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ON THE DIMENSIONAL STRUCTURE OF
HEREDITARILY INDECOMPOSABLE CONTINUA

ROMAN POL AND MIROS LAWA REŃSKA

Abstract. Any hereditarily indecomposable continuum X of dimension n ≥ 2
is split into layers Br consisting of all points in X that belong to some r-
dimensional continuum but avoid any non-trivial continuum of dimension less
than r. The subjects of this paper are the dimensional and the descriptive
properties of the layers Br.

1. Introduction

Our terminology follows Kuratowski [Kur]. We consider only separable metriz-
able spaces and by a compactum we mean a compact space. The main objective of
this paper is a proof of Theorem 1.1 about the dimensional structure of hereditar-
ily indecomposable continua, i.e., continua X such that for any pair of intersecting
continua A, B in X , either A ⊂ B or B ⊂ A.

R. H. Bing [Bi] constructed hereditarily indecomposable continua of all finite
dimensions. The structure of such continua is highly complicated, but in many re-
spects, hereditarily indecomposable continua are generic objects, cf. Krasinkiewicz
[Kra2], Levin [Lev]. A comprehensive treatment of the subject is given by Lewis
[Lew].

Bing pointed out that in any r-dimensional hereditarily indecomposable contin-
uum M there are points not belonging to any non-trivial continuum in M with
dimension less than r, [Bi], Theorem 10, cf. [St], sec.2.

1.1. Theorem. Let X be an n-dimensional hereditarily indecomposable continuum
and let Br be the set of all points in X that belong to some r-dimensional continuum
but avoid any non-trivial continuum of dimension less than r, where 1 ≤ r ≤ n.
Then

dim
(
Bn ∪ (Br \N)

)
= n− (r − 1),

for any N with dimN ≤ 0.

In particular, dimBn=1 and induction with respect to dimX yields

dimBr = n− (r − 1),

cf. Remark 4.1.
We also have the following
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1.2. Corollary. Let X and Bn be as in Theorem 1.1. Then for any (n − 2)-
dimensional σ-compact set C in X, dim(Bn \ C) = 1.

The sets Br, for r ≥ 2, are never Gδσ-sets, being always Gδσδ-sets in X , cf.
Proposition 5.1.

For any r with 1 < r < n, there is a point b ∈ Br and ε > 0 such that no
non-trivial connected set in X \ B1 of diameter less than ε touches b, cf. sec.6
(let us notice that if X is an n-Cantor manifold, Br is connected). This yields
some refinements of the remarkable fact established by Bing [Bi] that n-dimensional
hereditarily indecomposable continua X with n ≥ 2 are not homogeneous, cf. [Ro].

Our proof of Theorem 1.1 is based on some ideas from [vM-P], the main tools
being “diagonal continua” described in the next section. The origins of such con-
structions go back to Mazurkiewicz [Ma] and Knaster [Kn].

We shall derive Theorem 1.1 from Proposition 3.1, concerning arbitrary com-
pacta, whose subject is related to the work of B. Kaufmann [Kau1], [Kau2], cf.
Remark 3.2 and Comment 7.1.

2. The diagonal continua

In this section, X is a fixed n-dimensional continuum and

p : X × I → X, q : X × I → I, p(x, t) = x, q(x, t) = t

are the projections from the cylinder, I being the unit interval.

(A). We shall obtain in this section an extension of Proposition B in sec.2 of [Po2],
providing “diagonal continua” in the cylinders, which we shall use in the proof of
Theorem 1.1. Similar continua, but with properties falling short of our needs are
also defined in Krasinkiewicz [Kra1], Corollary 3.4 and in [Po1], Corollary 5.2 (i).

2.1. Proposition. Let X be an n-dimensional continuum. There exists a contin-
uum K in X× I joining the top and the bottom of the cylinder such that dimE = n
for any E ⊂ K whose projection onto I contains all irrationals from a non-trivial
interval.

The proof of Proposition 2.1 is given in (B).
We shall need a refined version of a classical theorem of Mazurkiewicz, cf. [Kur],

§59, II, [En], 1.8.18, which follows from a theorem of Holsztyński [Ho], cf. [Mor],
Theorem 5.2.

Theorem. For any M ⊂ X×I, with dimM ≤ n−1 there is a continuum K ⊂ X×I
missing M and hitting both X × {0} and X × {1}.

For the reader’s convenience we shall recall briefly a justification of this fact.
The argument will be also useful in sec.6.

