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IRREDUCIBILITY, BRILL-NOETHER LOCI,
AND VOJTA’S INEQUALITY

THOMAS J. TUCKER AND
WITH AN APPENDIX BY OLIVIER DEBARRE

Abstract. This paper deals with generalizations of Hilbert’s irreducibility
theorem. The classical Hilbert irreducibility theorem states that for any cover
f of the projective line defined over a number field k, there exist infinitely
many k-rational points on the projective line such that the fiber of f over P
is irreducible over k. In this paper, we consider similar statements about alge-
braic points of higher degree on curves of any genus. We prove that Hilbert’s
irreducibility theorem admits a natural generalization to rational points on an
elliptic curve and thus, via a theorem of Abramovich and Harris, to points of
degree 3 or less on any curve. We also present examples that show that this
generalization does not hold for points of degree 4 or more. These examples
come from an earlier geometric construction of Debarre and Fahlaoui; some
additional necessary facts about this construction can be found in the appen-
dix provided by Debarre. We exhibit a connection between these irreducibility
questions and the sharpness of Vojta’s inequality for algebraic points on curves.
In particular, we show that Vojta’s inequality is not sharp for the algebraic
points arising in our examples.

Given a polynomial Q(z) with coefficients in k[t], where k is a field, one may
obtain a polynomialQ0 with coefficients in k by specializing t to a value t0 ∈ k. This
specialization induces a map sending all of k[t], and in particular the coefficients
of Q, to values in k. If Q is irreducible over k(t), one might expect that many
of these Q0 will be irreducible over k. The classical Hilbert irreducibility theorem
([Hi], [L 1, 9.1]) states that when k is a number field and Q is an irreducible
polynomial over k[t], there are infinitely many specializations t = t0 for t0 ∈ k for
which the associated polynomial Q0 is irreducible over k. This is equivalent to the
assertion that, given any nonconstant mapping of curves f : C′ −→ P1 defined over
a number field k, there are infinitely many points P ∈ P1(k) for which the fiber
f−1(P ) is irreducible over k. Indeed, a rational point P ∈ P1(k) gives rise to a
specialization t0 of t, and irreducible factors of the specialized polynomial Q0 have
a natural correspondence with points in the fiber f−1(P ). In this paper, we explore
generalizations of this theorem to points of higher degree on curves of arbitrary
genus; that is to say, we replace P1 with a curve C of arbitrary genus and replace
the points in P1(k) with points of bounded degree in C(k̄). To state our results
we’ll need a few quick definitions.
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Definition 0.1. For a curve C, a positive integer d, and a finite extension k′ of k,
we define

ΓC,d(k′) = {P ∈ C(k̄) | [k′(P ) : k′] ≤ d}.

Definition 0.2. Given a nonconstant map of curves f : C′ −→ C, we say that
statement H(f, d) holds if for some finite extension k′ of k there are infinitely many
P ∈ ΓC,d(k′) for which f−1

k′ (P ) is irreducible (over k′).

We are able to show the following.

Theorem 2.5. Let f : C −→ E be a nonconstant map of degree greater than 1
from a curve C to an elliptic curve E. Then statement H(f, 1) holds.

A theorem of Abramovich and Harris ([A-H]) allows us to extend the theorem
above to an analogous irreducibility result for points of degree 3 or less. On the
other hand, there are counterexamples to such an irreducibility theorem in the case
of points of degree 4 and higher. These examples are the same examples constructed
by Debarre and Fahlaoui ([D-F]) as counterexamples to a conjecture of Abramovich
and Harris ([A-H]), though a bit more work is needed to show that they have the
properties desired here.

Theorem 3.3. If d ≥ 4, then there exists a cover of curves f : C′ −→ C defined
over a number field k, such that ΓC,d(k) is infinite but H(f, d) does not hold.

The classical Hilbert irreducibility theorem can be derived from Siegel’s theorem
on integral points, which states that on any affine curve over a number field with
more than two points at infinity, there are only finitely many integral points (for a
proof along these lines, see [L 1, 9.1]). Siegel’s theorem can itself be derived from
Roth’s theorem (for an outline of this, see [Bo, Section 2]) though historically it
was proven before Roth’s theorem, and was in fact derived from a weaker version
of Roth’s theorem. Roth’s theorem states that for any algebraic number α and any
ε > 0, there exist only finitely many rational numbers x/y (x, y ∈ Z) with∣∣∣∣xy − α

∣∣∣∣ ≤ 1

|y|2+ε .

The theorem of Roth is sharp, in the sense that for any real irrational algebraic
number α, there are infinitely many rational numbers x/y (x, y ∈ Z) such that∣∣∣∣xy − α

∣∣∣∣ < 1
|y|2

.

The existence of such “best possible approximations to α” was demonstrated by
Dirichlet, via a simple application of the box principle (see [Sch, Theorem 1A], for
example). Given a map f : C −→ P1 and an α not in the ramification locus of
f , these best possible approximations to α give rise to rational points P on P1 for
which f−1(P ) is irreducible, as we shall see in Corollary 4.2 and Remark 4.3.

Vojta’s inequality is a vast generalization of Roth’s inequality. Vojta’s inequality
states that if C is a curve over a number field k, then for all points P ∈ C(k̄)\Supp D
with [k(P ) : k] ≤ d, the inequality

mS(D,P ) ≤ da(P )− hK(P ) + εhA(P ) +O(1)

holds, where D is any effective, k-rational divisor without multiple components,
A is some ample divisor class on C, hK is the canonical height, and mS(D,P )
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is defined as the intersection
∑
v∈S

(HP ,HD)v
[k(P ):k] of HP and HD, the horizontal divisors

corresponding to P and D on X . We will define all of these terms in Section 4.
For the time being, let us merely note that the term mS(D,P ) is analogous to the
term

∣∣∣xy − α∣∣∣ in Roth’s theorem, that da(P ) ≤ O(1) for rational points P , and that

−hK(P ) + εhA(P ) is approximately equal to − log(1/y2+ε) when P corresponds
to a rational number x/y. As with the Dirichlet approximations, infinite families
of points P for which Vojta’s conjecture is sharp yield infinitely many irreducible
fibers f−1(P ) when f : C′ −→ C is a map of curves that doesn’t ramify along D.

It seems natural to ask whether Vojta’s inequality is sharp in the same sense
that Roth’s theorem is. More specifically, we might say that Vojta’s inequality is
sharp for points of degree d or less if there exist a divisor D and an infinite set P
of points P ∈ ΓC,d(k) such that

mS(D,P ) + hKC (P ) ≥ da(P )− εh(P ) +Oε(1),

for any ε > 0. In many cases, Vojta’s inequality is sharp in this sense. The Dirichlet
approximations described above show this for points of degree 1 on P1; other such
examples are presented in [S-T 1]). It turns out, however, that having a set ΓC,d(k)
of infinite cardinality does not guarantee that Vojta’s inequality is sharp for points
of degree d or less on C. Indeed we show that some of the curves C constructed in
[D-F] have the following property.

Theorem 4.7. Let D be a rationally defined divisor on C and choose ε > 0. Then
for all P ∈ ΓC,d(k), the following holds:

mS(D,P ) + hKC (P ) ≤ da(P )− (d− 1− ε)h(P ) +O(1).

