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TRANSITION PROBABILITIES
FOR SYMMETRIC JUMP PROCESSES

RICHARD F. BASS AND DAVID A. LEVIN

ABSTRACT. We consider symmetric Markov chains on the integer lattice in d
dimensions, where a € (0,2) and the conductance between = and y is compa-
rable to |z —y|~(4t) We establish upper and lower bounds for the transition
probabilities that are sharp up to constants.

1. INTRODUCTION

There is a huge literature on the subject of transition probabilities of random
walks on graphs. For a recent and comprehensive account, see the book [Wo]. The
vast majority of the work, however, has been for nearest neighbor Markov chains.
The purpose of this paper is to obtain good transition probability estimates for
Markov chains on the integer lattice Z? in d dimensions in the case when the
probability of a jump from a point x to a point y is comparable to that of a
symmetric stable process of index « € (0, 2).

To be more precise, for z,y € Z¢ with = # y, let Cyy be positive finite numbers
such that Cyy = Cy, for all z,y and ), C,. < oo for all . Set C, = 0 for all z.
We call Cyy the conductance between x and y. Define a symmetric Markov chain
by

Cy

(1.1) P(X1:y|X0=m)=Tgm, z,y € 7%
In this paper we will assume that « € (0,2) and there exists k£ > 1 such that for all
Ty

K1 K

1.2 —— < Cpy < ————.
) o=y = O S oy

Write p(n, z,y) for P*(X,, = y). The main result of this paper is

Theorem 1.1. There exist positive finite constants ¢y and co such that

—dfa T
(13) p(nvxvy) S C1 (TL “ A |.2? _ y|d+(y>a
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and for n > 2

—d/a n
(1.4) p(n,x,y)Z@(n / AW)'

Ifn=1and x #y, (1.4) also holds.

The Markov chain X, is discrete in time and in space. Closely related to X,
is the continuous time process Y;, which is the process that waits at a point in
Z% a length of time that is exponential with parameter 1, jumps according to the
jump probabilities of X, then waits at the new point a length of time that is
exponential with parameter 1 and independent of what has gone before, and so on.
A continuous-time continuous state space process related to both X; and Y; is the
process U; on R% whose Dirichlet form is

e.n= [ [ - r@)Cy) dady

where C(z,y) is a measurable function with

K1 K

T ge <Clz,y) < e

The process U; stands in the same relationship to X, as the diffusion process
corresponding to a uniformly elliptic operator in divergence form does to a nearest
neighbor Markov chain.

The methods of this paper allow one to obtain bounds for the transition proba-
bilities of Y; and the transition densities of U;. In fact, these are considerably easier
than the bounds for X,,, so we concentrate in this paper only on the estimates for
X,,. Some results for Y; are needed, however, along the way.

Our methods are quite different from those used for diffusions or nearest neighbor
chains. Recall that for a nearest neighbor Markov chain on Z¢, the transition
probabilities are bounded above and below by expressions of the form

crn” " exp(—cala —y[* /n)

as long as |z — y| is not larger than n; see [SZ]. One way of obtaining these results is
to use a method of Davies as developed in [CKS]|. The lack of a suitably fast decay
in the conductances in (1.2) makes the powerful theorem of [CKS|] only partially
successful. We use that theorem to handle the small jumps and use a perturbation
argument to handle the large jumps. Another difficulty that shows up is that, unlike
the diffusion case, P*(|X,, — y| < 1) is not comparable to P*(max<, | Xy — x| >
|z —y|) when |z — y| is relatively large. We circumvent this by proving a parabolic
Harnack inequality and using another perturbation argument.

Previous work related to this paper includes [Kl] and [Km]. In both these works
partial results were obtained for estimates for the process U; mentioned above. [SZ]
studies nearest neighbor chains on Z¢. In [HS-C] upper bounds of Gaussian type
were obtained for Markov chains whose jumps had bounded range or where the
conductances decayed at a Gaussian rate.

After some preliminaries, we obtain in Section 2 some probability estimates on
the time for our Markov chain X, to leave a ball. This is followed in Section 3 by a
parabolic Harnack inequality. In Section 4 we obtain the upper bound in Theorem
1.1, and in Section 5 we prove the lower bound.
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2. TIME TO LEAVE A BALL

We denote the ball of radius r centered at x by B(z,r); throughout we use the
FEuclidean metric. T4 will denote the first hit of a set A by whichever process is
under consideration, while 74 will denote the first exit. The letter ¢ with subscripts
will denote positive finite constants whose exact value is unimportant and may
change from occurrence to occurrence.

We assume we are given reals Cy, satisfying (1.2), and we define the transition
probabilities for the Markov chain X,, by

%zy, x#y,

where C; = >, Cy., and p(1, z, ) = 0 for every z. The process X, is symmetric (or
reversible): C, is an invariant measure for which the kernel C,p(1, x, y) is symmetric
in x,y. Note that cfl < C,/Cy < 1 for some positive and finite constant c;.

Our main goal in this section is to get estimates for the time for X,, to leave a
ball. See Theorem 2.8 for the exact statement.

We will need to introduce several processes to obtain our estimates. For the
convenience of the reader, we give a brief summary.

(2.1) p(Lz,y) =P"(X1=y) =

X, is a discrete time, discrete space Markov chain,

Y; is a continuous time, discrete Markov chain,

U, is a continuous time continuous space pure jump process,

Z; is a pure jump Lévy process,

V, is a rescaled version of Y;, with generator A + B,

W, is the process V; without large jumps, with generator A.

