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ON CERTAIN CO-H SPACES RELATED TO MOORE SPACES

MANFRED STELZER

ABSTRACT. We show that certain co—H spaces, constructed by Anick and
Gray, carry a homotopy co—associative and co—commutative co—H structure.

1. INTRODUCTION AND STATEMENT OF RESULTS

In a series of papers, Anick and Gray constructed and studied a family of co-H
spaces G3"(p"), p > 5, with some remarkable properties [1], [2], [7], [8]. The limit
space, or rather its loop space QG2"(p), shows up in a secondary version of the EHP
sequence. Furthermore, Gray used the Gi” (p") to construct ve—periodic families
in the homotopy groups of Moore spaces [§], and Anick used them to decompose
loop spaces of finite complexes [1]. It is the aim of this paper to prove the following
theorem, which was conjectured in part in [2]:

Theorem 1. The spaces Gi"(p") carry a co-associative and co—commutative co-H
structure.

In section 2 we define the notions of co—A and co—C' deviation. Some properties
are established, which are used in section 3 to prove Theorem 1.

After the results in this paper were obtained, I learned of Stephen Theriault’s
thesis, in which he proved the homotopy co—associtivity of G, (and much more)
by using Ganea’s characterisation of co—associtivity. But the argument given there
has a gap. It is assumed during the proof that, given a homotopy commutative
square of co—H spaces and co—H maps, the map induced on the cofibers is also a
co—H map. But this is clearly false (see for example the discussion of Zabrodsky’s
formula in [10], p. 228).

2. THE co—A AND cO—C DEVIATION

The co—A deviation was first defined by Harper [10]. It is an obstruction for the
existence of a co—associative co—H structure on the mapping cone of a co-H map
between co—associative co-H spaces. The dual A-deviation and C—deviation were
studied by Zabrodsky in [13].

Let f: X,7 — Y, 0 be a co-H map between the co-H spaces X,Y with structure
maps T,0. So there are based homotopies

M, jor — ANy,
M, joo AV
F : (fVvf)or — oof.
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Here A is the diagonal, and j the inclusion of the wedge into the product.
Suppose X, 7 and Y, o are co—associative resp. co—commutative up to homotopy.
In this case we have based homotopies:
Ly:(1Vt)or — (tV1l)or, Ly:(1Vo)oo — (cV1l)oo
and
Gy:1 — TorT, Gy:0 — Too,

where T denotes the switch map.
We will use the following notation for stringing together a list of homotopies.
Given Hy,...,H, : Z x I — W such that H;(Z,1) = H;+1(Z,0), define

{Hy,...,H,}(z,t) = Hi(z,nt —i+1), if(i—1)<nt<i
We also write H~1 for the homotopy with H~!(z,t) = H(z,1 —t).
Suppose X, 7 and Y, o are homotopy co-associative, and fix L, L,. Following
Harper we define the co-A deviation with respect to F' as follows: let

A(f,F)={(fVF)or, 1Vo)oF, Lyo f, (cV1)oF Y

(F71 \/f)O’T, f(g) OL;I} .
This defines a map

A(faF) :Xv* I AY.(B)vca

where A denotes the free loop space, ¢ is the map sending the whole circle to the
base point, and X ;) and f(;) denote the k—fold wedge of the space and the map,
respectively.

Let u: X, — AY(3), c be the map which sends x to the constant map

feye(LVr)or(z).
Then A(f, F') —u factors uniquely over a map from X, * to QY(s), *, and the homo-
topy class of the adjoint of this map

A*(va) € [Zvav(B)]

is the co—A deviation.
The homotopy F' is called primitive, if

joF ={(fxf)oM;, M/ "o [}
as tracks, i.e., as homotopy classes relative to X x 9I. Berstein and Harper proved
in [5] that one can choose F' to be primitive.
The map f is called a co-A map, if there is a primitive homotopy F' such that
A.(f; F) is the class of the constant map.
The definition of the co—C' deviation is similar. Suppose X, 7 and Y, o are ho-
motopy co—commutative, and fix G, G. Define

C(f,F)={F,Gyof,ToF ' (fVf)oG, '}

This gives us a map C(f, F) : X, * — AY(9),c.

Again there is a map unique up to homotopy from X to QY,) such that the
composite with the inclusion QY(9) — AY{9) is C(f, F)) — v with v(x) constant of
value (f V f) o 7(z). The homotopy class of the adjoint C.(f, F) € [XX,Y (9] is
called the co-C deviation of f, F.