Acknowledgments. I would like to thank M. Fried, A. Granville, H. W. Lenstra,
Jr., D. McKinnon, X. Song, and M. Zieve for many helpful conversations. Special
thanks are due O. Debarre, who generously provided an appendix expanding upon
the results of [D-F]. Finally, it is my pleasure to thank Paul Vojta, without whose
help this paper would not have been possible.

1. Definitions and Notation

Throughout this paper, C, C′, and C̃ will be projective, irreducible, smooth
curves over a number field k. We will study nonconstant maps f : C′ −→ C. For a
finite extension k′ of k, we denote the resulting map of k′-schemes as fk′ . Given a
point P ∈ C(k̄), we will say that the scheme-theoretic fiber f−1

k′ (P ) is irreducible if
it is irreducible over k′. This is the same thing as saying that f−1

k′ (P ) consists of a
single orbit of points in Ck′(k̄) under the Galois action of Gal(k̄′/k).

Recall that C(k̄) is by definition the set of maps from Spec k̄ to C. The image Q
of such a map is a scheme that is irreducible over k and which splits into [k(Q) : k]
points when the base is extended from k to k̄. Each element of C(k̄) gives rise to
a place of k(C), in the language of function fields.

We will say that f : C′ −→ C is a Galois cover if k(C′) is a Galois field extension
of k(C). We will say that f is geometrically Galois if there exists a finite extension
k′ of k for which k′(C′) is Galois over k′(C).

The d-th symmetric product of a curve will be denoted as C(d). For a map
f : C′ −→ C, the push-forward map f∗ on divisors is the map f∗(

∑
nipi) = nif(Pi).

Note that this map preserves linear equivalence (see [Fu, 1.4]).
We will use Definitions 0.2 and 0.1 from the introduction throughout this paper.
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2. Some Irreducibility Theorems

We begin with a simple but useful lemma.

Lemma 2.1. Suppose f : C′ −→ C is a Galois cover of C of degree greater than
1. Let P be a point in C(k̄) for which f−1(P ) is reducible. Then there exists a
subcover fM : C′M −→ C of f of degree greater than 1, corresponding to a proper
subgroup M of Gal(k(C′)/k(C)), such that f−1(P ) contains a point P ′ ∈ C′M (k̄)
for which k(P ′) = k(P ).

Proof. If f−1(P ) is not irreducible, then every point Q in it has a decomposition
group M that is strictly smaller than Gal(k(C′)/k(C)). It follows that the image
P ′ of Q in the curve C′M corresponding to the fixed field of M in k(C′) has the
same field of definition as P (see [L 3, Proposition 7.2.4]). Of course, this means
that k(P ′) = k(P ), as desired.

Proposition 2.2. Let [m] : E −→ E be multiplication by m on an elliptic curve
E defined over a number field k. Then H([m], 1) holds.

Proof. We begin by observing that it will suffice to show that there is a finite
extension k′ of k such that there is at least one nontorsion P ∈ E(k′) for which
[m]−1

k′ (P ) is irreducible. To see that this is indeed sufficient, one begins by noting
that for P ∈ E(k′), the fiber [m]−1

k′ (P ) is irreducible if and only if there exists Q ∈
E(k̄) such that [m]Q = P and [k′(Q) : k′] = m2. Now, if P ∈ E(k′) is nontorsion
and possesses such a point Q, then for any r ∈ Z+, the point Qr := [r]P +Q is an
m-division point of [rm+ 1]P and k′(Qr) = k′(Q).

We take a map π : E −→ P1 and consider the composition g = [m]π. By the
Hilbert irreducibility theorem ([L 1, Chapter 9]) for P1, there are infinitely many
Q ∈ P1(k) for which g−1(Q) is irreducible over k. For such Q, let P denote the
single point of degree deg π in the fiber π−1(Q). Now, finitely many such P can be
torsion points. Otherwise, there would be torsion points in E(k̄) of arbitrarily high
order and fixed degree, which is impossible by the uniform boundedness theorem
of [Mer]. If we extend the base to k(P ), it is clear by counting degrees of field
extensions that [m]−1

k(P )(P ) is irreducible over k(P ), and we are finished with our
proof.

Corollary 2.3. Let fi : Ei −→ E be a finite collection of isogenies with degrees
greater than 1 from elliptic curves Ei to a fixed elliptic curve E, all of which are
defined over a number field k. Then there exists a finite extension k′ of k such that
there are infinitely many P ∈ C(k′) for which f−1

i,k′ (P ) is irreducible for every fi.

Proof. Each fi is dominated by a multiplication map [mi] : E −→ E ([Mum, p.
169]). That is to say, there exist a positive integer mi and maps πi : E −→ Ei
such that [mi] = fiπi. Letting m be the least common multiple of the mi, we see
that [m] : E −→ E dominates all of the fi. Clearly, if [m]−1

k′ (P ) is irreducible for
P ∈ C(k′), then f−1

i,k′(P ) is irreducible for each fi.

Remark 2.4. It is not true that for any isogeny between elliptic curves f : E′ −→ E
over a number field k, there exist infinitely many points P ∈ E(k) such that f−1(P )
is irreducible over k. Of course, we have trivial examples when E(k) is finite, but
there are also examples of curves E for which E(k) is infinite but for which there
exists an isogeny f : E′ −→ E such that f maps E′(k) surjectively onto E(k). It



IRREDUCIBILITY AND BRILL-NOETHER LOCI 3015

is not hard to see, in fact, that if we have an isogeny f : E′ −→ E of degree p, for
p a prime number, and if, furthermore, E(k) ∼= E′(k) ∼= Z, then, since f̂ ◦ f = [p]
(where f̂ is the dual isogeny of f), we have [E′(k) : f(E(k))] · [E(k) : f̂(E′(k))] = p,
so [E′(k) : f(E(k))] = 1 or [E(k) : f̂(E′(k))] = 1. Hence, either f or f̂ is surjective
from rational points to rational points. Examples of such isogenies with p equal to
11, 5, and 3 are given in the isogeny classes 121B, 175B, and 225A, respectively,
of the table in [Cr]. Thus, we see that it is necessary that we allow ourselves to
enlarge k.

Theorem 2.5. Let f : C −→ E be a nonconstant map of degree greater than 1
from a curve C to an elliptic curve E. Then statement H(f, 1) holds.

Proof. It will suffice to show that H(g, 1) holds for the map g : C′ −→ E from the
geometric Galois closure of C over E. We may also extend the base so that k′(C′)
is a Galois field extension of k′(E), which enables us to apply Lemma 2.1. It will
suffice to show then that for some further finite extension k′ there are infinitely
many P ∈ E(k′) for which none of the fibers g−1

M,k′(P ), as M runs over the proper
subgroups of Gal(k′(C′)/k′(E)), contains a point in C′M (k′). Of course, when
C′M is an elliptic curve gM is an isogeny of degree greater than 1 (since M is
strictly smaller than Gal(k′(C′)/k′(E))). Hence, we may invoke Corollary 2.3 and
conclude that there is an extension k′ such that there are infinitely many P with
g−1
M,k′(P ) irreducible for all M for which C′M is elliptic. By Faltings’ theorem, all
C′M that are not elliptic contain only finitely many rational points. Hence we are
left with infinitely many P for which none of the fibers g−1

M,k′(P ) contains a point
in C′M (k′).