Let (A1, B1),...,(An, Bn) be an essential family in X , i.e., (Ai, Bi) is a pair of
disjoint compacta and for any partitions Li in X between Ai and Bi,

⋂n
i=1Li 6= ∅.

Theorem 5.1 in [Ho] asserts that the pairs A∗0 = X × {0}, B∗0 = X × {1},
A∗i = Ai × I, B∗i = Bi × I for i = 1, ..., n, form an essential family in the cylinder.
The proof given by Holsztyński was based on homological arguments, but there is
a proof of this fact due to Karno [Kar] using only point-set and simple geometric
considerations.

Since dimM ≤ n − 1, there are partitions Li between A∗i , B
∗
i , i = 1, ..., n, such

that L =
⋂n
i=1Li is disjoint from M . By the essentiality, any partition in X × I
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between A∗0 and B∗0 hits L. Therefore, L contains a continuum K joining A∗0 with
B∗0 , cf. [R-S-W], sec.3.

(B). Passing to the proof of Proposition 2.1, let us choose in the set of irrationals
in I pairwise disjoint Cantor sets T1, T2,... such that each non-degenerate interval
in I contains some Tk.

Using universal sets from [Po1], 3.1, one gets for each k an (n− 1)-dimensional
set Mk ⊂ X × Tk, such that any E ⊂ X × I \ Mk with q(E) ⊃ Tk is at least
n-dimensional. The union

⋃∞
k=1Mk is (n − 1)−dimensonal, Mk being closed in

M . Therefore, using (A), we get a continuum K in X × I joining the top and the
bottom of the cylinder and missing M .

If E ⊂ K and q(E) contains all irrationals from a non-trivial interval in I, then
Tk ⊂ q(E) for some k, and we infer that dimE ≥ n, as E ∩Mk = ∅. This argument
shows also that dim(({x}× I)∩K) ≤ 0 for any x ∈ X , i.e., the map p restricted to
K is light.

In particular, dimK ≤ n, cf. [Kur], §45, VI, which completes the proof of
Proposition 2.1.

3. A proposition concerning the dimensional structure of compacta

We say, that a point x in the space X is the limit of a sequence L1 ⊃ L2 ⊃ ... of
sets if for any neighbourhood V of x in X there is n with x ∈ Ln ⊂ V .

3.1. Proposition. Let X be an n-dimensional compactum and let Cr(X) be the set
of all points in X that are limits of decreasing sequences of r-dimensional continua,
where 1 ≤ r ≤ n. Then dim

(
Cn(X) ∪ (Cr(X) \N)

)
≥ n − (r − 1) for any N with

dim N ≤ 0.

3.2. Remark. The case r = 1, i.e., the fact that dim(X \ N) = n for any zero-
dimensional N disjoint from Cn(X), follows from a statement in the paper by Boris
Kaufmann [Kau2] (the other extreme case r = n, i.e., the inequality dimCn(X) ≥ 1,
cf. [Kau1], is an easy consequence of this fact). We shall discuss the work of
Kaufmann in more detail in Comment 7.1.

3.3. Remark. For any n-dimensional compact space X there is an n-dimensional
hereditarily indecomposable continuum Z and a light map f : Z → X , cf. [L-S],
Theorem 1.2, [Kra3], Corollary 5.2. Therefore, the case r = 1 in Proposition 3.1
can be derived from the seemingly more special corresponding part of Theorem 1.1.

Proof of Proposition 3.1. In part (A) of the proof we establish some basic properties
of the “diagonal continua” described in Proposition 2.1. Then, in step (B), some
of these properties are used to demonstrate the case r = n of the assertion of
Proposition 3.1. Finally, in step (C), the results of (A) and (B) are combined to
get the assertion for arbitrary r.

For any compactum Y , Cr(Y ) is the set defined in Proposition 3.1 (where X =
Y ).

(A) We shall consider the continuum K in the cylinder X × I, described in
Proposition 2.1. We shall denote by

pK : K → X, qK : K → I

the restrictions to K of the corresponding projections from the cylinder, cf. sec. 2.
As was established at the end of sec. 2,
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(1) pK is light.
Let P be the set of irrationals from I, and let, for r = 0, 1, ..., n,

(2) Pr = {t ∈ P : dimq−1
K (t) = r}, P≥r = Pr ∪ ... ∪ Pn.

We shall check that
(3) pK

(
q−1
K (P0)

)
⊂ Cn(X).

