an) (eXp(—eDg') eXp(-UDf)(C)

= exp(nDg) exp(—0Dg) exp(—nDg — (D¢ — Dg))(¢)-
If we denote by f; and g; the coefficients of 9, and 0., with respect to the vector
fields D¢ (), we get

n(Dg — D) Zm( P1Og(0) = PV g(0)) o

8
Y % <p53—l<z>\gi(g) - Pg"‘“‘gi@)) (DE,(3) L 7 De, <8>)

i=3 s
(by Remark 23]
8
Z (61 (Al PO 11817191 (De ) + De (s))

= O(I[nlll111*** + 116]1*IIn]|*) (De,(s) + De.3))-
Hence, if * denotes the law induced by the Campbell-Hausdorff formula, we get

exp(wDg)(¢)

= exp (nDg  (~0Dg) * (~nDg + O(Il1+* +11611°[11l[*) (De ) + De ) ) <)
8

= exp (= 0D+ (102 — 0112)De iy + S O(I61 P lnll + 10117 1nll*~) De ).
=3

Since the canonical coordinates are unique, this implies that

w; =0; for [i|=1,

il = 16:] + OGN lnll + (1611l =) for |i] > 1.

Writing this same assertion in terms of the distances, we get the first part of the
thesis. If £ = exp(sS5)(€), then by arguing as before we get

+o

(D¢ — D¢) = O((IInlls™=* + |Inl|*s =" )(Dg g + De.s))

and consequently

exp(ng)(C) =exp(—sS + n28D¢ (5 + 771SD57(6))

240 14a
=O((llnlls™=" +Inll*s™= )(Dg sy + Dg (3)))-
Then
1+a
lws| = —sdi3 + O(|Inl|s + [|n|[>s = ),

where § is the Kronecker function. The second assertion of the thesis is proved.
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A Hélder continuous dependence on the variable & can now be proved also for
Tg. Let Cy, Ca, Cs be the constants introduced in Proposition B2 and Lemma 3.4
and let Cy be a fixed constant such that

2C5C5 (203)3/(370‘) Cy
Cy>14+——, Cy>1+4+—""——=.
4 + Cy 4 + o
Then
Proposition 3.5. Let U be fized as in (24). There is a constant Cs, independent
of & and &, such that for every pair of points § and § in U, I'¢ and T¢ satisfy the

following estimate:
31D ITAE0 Tl 0l < O (ines + s

for every ¢ in the set Ug, = {C € U : d(§,() > Cud(§,8)}. If € = exp(sS)(§), then
s s(1+a)/2
W@o+w4@o)

18D, 69 )

|Q@O—Q@MS%(

Proof. By (3.16]) we have
[0.0c0) ___ T0.0q0)
E(Xb=-Ya)(§) h(EXDb=Ya) )

(3.18) IPel€,Q) = Te(&, Ol = |

(by the mean value theorem)

a° (6.8
dN=2(¢,8)’
where w are the canonical coordinates of ®g(() around ®¢(¢) with respect to

the vector fields D, and 6 is a suitable point belonging to the integral curve
exp(TwD)(P¢(¢)). Consequently

d(6,0) > d(0, ¢(C)) — d(6, T(C))

> d(0, P£(¢)) — d(P¢(C), P(¢))

= [wDI(0, 0)| +

(by (8I6) and Lemma 3.4
(3.19) > dg(€,Q) — Cade(&,) — Codg*(€, Q)dg **(£,9).
Note that

dg(é, ¢) > (by Proposition[32) Cyd(&,¢)

> C1(dlg. Q) —d(:§)) = (if ¢e D) Ci(Ca— (&)

> (by Proposition B.2) %%(&@-
2

Then by (3:19))
d(6,0) > de(&,C) — Cade(&,€) — Cadg* (€, Q)dg*(€,)

> 2 (de(E,€) — 2C3de(£,€)) + %( FEQ) — 2Csd, P (€, 0)dY?