Corollary 2.6. Let C be a curve and let d ≤ 3 be a positive integer. Suppose that
there exists a finite extension k′ of k such that ΓC,d(k′) is infinite. Then for any
nonconstant map f : C′ −→ C of degree greater than 1 from a curve C′ to C,
statement H(f, d) holds.

Proof. By ([A-H, Theorem 2]), when d is less than or equal to 3, ΓC,d(k′) is infinite
for some finite extension k′ of k if and only if C admits a map g : C −→ E′ of
degree d or less to a curve E′ of genus 1 or less. Setting π equal to the composition
gf , it is easy to see that statement H(π, 1) holds; when the genus of E′ is 0, this
follows from the usual Hilbert irreducibility theorem, and when the genus of E′ is
1, it follows from Theorem 2.5. It is obvious that H(π, 1) implies H(f, d).

3. Counterexamples

In this section we will show that for d ≥ 4 there is a cover f : C′ −→ C for which
H(f, d) fails to hold. The curves C will be curves which admit no maps of degree
d or less to P1 but which have infinite ΓC,d(k).

Suppose we have a curve C of genus g ≥ 2 over a number field k. Let C(d)

denote the d-th symmetric product of C with itself. Points P of degree d give rise
to rational points on C(d) by associating to P the point in C(d) whose coordinates
in Cd ×k k̄ are

(P [1], ..., P [d]),
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where P [i] are the conjugates of P in C(k̄) (see [Frey] and [Si]). That this point
is in fact rational follows from the fact that the action of the symmetric group Sd
on Cd identifies all of its k̄ conjugates; hence it is fixed by Gal(k̄/k). Now, there
is a natural map from C(d) to Picd(C). The image of C(d) in Picd(C) is denoted
as Wd(C). More generally, one denotes as W r

d (C) the set of all divisor classes D
(under linear equivalence) of degree d such that h0(C,D) ≥ r + 1 (see [A-C-G-H,
Chapter 5]). When r = 0, the superscript zero is omitted. The varieties W r

d (C) are
called Brill-Noether loci.

Since Wd(C) is a family of divisor classes, we will write the image of a point
(P1, . . . , Pd) in C(d)(k̄) as (P1 + · · · + Pd). We may obtain an embedding j of
Wd(C) into the Jacobian J(C) = Pic0(C) of C by fixing a divisor B of degree d on
C and sending (P1 + · · ·+ Pd) to (P1 + · · ·+ Pd −B) ∈ J(C). After extending the
base, we may choose a divisor B defined over k so that the map j will be defined
over k.

Embedding Wd(C) into J(C) allows us to apply Faltings’ theorem for subvarieties
of abelian varieties ([Fa 1], [Fa 2]), which tells us that ΓC,d(k′) is infinite for some
finite extension k′ of k if and only if C admits a map of degree d or less to P1 or
Wd(C) contains an abelian subvariety (see [Frey]). Faltings’ theorem actually gives
a bit more information. It says that if we let Z(j(Wd(C))) be the set of all translated
abelian subvarieties of J contained in Wd(C), then Z(j(Wd(C))) contains all but
finitely many k′-valued points of j(Wd(C)) for any finite extension k′ of k. The set
Z(j(Wd(C))) is called the Kawamata locus of j(Wd(C)), and it is a closed subset of
Wd(C). ([Ka, Theorem 4]). Note that in general extending the base k may create
new k-rational translated abelian subvarieties of j(Wd(C)), but it will not increase
the size of the Kawamata locus of j(Wd(C)). Since the map j from Wd(C) into J
is an embedding, it makes sense to speak of the Kawamata locus Z(Wd(C)) rather
than Z(j(Wd(C))).

Now, let C be a curve that admits no maps of degree d or less to curves of genus
1 or less and for which Wd−1(C) contains no nontrivial abelian varieties. Since
C admits no maps of degree d or less to P1, no two divisors of degree d on C
are linear equivalent and we may identify Wd(C) with C(d). Suppose that Wd(C)
contains an elliptic curve Ei (we use the subscript i, because in our applications
there may be more than one such elliptic curve). There is a natural map q :
C × C(d−1) −→ Wd(C). This map has finite fibers, which are generically of degree
d. Let Xi denote the subscheme q−1(Ei). We see that the desingularization of any
irreducible component of Xi must admit a nonconstant map to C by projection to
the first factor of C × C(d−1). It follows that the map from this desingularization
to Ei must have degree d, since if it had degree less than d, then C would have
to contain infinitely many points of degree less than d in some extension of k. We
see then that Xi is irreducible and reduced. We denote its desingularization as Ci,
and we denote the map from Ci to C × C(d−1) as ψi. We denote the projection
from C ×C(d−1) onto the first factor as p1. Hence, the composition p1ψi, which we
denote henceforth as fi, gives us a map from Ci to C.

Identifying Ei with Pic1(Ei), the pull-back map (qψ)∗ sends Ei into Wd(Ci),
since qψi is a map of degree d. We will need the following information about the
image of (qψ)∗(Ei) under fi∗.

Lemma 3.1. With notation as above, fi∗ restricts to an isogeny of degree 1 on
(qψi)∗(Ei) ⊂Wd(Ci).
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Proof. It will suffice to show that there are infinitely many P ′ ∈ Ei(k̄) such that

fi∗(qψi)∗(P ′) = P ′.

Let us choose a finite extension k′ of k for which Ei(k′) is infinite. Since Wd−1(C)
contains no nontrivial abelian varieties and C admits no maps of degree d or less to
P1, all but finitely many of the P ′ ∈ Ei(k′) correspond to points of degree d over k′.
This allows us to write P ′ as (P [1], . . . , P [d]) for P [1], . . . , P [d] the k̄ conjugates of
a point P of degree d over k′. Similarly, (qψi)∗P ′ ∈ Wd(Ci) corresponds to a point
Q ∈ Ci(k̄) of degree d over k′ and can be written as (Q[1], . . . , Q[d]) for Q[1], . . . , Q[d]

the k̄ conjugates of a point Q of degree d over k′. It is clear, then, that fi(Q) = P .
This implies that fi∗(qψi)∗(P ′) = P ′. Since there are infinitely many such P ′, we
are done.

Now, let C be a curve which admits no maps of degree d or less to curves of
genus 1 or less. Suppose that Wd(C) contains a finite collection of elliptic curves
Ei, each of which is an irreducible component of the Kawamata locus of Wd(C),
and no other nontrivial abelian varieties. Suppose also that Wd−1(C) contains no
nontrivial abelian varieties. Let us extend the base k for C so that it contains the
fields of definition of all the Ei (this only involves taking a finite extension, since
there are at most finitely many Ei). Since C does not admit a map of degree d or
less to any Ei, no Ci can be isomorphic to C and the maps fi must all have degree
greater than 1. The fi induce inclusions k(C) ⊂ k(Ci). Let L be the Galois closure
over k(C) of the compositum of all the fields k(Ci) in some algebraic closure of
k(C). Let us enlarge k so that it contains the field of constants of L, let C̃ be the
curve corresponding to the function field L and let f : C̃ −→ C be the map from
C̃ to C coming from the inclusion of k(C) in L.

