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ABSTRACT. Let K[$)] denote the group algebra of an infinite locally finite
group $). In recent years, the lattice of ideals of K[$)] has been extensively
studied under the assumption that ) is simple. From these many results, it
appears that such group algebras tend to have very few ideals. While some
work still remains to be done in the simple group case, we nevertheless move
on to the next stage of this program by considering certain abelian-by-(quasi-
simple) groups. Standard arguments reduce this problem to that of charac-
terizing the ideals of an abelian group algebra K[V] stable under the action
of an appropriate automorphism group of V. Specifically, in this paper, we
let ® be a quasi-simple group of Lie type defined over an infinite locally finite
field F', and we let V be a finite-dimensional vector space over a field E of
the same characteristic p. If & acts nontrivially on V' by way of the homo-
morphism ¢: & — GL(V), and if V has no proper -stable subgroups, then
we show that the augmentation ideal wK|[V] is the unique proper &-stable
ideal of K[V] when charK # p. The proof of this result requires, among other
things, that we study characteristic p division rings D, certain multiplicative
subgroups G of D*®, and the action of G on the group algebra K[A], where A
is the additive group DT. In particular, properties of the quasi-simple group
® come into play only in the final section of this paper.

1. INTRODUCTION

If $ is a nonidentity group, then the group algebra K[$)] always has at least three
distinct ideals, namely 0, the augmentation ideal wK[$)], and K[$)] itself. Thus it
is natural to ask if groups exist for which the augmentation ideal is the unique
nontrivial ideal. In such cases, one says that wK[$)] is simple. Certainly $) must
be a simple group for this to occur; and, since the finite situation is easy enough to
describe, we might as well assume that $ is infinite simple. The first such examples,
namely algebraically closed groups and universal groups, were offered in [BHPS].
From this, it appeared that such groups would be quite rare. But A. E. Zalesskii has
shown that, for locally finite groups, this phenomenon is really the norm. Indeed,
for all locally finite infinite simple groups, the characteristic 0 group algebras K [$)]
tend to have very few ideals. See [Z4] for a survey of this material. Additional
papers of interest include [HZ2], [LP], [Z2] and [Z3].

In a previous paper [PZ], A. E. Zalesskii and this author studied the lattice of
ideals of K[$)] in the obvious next generation of cases. These are the locally finite
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groups $) having a minimal normal abelian subgroup V with $/V infinite simple
(or perhaps just close to being simple). Note that & = §/V acts as automorphisms
on V, and hence on the group algebra K[V]. Furthermore, if I is any nonzero ideal
of K[9)], then it is easy to see that I N K[V] is a nonzero ®-stable ideal of K[V].
Thus, for the most part, we were concerned with classifying these ®-stable ideals.
Even in concrete cases, this turned out to be a surprisingly difficult task. Note
that the minimality of V implies that V' contains no proper &-stable subgroup.
As a natural starting point, we considered rational irreducible representations of
quasi-simple groups of Lie type, and we showed

Proposition 1.1 ([PZ]). Let & be a quasi-simple group of Lie type defined over
an infinite locally finite field F and let ¢: & — GL(n, F') be a rational irreducible
representation with F' generated by the values of the group character associated to
¢. If V is the F[®]-module determined by ¢, and if K is a field of characteristic
different from that of F, then wK|[V] is the unique proper G-stable ideal of K[V].

We remark that [BE] obtains an analogous result when & = GL(V) and F is
an arbitrary infinite field. Furthermore, [OPZ, Example 3.9] considers GL(V) for
finite-dimensional vector spaces over division rings.

Now suppose &, V and F are as in Proposition [Tl Let char F' = p > 0 and let
P be a Sylow p-subgroup of &. Then V contains a unique line L centralized by ‘B,
and, in the course of our proof, it was necessary to consider the action of a maximal
torus ¥ on L and then on K[L]. Aspects of the latter situation turned out to be of
interest in their own right and, jointly with J. M. Osterburg, we proved

Proposition 1.2 ([OPZ]). Let D be an infinite division ring and let V be a finite-
dimensional D-vector space. Furthermore, let G = D® act on V and hence on the
group algebra K[V]. Then every G-stable semiprime ideal of K[V] can be written
uniquely as a finite irredundant intersection ﬂle wK[A;]-K[V], where each A; is
a D-subspace of V. As a consequence, the set of these G-stable semiprime ideals is
Noetherian.

In this paper, we complete the work of [PZ] by studying the nonrational repre-
sentations of &, and our main result is

Main Theorem. Let & be a quasi-simple group of Lie type defined over an infinite
locally finite field F' of characteristic p > 0, and let V' be a finite-dimensional vector
space over a characteristic p field E. Assume that & acts nontrivially on V by
way of the representation ¢: & — GL(V), and that V' contains no proper G-stable
subgroup. If K is a field of characteristic different from p, then wK|[V] is the unique
proper &-stable ideal of the group algebra K[V].

Again, it is necessary to study the action of a maximal torus ¥ on K[L], where
L is a line in V', but this time more field automorphisms come into play. Indeed, we
are faced with the following situation. Let F' be an infinite locally finite field and let
01,09,...,0, be n > 1 field automorphisms. Then the map 0: z — 2122 ...z
is an endomorphism of the multiplicative group F'*, and we let G denote its image.
Of course, G acts via multiplication on the additive group A = F'™ and hence on
any group algebra K[A]. The goal is to determine the G-stable ideals of K[A] under
the additional assumption that G generates the field F.

Now, it is easy to construct examples where such a group G has infinite index
in F'*, so we cannot just use the methods of [PZ]. Instead, we take a somewhat
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different approach. The key here is not that GG generates F', but surprisingly that
the map (z1,%2,...,%n) — 27 29?7 is multilinear. This leads us to define
the concept of a polynomial form and to show that such forms are eventually zero
if the image is assumed to be finite. This is the content of Proposition 23] a result
which shows up several times in the course of the proof of the main theorem. While
we are not able to completely characterize all G-stable ideals of K[A], we are able
to obtain partial results and to successfully finesse the missing pieces.

This paper closes with the promised brief addendum to paper [OPZ]. Finally,
the author would like to thank Professors J. M. Osterburg and A. E. Zalesskii for

their kind help on this project.

2. PoLyNoMIAL FORMS

Let 3 be a ring, let A be an infinite left 3-module and let S be a finite abelian
group. For convenience, we let Z(A) denote the set of infinite 3-submodules of A.
In the following, we study arbitrary (not necessarily linear) functions f: A — S.
We say that such a function f is eventually null if every infinite submodule B of
A contains an infinite submodule C with f(C) = 0. Obviously the zero function
is eventually null, and so also is any group homomorphism whose kernel is a 3-
submodule. Indeed, in the latter situation, the finiteness of S implies that f~1(0)
is a submodule of finite index in A. We require the following trivial observation.

Lemma 2.1. Let 3, A and S be as above, and let B € T(A).

(i) If f+ A — S is eventually null, then the restricted map fip: B — S is also
eventually null.

(i) Let f1, fa,..., fm be finitely many eventually null functions from A to S.
Then B has an infinite submodule C with f;(C) = 0 for all i. In particular,
the function fi1 + fo+ -+ fm is eventually null.

Proof. Part (i) is obvious, and part (ii) proceeds by induction on m. Indeed, since
fm is eventually null, we know that there exists D € Z(B) with f,,(D) = 0.
Furthermore, by induction applied to D, there exists C € Z(D) C Z(B) with
fi(C)y =0fori =1,2,...,m —1. Thus f;(C) = 0 for all 7, and the lemma is
proved. [l

We will be concerned with functions which we call polynomial forms on A. By
definition, a polynomial form of degree 0 is the zero function, and for n > 1, we say
that f: A — S is a polynomial form of degree < n if and only if

(i) f(a) =0 implies that f(3a) =0, and

(ii) for each a € A, the function g,(x) = f(a+z) — f(a) — f(x) is a finite sum of
polynomial forms of degree < n — 1.

It is clear from (ii) above that the polynomial forms of degree < 1 are precisely the
group homomorphisms from A to S whose kernels are 3-submodules of A.

Lemma 2.2. Let 3, A and S be as above.
(i) If f: A — S is a polynomial form of degree < n and if B € Z(A), then the
restricted function fig: B — S is also a polynomial form of degree < n.

(ii) If A has no proper submodules of finite index and if f: A — S is a polynomial
form of degree < n, then f(A) = 0.
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(iii) Let R be an infinite ring, fixro,r1,... ,m € R, and let 01,02,... ,0, ben > 1
endomorphisms of R. Let 3 be a central subring of R stable under each o;, and
let A= RT be the additive subgroup of R, so that A is naturally a 3-module.
If \: A — S is a group homomorphism whose kernel is a 3-submodule of A,
then the map f: A — S given by f(x) = AMrox® ria2ry - rp_12°7ry,) S a
polynomial form on A of degree < n.

Proof. All three parts follow easily by induction on n. For example, in (ii) we know
that each g, is the zero function. Hence the identity f(a + z) = f(a) + f(z) holds
for all a,z € A. In other words, f: A — S is a group homomorphism. But then
|A : ker f| = |f(A)] < o0, so A = ker f by assumption and the fact that ker f is
closed under multiplication by 3. O

The key result here is

Proposition 2.3. Let A be an infinite 3-module, let S be a finite abelian group,
and let f: A — S be a polynomial form of degree < n. Then f is an eventually null
function.

Proof. We proceed by induction on n, the case n = 0 being trivial. Assume now
that n > 1 and that the result holds for all forms of degree < n — 1. In view of
Lemma [2.2[(i), it suffices to show that f(B) = 0 for some B € Z(A), and we prove
this in a series of steps.

Step 1. We may suppose that f(B) = f(A) for all B € I(A), so the goal is to
show that f(A) = 0. Furthermore, we may assume that there exists v € f(A) with
BN f~Y(y) infinite for all B € Z(A).

Proof. Since S is finite, we can choose an infinite submodule C of A so that |f(C)|
is minimal over all |f(D)| with D € Z(A). By Lemma 2:2(i), it suffices to assume
that C' = A. In particular, the minimality of |f(A)| implies that f(B) = f(A) for
all B € Z(A). The goal now is to show that f(A) =0.

For the second part, suppose, by way of contradiction, that for each C' € Z(A)
and v € f(A) there exists D € Z(C) with D N f~*(y) finite. Label the elements
of f(A) as 11,72, ,7k, and define the decreasing sequence Co 2 C1 2 -+ 2 C},
of infinite submodules of A inductively starting with Cy = A. Furthermore, if
1 <i <k andif C;_; is given, then we can take C; € Z(C;_1) so that C; N f~1(;)
is finite. It then follows that Cx N f~1(7;) is finite for all 4, and this contradicts the
fact that Cj is infinite while f(A) C S is finite.

Thus there exist C € Z(A) and v € f(A) = f(C) such that DN f~1(v) is
infinite for all D € Z(C). Replacing A by C' if necessary, we can now assume that
BN f~1(v) is infinite for all B € Z(A). O

Step 2. f(A) is a subgroup of S, and BN f=1(B) is infinite for each B € T(A)
and B € f(A).

Proof. For the first part, let o, 5 € f(A) and fix a € A with f(a) = a. By the
definition of polynomial form, g.(z) = f(a + =) — f(a) — f(z) is a finite sum of
polynomial forms of degree < n — 1. Since, by induction, each of these forms is
eventually null, Lemma [ZTI(ii) implies that g, is eventually null. In particular,
there exists B € Z(A) with g,(B) = 0, and thus 0 = g,(b) = f(a+b) — f(a) — f(b)
for all b € B. But f(B) = f(A), by Step 1, so we can choose b € B with f(b) = .
It now follows that f(a+0b) = f(a)+ f(b) = a+ 3, and consequently a+ 5 € f(A).
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In other words, f(A) is closed under addition, and therefore it is a subgroup of the
finite group S.