The map f is called a co-C' map, if there is a primitive homotopy F' such that
C.(f,F) is the class of the constant map.
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A result from [I3], which we wish to dualize, is that the A-deviation, which is
a map from X x X x X to QY, can be chosen to be constant on the fat wedge
in X x X x X. The proof used the existence of a strict unit for H—spaces. Since
there is never a strict counit for a co-H space unless the space is a point, we have
not been able to prove the strictly dual theorem, i.e., that A.(f, F) lifts to the
homotopy fiber of Y(3y — R, where R is the homotopy limit of the diagram

Yi1VY,

Y; YiVvY;

Y’Q Y2 V Yg Y3
with the obvious maps. However, the following weak version will suffice for the
applications which we have in mind.

Theorem 2.1. The homotopies L, L, and G,,G, can be chosen such that
a) jo Au(f, F) >~ *, where j: Y3y =Y xY xY, and
b) joCu(f, F) ~ %, where j : Y5y =Y x Y.
For a map g : X — Y, we denote the projection onto the i—th component by g;.
The proof of Theorem 2.1 will need

Lemma 2.2. One can choose L, and L, such that

—1 —1
Ly,l = 01 01\4%17 Lx,l = Mx,l o Ty,
—1 —1
Ly2 = {Myyroo02,020M, 1}, Les = {Mgiom,m20M, 1},
Ly,3 = 020 My,Q; L:C,3 = Mx,Q 0 T2

as tracks, i.e., as homotopy classes relative to'Y x 91 and X x OI.

Proof. Since the loop of the homotopy fiber sequence F' — Y(3y — Y XY x Y splits,
the lemma follows from [5, 1.8]. O

Lemma 2.3. One can choose G and G such that
Gaa = (M, My}, Gy = {My1, M, 5},
Goz = {Mas2, M1}, Gyo = {My2, M1},
Proof. Same argument as above. O
Proof of Theorem 2.1. a) We choose F' primitive and L, L, as in Lemma 2.2. We
show that in this case A(f, F); = u;, i € {1,2,3}. (By a slight abuse of notation
we also denote by g; the composition of a map to A(Y{)) with the i-th projection
to A(Y).)
We first have a hard look at A(f, F)1:
A(faF)l = {fo z,lvMyjlofaJIOM;%OfaJIOMy,lofaglofoM;%v

My,lofOTlafoMg;%OTlafo z,loTl}
= {fO z,lvMy_Jlofa JlofOMgg_&aMy,lofoTl}
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Claim.

{foMya, Mytofy=MgjofoM,

Y,

{01 OfOM;,%a Myioform} =DMy, OfOM;i-

Here My]l o f o Mg, is shorthand for M;%(f o M1, ids), and similarly for
My10 foM, s

Moreover, for compositions, the first argument may be replaced by — if the
expression is complicated and forced by contest.

To see this, consider the homotopies of tracks

foMy(x,2t) f0<t<$,

Ki(z,t,8) =4 M j(foMya(zt+35),t—35) if5<t<1-3,
M, (f(z),2t—1) if1—-5<t<1,
o1ofoM j(x,2t) f0<t<3,

Ka(w,t,s) i= 8 Mya(f o Moj(e,t+3).t—5) if5<t<1-3,
Myi(f(z),2t—1) ifl1—-5<t<1

The picture is:

M;lof

fO z,1 1
M, 4 ofoMy,:

where the path in the middle is Ki(...,s). In conclusion, we have shown that
A(f,F)1 ~ A(f, F)1(0) = uy. A(f, F)2 is a little more complex:

A(f,F)y = {Fiom, 010F, Lysof o30F ' Fylom, foL, 3}

— {foMgc?lng,My—7lofo7-2,glofoMgcJ7 UloM;%of,
Myyooz0f, 030 M, jof, 030My10f o20fo0M.],

d] _
My,2ofo7—1; fO x7207—1)fo7—20Mx71’ fo z,%o7—2}

{{M;%OfOTQ;JIOfO I»27010M;%Of7My,10020f},
{U2OfOM—1 My720f07'1,fOM;%oTl,fo/;boMm’l}}.

x,1

As in the case above, one sees that
-1 —1
{Ulofo x,2s UloMy,Q Of} - UloMy,Q Ofo ,25
-1 —1
{My’QOfOTl,fOMI,QOTl} = My’QOfOMIQOTl.
So it remains to show that