Proposition 3.2. With f , C, and C̃ as above, statement H(f, d) does not hold.

Proof. Let k′ be any finite extension of k. All but finitely many of the points in
Wd(C)(k′) lie in Ei for some i. Now, let P ′ be a point in Ei(k′) that corresponds to
a point of degree d on C. Then P ′ is equal to f∗(Q′) for a point Q′ ∈ (qψi)∗(Ei). Let
Q be the point of degree d over k′ in Ci(k̄) corresponding to Q′. Then fi(Q) = P ,
which implies that f−1

i (P ) is not irreducible, since the degree of fi is greater than
1. Now, f : C̃ −→ C factors as

C̃
gi−→ Ci

fi−→ C,

for the natural map gi : C̃ −→ Ci, so this means that f−1(P ) cannot be irreducible.
We see then that all but finitely many P ∈ ΓC,d(k′) have reducible fibers f−1(P ).

We now show that for every d ≥ 4, there exists a curve C that admits no maps of
degree d or less to curves of genus 1 or less and such that Wd(C) contains an elliptic
curve and no abelian varieties of dimension greater than or equal 2. These curves
are described in [D-F] as a family of counterexamples to a conjecture of [A-H]. We
briefly summarize the construction of [D-F] as follows. For more details, see the
appendix of this paper.

Let E be an elliptic curve. Let E(2) be the symmetric product of E with itself.
We have a quotient map q : E × E −→ E(2), a projection onto the first factor
p : E × E −→ E, and a summation map s : E(2) −→ E. Let x be any rational
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point on E and let (0) be the zero element in the additive structure on E(k). We
define the divisor H on E(2) as q∗p∗(0) and the divisor Fx on E(2) to be s∗(x).
The linear system |(d+ 1)H−Fx| contains a family of irreducible divisors. General
members of this family are smooth curves C ([D-F, Prop. 4.2]) that admit no
maps of degree d or less to curves of genus 1 or less (Prop. 5.7 and Prop. 5.14,
ibid.) and for which Wd(C) contains no abelian varieties of dimension greater than
1 (see the proof of Prop. 5.12, ibid.). Let us pick one of these C. It is clear that
Wd(C) contains infinitely many rational points over a suitable extension k′ of k,
since s−1(C) admits a map of degree d to E via the projection p. In [D-F], Debarre
and Fahlaoui do not make any assertions about the Kawamata locus of Wd(C).
Debarre proves the following assertion, however, in the appendix to this paper.

Theorem A (Debarre, in appendix). If C is the curve constructed above and d ≥
4, then the Kawamata locus of Wd(C) is 1-dimensional.

The following is then an immediate consequence of the discussion above.

Theorem 3.3. If d ≥ 4, then there exists a cover of curves f : C′ −→ C, defined
over a number field k, such that ΓC,d(k) is infinite but H(f, d) does not hold.

4. Connections to Vojta’s inequality

We would like now to relate the question of Hilbert irreducibility theorems for
points of higher degree to an inequality from [V 2], which we refer to as Vojta’s
inequality as in [S-T 1] and [S-T 2]. Vojta’s inequality may be viewed as a vast
generalization of Roth’s theorem, one which encompasses Faltings’ theorem for
curves. To state Vojta’s inequality precisely we will need to introduce a bit of
notation. Let C be a curve over a number field k. After taking a finite base
extension of k, the curve C has a regular model X over the ring of integers R of k
([Ar]). At the infinite places σ of k (which correspond to embeddings σ : k ↪→ C),
we may endow C ×σ C with an admissible Arakelov volume form (see [L 2, 4.3]).
This allows us to find local and global arithmetic intersections of arithmetic divisors
on X as in [V 2].

An algebraic point P ∈ C(k) gives rise to a horizontal divisor HP on X (by
taking the closure of the support of P in C). We define the canonical height hK of
a point P ∈ C(k) to be

hK(P ) :=
(HP .ωX/B)
[k(P ) : k]

,

where ωX/B is the canonical sheaf for X over B = Spec R, metrized with the
canonical Arakelov metric (see [L 2, 4.3 and 4.5]). Note that hK is a Weil height
for the canonical sheaf K of C. The arithmetic discriminant da(P ) is then defined
as

da(P ) :=
(HP .(ωX/B +HP ))

[k(P ) : k]
.

This definition closely resembles the definition of the arithmetic genus of a curve
on a geometric surface.

In [V 2], Vojta proves that for any curve C over a number field k, for all points
P ∈ C(k̄) \ Supp D with [k(P ) : k] ≤ d, the inequality (which we will call Vojta’s
inequality)

mS(D,P ) + hK(P ) ≤ da(P ) + εhA(P ) +O(1)(4.0.1)
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holds, where D is any effective, k-rational divisor without multiple components,
A is some ample divisor class on C, hK is the canonical height, S is a finite set
of places of K, and mS(D,P ) is the intersection

∑
v∈S

(HP ,HD)v
[k(P ):k] of HP and HD,

the horizontal divisors corresponding to P and D on X . It is convenient to work
with a fixed divisor of degree 1 rather than a general ample divisor A, so we set
F := KC/(2g(C)−2) (unless g(C) = 1, in which case we just fix a rationally-defined
divisor of degree 1). Also, set

h(P ) := hF (P ).

When P /∈ Supp D, the arithmetic intersection (HP , HD)v can be written in
terms of Weil functions (see [L 1, Chapter 10] for a thorough treatment of these)

λD,v as
degP∑
i=1

λD,v(P [i]), where P [i], i = 1, . . . ,degP , are the conjugates of P . Hence,

mS(D,−) will have many of the same properties as a Weil function λD. For
example, if f : C′ −→ C is a morphism of curves for which f(P ′) = P , then
mS(D,P ) = mS(f∗D,P ′). Also, mS(D,P ) is bounded from below for all P when
D is effective (as is the case with Weil functions). In fact, when D is effective,
the contribution to mS(D,P ) from the finite places of S can never be negative,
since this contribution comes from intersection numbers of effective divisors on X .
The relationship between mS(D,P ) and hD(P ) is that hD(P ) is like a sum of
Weil functions for D over all the places of k, whereas mS(D,P ) is a sum of Weil
functions over a finite set of places S. It is easy to see that when D is effective,
hD(P )−mS(D,P ) ≥ O(1), a fact that we will often use.

As noted in the introduction, it is natural to ask whether or not Vojta’s inequality
is sharp in the same sense that Roth’s theorem is sharp. We would also like to show
that when one has points for which Vojta’s inequality is sharp (for more on related
questions see [S-T 1] and [S-T 2]), one has a very good idea of what the fibers over
these points look like. We make this precise below.

