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A MARKOV PARTITION THAT REFLECTS THE GEOMETRY
OF A HYPERBOLIC TORAL AUTOMORPHISM

ANTHONY MANNING

ABSTRACT. We show how to construct a Markov partition that reflects the
geometrical action of a hyperbolic automorphism of the n-torus. The transition
matrix is the transpose of the matrix induced by the automorphism in u-
dimensional homology, provided this is non-negative. (Here u denotes the
expanding dimension.) That condition is satisfied, at least for some power
of the original automorphism, under a certain non-degeneracy condition on

the Galois group of the characteristic polynomial. The (?) rectangles are

constructed by an iterated function system, and they resemble the product
of the projection of a u-dimensional face of the unit cube onto the unstable
subspace and the projection of minus the orthogonal (n — u)-dimensional face
onto the stable subspace.

1. INTRODUCTION

A hyperbolic toral automorphism is the simplest example of a structurally stable
diffeomorphism with a dense set of periodic points, see [30] §1.3] or [20]. A Markov
partition, [T, 29, [3] or [6 §2.4], is a partition of the state space into subsets called
rectangles that enables the orbits of the automorphism to be represented by symbol
sequences from some topological Markov chain or subshift of finite type. Counting
the periodic points involves also certain auxiliary subshifts of finite type to remedy
overcounting of points in the boundaries of the rectangles, see [21], 4]. Equation
(2) of [22] (see also [27] section 4]) shows that the main and auxiliary subshifts are
related to the automorphism induced in homology. In the present paper we show
how to construct a Markov partition with large rectangles that expresses the way
the automorphism maps homology classes.

In §2] we explain our main result, Theorem R.1], and prove the associated Theo-
rem 221 Here, the main transition matrix is the transpose MuT of the matrix M,
induced by M : T* — T" in H,(T";Z), as is suggested by the requirement to have
the same topological entropy. The semiconjugacy to M is given by a formula

a:Y(MIy -1,

00 —1
a(w) = ZMﬁr'/TUZw,,. - Z Mﬁr'/TSZwT + Zna w = (Wr)reZv
r=0

rT=—00
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as in [26] page 3331] or [17, page 360]. See also [I1, page 130] and [I8, (2.2)] in the
one-sided case. (Here gz, myz are the stable and unstable components of z € Z".)
In §3lwe define the term Markov partition and discuss the semi-conjugacy @. The
rectangles formed by @ are shown in §0l to give a Markov partition, subject to a
careful choice of the elements z € Z™, which is made in §dl.

A different approach via sofic coding may be found in [15| 16, 17 19].

2. RESULTS

The torus T" is given as the quotient group R™/Z", with its natural projection
mp i R" — T, 7p(z) := a + Z™, or, equivalently, as the quotient space of the unit
cube I™ (where I denotes [0, 1]) by the usual identifications of opposite faces. In
R™ we use the standard basis e; = (J;5)j; for 1 < j < n, which is orthonormal. An
n x n matrix M of integers of determinant +1 (so that its inverse is again a matrix
of integers) gives an automorphism M : T® — T", where M (z + Z") = Mz + 7",
for each column vector z in R™.

The first homology group H;(T™;R) may be identified with R™ by taking the
basis eq, ... , e, to consist of the homology classes of those circles in T™ that are the
images under nr of the one-dimensional edges of the unit cube that join the origin
to the vertices ey, ... ,e, in R™. As T™ is the product of these circles, the Kiinneth
formula [24] gives H*(T";R) as the exterior algebra generated by H!(T";R) using
the cup product. Dually, the rth homology group H,(T";R) is a vector space of
dimension ('), for 0 < r < n. It has a basis given by the fundamental classes of the
r-dimensional tori (whose orientation will be specified in the discussion preceding
Theorem 2:2)) embedded in T™ as the image under 7 of the r-dimensional vector
subspace of R™ spanned by {e;,,...,e;.} or of the corresponding r-dimensional
face of the unit cube in R™. As an indexing set for this basis we let C'(n,r) denote
{Q c{1,...,n}: #Q = r}. We put an inner product on H,(T™;R) by declaring
this basis to be orthonormal.

The automorphism M of T™ induces an automorphism M ,; of H;(T™;R) which
is represented with respect to the basis {e1,... ,e,} by the matrix M itself. Dual
to the way that the cup products of 7 generalized eigenvectors in H!(T";R) are
the generalized eigenvectors of M in H "(T™; R), we find that the eigenvalues of
the matrix M., (which we shall write as M,.) are the (?) products of r of the n
eigenvalues A1, ..., \, (counted with multiplicity) of M,; = M; = M.

We shall assume throughout that M is hyperbolic, that is, that no eigenvalue of
M has modulus 1. Then there is a splitting R® = S @ U for which M*(v) — 0 as
k — oo whenever v € S, and as k — —oo whenever v € U. We write mg, my for the
projections R™ = S@®U — S, U onto the factors. Let s and u denote the dimensions
of S and U respectively, and let |\;| < 1 for 1 < j < s while |A;| > 1 for s < j < n.
The eigenvalue Asyq ... A, = p, say, of M, is real, and its modulus is larger than
that of any other eigenvalue of M,. By [31], Theorem 8.15] the topological entropy
h(M), which is also the entropy of M with respect to Lebesgue measure, is log(|u|).