We start with Y;, the continuous time version of X,,, which we construct as
follows: Let Uy, Us,... be an i.i.d. sequence of exponential random variables with
parameter 1 that is independent of the chain X,. Let T, = 0 and T} = Zle U;.
Define V; = X, if T,, <t < Tp41. If we define A(z,y) = |z — y|d+o‘ngy/CgE7 then
by (1.2), there is a finite positive constant k1 so that Iifl < A(z,y) < k1, and the
infinitesimal generator of Y; is

Y W) - f@)]

yF#T

Now we introduce several processes related to Y;, needed in what follows. The
rescaled process V; = D™ 'Ypa, takes values in S = D~'Z? and has infinitesimal
generator

Az, y)
|z — yldte

AP (x,
> 1)~ )

YyES, yF#x

where AP (x,y) = A(Dx, Dy) for x,y € S. If the large jumps of V; are removed,
we obtain the process W; with infinitesimal generator

AP (@, y)
(2.2) Af(x)= > [fy) - f(x)]w :

YES, y#x
|z—y|<1

To analyze W}, we compare it to a Lévy process with a comparable transition
kernel. Let Z; be the Lévy process which has no drift and no Gaussian component
and whose Lévy measure is
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1
y#(;yehé\ﬁl

Write gz (t, z,y) for the transition density for Z;.

Proposition 2.1. There exist c1,ca such that the transition density qz(t, x,y) sat-
isfies

ey D= <,
D=2 >,

qZ(tamay) < {

Proof. The characteristic function ¢;(u) of Z; is periodic with period 27D since Z;
is supported on S = D~'Z¢. By the Lévy-Khintchine formula and the symmetry
of ny,

1
(2.3) gat(u):exp<—2t Z [1—Cosu'x]m).
:CES,‘:C‘Sl
Let
(2.4) Qa) ={(u1,... ,uq) : —a <wu; <a,i=1,...,d}.

We estimate ¢, as follows.
Case 1: |u| < 1.

Since |z| < 1, we have 1 —cosu -z > c3(u-x)? = cz|ul?|x|?hy(z), where h,(z) =
(u-x)?/|u|?|z|?. Thus

1 —d—a y—
Z 1 —Cosu-x]m > calul? Z hy(x)|z|*~d">D~4
jz[<1 o<1

> C4Da*2|u|2/ |22~ hy (2)dz
B(0,D)

D
= C4Da72|u|2/ Pl [/ hu(s)ar(ds)l dr,
0 S(r)

where S(r) is the (d —1)-dimensional sphere of radius r centered at 0, and o, (ds) is
normalized surface measure on S(r). Since h,(z) depends on z only through z/|z|,
the inner integral does not depend on r. Furthermore, by rotational invariance, it
does not depend on u. Thus,

1 2
Z 1 —cosu-m]W > cslul”.

lz|<1
Case 2: 1 < |u| < D/32.
LetA:{:CES:ﬁgmgﬁ/\l,lZu-xz%. If z € A, then
[1—cosu-z] > cg, the minimum value of |z|~4~% is c7|u|?t%, and a bit of geometry

shows that there are at least cg|u|~?D? points in A. (Notice that |u| < D/32 is
required to prevent A from being empty.) We then have

1 1
|z|<:1[1 —cosu~x]W > zA:[l —cosu~x]W
T|>

|d+oz

> cgerlu| T eglul 74 = eolul®.
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Case 3: D/32 < |u|, u € Q(nD).

At least one component of u must be larger than c¢19D, where ¢1g = 1/(32\/&);
without loss of generality we may assume it is the first component. Let yo =
(D~1,0,...,0). Since |u1| < 7D and u - yo > c10, then 1 — cosu - yo > c11. Hence

1 _ —d—
Z [l —cosu- x]m > 11 D7 yo| 7T > 12D > cizlul®,
lz|<1

since u € Q(nD).
For v € Q(wD), we then have that ¢ (u) is real and

0 < ¢r(u) < e—cuatlul® 4 o—cistlul®

Since Z; is supported on S,

1 .
t - - iu(z—y) d
qz(t,z,y) |Q(7TD)| /Q(WD)G o (u)du

1

< == et (u)du
|Q(wD)| /Q(WD)

Ci6 —c1at|ul? —cist|ul®
= ﬁ/RJe cutll” g emerstl®)qu,

where |Q(mD)| denotes the Lebesgue measure of Q(wD). Our result follows from
applying a change of variables to each of the integrals on the right hand side. [

We now obtain bounds for the transition probabilities of W;:
Proposition 2.2. If gw (t,z,y) is the transition density for W, then

enD~%—de <,
oD~ 2 > 1

qw (t,2,y) < {

The proof of Proposition 2.2 is almost identical with that of Theorem 1.2 in
IBBG], and is omitted here.
To obtain off-diagonal bounds for gy we again proceed as in [BBG]. Let

DiL'
MA@ = X ) = ) G

yeS
0<]z—y[<1

A@W)? = [le”>T(e”, e”)l|loo V [[€*T (™, e™¥)]|oo,
E(t,z,y) = sup{|i)(x) — (y)] — tA(¥)* : A(¥) < oo}
Proposition 2.3. Fort <1 and z,y € S,

qw (t, z, y) < ClDfdtfd/aefE@t,x,y).

Proof. Allowing for slight differences in notation, the proof is very similar to the
proof of Lemma 1.4 in [BBG]. The principal difference is the following. Let K be
an integer larger than % + é Let M be a sufficiently regular manifold with volume
growth given by V(z,r) ~ r?(84 v > 1, and V(x,r) ~ r¢, r < 1, where V(z,7) is
the volume of the ball in M of radius r centered at . We can then find a symmetric
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Markov process ‘N/t on M, independent of W, whose transition density with respect
to a measure m on M satisfies

ap(ta,y) <et™ 2 0<t<1,
gp(t.z,y) <et™ ™, 1<t < oo,
gy (t,z,@) > est™ 2, 0<t<1,
qy (t, o, x) > cat 1<t<oo.