To this end, let us consider u ∈ q−1
K (t) with t ∈ P0 and let L be a non-trivial

continuum in K containing u. Since q−1
K (t) is zero-dimensional, qK(L) is a non-

trivial interval in I, and the basic property of K yields dimL = n. Since K is a
continuum, u is the limit of a sequence L1 ⊃ L2 ⊃ ... of non-trivial continua in K.
Since dimLj = n we infer from (1) that also dimpK(Lj) = n, cf. [Kur], §45, VI. In
effect, pK(u) is the limit of the sequence pK(L1) ⊃ pK(L2) ⊃ ... of n-dimensional
continua, hence pK(u) ∈ Cn(X).

Let us turn now to another key property of the continuum K. We shall verify
that for any E ⊂ K and r = 1, ..., n,
(4) if qK(E) = P0 ∪ P≥r then dimE ≥ n− (r − 1).

For r = 1, we assert that qK(E) = P implies dimE = n, which is a special
instance of the basic property of K.

For r ≥ 2, we shall derive (4) from this property of K using an idea from [vM-P].
Let G = q−1

K (P1 ∪ ... ∪ Pr−1). Then dimG ≤ r − 1, by (2), cf. [Kur], §45, VI, and
let Z be a zero-dimensional set such that H = G\Z is at most (r−2)-dimensional,
cf. [Kur], §27, I. Since r ≥ 2, q−1

K (t) \ Z 6= ∅, for any t ∈ P1 ∪ ... ∪ Pr−1, cf. (2). In
effect, we get H ⊂ K such that
(5) qK(H) = P1 ∪ ... ∪ Pr−1 and dimH ≤ r − 2.

Let E satisfy the assumption in (4). Then E ∪ H ⊂ K, qK(E ∪ H) = P , cf.
(5), and the basic property of K yields dim(E ∪H) = n. This, combined with the
addition formula [Kur], §27, I, shows that n ≤ dimE = (r − 2) + 1 which is the
assertion in (4).

(B) We shall now confirm that the assertion of Proposition 3.1 holds true for
r = n, i.e., we shall verify that
(6) dimCn(X) ≥ 1.
We shall start from the observation that
(7) Cn(t) = Cn

(
q−1
K (t)

)
6= ∅, for t ∈ Pn.

Indeed, q−1
K (t) with t ∈ Pn contains an n-dimensional continuum L1, cf. (2), and

one can choose inductively n-dimensional continua L1 ⊃ L2 ⊃ ... with diameters
tending to zero. The point in the intersection

⋂
j Lj belongs to Cn(t).

Let us consider the set
(8) E = q−1

K (P0) ∪
⋃
{Cn(t) : t ∈ Pn}.

Then (7) implies qK(E) = P0 ∪ Pn and (4), with r = n, shows that
(9) dimE ≥ 1.

Let us notice that pK embeds each set Cn(t) with t ∈ Pn into Cn(X) and
therefore, by (8) and (3),
(10) pK(E) ⊂ Cn(X).

By (1), dimE ≤dim pK(E), cf. [Kur], §45, VI, and hence (6) is a consequence of
(9) and (10).

(C) We shall now fix an arbitrary r ≤ n and a set N ⊂ X such that
(11) dimN = 0 and N ∩ Cn(X) = ∅.

By (3), we have also
(12) N × I ∩ q−1

K (P0) = ∅.
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We have established in (B) that for any r-dimensional compactum Y , dimCr(Y )
≥ 1. Since any compactum q−1

K (t) with t ∈ P≥r contains an r-dimensional com-
pactum, cf. (2), setting
(13) Cr(t) = Cr

(
q−1
K (t)

)
,

we infer that
(14) dimCr(t) ≥ 1 for t ∈ P≥r.

Let us consider the set
(15) E =

(
q−1
K (P0) ∪

⋃
{Cr(t) : t ∈ P≥r}

)
\N × I.

Since N × I ∩ q−1
K (t) is at most zero-dimensional, cf. (11), property (14) implies

that Cr(t) \N × I 6= ∅ for any t ∈ P≥r. This and (12) yield qK(E) = P0 ∪P≥r and,
by (4), we conclude that
(16) dimE ≥ n− (r − 1).

We shall complete the proof repeating the reasoning at the end of (B). The
projection pK embeds each Cr(t) with t ∈ P≥r into Cr(X), and therefore pK(E) ⊂
Cn(X) ∪

(
Cr(X) \N

)
, cf. (3) and (15). Since pK is light, dimE ≤ dimpK(E) and

the reference to (16) ends the proof of Proposition 3.1.

4. Proof of Theorem 1.1

Let X be an n-dimensional compactum, all of whose subcontinua are indecom-
posable, and let Br be the sets defined in Theorem 1.1.