The subshift of finite type o4 associated with a Markov partition for M with
transition matrix A has topological entropy log(||), the same as M, see [29, Theo-
rem 5.4] or [20, Theorem 4.9.6]. By [20, Corollary 7.7] or [8, Corollary 3.4], |u| must
be the dominant eigenvalue of A. Thus the minimum polynomial of |x| must divide
the characteristic polynomial of A. The matrices M, and M (or, if u < 0, then
—M,, and —MT), where T denotes transpose, satisfy this property of A. (Under



A MARKOV PARTITION FOR A HYPERBOLIC TORAL AUTOMORPHISM 2851

the hypotheses of Theorem below, the algebraic number g has degree (I), so
A could not be a smaller matrix.) There is a further constraint on the transition
matrix A. Since the subshift of finite type modelling M must be mixing, we need
A to be non-negative and some power of A to be positive (by which we mean that
every entry must be non-negative or positive). Our first theorem asserts that these

requirements are sufficient.

Theorem 2.1. If M : T" — T" is a hyperbolic toral automorphism with expanding
dimension u and the matriz M, it induces in H,(T™;R) is non-negative and has
some power positive, then M has a Markov partition with transition matriz MT,
the transpose of M,,.

We shall construct rectangles in 3] depending on a choice of elements of Z", and
show in §5] that these rectangles do form a Markov partition when the choice is
made as in §dl

When can we expect that the matrix M, is non-negative and some power of it is
positive? We next derive sufficient conditions and will present them in Theorem 2.2
Notice, first, that the set of eigenvalues of M, already satisfies one conclusion of
the Perron-Frobenius Theorem, namely that some eigenvalue of a positive matrix
dominates the modulus of each of the others (if the dominant eigenvalue of M,
is negative we replace M by M?). However, it need not satisfy the conclusion
that the corresponding left and right eigenvectors have each coordinate positive.
For example, if NV is a 2 x 2 integer matrix giving a hyperbolic automorphism of
T? with eigenvalues A > 1 > A~! > 0, then M := (§ ) determines a hyperbolic
automorphism of T4 = T2 x T2. Here M has entropy log(\?) and A? is an eigenvalue
of My in Ho(T*;R), but the corresponding eigenvectors cannot have all coordinates
non-zero because the generator of Ha(T? x 0;R) C Hy(T%;R) is not expanded at
the rate of A2 but is fixed. Nor is irreducibility of M sufficient to guarantee that the
dominant eigenvectors are positive, since K := (¢ ’(—;) is irreducible and K? = M if
L2 = N, so K3 has the same eigenvectors for —\ as M, has for \2.

Suppose that the characteristic polynomial x (M) of the matrix M is irreducible
over the rationals. Then the eigenvalues of M are simple roots. (Also M is irre-
ducible.) Suppose further that the Galois group I' of the splitting field of x(M)
over the rationals is isomorphic to the full symmetric group S,. (This group T,
which necessarily acts transitively on the eigenvalues [9], thus acts transitively on
products of r eigenvalues for each r with 1 < r < n.) In [23] we proved in particular
that, under these hypotheses, the direct sum of r eigenspaces has trivial intersection
with any direct sum of n — r standard basis vectors. It follows that the homology
class [U] of U in H,(T™;R) has all its () entries nonzero. Let us now choose the
sign of each basis vector of H,(T™;R) (or, equivalently, choose an orientation for
the corresponding u-dimensional subtori) so that [U] becomes a positive vector.

Again, by [23], S does not meet any u-dimensional coordinate subspace (except
at 0). Thus each u-dimensional coordinate subspace approaches U under repeated
application of M, and eventually has, like [U], all entries positive. Hence some
power of M, has all its columns positive vectors and is a positive matrix. We have
now proved the following theorem, which gives sufficient conditions for some power
of M to satisfy the hypotheses of Theorem B11.

Theorem 2.2. If the hyperbolic toral automorphism M with expanding dimension
u has irreducible characteristic polynomial x(M) and the Galois group of the split-
ting field of x(M) is the full symmetric group, then there is a choice of sign of the
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standard basis vectors of H,(T™; R) with respect to which some power of the induced
map M, is given by a positive matriz.

Question. Is there a choice of generators for Hy(T";Z) = Z™ so that the induced
automorphism M,, (rather than some power of M,,) is represented by a non-negative
matrix with respect to the corresponding basis of H,(T™;Z) (after an appropriate
choice of orientations of those basis vectors)?

3. MARKOV PARTITIONS AND THE SEMICONJUGACY

In this section we explain our notion of a Markov partition with large rectangles
and the corresponding transition matrix, whose entries are non-negative integers.
We discuss a semiconjugacy associated to a choice of elements of Z", and show that
this determines rectangles that arise from fixed points of certain iterated function
schemes.

The reader may find it helpful to bear in mind Figure[ll illustrating the rectangles
and their images in the case n =2, M = (3 }).

The stable and unstable manifolds of a point b € R™ for the hyperbolic auto-
morphism M are the affine subspaces S+ b and U + b. We use the square brackets
notation for the unique point of intersection in R™ of a stable and an unstable
manifold. Thus [b, ¢] is the unique point in (S + b) N (U + ¢). (Traditionally this
notation is used in a compact manifold for the intersection of local stable and unsta-
ble manifolds.) Also [B,C] denotes {[b,c] : b € B,c € C}. Recall that a rectangle
is a closed set R for which z,y € R = [z,y] € R. A rectangle is called proper if it
is equal to the closure of its interior. A subset of [B, C] is called an s-subrectangle
if it has the form [B’, C] for some B’ C B and a u-subrectangle if it has the form
[B,C’] for some C' C C.

Definition 3.1. We define a Markov partition for M : T — T™ to be a finite set
R of proper rectangles in R"™ so that {R+2: R € R,z € Z"} tiles R” and R
satisfies the following Markov property.

