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APPLICATIONS OF LANGLANDS’ FUNCTORIAL LIFT
OF ODD ORTHOGONAL GROUPS

HENRY H. KIM

Abstract. Together with Cogdell, Piatetski-Shapiro and Shahidi, we proved
earlier the existence of a weak functorial lift of a generic cuspidal representation
of SO2n+1 to GL2n. Recently, Ginzburg, Rallis and Soudry obtained a more
precise form of the lift using their integral representation technique, namely,
the lift is an isobaric sum of cuspidal representations of GLni (more precisely,
cuspidal representations of GL2ni such that the exterior square L-functions
have a pole at s = 1). One purpose of this paper is to give a simpler proof of
this fact in the case that a cuspidal representation has one supercuspidal com-
ponent. In a separate paper, we prove it without any condition using a result on
spherical unitary dual due to Barbasch and Moy. We give several applications
of the functorial lift: First, we parametrize square integrable representations
with generic supercuspidal support, which have been classified by Moeglin
and Tadic. Second, we give a criterion for cuspidal reducibility of supercus-
pidal representations of GLm × SO2n+1. Third, we obtain a functorial lift
from generic cuspidal representations of SO5 to automorphic representations
of GL5, corresponding to the L-group homomorphism Sp4(C) −→ GL5(C),
given by the second fundamental weight.

1. Introduction

The purpose of this note is to give several applications of Langlands’ functo-
rial lift of odd-orthogonal groups. Recall the L-group homomorphism LSO◦2n+1 =
Sp2n(C) ↪→ GL2n(C) = LGL◦2n. Langlands’ functoriality predicts that there is a
map from cuspidal representations of SO2n+1(AF ) to automorphic representations
of GL2n(AF ), where AF is the ring of adeles of a number field F . Throughout this
note, cuspidal representations mean unitary ones.

In [C-Ki-PS-S], it is proved that given a generic cuspidal representation of
SO2n+1(AF ), there exists a weak lift (see Definition 2.1 for the notion). We prove
here the existence of a strong lift. Especially, a generic cuspidal representation with
one supercuspidal component has the strong lift which is of the expected form,
namely, if π is a generic cuspidal representation of SO2n+1(AF ) with one supercus-
pidal component, then the lift Π is an automorphic representation of GL2n(AF ),
which is of the form Ind σ1⊗· · ·⊗σp, where the σi’s are (unitary) self-contragredient
cuspidal representations of GLni(AF ). In a separate paper [Ki6], we prove that it is
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true without any condition, namely, the lift of any generic cuspidal representation
of SO2n+1(AF ) is of the form Ind σ1 ⊗ · · · ⊗ σp, where the σi’s are (unitary) self-
contragredient cuspidal representations of GL2ni(AF ) such that L(s, σi,∧2) has a
pole at s = 1. In order to do so, we need a deep result on spherical unitary dual
due to Barbasch and Moy [B-Mo]. One purpose of this paper is to give a simpler
proof in the case that a cuspidal representation has one supercuspidal component.
Recently Ginzburg, Rallis and Soudry also proved that the lift is of the above form
without any condition, using their integral representation technique. They can also
obtain the backward lifting.

We give several applications of the functorial lift to local problems. First,
we parametrize square integrable representations with generic supercuspidal sup-
port, which has been classified by Moeglin and Tadic [M-Ta]. More precisely, let
G = SO2n+1(k), where k is a p-adic field of characteristic zero and let Wk be the
Weil group of k. The local Langlands’ correspondence predicts that an admissible
homomorphism φ : Wk×SL2(C) −→ LG◦ = Sp2n(C), parametrizes a finite set Πφ,
called L-packet, of isomorphism classes of irreducible admissible representations of
G, and every admissible irreducible representation of G belongs to Πφ for a unique
φ. Since the local Langlands’ correspondence is available for GLn(k) [H-T], [He], we
will use the L-group homomorphism LSO◦2n+1 = Sp2n(C) ↪→ GL2n(C) = LGL◦2n,
to obtain the parametrization for square integrable representations with generic
supercuspidal support. We should note that given an admissible homomorphism
φ : Wk × SL2(C) −→ LG◦ = Sp2n(C), which parametrizes a non-supercuspidal
square integrable representation with generic supercuspidal support, the L-packet
Πφ contains other representations besides the non-supercuspidal square integrable
representations with generic supercuspidal support. We speculate that the re-
maining ones are non-generic supercuspidal representations and non-supercuspidal
square integrable representations with non-generic supercuspidal support. Also for
the parametrization, we need an assumption (Assumption 5.1) that the local Artin
exterior square (symmetric square, resp.) L-function has a pole at s = 0 if and
only if the local Shahidi’s exterior square (symmetric square, resp.) L-function has
a pole at s = 0. This assumption is the same as the assertion that the Shahidi’s L-
functions are Artin L-functions. It may be even more difficult to show the equality
of their ε-factors.

Second, we give a criterion for cuspidal reducibility of supercuspidal representa-
tions of GLm × SO2n+1. More precisely, let ρ be a self-contragredient supercusp-
idal representation of GLm(k) and τ be a generic supercuspidal representation of
SO2n+1(k). Then there exists a unique s0 ≥ 0 such that the induced representation
Ind |det|sρ⊗ τ is reducible at s = s0,−s0 and irreducible at all other points. The
deep result of Shahidi [Sh1] is that s0 ∈ {0, 1

2 , 1}. We say that (ρ, τ) satisfies (Ci)
if Ind |det|sρ ⊗ τ is reducible at s = i. We give a precise criterion of when (ρ, τ)
satisfies (Ci) in terms of the functorial lift of τ .

Third, we obtain a functorial lift from cuspidal representations of SO5(AF ) to
automorphic representations of GL5(AF ), corresponding to the L-group homomor-
phism Sp4(C) −→ GL5(C), given by the second fundamental weight: Given a
generic cuspidal representation π of SO5(AF ), first we obtain a strong lift Π to
GL4(AF ). In [Ki4], we showed that the exterior square lift

∧2 Π is an automorphic
representation of GL6(AF ). We show that

∧2 Π = τ�1, where τ is an automorphic
representation of GL5(AF ); τ is the desired functorial lift.
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2. Strong lift from SO2n+1 to GL2n

Throughout this paper, let F be a number field and AF be the ring of adeles.
We fix an additive character ψ =

⊗
v ψv of AF /F .

Definition 2.1. Let π=
⊗

v πv be a generic cuspidal representation of SO2n+1(AF ).
We say that an automorphic representation Π =

⊗
v Πv of GL2n(AF ) is a strong

lift of π if every Πv is a lift of πv for all v, in the sense that

γ(s, σv × πv, ψv) = γ(s, σv ×Πv, ψv),

L(s, σv × πv) = L(s, σv ×Πv),

for all generic irreducible representation σv of GLm(Fv), 1 ≤ m ≤ 2n−1. Here the
left-hand side is the γ-factor and L-factor defined in [Sh1, section 7] and the right-
hand side is the one defined in [J-PS-S]. Due to local Langlands’ correspondence,
they are the Artin γ- and L-factors.

If the above equality holds for almost all v, then Π is called the weak lift of π.

Recall the equalities

γ(s, σv × πv, ψv) = ε(s, σv × πv, ψv)
L(1− s, σ̃v × π̃v)
L(s, σv × πv)

,

γ(s, σv ×Πv, ψv) = ε(s, σv ×Πv, ψv)
L(1− s, σ̃v × Π̃v)
L(s, σv ×Πv)

.

Hence the equalities of γ- and L-factors imply the equality of ε-factors. Note that
if Πv is generic for all v, the above identities uniquely determine Π. Recall how
L- and ε-factors are defined from [Sh1, section 7]. From the theory of local coeffi-
cients, which is defined through intertwining operators, a γ-factor γ(s, πv, ri, ψv) is
defined for every irreducible generic admissible representation πv and certain finite
dimensional representation ri. If πv is tempered, L(s, πv, ri) is defined to be

L(s, πv, ri) = Pπv,i(q
−s
v )−1,

where Pπv ,i is the unique polynomial satisfying Pπv ,i(0) = 1 such that Pπv ,i(q−sv ) is
the numerator of γ(s, πv, ri, ψv). We define the ε-factor using the identity

γ(s, πv, ri, ψv) = ε(s, πv, ri, ψv)
L(1− s, π̃v, ri)
L(s, πv, ri)

.