We shall get the inequality
(1) dim

(
Bn ∪ (Br \N)

)
≥ n− (r − 1),

where dimN ≤ 0, by making sure that Br ⊃ Cr(X), where Cr(X) is the set
considered in Proposition 3.1 (in fact, Br = Cr(X), cf. sec. 5(B)).

To this end, let x ∈ Cr(X) be the limit of a sequence L1 ⊃ L2 ⊃ ... of r-
dimensional continua. Let C be any non-trivial continuum in X containing x and
let Ln have diameter smaller than the diameter of C. The indecomposability of the
continuum C ∪ Ln implies Ln ⊂ C and hence dimC ≥ r. This shows that x ∈ Br.

It remains to justify the inequality
(2) dim(Bn ∪Bn−1 ∪ ... ∪Br) ≤ n− (r − 1), r = 1, ..., n.

This is evident for r = 1, so let us fix r with 2 ≤ r ≤ n. Let Hj be the compact
sets in X such that H =

⋃∞
j=1 Hj is (r − 1)-dimensional and dim(X \H) ≤ n− r,

cf. [Kur], §27, I.
Let L be the union of all non-trivial continua in H and E = H \L. Then E ∩Hj

misses all non-trivial continua in Hj , hence dim(E ∩Hj) ≤ 0, cf. [Kur], §47,VI. By
the sum theorem [Kur], §26,III, E =

⋃∞
j=1(E ∩Hj) is at most zero-dimensional.

For j ≥ r, Bj being disjoint from any continuum with dimension less than r, we
haveBj∩L = ∅, i.e., Bj ⊂ (X\H)∪E. It follows that dim(Bn∪...∪Br) ≤ (n−r)+1,
cf. [Kur], §27, I, and we get (2), completing the proof of Theorem 1.1.

4.1. Remark. We have also
(3) dimBr = n− (r − 1).

Theorem 1.1 yields (3) with r = n and the inequality “ ≤ ” follows from (2). We
shall check the inequality “ ≥ ” in (3) inductively with respect to the dimension of
the space X . Assume this is true for all hereditarily indecomposable continua with
dimension less than n and let dimX = n. One can assume that X is an n-Cantor
manifold [Kur], §46, XI. Let Z be any partition of X . Then there is an (n − 1)-
dimensional continuum Y ⊂ Z and by the inductive assumption, dim(Y ∩ Br) ≥
(n− 1)− (r − 1).
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It follows that any partition in X hits Br in at least an (n−(r−1)−1)-dimensional
set, and hence dimBr ≥ n− (r − 1), cf. [Kur], §27,II.

4.2. Proof of Corollary 1.2. Let X and C be as in Corollary 1.2. Aiming at a
contradiction, assume that dim(Bn \ C) ≤ 0. Then there is a countable base in X
whose elements have boundaries disjoint from Bn \C. Let L be the union of these
boundaries. Then
(4) L is σ-compact, L ∩Bn ⊂ C, and dim(X \ L) ≤ 0.

Let us check that
(5) dimL ≤ n− 1.

To this end, let us consider any continuum K ⊂ L and let K1 be a σ-compact
subset of K with dimK1 < dimK and dim(K \K1) ≤ 0. The sets C and K1 being
σ-compact, K2 = K1 ∪ C is at most (n − 1)-dimensional. Since Bn ∩K ⊂ K2, cf.
(4), dim(K \K2) ≤ 0 and dimK2 ≤ n − 1, we conclude that dimK ≤ n− 1 using
Theorem 1.1. This demonstrates (5), L being σ-compact.

Let L1 be a σ-compact subset of L with
(6) dimL1 ≤ n− 2 and dim(L \ L1) ≤ 0,

and let
(7) L2 = L1 ∪ C, N = L \ L2.

Then, by (4) and (6),
(8) N ∩Bn = ∅ and dimN ≤ 0.

We have also dimL2 ≤ n − 2, L1 and C being σ-compact, cf. (6) and (7). In
effect, (4) and (7) yield dim(X \N) ≤ dim(X \L) + dimL2 + 1 ≤ n− 1. But this,
combined with (8), contradicts Theorem 1.1.

5. The descriptive complexity of the sets Br

5.1. Proposition. Let X be an n-dimensional hereditarily indecomposable contin-
uum, and let Br be the sets defined in Theorem 1.1. Then
(i) each Br is a Gδσδ-set in X,
(ii) for r ≥ 2, Br is not a Gδσ-set in X.