N | =
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1 F _ 2C3Cy l L B Cy 1—a/3
= §d5(£,4)(1 C1(Cy — 1)) * 2d5(£’0<1 203(01(04 - 1)) )
> (for the choice of Cy) %dg(é, Q).

By the standard estimates of I' in the directions of the vector fields we get
(3.20) D-T(0,0)] < Cdz V2717, ¢).
By Lemma [B:4] we conclude that
d&§ . _d*(&9) ).
dN71(E Q) dNT2(E, Q)

If € = exp(sS)(€), then by B18), (3:20) and Lemma [3:4] we conclude the second
part of the thesis.

wDI(0,0)] < ¢

Finally, we recall a property of the Taylor polynomial in the frozen directions:

Lemma 3.6. Let f € C;"” and m < 3, and let Pglnf be the polynomial

| —

P& =) > &5 Do f(€)

i=1 " length(o)=i,|(0)|<m

~

where € are the frozen canonical coordinates. Then

F(©) = PEF(€) + O™ (,9)),
and
P F(Q) = PO < Cao(6,€)(d7(6,€) +d™(£,0)).
Besides, if f € C7**H® and € = exp(sS)(€), then
PEF(Q) = PEF(O) < Cs1H 02 (d7(6,€) + d™(€,0)).

Proof. Let us fix two points ¢ and € and denote & = ®g(§). Then, by using (3.4),
B3, 11, (39), BGI1I0, (12), (3I3), it is easy to recognize that for every
i=1,---,8

(3.21) es = e; + O(d*T*(,9)).

Hence, by Proposition the assertion is true for m = 1,2. Let us prove the
assertion for m = 3. If f € C7"*(U) then f € C!, ;4 in the Euclidean sense, so
that, if

ucli

we have

(by induction)
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2 1 4 1
—O+Ye / PH(D f(y()ds + e / PX(Dy f(4(5)))ds
i=1 =3

8 1
+3 e / Disy £(1(s))ds + O(d* (€, €))

(since the canonical coordinate of the point ~y(s) is se)

2 1 4
=f(O+ Zei/o (D@ f(©) + Y e3P Do F©)
i=1 j=1
2

1 _
+§ Z 826mejD(m)D(j)D(i)f(§))dS

m,j=1

4 1 2
+Zei/0 (Dmf(f_) + ZejSD(j)D(nf(f_)dS)
i=3 j=1

8 1
+3oe [ D s s+ 0l (€.€)
i=5 0

(computing the integration and reordering all terms)
m

=Y 0 Y wD @ =R,

i=1 " length(o)=1,|(c)|<m

by (BZI). Since we have already computed all the derivatives D¢ ;)€ in Remark
B3, a direct computation proves that for every i =1,---,8

: 3-|(i
Dg iy P2(f) = g l()‘(DE_,(i)f)-

Using this fact, the proof of the second assertion can be performed as in the second
part of Proposition 27 starting from identity (ZI2).

4. REGULARITY RESULTS FOR THE LINEAR OPERATOR

Our regularity result will be achieved by a technique introduced in [CM2]. In
order to obtain the regularity of solutions of the linear equation with low regular
coefficients we follow the formulation of this method provided in [CPP]. It is based
on the following definition and lemma.

Definition 4.1. Let (F.) be a family of continuous functions on U x U and let
f:U — R. We say that

Fo(§6) = f(§) ase—0

locally uniformly of order m+« if for every compact set K CC U there exist C' > 0,
v > 0 such that V€, £ € K, dg(§, ) < ve,

[Fe(€,6) = f(§) < CemT.
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Lemma 4.2. Let |o| > 1 and let u € C‘La‘_l’a(U) be a function which can repre-
sented as

U’(g) = 11(575) + 12(575)7

where 11 is of class C‘LU"Q(U) as a function of & in U. Let DyI;(£,€) denote
the derivative with respect to the first variable, and assume that the function & —
D, I1(&,€) is continuous in & uniformly in €. Assume that there exist a family I -
of smooth functions and a continuous function I§ such that

12,6(575) - IQ(E; g) Of order |J| +

D,1;.(§,6) = I5(§) of order a.
Then u € Cngl(U), and for every & in U
Dou(€) = Do 1 (&,€) + I3 (£).
Using this lemma, we will be able to obtain the regularity of solutions.