The argument for the second part is similar. Let B be a fixed member of Z(A),
and let v € f(A) be the element given by Step 1. Let @ € f(A) = f(B) be
arbitrary and fix a € B with f(a) = a. As above, there exists C € Z(B) such that
fla+c) = f(a)+ f(c) for all c € C. Now C'N f~1(v) is infinite, by Step 1, so there
are infinitely many distinct ¢ € C with f(c) = . This then yields infinitely many
a+c € B with f(a+¢) = f(a) + f(c) = a+ . In other words, BN f~(a +7) is
infinite. But a € f(A) is arbitrary and f(A) is a group, so a+y is also an arbitrary
element of f(A), and this step is proved. O

Step 3. f(A) =0, and the proposition is proved.

Proof. Since f(A) = f(B) for all B € Z(A), it suffices to find an infinite submodule
B of A with f(B) = 0. Suppose by way of contradiction that no such B exists.
We first show that if U is a finite submodule of A with f(U) = 0, then there exists
a properly larger submodule U’ of A with f(U’) = 0. To this end, let U be given
with f(U) = 0. Then, for each of the finitely many elements u € U, we know that
gu(z) = f(u+2z)— f(u)— f(z) is a finite sum of polynomial forms of degree < n—1.
Hence, by Lemma [2.1(ii) and induction, each g, is an eventually null function. By
Lemma 21)(ii) again, there exists B € Z(A) with g, (B) =0 for all u € U.

Since f(U) = 0, we have 0 € f(A). Hence, by Step 2, we know that BN f~1(0)
is infinite. In particular, since U is finite, we can choose b € B N f~1(0) with
bé¢ U. Then U’ = (U,b) = U + 3b is properly larger than U, and we claim that
f(U") =0. To this end, let u+2b be an arbitrary element of U’ = U+ 3b with u € U
and z € 3. Of course, zb € B, and, by part (i) of the definition of a polynomial
form, f(b) = 0 implies that f(zb) = 0. Thus, since g,(B) = 0, we conclude that
flu+zb) = f(u)+ f(2b) =0+ 0=0, and f(U’) is indeed equal to 0.

We can now complete the proof. Note that f(A) is a subgroup of S, so 0 € f(A).
Thus, by part (i) of the definition of a polynomial form, there exists a submodule
Vo of A with f(Vp) = 0. By assumption, Vy must be finite, so the above implies
that there exists a submodule V4 = Vj properly larger than V5 with f(V;1) = 0.
Again, V7 must be finite, so we can find a properly larger Vo with f(V2) = 0.
Continuing in this manner, we obtain a strictly increasing sequence of submodules
Vo c Vi € Vo C -+ with f(V;) = 0 for all i. But then V = (J,;V; € Z(A)
and f(V) = 0, a contradiction. Thus A must have an infinite submodule B with
f(B) =0, and, as we observed, this proves the result. O

We now consider some examples with 3 the ring of integers, so that 3-modules
are merely abelian groups. To start with, let A be an infinite abelian group, let .S
be a finite abelian group, and let f: A — S be a polynomial form of degree < n.
If n < 1, then we know that A has a subgroup B of finite index with f(B) = 0.
As we see below, this phenomenon does not extend to polynomial forms of larger
degree.

Example 2.4. Let F' be an infinite field of characteristic p > 0 and assume that
either

(i) p > 2 and F has an infinite proper subfield, or
(ii) p=2 and F admits an automorphism o of order 3.
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If A = F* is the additive subgroup of F, then there exists a polynomial form
f: A— GF(p)" of degree < 2 which does not vanish on any subgroup of A of finite
index.

Proof. (i) Let K be the given infinite proper subfield of F and let A = F* D
Kt = C. Then A/C is a nontrivial elementary abelian p-group, so there exists a
nonzero linear map A\: A — GF(p)™ = S with kernel L O C. Define f: A — S
by f(x) = A(z?), so that f is a polynomial form of degree < 2 by Lemma 2.2[iii).
Suppose, by way of contradiction, that there exists a subgroup B of finite index in
A with f(B) = 0. In other words, b2 € L for all b € B.

Since |C': BN C| < 00, we can write C' = U + (B N C) for some finite subgroup
U of C. Now, for each u € U, the difference function g,,: A — S given by g,(x) =
flu+x) — f(u) — f(xr) = AM(2uzx) is a group homomorphism with kernel D,,, a
subgroup of finite index in A. Furthermore, since u € C = K+ and L D C, it
follows that D, 2 C. Thus D = BN (),cy Du is a subgroup of finite index in
A containing B N C, and consequently B’ = U + D is a subgroup of finite index
in A with BB DU+ (BNC) = C. Next, we show that f(B’) = 0. Indeed,
let ¥ = u + d be an arbitrary element of B’ with w € U and d € D. Then
d € D C B, so f(d) = 0. Furthermore, u € K, so we have v> € KT = C C L
and f(u) = 0. Finally, d € Dy, s0 0 = gy(d) = f(u+d) — f(u) — f(d), and hence
f)=flu+d) = f(u)+ f(d) =0+ 0 =0, as required.

Replacing B by B’ if necessary, we may now suppose that B D C. Let ¢ € C
and b € B be arbitrary elements. Then f(c +b), f(c) and f(b) are all zero, and
hence 2¢b = (c+b)? — ¢ —b* € L. Thus, since L is closed under addition and since
char F' # 2, we have L 2 (2K)B = KB. But KB is certainly a K-subspace of A
and, of course, KB O B. It follows that A/KB is a finite K-vector space, and,
since K is infinite, we conclude that A = KB C L, a contradiction.

Note that, when p = 2, the map f(z) = A(2?) is a group homomorphism, and
consequently it does have a kernel of finite index in A.

(ii) The argument here applies in all prime characteristics p, but offers nothing
new unless p = 2. Let K = F, be the fixed field of o, so that K is a proper infinite
subfield of F with (F : K) = 3. Write C = Kt and let \: A — GF(p)* = S be a
nonzero linear map with ker A = L D C. Define f: A — S by f(z) = )\(:c"x"_l), SO
that f is a polynomial form of degree < 2 by Lemma [22(iii). Suppose, by way of
contradiction, that there exists a subgroup B of finite index in A with f(B) = 0. In
other words, b°b° ' € L for all b € B. As in part (i), we can suppose that B 2 C.

Let ¢ € C and b € B be arbitrary elements. Then f(c+b), f(c) and f(b) are all
zero, so, since c is fixed by o, we have

e+ )= (c+b)(c+b)’  —cc”  —b° €L
Furthermore, since o is a field automorphism of order 3, it follows that b+ b7 + b
and c(b+b° +b° ) are contained in the fixed field of o and hence in C' C L. Thus
cb=c(b+b"+b" ) —c(b”+b° ') € L, and we conclude that L O KB. As in (i),
this yields the required contradiction. [l

Next, we can use finite fields to obtain some interesting constructions.

Lemma 2.5. Let A be an infinite abelian group, let L be a finite field with additive
group S = LT, and let \: A — S be a group homomorphism.
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(i) For eachn > 1 and each s € S, the map f: A — S given by f(x) = s-A(z)"
18 a polynomial form of degree < n.

(ii) If u: S — S is any map with u(0) = 0, then the composite map ppor: A — S
s a finite sum of polynomial forms.

Proof. Part (i) follows easily by induction on n, and part (ii) follows from (i) since
any function pu: S — S with ©(0) = 0 can be written as a polynomial with zero
constant term. |

As a consequence, we have

Example 2.6. Let A be an infinite elementary abelian p-group. Then there exists
a polynomial form f: A — S with f(A) not a subgroup of S.

Proof. If p > 2, let A\: A — GF(p)™ = S be any epimorphism and define f(x) =
A(x)P~1. Then f: A — S is a polynomial form, by Lemma[Z5(i), and f(A) = {0,1}
is not a subgroup of S. On the other hand, when p = 2 we let \: A — GF(2*)* = §
be an epimorphism and we set f(z) = A(x)3. Then |f(A4)| = 6, so again f(A) is
not a subgroup of S. |

Again, let 3 be an arbitrary ring and let f: A — S be a polynomial form. Choose
f(B) to have minimum size over all submodules B of finite index in A. Then, for
any submodule C of finite index in A, we have f(C) 2 f(C N B) = f(B), since
C N B is a submodule of B having finite index in A. In other words, f(B) is the
unique minimum value over all such C, and we call f(B) the final value of f. In
view of the preceding example and Lemma Z2[ii), it would be interesting to know
whether the final value of a polynomial form f is necessarily a subgroup of S.

3. INVARIANT IDEALS

Let D be an infinite division ring of characteristic p > 0, and let A = D™ be its
additive group, so that A is an infinite elementary abelian p-group. Furthermore, let
K be a field of characteristic different from p, and let K denote its algebraic closure.
If G is any subgroup of the multiplicative group D®, then G acts as automorphisms
on A by right multiplication and hence G acts as automorphisms on the group
algebras K[A] and K[A]. In particular, since D O GF(p), we see that GF(p)® acts
on A and obviously gives rise to all the power automorphisms of A. Finally, if B is
a finite subgroup of A, then we let eg = |B|™' Y, 5 b € K[B] denote the principal
idempotent of K[B] C K[B]. We list a number of basic observations below. Here,
of course, wK[A] denotes the augmentation ideal of K[A].

Lemma 3.1. With the above notation, let I be an ideal of K[A].

(i) K[A]/I is a commutative von Neumann reqular ring, and therefore it is a
semiprimitive ring.

(ii) Any drreducible representation of K[A] is merely an algebra homomorphism
A: K[A] — K determined by a group homomorphism \: A — K.

(iii) If I € wK[A], then there exists a finite subgroup B of A with ep € I.

(iv) If 0 # I C wK[A] and if I is GF(p)®-stable, then there exist finite subgroups
B2OC of Awith|B:C|=p andec —ep =ec(l —ep) € I.

(v) If G is an infinite subgroup of D*, then K[A] is G-prime.
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Proof. (i) Since A is a locally finite abelian group having no elements of order equal
to the characteristic of K, we know that K[A] is a commutative von Neumann
regular ring. Consequently, the same is true of any homomorphic image K[A]/I.

(ii) Since K[A] is commutative, any irreducible representation must be a K-
algebra homomorphism A: K[A] — T, where T is a field extension of K. But A(A)
consists of pth roots of unity, so A(4) C K* and hence T = K.

(iii) Since I € wK[A], there certainly exists a finite subgroup B of A such that
INK[B] € wK|[B]. The well-understood structure of ideals in K[B] now implies
that ep € IN K[B] C I.

(iv) Now I # 0, so there must exist a finite subgroup B of A and a primitive
idempotent e of K[B] with e € I. Note that e is nonprincipal since I C wK[A].
Suppose e corresponds to the linear character p: B — K ., and let C = ker pu, so
that |B : C| = p. Since I is GF(p)*-stable, we know that €’ = }> _qp(,). ¢’ € .
But GF(p)® cousists of all the power maps on B, and |B/C| = p. Thus, the
corresponding linear characters p¢ are the p — 1 nonprincipal linear characters of
B with kernel C. In follows that ¢’ + ep is the sum of all primitive idempotents of
K|[B] extending ec. In other words, e’ + ep = ec, and hence ec — ep =€’ € I. Of
course, eceg = ep, s0 ec —ep = ec(l —ep) is a product of the idempotents ec
and 1 —epg.