5.2. Remark. The essential part of (ii) is that no Bn is a Gδσ-set in X provided
dimX = n ≥ 2. Indeed, if we know this is true for any n ≥ 2, then given r with
2 ≤ r ≤ n, we can use this information to conclude that Br ∩ Y is not a Gδσ-set in
Y for any r-dimensional continuum Y in X , and hence Br is not a Gδσ-set in X .

(A) We shall prove part (i) of the assertion using a theorem of Kelley [Kel],
Theorem 8.5, based on Whitney’s maps, to the effect that for any k there is an
open mapping

πk : X →Wk

of the hereditarily indecomposable continuum X whose fibers π−1
k (t) are continua

with

0 < δk < diamπ−1
k (t) <

1
k
.

Passing to the proof of (i), let us fix r. Setting

Wk,j = {w ∈W : dimπ−1
k (w) ≤ j},

we shall check that
(1) Br =

⋃∞
k=1π

−1
k (Wk,r) \

⋃∞
k=1π

−1
k (Wk,r−1).
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Let x ∈ Br. Then πk(x) 6∈Wk,r−1 for any k. On the other hand, x belongs to an
r-dimensional continuum C, and let k be such that 1

k is smaller than the diameter
of C. Let D = π−1

k (πk(x)). Since X is hereditarily indecomposable, D ⊂ C, hence
dimD ≤ r. In effect, πk(x) ∈Wk,r .

This demonstrates the inclusion “ ⊂ ” in (1), and the opposite one is transparent.
Each Wk,j is a Gδσ-set in Wk, cf. [Kur], §45, IV, Theorem 4, hence part (i) of

the assertion follows from formula (1).
(B) By Remark 5.2, to check part (ii) of the assertion it is enough to concentrate

on the sets Bn.
Remark 4.1 guarantees that

(2) dim(B1 ∩ L) =dimL for any non-trivial continuum L in X .
Let us consider arbitrary sets Gj , j = 1, 2, ..., such that

(3) Gj ⊂ Bn and Gj is a Gδ-set in X .
We have to check that

(4) Bn \
⋃
jGj 6= ∅.

To this end we shall choose inductively n-dimensional continua L1 ⊃ L2 ⊃ ...
with
(5) Lj ∩Gj = ∅ and diamLj ≤ 1

j ,
where diam stands for the diameter of the set. To start the process, we let G0 = ∅,
L0 = X .

Assume that Lj is already defined. Since B1 ∩ Bn = ∅, dim(Lj \ Gj+1) ≥
dim(B1 ∩ Lj) = n, cf. (2) and (3). Since Lj \Gj+1 is σ-compact, we can pick an
n-dimensional continuum Lj+1 ⊂ Lj \ Gj+1, and we can demand in addition that
diamLj+1 ≤ 1

j+1 .
Let x be the limit point of the sequence L1 ⊃ L2 ⊃ ...., cf. sec. 3. For any

continuum C in X containing x, if 1
j < diamC then Lj ⊂ C, by the hereditary

indecomposability of X , and hence dimC = n. It follows that x ∈ Bn. But also
x ∈

⋂
jLj ⊂ X \

⋃
jGj , cf. (5), and we get (4).

6. Points in Br that are avoided by any small

non-trivial connected sets in Br

The results of this section refine the remarkable fact pointed out by Bing [Bi],
sec. 6, that n-dimensional hereditarily indecomposable continua with n ≥ 2 are not
homogeneous; cf. also Rogers [Ro]. We adopt the notation from Theorem 1.1.

6.1. Theorem. Let X be an n-dimensional hereditarily indecomposable continuum
and 1 < r < n. There is a point b ∈ Br and its neighbourhood V in X such
that any non-trivial continuum in V touching b is separated by a relatively open
1-dimensional set missing b.

The point b and its neighbourhood V described in this theorem substantiate the
title of this section. Indeed, let C be any connected set in Br whose closure L is
contained in V and b ∈ C. Then the continuum L is either the singleton {b} or
there is a relatively open G in L with dimG = 1 separating L. But the second case
is impossible, as such G would be disjoint from Br, and hence it would provide a
decomposition of the connected C into two disjoint nonempty closed sets.

6.2. Corollary. Let X and b ∈ Br be as in Theorem 6.1 and let c be the limit
of n-Cantor manifolds in X. Then there is no embedding h : Br ∪ {c} → X with
h(c) = b.
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Before giving proofs of these facts, let us make the following

6.3. Remark. Let X and r be as in Theorem 6.1 and let M be anm-Cantor manifold
in X with m > r. Then the set M ∩Br is connected and all its nonempty relatively
open sets have dimension m− (r − 1).