(A set of rectangles is said to tile R™ if the union of the rectangles is R™ while their
interiors are disjoint. Traditionally only small rectangles in the compact manifold
are used, see [3] §3C] or [14, §18.7], but we use large rectangles, and these are
more easily discussed in the universal cover R™ on which the group Z" of covering
transformations acts.)

Definition 3.2. The Markov property for a Markov partition
R:={Ri,...,Rp}, R; :=[B;,Cj] for 1 < j <m,

is that there exists an m X m transition matrix A of non-negative integers, and
for each i, j there exist closed subsets B; ;1 C B;,Cijx C Cj,1 < k < a;;, whose
interiors as subsets of B;, C; are non-empty and disjoint, with

m  Qij m Gij
Bi=J U Bijw and ¢; = (J U Cijns
j=1k=1 i=1 k=1

so that R; is a union of s-subrectangles [B; j i, C;] and R; is a union of u-subrect-
angles [B;, C; ; k] that satisfy

(3.1) M[Bi,j7k,C’i] +7Z" = [Bj, Ci,j,k] +7Z" for 1 <k < Qij and 1 <14,j <m.
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FIGURE 1. The images of rectangles Ry and Ry by M = (31).

(The traditional formulation with small rectangles allows only a;; = 0 or 1
according as M (intR;) N intR; is empty or not in T". In §4 we shall allocate
carefully the elements of Z™ used in (J]). A transition matrix with entries larger
than 1 was used in [1, Lemma 6.1], [8 Def. 3.1] and [32].) The purpose of a
Markov partition for M : T" — T" is to code M-orbits by points of a subshift of
finite type. The subshift of finite type o4 : 34 — ¥4 is defined by constructing
the directed graph I'y with m vertices and a;; edges from vertex ¢ to vertex j for
1 <14,7 <m. Then a point of ¥ 4 is a path of edges in I'4 indexed by the integers,
and o4 shifts such a path one place to the left (that is, it reduces the indexing by
1). The itinerary of a point =+ Z™ is the path in I" 4 that follows edge k from vertex
i at time r to vertex j at time r + 1, where M"(z) € [B; jx, Ci) + Z™ C R; +Z", at
least for x + Z™ in the second category subset of T" of those points for which each
M7 (z) is in a unique such s-subrectangle.

Notation. For 0 <r <n let

C(n,r) = {Q: (qla"' 7q7"):1 th <@ <...<qr Sn}
and order C(n,r) lexicographically. (Put C(n,0) = {0}.) For P € C(n,u) let R”
denote {z = (z1,... ,2,) € R" : 2; =0 for j ¢ P}. We use I for the unit interval

[0,1] and P€ for the complement of P in {1,...,n}. Thus
IP={z=(21,....,0,):jEP=0<2;<1,j¢P=ua;=0}

In proving Theorem [Z1] we shall approach the Markov partition via the semi-
conjugacy. Let A denote the () x (7) transition matrix M. The graph I'4 has

u

() vertices labelled by the elements of C(n,u) and apg edges from vertex P to
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vertex @ called (P,Q,k), 1 <k <apg. A point w € ¥(A) is a path consisting of
a sequence of edges in I'4 indexed by Z with w, = (P, @, k), r € Z, say.

Suppose now that a label zp g, € Z™ has been chosen for each edge in I's. (In
g4 we shall make a suitable choice.) We define « : X(A) — R™ by

00 -1
(3.2) a(w) = ZM‘TWUZWT - Z M "rszy,, w= (wr)rez,
r=0

rT=—00

and then @ : X(A) — T" is given by @ = 71 0 a. By the hyperbolicity of M these
series converge to give a point of R™, and « is continuous.

Then
) —1
-1 -1 - -1 -
M oaoo(w) = M E M "tyze,.., —M E M " T524,
r=0 r=—00
00 0
= E M~y z,, — E M~ "5z,
1 r=—00

—
= (W) = TUZwy — TS2we = (W) — Zuwgs

so that M~ o@oo(w) = a(w).
Notice that, for any choice of {zp.g i}, @(2X(A)) is a closed M-invariant subset
of T". Since M is ergodic with respect to Lebesgue measure v,,, either

(3.3) a(X(A) =T" or vy,a(X(4)) =0.
Consider the image under « of a 0-cylinder:
afw € X(A) : the edge wp has initial vertex P} = [Kp, Lp] C R"
for P € C(n,u), where

Kp := {mpa(w): P is the initial vertex of wq},

Lp := {msa(w): P is the initial vertex of wp}.

Now, ([32) shows that

ap.Q
MEr = | UKo+ Mruzpou),
QelC(n,u) k=1
ap,qQ
M™'Lg = U (Lp —7szpqu),

PeC(n,u) k=1

so that the families of subsets (Kp)pec(n,u)s (LP)pecn,u) of U, S arise as the
fixed points of the following iterated function schemes (IFSs) E and F.

The following construction was given in [25, Theorem 1]. Let Ko(U), Ko(S)
denote the spaces of non-empty compact subsets of U, S with the Hausdorff metric
d (see e.g. [T, page 114]). Let

KU)= [[ Ko@), Ku(S):== J[ Ko(S)

PeC(n,u) PeC(n,u)
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with metric d,, given as the maximum of the distances in the various factors. Then

define E : K, (U) — K, (U) and F : K,,(S) — Ku(S) b

(3.4) (E(G)p = U U GQ +TUZPok),
QeC(n,u) k=1

(3.5) (F(G)g = U U — Mrszpor).