Hence if πv is tempered, then the γ-factor canonically defines both the L-factor
and the ε-factor. If πv is non-tempered, write it as a Langlands’ quotient of an
induced representation formed from a twist of tempered representations (actually
by standard module conjecture, πv is the full induced representation), and we can
write the corresponding intertwining operator as a product of rank-one operators.
For these rank-one operators, there correspond L-factors and we define L(s, πv, ri)
to be the product of these rank-one L-factors. We then define ε-factor to satisfy
the above relation.
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Let π =
⊗

v πv be a generic cuspidal representation of SO2n+1(AF ). Recall

Theorem 2.2 ([C-Ki-PS-S]). There exists a weak lift Π =
⊗

v Πv. It is an auto-
morphic representation of GL2n(AF ) and if πv is unramified, Πv is generic. More-
over, Πv is a lift of πv for all v =∞ and any finite place v where πv is unramified.

We want to show that there exists a strong lift. In order to prove the existence
of a strong lift, first we need to construct a local lift for all v. Then we apply
the converse theorem twice. For the converse theorem and its applications to the
lifting, we will freely use the fundamental paper [C-Ki-PS-S].

First, we show that a generic supercuspidal representation of SO2n+1(Fv) has a
local lift to GL2n(Fv), which is tempered.

We use the following setup. Let k be a local p-adic field of characteristic zero. Let
ρ be a generic supercuspidal representation of SO2n+1(k). Then by [Sh1, Proposi-
tion 5.1], there exists a number field F and a generic cuspidal automorphic represen-
tation π =

⊗
w πw of SO2n+1(AF ) such that Fv = k, πv = ρ and πw is unramified

for all w <∞ and w 6= v.
Let Π be a weak lift of π such that Πw is a lift of πw for w 6= v. By the

classification of automorphic representations [J-S], it is equivalent to a subquotient
of

Ξ = Ind |det|r1σ1 ⊗ · · · ⊗ |det|rpσp,

where the σi’s are unitary cuspidal representations of GLni(AF ). Then Πv is a
subquotient of Ξv.

Lemma 2.3. |ri| < 1
2 , i = 1, ..., p.

Proof. Consider an unramified local component πw of SO2n+1(Fw). Since it is
generic and unitary, it has the form

πw = Ind | |a1µ1 ⊗ · · · ⊗ | |anµn,

where the µ1, ..., µn’s are unramified unitary characters of F×w and 0 ≤ an ≤ · · · ≤
a1 <

1
2 (see [Yo, Theorem B]). Hence the lift Πw is of the form

Πw = Ind | |a1µ1 ⊗ · · · ⊗ | |anµn ⊗ | |−anµ−1
n ⊗ · · · ⊗ | |−a1µ−1

1 .

Note that Ξw = Ind |det|r1σ1w⊗· · ·⊗|det|rpσpw and σiw is of the form Ind | |b1ν1⊗
| |b2ν2 ⊗ · · · ⊗ | |−b1ν1, where 1

2 > b1 ≥ b2 ≥ · · · and νj ’s are unitary characters.
Since Πw is unramified, it is the unique unramified subquotient of Ξw. Since Πw

is generic, by [Li, Theorem 2.2], Πw = Ξw. Comparing the ai, bj, rl’s, we obtain
our result.

Proposition 2.4. r1 = · · · = rp = 0. Hence Πv = Ξv and it is a local lift of πv.
Moreover, it is tempered.

Proof. Let Π′v be an another constituent of Ξv and let Π′ =
⊗

w 6=v Πw ⊗Π′v. Then
by the result of Langlands [La3], it is an automorphic representation of GL2n(AF )
which is a weak lift of π. We first show that, for discrete series σv of GLm(Fv) (any
m),

γ(s, σv × πv, ψv) = γ(s, σv ×Πv, ψv) = γ(s, σv ×Π′v, ψv).
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By [Ro], we can find a cuspidal representation σ of GLm(AF ) whose local com-
ponent at v is σv. Consider the three Rankin-Selberg L-functions L(s, σ × π),
L(s, σ ×Π) and L(s, σ ×Π′). All three have the functional equations:

L(s, σ × π) = ε(s, σ × π)L(1 − s, σ̃ × π̃),

L(s, σ ×Π) = ε(s, σ ×Π)L(1 − s, σ̃ × Π̃),

L(s, σ ×Π′) = ε(s, σ ×Π′)L(1− s, σ̃ × Π̃′).

From these equalities, we obtain

γ(s, σv × πv, ψv) = γ(s, σv ×Πv, ψv)

and

γ(s, σv × πv, ψv) = γ(s, σv ×Π′v, ψv).

We only prove the first equality: Since πw is unramified for w 6= v, w < ∞, Πw is
the lift of πw for all w 6= v. Hence

L(s, σw × πw) = L(s, σw ×Πw), ε(s, σw × πw, ψw) = ε(s, σw ×Πw, ψw),

for all w 6= v. The functional equations above can be written in the form

γ(s, σv × πv, ψv) =
∏
w 6=v

L(s, σw × πw)
ε(s, σw × πw, ψw)L(1− s, σ̃w × π̃w)

,

γ(s, σw ×Πw, ψw) =
∏
w 6=v

L(s, σw ×Πw)
ε(s, σw ×Πw, ψw)L(1− s, σ̃w × Π̃w)

.

Hence γ(s, σv × πv, ψv) = γ(s, σv ×Πv, ψv).
We write Ξv to be in the Langlands’ situation and take Π′v to be the Langlands’

quotient of Ξv, namely, the quotient of

Ξv = Ind |det|a1τ1v ⊗ · · · ⊗ |det|alτlv,
where the τiv’s are discrete series of GLmi(Fv), a1 ≥ · · · ≥ al, and |ai| < 1. The
last inequality comes from the fact that |ri| < 1

2 by Lemma 2.3 and σiv are unitary
representations of GLni(Fv). Suppose one of the ai’s is not zero. Since Π′v has a
trivial central character, al < 0.

By [Ro], let τl be a cuspidal representation of GLmi(AF ) whose local component
at v is τlv . Then

γ(s, τ̃lv × πv, ψv) = γ(s, τ̃lv ×Π′v, ψv) =
l∏
i=1

γ(s+ ai, τ̃lv × τiv, ψv).

In order to proceed, we need to use the fact that πv is supercuspidal: Suppose
τlv is a Steinberg representation, given as the subrepresentation of Ind |det| p−1

2 η ⊗
|det| p−1

2 −1η ⊗ · · · ⊗ |det|−p−1
2 η. Then the left-hand side has possible poles only at

Re s = p+1
2 , and possible zeros only at Re s = − p−1

2 (see, for example, [Ki7]).
On the other hand, suppose τiv is a Steinberg representation, given as the sub-

representation of

Ind |det|
pi−1

2 ηi ⊗ |det|
pi−1

2 −1ηi ⊗ · · · ⊗ |det|−
pi−1

2 ηi.

Then (we suppose p ≥ pi) γ(s, τ̃lv × τiv , ψv) has possible poles at Re s =
p+1

2 + pi+1
2 − 1, p+1

2 + pi+1
2 − 2, ..., p+1

2 + pi+1
2 − pi; possible zeros at Re s =
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−(p−1
2 + pi−1

2 ),−(p−1
2 + pi−1

2 − 1), ...,−(p−1
2 − pi−1

2 ) (if p ≤ pi, then exchange
pi and p; see [Ki7]).

Especially, γ(s, τ̃lv × τlv, ψv) has poles at Re s = p, p − 1, ..., 1 and zeros at
Re s = −(p − 1), ...,−1, 0. Consider the pole at Re s = p. Since |ai| < 1, the only
possible way to match poles is when p = 1, namely, τlv is supercuspidal. In that
case, γ(s+ al, τ̃lv× τlv, ψv) has poles at Re s = 1− al and zeros at Re s = −al. The
poles at Re s = 1− al cannot be cancelled, since al < 0. Contradiction.

Hence ai = 0 for all i and this implies that r1 = · · · = rp = 0. Therefore,
Ξv = Ind τ1v ⊗ · · · ⊗ τlv, where τiv ’s are discrete series of GLmi(Fv). By a well-
known result (see, for example, [Ta]), Ξv is irreducible and is tempered. Hence
Ξv = Πv.