Proposition 4.1. Let C be a curve defined over a number field k and let D be
a divisor of C without multiple components. Suppose that P is a set of points of
degree d in C(k̄) \ Supp D and that for any ε > 0 the P in P satisfy

mS(D,P ) + hKC (P ) ≥ da(P )− εh(P ) +Oε(1),(4.1.1)

where S, mS, da and hKC are defined as in (4.0.1) Then for any nonconstant map
of curves f : C′ −→ C that ramifies over at least one point not in the support
of D, there are at most finitely many P ∈ P such that f−1(P ) contains a point
P ′ ∈ C′(k̄) with k(P ′) = k(P ).

Proof. We begin by setting

D′ =
∑

Q∈ Supp f∗D

Q.

We also let R denote the ramification divisor of f and decompose R as R1 + R2,
where Supp R1 ⊂ Supp D′, and Supp R2 is disjoint from Supp D′. We will assume
that Supp R2 is nonempty and deduce from this the desired finiteness result.

Suppose that P ′ ∈ C′(k̄) has the properties that f(P ′) = P ∈ P and k(P ′) =
k(P ). Note that it is easy to see that f∗D −D′ is equal to R1, using the formula
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for a ramification divisor in terms of ramification indices. From this we obtain
mS(D,P )−mS(D′, P ′) ≤ mS(R1, P

′) +O(1)

≤ hR1(P ′) +O(1).

Since KC′ = f∗KC +R1 +R2, this implies that

hKC′ (P
′) +mS(D′, P ′) ≥ hKC (P ) +mS(D,P ) + hR2(P ′) +O(1).(4.1.2)

Now, we choose ε > 0 in (4.1.1) small enough that

hR2(P ′) > ε(h(P ) + h(P ′)) +O(1);

this can be done because degR2 is greater than 0 and

h(P ) ≤ (deg f)h(P ′) +O(1).

Then, since, da(P ) ≥ da(P ′) ([V 1, 3.4(e)]), we may combine inequalities (4.1.1)
and (4.1.2) to obtain

hKC′ (P
′) +mS(D′, P ′) ≥ da(P )− εh(P ) + hR2(P ) +Oε(1)

> da(P ′) + εh(P ′) +Oε(1)

By Vojta’s inequality and Northcott’s theorem, this can hold for only finitely many
P ′.

The following corollary is a simple consequence of the above.

Corollary 4.2. Let C, D, S, and P be as in Proposition 4.1. Let f : C′ −→ C be
a cover of curves. Suppose that every cover gM : CM −→ C in the Galois closure
of C′ over C ramifies outside of D. Then there are only finitely many P ∈ P such
that f−1(P ) is reducible.

Proof. We note that extending the field of definition of C can only reduce the
degrees of the points in P , so they continue to have bounded degree after taking a
base extension. Thus, extending the base to include any extensions of the constant
field that arise in forming the Galois closure of k(C′) over k(C) does not change
anything. Hence, we may invoke Lemma 2.1 and apply Proposition 4.1, which
proves our assertion.

Remark 4.3. When C is P1 and and S, D, and P are as above, the above Corollary
4.2 implies that any map f : C′ −→ P1 that doesn’t ramify along D has the
property that f−1(P ) is irreducible for all but finitely many P ∈ P . Thus, given a
cover f : C −→ P1, we can choose a real, algebraic, irrational number α not in the
ramification locus of f , set D equal to the divisor given by α, and take the Dirichlet
approximations to α to obtain a set P for which Corollary 4.2 applies. Note that
in the case degD = 2, all of this can also be deduced easily from Siegel’s theorem
for integral points, since in this case the P will be integral with respect to D.

In light of Proposition 4.1, the curves C from [D-F] discussed in the previous
section would appear likely to be examples of curves with infinite ΓC,d(k) for which
Vojta’s inequality is not sharp for points of degree d or less; the question of whether
or not such curves exist was raised in [S-T 1]. We will now show that if we impose
one more condition on these C we will in fact obtain curves C for which ΓC,d(k) is
infinite but for which Vojta’s inequality is not sharp for points of degree d or less.
This condition will ensure that at least one of the covers fi : Ci −→ C corresponding
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to an elliptic curve Ei in Z(Wd(C)) is not étale. This will be sufficient for our
purposes, as we shall see.

It is not hard to show that since |(d + 1)H − Fx| is very ample ([D-F, Prop.
4.2]), a general curve C ∈ |(d+1)H−Fx| must intersect q(∆), where ∆ = {(x, x) ∈
E2} and q is the symmetrization map q : E2 −→ E(2), transversally. Indeed,
|(d + 1)H − Fx| restricts to a very ample divisor on q(∆), so the intersections
q(∆)∩C are hyperplane sections. These intersections are transversal whenever the
corresponding hyperplane sections are reduced, so by Bertini’s theorem ([Ha, Thm.
2.8.18]) a general element C of |(d+ 1)H − Fx| intersects q(∆) transversally.

In what follows C is an irreducible curve in |(d+1)H−Fx| such that C intersects
q(∆) transversally. Recall that C admits no maps of degree d or less to an elliptic
curve or to P1, and that the Kawamata locus ofWd(C) has dimension 1, by Theorem
A of the appendix.

The inverse image of C under the symmetrization map q is some divisor X in
E2 and, since projection induces a degree d map from X onto E, we see that X
must in fact be irreducible. Hence, its desingularization C̃ admits a degree 2 map
f : C̃ −→ C obtained by composing the normalization map C̃ −→ X with the
symmetrization map q : E2 −→ E(2). We have the following lemma.

Lemma 4.4. The ramification divisor Rf of the map defined above has degree
2(d− 1).

Proof. We need to show that f ramifies over exactly 2(d− 1) points. We begin by
showing that C ·q(∆) = 2(d−1). We first note that ∆·Fx = 4, since ∆∩Fx consists
of the 2-division points of x. Next, we see that ∆ ·H = 2, since q∗H = 0×C+C×0
(as 1-cycle) and by the projection formula

q∗∆ ·H = ∆ · (0× C + C × 0) = 2.

Therefore, C · q(∆) = 2(d+ 1)− 4 = 2(d− 1).
Now, q is 2-to-1 away from ∆, so the only possible ramification points of f are

in X ∩ ∆. We see that X must intersect ∆ transversally because C intersects
q(∆) in 2(d− 1) distinct points, so ∆ must intersect X in at least 2(d− 1) points.
Since ∆ · X = 2(d − 1), this means that each intersection point has multiplicity
one and is nonsingular in X . It follows that the normalization map C̃ −→ X is an
isomorphism along X ∩ ∆ and that f ramifies at exactly 2(d − 1) points. Thus,
degRf = 2(d− 1), as desired.

Now, we can give a lower bound for the arithmetic discriminant of points P ∈
ΓC,d(k) that come from points of degree d on C̃. We prove this lower bound below.