Then qw (t,z,y)qy (t, 2',y") < caD=4=45+3) for all t while qw (t,z,9)qy (t,0,0) >
cs D423 for t < 1. With these changes, the proof is now as in [BBG]. O
The next step is to estimate E(t, x,y) and use this in Proposition 2.3.
Proposition 2.4. Suppose t < 1. Then
aw (t, z,y) < cy D~ eIyl
In particular, for % <t<1,
aw (t,z,y) < ey D%~ leyl,

Proof. Let ¥(§) = B - &, where B = (y — x)/|y — «|. Note that if | — (| < 1, then
(e¥(©=¥(&) —1)2 = (¢B(¢=8) —1)2 is bounded by c3|B|?|¢ — £|? = ca|¢ — ], Hence

HOD(r ) e) = F (MO _1y2 AP(€,¢)
) e Dd|£ _ <|d+a
o<lé—¢I<1
is bounded by
s Z D_d|§ _ C|2_d_a-
¢es
0<lé-¢l<1

Since the sum is over { € S that are within a distance 1 from &, this in turn is
bounded by ¢;. We have the same bound when 1) is replaced by —, so A(¢)? < 3.
Moreover, the bound does not depend on x or y. On the other hand,

(y) =) = (y—2) - (y —2)/ly — = = |y — xl.

Using this in Proposition 2.3 and recalling that ¢ < 1, we have our result. O

From the above estimate we can obtain an estimate for the time for W; to leave
a ball.

Proposition 2.5. There exists ¢c1 such that if t <1 and A > 0, then

P*(sup [W, — | > \) < cre™ 8,
s<t

Proof. From Proposition 2.4 and summing, if ¢t € [%, 1] and A > 0,

(2.5) PP(|Wy — x| > ) < Z cot~ Ve pTdemlv=Tl < gemA2,

yeS
ly—z[=X
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Let Sy = inf{t : |[W; — Wy| > A}. Then, using (2.5),

P?( sup |Ws —z| > \) =P%(S) <1/2)
s<1/2
=P*(|W1 — x| > N/2) + P*(S) < 1/2,|W1 —z| < )\/2)
1/2
§03e_’\/4—|—/ P*(|Wy — W] > /2, S\ € ds).
0

By the Markov property, the last term on the right is bounded by
1/2
/ E“[PYs(
0

1/2
< 0367)‘/4/ P*(Sy € ds) < 0367)‘/4,
0

Wi s— W0| > /\/2);3,\ S dS]

using (2.5) again. Adding gives
(2.6) P? (sup | W, — x| > \) < cue™ 4
s<t

aslongast < §. Fort € (3, 1], I've made the observation that if sup,, |[Ws—z| > A,
then sup <1 [Ws — [ > A/2 or sups <y [Ws — Wij2| > A/2. The probability of
the first event is bounded using (2.6), while the probability of the second event is
bounded using the Markov property at time % and (2.6). O

Define B to be the infinitesimal generator of V; without small jumps:

D X
(2.7 Bl = 3 U0 - f@)l g

yeS
|ly—a|>1
Our next goal is to obtain estimates for the process V; = D~'Ypa,, whose generator
is A+ B.
Proposition 2.6. Let V; be the process whose generator is A+ B. There exist
c1,c2 and Oy such that if § < 6o and A > 1, then

P*(sup |Vs — x| > A) < cre” N 4 ¢9d.
s<d

Proof. Since summing D?|y — /=9~ over |y — x| > 1 is a constant,
(2.8) 1Bf ()| < sl flloo,
and hence B is a bounded operator on L.
Define QY f(x) = Y qw(t,z,vy)f(y). Let Q) be the corresponding transition

semigroup for V;. Let Sp(t) = QY and for n > 1, let S,(t) = fot Sn—1BQ}Y .ds.
Then

Q= Sult);
n=0

see [Le|, Theorem 2.2, for example. Obviously Q}" is a bounded operator on L*
of norm 1, so for ¢ < dy = 1/(2¢3) the sum converges by (2.8). In particular, for
t <§ < dp, we have

QY f(2) = QY f(x)] < cad|fll-
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Fix o and apply this to f(y) = 1p(,1)(y). We obtain
Pr(|Vi = > A) = Q) f(x) < Q" f(x) + cad
=Po(|(Wr —x| > A) +c4d < cse M8 4 ¢46.
We now obtain our result by applying the method of proof of Proposition 2.5. [

Now notice that Y; = DV,/pa. Translating Proposition 2.6 in terms of Y;, we
have

Corollary 2.7. If A > 1 and § < g, then

P?( sup |Yy —z| > AD) < cre N +¢18
s<dD*

for every D.
We can now obtain the result for the time for X,, to leave a ball.

Theorem 2.8. Given C > 1 and 8 € (0,1), there exists v such that

. z _ <
(2.9) P %2;3;21 | Xk — [ >CS) <8

for all S > 0.

Proof. Let 8 € (0,1). By Corollary 2.7 we may choose A and § < §y/2 so that

P*( sup |Ys—=z| > AD) <g3/2
s<26 D>
for every D. Define D = C'S/A. We may suppose Y is constructed as in Section 2.
Then
P?( max |X,—z|>CS)<P* su Y. —z|>CS
(,max Xl > OS) <P sup |V, —a] > CS)
+ P*(|Tispe) — [0D%]] > [0D])

B cs
=925

We used Chebyshev’s inequality and the fact that Tispeq is the sum of i.i.d. expo-

nentials to bound the second probability on the right hand side. Choose Sy large

enough so that ¢3/dD* < 3/2 if S > Sp. We thus have the desired result for
S > Sp.

Finally, choose 7 smaller if necessary so that 75§ < 1. If § < Sp, then vS¢ < 1.

But X needs at least one unit of time to make a step; hence the left hand side of

(2.9)is 0if S < Sp. O

Remark 2.9. Given the above probability estimate, one could formulate a central
limit theorem. Under a suitable normalization, a sequence of Markov chains whose
jump structure is similar to that of a symmetric stable process should converge
weakly to a process such as the U; described in Section 1.