(v) Form the group H = A x G, and suppose that I and J are G-stable ideals
of K[A] with IJ = 0. Then I’ = I.K[H] and J' = J-K[H] are two-sided ideals of
K[H] with I'J" = 0. In particular, if A(H) is the finite conjugate (f.c.) center of H
and if 9: K[H] — K[A(H)] denotes the natural projection, then [P, Theorem 4.2.9]
implies that 9(I")¥(J’) = 0 and hence that 9(1)9(J) = 0. But G acts regularly
on A and G is infinite, so AN A(H) = 1 and K[AN A(H)] = K. In particular,
H(I)Y(J) = 0 implies that either ¥(I) = 0 or J(J) = 0, and consequently that
either I =0 or J = 0. O

If L and B are subgroups of A = D, then we define the residual of L by B to
be the subgroup

Lp={a€A|BaCL}=()b"L,
beB
where we set 071L = A. It is clear that if both |A : L| < oo and |B| < oo, then
|A: Lp| < co. Furthermore, if B D C, then L C L. For the next result, we
continue with the same notation, and recall that D® acts on A and hence on the
group algebra K[A].

Lemma 3.2. Let A: K[A] — K be an algebra homomorphism corresponding to
the group homomorphism A: A — I?., and set L = ker A. Furthermore, let B be a
finite subgroup of A and let x € D®.

(1) A((er)®™) # 0 if and only if x € Lp.

(ii) If C is a subgroup of B, then A((ec —ep)®) # 0 if and only if x € Lc \ Lp.

Proof. (i) Since (eg)® is the principal idempotent of the group algebra K[B®], it
follows that A((ep)®) # 0 if and only if the restriction of A to K [B*] is the principal
homomorphism. Of course, the latter occurs if and only if B* C kerA = L, or
equivalently if and only if Bx C L.

(ii) As we observed, egec = ep, so f = ec —ep = ec(1 — ep) is the product
of the idempotents ec and 1 — eg. In particular, since A maps any idempotent to
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either 0 or 1, A(f*) # 0 if and only if A((ec)”) # 0 and A((eg)®) = 0. By (i), this
occurs if and only if x € Lo \ Lp. O

As a consequence of this and the main result of [OPZ], we have

Lemma 3.3. Let |A: L| = p and let B 2 C be distinct finite subgroups of A. Then
Lp is properly smaller than L¢.

Proof. Since |A/L| = p, we can let A: K[A] — K be an algebra homomorphism
corresponding to one of the p — 1 linear characters \: A — K * with kernel L. Note
that ep # ec, so f = ec — ep is a nonzero element of K[A] contained in wK|[A].
Let J = Y cpe fPK[A] be the D*-stable ideal of K[A] generated by f. Since
0 # J C wK|[A], Proposition [[LZ implies that J = wK[A]. In particular, since A
is not the principal homomorphism, it follows that J & ker A. Thus, there exists
x € D*® with A(f*) # 0. But f* = (ec — ep)”, so it follows from Lemma [B2ii)
that x € Lo \ Lp. O

If G C D* acts on K[A], then 0, wK[A] and K[A] are trivally G-invariant ideals
of K[A]. All other ideals are considered to be nontrivial.

Proposition 3.4. Let D, A = DT and K be as above. Furthermore, let G be a
subgroup of D®, so that G acts as automorphisms on the group A, by right multi-
plication, and hence on K[A].
(i) If GN L # O for every subgroup L of finite index in A, then K[A] has no
nontrivial G-invariant ideals not contained in wK|[A].
(i) If GN (L + a) # O for every subgroup L of finite index in A and every
element a € A, then K[A] has no nontrivial G-stable ideals contained in the
augmentation ideal wK[A].

Proof. Let K denote the algebraic closure of K. If I is a nontrivial G-stable ideal
of K[A], then I = K ® I is a nontrivial G-stable ideal of K[A]. Furthermore,
I C wK[A] if and only if I C wK|[A]. Thus, without loss of generality, we can
assume that K = K is algebraically closed.

(i) Suppose I is a nontrivial G-stable ideal of K[A] not contained in wK[A]. Since
I # 0, Lemma[BIYiii) implies that e € I for some finite subgroup B C A. Indeed,
since I is G-stable, we have (ep)* € I for all z € G. Furthermore, since I # K[A],
Lemma B1(i)(ii) implies that there exists an algebra homomorphism A: K[A] — K
with A(1) = 0. Let A\: A — K be the linear character associated with A, and set
L =ker\. Then |A: L| < 00, so |A: Lp| < oo and, by assumption, there exists
y € GN Lp. But then A((eg)?) # 0, by Lemma [B2(i), and this contradicts the
fact that (ep)¥ € I.

(i) Let H = GF(p)*, so that H is a central subgroup of D*® of order p — 1. Then
H commutes with G, and we suppose first that J is a nontrivial GH-stable ideal
of K[A] contained in wK|[A]. Since J # 0 is H-stable, Lemma [31(iv) implies that
there exist finite subgroups B D C of A such that |B : C| = p and ec —ep € J.
Indeed, since J is G-stable, we have (eg — ec)* € J for all z € G. Note that J is
properly smaller than wK[A], so it follows from Lemma B1i)(ii) that there exists
a nonprincipal algebra homomorphism A: K[A] — K with A(J) = 0. As usual, let
A: A — K" be the nonprincipal linear character of A associated with A, and let
L =ker A. Then |A : L| = p, so Lemma [B3limplies that Lp is properly smaller than
L. In particular, since |A : Lp| < oo, it follows from the hypothesis that there



3388 D. S. PASSMAN

exists y € G with y € L¢ \ Lp. But then A((ec —ep)?) # 0, by Lemma B2(ii),
and this contradicts the fact that (ec — ep)¥ € J. In other words, there are no
nontrivial GH-stable ideals of K[A] contained in wK[A].

Finally, let I be a G-stable ideal of K|[A] properly smaller than wK[A], and set
J = Npen I". Since G and H commute, each I" is G-stable and hence J is a
G H-stable ideal. But J is properly smaller than wK[A], so the above result implies
that J = 0. In particular, we have [], I" = 0, and, since K[A] is G-prime by
Lemma [BT(v), it follows that some I" is equal to 0 and hence that I = 0. O

We now move on to discuss particular groups G of interest. Specifically, let
D be an infinite characteristic p division ring, and let o1,09,...,0, be n > 1
endomorphisms of D. Furthermore, fix a nonzero element d € D and consider the
map

On

0:x—dx 2 -

from D to D. Then 6(D*®) C D*® and, if B is any infinite subgroup of DT, we let
G = G(B) = (6(B®)) be the subgroup of D® generated by §(B*). Of course, G
acts as automorphisms on the additive group A = D by right multiplication, and
hence G acts on any group algebra K[A].

There is no gain in considering more general product expressions for 6, like
dox?*d12°%dy - - - dp—12°"d,, with 0 # d; € D. Indeed, if 0 # d € D and if o is
an endomorphism of D, then 2°d = dd~'z°d = dz°®. Thus each of the d; factors
can be moved to the left at the expense of multiplying each ¢; by a suitable inner
automorphism.

Theorem 3.5. Let D, A, G = G(B), and K be as above with D having character-
istic p > 0. If char K # p, then all proper G-stable ideals of K[A] are contained in
the augmentation ideal wK[A]. Furthermore, §(B®) and G(B) are infinite.

Proof. View A as a module over the integers 3, let L be an arbitrary subgroup
of finite index in the infinite group A, and let u: A — A/L = S be the natural
epimorphism onto the finite group S. By Lemma [Z2(iii), the map f: A — S given
by

(@) = p(da a7 -2

is a polynomial form of degree < n, and Proposition 2Z3limplies that f is eventually
null. In particular, B has an infinite subgroup C with f(C) = 0, and we can choose
c € C\ 0. Note that g = d-¢”'¢??--- ¢ € §(B*) C G and that u(g) = f(c¢) = 0.
In other words, g € (B*) N L, so GN L # (. Since this holds for all such L, it is
clear that 6(B*®) is infinite, and Proposition [B4l(i) yields the result. O

We remark that the preceding theorem holds in a more general context. Indeed,
using essentially the same proof, one can show that if G = G(B) acts on a right
D-vector space V', then all proper G-stable ideals of K[V] are contained in the
augmentation ideal wK[V].

Next, let F' be an infinite field and let o1,09,...,0, be n > 1 field endomor-
phisms of F. Then the map 0: z — x°'2°2..-2°" is an endomorphism of the
multiplicative group F'®*, and we can let G = §(F*) denote its image. In this special
case, with B = F'", Theorem [30] yields
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Corollary 3.6. Let A, G and K be as above for the field F' of characteristic p >
0. If char K # p, then all proper G-stable ideals of K[A] are contained in the
augmentation ideal wK[A]. Furthermore, G is infinite.

Note that neither of the preceding two results require that G generate the division
ring, but such an assumption is surely needed to eliminate proper ideals contained
in the augmentation ideal wK[A]. On the other hand, as we will see in an example
below, G merely generating D is not sufficient to guarantee the above conclusions.
We start with

Lemma 3.7. Let D be a division ring of characteristic p > 0, set A = DT, and let
G be a subgroup of D®. As usual, G acts on A by right multiplication, and hence
on K[A], where K is a field of characteristic different from p. If there exists a
subgroup L of A of index p with GN L =0, then K[A] has a proper G-stable ideal
not contained in wK|[A].

Proof. Since 1 € G and GN L = ), we have 1 ¢ L. Thus, since |4 : L| = p,
it follows that A = L @& B, where B = GF(p)*. Let I be the ideal of K[A]
generated by all (ep)? with g € G. Then surely I is a G-stable ideal of K[A] not
contained in wK[A], and it suffices to show that I # KJ[A]. To this end, note
that A/L is cyclic of order p, so there exists a group homomorphism \: A — K *
with ker A\ = L. Furthermore, A determines a nontrivial algebra homomorphism
A: K[A] — K. Finally, since B = GF(p)¥, it is clear that L = L. In particular,
GNLg =GNL =10, so Lemma [B2(i) implies that A((eg)?) = 0 for all g € G.
Thus ker A D I and I # K[A], as required. O

Next, we need

Lemma 3.8. Let E = GF(p"), let q be a prime different from p, and let H be the
Sylow q-subgroup of E®. Assume that |H| > q, and that |H| > 4 if ¢ = 2. Now let
F =GF(p™) D E and let G 2 H be the Sylow q-subgroup of F*. Then |G| = q|H|,
and we have:
(i) If E=GF(p)H, then F = GF(p)G.
(i) Suppose there exists an additive map \: EY — GF(p)™ with H Nker A\ = 0.
Then X extends to an additive map \*: F* — GF(p)* with G Nker \* = (.

Proof. If |H| = ¢', then ¢' = |p" — 1], and, as is well known, the assumptions
on |H| imply that ¢'*! = |p"? — 1|,. In particular, |G| = ¢'*' = ¢|H|. Now
let g be a generator of the cyclic group G, so that g is a root of the polynomial
f(€) = ¢ — g7 € E[¢]. Since the degree (F' : E) is equal to the prime ¢ and
since g ¢ E, we must have f(() irreducible in E[¢] and F = E[g]. It follows that
{1,g9,...,997 1} is an E-basis for F.

(i) By the above, we know that F' = EG. Hence if E = GF(p)H, then F =
GF(p)HG = GF(p)G.

(ii) Now suppose that A\: Et — GF(p)" exists with H Nker A = (). Since every
element o € F can be written uniquely as o = ag + a1g + - + 197" with
a; € E, we can define \*: F+ — GF(p)* by

A (o) =Moo+ a1+ -+ ag-1).