Lemma 4.5. Let ε > 0. All points P ∈ ΓC,d(k) for which there exist P ′ ∈ C̃(k̄)
such that f(P ′) = P and k(P ′) = k(P ) must satisfy

da(P ) ≥ hKC (P ) + (d− 1− ε)h(P ) +O(1).(4.5.1)

Proof. First, we observe that da(P ) ≥ da(P ′), since f(P ′) = P and k(P ′) = k(P )
([V 1, 3.4 (e)]). Applying Vojta’s inequality and using the fact that mS(D,P ′) is
bounded from below for all P ′, we obtain

da(P ) ≥ da(P ′) ≥ hKC̃ (P ′)− (ε/2)h(P ′) + O(1).
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Thus, via Riemann-Hurwitz, we obtain

da(P ) ≥ hKC̃ (P ′)− (ε/2)h(P ′) +O(1)

≥ hf∗KC (P ′) + hRf (P ′)− (ε/2)h(P ′) +O(1)

≥ hKC (P ) + hRf (P ′)− (ε/2)h(P ′) +O(1).

It will suffice, then, to show that

hRf (P ′) ≥ (d− 1− ε/2)h(P ) +O(1).

We will use the fact that the algebraic equivalence class of a divisor on a curve
is determined by the degree of the divisor as well as the fact that algebraically
equivalent divisors give rise to quasi-equivalent height functions (see [L 1, Prop.
4.3.3]). These facts imply that

hRf (P ′) ≥ (2(d− 1)− ε/4)h(P ′) +O(1),(4.5.2)

since h(P ′) is the height of P ′ with respect to a divisor of degree 1. The divisor F ,
with which h(P ) = hF (P ) is defined on C, has degree 1 on C and therefore pulls
back to a divisor of degree 2 on C̃, so we obtain

h(P ′) ≥ h(P )/2− (ε/(8(d− 1)))h(P ) +O(1).(4.5.3)

Combining (4.5.3) with (4.5.2), we obtain

hRf (P ′) ≥ ((2(d− 1)− ε/4)(1/2− ε/(8(d− 1)))h(P ) + O(1)

≥ (d− 1− ε/8− ε/4)h(P ) +O(1)

≥ (d− 1− ε/2)h(P ) + O(1),

as desired.

We now wish to show that the contribution of mS(D,P ) to the left hand side of
Vojta’s inequality is negligible.

Lemma 4.6. Fix a rationally defined divisor D on C and any ε > 0. Then the
inequality

mS(D,P ) ≤ εh(P ) +O(1)(4.6.1)

holds for all points P ∈ ΓC,d(k) \ Supp D.

Proof. Recall (from the previous section) that there is a finite collection of maps
fi : Ci −→ C such that for all but finitely many P ∈ ΓC,d(k) there exist a point P ′

on some Ci and a map ψi : Ci −→ Ei to an elliptic curve Ei such that fi(P ) = P ′

and ψi(P ′) ∈ Ei(k). Thus, it suffices to fix a Ci and show that (4.6.1) holds for
all P for which there is a P ′ ∈ Ci such that fi(P ′) = P and ψi(P ′) ∈ Ei(k). We
will use the fact that Vojta’s inequality takes a particularly strong from on Ei since
KEi is trivial. We are able to pull information from Ei back to Ci and then push
this information forward to C, in effect.

We begin by observing that, as noted earlier,

mS(D,P ) = mS(f∗i D,P
′) +O(1).

As we saw in Lemma 4.5, for any δ > 0, we have h(P ′) < (2 + δ)h(P ) + O(1), so
we need only show that

mS(f∗i D,P
′) ≤ εh(P ′) +O(1)(4.6.2)
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holds for any ε > 0. Now, if we denote the divisor corresponding to ψi(Supp f∗i D)
as D′, we see that (deg fi)(ψ∗iD

′) − f∗i D is effective, because the multiplicity of
any component of f∗i D is at most deg fi. Since KEi is trivial and da(ψi(P ′)) = 0,
Vojta’s inequality implies that

mS(D′, ψi(P ′)) ≤ δ′h(ψi(P ′)) +O(1)

for any δ′ > 0. This yields

mS(f∗i D,P
′) ≤ (deg fi)mS(D′, ψi(P ′)) +O(1)

≤ (deg fi)δ′h(ψi(P ′)) +O(1).

For any δ′′ > 0, we have

h(ψi(P ′)) ≤ (degψi + δ′′)h(P ′) +O(1),

so choosing δ′ and δ′′ such that

(deg fi)δ′(degψi + δ′′) < ε

gives us

mS(f∗i D,P
′) ≤ (deg fi)δ′(degψi + δ′′)h(P ′)O(1)

≤ εh(P ′) +O(1),

as desired.

Finally, we are able to show that Vojta’s inequality is not sharp for points of
degree d on C, although ΓC,d(k) may be infinite.

Theorem 4.7. Let D be a rationally defined divisor on C and choose ε > 0. Then
for all P ∈ ΓC,d(k) \ Supp D, the following holds:

mS(D,P ) + hKC (P ) ≤ da(P )− (d− 1− ε)h(P ) +O(1).

Proof. By Theorem A, part a), of the appendix, Wd−1(C) contains no nontrivial
abelian varieties. Thus, C has finitely many points of degree d − 1 or less, and all
but finitely many P ∈ ΓC,d(k) have degree equal to exactly d. Therefore, we may
restrict to P with [k(P ) : k] = d. By Lemma 4.6, this reduces to showing that

da(P ) ≥ hKC (P ) + (d− 1 + ε)h(P ) +O(1)

for all P ∈ ΓC,d(k′). We can calculate da(P ) by using the formula from [S-T 2]
below:

da(P ) = hK(P ) + 2dh(P )− (2/d)hj∗Θ((P [1] + · · ·+ P [d])) +O(1),(4.7.1)

where P [i], i = 1, . . . , d, are the conjugates of P and Θ is a certain choice of
Θ-divisor on J(C) (different Θ-divisors are algebraically equivalent, so a different
choice would only effect our calculations up to an arbitrarily small δ > 0). Thus,
it will suffice to show that

(2/d)hj∗Θ((P [1] + · · ·+ P [d])) ≤ (d+ 1 + ε)h(P ).(4.7.2)

As in Lemma 4.6, we will use the fact that since the Kawamata locus of Wd(C)
is 1-dimensional, there exists a finite collection of elliptic curves Ei ⊂ Wd(C) such
that Wd(C)(k) \

⋃
i

Ei(k) is finite. Let q, Xi, Ci, ψ, p1, and fi be as in the previous

section. It will be easier to work along a fixed Ei, as degree determines algebraic
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equivalence class along curves. We see that for (P [1], . . . , P [d]) ∈ Xi(k), we have
p1((P [1], . . . , P [d])) = P , so that

h(P ) = hp∗1F ((P [1], . . . , P [d])) +O(1),

where F is the divisor of degree 1 with which we define h(P ). Thus, if Q ∈ Ci(k̄) is
mapped to (P [1], . . . , P [d]) by ψi, then h(P ) = hf∗i F (Q) +O(1). Clearly, deg f∗i F =
deg fi, and it is easy to see that deg(jqψi)∗Θ = d(j∗Θ · Ei). Hence, we have

hj∗Θ((P [1] + · · ·+ P [d])) = h(jqψi))∗Θ(Q) +O(1)

≤ d(j∗Θ ·Ei)
deg fi

h(P ) + (ε/2)h(P ) +O(1).

So now, using (4.7.2), we need only show that

2
d

d(j∗Θ ·Ei)
deg fi

h(P ) ≤ (d+ 1 + ε/2)h(P ) +O(1).