4.1. Representation formulas. In order to apply Lemma B2, we need a repre-
sentation formula for solutions of class u € C’%’?OC(QX ]-1,1]) of (LI2). This will be
obtained by using the fundamental solution I'¢ as a parametrix of the fundamental
solution of L.

We can extend u, and all the coefficients of the operator on Qx |—1,1[ x R*, as
constant functions of the variables (x4,---,z7). For a fixed & we can obviously
study the regularity of u on the open set U defined in (Z6). We then fix U CC
U; CC Q x R5, and we choose a function ¢ € C§°(2 x R%) such that ¢ =1 on Uy,
so that vy = (ve)|y.

Theorem 4.3. Let 3 < m < 7. Assume that the coefficients a,b,h in equation
(I12) are of class C*%,.,(U) N CP 1 (U), ¢,g € C7>U) and that da €

euclid

CHU), dib € C3(U). Let u € O be a classical solution of (I13) such that
Owu € C’i’“(U), Su € C’i’a(U). For every € € Uy, u = u¢ can be represented as

(4.1) u(©) = uol§) = [ Tel6.OM(6.E)de
. / oDz Te(€, ONo g (¢ E)IC + 3 / De ,Te(€, ) Na (. E)dC,
[pl,10]<1 [p|<1

where Nj . (-, &) is supported in the support of ¢, and

(i) supp(N1 (-, €)) C supp(V), and
(4.2) [NL(G,€) = N1, €)| < Cde(€,6)%;
(5) Nom.0.,(-,€) is of class C’Znilplﬂmfl’a, and, for every multi-index o such
that [o] < m — |p| + 16— 1,
| Do Nom,0,0(C€) = DoNomo,o(C6)] < Cde(€,9)", V&£ € U,

where the derivative is with respect to the first variable;
(iii) there exists a constant C, only dependent on the choice of ¢ and Uy, such
that

(43) |Na.m oG, )] < Cdg > A(E ),

and
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(4.4)
| Na o, (G €) = Noump (G E)] < Cll€,€)* (de(€, O™ 217+ de(g, =241,
for every &,€ € Us.

Proof. Ifm <4 weseti=3,j=4,andif m > 5 weseti=j=m—1. In this way
we have in any case

SueCy P U), e CiU).
By the definition of fundamental solution we have
wl€) = [ Tel€.OLeud)(Q)de.
Since u is a solution of equation ([CIZ), we get
(4.5) Le(ug) = u(Q)Led(C) + 2Xgu(C) Xgd(C) + 2Yzu(() Yeo(C)

+(Lgu — Lu + g)9(¢)

(with a direct computation—see for example [C], where the computation is carried
out in detail)

= (wlO)Led(0) + 2Xeu(Q) Xea(C) + 2Veu(Q)Yea(C))

—(a = P2a)Xduo(C) — (a — PEa)Xediug(C)

) ) (h — Pg—lh)
(b= P2D)Y0u(C) — (b~ P2)Ye0ug(() — ———Sug(C)
(h— Pglh)
- (Xa+Yb—c)0uo(C) + go(Q).
Integrating each term separately, and calling the resulting terms Ag,---, A7, we
get
7 —
(4.6) u() =y Ai(&,€).
i=0

Now we can study each of them separately. First,

A6, = [ Tel€.0) (u(6)Leol€) + 2Xeul€) Xed(0) +2eu(()Ye(O))
is of type Ni. Next,

(69 =~ [ Tee.Ola - Pa)(Q)X0u(0)0(()d
= - [ Tele.0a— P2a)(O)(X0(0) - P (X0()) )