The connectedness of M ∩Br follows from the fact that any partition in M has
dimension at least r, and therefore it must hit Br. The second part follows from
Remark 4.1.

Using this remark, we get Corollary 6.2 from Theorem 6.1 as follows. Assume on
the contrary that the embedding h in Corollary 6.2 exists, let V be a neighbourhood
of b in X described in Theorem 6.1, and let M be an n-Cantor manifold in X with
the closure L of h(M ∩ Br) contained in V . Then L must be the singleton {b}.
Otherwise L, and hence M ∩Br, would contain a relatively open 1-dimensional set,
which is impossible as n− (r − 1) > 1.

Let us notice that, slightly changing the argument, one can also conclude that for
any continuous map f : Br ∩{c} → X \B1 with f(c) = b, dimf−1(b) = n− (r− 1).

Theorem 6.1 is a direct consequence of Lemma 6.5 concerning arbitrary com-
pacta. Our justification of this lemma follows closely some arguments used in the
proof of Proposition 3.1, and therefore certain details will be omitted. We shall
need the following fact.

6.4. Lemma. Let p : S → I be a continuous map of a compactum S onto the
interval, and let T be a Cantor set in I. For each r there is a set M ⊂ p−1(T ) with
dimM ≤ r − 1 such that whenever E ⊂ S \M and T ⊂ p(E), then dimE ≥ r.

Indeed, first embedding S in the Hilbert cube I∞ and then identifying S with
the graph of p, one can assume that S ⊂ I × I∞ and that p is the projection
onto I restricted to S. Then one can take as M the trace on S of a universal
(r − 1)-dimensional set constructed in [Po2], cf. sec.2 (B).

6.5. Lemma. Any (r+ 1)-dimensional continuum S, r ≥ 2, contains a non-trivial
continuum K and a point b ∈ K such that any non-trivial continuum L ⊂ K touch-
ing b is r-dimensional and L can be separated by a relatively open 1-dimensional
set missing b.

Proof. Let (A0, B0),...,(An, Bn) be an essential family in S, let T ⊂ (0, 1) be a
Cantor set, and let p : S → I be a continuous mapping with
(1) A0 ⊂ p−1(0), B0 ⊂ p−1(1) and dimp−1(t) ≤ r, t ∈ T ,
cf. [vM-P], sec.3 and [R-S-W], sec.2. Let J1, J2, ... be an enumeration of the
components of I \T and let T1, T2, ... be pairwise disjoint Cantor sets in T , missing
all boundaries bdJk, such that any relatively open set in T contains some Tk.

Using Lemma 6.4 we find (r − 1)-dimensional sets Mi ⊂ p−1(Ti) such that, for
any E ⊂ S,
(2) if E ∩Mi = ∅ and Ti ⊂ p(E), then dimE ≥ r.
Let us choose also, for each k, a set Hk such that
(3) Hk ⊂ p−1(Jk), dimHk ≤ r − 1 and dim

(
p−1(Jk) \Hk

)
≤ 1.

Then, setting
(4) M =

⋃∞
i=1Mi ∪

⋃∞
k=1Hk,

we have by the sum theorem [Kur], §27.I,
(5) dimM ≤ r − 1,
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as Mi and Hk are relative Fσ-sets in M . Since dimS – dimM ≥ 2, there is a
continuum K in S joining A0 and B0, and missing M , (cf. sec. 2 (A) and 2 (B)).
By (2) and (4),
(6) if E ⊂ K and Ti ⊂ p(E), then dimE ≥ r.
Let us notice also that (3) and (4) imply
(7) dim

(
K ∩ p−1(Jk)

)
≤ 1.

Since dimp−1(T ) ≤ r, by (1), this fact and (2) yield (cf. also (6))
(8) dimK = r.

Let W1,W2, ... be an open base in K whose elements have at most (r − 1)-
dimensional boundaries Fi = bdWi. Then, by (2), the projections p(Fi) have
relatively empty interiors in T . The Baire Category Theorem allows one to pick a
point
(9) s ∈ T \

(⋃∞
i=1p(Fi) ∪

⋃∞
k=1 bdJk

)
.

The choice of s in (9) guarantees that each Wi ∩ p−1(s) is open-and-closed in
p−1(s) ∩K, and hence
(10) dimp−1(s) ∩K=0.
We shall check that the continuum K and any b ∈ p−1(s) ∩K satisfy the assertion
of Lemma 6.5.