Obviously A* is an additive homomorphism extending A. Furthermore, note that
G=HUHgU---UHgi ! since |G : H| = q. In particular, any element of G can
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be written as hg’, with h € H and 0 < i < ¢ — 1, and then \*(hg’) = A\(h) # 0 by
assumption. In other words, G Nker \* = ), and the lemma is proved. |

As a consequence, we finally obtain

Example 3.9. Let g be an odd prime. Then, for infinitely many primes p # q,
there exists an infinite locally finite field F of characteristic p > 0 with q-primary
subgroup G of F*® such that

(i) F = GF(p)G is generated by GF(p) and G, and

(i) of A = F* and if K is any field of characteristic different from p, then
there exists a proper G-stable ideal of the group algebra K[A] not contained
in wK[A].

Proof. Suppose ¢ is an odd prime, and let ®;({) =1+ +---+ (2! and ®5(¢) =
14 (%4 ---4¢29=1) be the cyclotomic polynomials of order ¢ and ¢2, respectively.
Since ®3(() is irreducible in the integral polynomial ring Z[(], the Frobenius Density
Theorem (see [J, Theorem IV.5.2]) guarantees that it will remain irreducible in
GF(p)[¢] for infinitely many primes p. Let p > 2 be any such prime, and note that
p # ¢q. Furthermore, since ®5(¢) = ®1(¢?), it is clear that ®1({) is also irreducible
in GF(p)[¢]. It follows from the latter that if & is an element of multiplicative order
q in the algebraic closure of GF(p), then E = GF(p)[h] has {1,h,... ,h972} as a
GF(p)-basis and h4=t = —(1 4+ h + --- + h9=2). Furthermore, since ®5(() is also
irreducible and since deg ®2(¢) > deg ®1(¢), we see that E contains no elements of
order ¢2.

Thus E = GF(p?~1!) is a finite field such that, if H is a Sylow g-subgroup of E®,
then H = (h) has order gq. As we observed, any element o € E is uniquely writable
as & = g+ ar1h+- -+ ag_2h?? with each a; € GF(p), and we define the additive
homomorphism A\: E* — GF(p)™ by A(a) = 2ap+ a1+ -+ ag—2. Since p > 2, we
have A\(h%) # 0 for i = 0,1,...,q — 2. Furthermore, h?~! = —(1 +h +--- + h972),
so M(h?71) = —q # 0 in GF(p). In other words, H Nker A = (), and of course
E = GF(p)H.

We can now apply both parts of Lemma [3:8] repeatedly to the chain of field
extensions

E = GF(p"™") C GF(p"~%) CGF(p V") C -

and we let F' = [ J;°, GF(p{9=Y9") be the union of this chain. Thus F is an infinite
locally finite field, and it follows from Lemma [B8(i) and induction that if G is the
g-primary subgroup of F'*, then F' = GF(p)G, so that F' is generated by GF(p)
and G. Furthermore, by Lemma [B8[ii) and induction, there exists an additive
homomorphism A*: FT — GF(p)* with G Nker \* = ). Of course, L = ker \* is a
subgroup of A = F* of index p, and since L N G = 0, it is clear that Lemma B.1
yields the result. O

Note that, in the above argument, when ¢ = 3 we can take p = 5 and F =
GF(5%), and when g = 5 we can take p = 3 and E = GF(3%).
4. CONFIGURATIONS

As usual, let D be an infinite division ring of characteristic p > 0, set A = DT,
and let G be a multiplicative subgroup of D®. Then G acts as automorphisms
on A by right multiplication, and hence G acts on any group algebra K[A] with
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char K # p. We will be concerned with configurations of the following sort. Let I
be a G-stable ideal of K[A], and suppose there exists a € K[A]\ I with a-.wK[T] C I
for some subgroup T' of finite index in A. In this situation, K[A]/I has potentially
interesting properties. For example, one can show in this generality that K[A]/I
contains primitive idempotents, a phenomenon that does not occur in K[A]. How-
ever, such results turn out to be irrelevant here since, for the groups G that are
of interest to us, a configuration of this nature implies that I = wK|[A]. Indeed, a
stronger result will be proved in Theorem [£7 We first discuss how such structures
might arise.

Let V be an arbitrary group and let H act as automorphisms on V. Then H
is said to act in a wunipotent fashion on V if there exists a finite subnormal chain
1=Vy<aVi«q---aV, =V of H-stable subgroups such that H acts trivially on each
quotient Vi41/V;. The following two lemmas are slight variants of results in [RS]
and [Z1], respectively.

Lemma 4.1. Let H act in a unipotent manner on V, and let J C I be H-stable
ideals of the group ring K[V]. If I # J, then there exists an element o € I'\ J such
that H centralizes o modulo J.

Proof. Let 1 = V< Vp<---<V, =V describe the unipotent action of H on V.
We proceed by induction on ¢, the result being clear for ¢ = 0 since K[1] = K.
Assume the result holds for ¢ — 1, and choose v € I\ J so that supp~y meets
the minimal number, say n + 1, of cosets of V;_1. By replacing v by vy~ ! for
some y € supp -y if necessary, we can assume that 1 € supp~y. Thus we can write
Y =" +7121++ Y&y with 0 #7; € K[V;—1] and with 1,z4,... , 2, in distinct
cosets of V,_1.

Now define

I'={ap | a=0ap+a121 + -+ ayz, € I with o; € K[V;_1]},
J = {Bo | B=00+ Bz + -+ Bnz, € J with 5; € K[V;_1]}.

Then I’ and J' are ideals of K[V;_4], since V;_1 <V, and I’ O J'. Furthermore,
since H acts trivially on V/V;_1, we see that I’ and J' are H-stable. Note also
that in the above notation, if ag = By, then o — 3 is an element of I whose support
meets at most n cosets of V;_1. Thus the minimality of n+ 1 implies that a — 3 € J
and hence that a € J. In particular, it now follows that yo € I \ J'.

By induction, there exists an element o € I’ \ J' centralized modulo J' by H,
and let « = ap+ 121 + - - -+ @y, be its corresponding element in I. Then o ¢ J’
implies that a ¢ J. Furthermore, if g € H, then a9 — « has its O-term in J’. Thus,
by the above remarks, a9 — a € J, and hence H centralizes o modulo J. O

Suppose V is an arbitrary group and I is an ideal of the group algebra K[V]. If
U is a normal subgroup of V, then (I N K[U])-K[V] is an ideal of K[V], and we
say that U controls I whenever I = (I N K[U])-K[V]. In other words, this occurs
precisely when I'N K[U] contains generators for I. It follows from [Pl, Lemma 8.1.1]
that there exists a unique normal subgroup C(I), called the controller of I, with
the property that U <V controls I if and only if U D C(I). In particular, if U; and
Us control I, then so does their intersection U; N Us. Furthermore, if H acts on V
and stabilizes I, then H stabilizes C(I).

Lemma 4.2. Let H act in a unipotent manner on the arbitrary group V with
7Z =Cy(H)<V, and let I be an H-stable ideal of K[V]. If I is not controlled by Z,
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then there exist an element o € K[Z]\ (INK[Z]) and an element v € V \ Z having
only finitely many H -conjugates modulo Z, such that a-wK[T| C I N K[Z], where
T ={v* 1|2 € Ny(vZ)} is a subgroup of Z. Furthermore, for any x,y € Ny (vZ),
we have v®Y~1 o=l

=@ Lyl
Proof. Let L = I N K|[Z], so that L is an ideal of K[Z], and set J = L-K[V]. We
note that J is H-stable since H acts trivially on Z, and that J is properly smaller
than I since, by assumption, I is not controlled by Z. Thus, since H acts in a
unipotent manner on V', Lemma Tl implies that there exists an element o € I\ J
that is centralized modulo J by H.

Write o = E?:l a;v; with «; € K[Z] and with {v1,ve,... ,v,} a set of coset
representatives for distinct cosets of Z in V. If some «; € L, then o;v; € J, and we
can delete this term from «. Thus, it suffices to assume that «; € K[Z]\ L for all
i. Furthermore, if n = 1, then oy = aw; ! € I N K[Z] = L, a contradiction. Thus
n > 2, and consequently we can assume that v; € V' \ Z.

If g € H, then the ideal J = L-K[V] contains

a—od = g aivi—g a;vy.
i i

Since a1 ¢ L, it follows that some term in the above sum, other than «jvq, also
has support in the coset v1 Z. In other words, there exists a subscript j = j(g) with
vf € v1Z or equivalently with vi]_l € v;Z. In particular, we see that v; has finitely
many H-conjugates modulo Z.

Finally, if g € Ny (v1Z), then a—a? € L-K[V] implies that ayv1 —a1v] € L-K[V]
and hence a3 (1 — vJv; ') € L. Thus ay-wK|[T] C L, where T is the subgroup of Z
generated by all vfﬂ with ¢ € Ny (v11Z). Now note that if z,y € Ny (v1Z), then

VIl e Z,so oYY = (0P = o1 and hence ¥V = v 1Y In other
words, the map Ny (v1Z) — Z given by x + v~ is a group homomorphism, and
consequently T'= {09~ " | g € Ny (v1Z)} is the image of this map. O

If Z=Aandif INK[Z]is a G-stable ideal of K[Z], then the preceding result
does indeed yield an appropriate configuration. We now begin working towards the
proof of Theorem [Z7 Recall that D is an infinite division ring of characteristic
p > 0 and that A = D7V is its additive group.

Lemma 4.3. Let L be a proper subgroup of A of finite indez.
(i) If E={x € D| Lx C L}, then E is a finite subfield of D with |E| < |A: L|.
(ii) If T is a subgroup of finite index in A, then the set E' = {x € D | Tz C L}
1s finite.

Proof. (i) It is clear that E' is closed under addition and multiplication, and that
0,1 € E. Furthermore, if 0 # z € E, then Az = A yields |A : La| = |Ax : Lx| =
|A: L] < oo. Thus since Lx C L, it follows that Lz = L and hence that 27! € E.
In other words, F is a subdivision ring of D and L is a right E-subspace of A. But
then A/L is an E-vector space and, since 0 # A/L is finite, we conclude that F is
finite with |E| < |A/L|. By Wedderburn’s theorem, E must be a finite field.

(ii) If 0 # z € E', then Tz C L implies that T C Lx~!, and therefore Lz~" is
one of the finitely many subgroups of A containing 7. In particular, if E’ is infinite,
then there exists an infinite subset X of E’\ 0 with Lz~ = Ly~ for all z,y € X.
Thus Lz~'y = L, and consequently zg X C E, where z¢ is any fixed element of
X. Of course, this is a contradiction, since F is finite and X is infinite. O
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Again, we let K be a field of characteristic different from p, and we let K denote
its algebraic closure. By Lemma BI[ii), we know that any irreducible representa-
tion of K[A] is an algebra homomorphism A: K[A] — K determined by a group
homomorphism A: A — K *. One such A is the principal representation given by
A(A) = 1, while for all over representations we have |A : ker A| = p. Since D*® acts
on A, it permutes the irreducible representations of K[A]. Specifically, if € D*,
then A% is the representation corresponding to A*: A — K", where A%(a) = A(a®)
for all @ € A. Note that ker A* = (ker )\)””_1 = (ker )z~ 1.

Recall that if L is a subgroup of A of finite index and if C' is a finite subgroup
of A, then the residual of L by C' is defined to be

Le={acA|CaC L}

As we observed, the assumptions on L and C' imply that L¢ is a subgroup of finite
index in A. Furthermore, if § is a finite subfield of D and if C' is a right §-subspace
of A, then L¢ is a left F-vector space. Indeed, if a € L¢, then C(Fa) = (CF)a C
Ca C L and hence §a C L.

Lemma 4.4. Let A: K[A] — K be an algebra homomorphism corresponding to the
group homomorphism A: A — I?., write L = ker A\, and let x,y € D*.
(i) If A* = A, then either A is principal or x = 1.
(i) IfC isa finite subgroup of A and if x —y € Lc, then A* and AY agree on the
group algebra K[C].