PeC(n,u) k=1

Because M ~1|U and M|S are contractions, E and F are contractions of the
complete metric spaces KC,,(U) and IC,,(S). So, as in [12] or [7), page 115],

E"(G) = (Kp)pec(nuy forany G =(Gp)pec(nu € Ku(U),

F'(G) — (Lp)pec(nu) forany G = (Gp)pec(nu) € Ku(S).
Since some power of A is positive (and o4 is mixing), we have

intKp # 0 for some P € C(n,u) = intKq # 0 for all Q € C(n,u),

and a similar statement for (Lp)pecc(n,u)-

If our choice of labels zp, g 1, yields mr(|Up[Kp, Lp]) = T™, then Baire’s Theorem
gives int[K p, Lp| # 0 for some P, and, arguing as in [I8] page 31], we now show that
each rectangle Rp := [Kp, Lp] is proper. If for some, and hence all, P € C(n,u)
we have int Kp # (), then we define K* € K, (U) from K by K} := cl intKp for all
P € C(n,u). Then K* C K coordinatewise. Since M ~!|U is a homeomorphism,
we have E"(K*) C K* coordinatewise for » = 1,2,... . But E"(K*) — K as
r — 00, so K* = K and, for each P, cl intKp = Kp. Similarly, cl intLp = Lp for
all P € C(n,u), provided intLp # () for some such P.

4. ALLOCATING TRANSITIONS IN R"

In this section we make a choice of labels zp g 1 € Z" by finding a ‘step cycle’
homologous to the image by M of a subtorus.

The standard basis for H, (T™;R) consists of the fundamental homology classes
(with appropriate orientation) of the u-tori that are covered by the u-dimensional
coordinate planes; these coordinate planes R correspond to the elements Q of
C(n,u). The dominant right eigenvector of M, is [U], representing the subspace
U (since each is expanded by a factor p). [U] is given (up to a scalar multiple)
by a basis v1,...,v, for U, and the Qth coordinate of [U] is the modulus of the
determinant of the n x n matrix with columns v1,... ,vy,eq,... ,eq (Where Q" =
(q},-..,4.) € C(n,s) satisfies QU Q' = {1,...,n}), which is the Volurne of the
orthogonal projection to R? of the parallelepiped spanned by v1, ... ,v,. Since the
hypothesis on M, ensures that each coordinate of [U] is non-zero, we know that

(4.1) VQ € C(n,u): UNRY = {0}.

(Provided M is orientation preserving, the functoriality of the intersection form
shows that M ! is the transpose of M,, (up to the choice of orientation of the basis
s-tori and the ordering of this basis), and so [S] is a dominant left eigenvector for

Our aim of using M as the transition matrix for our Markov partition whose
rectangles correspond to these u-tori accords with the fact that the P-th rectangle
has transitions to precisely those rectangles that correspond to the wu-tori in the
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P-th column of M, and so to the P-th row of our transition matrix A = M. The
sum of these u-tori gives a cycle in T™ homologous to MTF; we shall call it a step
cycle to indicate that it is a sum of singular cubes each parallel to a coordinate
plane. Just as we can lift MT? to a singular cube in R” that is a cycle modulo the
action of MZP | we shall now lift this step cycle to a sum of singular cubes in R"
that is also a cycle modulo MZ" and whose projection to T™ is homologous to it
since they represent the same element of H,(T™;R).

Just as large rectangles are better discussed in R™ than in T™, so it will be more
convenient to discuss transitions from one rectangle to another in R™, and this will
involve choosing which element of Z™ specifies the translate of a rectangle that
receives a given transition as in (B.1)).

For P = (p1,...,pr) € C(n,r), we define pp : I" — R"™ by pp(m1,...,7) =
(t1,... ,tn), where each t,, = 7; and t; = 0 for other k. Here

I" ={(t1,... ,t,0,...,0) e R": 0<¢; <1lfor1<j<r},
and we let J denote the image pp(I”). In the case n = 2, the rectangles
[JF,—JF], P e C(2,1),
provide a partition of T? as in Figure[I, which motivates us to study
[JP,—JF°], P e C(n,u),

in the general case.
Consider the cubical chain complex C, = @?:0 C,, where C, is the free abelian
group generated by

{pp+2z:PeC(n,r), z€Z"}.

We shall call pp + z a step r-cube to indicate that it is parallel to a coordinate
r-plane and covers the r-torus TF.

To illustrate the next definition, Figure[2 shows the points of intersection deter-
mining

piy + (P + (@) + (ppy + (D) + (pg2y + (D) + (pg1y + (3))

and

pray + (pgy + (D))

as step chains in R? homologous (when projected to T?) to the images under M =
(31) of the two basic 1-chains p(1}, p(2}. Here e = (Z74).

Definition 4.1. Define amap Y : C, — C, as a step version of M. For each r, 0 <
r<n, Y :C, — C, will be defined from the data Y (pp) by Y (pp+2) := Y (pp)+Mz
for z € Z™, and by linear extension from its definition on these generators. Thus
MY will commute with the action of Z™ on C, by translations.

First fix € near 0 in —I" in the full measure set whose complement is the count-
able union of affine subspaces MRF +RF + 2 for P € C(n,r), P € C(n,r), r+r' <
nand z € Z". Then define N : R® — R™ by Nu := Maz+e. If NREN(RP +2) # 0
with P, P’, z as above, then, for some = € RY, we have Mz +¢ € R + z, and so
eeRP +2— Mz c MRP + (RP/ + z), which is impossible, so our choice of € en-
sures that the N-image of a subspace does not intersect a lower than complementary
dimensional subspace.
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FIGURE 2. Step chains for the case M = (31).