Let L be an arbitrary non-trivial continuum in K containing b. By (10), p(L) is
a non-trivial interval in I. Since s ∈ p(L) \

⋃∞
k=1 bd(Jk), cf. (9), we infer that p(L)

contains some Ti and that some Jk missing p(s) separates p(L). Then dimL = r, by
(6) and (8). The open set p−1(Jk) separates L, missing s, and dim

(
L∩p−1(Jk)

)
≤ 1,

by (7).

Proof of Theorem 6.1. Let X and r be as in Theorem 6.1. Since X contains an
(r + 1)-dimensional continuum S we get the continuum K and b ∈ K described in
Lemma 6.5.

Since any non-trivial continuum in K touching b is r-dimensional, we have b ∈
Br. Let V be a neighbourhood of b in X with K \ V 6= ∅, and let L be any
non-trivial continuum in V containing b. Then, by the indecomposability of the
continuum L∪K we have L ⊂ K and therefore, by the choice of K, the continuum
L is separated by a relatively open 1-dimensional set missing b.

6.6. Remark. Let X and Br be as in Theorem 6.1. Then no Gδ-set G in X con-
taining Br is homogeneous.

Indeed, such G must contain a point c that is the limit of n-Cantor manifolds
in X . To see this, let G =

⋂
jUj with Uj open and choose inductively n-Cantor

manifolds M1 ⊃ M2 ⊃ ... with Mj ⊂ Uj and the diameters of Mj tending to zero.
This is possible, as eachX\Uj is disjoint fromBr, hence at most (r−1)-dimensional,
and therefore Uj has an n-dimensional intersection with any n-dimensional set in
X . Having chosen Mj , we let c be the point in

⋂
jMj .

The non-homogenity of G is an instant consequence of Corollary 6.2.

7. Comments

7.1. The papers by Boris Kaufmann [Kau1] and [Kau2]. Kaufmann’s works
seem not to be widely known. We learned about [Kau1], [Kau2] from P.S. Aleksan-
drov’s book [Al2] only after obtaining the main results of this paper. Aleksandrov
credits Kaufmann with substantial contributions to homological dimension theory,
pointing out difficulties in following his work, cf. [Al2], p.194, [Al1], p.14.
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Kaufmann considers in [Kau1] and [Kau2] “nuclei” in n-dimensional compacta
X ⊂ Rm - the n-dimensional compacta irreducibly linked with some (m − n− 1)-
cycle in an open ball in Rm, and distinguishes the set Φn of the limit points of
descending sequences of nuclei in X , calling such points “manifold points of X”
(each nucleus is an n-Cantor manifold), cf. 7.3. Theorems 2 and 3 in [Kau1] assert
that any (n−1)-dimensional partition L of the nucleus F in X must separate nuclei
in F with arbitrarily small diameters, and in effect, the set F ∩Φn is connected (this
is not true for arbitrary n-Cantor manifolds, cf. 7.2). In [Kau2], I.3, Kaufmann
introduces an inductive notion of “being a set homogeneously j-dimensional in X”
and Theorem Φr in [Kau2], p.34, asserts that Φn is homogeneously n-dimensional
in X . One can show that this is equivalent to the statement that dim(X \N) = n
for any N disjoint from Φn with dimN ≤ 0, cf. Remark 3.2. Let us notice that a
generalization of this assertion stated in footnote (11) on p. 19 in [Kau2] and in
[Kau3], p.247, is not valid - any hereditarily indecomposable cut of the cube In,
n ≥ 3, provides a counterexample.

Kaufmann’s reasoning is based on intricate homological arguments.

7.2. An example related to Proposition 3.1. Let Z be an hereditarily inde-
composable n-Cantor manifold and let C be an (n − 1)-dimensional continuum in
Z, n ≥ 2.

Let X be the result of matching two copies of Z along the continuum C and
let L be the copy of C in X . Then X is an n-Cantor manifold and L separates
X . However, L is disjoint from the set Cn(X) in Proposition 3.1 and L does not
separate any n-Cantor manifold in X with diameter smaller than the diameter of
L.

7.3. A remark related to Proposition 3.1. Let X be an n-dimensional com-
pactum and let M be a collection of n-Cantor manifolds in X , such that each
n-Cantor manifold in X contains an element of M.

Let C(M) be the set of points that are limits of decreasing sequences of elements
of M. Then, for any Gδ set G in X disjoint from C(M), dim(Cn(X) \ G) ≥ 1,
where Cn(X) is defined in Proposition 3.1.