We can give a more precise form of the lift Πv.

Lemma 2.5. Let πv be a generic supercuspidal representation of SO2n+1(Fv).
Then the lift Πv is a tempered representation, of the form Πv = σ1 � · · · � σp,
where the σi’s are supercuspidal representations of GLni(Fv) such that L(s, σi,∧2)
has a pole at s = 0. (Here L(s, σi,∧2) is the Shahidi’s L-function given by the
Langlands-Shahidi method [Sh1]. More precisely, L(s, σ,∧2) comes from the theory
of Eisenstein series relative to GL2n ⊂ SO4n.) In particular, ni is even, and the
σi’s are self-contragredient and have the trivial central character. Moreover, the
σi’s are inequivalent.

Proof. We showed above that Πv is tempered. Any tempered representation of
GLn(Fv) is unitarily induced from the discrete series of GL, i.e.,

Πv = Ind σ1 ⊗ · · · ⊗ σp,
where the σi’s are discrete series of GL. Suppose one of them, say σ1, is not
supercuspidal. Then compare the two L-functions

L(s, σ̃1 × πv) = L(s, σ̃1 ×Πv).

Suppose σ1 is given as the subrepresentation of |det| a−1
2 ρ⊗ · · · ⊗ |det|−a−1

2 ρ, where
a is a positive integer with a > 1 and ρ is a supercuspidal representation of GL.
Then

L(s, σ̃1 ×Πv) =
p∏
i=1

L(s, σ̃1 × σi).

Here L(s, σ̃1×σ1) =
∏a−1
i=0 L(s+ i, ρ̃× ρ) and L(s, ρ̃× ρ) has a pole at s = 0. Since

the local L-functions have no zeros, L(s, σ̃1 × Πv) has a pole at s = −(a− 1). On
the other hand, L(s, σ̃1×πv) = L(s+ a−1

2 , ρ̃×πv). Since L(s, ρ̃×πv) has a possible
pole only at Re s = 0, L(s, σ̃1 × πv) has no pole at s = −(a − 1). We obtain a
contradiction.

Hence Πv = Ind σ1 ⊗ · · · ⊗ σp, where the σi’s are supercuspidal representations
of GL. If σ1 is not self-contragredient, then consider

L(s, σ̃1 × πv) = L(s, σ̃1 ×Πv) =
k∏
i=1

L(s, σ̃1 × σi).

The left-hand side does not have a pole at s = 0 [Sh1, Corollary 7.6], while the
right-hand side has a pole at s = 0. Contradiction. In the same way, we show that
the σi’s are self-contragredient.
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Now consider two L-functions: L(s, σ1 × πv) and L(s, σ1, Sym
2). (Here

L(s, σ1, Sym
2) is the Shahidi’s L-function given by the Langlands-Shahidi method

[Sh1]. More precisely, L(s, σ1, Sym
2) comes from the theory of Eisenstein series

relative to GL2n ⊂ SO4n+1.)
If we consider the supercuspidal representation σ1⊗πv for M(Fv) = GLm(Fv)×

SO2n+1(Fv) ⊂ SO2(m+n)+1(Fv), the local coefficient attached to (M,σ1⊗πv) has as
its denominator L(s, σ1×πv)L(2s, σ1, Sym

2) (see [Sh1]). So by [Sh1, Corollary 7.6],
only one of the two L-functions can have a simple pole at s = 0. Since L(s, σ1×πv)
has a pole at s = 0, L(s, σ1, Sym

2) is holomorphic at s = 0. Consider the identity
L(s, σ1 × σ1) = L(s, σ1,∧2)L(s, σ1, Sym

2). Since σ1 is self-contragredient, the left-
hand side has a pole at s = 0. Hence L(s, σ1,∧2) has a pole at s = 0. So by [Sh1,
Lemma 7.4], n1 is even. (It comes from the fact that if n is odd, the parabolic
subgroup P = MN , M = GLn, is not self-conjugate in SO2n.) We prove the same
thing for all σi, i = 2, ..., p.

Suppose σ1 ' σ2. Then L(s, σ1 × πv) has a double pole at s = 0, which is a
contradiction (see [Sh1, Corollary 7.6]).

It remains to prove that the central character of the σi’s is trivial. As in [Ki6,
Proposition 3.8], we use the similitude group GSO4n(Fv) [Go], namely,

GSO4n = {g ∈ GL4n|tgJ4ng = λ(g)J4n, det(g)λ(g)−2n = 1;λ(g) ∈ GL1}.
Let P = MN with M = GL2n ×GL1. Let σ be a supercuspidal representation of
GL2n(Fv) with the central character ωσ and let χ be a unitary character. Then σ⊗χ
is a supercuspidal representation of M(Fv). [Go, 2.8] shows that w0(σ⊗χ) ' σ⊗χ
if and only if σ ' σ̃ and ωσ = 1. Hence if σ ' σ̃ and ωσ 6= 1, then w0(σ⊗χ) 6' σ⊗χ.
The L-function which shows up as a normalizing factor of the intertwining operator
[Sh1, section 7], is L(s, σ,∧2). Hence by [Sh1, Corollary 7.6], we can see that
L(s, σ,∧2) has no pole at s = 0.

Next we show that a non-supercuspidal generic square integrable representation
of SO2n+1(Fv) has a lift to GL2n(Fv). First, we need the following which is well-
known [Ze].

Lemma. In the language of [Ca-Sh], any standard module of GLn(Fv) satisfies
injectivity, namely, the following induced representation has the unique irreducible
subrepresentation which is generic;

Ind |det|a1τ1 ⊗ · · · ⊗ |det|amτm ⊗ σ1 ⊗ · · · ⊗ σl ⊗ |det|−a1 τ̃1 ⊗ · · · ⊗ |det|−am τ̃m,
where τ1, ..., τm, σ1, ..., σl are discrete series of GL and a1 ≥ · · · ≥ am > 0.

Let πv be a non-supercuspidal generic square integrable representation of
SO2n+1(Fv). (The discussion below would be true for any non-supercuspidal square
integrable representations with generic supercuspidal support, if we assume mul-
tiplicativity of the γ- and L-factors.) Then by the classification of discrete series
for odd-orthogonal groups [Ja2], [M-Ta], πv is a subrepresentation of an induced
representation (see section 5 for more precise parametrization)

Ind |det|a1τ1 ⊗ · · · ⊗ |det|amτm ⊗ τ0,
where τ1, ..., τm are discrete series representations of GL and τ0 is a generic super-
cuspidal representation of SO2l+1(Fv). Let Π0 be the local lift of τ0. By the above
lemma, the induced representation

Ind |det|a1τ1 ⊗ · · · ⊗ |det|amτm ⊗Π0 ⊗ |det|−a1 τ̃1 ⊗ · · · ⊗ |det|−am τ̃m,
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has the unique generic irreducible subrepresentation. We denote it by Πv. Then

Proposition 2.6. Πv is the local lift of πv. It is unique. Moreover, Πv is tempered.

Proof. Let σv be a discrete series of GLp(Fv). Then

γ(s, σv × πv, ψv) = γ(s, σv × τ0, ψv)
m∏
i=1

γ(s+ ai, σv × τi, ψv)γ(s− ai, σv × τ̃i, ψv)

= γ(s, σv ×Π0, ψv)
m∏
i=1

γ(s+ ai, σv × τi, ψv)γ(s− ai, σv × τ̃i, ψv)

= γ(s, σv ×Πv, ψv).

By multiplicativity of L-factors ([Sh5, Theorem 5.2]; we note that the assumption
in the statement of the theorem has been verified by [Ca-Sh] and [Mu].), the same
equality holds for L-factors also, namely,

L(s, σv × πv) = L(s, σv ×Πv).

The temperedness of Πv follows easily from the above identity, by comparing poles
of both sides. More precisely, let Πv be a Langlands’ quotient of

Ind |det|a1η1 ⊗ · · · ⊗ |det|alηl,
where the ηi’s are discrete series of GLmi(Fv), a1 ≥ · · · ≥ al. Suppose one of the
ai’s is not zero. Since Πv has a trivial central character, al < 0. Then

L(s, η̃l × πv) =
l∏
i=1

L(s+ ai, η̃l × ηi).

The left-hand side has no poles for Re s > 0. But the right-hand side has a pole at
Re s = −al > 0.

Since Πv is generic, the equality of γ- and L-factors implies that it is unique.