Remark 2.10. We expect that our techniques could also be used to prove tightness
for Markov chains where the conductances decay more rapidly than the rates given
in this paper. In this case one might have a central limit theorem where the limiting
distributions are those of processes corresponding to elliptic operators in divergence
form. It would be quite interesting to formulate a central limit theorem for Markov
chains where the limit processes are diffusions but the Markov chains do not have
bounded range.
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3. HARNACK INEQUALITY

It is fairly straightforward at this point to follow the argument of [BL|] and obtain
a Harnack inequality of Moser type for functions that are harmonic with respect
to X,,. In this paper, however, we are primarily interested in transition probability
estimates. As a tool for obtaining these, we turn to a parabolic Harnack inequality.

Let 7 = {0,1,2,...} x Z4. We will study here the 7-valued Markov chain
(Vi, X&), where Vi, = Vo 4+ k. We write PU®) for the law of (Vi, Xj) started at
(4,z). Let Fj = o((Vk, Xi) : k < j). A bounded function ¢(k,z) on 7 will be said
to be parabolic on D C T if ¢(Vikrrp, Xkarp) i @ martingale.

Define

(3.0) Qkyx,r) ={k,kE+1,...  k+[yr*]} x B(z,r).
Our goal in this section is the following result:

Theorem 3.1. There exists ¢; such that if q is bounded and nonnegative on T and
parabolic on Q(0, z, R), then

max k,y) <c min 0,y).
catis) . pyy S ) e mmin a(0,9)

We prove this after first establishing a few intermediate results.

From Theorem 2.8 there exists « such that for all » > 0

1
x — < =
(3.1) P (kgﬁg} | Xi —af >r/2) < 4.

Without loss of generality we may assume « € (0, %)
We will often write 7, for 7¢(0,5,r). For A C Q(0,z,7) set A(k) = {y: (k,y) € A}.
Define N(k,x) to be P**) (X, € A(k + 1)) if (k,z) ¢ A, and 0 otherwise.

Lemma 3.2. Let
n—1

Jn =1a(Vo, Xn) = 1a(Vo, Xo) = Y N(Vi, Xx).
k=0

Then JoaT, @S a martingale.

Proof. We have
E [Joertyara — Jeata | Frl = E[La(Vis)aras Xer1)ara) — La(ViaTa, Xeats)

= N(Vinra s Xunara) | Fil-

On the event {T4 < k}, this is 0. If T4 > k, this is equal to

PVeXe) (V1 X1) € A) — N(Vi, Xz) = PX*(X; € A(Vi, + 1)) — N(Vi, X) = 0.
O

Given a set A C 7, we let |A| denote the cardinality of A.

Proposition 3.3. There exists 01 such that if A C Q(0,z,7/2) and A(0) =0, then

4]

(0,2)
P (TA<T’")291T(1+0¢'
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Proof. Observe that T4 cannot equal 7,.. If ]P’(O’“’)(TA <7)> % we are done, so

assume without loss of generality that P(O’”)(TA <7)< %. Let S =Ty AT,.. From
Lemma 3.2 and optional stopping we have

5-1
E (Ox)]-A(Sv XS) > E(Oﬂf) Z N(ka Xk)

k=0

Note that if (k,z) € Q(0,x,r), then

_ k) C1 C2
N(k,z) =P*(Xy € A(k+1)) > > Ty > o [AGk + 1)L
yeA(k+1)
So on the set (S > [yr®]) we have Zi;& N(k, X}) > c3|A|/r?*®. Therefore, since
7 < [y,

(0,2) Al pe a
ET1a(8, Xs) 2 eaqr g PU(S = [7r7])

A

rdJra

> 1 —P*(Ta < 7)) — P*(7 < [y7°])].

Now P*(7, < [yr®]) < 1 by (3.1). Therefore E ©®1,(9, Xg) > c5|A|/rte. Since
A C Q(0,x,r/2), the proposition follows. O
With Q(k,z,r) defined as in (3.0), let U(k,z,r) = {k} x B(x,r).

Lemma 3.4. There exists 62 such that if (k,x) € Q(0,2z,R/2), r < R/4, and
k> [yr®] + 2, then

P(O’Z) (TU(k,z,r) < TQ(O,Z,R)) > 92rd+a/Rd+a'
Proof. Let Q' ={k,k—1,... ,k—[yr®]} x B(z,r/2). By Proposition 3.3,
]P(O’Z) (TQI < TQ(O,Z,R)) > Cﬂ“dJra/RdJra.

Starting at a point in @', by (3.1) there is probability at least % that the chain
stays in B(xz,r) for at least time yr®. So by the strong Markov property, there is
probability at least 2174t /R4 that the chain hits Q' before exiting Q(0, z, R)
and stays within B(z,r) for an additional time cor®, hence hits U(k, z,r) before
exiting Q(0, z, R). O

Lemma 3.5. Suppose H(k,w) is nonnegative and 0 if w € B(x,2r). There exists
03 (not depending on x,r, or H) such that

ECOH(V,,, X)) < GEOVH(V, X)),y € Bla,r/3).

Proof. Fix x and r, and suppose k < [yr®] and w ¢ B(z,2r). Assume for now that
[yr®*] > 4. We claim there exists ¢; such that

Mj = 1(kw)(Vinr. Xjrr,.) Z x|d+a1<z<m1k 1(Vi)

is a submartingale. To see this we observe that the quantity

E[1(k,w) Vit 1yar, s Xi+1)ar,) = Lgw) (Viar,, Xinz,) | Fi
is 0 if i > 7., and otherwise it equals

E (Vi ) 1(k,w) (‘/1/\7'M Xl/\TT)'
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This is O unless k = V; +1. When £ =V; 4+ 1 and ¢ < 7, this quantity is equal to
Co C3
> > .
X — w|dte T |z — wdte
Thus E [M; 11 — M; | F;]is 0if ¢ > 7 or k # V; + 1, and greater than or equal to 0
otherwise if ¢; is less than ¢z, which proves the claim.
Since P¥(max;<[yo] | Xi — Xo| > r/2) < 1, then

PXi(X; = w)

(3-3) E V7 = [yre P00 (7, = [yr°]) = [yr°]/2.