Indeed, aiming at a contradition, assume that dim(Cn(X) \ G) ≤ 0 and let
G = G1 ∩ G2 ∩ ..., where G1 ⊃ G2 ⊃ ... are open. We shall define a sequence
M1 ⊃ M2 ⊃ ... of elements of M with Mi ⊂ Gi and diamMi ≤ 1

i . Suppose we
have chosen Mi. By Propositon 3.1, dim(Cn(X)∩Mi) ≥ 1, and hence Mi ∩G 6= ∅.
Therefore dimMi ∩Gi+1 = n, as each non-empty open set in Mi is n-dimensional.
Let N ⊂Mi ∩Gi+1 be an n-Cantor manifold with diamN ≤ 1

i+1 . We choose Mi+1

in M with Mi+1 ⊂ N . Having defined the sequence M1 ⊃M2 ⊃ ... let us consider
the limit c. We get c ∈ C(M) ∩G = ∅, a contradiction.

Let us assume in addition that X is an hereditarily indecomposable continuum.
Then C(M) is not a Gδ-set in X . Indeed, since C(M)∩B1 = ∅, dim(X \C(M)) =
n, by Remark 4.1, and on the other hand, each compact set in X \C(M) is at most
(n− 1)-dimensional.

It follows, that the statement in [Kau2], sec. 4, that the union Nδ of all n-
dimensional “nuclei” in X of diameter < δ is locally compact, is incorrect. In fact,
in the hereditarily indecomposable continuum X , Nδ is not completely metrizable
for some δ.
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7.4. An example on weakly infinite-dimensional continua. A space E is
weakly infinite-dimensional if for each sequence of pairs (Ai, Bi), i = 1, 2, ..., of
disjoint closed sets in E there are partitions Li in E between Ai and Bi such that⋂
iLi = ∅, cf. [En]. The following result was obtained jointly by Elżbieta Pol and

the present authors.

Example. There is a weakly infinite-dimensional continuum X such that the set
B∞ of points in X avoiding any non-trivial finite-dimensional continuum in X is
not weakly infinite-dimensional.

The construction will be included in the paper by Elżbieta Pol and the second
author [P-R] concerning the sets B∞ in infinite-dimensional hereditarily indecom-
posable continua.

Some questions. (A) Let S be an hereditarily indecomposable (n+1)-dimensional
continuum, n ≥ 2, and let K be the n-dimensional continuum in S described in
Lemma 6.5.

Then in K, the set Bn contains points at which Bn is 0-dimensional and also,
being 1-dimensional, Bn contains points at which it is 1-dimensional, cf. [Kur], §25,
I. Therefore, the space Bn in K is not homogeneous.

Let us consider the set Br in an n-dimensional hereditarily indecomposable con-
tinuum X , where 1 < r < n. The results of sec. 6 show that there is a point
b ∈ Br and δ > 0 such that no neighbourhood of b in Br of diameter less than δ is
homogeneous.

The assertion of a theorem of Kaufmann discussed in sec. 7.1, combined with
the results in sec. 6, imply that the set Br is not homogeneous. We do not know
any other arguments supporting this claim.

(B) Using a method of “condensation of singularities” cf. [Ch-P], Elżbieta Pol
and the second author [P-R] constructed examples of 2-dimensional hereditarily
indecomposable continua X ′, X ′′, such that in X ′ the set B2 is residual, while in
X ′′ the set B1 is residual (these possibilities exclude each other, the sets Br being
Borel). However, we have no information about the Baire category of the sets Br
in hereditarily indecomposable Cantor manifolds.

Let X be an n-dimensional hereditarily indecomposable continuum and let M
be the collection of all n-Cantor manifolds in X . Then the set C(M) defined in
sec. 7.4 is projective. What exactly is the descriptive class of C(M) ?

(C ) By a theorem of Krasinkiewicz [Kra2] and Levin [Lev], a typical, in the sense
of Baire category in function spaces, mapping f : In → I has the property that any
non-trivial continuum in In mapped by f to a point is hereditarily indecomposable.
Let f be such a typical mapping and let Br(f) be the set of points in In that
belong to some r-dimensional continuum taken by f to a point, but which avoid
any non-trivial continuum of dimension less than r mapped to a point. Then, for
1 ≤ r ≤ n− 1 (let us recall that by a Hurewicz theorem the fibers of a typical map
f : In → I are at most (n− 1)-dimensional, cf. [Kur], §45, IX), we get

n− r ≤ dimBr(f) ≤ n− (r − 1).

Is it true that, typically, the upper bound is attained?
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