Proof. (i) If A* = A, then A(a”) = A (a) = A(a) for all ¢ € A. In additive notation,
this means that az —a € ker A = L. In other words, we must have A(x — 1) C L.
But x # 1 implies that A(z —1) = A, so A = L and A is principal.

(ii) Since  — y € L¢, the definition of Lo implies that C(z —y) € L. In
particular, for each ¢ € C, we have cx —cy € L = ker ), so A(cz) = A(cy). In
multiplicative notation, this means that A\*(c) = A(c®) = A(¢¥) = N¥(c¢), so A* and
AY agree on C, as required. [l

Now let 01,09,... ,0, be n > 1 endomorphisms of D. Furthermore, fix 0 # d €
D, and consider the map

On

0:x—dx2°? -z

from D to D. Then §(D®) C D*, since endomorphisms are necessarily one-to-one,
and, if B is any infinite subgroup of A = D, we let G = G(B) = (8(B*)) be the
subgroup of D*® generated by 6(B®). The following is a special case of Theorem H.1]
that does not require any additional assumptions on D.

Lemma 4.5. Let G = G(B) be as above and let I be a G-stable ideal of K[A].
Suppose there exists an element o € K[A]\ I with a-wK[T] C I for some subgroup
T of finite index in A. If a ¢ wK[A], then I = wK|[A].

Proof. Let J be the set of all v € K[A] such that y-wK[C] C I for some subgroup
C of finite index in A. Then it is easy to see that J is a G-stable ideal of K[A].
Furthermore, o € J, so J € wK|[A]. Thus, by Theorem [3.5, J = K[A] and hence
1 € J. In particular, wK[C] = 1-wK[C] C I for some subgroup C of finite index in
A. Finally, let C = {a € A|1—a € I}. Then C is a subgroup of A containing C,
and C is easily scen to be G-stable. Since |A : C | < oo and G is infinite, it follows
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from Lemma A3 with L = C, that C = A. Thus, I D wK[A] and, since I # K|[A],
the result follows. O

At this point, it is necessary to introduce additional notation and hypotheses.
To start with, we assume that the d-factor in 6 is equal to 1, so that 6(z) =
x%12%2 ... %, Next, we assume that there is a finite central subfield § of D such
that B is an infinite §-subspace of A = DT containing 1, and such that the endo-

morphisms 01,09, ... ,0, stabilize §. For convenience, if 7 is any subset of the set
n=1{1,2,...,n}, let us write 0, (z) = 71 2%z --- 2%, where i1 < iz < +-+ < iy
and {i1,72,...,4} = 7. In particular, (x) = 6,(x), each 0, : F* — F°* is a linear

character of the group, and 6y is the principal character. We say that 7 is a proper
subset of n if 7 # 7, and we say that 6 is §-Galois free if 6 is not Galois conjugate,
as a character of §°, to any 6, with 7 a proper subset of 7.

We must actually deal with finitely many copies of the above structure. Specifi-

cally, for each subscript i = 1,2,... ,t, let us suppose we are given a map 0;(x;) =
x]" " - a] " with n; > 1. Next, assume that there is a central subfield § of

D stable under each endomorphism o; ;, and that there exist infinite §-subspaces
B1, Ba,...,B; of A, each containing 1. We can then let G = G(By, Bz, ..., Bt) be
the subgroup of D*® generated by 61 (B})02(Bs)---0.(Bf), and we insist that each
0; is §-Galois free. Again, this means that, as a character of §°, 60; is not Galois
conjugate to any factor 6, ,,, with 7, a proper subset of n; = {1,2,... ,n;}.

Let us write (F°)! for the group which is the direct product of ¢ copies of F°.
Then for any subsets 7; C n;, the function y = (y1,y2,...,%) — [, 0ir(vs)
defines a linear character of this group, namely a multiplicative homomorphism
from (F°)! to §°*. For convenience, if x and ¢ are linear characters of (F°)¢, then

we use [x,&] = D0, ez x(»)€(y~1) to denote the unnormalized character inner
product. Then character orthogonality implies that [x,&] = 0 if x # &, while
I, x] = 1F) = (I8 — 1) = +1 mod p. Of course, [, | extends by linearity to a

function on sums of characters.

Lemma 4.6. Let §, B1,Bo, ..., By, and 01,05, ... ,0; be as above.

(i) If L is an F-subspace of A of finite index and if k > 1, then there exist §-
subspaces X; C B;, with [ [, 0;(1+X;) C L+ 1, where [], denotes the product
in the natural order. Furthermore, we have 1+ X; C B? for all i, the spaces
X1,Xo,..., X1 are finite with dimg X; > k, and the space X; is infinite
dimenstonal.

(ii) If X1,Xo,...,X; are F-subspaces of By, Ba, ..., By, respectively, then the
GF(p)-linear span of [, 0:(1 + X;) contains [T, 6;(X;).

Proof. Using the preceding notation, it is clear that 6;(14z;) = Zﬂ_ 0,7, (z;), where
the sum is over all subsets 7; of 7;.

(i) We show by induction on 1 < r < ¢ that the result holds for the function
[T;_, 0i(xi). Let A\: A — A/L = S be the natural homomorphism. We first
consider the case r = 1. Since L is an §-subspace of A and 1 € By, it follows
from Lemma 22(iii), with 3 = §, that

FO =M1+ —1) = > A61,(0)
T1#0

is a finite sum of polynomial forms mapping B; to the finite group S. Thus, by
Proposition and Lemma i), f(¢) is eventually null. In particular, there
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exists an infinite §-subspace X7 of By with )\(91(1 +X1)— 1) =0, or equivalently
with 61 (1+X7)—1 C L. Furthermore, by replacing X; by a subspace of codimension
1 if necessary, we can assume that —1 ¢ X;. Thus 1+ X; C B?, and this case is
proved.

Now suppose the result holds for some r < ¢, and let Xq, Xo,..., X, be the
corresponding subspaces obtained. Since X, is infinite dimensional, we can replace
it by a finite subspace of dimension at least k. In particular, X = X; x Xo x---x X,
is now finite. For each r-tuple z = (21, x2,... ,z,) € X define

1) = A(TL 01+ 206121+ €) — 1))

= Y AITH0 e ).

Trp1#£0 =1

Again, each f, is a finite sum of polynomial forms on B, 41, so each is eventually null
by Proposition and Lemma [21[ii). Furthermore, since there are only finitely
many such functions, Lemma 2.I(ii) implies that there exists an infinite §-subspace
Xr41 € By with f,(X,41) =0 for all x € X. As above, we can replace X, 1 by
a subspace of codimension 1, if necessary, to guarantee that 1 + X, C By, ;.

Finally, let z; € X; for i = 1,2,... ,r + 1. Then, by induction, we know that
[T;—, 0:(1 + z;) — 1 € L. Furthermore, note that f;(z,4+1) = 0 and hence we have
[T 0i(1 4+ 2)-[0r+1(1 + zy41) — 1] € L. Thus, by adding these two members of
L, we obtain H:ill 0;(1+ z;) — 1 € L, and the induction step is proved. Of course,
the result follows when r = t.

(ii) Let the product 6,02 -, - - - ¢ -, be viewed as a linear character of (§*)*. If
this character is Galois conjugate to 6163 - - - 6, then 6, ;, must be Galois conjugate
to 0;, as a character of §°, for each i. By assumption, this can only occur if
7; = n; for all . Now let © denote the sum of the distinct Galois conjugates of
0102 ---0;: (F°)" — F°, so that O((F*)") € GF(p). By the preceding comment and
our observations on character orthogonality, we know that [©,61 7,02 7, - - 6;.7,] =0
unless 7; = n; for all . Furthermore, since 6165 - - - 6; occurs in © with multiplicity
]., we have [@, 9192 c 915] = [9192 c '915, 9192 c 915] = +1.

Let X = X7 x Xo X -+- x X; and for each ¢ = (x1,x2,... ,2;) € X write

o) =01(1 4+ 21)02(1 + x2) - - - 0 (1 + )
= 201,71 (1‘1)92172 (1[,'2) O, (xt)v

1,T;

where the sum is over all subsets 7; C 7; for all i. Next observe that if x € X and
y = (yl) y27 R 7yt) E (g.)t) then y_lx = (yflxl) y;1x27 A 7y;1xt) E X and

oy 'x) = 00 (ur ' w1)02m, (5 2) -+ O, (7 )

4,Ti

= Z 91,7'1 92,7’2 to et,n (y_l)'el,ﬁHQ,Tg o 915,7'1, (l‘)

4,Ti
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Thus, by using the inner products computed in the previous paragraph, we have

> ewely ')

ye(F*)?

= Z Z e(y)91,7102,72 to 915,7,5 (yil)'el,‘rl 92,7’2 e gt,n (CL‘)

0,7 ye(F*)?

= 2[9’ 91,7192,72 T gt,n]'el,‘rl 92,7’2 T 915,7,5 ((E)

7;,7'1'

= i@l(xl)Hg(xg) R Ht(ﬂﬁt).

In particular, since > <. O(y)p(y~tx) is in the GF(p)-linear span of p(X) =
H,L- 91(1 + Xi), so is Hz gz(Xl) O

We can now easily prove the rather unwieldy main result of this section.

Theorem 4.7. Let § be a finite central subfield of the characteristic p division ring
D, and let By, Bo, ... ,B; be infinite §-subspaces of the additive group A = DT,
each containing 1. For each i = 1,2,...,t, let the map 6;: D — D be given by
0;(z;) = a] " al"? x;f with n; > 1. Here, the 0; ;s are all endomorphisms
of D that stabilize §, and we define G = G(Biy, Ba,...,By;) to be the subgroup
of D* generated by the product 01(B3$)02(BS)---0:(B;). Finally, let K be a field
of characteristic different from p, let I be a G-stable ideal of K[A], and suppose
there exist an element o € K[A]\ I and a subgroup T of A with a-wK[T] C I and
|A: T| < 0o, where T is the subgroup of A generated by all 6;(F*)02(F®) - - - 0,(F°)-
congugates of T'. If each 0; is §-Galois free, then I = wK|[A].

Proof. Let us assume, to start with, that K is an algebraically closed field. Since
a € K[A]\ I, it follows from Lemma [BI]i)(ii) that there exists an irreducible
representation A: K[A] — K, determined by a group homomorphism \: A — K*°,
with A(a) # 0 and A(I) = 0. Let L = ker A, and let C be a finite subgroup of A
containing the support of . Since § is finite, we can replace C by CF if necessary
to assume that C is an §-subspace of A. As we observed earlier, this implies that
L¢ is an F-subspace of A of finite index. Hence, by Lemma [6l(i), there exist
§-subspaces X; C B;, with [[, 0;(1+ X;) C L¢ + 1. Furthermore, 14+ X; C By for
all 7, the spaces X1, Xs,...,X;_1 are nonzero, and X; is infinite.

Let v = (x1,22,... ,2;) € X = X1 x Xo x -+ x Xy. Then g =[[,0:(1+x;) € G
and, by applying g to the inclusion a-wK|[T] C I, we obtain a9 wK[T9] C I9 = I.
Thus A(a?)-A(wK[T9]) C A(I) = 0. But g —1 € L¢, so Lemma EZ(ii) implies
that AY and A' = A agree on K[C]. In particular, A(a?) = A9(a) = A(a) # 0, so
A(wK[TY]) = 0, and we deduce that L =kerA 2 79 =Tg =T-]],0;(1 + ;). In
other words, L 2 T-]], 0;(1 + X;). Now we know from Lemma E6(ii), since each
6; is §-Galois free, that the GF(p)-linear span of the set [],0;(1 + X;) contains
[, 6:(X;). Thus, since T is a GF(p)-module, it follows that

LOT-[]0:s(X:) =T [ 60:(3°Xs) = T-[[ 0:(3°)- T ] 0:(X).
Of course, T is the linear span of T-1I,0:(8*), and hence L D sz 0;(X;). By

assumption, 7' is a subgroup of finite index in A and, by Theorem B3, [, 0:(X;)
is infinite since X1, Xo,...,X;_1 are nonzero and X; is infinite. We can therefore
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conclude from Lemma FE3[ii) that L = A. In other words, A can only be the
principal representation of K[A].