The random variable 7, is obviously bounded by [yr®], so by optional stopping,

Cq cqr®

> .
|z —w|dte = |z — w|dte

POD(Vr,, Xs,) = (yw)) = (EC7, —1)

Similarly, there exists c5 such that

-1

cs
L) Vinrys Xjnr) = ml(i<n>1k—1(%)
=1

is a supermartingale, and so

Ce cgr®

< .
|z —w|dte = |z — w|dte

POV, X,,) = (k) < (EO)r,)

Letting 03 = cg/c4, we have
E (©0.2) [1(k,w) (VTN X‘Fr)] < 93E 0.3) [1(k,w) (V‘rrm X‘Fr)]'

It is easy to check that A3 can be chosen so that this inequality also holds when
[yr®*] < 4. Multiplying by H (k,w) and summing over k and w proves our lemma.
O

Proposition 3.6. For each ny and xq, the function q(k,z) = p(ng — k,z,xq) is
parabolic on {0,1,... ,ng} x Z2.

Proof. We have
E[¢(Vit1, Xi+1) | Fi] = E[p(no = Vi1, Xiv1, 2o) | Fil
— E(Vkvxk)[p(no — ‘/1, Xl; ZL‘O)]

= Zp(17Xk7z)p(n0 - Vk - 15251‘0)-

By the semigroup property this is
p(no — Vi, Xi, 20) = q(Vie, X).

Proof of Theorem 3.1. By multiplying by a constant, we may suppose that

min 0,y)=1.
yeB(z7R/3)q( v)

Let v be a point in B(z, R/3) where ¢(0,v) takes the value one. Suppose (k,z) €
Q([YR*], z,R/3) with ¢(k,z) = K. By Proposition 3.3 there exists cg < 1 such
that if r < R/3, C C Q(k + 1,2,7/3), and |C|/|Q(k + 1,2,7/3)| > %, then

- 3’
(3.4) PN (To < 1) > e
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Set
c 1
(3.5) n= 527 ¢= 3/ (03m).
Define r to be the smallest number such that
|Q(0,2,r/3)] 3
. >
(3.6) Rd+o = 0.(K
and
d+o 2
(3.7) T > .
Rita = (K0,
This implies
(3.8) r/R = 3K 1/ (d+a),

Let
A=A{(i,y) € Qk+1,2,7/3) : q(i,y) = (K}
Let U = {k} x B(z,r/3). If ¢ > (K on U, we would then have by Lemma 3.4 that

0,
1= Q(Oa U) = E( v)q(VTU/\TQ(O,z,R)7XTU/\TQ(OvzvR))

927’d+O‘CK

> (KPO)N(Ty < 1g0,0.m)) 2 T Rpita

a contradiction to our choice of r. So there must exist at least one point in U for
which ¢ takes a value less than (K.
If E*®) gV, , X,,); X, ¢ B(x,2r)] > 7K, then by Lemma 3.5 we would have
g(k,y) > BV [q(V,,, X, ); Xy, ¢ B(x,2r)]
> 058 “Dg(Vr,, X7, ); Xr, & B, 2r)] = 039K > (K
for y € B(x,7/3), a contradiction to the preceding paragraph. Therefore
(3.9) E*g(V;,, X7,); Xr, & B(x,2r)] < K.
By Proposition 3.3,
1=q(0,v) > EOq(Vi,, X1, )i Ta < 70(0,2,1)]

| AICK

> CKIP’(O’”)(TA < TQ(0,2,R)) = Rd+a

hence
|A| < Rd+oz - 1
|Q(k + 1,£E,7"/3)| - 01|Q(k + 1,£E,7"/3)|CK - 3
Let C = Q(k +1,2,7/3) — A. Let M = maxq1,2,2r) ¢- We write
Q(kv LL') =E (k) [Q(VTC ) XTC); Tc < 7—7"]
+E®Dq(V,,, Xz, )70 < To, Xo, ¢ B(x, 2r)]
+E®Ig(V,,, X;); 7 < Te, Xy, € Bz, 2r)).
The first term on the right is bounded by (K]P’(k’””)(TC < 7). The second term

on the right is bounded by 7K. The third term is bounded by MP®*%) (. < T¢).
Therefore

K < CKP*)(Te < 7,.) +nK + M(1 = PR)(Te < 7).
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It follows that
M/K>1+4+p

for some 3 not depending on x or r, and therefore it follows that there exists a
point (k',2') € Q(k + 1, x,2r) such that ¢(k’,z') > (1 + B)K.

We use this to construct a sequence of points: suppose there exists a point (ki, x1)
in Q([yR*], z, R/6) such that ¢(k1,z1) = K. Welet z = 1,k = k1 in the above and
construct ry = r,xo = &', and kg = k’. We define ry by the analogues of (3.6) and
(3.7). We then use the above (with (k,x) replaced by (kg,z2) and (K, ') replaced
by (ks,x3)) to construct ks,x3, and so on. We thus have a sequence of points
(k;, x;) for which ki1 —k; < (2r)%, |2ip1 — x| < 27y, and q(ki, 2;) > (1+6)71K.
By (3.8) there exists K’ such that if K > K’ then (k;,z;) € Q([yR"], 2, R/3) for
all i. We show this leads to a contradiction. One possibility is that for large i we
have r; < 1, which means that B(z;,r;) is a single point, contradicting the fact that
there is at least one point in B(x;,7;) for which q(k;,-) is less than n(1 + 8)" 1 K.
The other possibility is that q(k;,x;) > (1 + 8)" 1K’ > |q||o for large i, again a
contradiction. We conclude that ¢ is bounded by K’ in Q([yR%], 2, R/3). O