Noting that deg fi ≥ 2, this reduces to showing that j∗Θ ·Ei ≤ d+1. Furthermore,
since all the Ei are translates of each other (as shown in the proof of [D-F, Prop.
5.14]), it will suffice to show this for a single Ei, as we have

j∗Θ · Ei = Θ · j(Ei) = Θ · j(E`) = j∗Θ · E`
for any Ei and E`. We can derive information for one of the Ei using Lemma 4.5.
One of the Ei consists of points coming from the image of points of degree d on the
curve C̃ constructed in Lemma 4.5 under the map f : C̃ −→ C constructed earlier.
For such points P , equation (4.5.1) gives a lower bound on da(P ) and (4.7.1) then
implies that

(2/d)hj∗Θ((P [1] + · · ·+ P [d])) ≤ (d+ 1 + δ)h(P ) + O(1)

for any δ > 0. Working with degrees on C̃ (and noting that that the map fi in this
case is just f , which we know has degree 2), we see that

2
d

d(j∗Θ ·Ei)
2

h(P ) ≤ (d+ 1 + δ)h(P ) +O(1)

for any δ > 0. Choosing δ small and letting h(P ) go to infinity (which we may, by
Northcott’s theorem, since if there are finitely many P ∈ Ei(k) then the assertion
of the theorem is trivial), we see that Ei · j∗Θ ≤ (d+ 1), as desired.

Remark 4.8. Since Theorem 4.7 holds regardless of how large k is, Vojta’s inequality
is not sharp for points of degree d or less on C in the sense of [S-T 1].

Although Vojta’s inequality is not necessarily sharp, there is an easily proved
upper bound on the arithmetic discriminant, namely

da(P ) ≤ hK(P ) + 2[k(P ) : k]h(P ) +O(1).

In [S-T 2], this bound is used to prove the following.

Proposition 4.9 ([S-T 2, Prop. 2.4]). Let C and C′ be curves defined over a num-
ber field k, let d be a positive integer, and let f : C′ −→ C be a nonconstant
morphism. Assume that

g(C′)− 1 > (d+ g(C)− 1) deg f.(4.9.1)
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Then the set

{P ∈ C′(k̄) | [k(P ) : k] = d and k(f(P )) = k(P )}(4.9.2)

is finite.

The proof is similar to that of 4.1. Proposition 4.9 combined with Lemma 2.1
immediately yields the theorem below.

Theorem 4.10. Let f : C̃ −→ C be a Galois cover of curves defined over a number
field k. Suppose that there are infinitely many P ∈ ΓC,d(k′) such that f−1(P ) is
reducible. Then there exists a subcover φ : C′ −→ C of f such that the ramification
divisor Rφ satisfies

degRφ ≤ 2d(deg f).

.

Proof. By Lemma 2.1, there exists a subcover φ : C′ −→ C of f such that there
are infinitely many P ∈ ΓC,d(k′) for which there are P ′ ∈ C′(k̄) with f(P ′) = f(P )
and k(P ′) = k(P ). By Proposition 4.9, and Riemann-Hurwitz, we see that

degRφ = 2g(C′)− 2− (deg f)(2g(C)− 2) ≤ 2d(deg f),

as desired.

Appendix (By Olivier Debarre)

The aim of this appendix is to complement a construction from [D-F] (and to
correct an error in the proof of Prop. 5.7 of this article). The setup is the following:
let E be a complex elliptic curve and let S be its second symmetric product, with
s : S → E the sum map. To avoid confusion between addition of divisors and
addition of points on E, we write (x) for the divisor associated with a point x of E.
We define two divisors on S by setting F = s−1(o) and H = {(o) + (x) | x ∈ E}.
For any divisor D on S and any x ∈ E, we set Dx = D+ s∗((x)− (o)). We denote
by ∼ numerical equivalence for divisors.

Fix an integer d ≥ 4 and a point x0 on E, and set L = OS((d + 1)H − Fx0). A
general curve C in |L| is smooth of genus

(
d
2

)
+ 1 ([D-F]).

1. On the Kawamata locus of Wd(C)

Our aim is to prove that the Kawamata locus of Wd(C), i.e., the union of all
(translated) non-zero abelian varieties in Wd(C), is 1-dimensional. We will analyze
pencils of low degree on C, using as in [D-F] the following result of Reider ([R]).

Theorem (I. Reider). Let L be a nef line bundle on a smooth projective surface
S and let C be a smooth curve in |L|. Let A be a base-point-free g1

δ on C such that
δ < L2/4. There exists a divisor D on S such that:

a) h0(S,D) ≥ 2;
b) h0(C,D −A) > 0;
c) C ·D < 2δ;
d) (C −D) ·D ≤ δ.

For any divisor D on S, we denote by D its restriction to C.



3026 THOMAS J. TUCKER AND OLIVIER DEBARRE

Corollary. Let A be a base-point-free g1
δ on C with δ ≤ 2d and δ ≤ 3d− 10. One

of the following possibilities occurs:
a) there exist x ∈ E and an effective divisor B on C such that A + B ≡ 2Hx,

and δ ≥ 2d− 4 ;
b) there exist x ∈ E and an effective divisor B on C such that A+B ≡ 3Hx−F ,

and δ ≥ 2d− 4 ;
c) one has A = 4H − 2F and δ = 2d− 2.

Proof. A case-by-case inspection shows that the divisor D in Reider’s theorem
satisfies one of the following: D ∼ 2H and δ ≥ 2d− 4, D ∼ 3H−F and δ ≥ 2d− 4,
or D ≡ 4H − 2F and δ ≥ 2d − 2. In the first (resp. second) (resp. last) case,
|D| induces a base-point-free g2

2d (resp. a g1
2d−1 with at most 3 distinct base points

by [D-F], Prop. 4.2) (resp. a base-point-free g1
2d−2). Therefore, we are in case a)

(resp. b)) (resp. c)).

As noted in [D-F], the variety Wd(C) contains a translate E0 of E, to wit the
image of the morphism ψ : x 7→ Hx.

Theorem A. Assume C is general in |L| and d ≥ 4. The Kawamata locus of
Wd(C) is 1-dimensional. More precisely,

a) Wd−1(C) contains no non-zero abelian varieties;
b) the only non-zero abelian varieties contained in Wd(C) are translates of E0

by torsion points;
c) for d ≥ 9, the only non-zero abelian variety contained in Wd(C) is E0.

Proof. Let A be a non-zero (translated) abelian variety in Wδ(C), with δ ≤ d. By a
theorem of Mori (see proof of Prop. 5.4 of [D-F]), JC/s∗JE is simple hence A maps
to a point in this quotient. It follows that A is a translate of E. Take δ minimal, so
that a linear system corresponding to a general point a of A has only one element,
which we will denote by Da, and so that the divisors Da have no common point.
Since E0 does not come from a morphism, one shows as in the proof of Lemma 5
of [A-H] that E0 +A ⊂W 2

d+δ(C).
Assume d ≥ 9 and let y ∈ E, a ∈ A and p ∈ C; the corollary of Reider’s theorem

applied to Hy +Da − p yields that
a) either there exist x ∈ E and an effective divisor B on C such that, for all

e ∈ E, one has Hy−e +Da+e − p+B ≡ 2Hx;
b) or there exist x ∈ E and an effective divisor B on C such that, for all e ∈ E,

one has Hy−e +Da+e − p+B ≡ 3Hx − F ;
c) or δ = d− 1 and, for all e ∈ E, one has Hy−e +Da+e − p ≡ 4H − 2F .
Case c) cannot occur because p is fixed in |4H − 2F + p| by Riemann–Roch.