Now A(a) # 0 and A is principal, so it follows that o € K[A] \ wK[A]. Thus,
since wK[A] is an F°*-stable prime ideal of K[A], we see that 5 = Hyeg- oY is also
contained in K[A]\ wK[A] and, of course, (3 is fixed by §*. Since 1 € B; for all 1,
it follows that B; 2 § and hence that G 2 61(F*)02(F®) - - - 0:(F*), a subgroup of
§*. Thus I is stable under this subgroup, and therefore the inclusion 8- wK[T] C I
and the definition of 7' imply that 8- wK [T] C I. Furthermore, by assumption, we
have |A : f| < o0. Let b; € B; be fixed nonzero elements for ¢ = 1,2,... .t — 1.
Then G contains the group H = (d-0;(B;)), where d = []'_] 6i(b;). Since d # 0,
B, is infinite, and I is H-stable, Lemma [I0] implies that I = wK[A], as required.

Finally, let K be arbitrary and, as usual, let K denote its algebraic closure. Then
I = K-Iis a G-stable ideal of K[A] with a € K[A]\ I and a-wK[T] C I. By the
algebraically closed result, we have I = wK[A], and consequently I = I N K[A] =
wK[A] N K[A] = wK|A]. O

5. LocALLy FINITE FIELDS

At this point, we shift our attention from arbitrary characteristic p division rings
to (commutative) absolute fields. Recall that a field F' is locally finite or absolute if
every finite subset generates a finite subfield. In other words, F' is locally finite of
characteristic p > 0 precisely when it is a subfield of the algebraic closure of GF(p).
Now let 01,09, ... ,0, be automorphisms of F. We say that 0(z) = 271272 - - - 27" is
p-bounded if for every field automorphism 7 there are at most p— 1 subscripts ¢ with
o; = 7. Furthermore, we let f denote the Frobenius, namely the field automorphism
given by x +— 2P. The following two lemmas yield an alternate approach to the
work of [S Section 2] in the case of locally finite fields. Here o(f) denotes the
o-coset of the cyclic group (f).

Lemma 5.1. Let F be a locally finite field of characteristic p > 0, and let 8 be as
above. Then there exists a p-bounded map &(x) = x™xt2 ... g"m  determined by
the field automorphisms K1, Ko, ... ,Km, such that

(i) 0(z) =&(x) for allz € F, and
(11) {O—l<f> |Z: L2,... 777'} = {K]<f> |]: L,2,... 7m}'

Proof. Suppose first that F = GF(p¥) is finite. Then we know that every field
automorphism of F is uniquely of the form {: z — zP" with 0 < r < k — 1.
Hence 6(x) = z for some integer v > 0. Furthermore, since every element of
F satisfies 2P° = x, we can assume that v < p*¥ — 1. Thus, we can write v =
vo +vip + -+ vp_1pP ! in its base p expansion with 0 < v; < p — 1 for all i, and
then &(z) = Hf;é(mfr)vr has the necessary properties.

Now let F' be infinite, so that f is an automorphism of infinite order. For conve-

nience, let us assume that o1, 09, ... , 0., are the “smallest” o elements in the cosets
{o:(f) | i =1,2,... ,n}. By this we mean that each o; can be written uniquely as
o;f* with s > 0 and i € {1,2,... ,m}. Thus, 6(z) = [[\~, (z7")* with a; > 0, and

we write each a; in its base p expansion as a; = Zf«:o a;,p” with 0 <a;, <p—1.
Then &(z) = [11", [T\ (z71")% clearly has the appropriate properties. O
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These p-bounded maps are of importance to us because of the following unique-
ness result. Note that here we view 6 and & as maps on F'®, rather than on the
entire field F', and this requires the additional hypothesis in case F' is a finite field.

Lemma 5.2. Let 0(x) = x7'a%2 -2 and &(x) = ™ "2 ... 2" be p-bounded
functions with 0(z) = &(z) for all x € F*. Assume further that either ' = GF(p*)
with n,m < (p — 1)k, or that F is infinite. Then n = m and, by relabeling if
necessary, we have o; = Kk; for all i.

Proof. Suppose first that F' = GF(p*) is finite. For each integer 0 < r < k — 1, let
ar = [{i | i = {"}| and let b, = |{j | k; = §"}|. Then 6(z) = 2* and {(x) = 2°,
where a = Zf;é a-p"” and b = Zf;é b.p". Note that 0 < a,, b, < p—1, since both
and ¢ are p-bounded. Thus, since n,m < (p— 1)k, we have a,b < Zf;é (p—1)p" =
p¥ — 1. Now, 6(z) = &(x) for all x € F*®, so the polynomial ¢ — ¢® € GF(p)[¢] has
at least p* — 1 roots. But a,b < p* — 1, so this polynomial must be identically 0,
and hence ¢ = b. The uniqueness of the base p expansion now implies that a, = b,
for all 7, and therefore the result follows in this case.

Finally, let F' be an infinite locally finite field. If two automorphisms of F' are
distinct, then they differ on an element, and hence they differ when restricted to
any finite subfield containing that element. We can therefore find a finite subfield
§ of F such that any equality of the form o; = 0, 0; = K; or K; = k; that holds
in §, must also hold in F. Furthermore, we can assume that if § = GF(p¥), then
n,m < (p—1)k. Since 6 and £ are both p-bounded and agree when restricted to §°,
the finite field result implies that n = m and that, by relabeling, we have o; = k;
as automorphisms of §. Thus o; = k; as automorphisms of F'. O

As a consequence, we obtain

Lemma 5.3. Let 0(z) = x%1x%2 --- 2" be a p-bounded function on F with n > 1
and, if F = GF(p*) is finite, assume in addition that n < (p — 1)k.

(i) If F is finite, then 0 is F-Galois free.

(ii) The linear span of O(F®) is a subfield of F of finite index. Indeed, if 7 is
an automorphism of F fixing 0(F*®), then 7 has finite order and permutes the
multiset {o1,09,... ,0,} by right multiplication.

(iii) Suppose that F is an infinite field and that 6 is an additive function when
restricted to a subgroup L of finite index in A = FT. Then we must have
n =1, so that 0(z) = ™!

Proof. (1) Let 7 be a proper subset of n = {1,2,...,n}, so that |7| = m < n, and
let 7 be a field automorphism of F'. Then 6, is a p-bounded function on F', and so
also is #™. Thus, since m,n < (p — 1)k and m # n, we conclude from Lemma
that 6, # 6™ as characters of F'°.

(ii) Since §(F'*) is a subgroup of F'*, its linear span E is a subring of F'. Hence E
is a subfield of F, and the nature of F implies that F'/E is a Galois extension. Now
7w € Gal(F/E) if and only if 6™ and 0 agree on F'*. Thus, since 6™ is also p-bounded,

we conclude from LemmalB2again that 6™ = 0 if and only if {17, oom, ... ,on7} =
{01,09,... ,0,} as multisets.

(iii) Let § be any finite subfield of F. Since |A : L| < oo and § is finite, we know
that the residual V = Lz is an §-subspace of A of finite index. In particular, V' is
nonzero since F' is infinite, and V C L since 1 € §. Fix 0 # v € V, and note that
O(yv) = O(y)0(v) for all y € §. Thus, since 0 is additive on V' and 6(v) # 0, we
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conclude that 6 is additive on §. But I is the direct limit of all such finite subfields
5, and hence 6 is additive on F'. Since 6 is also multiplicative on F, it follows that
it is an automorphism of the locally finite field. In other words, 6(z) = {(x) for all
x € F, where {(x) = 2™ for some automorphism 7. Since ¢ is certainly p-bounded,
we conclude from Lemma [5.2 that n = 1 and that 7 = oy. O

Additional applications of uniqueness include

Lemma 5.4. Let F' be an infinite absolute field and let (x) = 7122 - - -z be a
function determined by n > 1 field automorphisms.
(i) If k is a positive integer, then the subfield of F' spanned by 6(F*®) is the same
as the subfield spanned by 6% (F*).

(il) If E is the subfield of F spanned by O(F*), then E must also be the linear
span of O(E*).

(iil) Let 01,0a,...,0, be finitely many functions from F to F which, like 6, are
determined by field automorphisms, and let E be the subfield of F' spanned
by the product 01(F*)02(F®)---0:(F*). Then E is also the linear span of
01(E®)02(E®)---0(E®).

Proof. (i) If E is the linear span of §(F*) and if L is the linear span of *(F'*), then
certainly FF 2 E D L, and (F : L) < oo by Lemma B.3|(ii). Since all such extensions
are Galois, it suffices to show that if 7 is an automorphism of F fixing 6% (F*), then
7 fixes O(F*).

By Lemma [B.[(i), it suffices to assume that 6 is p-bounded; and, since L is a
perfect field, we can assume that p does not divide k. Note that (f) is an infinite
cyclic group since F' is infinite. Now choose an integer ¢ > 0 so that, for all i, j,
if O’i0'j_1 € (f) or if 7T0'i0j_1 € (f), then these finitely many terms are contained in
{§" | —¢ < r < ¢}. Since p is prime to k, there exists an integer s > ¢ with p* =1
mod k. Then e = an_:lo p*™ =k =0 mod k. In other words, k£ divides e, and
hence 7 fixes 6¢(F'*), where

n e n k—1
o(@) = (TT=") =TT TT ="
i=1 i=1m=0
Since s > ¢, it follows easily that the latter expression describes a p-bounded
formula for §°(z). Indeed, if o;f*™ = 0,9, then 010;1 € {f); so we must have
m; = m; and 0; = 0;.

Next, since 7 fixes 0¢(F*), it follows from Lemma [B3[(ii) that m permutes the
multiset {o;f*" |1 <i <mn, 0 <m < k—1}. Again, since s > ¢, any equality of
the form mo;f*™ = 0;§*™ implies that m; = m; and wo; = 0;. In other words, 7
permutes the multiset {o; | 1 <14 < n}, and therefore Lemma[5:3(ii) implies that 7
fixes O(F'*).

(ii) By Lemma [B3[ii), we know that (F : E) = k < oo, and hence F/FE is
a finite Galois extension. Let N: F — E denote the norm map. Since 6(z) is
multiplicative and since field automorphisms commute, the inclusion §(F*) C E
implies that 6(N(z)) = N(6(z)) = 0*(z) for all € F*. Thus, (F*) D 0(E®) 2
O(N(F*)) 2 6%(F*), and the result follows from (i).

(iii) Let E; be the linear span of 0(F}), so that E is generated by the fields
Ey,Es,...,Ey. By (ii), E; is the linear span of 6,(E?), and therefore the linear
span of ;(E*®) contains E;. It follows that the linear span of 61 (E®)02(E®) - - - 0:(E*®)
contains F1 Fs - -- Ey = E, as required. O
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We can now combine Theorem E.7] with the above observations to obtain

Corollary 5.5. Let F' be an infinite locally finite field of characteristic p, set A =
F*, and, for each i = 1,2,...,t, let the function 0;: F — F be given by 0;(x;) =

oi, (of3 Oi,n;
@ with n; > 1 Here, the o js are all automorphisms of F', and we

K] K] —
deﬁne G = 01(F*)02(F®)---0,(F*) so that G is a subgroup of F*. Finally, let K
be a field of characteristic different from p, let I be a G-stable ideal of K[A], and
suppose there exist an element a € K[AJ\I and a subgroup T of A with a-wK[T] C T
and |A : T| < oo, where T is a finite sum of 01(F*)05(F*®) - - - 0,(F*®)-conjugates of
T. Then we must have I = wK[A].