Finally, define

(M (Q,P)|

(4.2) Y(pp):= Y. sign(M(Q. P))(pq + Mzpqi),

QeC(n,r) i=1

where the summand uses those zpg; € Z" for which NJ¥ N (=J%9 + Mzpg;) # 0.
Here M,.(Q, P) denotes the entry in row @ and column P in the matrix M,., and
so mrY (pp) represents the same homology class in H,(T;Z) as M7r(pp), given by
column P of M,..

(The minus sign in —(pg + Mzpg;) means the additive inverse in the abelian
group generated by the r-cubes, while —J9" means {—pq-(t) : t € I"""}.) The
intuition is that {zpg;} is chosen so that M ~'Ypp is homologous to pp. The
substitutions on stepped surfaces in [I3], Fig. 5], which develop [2], provide an
illustration of Y (pp).

A point of intersection of NJF and —J9 + Mzpg; cannot, by the choice of ¢,
be in the boundary of NJ¥ or of (—J%" 4+ Mzpg;), so there is no ambiguity over
whether it should be allocated to —pge + M zpg; or to a neighbouring (n — r)-cube.
These intersection points are in one-one correspondence via 7 with the intersection
points of MT? and T?", and they number |M,(Q, P)| since {[T¢"] : Q € C(n,r)}
is a basis for H,,_.(T") dual to the basis {[T?] : Q € C(n,r)} for H,.(T™) under
the intersection form, see [24]. Notice that, in the case r = 0, we have P = (), J¥
is the origin, Cp is generated by Z™", and, since ¢ € —I", Y (py) = py, so that Y acts
as M on the set Z" that generates Cy.
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Remark 1. We are particularly interested in the case r = u, and point out that
x € NJPN(=J9 + Mzpgi)
= N"Ya—Mzpgi) € N Y=J¥)N(=(=JF") = N"'Mzpg).

So our choice of zpg; in (D) is suggested not only by the action of N on the
u-cube JP, but also by the action of N~! on the dual s-cube —J@°. This choice
is an analogue for our graph-directed and invertible case of the criterion in [1§] of
choosing one element from each coset. Indeed, if M is replaced by M !, then U
and E are replaced by S and F'.

In §5lwe shall show that the above choice of {zpg;} makes the rectangles {Rp :=
[Kp,Lp]: P e C(n,u)} constructed using the IFS in (3.4]) and (B.5) have the same
volume as {[J¥,—JF] : P € C(n,u)}. For this we shall need to understand the
relationship between Y and the boundary operator.

Definition 4.2. A boundary map 0 : C, — C, is defined, see [10, §8.3] or [24]
§VII.2], sending each cube to an alternating sum of its faces, by

8/)1’ = Z(_l)k(pp\pk - (pP\:Dk + epk))'
k=1

Lemma 4.3. Y commutes with the boundary operator 0 : Cx — C.

Proof. Tt suffices to fix r and P € C(n,r) and then show that Y (9pp) = d(Ypp).
Clearly both sides are sums over @ € C(n,r — 1) of finite combinations of type
> .enn kz(pqg+Mz), k. € Z. Each contribution of pg + Mz to Y (dpp) comes from
the N-image of a face of pp meeting (—J%° + Mz), and each such contribution to
(Y pp) comes from N.JF meeting an (n — r)-cube that is a face of (—J9° + M2).
Thus fix Q € C(n,r — 1), z € Z", and consider NJ¥ N (=J%" 4 Mz). This
intersection is either

1. empty, or

2. a line joining the points of intersection 3 and ' of NI with two (n — r)-

dimensional faces —JQ\*+ Mz — ey, and —JQ\F 4 Mz — ey of —J@° +Mz,
where k, k' ¢ Q are not necessarily distinct and §, 6’ may be 0 or 1, or
3. a line joining the point of intersection 3 of N.J with one face —J@\F 4 Mz —
der, of —JQ° + Mz to the point of intersection 3’ of —J%" 4+ Mz with one face
N(JP\F 4 §'ep) of NJP, or else

4. a line joining the points of intersection 3 and 3’ of —J9" + Mz with two
(r — 1)-dimensional faces N(JF\F + §ey) and N(JP\ + §epr) of NJF.

In case Pl Y (pp) contains a contribution pg + Mz in d(pguk + Mz — dey) with
sign (—1)#15%G<FH3+1 and in d(poui + Mz —8ep) with sign (—1)# e <k I+8"+1,
(Here @ U k denotes the r-tuple with k inserted in increasing order, and P \ k'
denotes the (r —1)-tuple with k" deleted.) Now sign(M,(Q UKk, P)) is £1 according
as TourM : RP — RQUE respects or reverses orientation. Also

(_1)#{j!<Ij<k}sign(Mr(Q Uk, P)) = +1

according as this map respects or reverses orientation when R®YF is given the
orientation (k,qi,...,q-—1); denote this by R¥*@. Thus to show that the two
contributions of pg + Mz in 9Y (pp) cancel out it suffices to show that mr.oM :
RP — RF*@ and T «QM agree or disagree on preserving orientation according as
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d—¢" is odd or even. It is equivalent to ask whether 7. and 7. agree or disagree
on preserving orientation as maps from MRF, or indeed from W(k,k/)*QMRP =
span{f’ — 3} ®R¥. And this is equivalent to whether 7;, and 7 agree or disagree
(as maps from span{3’ — 8} to Rt} or R¥¥}). Since § — 1 < 8 — B < § and
—0' < B — P < 1—¢', these last maps both preserve orientation when § = 1,8’ =0
and both reverse orientation when § = 0,6’ = 1; in fact they agree precisely when
d — ¢’ is odd, as required.
Now consider case[3 The point 8 contributes
sign(M,(Q Uk, P)).(pour + Mz — dey)
to Y(pp), while 8’ contributes
sign(My—1(Q, P\ K)).(pq + M)

to Y (pp\w + 0'exr). Thus, if k' = p; and g;_1 < k < gj, there is a contribution of
po + Mz from ' to Y (Opp) with coefficient

(—1)" " sign(M,—1(Q. P\ K))
and a contribution of pg + Mz from ( to d(Ypp) with coefficient

(1) sign(M,.(Q U k, P)).