For the same reason B′ = B − p is effective in cases a) and b). In case b), we get
Da+e+B′ ≡ 2Hx−y+e−F . But this is impossible since H0(C, 2Hx−a+e−2F ) = 0.
Therefore, we are in case a), and Hx−y+e = Da+e + B′. When e varies, the left-
hand side varies; the Hx−y+e’s having no fixed point, we must have B′ = 0 and
Hx−y+e = Da+e. It follows that A = E0.

Assume now d ≥ 4, and set

Γ = {α ∈ JC | E0 + α ⊂Wd(C)} .
We will use Theorem 2 of [A-H]; one should however be careful: first one needs to
add to the hypotheses of this theorem that the embedding A ⊂ Wd(C) does not
come from a morphism (this is true in our case by Prop. 5.14 of [D-F]). Second, the
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proof of the theorem given in [A-H] is incomplete: the proof of Lemma 6 on which
it relies is wrong when dim(A) > 1 (this fortunately does not concern us) and the
case r2 = 3 and dim(A) = 1 needs a separate treatment (which was provided by
Abramovich in a private communication). The conclusion of the theorem is then
g(C) ≤

(
δ
2

)
+ 1, which implies for example δ = d. However, we get more from the

proof, to wit that if there is equality, then rk =
(
k+1

2

)
− 1 for 2 ≤ k ≤ d. The same

reasoning shows in our case that the same holds for the sum of k generic elements
of E0 + α1, . . . , E0 + αk, where α1, . . . , αk ∈ Γ. In particular, for a1 generic in
E0 + α1, for a2 generic in E0 + α2 and for x generic in E, we have

h0(C, (k − 2)Hx +Da1 +Da2) =
(
k + 1

2

)
for 2 ≤ k ≤ d. Since KC ≡ (d− 2)H +H−x0 , Riemann–Roch implies

h0(C, 2Hx −Da1) = 1 and h0(C, 3Hx −Da1 −Da2) = 1 ,

i.e., the curves E0 − α1 and E0 − α1 − α2 are contained in Wd(C). This proves
that Γ is a closed (proper) subgroup of JC hence is a translate of E by a finite
group.

2. Erratum for [D-F]

The following proposition corrects the part of the proof of Prop. 5.7 of [D-F]
which is incomplete (to wit the case d = 4).

Proposition. Assume d = 4 and C general in |L|. Then C has no g1
4.

Proof. Let A be a base-point-free g1
δ on C, with δ ≤ 4. Following [D-F] (5.12), one

constructs a rank 2 vector bundle T on S that fits into an exact sequence

0→ H0(A)∗ ⊗OS → T → OC(C −A)→ 0 .(∗)

Note that H2(T ) = 0 and χ(T ) = 10− δ by Riemann–Roch. If h = h0(T ) > 6, the
kernel of the map

∧2 H0(T ) → H0(
∧2 T ) ' H0(S,C) ' C10 meets the (2h − 3)-

dimensional set of decomposable vectors off the origin. One proceeds as in [D-F]
(where the numbers at the top of page 246 are all wrong) to show that there exists
a divisor D on S that fits into an exact sequence

0→ OS(D)→ T → IZ(C −D)→ 0 ,

where Z is a finite subscheme of S; moreover, either D ∼ 2H or D ∼ 3H−F . Then,
h0(T ) ≤ h0(D) + h0(C −D) = 5, which is a contradiction (this remark avoids the
lengthy proof in [D-F]).

It follows that h0(T ) = 6, h1(T ) = 0 and δ = 4. Assume first that there is a
non-zero morphism u : T → T ⊗ ωS . We argue as in [L]: since H0(ω2

S) = 0, the
morphism

∧2
u vanishes hence u drops rank everywhere. Then N = (Imu)∗∗ is

a line bundle on S which is a subsheaf of T ⊗ ωS; there is a morphism T → N
which is surjective off a finite subset of S. Note that by Riemann–Roch, one has
h0(OC(C − A)) ≥ 5 > 2 = h1(H0(A)∗ ⊗OS), hence the exact sequence (∗) shows
that T is generated by global sections off a finite subset of S, hence so is N . It
follows that either h0(S,N) ≥ 2, or N ' OS ; but the latter cannot occur since
Hom(T,OS) = 0. Tensoring (∗) by ωS ⊗ N∗, we see that H0(T ⊗ ωS ⊗ N∗) 6= 0
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implies H0(ωC ⊗N∗ ⊗OC(−A)) 6= 0 and in particular (5H − F ) · (3H −N) ≥ 4.
Furthermore, there is an exact sequence

0→ N → T ⊗ ωS → IZ(ω⊗2
S ⊗N∗(C))→ 0 ,

which implies N ·(H+F−N) ≤ c2(T⊗ωS) = 0. A case-by-case analysis shows that
the only possibility is N ∼ 2H ; but then H0(ωC ⊗N∗(−A)) 6= 0 implies A ≡ Hx,
which is not a pencil.

Hence Hom(T, T ⊗ ωS) vanishes, and so does H2(EndT ) by duality. Dualizing
(∗) yields

0→ T ∗ → H0(A)⊗OS → OC(A)→ 0 .

Tensoring by T , we get H1(T ⊗A) = 0. We now follow another construction of [L],
where a moduli space P is constructed which parametrizes triples (C,A, l), where
C is a smooth curve in |L|, A is a base-point-free g1

4 on C, and l is a surjective
morphism H ⊗C OS → A which induces an isomorphism on global sections, two
such morphisms being identified if they differ by multiplication by a non-zero scalar.
Let π : P → |L| be the forgetful morphism. The tangent space to P at (C,A, l)
is identified with the kernel H̃0(T ⊗ A) of the map H0(T ⊗ A) → H1(EndT ) Tr−→
H1(OS); the tangent space to |L| at C is identified with the kernel H̃0(C,L) of the
map H0(C,L)→ H1(OS). There is an exact sequence ([L], page 304)

H̃0(T ⊗A)
T(C,A,l)π−−−−→ H̃0(C,L) −→ (Kerµ)∗ −→ H̃1(T ⊗A)

where µ : H0(A)⊗H0(ωC⊗A∗)→ H0(ωC) is the Petri map. By the base-point-free
pencil trick, its kernel is isomorphic to H0(ωC ⊗ (A⊗2)∗), which has by Riemann–
Roch dimension at least h0(A⊗2) − 2 > 0. Since H1(T ⊗ A) vanishes, T(C,A,l)π is
not surjective, hence neither is π by generic smoothness. This shows that there is
no g1

4 on a generic C in |L|, and finishes the proof of the proposition.
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