Proof. By Lemma [5.1] it suffices to assume that 61,65, ... ,0; are p-bounded func-
tions on F. Thus, since F' is an infinite locally finite field, we can find a finite
subfield § = GF(p*) of F such that:

(i) If 0;; # 04,5 as automorphisms of F', then o, ; # 0; ;7 as automorphisms of
3

(i) n, <(p—Dkforalli=1,2,...,t.

(i) T is a sum of 61 (F*)02(F*) - - - 0:(F*)-conjugates of T.
Now it follows from (i), (ii) and Lemma E3(i) that each 6; is §-Galois free. Fur-
thermore, A = F'* is an infinite F-space containing 1, and condition (iii) implies
that |A : T| < oo, where T is a subgroup of A generated by 61 (F*)02(F®) - - - 0:(F*)-
conjugates of T'. Thus, by Theorem L7 we conclude that I = wK[A]. O

We will also need

Lemma 5.6. Let F' be an infinite locally finite field and let V(z): F — F be a
map which can be written as a finite F-linear combination of functions of the form
&(x) = afrah2 .. " where each k; is a field automorphism. Assume, in addition,
that ¥(0) = 0.
(i) If O(F) is finite, then U(F) = 0.
(i) If ©(z) is an additive map with Y(F) # 0, then F is a finite sum of F-
translates of its additive subgroup W(F); that is, F = _;_, by U (F) for suit-
able field elements by, ba, ...  by,.

Proof. Say V(z) = Z§=1 a;&;(x) with a; € F. By combining terms if necessary,
we can clearly assume that, as functions, the & (x) are all distinct. In particular,
there is at most one &;(x) given by the empty product and hence identically equal
to 1. But then ¥(0) = 0 implies that this term cannot appear in ¥(z). In other
words, &(0) = 0 for all ¢, and hence, since these functions are distinct, they differ
on nonzero elements. It follows that there exists a finite subfield § C F' such that
the various &;(x) give rise to distinct linear characters &;: §* — §°.
For each y € §*, define ¥, (z) = U(y~'z) for all x € F. Then

t
= Zaifi(yilx Zazfz ’L
i=1

Thus, for any fixed subscript j, we have

> &), Z > &y )-aii(e) =Y 1€, & -aiki(x),

yeEF® i=1 yege i=1
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where, as usual, [§;,&;] denotes the unnormalized character inner product. In par-
ticular, character orthogonality yields

(%) Z Ei(y)y(x) = ta;&(z) for all x € F.
yES®

(i) If ¥(F) is finite, then each ¥, (F) is finite, and hence, by the above, a;&;(F)
is finite. But §;(F") is infinite, by Theorem B.5 and hence we must have a; = 0 for
all j. In other words, ¥(F') = 0.

(ii) Now suppose that ¥(z) is additive with W(F') # 0, and let the subscript j be
chosen with a; # 0. Since each ¥, (x) is clearly also an additive function, it follows
from (x) that a;¢;(z) is additive and hence so is {;(z). Now, by Lemma B.TI(i), we
can assume that £;(z) is p-bounded, and then, by Lemma [B3[iii), it follows that
&;(x) is an automorphism of F'. In particular, {;(F) = F, and hence (x) yields

ST LGWUEFE) =) &)Yy (F) 2 +a;8(F) = F,

yES® yeES*
and the result follows. O

If I = GF(p) is the algebraic closure of GF(p), then F' has no proper subfield of
finite index. Thus, by Lemma [E.3(ii), the linear span of §(F*®) is equal to F' itself.
On the other hand, if F' admits an automorphism 7 # 1 of finite order n, then we
can take 0(x) = za™ -- 2™ " to be the norm map from F to Fj, the fixed field
of 7, and then 0(F*®) C F, with (F: F;) = n. As we see below, it is possible for
O(F*) to span F and to have infinite index in the multiplicative group F'°.

Example 5.7. Let p be an odd prime, and let q be a prime divisor of p — 1. Set
F=Ux, GF(p?"), and assume that ¢* divides p — 1 if ¢ = 2. Then there exists
a function 0(x) = 2?22, with o an automorphism of F, such that G = §(F*®) is
a q'-subgroup of F*. In particular, |[F*® : G| = oo, even though F is the linear span
of the group G.

Proof. If ¢* is the exact power of ¢ dividing p — 1, then, as is well known, the
assumptions imply that ¢" % is the exact power of ¢ dividing p¢" — 1. By induction,
we construct automorphisms o,, = p*» of GF(p?") such that ¢®*" divides p—2+p"»
and such that o, extends o,. To start with, take o9 = p° = 1. Now suppose

that o, = pFr exists. Since every element = of GF(p?") satisfies e T, we can
replace k,, by kn+1 = ky, +bq"™, for any nonnegative integer b, without changing the
automorphism o,,. We then define ¢,,;1 = p**+1, and the goal is to find b so that
g™ tet! divides p — 2 + pFntt.

Now we know that p — 2 + pF» = A\¢g"*® for some integer A. Furthermore, p?" =
1 + pg™te, where ¢ does not divide p, and hence p*" = 1 4 bug™t* mod ¢"tot!
since a > 1. Thus

p—2 _’_pkn+1 _ )\anra +pk7L+1 _pkn _ )\anra +pk7L (pbq" -1)
=q"" (A +p"bp) mod ¢" T,
and we need b to satisfy A+ p*byu =0 mod q. But p=1 mod ¢, so this equation
simplies to A 4+ by = 0 mod ¢, and it has a nonnegative integer solution b since g
does not divide pu.

Thus the sequence 0g, 01, ... can be constructed, and, since these automorphisms
are consistent, they define an automorphism o of F = (J;—,GF(p? ). Finally, if
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xz € F* is a g-clement of order dividing ¢"*%, then 2 € GF(p?"), so P~ 227 =
2P~22%% = 1 since ¢"T* divides p — 2 + pk=. Tt follows that §(F*) is a ¢’-group,
and hence it has infinite index in F®*. On the other hand, it is clear that F' has
no proper subfields of finite index. Thus, by Lemma B3(ii), we conclude that the
linear span of §(F'®) is equal to F. O

Suppose F' is an infinite locally finite field that admits an automorphism o of
order 2. Then it follows easily from Zsigmondy’s Theorem that the kernel of the
multiplicative norm map 6(z) = zz” contains elements of prime order for infinitely
many different primes. Of course, §(F*) = F2, where F, is the fixed field of o.

6. QUASI-SIMPLE GROUPS OF LIE TYPE

In this section, we prove our main result. To start with, we list properties of
the representation ¢: & — GL(V') which are needed for that argument. In order
to handle the general situation of irreducible modules, rather than just absolutely
irreducible ones, two fields seem to come into play. Here F' is the field of definition
of the group &, and F plays the role of the field of character values.

Hypothesis 6.1. Let F' O E be infinite locally finite fields of characteristic p > 0,
let V' be a finite-dimensional E-vector space with dimg V' > 2, and let & be a group
that acts on V' by way of the homomorphism ¢: & — GL(V). Assume that the
following conditions are satisfied:

(i) B is a p-subgroup of & with Cy (P) = Evg, and Evy-p(&) = V.

(il) ¥ is a subgroup of & that stabilizes the line Evg, and the action of ¥ on this
line factors through its homomorphic image T = (F*)t = F®* x F®* x --- x F*.
Indeed, for each i =1,2,... t, there exists a function 6;: F — E C F given
by 0i(x;) = o7 a2 ] with

v0-@(21, T2y . .. ) = O1(21)02(22) - - - Oy (1) Vo

for all (x1,22,...,2;) € T. Here ¢ denotes the induced action of T on vy,
each n; > 1, and each o;; is a field automorphism of F. In addition, E is
the linear span of the product 61 (F*)02(F*®)---0,(F*).

(iii) P is generated by one-parameter subgroups P, = {9 | * € F} such that
the matriz entries of ¢(g.) are all F-linear sums of expressions of the form
g2 .. ghm where the k; are automorphisms of F' and m > 0. Of course,
these entries are contained in E, and g gy = gz+y for all z,y € F.

As will be apparent, we have developed sufficient machinery to prove

Theorem 6.2. Let F D E, V and & satisfy Hypothesis[61], and let K be a field of
characteristic different from p. Then the augmentation ideal wK[V] is the unique
proper &-stable ideal of the group algebra K[V].

Proof. Let I be a B-stable ideal of K[V] different from 0 and K[V]. Our goal is to
show that I = wKIV].

Set Z = Evg = Cy(B), and note that Z =2 A = Et. We first show that I is
not controlled by Z. Suppose, by way of contradiction, that Z controls I, so that
Z 2 C(I), the controller of I. Since C(I) is -stable and since Z-¢(&) =V # Z,
it follows that C(I) is properly smaller than Z. Furthermore, since the linear
span of 01 (F*)02(F*®)---0,(F*) is equal to E, it is clear that T stabilizes no proper
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subgroup of Z. In other words, we must have C(I) = (1), in multiplicative notation,
and consequently I = (I N K)-K[V] =0 or K[V], a contradiction.

We now know that Z = Cy () does not control I. In addition, since P is a
p-group, ¢(P) consists of unipotent elements and hence ¢(P) acts in a unipotent,
that is, unitriangular, manner on the abelian group V. Thus, by Lemmal[£2], there
exist an element o« € K[Z]\ (I N K[Z]) and an element v € V \ Z having only
finitely many 3-conjugates modulo Z, such that a-wKI[T] C I N K[Z]. Here, in
multiplicative notation, 7' = {v"~! | h € Nyy(vZ)} is a subgroup of Z. Furthermore,
for all g, h € Ngp(vZ), we have v9" =1 = p9=1.ph=1,

Next, we show that T is a “large” subgroup of Z. To start with, since v ¢
Z and since B is generated by its one-parameter subgroups, there exists such a
subgroup B, which does not centralize v. On the other hand, v has finitely many
B-conjugates modulo Z, so it has finitely many J3,-conjugates modulo Z. Now
extend vy to an E-basis {vg,v1,... v} for V, and let ¥,(x): FF — E C F denote
the v;-coordinate of v9=~1 = v(¢(g,) — 1). By assumption, each ¥;(z) is an F-
linear combination of functions of the form {(z) = "' x"2.--z%, where the &;
are field automorphisms of F', and of course ¥;(0) = 0. Furthermore, since v has
only finitely many B,-conjugates modulo Z, we see that ¥;(F) is finite for each
i > 1. Thus, by Lemma [50(i), the ¥;(z) with ¢ > 1 are identically 0. It follows
that Ny, (vZ) = P, and that Wo(x) is not identically 0, since otherwise 9, would
centralize v. Note also that, for all z,y € F', we have

ngﬂ*l — Ugwgrl — U(g)m—l,vgrl7
and, in additive notation, this means that Uo(z + y) = Po(x) + Po(y). Thus,
by Lemma [5.6{(ii), there exist finitely many field elements by,bs,... b, € F such
that F = >, b;Uo(F). Indeed, since ¥o(F) C E and since F is free over E,
there exist finitely many field elements b}, b5,...,b. € E with E = >""_ | b;¥(F).
Hence, since T' 2 v(¢(By) — 1) = ¥o(F)vg, we have

T T
Z = Evy = Zbg%(F)vo C ZbgT cZ.

i=1 i=1

But E is the linear span of G = 01 (F*)02(F*®) - - - 0,(F*), so there exist finitely many
elements c1,ca,... ,cs € G with Z = E;:1 e;T.