Notice that 8}, — 3 is positive if § = 1 and negative if § = 0, that (M ~13') —
(M~'8)y is positive if & = 1 and negative if &' = 0, and that 798 = mo8 =
ngz. Thus mourM : RP — RY@YF respects or reverses orientation according
as (—1)%+9Hi+7 ~2gion(M,_1(Q, P \ k') is positive or negative, where the factor
(=1)¥+% comes from the map 7, M : span{M (8 — 3)} — R} and the fac-
tors (—1)7~1 and (—1)7'~! respectively relate R?Y* to RF*@ and R to RF*(P\K),
Hence the contributions of pg + Mz to Y (9pp) and 9(Y pp) agree.

In case Hl we shall show that the two contributions of pg + Mz to Y (pp\j + dex)
and Y (pp\p + 0’exs) cancel out as contributions to Y (dpp). Suppose first that
k < k'. Now sign(M,_1(Q, P\ k)) and sign(M,_1(Q, P \ k")) express respectively
whether 7o M : RP\F — R? and o M : RP\F — R respect or reverse orientation.
These maps are compositions

RP\E , RE*P\RW) gy g RPVWF _, RQ
RP\E , RES(P\E) _, pp g RPVWF _, RQ

where W is the orthogonal complement of span{M ~'3 — M~} in R®**)_ Here
the first map is the identity and changes the orientation by (—1)34/_2 in the first
line and by (—1)7~! in the second. The third map is moM, the same in each line.
The second map is orthogonal projection of the first factor to W and the identity
on the second factor. But the projections R¥*} — W and R™*} — W agree on
whether to respect or reverse orientation if § = ¢’, and disagree if § # §’. Thus

(4.3)  sign(M,—1(Q, P\ k) = (=1)" 7 sign(M, 1(Q, P\ k')
But the two relevant summands in dpp are
(_1)j+6(pP\k +dey) + (1) (pp\iw + 0'err),
so Y(9pp) contains contributions of (pg + Mz) with coefficient
(4.4) (=1 Psign(M,1(Q, P\ k) + (=1)" *'sign(M,1(Q, P\ ')
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and, by (&3), this is 0. The case k > k' is similar. If K = &/, then j = j', § # §’
and sign(M,_1(Q, P\ k)) = sign(M,_1(Q, P\ k'), so the coefficient given by (B4
is again 0.

Thus, the contributions of (pg + M z) cancel out in Y (pp) in case[d, they cancel
out in Y(dpp) in case @ while in case Bl the contributions are the same on both
sides, which proves that Y (pp) = Y (9pp), as required. O

5. COMPLETING THE PROOF OF THEOREM [2.1]

In this section we investigate the volumes of the rectangles constructed in {3
using the zp gk chosen in §4 and we prove in Theorem [5.4] that they do form a
Markov partition. Let vy, vs, v, denote u-, s- and n-dimensional Lebesgue measure.

Lemma 5.1. For {zpg: P,Q € C(n,u),1 <k <apg} CZ" as in 4 we have
VP,Q € C(n,u) vu(Kp) = vu(ruJT), vs(Lg) = vs(—msJ9) = vs(nsJ?).
Remark 2. In Figure [[lwe see that
Ry = [rp T ng (=T M), Ry = [np I3 ms (=12,
and, for this example with u = s =1,
(g J, 75 2 and (mg(—J ), mg(—JH)

are themselves the fixed points, (K1}, K{93), (L1}, L{2}), of E, F respectively. On
the other hand, Bowen pointed out in [B] that, if w = 2, s = 1, then 0K p cannot be
smooth.

Proof. In the Hausdorff metric, Kp is the limit (as j — oo) of the P-th coordinate in
Ei(myJ), where myJ := (1 J") pec(n,u)- Because the definition of E is modelled
on that of Y, this is M Y7 pp(I*). For any j we have, by Lemma A3

a’frUM_ijpp = WUM_ijapp

= > (DM TIY ppy, — (oM7Y ppyy, + Twep,)),
k=1
so that myM /Y7 pp has boundary zero when projected to the torus U/(myZF),
as does mypp. Both these cycles represent the fundamental homology class of this
torus. Thus each maps I'* to U, so that its projection to U/myZF is surjective.
Thus, for each j, the support K{D C U, say, of tyM 7Y 7pp(I*) (that is, the
associated point-set [24], page 317]) has

(5.1) vu(Kp) 2 vu(U/ (ruZF)) = v (I7)).
By subadditivity of v, on the expression for K f; as a union in ([34), we have
(52) v(Ep) <p? Y MP(Q. Pyvu(ru(J9)),
QeC(n,u)

where the index (j) refers to an entry in the j-th power of the matrix M,,.