4. UPPER BOUNDS

In this section our goal is to obtain upper bounds on the transition probabilities
for our chain X,,. Again we need some auxiliary processes.
‘7} is a rescaled version of Y;, with generator A+ g,
Wt is ‘N/t without large jumps, with generator .Z,
(¢ is a pure jump Lévy process.
We start by proving a uniform upper bound. Let us begin by considering the
Lévy process (; whose Lévy measure is

n(de) = > |yl 6, (d).
YELL,y#0
Proposition 4.1. The transition density for (; satisfies q¢(t, z,y) < cit—4/e,

Proof. The proof is similar to Proposition 2.1 (with D = 1). The characteristic
function ¢;(u) is given by
1
or(u) = exp ( —2t Z [1 — cos(u - x)]W)
z€Z4
For |u| < 1/32, we proceed similarly to Case 2 of the proof of Proposition 2.1: we
setDzlandA:{mGZd:ﬁ§|x|§ 4 12u-x2%},andobtain

Tul’

1
Z[l — COSU - m]W > colul®.

Let Q(a) be defined by (2.4). For |u| > 1/32 with u € Q(n), we proceed as in Case
3 of the proof of Proposition 2.1 and obtain the same estimate. We then proceed
as in the remainder of the proof of Proposition 2.1 to obtain our desired result. [

Proposition 4.2. The transition densities for Y; satisfy
qy (tv z, y) < Cltid/a'

Proof. This is similar to the proof of Proposition 2.2, but considerably simpler, as
we do not have to distinguish between ¢t <1 and ¢ > 1. O
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Now we can obtain global bounds for the transition probabilities for X,,.
Theorem 4.3. There exists ¢; such that the transition probabilities for X, satisfy
p(n,z,y) <ein™ % xyeZf,

Proof. Recall the construction of Y; in Section 1. First, by the law of large numbers,
Tn/n — 1 a.s. Thus there exists cp such that P(7}, /9 < %n < T,) > co for all n.

Let Cp = ), Oy, and set 7(n,x,y) = Cyp(2n,x,y). Since Cpp(1,z,y) is sym-
metric, it can be seen by induction that Cyp(n,z,y) is symmetric. The kernel
r(n,z,y) is nonnegative definite because

SN f@)r(n,z,y)f ZZZ]‘ Cop(n, z, 2)p(n, z,y) f ()
—ZZZf )Cap(n, z,2)p(n, 2,y)

—ZC(Zf nzx) > 0.

If we set ryr(n,x,y) = r(n,x,y) if |z],|y| < M and 0 otherwise, we have an eigen-
function expansion for rj;:

(4.1) (n,z,y) Z)\l wi(z

where each \; € [0,1]. By Cauchy-Schwarz,

rar(n,z,y) (Z)‘Z @i(x )1/2<Z)\?%(y)2)

(2

= TM(na xz, m)l/QrM(na Y, y)

1/2

12

Also, by (4.1) rps(n, z, x) is decreasing in n. Letting M — oo, we see that p(2n, z, )
is decreasing in n and

p(2n,z,y) < p(2n,z,x)2p(2n, y,y) /2.

Suppose now that n is even and n > 8. It is clear from (1.2) and (2.1) that
there exists c3 such that p(3, z,2) > c3 for all z € Z4. If k is even and k < n, then
P*( Xy = z) > P*(X,, = x). If k is odd and k < n, then

P*( X, =z) =pk,z,z) > plk — 3,2, 2)p(3,x,2) > csP*(Xi_3 = z)
> sP¥(X,, = x).

Setting t = %n, using Proposition 4.2, and the independence of the T; from the X,

we have
o0

7 P =) = 3P = Ty 1< T

> Y PYXp=2)P(Th <t < Ths1)
[n/2]<k<n
> e3P (X, = 2)P (T 9y St < Tp) > o3P (X, = ).
We thus have an upper bound for p(n,x,x) when n is even, and by the paragraph
above, for p(n, z,y) when n > 8 is even.
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Now suppose n is odd and n > 5. Then
C5(TL + 3)7d/a > p(n + 3; z, y) > p(na z, y)p(?)v Y, y) > C3p(na z, y)v
which implies the desired bound when n is odd and n > 5.

Finally, since p(n,z,y) = P*(X,, = y) < 1, we have our bound for n < 8 by
taking c; larger if necessary. O

We now turn to the off-diagonal bounds, that is, when |z — y|/n'/* is large. We
begin by boundlng P*(Y;, € B(y, rtl/a)). To do this, it is more convenient to look
at Vi = to Ytot and to obtain a bound on P*(V; € B(y,r)) forz,y € S = tal/QZd.
The infinitesimal generator for V; is

AN (2,y)
O f(x)]d—-
ves o/l —ylite
Fix D and let E = D2, Let Q, be the transition operator for the process W,
corresponding to the generator
A (2,y)
Af@) = > [fy) - f(l‘)]d/a—w-

yeS |J?
ly—z|<E

(Compare with the process defined by (2.2).) Define

' (o
Bfw) = Y [f(y)—f<x>1H
Iygil‘iE ooy

and || f|l1 = > -5 |f(y)|. (Compare with the process defined in (2.7).)

Proposition 4.4. There exists ¢y such that

(4.2) 1Qufllr < el fll, Q¢ flloo < 11 flloo-
Also
(4.3) IBf|lx < EaHf”l’ 1Bfllse < Ea — | flle-

Proof. The second inequality in (4.2) follows because Q; is a Markovian semigroup.
Notice that C,Q:(x,y) is symmetric in z,y. Then

||Qtf|\1<ZZthy|f |—Z|f IS Qulary) <2 3 17()

because Y Q(z,y) =, C—th(y, z) <c2y. . Qi(y,x) = co. This establishes the
first inequality.

Note that
A (2,y)
(44) Z da— S CgE_(y.
st e -yt
ly—z|>E

Then

~ Atfl)/u(x,y) .