Proposition 2.7. Any generic tempered representation of SO2n+1(Fv) has the
local lift, which is tempered. Hence any generic irreducible representation of
SO2n+1(Fv) has a local lift.

Proof. Any tempered representation πv of SO2n+1(Fv) is a subrepresentation of

Ind σ1 ⊗ · · · ⊗ σm ⊗ τ,
where σ1, ..., σm are discrete series of GL and τ is a discrete series of SO2l+1(Fv).
Let Π0 be the local lift of τ . Then the following induced representation is irreducible
(see, for example, [Ta]) and tempered. We denote it by Πv;

Ind σ1 ⊗ · · · ⊗ σk ⊗Π0 ⊗ σ̃m ⊗ · · · ⊗ σ̃1.

It is easy to show that Πv is the local lift of πv by showing the equality of γ-factors
from multiplicativity of γ-factors.

By standard module conjecture, proved by Muić [Mu, Theorem 0.4], any generic
irreducible representation πv can be written as a full induced representation

Ind |det|r1σ1 ⊗ · · · ⊗ |det|rmσm ⊗ τ,
where σ1, ..., σm are discrete series of GL and τ is a tempered representation of
SO2l+1(Fv). Let Π0 be the local lift of τ and let Πv be the unique quotient of

Ξv = Ind |det|r1σ1 ⊗ · · · ⊗ |det|rmσm ⊗Π0 ⊗ |det|−rm σ̃m ⊗ · · · ⊗ |det|−r1 σ̃1.
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Note that if ri = 1
2 for some i, Ξv is reducible and hence Πv is not generic. Then

we can show from multiplicativity of γ- and L-factors that for any discrete series
σv of GL,

γ(s, σv × πv, ψv) = γ(s, σv ×Πv, ψv), L(s, σv × πv) = L(s, σv ×Πv).

Namely, Πv is a local lift of πv.

Remark. Note that in the above, when Ξv is reducible, it has the unique irreducible
subrepresentation Π′v which is generic. In that case, by multiplicativity of γ-factors,
we have

γ(s, σv × πv, ψv) = γ(s, σv ×Π′v, ψv).

However, L(s, σv × πv) 6= L(s, σv × Π′v). Let us give an example. Let k be a p-
adic field of characteristic zero and ρ be a discrete series of GL2(k) with the trivial
central character. Then ρ can be considered a representation of PGL2(k) ' SO3(k).
Consider τ = IndSO7

GL2×SO3
|det| 12 ρ⊗ρ. Then τ is irreducible and hence it is a generic

representation of SO7(k). However, its lift Π to GL6(k) is not generic. It is the
unique quotient of

IndGL6
GL2×GL2×GL2

|det| 12 ρ⊗ ρ⊗ |det|− 1
2 ρ.

Let Π′ be the unique irreducible subrepresentation. Then

γ(s, ρ× τ, ψ) = γ(s, ρ×Π, ψ) = γ(s, ρ×Π′, ψ),

but

L(s, ρ× τ) = L(s− 1
2
, ρ× ρ)L(s, ρ× ρ)L(s+

1
2
, ρ× ρ);

L(s, ρ×Π′) = L(s, ρ× ρ)L(s+
1
2
, ρ× ρ).

Before proceeding, we recall here the converse theorem of Cogdell and Piatetski-
Shapiro (see [C-Ki-PS-S] for details):

Theorem ([Co-PS]). Suppose Π =
⊗

v Πv is an irreducible admissible represen-
tation of GLN(AF ) such that ωΠ =

⊗
v ωΠv is a grössencharacter of F . Let S

be a finite set of finite places and let T S(m) be a set of cuspidal representations
of GLm(AF ) that are unramified at all places v ∈ S. Suppose L(s, σ × Π) is nice
(i.e., entire, bounded in vertical strips and satisfies a functional equation) for all
cuspidal representations σ ∈ T S(m), m < N . Then there exists an automorphic
representation Π′ of GLN (AF ) such that Πv ' Π′v for all v /∈ S.

Theorem 2.8. Let π =
⊗

v πv be a generic cuspidal representation of SO2n+1(AF ).
Then a strong lift exists. It is an automorphic representation of GL2n(AF ).

Proof. Since π is generic, each πv is generic. For each πv, we found a local lift Πv.
Let Π =

⊗
v Πv. It is an irreducible admissible representation of GL2n(AF ). Pick

two finite places v1, v2, where both πv1 , πv2 are unramified. Let Si = {vi}, i = 1, 2.
We apply the above converse theorem twice to Π with S1 and S2, to obtain two
automorphic representations Π1,Π2 of GL2n(AF ) such that Π1v ' Πv for v 6= v1,
and Π2v ' Πv for v 6= v2. Hence Π1v ' Π2v ' Πv for all v 6= v1, v2.

By the classification of automorphic representations [J-S], Π1 and Π2 are equiv-
alent to subquotients of Ξ1,Ξ2, resp. which are of the form

Ind |det|r1σ1 ⊗ · · · ⊗ |det|rmσm,
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where the σi’s are (unitary) cuspidal representations of GLni(AF ).
If πv, v 6= v1, v2 is unramified, Π1v,Π2v are the unique unramified subquotient

of Ξ1v,Ξ2v, resp. But since Π1v ' Π2v ' Πv is generic by [Li, Theorem 2.2],
Ξ1v ' Π1v ' Π2v ' Ξ2v if πv is unramified and v 6= v1, v2. Hence by strong
multiplicity one theorem [J-S], Ξ1w ' Ξ2w for all w. Especially, Ξ1vi ' Ξ2vi for
i = 1, 2. Since πvi , i = 1, 2, is unramified, Π1vi ' Ξ1vi and Π2vi ' Ξ2vi for
i = 1, 2. Hence Ξ1vi and Ξ2vi are irreducible, and Π1v ' Ξ1v ' Ξ2v ' Π2v ' Πv

for v = v1, v2. Therefore Π ' Π1 ' Π2. This proves that Π =
⊗

v Πv is an
automorphic representation of GL2n(AF ).

If π =
⊗

v πv has one supercuspidal component, one has a more precise form of
the lift.

Theorem 2.9. Let π =
⊗

v πv be a generic cuspidal representation of SO2n+1(AF )
such that πv0 is supercuspidal. Then the strong lift exists and it is of the form
σ1� · · ·�σk, where σi is a self-contragredient cuspidal representation of GLni(AF ).

Proof. Let Π be a strong lift of π, constructed in Theorem 2.8. It is equivalent to
a subquotient of

Ξ = Ind |det|r1σ1 ⊗ · · · ⊗ |det|rpσp,
where the σi’s are (unitary) cuspidal representations of GLni(AF ). In particu-
lar, Πv0 is a subquotient of Ξv0 . By repeating the arguments of Lemma 2.3 and
Proposition 2.4, we can show that r1 = · · · = rp = 0 and Ξv0 = Πv0 is tempered.
Hence Ξ = Ind σ1 ⊗ · · · ⊗ σp. Since Ξv is irreducible for all v [Ta], Ξ is irreducible.
Therefore, Π = Ξ = Ind σ1 ⊗ · · · ⊗ σp.

Suppose σ1 is not self-contragredient. Then consider L(s, σ̃1 × π). It is holo-
morphic at s = 1 since σ1 is not self-contragredient ([Ki6, Proposition 3.1] or
[C-Ki-PS-S, Proposition 3.1]). But L(s, σ̃1 × π) =

∏p
i=1 L(s, σ̃1 × σi) has a pole at

s = 1. Contradiction.

Remark. It is expected that L(s, σi,∧2) has a pole at s = 1 for all i (hence ni is even
[Ki1]), and σiv0 is supercuspidal. In fact, we prove in a separate paper [Ki6] that
the above theorem is true in general without supercuspidal component condition,
and also that L(s, σi,∧2) has a pole at s = 1 for all i. The only thing we need to
show is that the Rankin-Selberg L-function L(s, σ×π) is holomorphic for Re s > 1
for any cuspidal representation σ of GLm(AF ). The proof requires a deep result
on the spherical unitary dual due to Barbasch and Moy [B-Mo]. Our purpose in
this paper is to give a simpler proof of the above theorem without using unitary
dual. Recently Ginzburg, Rallis and Soudry proved that the Rankin-Selberg L-
function L(s, σ × π) is holomorphic for Re s > 1 for any cuspidal representation σ
of GLm(AF ), and hence the above theorem without any condition. They can also
obtain the backward lifting.