{M,{ofor, o10M, 50 foM Myjoozo [}
:{O'QOfOM_l My,QOfOM;%OTl,fOTQOMx71}71,

x,1
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To see this, consider the homotopy between tracks:

M, (fom(x),3t) if0O<t<3,
t— = t— =
M71 _ M71 _ 3 M. _ 3
Hl(a:,t,s):z y,l( 75)0 y72< 51_2§ OfO z,2 71_2§
if s <t<1-3,

oa0 foM_(x,3t) if0<t<3,

18
_ 3 -1

Hy(x,t,s) = My’2< ’1—2%) of oMy

ife<t<i-g,

fOTQOMxJ(J?,?)t—Z) 1f1—§§t§1

Since Hy(z,t,0) = Ha(z,1 —¢,0) = My_,Ql(—,t) o f o Myo(z,t), the identity above
is proved.

The case A(f, F)s is like the first one.

Next we prove b), which is easier. Using the primitivity of F' and Lemma 2.3,
we find that
{F.Gyof,ToF ™! fv foG, }a

= {foM:C,hMg;ll OfaMy,lof7M3;21 Of,M%QOf,fOM;%,fOM%Q,fOM;%},
which is the constant track.

A similar argument works for the second coordinate. O
The following two lemmas were proved in [5].

Lemma 2.4. Let (f,F) : ¥X,7 — Y,0 be a co-H map with primitive homotopy
F. Suppose Y,o is homotopy co—associative and XX, 7T is the suspension co—H
structure. Then for each suspension Xg : X7 — XX the co—-A deviation satisfies

Ai(foXg, FoXg) = Au(f, F)oXg .
O

Recall from [5] that for a co-H map f : X,7 — Y, o with primitive homotopy
F, the mapping cone C carries a co—H structure o defined by

F(a,t) = F1(z,2t) for 0<2t<1,
Y= r@),2t—1 for 0<2t <1,
ay) = o).

Lemma 2.5. Let (f,F) be a co-A map. Then & is homotopy co—associative. O
There are similar results for the co-C deviations:

Lemma 2.6. Let (f,F1): X,7 — Y,0 and (g9, F2) : Y,0 — Z,n be co-H maps
and primitive homotopies, and suppose all spaces are homotopy co—commutative.
Then

C*(foga {g\/gOFlaF2of}):(g\/g)oc*(val)+C*(ng2)Ozf
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Proof. The proof is given by looking at the diagram

gVvgokF, Fyof
[e; O
gofVgofoGg g\/goGg:of G,ogof
O O
TogvgorF! ToFytof

O

Lemma 2.7. Let (f, F) be a co-C map and a primitive homotopy. Then the co-H
structure on Cy defined by F' is homotopy co—commutative.

Proof. Consider the diagram

Gy Gyolf foGg

TorT,id

ToF~1!

The square in the middle can be filled since f is a co-C' map, and the triangle is
extendable by the cone on G,. O

3. REVIEW ON G2"(p") AND PROOF OF THEOREM 1

Recall from [Z] that the space G3"(p") has a CW structure as follows:

k k
G2 (p") = 52" Upr 21Uy, . Uy, S27 Uy 2774

the attaching maps g; are divisible by p"**~! in homotopy.

One also has G2", (p") Ug, §2npt e2nptHl = G7™(p"), and there is a compatible
co—H structure on G3"(p”). Denote by W} ** the class of spaces that are of finite

type and of the homotopy type of bouquets of Moore spaces of type p"+¢ with
se{0,...,k}.

Lemma 3.1. The following statements hold:
a) X2QG(pn) € Witk,
b) QG (p") A QG (p") € Wik,
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c) Let F' be the homotopy fiber of
3 3
itVere) — [[ere .
i=1 i=1

Then QUF is homotopy equivalent to a weak product of spaces of the form QW;, W; €
Wrtk,

Proof. Parts a) and b) are in [2]. For c), recall the two homotopy equivalences
i) S(Ax B)~SAVEBVSAAB,
i) QXVY) = QX x QY x QEQX AQY) .
Apply i) to QY VY VY) to find that
OF ~ QX(QY)"2 x Q[EQY A (QY x QY x QX(QY)"?] |
and ii) to see that

DAY x QY x Q%(QY)"?)
~ YQY VEQY V B(QY)M? v ZOS(QY)M v EQY
A QE(QY)MVEQY AQS(QY)M v E(QY)N2 A QE(QY)N2.