Bf @) <2 fle D <2638 floo-

d/(y _ d+a
yeS tO |£L' y|

ly—z|>E
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To get the first inequality in (4.3),

S Até/a(xay)
%:|Bf <Y > d/a—ld-i-a Z|f > P T—r—

T |y— I‘>E to ly—z|>E "0 |J)
[/
Ao (z, o
< lfwl Y d/a—d+a Z|f
Y \:c—y\>E |£L‘ |
Applying (4.4) completes the proof. O

Let K be the smallest integer larger than 2(d + «)/a and let
A, = DU/D+0/1K),

Let us say that a function g is in L£(n,n) if

1 1
9)] < 1| fys + oy o wan () + HG)

for all z, where H is a nonnegative function supported in B(y, A,) with |H||; +
[Hlo < 1.

Lemma 4.5. Suppose DY *5) > 4 and n < K. There exists ¢; such that if g €
E(n,ﬁ), then

(a) Bg € L(n+1,c1n);

(b) for each s <1, Qsg € L(n+ 1,c17m).

Proof. Tn view of (4.2) and (4.3), |B(D=4) |0 < caD~%* and the same bound
holds when B is replaced by Q.
Next, set

1
’U(Z) = W]-B(%A")C(z).

Note that ||v||1 + ||v]|ec < ¢3, where ¢35 does not depend on n or D. Let

Jo(z) = [B(v+ H)(2)[1p(y,4,.1) ()

and J(z) = Jo(2)/(||Joll1 + || Jol|s)- Because of (4.2), we see that Jy has L' and
L norms bounded by a constant, so J is a nonnegative function supported on
B(y, Ant1) with ||J]|1 + ||/]|cc < 1. The same argument serves for ¢); in place of
B.

It remains to get suitable bounds on |Bv| and Qv when |z — y| > A,,1. We
have

@5 Bl Y vt Y e
lw—z|>E lw—z|>E

Clearly the second sum is bounded by csv(z), as required. We now consider the
first sum. Let C = {w : |w—z| > |w—vy|}. If we C, then |w— z| > |y — z|/2.
Hence

Z 1 1 < 1 1
<o Y. e
_ o|ld+a _ ld+a _ o|ld+a _ yld+a
wee, Zupsp W AT lw =yl ly — 2| S lw =yl
cr
Ty — 2|t
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If w e C¢ then |w —y| > |y — 2|/2, and we get a similar bound. Combining gives
the desired bound for (4.5).
Finally, we examine Q.v(z) when z € B(y, An+1)¢. We write

(4.6) Qu(z)= Y Qzwpw + D Qulzw(w).
|[z—w|<Ap41/2 |z—w|>Ap41/2

If |z —y| > Apyr and |z — w| < Apy1/2, then |w —y| > |z — y|/2. For such w,
v(w) < cg/|z — y|**, and hence the first sum in (4.6) is bounded by

cs B cg
|Z _ yld—i-a %:Qt(sz) - |Z — y|d+("

For |z — w| > A,41/2, v is bounded, and the second sum in (4.6) is less than or
equal to

S Qulnw) SPH(Wi— 2| 2 Any1/2) < coem 0 lAnn /240
[z—w|>Apny1/2
using Proposition 2.5. This is less than

A 8K?2
611( K ) < cppD7,
An+1

Combining the estimates proves the lemma. O

Proposition 4.6. There exists ¢ such that P*(Y; € B(y,1)) < ¢1/|z — y|dte.
Proof. Let D = |z — y|. Assume first that D > Dy, where Dy = 4*K. Let
J = 1B(y,1)- Clearly there exists n such that f € £(1,1). Then Q.f € L(2,c2n)
for all t < 1 by Lemma 4.5. Set So(t) = Q; and Si(t) = fot Q.BQ;_.ds. Since
Q1f € L(2,cam) and |z —y| = D > Ay, we have

[S0(1) f(2)] < ezl -y~
By Lemma 4.5, for each s <t < 1, Q.BQ;_.f € L(4,¢3n). Hence |Q.BQ;_of(z)| <

ey D4, Integrating over s < ¢, we have

191() f ()] < eaD ™47
Set Sa(t) = fot S1(s)BQy_sds = fot IN Q,BQo_BQi_sdrds. By Lemma 4.5 we see
that erg’Qs,rlg’Qt,sf € L(6, c3n) and therefore |Q,BQS,,BQt,Sf(x)| < gD 4,

Integrating over r and s, we have
|Sa(t) f(x)] < ce D77
We continue in this fashion and find that for all n < K we have
1Su(1)f ()] < ex(n) D715
On the other hand, by Proposition 4.4
1Blloo < es/E=.

2 <1 D > Dy, we have by the

Take Dy larger if necessary, so that csDg 5

argument of Proposition 2.6 that

15 (1) flloo < (cs/E*)".
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Consequently,
(o]
Z |Snf($)| S Cg/EaK S CloD_d_a.
n=K

If we set P, =", Sp(t), we then have

K
P f(z)] < (Z cr(n) + cm)D*d*a = ey D0
n=0
This is precisely what we wanted to show, because, by [Le|, P; is the semigroup
corresponding to 1
This proves the result for D > Dy. For D < Dy we have our result by taking ¢y
larger if necessary. O

From the probabilities of being in a set for Y; we can obtain hitting probabilities.

Proposition 4.7. There exist ¢c1 and cs such that

. ] 1/0/ ) t(l)/(l’ d+a
P*(Y: hits B(y,city ™) before time to) < ca | | .
r—=y

Proof. There is nothing to prove unless |z — y|/t(1)/a is large. Let D = |z — y| and
let A be the event that Y; hits B(y,t(l)/a) before time ty. Let C be the event that
Sup,<, |Ys — Yo| < Cgt(l)/a. From Theorem 2.8, P*(C) > % if c3 is large enough. By
the strong Markov property,

P (Y, € Bly, (1+ e3)ty'™)) = E*[P*(C); A] > §P*(4),

where S = inf{t : V; € B(y,t(l)/a)}. We can cover B(y, (1 + 03)t(1)/a) by a finite

number of balls of the form B(z, t(l)/ “), where the number M of balls depends only
on cg and the dimension d. Then by Proposition 4.6, the left hand side is bounded
by C4M(t(1)/a/D)d+°‘. O

We now get the corresponding result for X,,. We suppose that Y; is constructed
in terms of X, and stopping times 7T, as in Section 2.