- [ el - P2)(OPE (XB0) (0l e

By the properties of the fundamental solution, and of the Taylor polynomials proved
in Lemma [3.G] we have

la — P2al| X0y — P14 (X0pu)| < dP 252 (£,€).
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Besides,
‘(a - Pga) (Xatu - Pg_4(X8tu)) —(a— Pga) (X&‘tu - Pg_4(X8tu)) ‘
< |P2a - Pga”X@tu - Pg“‘(Xatu)‘ +la— Pl ‘Pg“‘(xatu) - Pg_4(X8tu)’

< CU€.° (46O + dele. ™).

Hence the kernel in the first integral is of type N3 ,,, o, while the kernel in the second
integral is of type N2, 0.0, always by Lemma B.6.
Let us now integrate the second term on the right hand side of (4.5)):

Ax(6,8) = = [ Te6. Ol - PEa) Xeduuo(O)ic

(integrating by parts)

= /Xgrg(f, ¢)(a— PZa) (c%u - 8m(5))¢>(€)d<
+ [ Tele. O Xea = XeP2a) (01 - 01u(©) ) o(O)iC

+/r§—(§, ¢)(a — Pa) (&u - 8tu(§_))XE¢(C)dC

(since X¢ = X — (a — P2a)d;, we can change the second term as follows)
— [ Xelelé.)(a— P2a) (B - i) ()
+ / Te(6,O)(Xa — PL(Xa)) (8 — Bu(€) ) #(C)dC
[ reté.0)t@ - P2a)dia() (00~ 00u(©) ) o)
N / Telé, O)(a — P2a) (0 — 0ru(€)) Xed ()¢

(now we add and subtract some term in each of the previous integrals, in order to
use their Taylor development. For simplicity we put Pga =0)

— [ XeTele.Ota - P2a) (0 - P @) o()de

+ / X Te(&,¢)(a — )(PJ 3(9yu) — Dyu(é )

+ [ Tel6.0Xa - PLXa) (9~ P @) 6(0)

+ [ Tel6.0Xa - LX) (P 0) - 0(©) o()ds
[reteox

(6, O)(a = P2a)2a(C) (0 — L (@) ) 6(C)dc
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- [ Tele = P2a)(21a(0) ~ P 0i0)) (P 00w - B1u(©) ()
- [ rete.0a— P2a) P2 100(0) (PL 0 — ) 0(c

+ [ Tele ) — P2a) (00 - 00u() Xco(O)c

The kernel in the first integral is of type N3 .,,1, the second one is of type N 1,1,
the kernels in integrals 3, 5, 6 are of type N3 ,, 0, the kernel in the fourth integral
is of type N2 m.0,1, the one in the seventh integral is of type N2, 0,0 and the one
in the eighth is of type Nj.

The third term in (&35) can be handled exactly as A (¢, ), while the fourth has
the same behavior as A (¢, €). Let us consider As, and denote m = min(3,7 — 2):

4566 = - [Tete.0(1- P%h) (Su = P2 (Su))#(<)d

- [reeo(r- P%)P;L(Su)«ﬁ(cwc.

Here the first term has the behavior of V3 ;,, o, while the second is of type N2 m 0,0
Next,

Pin

Au6,8) = = [Tl (1= == ) (Xa+ Yb - duo(c)de

Peh i3
_ /rg(g, o1- T) (Xa+Yb—c) (@ — PI°0,u)(C)d¢

Pglh m—2 J—3
_ /rg(g, (1= =) (Xa+Yb—c) = PP =2(Xa+ Yb— o) PL0u(C)dC

Plh ,
_ / Pele, Q) (1= == ) P 2(Xa + YO)PL 0u(C)dC

The kernels in the first two integrals are of type N3 ,, o, while the last one is of type
N27m’0’0. Finally,

Ar(6.6) = [ Tele.Q9o(¢)ic
is of type NQ,m,O,O-
We will need also another representation of wu:

Theorem 4.4. Let 3 < m < 7. Assume that the coefficients a,b,h in equation
(L12) are of class C7 " *(U), ¢,g € C7">*(U), and that d,a € CF(U), db €
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CHU). Letu e CJ 1 be a classical solution of (II2) such that dyu € Cp*(U),
Su € Ci’a(U). For every € € Us, u = u¢ can be represented as

u(€) = ug(€) = / Fe(. )N (C. E)dC
b Y [ DT ONama .0+ 3 [ D Fel6.ONam .0

lpl,10]<1 lp|<1

where Ni,m,p(~,£_) _is supported in the same set as ¢, and
(i) supp(N1 (-, €)) C supp(Ve) and, if & = exp(sS)(§), then

INL(C,€) — N1(¢,€)| < Cs+e)/2,

(i1) Ngﬁm,gtp(',g) is of class Czn_lplﬂa‘_la, and, for every multi-index o such
that [o] <m — |p| + |6] — 2, for every € = exp(sS)(&),

‘DUNQ,WL71,0,p(£17E) - D0N2,m71,6,p(£1a£)‘ < CS(1+O()/2a

where the derivative is taken with respect to the first variable;
(iii) there exists a constant C, only dependent on the choice of ¢ and K1, such
that

(4.7) Mo o€, 6)] < €42 (€,0),

and

NB,mfl,p(Ca g) - N&mfl,p(é'v E)‘ é CS(QJFI)/Q (dé(ga ()minga + d§ (57 C)m73+a) )

if § = exp(s9)(&)-

Proof. Let us represent the function v as in (6], with the same notations as in
the preceding theorem. The function A; can also be expressed as follows:

(6.6 = - [ Telé )~ P2a)(Q) (X0u(¢) - P (X0) ) o()de

- [ Tele O P2)(OPE (X B0) (0l e

Since X dyu is of class C’J ~4 and we consider the Taylor polynomial of order j — 5,
then these two terms are of type N3 m,0, Ng m,0,0 Tespectively.

Analogously, if we represent As as before, but using Taylor developments of dyu
of order j — 4, it turns out to be the sum of 8 terms of the following type. The first
kernel is of type N3 m,1, the second of type Ng .m,1,1 kernels 3, 5, 6, of type N3 m,0s
kernel 4 of type NQ’m’o,l, kernel 7 of type NQ’m’o,o and kernel 8 of type Nj.

Using the Taylor expansion of Su of order i — 3, we represent As as a sum of
terms of type ]\~f37m70 and Ng,m7070 respectively.
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4.2. Low order regularity.

Theorem 4.5. Let 3 < m < 7. Let us assume that the coefficients a,b,h in
equation (LI2) are of class Cfu(zhd( )NCTHNU), ¢ € CFug(U) NCT2%(U),
g € CP2U) and da € CYU), &b € C¢(U). Let u € C7"* be a classical
solution of (ILIB) such that dyu € CL*(U), Su e CL*(U). Then u € C7P(U) for

every 0 < a.

The proof is obtained in two steps: first we compute the derivatives of u by means
of Lemma and then we study the regularity of this term, which is explicitly
known.

Step 1. In order to differentiate v, we use the representation formula proved in
Theorem B3 The function

=160 = [TeeOMCOd+ Y [ eDelel6.ONama (¢, E)de

lol,10]<1
is of class Czn’ﬁ. Let us study
BEE = 3 [ aDelel€ ONama (6. L.

lpl;10]<1

We fix a function ¢ in C*°(R) satisfying 0 < ¢ < 1, (1) = 0 V7 < 1 and
(1) =1 V7 > 1, and define, for every ¢ > 0,

dg(
6= 3 [o(HED) e Deurele ONama . O

[pl;0]<1

Then it is not difficult to show that

(4.8) sup  |Toe(§) — In(§,§)| < Ce™ 7.
dg(€,6)<e

Finally, if for |0’| = m we set

= 3 [ DalesDesTE O Namanl€. .

lpl;10]<1

then we obtain

(4.9) sup | Do Iz (€, &) —-13(8)] < Cé’.