The Perron-Frobenius Theorem (see e.g. [28, page 4]) now implies that we have
equality in (&) and (B2), and that (vy(my (JF))) pec(n,u) is a left eigenvector for
M, or the zero vector. Thus v, (K%) = v, (my (JF)) for each j. Any neighbourhood
of the Hausdorff limit Kp contains Kf;, for all sufficiently large j, so v, (Kp) >
vu (T (JF)).
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To prove the opposite inequality we compare 0K f; and 0K ffl. Now the set
MoK {;H is the union of 7y of certain (u—1)-dimensional faces of those standard
n-cubes (I" + z, z € Z™) that meet N of the support of Y?(9pp), and these n-
cubes number at most twice the sum of all the entries of M7} (in fact we only
need twice the sum of the entries in those u columns of Miﬂ that correspond to
(u — 1)-dimensional faces of JF). Twice the sum of the entries of M7 1] is at most
c(pu/ A1) for some constant ¢, so K%' lies in a neighbourhood of K7 of
vy-volume cu™ Ut (/X g 11)7 vy, (7 (IM)).

For any j' > j, it follows that K f; (and hence Kp) lies in a neighbourhood of
K7, of v,~volume v, (K%) + Ef;:jﬂ Ay vu(my (IM)). Since j is arbitrary, we have
vu(Kp) < vu(my(JT)), and they are equal. The case of vy for (Lg)oec(nu) =
limj oo F7((ms(=J9"))gec(nuy) is similar. O

Lemma 5.2.

Z l/n[wUJP,WSJPC] =1.
PeC(n,u)
Proof. Let the column vectors eq,... ,e, denote the standard basis of R™. The
multilinearity of the determinant function gives

1 =det(e1,...,e,) = det(nger +myer,... ,msen + mTUER)

= Z det(ﬂv(pyl)el,... ,Wv(p’n)en),
PeC(n,u)
where V (P, j) denotes U if j € P and S if j & P. (Other terms in this sum vanish,
because more than u vectors in U must be linearly dependent, as must more than
s vectors in S.)
Now,

(53) det(wv(p,l)el, cee ,Wv(p,n)en) = :EVn[WUJP,WsJPC].

It remains to prove that the sign in (B3] is + for each P. This sign remains
constant along a continuous path of subspaces Uy, Sy, 0 < ¢ < 1, that satisfy R” =
U @ S Vt € [0,1], unless, for some ¢, both sides of (B3) become zero. And this
happens precisely when dim(U; N R”") > 0 or dim(S; NRF) > 0.

Now

dim(U NRY") = 0 and dim(SNRY) =0
by @T).

So there are linear maps By : RY — RP", Bg : RP® — RP with graphs U, S.
Let Uy, S; be the graphs of the linear maps t.0y, t.0s.

Now Uy = R¥ and Sy = RF", so, for t = 0, (5:3) holds with the + sign and both
sides being +1. This completes the proof of the lemma. O

Corollary 5.3.
> wlKp,Lpl= Y wlr " ms s =1
PeC(n,u) PeC(n,u)

Proof. The ratio v,([B,C])/(vu(B)vs(C)) is constant for B C U,C C S, so the
corollary follows from Lemmas (.1 and O
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Theorem 5.4. R := {mpRp : P € C(n,u)} is a Markov partition for M : T —
T™ with transition matriz MY .

Proof. We shall prove that R has the Markov property and that the rectangles
cover T™ with disjoint interiors. That each rectangle is the closure of its interior
was shown at the end of §3l

In R", Rp = [Kp, Lp] is a union of s-subrectangles

[M~YKq) + muzpgi, Lp] for Q € C(n,u), 1 <i < M,(Q,P) = apq,
while Rg = [Kg, Lg] is a union of u-subrectangles
[Kg,MLp —mgMzpg;] for P € C(n,u), 1 <i< M,(Q,P).
Moreover,
MM~ (Kq) + muzpqi, Lp) = [Kg, MLp — msMzpgi] + Mzpqi,

so that, in T", M takes each s-subrectangle to the corresponding u-subrectangle.
Thus R satisfies the Markov property with transition matrix A = M.

Hence the union of the rectangles in R is a closed M-invariant subset of T™.
Since M is ergodic, this union has n-dimensional Lebesgue measure 1 (and not 0,
because some rectangle has positive measure).

Since the union is closed, it is T™. By Corollary B3] each pair of these rectangles
in T™ has intersection a set of measure 0. In particular, their interiors are pairwise
disjoint. O

REFERENCES

[1] R Adler and B Weiss, Similarity of automorphisms of the torus, Memoirs Amer. Math. Soc.,
98 (1970). MR 41:1966
[2] T Bedford, Generating special Markov partitions for hyperbolic toral automorphisms using
fractals, Ergodic Theory Dynam. Systems 6 (1986), 325-333. MR [88c:58037
[3] R Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Lecture
Notes in Mathematics 470, Springer, New York 1975. MR [56:1364
[4] R Bowen, On aziom A diffeomorphisms, CBMS Regional Conference Series in Mathematics
35, Amer. Math. Soc. 1978. MR [58:2888
[5] R Bowen, Markov partitions are not smooth, Proc. Amer. Math. Soc. 71 (1978), 130-132.
MR [57:14055
[6] R Devaney, An introduction to chaotic dynamical systems, Benjamin, Reading, MA, 1986.
MR 87e:58142
[7] K Falconer, Fractal geometry: mathematical foundations and applications, Wiley, Chichester
1990. MR 92j:28008
[8] J Franks, Homology and dynamical systems, CBMS Regional Conference Series in Mathe-
matics 49, Amer. Math. Soc. 1982. MR [84f:58067
[9] D. Garling. A course in Galois theory, Cambridge University Press, Cambridge 1986. MR
88d:12007
[10] P Hilton and S Wylie, Homology Theory: An introduction to algebraic topology, Cambridge
University Press, Cambridge 1960. MR [22:5963
[11] M W Hirsch, Expanding maps and transformation groups, Proc. Symp. Pure Math. 14 (1970),
125-131. MR 45:7750
[12] J E Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30 (1981), 713-747. MR
82h:49026
[13] S Ito and M Ohtsuki, Modified Jacobi-Perron algorithm and generating Markov partitions for
special hyperbolic toral automorphisms, Tokyo J. Math. 16 (1993), 441-472. MR [95g:58167
[14] A Katok and B Hasselblatt, Introduction to the modern theory of dynamical systems, Cam-
bridge University Press, Cambridge 1995. MR [96c:58055
[15] R Kenyon, Self-similar tilings, Thesis, Princeton, 1990.
[16] R Kenyon, Self-replicating tilings, Contemp. Math. 135 (1992), 239-263. MR 94a:52043