By Hilton-Milnor, and the fact that W/ ** is closed under smash products [1Z],
it is enough to show that each wedge factor is in W% for Y = G3"(p"). By
b) S(QG2"(p))"? € Wrtk, and since this space is 2-connected it is a double
suspension. By a) the smash with QG2"(p") is in W%, The splitting of ZQXX
shows that also QYOG (p™)2 € Wtk O

Proof of Theorem 1. The proof is by induction on k. For k = 0, Gi"(p") is a
simply connected Moore space of type p”, p odd. Hence it is a suspension, and
so homotopy co—associative. If n > 2 it is a double suspension, and the homotopy
co—commutativity for n = 1 was proved in [4]. So suppose the assertion holds for
k—1,k > 1. We show that the co—A and the co—C' deviations of g vanish. This
suffices by Lemmas 2.5 and 2.7. Since g is divisible by p"+#=1, it follows from
Lemmas 2.4 and 2.6 that A, (gx, F) and C. (g, F) are also divisible by p"+*~1.

By Theorem 2.1 the maps A, (gx, F)) and Cy(gg, F) lift, uniquely up to homotopy,
to the homotopy fibers I and F5, respectively, of

J: \/ G(p") — HG%"(pT), s€{2,3}.
i=1 i=1

r+k—1

Moreover, the lift is also divisible by p , since the loop of this fibration splits.

We claim that in fact
pr+k—1 [Pank (pr)7 QFz] = 0.

The homotopy type of F is well known to be SQG2™ | (p™) A QG2 (p"), and the
type of QF; was determined during the proof of Lemma 3.1.

By [11] the homotopy exponent of P*(p*) is p**! for p odd. It follows that the
only factors in the product decomposition of QF; which could contribute a class
of order p"** are of the form QP*(p"**~1). So we have to determine the least ¢
for which such a factor occurs. The first class in H,(QG2"(p"); Z) of order p"+tF~1
shows up in dimension 2npF~! — 1 by [2| p. 864].

Consequently the first class of order p"™*~1 in H,(QEQG" (p") A QG (p"); Z)
shows up in dimension 4np*~1 —2. Inspection of the proof of Lemma 3.1 shows that
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in the splitting of QF; each factor is of the form loop of $(QG2"(p"))" A Z. So
also in H,(2Fy,7Z) and H,(2F»,7Z) the first class of order p"¥~1 is in dimension

> 4npF=1 — 2. This class comes from a factor QP4"?" 2 (pr+h=1),

By [6], the first element of order p™** in m, (P2 +1(p"+F=1)), respectively
7. (P?™(p"+t#~1)) is in dimension 2mp — 1, resp. 4mp — 2p — 1.

The universal coefficient sequence for homotopy groups splits at an odd prime.
So it is enough to show that ., (P*(p"*~1)) does not contain a class of order p"+*
for * < 2np* +1 and ¢ > 4np*~! = 2m. But this follows from what was said above
and the trivial estimates

npF+1 < 4dmp—2p—1 = 8npF—2p—1,
2npF +1 < 2mp — 1 = dnpF—1.

O
The next two corollaries are just mild strengthenings of two results from [2].

Corollary 3.2. Suppose X is an H space, and @p_1 : G%’il(p”) — XX is a
map such that gak,l‘K, where K is a skeleton, is a co-H map. Suppose also that
P e 1 (X5 Z/p"R) = 0. Then ¢p—1 has an extension ¢, : G*(p") — LX.

Proof. It was shown in [2, 4.1] that the corollary would follow if one could choose
the coretraction o : G3"(p") — LQG7"(p") corresponding to the co-H structure to
be a co-H map. Since every 1-connected co—associative co—H space is a cogroup
[3], this follows from [9 4.2] and Theorem 1. O

Corollary 3.3. Let 0 < s <m < oo, and suppose that X is an H-space such that
P e (X5 Z/pTR) =0 for s < k < m. Let ¢ : PP (p't%) — X be a
map. Then there is a map @, : G2 (p*) — X which extends

n(,.r inch n(,.r n T np® r+s z
G p") =S GTN)/G (pT) = PP () =5 BX

Proof. Since G2",(p") is a sub-co-H space of G2"(p") the pinch map is a co-H
map for the induced co—H structure on the quotient space. This co-H structure is
unique [4]. Thus the composite with 3¢ is a co-H map, and the assertion follows
from Corollary 3.2. |
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