By combining Theorem 2.8 and Corollary 3 in section 6 of [C-Ki-PS-S], we obtain

Theorem 2.10. Let π =
⊗

v πv be a generic cuspidal representation of SO2n+1(AF )
which has one unramified tempered local component. Then the strong lift is of the
form σ1 � · · ·� σp, where σi is a cuspidal representation of GLni(AF ).

In the next two corollaries, let π =
⊗

v πv be a generic cuspidal representation of
SO2n+1(AF ) such that π contains either a supercuspidal component, or tempered
unramified component.
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Corollary 2.11. For any cuspidal representation σ of GLm(AF ), the Rankin-
Selberg L-function L(s, σ × π) is holomorphic, except possibly at s = 0, 1. It is
entire if m > 2n.

Proof. By Theorems 2.9 and 2.10, the strong lift Π of π is given by σ1 � · · ·� σp,
where the σi’s are cuspidal representations of GL. Hence

L(s, σ × π) = L(s, σ ×Π) =
p∏
i=1

L(s, σ × σi).

Our assertion follows from the well-known fact on the Rankin-Selberg L-functions
of GLa ×GLb.
Corollary 2.12. Suppose πv = Ind |det|r1τ1 ⊗ · · · ⊗ |det|raτa ⊗ τ0, where 0 < ra ≤
· · · ≤ r1, τ1, ..., τp are discrete series of GL, and τ0 is a tempered representation of
SO2l+1(Fv). This is the case due to standard module conjecture, proved by [Mu,
Theorem 0.4]. Then r1 <

1
2 .

Proof. Let Π =
⊗

v Πv be the strong lift of π, which is of the form σ1 � · · ·� σp.
In particular, Πv is generic and unitary. Now Πv is the unique quotient of

Ind |det|r1τ1 ⊗ · · · ⊗ |det|raτa ⊗Π0 ⊗ |det|−ra τ̃a ⊗ · · · ⊗ |det|−r1 τ̃1,
where Π0 is the local lift of τ0. Our assertion follows from the classification of
unitary dual of GLn [Ta].

3. Reducibility criterion

In this section, let k be a p-adic field of characteristic zero. Let τ be a generic
supercuspidal representation of SO2n+1(k). Let Π be its lift to GL2n(k). By Lemma
2.5, it is of the form

Π = σ1 � · · ·� σp,
where the σi’s are (unitary) supercuspidal representations of GLni(k) and
L(s, σi,∧2) has a pole at s = 0. In particular, ni is even, and σi’s are self-
contragredient and have the trivial central character.

Let σ be a self-contragredient supercuspidal representation of GLm(k). Then
there exists a unique s0 ≥ 0 such that the induced representation Ind |det|sσ ⊗ τ
is reducible at s = s0,−s0 and irreducible at all other points. The deep result of
Shahidi [Sh1] is that s0 ∈ {0, 1

2 , 1}.
Definition 3.1. (σ, τ) satisfies (Ci) if Ind |det|sσ ⊗ τ is reducible at s = i.

Note that if l = 0, we set the convention that τ = 1. In that case, (σ, 1) satisfies
either (C 1

2 ) or (C0). We give a precise criterion of when (σ, τ) satisfies (Ci) in
terms of the functorial lift of τ . By [Sh1, Corollary 7.6],

(1) (σ, τ) satisfies (C1) if and only if L(s, σ × τ) has a pole at s = 0.
(2) (σ, τ) satisfies (C 1

2 ) if and only if L(s, σ, Sym2) has a pole at s = 0.
(3) (σ, τ) satisfies (C0) if and only if L(s, σ × τ)L(s, σ, Sym2) is holomorphic at

s = 0. This means that L(s, σ × τ) is holomorphic at s = 0 but L(s, σ,∧2)
has a pole at s = 0.

We prove

Proposition 3.2. Let σ, τ be as above. Then
(1) (σ, τ) satisfies (C1) if and only if σ ' σi for some i.



2786 HENRY H. KIM

(2) (σ, τ) satisfies (C 1
2 ) if and only if L(s, σ,∧2) is holomorphic at s = 0.

(3) (σ, τ) satisfies (C0) if and only if σ 6' σi for all i and L(s, σ,∧2) has a pole
at s = 0.

Proof. (1) Since Π = σ1 � · · ·� σp,

L(s, σ × τ) = L(s, σ ×Π) =
p∏
i=1

L(s, σ × σi).

Note that the Rankin-Selberg L-function L(s, ρ1 × ρ2) of GLa × GLb, has a pole
at s = 0 if and only if ρ1 ' ρ̃2, where ρ1, ρ2 are supercuspidal representations of
GLa, GLb, resp. Hence our assertion follows.

(2) and (3) follows from the identity L(s, σ × σ) = L(s, σ, Sym2)L(s, σ,∧2).

Corollary 3.3. Suppose (σ, τ) satisfies (C1). Then L(s, σ× σ)−1 divides L(s, σ×
τ)−1 as polynomials in q−s, namely,

L(s, σ × τ) = L(s, σ × σ)
∏
j

(1− αjq−s)−1,

where αj ∈ C is of absolute value 1.

Proof. It is clear from the equation in the above proof.

The following is expected (cf. [Ki6, Conjecture 8.3]).

Conjecture 3.4. Let F be a number field and AF its ring of adeles. Let τ =
⊗

v τv
be a generic cuspidal representation of SO2n+1(AF ) such that τv0 is supercuspidal.
Suppose the lift of τv0 to GL2n(Fv0) is of the form σ1v0 � · · · � σkv0 , where σiv0

is a supercuspidal representation of GLni(Fv0 ) such that L(s, σiv0 ,∧2) has a pole
at s = 0. Then the lift of τ is of the form Π = σ1 � · · · � σk, where the σi’s are
cuspidal representations of GLni(AF ).

4. Review of the local Langlands’ correspondence for GLn

In this section we follow [Ku]. Let k be a p-adic field of characteristic zero. Let
Gk(n) be the set of isomorphism classes of admissible representations ofWk×SL2(C)
of degree n, i.e., φ : Wk × SL2(C) −→ GLn(C). Here two representations into
GLn(C) are said to be equivalent if they are conjugate by an element of GLn(C).
We identify the element of the set Gk(1), the characters of Wk, with characters
of k× via the reciprocity isomorphism rk : W ab

k ←− k×. Let Ak(n) be the set of
inequivalent classes of admissible representations ofGLn(k). The following theorem
is called the local Langlands’ correspondence for GLn.

Theorem 4.1 ([H-T], [He]). For each n ≥ 1, there is a canonical bijection

πk : Gk(n) −→ Ak(n), ρ 7−→ πk(ρ),

such that
(1) πk(ρ(χ)) = πk(ρ)(χ) for any character χ of k×.
(2) det(ρ) corresponds to ωπk(ρ), the central character of πk(ρ) via the isomor-

phism of local class field theory.
(3) π̃k(ρ) = πk(ρ̃).
(4) L(s, ρ1 ⊗ ρ2) = L(s, πk(ρ)× πk(ρ)).
(5) ε(s, ρ1 ⊗ ρ2, ψ) = ε(s, πk(ρ)× πk(ρ), ψ).
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(6) πk preserves conductors.
(7) If K is a finite Galois extension of a field k, then πK is compatible with the

natural actions of Gal(K/k) on GK and AK .

Theory of Jordan normal forms implies that a unipotent matrix in GLn(C) is
conjugate to J(p1)⊕ J(p2) ⊕ · · · ⊕ J(ps), p1 ≥ p2 ≥ · · · ≥ ps, p1 + p2 + · · ·+ ps =
n, where J(p) is the p × p Jordan matrix with entries 1 just above the diagonal
and zero everywhere else. Therefore unipotent classes in GLn(C) are in 1 to 1
correspondence with partitions λ of N . We use the following standard notation for
λ: λ = (1r1 , 2r2 , 3r3 , · · · ), where rj is the number of pi equal to j.

We say that a unipotent element u is distinguished in G if all maximal tori
of Cent(u,G) are contained in the center of G◦, the connected component of the
identity. This is equivalent to the fact that the unipotent orbitO (conjugacy classes)
of u does not meet any proper Levi subgroup of G. In the case of GLn(C), there is
only one distinguished unipotent orbit, namely, the one attached to the partition
(n). (See [Ki5, section 3] for detail.)