0:(&,6)<e
All the hypotheses of Lemma [£2] are satisfied. Hence the derivative D,u exists for
every o of weight m.

Step 2. The proof of the Holder continuity of derivatives is organized in two
parts. First, using the Holder estimates provided in Theorem and arguing as in
[C], we obtain that the derivatives D,u, with |o| = m, are of class C’g for B < a.
Then, by using the estimates of Theorem E4 and arguing as in [M], we obtain that

for every o such that |o| = m — 1, the derivatives D,u belong to C((;;rﬁ /2(U) for

every 3 < «. These two estimates together imply that u € Czn (U) for every
0 < a.

In view of the iteration we recall that if u is a solution of (ILIZ), then its deriva-
tives satisfy the same equation, with a different second member (see [M] for a
detailed proof of the following lemma).
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Lemma 4.6. If u is a solution of (I1Z), then the function vs = dyu is a solution
of Lvg = 0rg + Fg,c, where
Fg o = —20;aX 0w — 20:bY Oru + OphOy,u + OrcOpu.
The function vs = Ogyu is a solution of Lvs = Oz,g9 + F3,c, where
F5 0= —20,,aX0pu — 205,0Y Opu + 0p  hOzyu + OpycOu.
The function v1 = Xu is a solution of Lvy = Xg + F1 ., where

h
F1 . =Y (qowu) + qoYu+ oo (Y@xsu — Xamuatu) O
t
B qOsu — ¢
1+u?
and ¢ = hdg,u — (Xa +Yb)Owu — g.
Finally, the function vo = Yu is a solution of Lvy =Y g+ Fy ., where

(Y(‘)tu — X@tu8tu) O — X hp,u + X (qOru)dyu — cOpu,

h
F> o= X(q0wu) + ¢ Xu — m (X@xsu + Y(‘)muatu) Oru

qou — ¢

* 1+ u?

(X@tu + Y@tuﬁtu) 0w — YhOg,u + Y (qOpu)Oru — cOyu.

5. THE NONLINEAR OPERATOR

In this section we prove Theorem [[.I1l We will recognize that the derivatives of
the function u satisfy a linear equation, and we will apply to it the results of the
preceding section.

Let us fix a solution u of class C>%, () of equation (T4), let us define a, b in
terms of the solution v as in (I.2)), and let us choose

(1 +a2 +b2)3/2

T+ a)iz
and let h = h(a,b, ) be the function defined in the introduction. Hence a, b, ¢ and
h are of class C* (Q). Let X = X,,, Y =Y, S =S5, be the vector fields defined

euclid

in (CII) in terms of a, b, ¢ and h, and let
L=L,=X*+Y?+5.

c = kuy

We recall (see for example [C]) that a = Yu and b = —Xu, so that

L

Xa+Yb:XYu—YXu=——u28tU
14 w3
k(1 2 4 p2)3/2(1 21/2 4 Khia.b. ).
_ (1+a*+b%) (1—:—%52) + h(a,b, )0z e C2 (),
Ui
2 2 Lu 2,
Xb—Ya=—(X"u+Yu) = ——=5 €C.;,(Q).
14 g

Hence the operator L satisfies all the assumptions of Theorem
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We will denote by Cﬁ’a the classes of Holder continuous functions introduced

in Definition 4l We will also set D; = X, Dy = Y, D3 = Oz, and Dg = 9. For
every multi-index o = (01, ...,0m,), with o, € {1,2,3,4}, let

Dy =Dy Dy .

We will call the number m the length of o, and we will write {(¢) = m. Moreover,

we will denote by D™ the vector whose components are all the derivatives of length
at most m.

