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ON THE PROFILE OF THE CHANGING SIGN MOUNTAIN
PASS SOLUTIONS FOR AN ELLIPTIC PROBLEM

E. N. DANCER AND SHUSEN YAN

Abstract. We consider nonlinear elliptic equations with small diffusion and
Dirichlet boundary conditions. We construct changing sign solutions with
peaks close to the boundary and consider the location of the peak.

1. Introduction

Consider {
−ε2∆u = f(u), in Ω,
u = 0, on ∂Ω,

(1.1)

where Ω is a bounded domain in RN with smooth boundary, and ε > 0 is a small
number.

In recent years, there have been a lot of results on the existence and the profile
of solutions for (1.1). See for example [3, 5, 8, 9, 11, 12, 13, 19, 21, 25, 26, 28]. This
problem arises from the biological sciences [18, 22]. It is observed that solutions
of (1.1) may exhibit sharp peaks near a certain number of points. In biology, the
locations of the peaks correspond to the higher concentration places of chemicals,
certain populations, etc. Therefore, it is important to know the locations of the
peaks of the solutions for (1.1).

In this paper, we consider a kind of nonlinearity f(u), such that the mountain
pass type solution for (1.1) will exhibit a new concentration phenomenon. Assume
that f(t) satisfies the following conditions:

(f1) there exists a < b, a < 0, such that f(a) = f(b) = 0 and f(t) < 0 for
t ∈ (a, b);

(f2)
∫ 0

a f(s) ds < 0 if b < 0;
(f3) f ∈ C1([a,+∞)) ∩C2((a,+∞)) and f ′′(t) > 0 for all t > a;
(f4) there is α > 0, such that

(t− a)1−αf ′′(t)→ c0 > 0, as t→ a+,

for some c0 > 0;
(f5) there is a µ > 1, such that

f ′(t)t ≥ µf(t),

for t > 0 large.
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(f6) |f(t)| ≤ C(1 + |t|p−1) for some p ∈ (2, 2∗), where 2∗ = 2N/(N−2) if N ≥ 3,
2∗ = +∞ if N = 1, 2.

A typical example of a function satisfying (f1)–(f6) is

f(t) = (t− a)p−1 − (t− a),

where 2 < p < 2∗, a ∈
(
−
(
p
2

)1/(p−2)
, 0
)

.
Note that (f1) and f ′′(t) > 0 for all t > a imply f ′(a) < 0. Moreover, from

f ′′(t) > 0, we know that f(t) has exactly two zero points a and b.
By [5], we know that (f1), (f2) and (f3) guarantee the existence of a solution uε,

which is a local minimum of the corresponding functional of (1.1), for ε > 0 small,
with a ≤ uε ≤ 0 and uε → a as ε → 0 on any compact subset K of Ω. Since uε is
a local minimum, we can expect that (1.1) has a mountain pass solution uε.

In this paper, we shall analyse the profile of the mountain pass type solution.
Let vε = uε − uε. Then vε satisfies{

−ε2∆v − f ′(uε)v = gε(x, v), in Ω,
v = 0, on ∂Ω,

(1.2)

where

gε(x, t) = f(uε + t)− f(uε)− f ′(uε)t.
Let

Iε(v) =
1
2

∫
Ω

(ε2|Dv|2 − f ′(uε)v2)−
∫

Ω

Gε(x, v), v ∈ H1
0 (Ω),

Gε(x, t) = F (uε + t)− F (uε)− f(uε)t− 1
2f
′(uε)t

2, F (t) =
∫ t

0

f(s)ds.

We define

cε = inf
γ∈Γ

max
0≤t≤1

Iε(γ(t)),(1.3)

where Γ =
{
γ(t) ∈ C([0, 1], H1

0 (Ω)), γ(0) = 0, γ(1) = e
}

, e ∈ H1
0 (Ω) is a point with

Iε(e) < 0.
It follows from (f4) and (f5) that there is µ̄1 > 2, such that µ̄1Gε(x, t) ≤ tgε(x, t)

for t ≥ 0 (see the proof of (g3) in section 3). By the mountain pass lemma of
Ambrosetti and Rabinowitz [1], we know that (1.2) has a positive solution vε with
Iε(vε) = cε. Thus (1.1) has a mountain pass type solution uε = uε + vε. For the
profile of uε, we have

Theorem 1.1. Let uε = uε+ vε be a mountain pass solution of (1.1). There is an
ε0 > 0, such that for any ε ∈ (0, ε0], we have

(i) There is a c̄ > 0, which is independent of ε, such that maxx∈Ω uε(x) ≥ c̄.
(ii) For any local maximum point xε of uε with uε(xε) ≥ τ > 0, where τ > 0 is

some constant independent of ε, we have d(xε, ∂Ω) ≤ Cε, and for any θ > 0,
|uε(x) − uε(x)| ≤ Ce−ν|x−xε|/ε if x ∈ Ω \Bθ(xε). Here ν > 0 is a constant.

(iii) For any sequence of ε, there is a subsequence εj → 0, such that xj → x0 ∈ ∂Ω
with H(x0) = maxx∈∂ΩH(x), where xj is any local maximum point of uεj
with uεj (xj) ≥ c′ > 0, H(x) is the mean curvature of ∂Ω at x.