Let O be the distinguished unipotent orbit in GLp(C). There is a homomor-
phism φ2 : SL2(C) −→ GLp(C), given by O. Given a homomorphism φ1 : Wk −→
GLm(C), which parametrizes a supercuspidal representation σ of GLm(k), we at-
tach a homomorphism

φ1 ⊗ φ2 : Wk × SL2(C) −→ GLmp(C).

It parametrizes the Steinberg representation, denoted by St(σ, p). It is the unique
subrepresentation of

Ind |det|
p−1

2 σ ⊗ |det|
p−1

2 −1σ · · · ⊗ |det|−
p−1

2 σ.

We note that the unique quotient of the above induced representation is parame-
trized by

|det|
p−1

2 φ1 ⊕ |det|
p−1

2 −1φ1 ⊕ · · · ⊕ |det|−
p−1

2 φ1 :

Wk × SL2(C) −→ GLm(C)× · · · ×GLm(C) ⊂ GLmp(C).

5. Local Langlands’ correspondence for odd-orthogonal groups

Recall the formulation of the local Langlands’ correspondence for odd-orthogonal
groups; Let k be a p-adic field of characteristic zero and G = SO2n+1(k). Then
LG◦ = Sp2n(C). Let φ : Wk×SL2(C) −→ Sp2n(C) be an admissible representation.

Then the local Langlands’ correspondence predicts that φ parametrizes a finite
set Πφ, called L-packet, of isomorphism classes of irreducible admissible represen-
tations of G, and every admissible representation of G belongs to Πφ for a unique
φ. Two elements π, π′ in the same set Πφ would have the same L- and ε-factors,
and are hence called L-indistinguishable. We have [Bo]

(1) the elements of Πφ are square integrable if and only if Im(φ) is not contained
in any proper parabolic subgroup of Sp2n(C).

(2) the elements of Πφ are tempered if and only if φ(Wk) is bounded.
The representations in the L-packet Πφ are parametrized by the component

group Cφ = Sφ/ZLG◦S
◦
φ, where Sφ is the centralizer of Im(φ) in LG◦, S◦φ is the

connected component of the identity, and ZLG◦ is the center of LG◦.
Here we note that for G = GLn(C), the centralizer ZG(S) is connected for any

subset S of G. Hence the component group Cφ is trivial for any φ. This justifies the
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formulation of the local Langlands’ correspondence in the case of GLn in section 4
without the L-packets.

In this section, we parametrize all square integrable representations of SO2n+1(k)
with generic supercuspidal support by admissible homomorphisms of Wk×SL2(C).
We cannot construct all the elements of the L-packet Πφ for a given admissible
homomorphism φ, since we expect that it should contain certain non-generic su-
percuspidal representations.

First we need the following: Let σ be a self-dual supercuspidal representation
of GL2n(k) and let φ : Wk −→ GL2n(C) be a self-dual admissible homomorphism,
corresponding to a supercuspidal representation σ. Let L(s, Sym2(φ)), L(s,∧2(φ))
be the Artin L-functions attached to the symmetric square and the exterior square
map. More precisely, let Sym2 (resp. ∧2) be the finite dimensional representation

g : X 7−→ tgXg, g ∈ GL2n(C),

of GL2n(C) on the space of symmetric (resp. skew-symmetric) 2n × 2n-matrices.
Then L(s, Sym2(φ)), L(s,∧2(φ)) are the Artin L-functions attached to Sym2 ◦
φ,∧2 ◦ φ, resp. Let L(s, σ, Sym2), L(s, σ,∧2) be the Shahidi’s L-functions given
by the Langlands-Shahidi method [Sh1]. More precisely, L(s, σ, Sym2) comes from
the theory of Eisenstein series relative to GL2n ⊂ SO4n+1; L(s, σ,∧2) comes from
the theory of Eisenstein series relative to GL2n ⊂ SO4n.

Assumption 5.1. (1) L(s, Sym2(φ)) has a pole at s = 0 if and only if L(s, σ, Sym2)
has a pole at s = 0.

(2) L(s,∧2(φ)) has a pole at s = 0 if and only if L(s, σ,∧2) has a pole at s = 0.

Remark. In [P-R, Proposition 5.2], (2) is shown to be true for n = 2. The above
assumption is the same as the assertion that the Shahidi’s L-factors are Artin L-
factors. It is an observation due to F. Shahidi and it is true for any L-function as
follows; Let σ be an irreducible supercuspidal representation and L(s, σ, ri) be the
Shahidi’s L-function defined in [Sh1, section 7]. By [Sh1, Proposition 7.3], it is a
product of (1−αq−s)−1, where α ∈ C is of absolute value one. Hence if s0 is a pole
of L(s, σ, ri), then there exists an unramified character χ such that L(s, σ ⊗ χ, ri)
has a pole at s = 0. Therefore, if Shahidi’s L-function is the same as the Artin
L-function at s = 0 for any unitary supercuspidal representation, then so is the
case everywhere else.

It may be much harder to prove that Shahidi’s ε-factors are Artin ε-factors.

Lemma 5.2. Let φ : Wk×SL2(C) −→ GL2n(C) be an admissible homomorphism,
corresponding to an irreducible admissible representation σ. Under Assumption 5.1,
φ factors through Sp2n(C) (O2n(C), resp.) if and only if L(s, σ,∧2) (L(s, σ, Sym2),
resp.) has a pole at s = 0.

Proof. Note that φ factors through Sp2n(C) (O2n(C), resp.) if and only if the
representation ∧2 ◦ φ (Sym2 ◦ φ, resp.) contains the trivial representation. This
is the case if and only if the Artin L-function L(s,∧2(φ)) (L(s, Sym2(φ)), resp.)
has a pole at s = 0. Our result follows from Assumption 5.1 if σ is supercuspidal.
If σ is arbitrary, it is a subquotient of an induced representation, induced from a
supercuspidal representation. Hence by multiplicativity of L-factors, we can see
easily that Shahidi’s exterior square L-function L(s, σ,∧2) is the Artin L-function
under Assumption 5.1. The same is true for the symmetric square L-function
L(s, σ, Sym2).
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From this section on, we make Assumption 5.1.

5.1 Parametrization for generic supercuspidal representations. Let τ be a generic
supercuspidal representation of SO2n+1(k). Let Π be the lift of τ . It is of the form
ρ1 � · · · � ρp, where the ρi’s are supercuspidal representations of GL2ni(k) such
that L(s, ρi,∧2) has a pole at s = 0.

Let φi : Wk −→ GL2ni(C) be the admissible homomorphism corresponding to ρi.
Then it factors through Sp2ni(C) by Lemma 5.2. Hence we have a homomorphism

φ = φ1 ⊕ · · · ⊕ φp : Wk −→ Sp2n1(C)× · · · × Sp2np(C) ↪→ Sp2n(C),

which parametrizes the given generic supercuspidal representation τ . We set φ to
be trivial on SL2(C). Now, since Sp2n(C) is connected, Sφ, the centralizer of Im(φ)
in LG◦, is connected. Hence Cφ = 1. Namely, the L-packet Πφ consists of only one
element τ .

5.2 Parametrization for discrete series representations. Let us recall the recent
classification of discrete series due to Moeglin and Tadic [M-Ta]. Let

π = σ1 ⊗ · · · ⊗ σ1︸ ︷︷ ︸
u1

⊗ · · · ⊗ σt ⊗ · · · ⊗ σt︸ ︷︷ ︸
ut

⊗τ,

be a generic supercuspidal representation of a Levi subgroup of SO2n+1(k), where
σ1, ..., σt are non-equivalent, self-contragredient supercuspidal representations of
GLmi(k) and τ is a generic supercuspidal representation of SO2l+1(k).

(1) If (σi, τ) satisfies (C1), then we attach a distinguished unipotent orbit of
O2ui+1(C).

(2) If (σi, τ) satisfies (C 1
2 ), then we attach a distinguished unipotent orbit of

Sp2ui(C).
(3) If (σi, τ) satisfies (C0), then we attach a distinguished unipotent orbit of

O2ui(C) (ui ≥ 2).
Note that a distinguished unipotent orbit of SO2n+1(C), O2n(C) is given by a
partition (p1, ..., pr), where the pi’s are distinct odd positive integers such that
p1 + · · · + pr = 2n + 1 or 2n. A distinguished unipotent orbit of Sp2n(C) is
given by (p1, ..., pr), where the pi’s are distinct even positive integers such that
p1 + · · ·+ pr = 2n.