Proposition 4.8. There exist ¢c1 and cs such that

n(l)/(y )dJrOz

|z -y

P*(X,, hits B(y, cln(l)/a) before time ng) < (32(

Proof. Let A be the event that X,, hits B(y,n(l)/a) before time ng, C' the event

that Y; hits B(y,n(l)/a) before time 2ng, and D the event that T, < 2ng. By the
independence of A and D, we have

P*(A)P(D) = P*(AN D) < P*(C).

Using the bound on P*(C) from Proposition 4.7 and the fact that P(D) > ca, where
co does not depend on ng, proves the proposition. [l

We now come to the main result of this section.

Theorem 4.9. There exists ¢ such that

—dfa T
p(n,x,y) Scl(n Ol/\ |x_y|d+a)'
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Proof. Let D = |z — y|. Fix ¢y sufficiently large. If D < con'/®, the result follows
from Theorem 4.3. So suppose D > cyn'/®. Let m = n + [yn], where v is the
constant in Theorem 2.8. By Proposition 4.8,
. N m1+d/a
P*(Xm € B(y,m"/*) < s =5
On the other hand, the left hand side is EzEB(y,ml/“‘) p(m, x, z). So for at least one
z € B(y,m'®), we have p(m, z,z) < cym/D¥** < csn/D4e, Let

q(kﬂ w) = p(n + [Pyn] - ka w, (E) .
By Proposition 3.6, ¢ is parabolic in {0, 1, ..., [yn]} x Z¢, and we have shown that

min 0,w) < ecsn/D¥e,
weB(mw)q( ) < csn/
Thus by Theorem 3.1 we have

c C
p(n,z,y) = o,y 2) = Zra(lynly) < cen/ D

5. LOWER BOUNDS
Lower bounds are considerably easier to prove.

Proposition 5.1. There exist ¢c; ands ca such that if |x — y| < en® and n > 2,
then

p(nv z, y) 2 Cand/a.
Proof. Let m = n — [yn]. By Theorem 2.8 there exists c3, not depending on x or
m, such that

P? (max | Xj — 2| > esm/®) <
k<m

N =

By Theorem 4.9, provided m is sufficiently large, there exists ¢4 < c¢3/2, not de-
pending on x or m, such that

P*(X,, € B(:c,04m1/a)) <

A~ =

Let E = B(z,c3m'/®) — B(x, cym'/®). Therefore
1
P*(X,, € E) > 1
This implies, since P*(X,, € E) = > _pp(m,x,z), that for some z € E we
have p(m,x,z) > csm™ 9% > cgn= 97, If w € E, then by Theorem 3.1 with
q(k,) =p(n—k,z,-), we have
p(n,z,w) > crn~ Y,

This proves our proposition when n is greater than some n;.

By (1.2) and (2.1) it is easy to see that there exists cg such that
p(2,$,$) 2687 p(35I7m) ZCS-

If n <ny; and n =2¢+ 1 is odd, then

p(n,2,y) > p(2,z,2)"p(1, 2, y) > ckn=.
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The case when n < b; and n is even is done similarly. O
Theorem 5.2. There exists ¢; such that if n > 2, then

—dfa T
P(naxay)ZQ(n /\|J)—y|d+o‘).

Proof. Again, our result follows for small n as a consequence of (1.2) and (2.1),
so we may suppose n is larger than some n;. In view of Proposition 5.1 we may
suppose |z — y| > con'/®. Let A = B(y,n'/®). Let N(z) = P*(X; € A) if z ¢ A,
and 0 otherwise. For z € B(x,n'/®), note that N(z) > c3n®®/D%*®. As in the
proof of Lemma 3.2,

JATa

La(Xjam,) — 1a(Xo) = > N(X))

i=1

is a martingale. By optional stopping at the time S = n A 75, ,1/0) We have

E°[S - 1].

" S CSnd/a
P*(Xs € A)=E*Y N(X;) > Dita
i=1

Arguing as in (3.3), E®S > ¢4n. We conclude that
P*(X,, hits B(y,n*/) before time n) > ¢sn+¥/«/pi+e,

By Theorem 2.8, starting at z € B(y,n'/®), there is positive probability, not de-
pending on z or n, that the chain does not move more than cgn'/® in time n. Hence
by the strong Markov property, there is probability at least cyn't4/®/D+e that
X, € B(y,csn'/®). Let m = n — [yn]. Applying the above with m in place of n,
we get

m1+d/a pltd/a

P*(X,, € B(y,09n1/a)) > c10 > ey

Dd+a Dd+a

But this is also Y-, ¢ p(y.coni/a) P(M, @, w). So there must exist w € B(y, con/®)

such that p(m, z,w) > c1on/D . A use of Theorem 3.1 as in the proof of Theorem
5.1 finishes the current proof. O

Proof of Theorem 1.1. This is a combination of Theorems 4.9 and 5.2. If n = 1 and
x # y, the result follows from (1.2) and (2.1). O

Remark 5.3. Similar (but a bit easier) arguments show that the transition proba-
bilities for Y; satisfy

(5.1) c1 (t*d/a A ) <gy(t,z,y) <co (t*d/a A é)

|z — y|dte |z — y|dte

One can also show that the transition densities of the process U; described in
Section 1 also satisfy bounds of the form (5.1). One can either modify the proofs
suitably, or else approximate U; by a sequence of processes of the form Y; but with
state space €Z?, and then let ¢ — 0.
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