By ([3) and ([A), u is a solution of
X2+ Y2 — (Xa+ YD) — h(a,b,)0p,u = k(1 + a® 4+ b?)3/2(1 + u?)1/2,

and in the following proposition we will show that its derivatives are solution of
an equation associated to the operator L.

Proposition 5.1. Let m be a natural number and let o be a multi-index with o; €
{1,2,3,8} and l(0) = m. Assume that D™u € C’if(Q) with B €10,1[. Then the
function
(5.1) Ve = Dyu
s a solution of

L(vy) = fo, where f,= fg(ﬁmu,Xﬁmu,Yﬁmu),
and fs is a smooth function of its arguments.

Proof. Let us prove the assertion by induction on m. By LemmalZ@l it follows that
the functions v; with ¢ € {1,2, 3,8} are solutions of

(X2 4+ Y2 = (Xa+ Y03+ hdag)vi = Di (b(1+a® + ) 2(1 +u) /%) + Fig

=D, (k(l +a + b2)3/2) (14 u2)'/?

(1+a?+b%)%2 ~ (1+a2+02)%2_ ~
(1+ uf)l/Q [D;, Ot]u + kuy Wat (D;u) + Fio,

where the F; ¢ are defined in Lemma B.6. Bringing to the left hand side the second
term and using the definition of ¢, we get

+/<:ut

1 2 2\3/2
L(vi) = Di(k(1 + a? +0)2) (1 + ud) /2 + T e a0

Tty (Do ot Fio
The right hand side depends on

ﬁu, Xbu, Xﬁu, 0ia, Otb, Oy, Oy, b,
and for every i € {3,8}, it has been proved in [M] that

ﬁia = ﬁZYu = YDzu — aﬂ;XDlu XDzU + atuYDzu
14 w3

y ﬁib:—ﬁiXU:— 2
14 g

It is then clear that v; = l~)zu is a solution of the required equation, and the thesis
is proved for m = 1.
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Let us assume that the thesis is true for m and prove it for m+ 1. Let i(o) = m,
and let v, be a solution of L(vy) = f,. By Lemma E6, for every i € {1,2,3,8} the
function D;v, is a solution of

L(UO') = ﬁi(fa) + E,C7

and the thesis follows as before, by commuting the derivative D; with the vector
fields X and Y.

Proof of Theorem [Ll We will prove that
D™u e C7P(Q),

for every m € N and for every 8 < «, which obviously proves the statement.
Since u € Ci’glid(Q), then for every ¢ € {1,2,3,8} we have D;u € C’i‘zlid(Q),

and by Proposition [5]]
L(Dgu) = fi(D'u, XD'u,Y D'u) € Cp%(9).

Hence we can apply Theorem with m = 3, and we get Diu € Ci’uﬁ (). In
particular, u € Ci’f(ﬂ), a,b,h,ce sz(ﬂ), and fi(ﬁlu,Xﬁlu, Yﬁlu) € Cif(Q)
Hence we can apply Theorem [£3 with m = 4 to the function Diu € sz (Q), to
get Dyu € Ci’f (Q), for every i € {1,2,3,8}. Iterating this procedure, we get

Diu € C7P(Q),

for every 7 and for every 3 < a. This prove the thesis for m = 1. Now we assume
that the thesis is true for m, and we prove it for m+1. By the inductive hypothesis
the function D™u is of class CZ? (). Hence, for any fixed o of length m + 1 the

function v, = Dyu is of class C}if (©) and, by Proposition 5] is a solution of the
equation

(5.2) Lvy = fo(D™u, XD™u,Y D™u).

Since the second member is of class Ci’uﬁ (€2), by Theorem EH v, is Ci’uﬁ (€), for
every o of length m + 1. In other words, D™y is of class Ci’f(ﬂ), and the second
member f, of (B2) is of class Cé’uﬁ (Q). Hence, by Theorem 41 D™u is of class
C’g’f(Q), and f, is of class C’if(Q) Finally, always by Theorem 5] v, € C’Zf(Q)
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