Given a distinguished unipotent orbit O = (p1, ..., pr), we form a set P (O) of
ordered partitions as follows [M1]: p = (; p1, ..., pr) ∈ P (O) if and only if

(1) (p1, ..., pr) is O if we ignore the order.
(2) For all 1 ≤ j ≤ [ r+1

2 ], p2j−1 > p2j and there does not exist 1 ≤ k ≤ [ r+1
2 ]

such that p2j−1 > p2k−1 > p2j > p2k.
(3) If there exists a 1 ≤ k ≤ r such that p2j−1 > pk > p2j , then k < 2j − 1.

We set pr+1 = 0 if r is odd.
Let A(O) be a finite abelian group generated by the order two elements a(p1), ...,

a(pr). Let Ā(p) = A(O)/Kp, where Kp is generated by a(p2i−1)a(p2i)−1 for all
1 ≤ i ≤ [ r+1

2 ]. We set a(pr+1) = 1 if r is odd. We note that |Ā(p)| = 2[ r2 ].

Then (see [M1]) Springer(O) '
⋃

p∈P (O)
̂̄A(p), where ̂̄A(p) is the character group

of Ā(p). We recall that the Springer correspondence is an injective map from the
characters of W , the Weyl group of LG◦ into the set of pairs (O, η), where O is
a unipotent orbit in LG◦ and η is a character of A(O). Given a unipotent orbit
O in LG◦, Springer(O) is the set of characters of A(O) which are in the image
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of the Springer correspondence. Also recall that if O is a unipotent orbit in LG◦,
A(O) = C(u)/C(u)0, where C(u) = Cent(u, LG◦), u ∈ O.

Let p = (; p1, ..., pr) ∈ P (O). Suppose r is odd, and write

p = (; a1, b1, ..., as, bs, as+1).

Then we can form a chain

λp = (
a1 − 1

2
,
a1 − 3

2
, ...,−b1 − 1

2
, ...,

as − 1
2

,
as − 3

2
, ...,

− bs − 1
2

,
as+1 − 1

2
,
as+1 − 3

2
, ...,

as+1 + 1
2

− [
as+1

2
]).

Notice that

as+1 + 1
2

− [
as+1

2
] =

{
1
2 , if as+1 is even,
1, if as+1 is odd.

Note that if p = (; a, b) and π = σ⊗· · ·⊗σ, where σ is a supercuspidal representation
of GL, the following induced representation of GL,

IndGL λp ⊗ π = Ind |det| a−1
2 σ ⊗ |det| a−3

2 σ ⊗ · · · ⊗ |det|− b−1
2 σ,

has a unique subrepresentation, which is |det| a−b4 St(σ, a+b
2 ).

We first consider a special case when π = σ ⊗ · · · ⊗ σ ⊗ τ . Let O be a dis-
tinguished unipotent orbit, determined by (σ, τ). We write p ∈ P (O) as p =
(; a1, b1, ..., as, bs, as+1). For simplicity, assume that as+1 is even. By inducing in
stages, we see that IndG λp ⊗ π has a subrepresentation, namely,

IndG |det|
a1−b1

4 St(σ,
a1 + b1

2
)⊗ · · · ⊗ |det|

as−bs
4 St(σ,

as + bs
2

)

⊗ |det|
as+1

4 St(σ,
as+1

2
)⊗ τ.

Let Unip(p) be the set of direct summands of the maximal completely reducible sub-

representation of the above induced representation. It is parametrized by ̂̄A(p). Let
Unip(O) be the union of Unip(p) as p runs through P (O). Then it is parametrized
by Springer(O). The result of Moeglin-Tadic [M-Ta] is that they are all non-
supercuspidal square integrable representations with supercuspidal support (σ, τ).
More generally, if π = σ1 ⊗ · · · ⊗ σ1︸ ︷︷ ︸

u1

⊗ · · · ⊗ σt ⊗ · · · ⊗ σt︸ ︷︷ ︸
ut

⊗τ , the non-supercuspidal

square integrable representations with supercuspidal support π, are parametrized
by Springer(O1) × · · · × Springer(Ot), where the Oi’s are attached to (σi, τ). In
summary,

Theorem 5.3 ([M-Ta]). Let

π = σ1 ⊗ · · · ⊗ σ1︸ ︷︷ ︸
u1

⊗ · · · ⊗ σt ⊗ · · · ⊗ σt︸ ︷︷ ︸
ut

⊗τ

be a generic supercuspidal representation of a Levi subgroup of G. All non-super-
cuspidal square integrable representations with supercuspidal support π are parame-
trized by (O1, ..., Ot, η), where Oi is a distinguished unipotent orbit determined by
(σi, τ), and η ∈ Springer(O1)× · · · × Springer(Ot).
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In this paper, for simplicity, we restrict ourselves to the special case when
π = σ ⊗ · · · ⊗ σ︸ ︷︷ ︸

u

⊗τ , where σ is a supercuspidal representation of GLm(k) and

τ is a generic supercuspidal representation of SO2l+1(k), and O be a distinguished
unipotent orbit, determined by (σ, τ). Hence mu+ l = n. All the square integrable
representations parametrized by the unipotent orbit O will be in the same L-packet.
We now give parametrization:

Given a positive integer p ∈ O, we have a discrete series of GLmp(k), given as
the subrepresentation of |det| p−1

2 σ⊗|det| p−1
2 −1⊗· · ·⊗|det|− p−1

2 σ. We denoted it by
St(σ, p) in section 4. Let φp : Wk × SL2(C) −→ GLmp(C) be the homomorphism
attached to the discrete series St(σ, p).

Lemma 5.4. φp factors through Spmp(C).

Proof. First of all, we emphasize that mp is even. It will be clear in the proof. We
need to show that L(s, St(σ, p),∧2) has a pole at s = 0. If (σ, τ) satisfies either
(C1) or (C0), then p is odd and m is even. By looking at [Sh5, Proposition 8.1],
the L-function contains the factor L(s, σ,∧2), which has a pole at s = 0.

Suppose (σ, τ) satisfies (C 1
2 ). Then p is even. Then the L-function contains the

factor L(s, σ, Sym2), which has a pole at s = 0.

First consider the case when (σ, τ) satisfies (C1). Then the lift of τ is given by
Ind σ ⊗ σ1 ⊗ · · ·σa by Proposition 3.2. Hence m is even. Let O = (p1, ..., pr) be a
distinguished unipotent orbit in SO2u+1(C). Hence p1 + · · · + pr = 2u + 1. Then
pi and r are odd. In this case, Let

φ0 : Wk −→ Sp2l−m(C)

be the homomorphism which parametrizes Ind σ1 ⊗ · · · ⊗ σa. Let

φi : Wk × SL2(C) −→ Spmpi(C),

be the homomorphism which parametrizes St(σ, pi). Then

φ0 ⊕ φ1 ⊕ · · · ⊕ φr : Wk × SL2(C) −→ Sp2l−m(C)× Spmp1(C)× · · · × Spmpr(C)

↪→ Sp2n(C),

parametrizes the discrete series attached to (σ, τ) and O.
Next, let (σ, τ) satisfy (C 1

2 ). In this case, mmay not be even. Let O = (p1, ..., pr)
be a distinguished unipotent orbit of Sp2u(C) with p1 + · · · + pr = 2u. Then pi is
even. Let

φ0 : Wk −→ Sp2l(C)

be the homomorphism which parametrizes τ as in §5.1.
For each pi ∈ O, let

φi : Wk × SL2(C) −→ Spmpi(C),

be the homomorphism which parametrizes St(σ, pi). Then

φ0 ⊕ · · · ⊕ φr : Wk × SL2(C) −→ Sp2l(C)× Spmp1(C)× · · · × Spmpr(C)

↪→ Sp2n(C)

parametrizes the discrete series attached to (σ, τ) and O.
Finally, let (σ, τ) satisfy (C0). By Proposition 3.2, L(s, σ,∧2) has a pole at s = 0.