http://www.ams.org/mathscinet-getitem?mr=41:1966
http://www.ams.org/mathscinet-getitem?mr=88c:58037
http://www.ams.org/mathscinet-getitem?mr=56:1364
http://www.ams.org/mathscinet-getitem?mr=58:2888
http://www.ams.org/mathscinet-getitem?mr=57:14055
http://www.ams.org/mathscinet-getitem?mr=87e:58142
http://www.ams.org/mathscinet-getitem?mr=92j:28008
http://www.ams.org/mathscinet-getitem?mr=84f:58067
http://www.ams.org/mathscinet-getitem?mr=88d:12007
http://www.ams.org/mathscinet-getitem?mr=22:5963
http://www.ams.org/mathscinet-getitem?mr=45:7750
http://www.ams.org/mathscinet-getitem?mr=82h:49026
http://www.ams.org/mathscinet-getitem?mr=95g:58167
http://www.ams.org/mathscinet-getitem?mr=96c:58055
http://www.ams.org/mathscinet-getitem?mr=94a:52043

A MARKOV PARTITION FOR A HYPERBOLIC TORAL AUTOMORPHISM 2863

[17] R Kenyon and A Vershik, Arithmetic construction of sofic partitions of hyperbolic toral
automorphisms, Ergodic Theory Dynam. Systems 18 (1998), 357-372. MR [99g:58092

[18] J C Lagarias and Y Wang, Self-affine tiles in R™, Adv. Math. 121 (1996), 21-49. MR
97d:52034

[19] S Le Borgne, Un codage sofique des automorphismes hyperboliques du tore, C. R. Acad. Sci.
Paris Sér. I Math. 323 (1996), 1123-1128. MR [97k:58095

[20] R Mané, Ergodic theory and differentiable dynamics, Springer, Berlin 1987. MR [88¢:58040

[21] A Manning, Axiom A diffeomorphisms have rational zeta functions, Bull. London Math. Soc.
3 (1971), 215-220. MR [44:5982

[22] A Manning, There are no new Anosov diffeomorphisms on tori, Amer. J. Math., 96 (1974),
422-429. MR [50:11324

[23] A Manning, Irrationality of linear combinations of eigenvectors, Proc. Indian Acad. Sci.
Math. Sci., 105 (1995), 269-271. MR [96h:15009

[24] W Massey, A Basic Course in Algebraic Topology, Springer, New York 1991. MR [92c:55001

[25] R D Mauldin and S C Williams, Hausdorff dimension in graph directed constructions, Trans.
Amer. Math. Soc., 309 (1988), 811-829. MR 189i:28003

[26] B Praggastis, Numeration systems and Markov partitions from self-similar tilings, Trans.
Amer. Math. Soc. 351 (1999), 3315-3349. MR 199m:11009

[27] D Ruelle, One-dimensional Gibbs states and axiom A diffeomorphisms, J. Differential Geom.
25 (1987), 117-137. MR |88j:58099

[28] E Seneta, Nonnegative matrices and Markov chains, 2nd ed., Springer, New York 1981. MR
851:60058

[29] Ya G Sinai, Markov partitions and Y-diffeomorphisms, Func. Anal. Appl. 2 (1968), 61-82.
MR 38:1361

[30] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967), 747-817. MR
37:3598

[31] P. Walters, An introduction to ergodic theory, Springer, New York-Berlin 1982. MR
84e:28017

[32] R F Williams, Classification of subshifts of finite type, Ann. of Math. 98 (1973), 120-153.
Errata, ibid. 99 (1974), 380-381. MR 48:9769

MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, COVENTRY, CV4 7TAL, UK
E-mail address: akm@maths.warwick.ac.uk


http://www.ams.org/mathscinet-getitem?mr=99g:58092
http://www.ams.org/mathscinet-getitem?mr=97d:52034
http://www.ams.org/mathscinet-getitem?mr=97k:58095
http://www.ams.org/mathscinet-getitem?mr=88c:58040
http://www.ams.org/mathscinet-getitem?mr=44:5982
http://www.ams.org/mathscinet-getitem?mr=50:11324
http://www.ams.org/mathscinet-getitem?mr=96h:15009
http://www.ams.org/mathscinet-getitem?mr=92c:55001
http://www.ams.org/mathscinet-getitem?mr=89i:28003
http://www.ams.org/mathscinet-getitem?mr=99m:11009
http://www.ams.org/mathscinet-getitem?mr=88j:58099
http://www.ams.org/mathscinet-getitem?mr=85i:60058
http://www.ams.org/mathscinet-getitem?mr=38:1361
http://www.ams.org/mathscinet-getitem?mr=37:3598
http://www.ams.org/mathscinet-getitem?mr=84e:28017
http://www.ams.org/mathscinet-getitem?mr=48:9769

	1. Introduction
	2. Results
	3. Markov partitions and the semiconjugacy
	4. Allocating transitions in Rn
	5. Completing the proof of Theorem ??
	References