Finally, observe that I N K[Z] is an ideal of K[Z] stable under the action
of 01(E*)05(E®)---0;(E*®). Thus, since Z 2 A = ET and since the product
01(E®)02(E®)---6.(E®) spans F by Lemma [BAiii), Corollary implies that
INK[Z] = wK[Z]. In other words, I 2O wK[Z]. But I is ®-stable, so I D
wK[Z-¢(®)] = wK][V], and the result follows. O

It is an immediate consequence of the preceding theorem that there are no proper
B-stable subgroups of V. But this is actually just a trivial exercise from the hy-
potheses, and it is essentially proved in Lemma [63(i).

Of course, it remains to show that the groups and modules we are interested in
satisfy Hypothesis [6.1] For the most part, this is all spelled out in [PZ, Section 3],
with appropriate references, so we can deal with this rather quickly. To this end,
let & denote a quasi-simple group of Lie type defined over an infinite locally finite
field F' of characteristic p > 0.
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Lemma 6.3. Let W be a finite-dimensional F-vector space on which & acts both
nontrivially and absolutely irreducibly. Then there exists a subfield E of F' of finite
indez, and a G-stable E-subspace V' of W such that

(i) V has no proper &-stable subgroup,
(i) W=F®gV, and
(ili) F D FE,V and & satisfy Hypothesis[G1.

Proof. Let P be a Sylow p-subgroup of & and let ¥ be a maximal torus of &
contained in Ng (). By [PZ, Theorem 3.1], a result of [BT] and [HZI], we have
W =W ®@p W3? ®F ---®r W/ ", where each Wj is an infinitesimally irreducible
F[®]-module and where each o; is a field automorphism. By the remarks following
the above mentioned theorem in [PZ], P centralizes a unique line Fwg in W. Indeed,
wo = wi' ®wy® @ --- @wy*, where each w; with ¢ > 1 is a highest weight vector
in W;. Thus, by [PZ, Lemma 2.2], we see that T acts on Fwy by way of certain
functions 6,60s,...,60;: F — F as described in Hypothesis B1l(ii). If E is the
subfield of F' spanned by the product 01 (F®)f3(F*®)---0,(F*), then (F : E) < o0
by Lemma [5-3(ii). Furthermore, by Lemma [5-4(iii), F is the linear span of the
product 61 (E®)03(E®)---0,(E*).

Now, according to [PZ, Lemma 3.3], E is equal to the field GF(p)[x] generated
by all values x (&) of the corresponding group character x: & — F. Thus, since
& is locally finite and char F' = p > 0, the representation associated with W is
realizable over E. In other words, there exists a ®-stable F-subspace V. C W
with W = F @ V. This proves (ii), and of course ® must act nontrivially and
irreducibly on gV since it acts nontrivially and irreducibly on pW.

Since P is a p-group, it acts in a unipotent manner on V, and hence Cy () # 0.
Indeed, since F @ g Cy (B) C Cw (P), it follows that Cy (P) is a line Fvg in V and,
without loss of generality, we can assume that wy = vg € V. With this, we now
understand the action of T on Evg. Furthermore, as can be seen for example in [C]
or [St], P is generated by one-parameter subgroups P, determined by root vectors,
and each such subgroup acts on each W; via polynomial maps. Of course, in the
twisted cases, the defining field automorphism also comes into play. Thus, since
FpV =W =W ®@r W3?®p - @r W*, we can now conclude that F' O E,
V and & satisfy Hypothesis

Finally, suppose U is a nonzero ®-stable subgroup of V. Then 0 # Cy () C
Cyv(*B) = Evg. Furthermore, ¥ acts on Cy(P) and, since E is the linear span of
the product 6, (E®)02(E®)---0:(E*®), it follows that Cy () = Fvg. In particular,
we have U 2 Evy-¢(®) =V, and the proof is complete. O

It is now a simple matter to prove the Main Theorem, which, for convenience,
we restate below.

Theorem 6.4. Let & be a quasi-simple group of Lie type defined over an infinite
locally finite field F' of characteristic p > 0, and let V' be a finite-dimensional vector
space over a characteristic p field E. Assume that & acts nontrivially on V by
way of the representation ¢: & — GL(V'), and that V' contains no proper &-stable
subgroup. If K is a field of characteristic different from p, then wK[V] is the unique
proper &-stable ideal of the group algebra K[V].

Proof. Since & is a locally finite group and char £ = p > 0, we know that the
representation ¢: & — GL(V) is realizeable over the field GF(p)[x] C E generated
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by the character values x(®). Thus, since V' contains no proper &-stable subgroup,
we must have E' = GF(p)[x] C GF(p), the algebraic closure of GF(p).

Now let V = GF(p) ®g V. Since V is a finite-dimensional irreducible E[®]-
module, it follows that V = W ®W,@---@ W}, is a finite direct sum of absolutely
irreducible GF(p)[®]-modules. Furthermore, by [PZ, Theorem 3.1], each W, is
isomorphic to GF(p) ® p W;, where W; is an absolutely irreducible F'[®]-module. In
particular, by Lemma [6-3[ii), we have W; = F®p, V;, where E; is a subfield of finite
index in I and where V; is the E;[&]-module given by that lemma. Thus V C V =
® Zle GF(p)®g, Vi, and the latter is isomorphic to a possibly infinite direct sum of
the various V; as GF(p)[®]-modules. But V and each V; is an irreducible GF(p)[&]-
module by Lemma[6.3)i), and hence we conclude that V' is GF(p)[®]-isomorphic to
V; for some 3.

In other words, we can now assume that there exists an absolutely irreducible
F[®]-module W such that V' C W is given by the preceding lemma. But then,
by Lemma [6.3[(iii), the triple F' D E, V and & satisfies Hypothesis[G.Il and conse-
quently the result follows from Theorem .2 O

Next, we paraphrase the above in terms of locally finite linear groups.

Corollary 6.5. Let V' be a finite-dimensional vector space over a field E of char-
acteristic p > 0 and let & be an infinite locally finite subgroup of GL(V). Assume
that & is quasi-simple and that it stabilizes no proper subgroup of V.. If K is a field
of characteristic different from p, then the augmentation ideal wK|[V] is the unique
proper &-stable ideal of the group algebra K[V].

Proof. It essentially follows from the celebrated result of [Be|, [Bo|, [HS] and [T}
that & is a quasi-simple group of Lie type defined over an infinite locally finite field
F of the same characteristic p. Now apply Theorem O

Finally, we return to the original problem of studying ideals in group algebras
of locally finite abelian-by-simple groups. Recall that if V' is a normal abelian
subgroup of 9, then $/V acts on V by conjugation.

Corollary 6.6. Let V be a finite-dimensional vector space over a field E of char-
acteristic p > 0, and let V' be a minimal normal abelian subgroup of the locally finite
group $). Assume that H/V is an infinite quasi-simple group that acts faithfully as
a linear group on V. If K is a field of characteristic different from p and if I is a
nonzero ideal of K[$)], then I O wK[V]-K[$], and hence I is the complete inverse
image in K[9)] of an ideal of K[$H/V].

Proof. Let 0 # I < K[9)] and suppose, by way of contradiction that I N K[V] = 0.
Note that V acts in a unipotent manner on §), since it centralizes both V' and
$H/V. Thus, since Cy(V) =V < and since V does not control I, it follows from
Lemma that there exist 0 # o € K[V] and h € $\ V with a-wK[T] = 0 and
with T' = [h, V], the commutator group determined by the action of h on V. But
T is a nonzero E-subspace of V', so T is infinite, and hence a-wK[T] = 0 implies
that a = 0, a contradiction.

We now know that ITNK[V] is a nonzero §/V-stable ideal of K[V]. Furthermore,
since V' is a minimal normal subgroup of 9, it is clear that & = §/V stabilizes no
proper subgroup of V. Consequently, Corollary[G.5 implies that INK[V] 2 wK[V],
so I D wKI[V]-K[9)], and the result follows. O
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In particular, any information on the lattice of ideals of K[$/V] carries over
immediately to information on the lattice of ideals of K[$)].

A. AppEnDpUM TO [OPZ]

This is the promised addendum to [OPZ]. It was added in June, 2001, a bit
too late to appear in the published version of that work. However, since then,
a modified DVI file for that paper has been available on the author’s web page:
http://www.math.wisc.edu/ passman. The notation below follows that of the orig-
inal paper.

Lemma A.1. Let D be a division ring and let V be a right D-vector space. If
char K # char D, then any D*-stable ideal of K[V] is semiprime.

Proof. If char D = p > 0, then V is an elementary abelian p-group. In particular, if
char K # p, then we know that K[V] is a commutative von Neumann regular ring.
Hence every ideal of K[V] is semiprime.

On the other hand, if char D = 0, then we must have char K = ¢ > 0 for some
prime ¢. Let I be a D®-stable ideal of K[V] and suppose by way of contradiction
that v/ > I. Then we can choose an element a € /T \ I of minimal support size,
say n+ 1. Thus a = koxg + kiz1 + - - - + knxp, with xg,x1,... ,x, € V and with
ko, k1,... ,k, € K\ 0. Without loss of generality, we may assume that kg = 1.
Since a € V/T is nilpotent modulo I, we can suppose that a? € I for some integer
s> 0. Of course 0 =k 20 + k% 27 + .- + k2 22

Now char D = 0; so D* O @Q°, where @ is the field of rational numbers, and hence
1/q® € D®. Thus d = 1/¢® acts on V by taking the unique ¢°th root of each element
in this uniquely divisible group, and d acts trivially on the field K. Since a9 € I
and [ is d-stable, we see that 3 = (a9 )% € I and 3 = k'gsxo + k‘fsxl o+ kT @y,
Obviously supp a = supp 3, and note that kgb = kg since kg = 1. Thus o« — 3 has
support size < n, and a— = a mod I. In particular, a—( € \/T\I, contradicting
the minimality of n. We conclude that VI = I, as required. O

It follows from Lemma A.1 that the semiprime hypotheses in Theorem B and
Corollary C of [OPZ] can be eliminated when char D # char K. Finally, we show
below that if char D = char K and if V is a D-vector space, then there are D*®-stable
ideals of K[V] which cannot be written as a finite product of suitable augmentation
ideals.

Example A.2. Suppose char D = char K and let V' be any right D-vector space of
dimension > 2. If B is any proper D-subspace of V, then I = w(B;V)+w(V; V)2 is
a D*-stable ideal of K[V| which is neither a finite intersection nor a finite product
of augmentation ideals w(A;; V'), with each A; a D-subspace of V.

Proof. If char D = 0, then V is torsion-free abelian, and if char D = p > 0, then
V is an elementary abelian p-group. Thus, since char K = char D, it follows from
[Pl Theorems 11.1.10 and 11.1.19] that the dimension subgroups of K[V] satisfy
D1 (K[V]) =V and Do(K[V]) = 1.

Now it is obvious that I is a D®-stable ideal with w(V;V) 2 I 2 w(V;V)>.
Note that, for any b € B\ 1, we have b—1 € w(B;V) C I, but b—1 ¢ cu(V;V)2
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since Do(K[V]) = 1. Thus I > w(V; V)2. Next, if I = w(V; V), then by applying
the homomorphism ~: K[V] — K[V] with V' = V/B, we would obtain w(V;V) =

w(V; ‘7)2. But this is a contradiction since V' is a nonzero D-vector space, and
hence Dy (K[V]) = V # 1 = Dy(K[V]). In other words, w(V;V) > I > w(V;V)>.
Finally, suppose A is a D-subspace of V satisfying w(A; V) D I. Then w(A4;V) D
I 2 w(V;V)? and, by [OPZ, Lemma 1.3(ii)], we know that w(A; V) is a D*-prime
ideal. Thus w(A4;V) D w(V;V) and A = V. It follows that if I is either a finite
product or a finite intersection of suitable augmentation ideals w(A;; V'), then each
A; is equal to V, so I is a power of w(V; V), certainly a contradiction. O
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