Hence m is even. Let O = (p1, ..., pr) be a distinguished unipotent orbit in O2u(C)
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with p1 + · · ·+ pr = 2u. Then pi is odd. The parametrization is exactly the same
as in (C 1

2 ) case.
Note that Cφ ' (Z/2Z)r. Hence there are 2r representations in the L-packet at-

tached to the distinguished unipotent orbit O = (p1, ..., pr). But the discrete series
in the L-packet are parametrized by the subset Springer(O) ⊂ Cφ whose cardinal-
ity is |Springer(O)| = rC[ r2 ]. (See [Ki5, section 3] for more details.) A conjecture
might be that the remaining representations in the L-packet are non-generic super-
cuspidal representations and non-supercuspidal square integrable representations
with non-generic supercuspidal support.

6. Functorial lift from SO5 to GL5

Let F be a number field and AF its ring of adeles. Let π be a generic cuspidal
representation of SO5(AF ). Let Π be a strong lift of π to GL4(AF ). Then we prove
in [Ki6] that Π is either cuspidal, or of the form σ1�σ2, where σi’s are inequivalent
self-contragredient cuspidal representations of GL2(AF ). We also prove that if Π
is cuspidal, then L(s,Π,∧2) has a pole at s = 1, and if Π = σ1 � σ2, then σi’s have
the trivial central character. The proof uses the integral representation technique
due to Ginzburg-Rallis-Soudry [G-R-S]. However, in the following special case, we
can prove the following proposition without the integral representation technique.

Proposition 6.1. Suppose πv0 is supercuspidal and Π is of the form σ1�σ2. Then
the σi’s have the trivial central character and σiv0 , i = 1, 2, is supercuspidal.

Proof. By Lemma 2.5, Πv0 has to be either supercuspidal, or of the form ρ1 � ρ2,
where ρi is a supercuspidal representation of GL2(Fv0 ) with the trivial central
character. Since Π is not cuspidal, Πv0 cannot be supercuspidal. Hence σiv0 = ρi,
i = 1, 2.

Suppose that the central character of σi is not trivial. Since σi is self-contragredi-
ent, it is monomial. Hence L(s, σi, Sym2) has a pole at s = 1. Consider the situation
M = GL2 ⊂ SO5, and the global induced representation IndSO5

GL2
|det| s2σi. Since

L(s, σi, Sym2) has a pole at s = 1, (M,σi) contributes to the residual (see spectrum
[Ki2] for details) and the residual automorphic representation is the (global) Lang-
lands’ quotient of IndSO5

GL2
|det| s2 σi, and it is unitary. In particular, at v = v0, the

induced representation IndSO5
GL2
|det| s2σiv0 is reducible at s = 1, because otherwise it

cannot be unitary. Hence by reducibility criterion [Ca-Sh], L(s, ρi, Sym2) has a pole
at s = 0. It means that by the identity L(s, ρi × ρi) = L(s, ρi, Sym2)L(s, ρi,∧2),
L(s, ρi,∧2) does not have a pole at s = 0. It contradicts Lemma 2.5.

Remark. To put it in another way, we have shown that a self-contragredient mono-
mial cuspidal representation of GL2(A) cannot have a supercuspidal component
which has the trivial central character.

Remark. In an unpublished note, Jacquet, Piatetski-Shapiro and Shalika estab-
lished a lift from GSp4 to GL4 and gave a criterion for the image of the lift. Since
SO5 ' PGSp4, our result is a very special case.

The last part of the proof of Proposition 6.1 is quite general. We record it as

Proposition 6.2. Let P = MN be a maximal parabolic subgroup of a quasi-split
group G, defined over a number field F and σ =

⊗
v σv be a cuspidal representation

of M(A) such that σv0 is supercuspidal. If the induced representation I(s, σv0) =
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IndGP σv0 ⊗ expsα̃,HP ( ) is irreducible at s = 1, then the Eisenstein series attached
to (M,σ) is holomorphic for s > 1

2 , especially at s = 1.

Proof. Suppose the Eisenstein series attached to (M,σ) has a pole at s = s0 >
1
2 .

Then the residue at s = s0 spans a residual automorphic representation⊗
v J(s0, σv), where J(s0, σv) is the unique quotient of I(s0, σv). In particular,

it is unitary. Since σv0 is supercuspidal, the only reducibility points for I(s, σv0)
for Re s ≥ 0 are {0, 1

2 , 1}. Hence if I(s, σv0) is irreducible at s = 1, it cannot be
unitary at least for s > 1

2 . We obtain a contradiction.

Corollary 6.3. Let σ =
⊗

v σv be a cuspidal representation of GLn ⊂ SO2n+1

such that σv0 is supercuspidal. If I(s, σv0) = Ind
SO2n+1
GLn

σv0 |det|
s
2 is irreducible at

s = 1 (this is equivalent to the fact that I(0, σv0) is reducible), then L(s, σ, Sym2)
is entire.

Proof. Apply Proposition 6.2 to M = GLn ⊂ G = SO2n+1. Then the constant
term of the Eisenstein series contains only one L-function L(s, σ, Sym2). Hence the
only reducibility points for I(s, σv0) are {0, 1}. Hence if I(s, σv0) is irreducible at
s = 1, then I(s, σv0) is irreducible for s > 0 and not unitary. Hence the Eisenstein
series attached to (M,σ) is holomorphic for s > 0. By following [Ki2, Theorem
3.1], we can see that L(s, σ, Sym2) is entire.

Let π be a generic cuspidal representation of SO5(AF ), and let Π be its lift
to GL4(AF ). Let r5 : Sp4(C) −→ GL5(C) be the 5 dimensional representation,
corresponding to the second fundamental weight. It is given by

diag(a, b, b−1, a−1) 7−→ diag(ab, ab−1, 1, ba−1, b−1a−1).

Under the identification SO5 ' PGSp4, L(s, π, r5) appears in the constant term
of Eisenstein series for GSp6 (C3 − 1 case of [Sh3]). More precisely, let M =
GL1 × GSp4 be a maximal Levi subgroup of GSp6. Then by considering π as a
cuspidal representation of M(A), we obtain L(s, π, r5) as a normalizing factor in
the constant term of the Eisenstein series attached to (M,π). Hence

Proposition 6.4 ([Sh3]). L(s, π, r5) has meromorphic continuation and satisfies
the standard functional equation. It has no zeros for Re s = 1.

Consider the composition of two maps

Sp4(C) ↪→ GL4(C) −→ GL6(C).

Then by a well-known identity,

∧2 ◦ i = r5 ⊕ 1.

Hence if Π is cuspidal, L(s,Π,∧2) = L(s, π, r5)L(s, 1). If Π = σ1�σ2, where σ1, σ2

are cuspidal representations of GL2(AF ) with the trivial central character, then
L(s,Π,∧2) = L(s, σ1 × σ2)L(s, 1)L(s, 1). Hence

By Proposition 6.4, we have

Proposition 6.5. Suppose Π is cuspidal. Then L(s,Π,∧2) has a pole at s = 1 and
L(s, π, r5) is holomorphic at s = 1. If Π = σ1 � σ2, then L(s,Π,∧2) has a double
pole at s = 1, and hence L(s, π, r5) has a pole at s = 1.
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Consider the exterior square lift ∧2Π [Ki4]. First, we assume that Π is cuspi-
dal. Then by the main result in [Ki4], ∧2Π is an automorphic representation of
GL6(AF ), which is of the form π1 � · · ·� πk, where the πi’s are (unitary) cuspidal
representations of GLni(A). Since L(s,Π,∧2) has a pole at s = 1,

∧2Π = τ � 1,

where τ is an automorphic representation of GL5(AF ) which is a functorial lift
corresponding to r5.

Suppose Π = σ1 � σ2, where σi’s are inequivalent self-contragredient cuspidal
representations of GL2(AF ) with the trivial central character. Then

∧2Π = (σ1 � σ2)� 1� 1,

where σ1 � σ2 is the functorial product whose existence was proved in [Ra]. (See
[Ki4] for a different proof.) It is an automorphic representation of GL4(AF ). Hence
τ = (σ1 � σ2)� 1.

In conclusion, we have shown

Theorem 6.6. There exists a functional lift from cuspidal representations of

SO5(A) ' PGSp4(A)

to automorphic representations of GL5(A), corresponding to r5.
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Forum mathematicum 6 (1994), 651–744. MR 95k:22024

[M2] , Orbites unipotentes et spectre discret non ramifie, Le cas des groupes clas-
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