(iv) {x : uεj (x) > 0} ∩ ∂Ω 6= ∅, and for any θ > 0, {x : uεj (x) > 0} ⊂ Bθ(x0),
where x0 ∈ ∂Ω is the point in (iii) and εj is the subsequence defined in (iii).
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By Theorem 1.1, we see that (1.1) has a changing sign mountain pass type
solution which has a positive peak near a global maximum point x0 of the mean
curvature of the boundary and is negative away from a small neighbourhood of x0.

If f(t) has two zero points b > 0 and 0, and f(t) < 0 for t ∈ (0, b), Ni and
Wei [26], Del Pino and Felmer [13] proved that a positive mountain pass solution
of (1.1) has a unique local maximum point which locates near the center of the
domain. The same result is still true if f(t) has two zero points b > a > 0, and
f(t) < 0 for t ∈ (a, b). See [9]. Our results here look very similar to those for the
Neumann problem obtained in [23, 24]. The main reason that the local maximum
point of uε is close to the boundary is that the corresponding problem in a half
space possesses a mountain pass solution. See the result in Section 3. But unlike
the Neumann problem, the local maximum point of uε is inside the domain.

Our result does not claim that uε has exactly one local maximum point, because,
except for N = 1, it is not clear that the solution of the form U(x) = u(xN ) + u(x)
for problem (3.11) has exactly one local maximum point. But from the proof of
the main result, it is easy to see that if uε has two local maximum points x(1)

ε and
x

(2)
ε , then |x(1)

ε − x(2)
ε | ≤ Cε. Moreover, both x

(1)
ε and x

(2)
ε lie near (compare with

ε) the normal direction of ∂Ω at x̄ε, where x̄ε ∈ ∂Ω with |x̄ε − x(1)
ε | = d(x(1)

ε , ∂Ω).
If Ω is the unit ball centered at the origin, then uε is radially symmetric. Using

the Mountain Pass Lemma in the radially symmetric class, we know that (1.2)
has a radial solution v̄ε(|x|). Moreover, it is easy to check that v̄ε has a positive
peak at the origin. In other words, v̄ε has a peak at the global maximum of the
distance function d(x, ∂Ω). So we may ask the question whether (1.2) always has a
single peak solution with its peak near the global maximum of the distance function
d(x, ∂Ω) in a general bounded domain. By Theorem 1.1, we see that this solution
cannot be obtained by using the Mountain Pass Lemma in the whole space H1

0 (Ω).
We call a solution u of (3.1) nondegenerate if the kernel KerL of the linear

operator L defined as

Lw =: −∆w − f ′(u(xN ))w − ∂g1(xN , u)
∂u

w, w ∈ H1
0 (RN+ ),

satisfies KerL = span
{
∂u
∂x1

, · · · , ∂u
∂xN−1

}
. It is an open problem whether the moun-

tain pass solution of (3.1) is nondegenerate. If we can prove that (3.1) has a positive
solution which is nondegenerate, then using the reduction method, we can easily
construct various kinds of boundary peak solutions for (1.2) as in [4, 10, 17, 21].
On the other hand, we know that for certain nonlinearities f(t), such as f(t) =
(t− a)p−1 − (t− a), the positive solution of

−∆u = f(u+ a), u ∈ H1
0 (RN )

is unique and nondegenerate. So we can prove the existence of positive interior
peak solutions for (1.2) and find a lower estimate for the number of such solutions
as in [7, 12, 16, 29]. Especially, (1.2) has a single peak solution with its peak near
the global maximum point of d(x, ∂Ω). We shall discuss this problem briefly in
this paper. Here we stress that it is the nondegeneracy not the uniqueness which
is important to us. Although the results on existence of positive interior peak
solutions for (1.2) look similar to those for the Neumann problem [16, 29], the
locations of the peaks of the positive interior peak solutions for these two problems
are different.
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It is worth pointing out that by the moving plane method of Gidas, Ni and
Nirenberg [14], if Ω is convex, the distance of any local maximum point of a pos-
itive solution for (1.1) to the boundary of Ω has a positive lower bound which is
independent of the nonlinearities and the solutions. So it is only possible for a
changing sign solution to have a positive local maximum point close to the bound-
ary of a convex domain. Therefore, the assumption a < 0 is essential in this paper.

This paper is organized as follows. In section 2, we obtain an asymptotic expan-
sion of the local minimum solution uε near the boundary of Ω. The estimates in
section 2 are essential to the proof of the main results of this paper. In section 3,
we study the existence of a mountain pass solution for an elliptic problem on a half
space, which corresponds to the limit problem when we blow up (1.2) at a boundary
point of Ω. From this mountain pass solution, we can construct an approximate
solution for (1.2) and thus obtain an upper bound for cε. Section 4 is devoted to the
proof of Theorem 1.1. In section 5, we discuss briefly the existence of interior peak
solutions for (1.2). Appendix A contains a decay estimate of any positive solution
of (3.1).

2. The expansion of the local minimum near the boundary

Let uε be the solution of (1.1) with a ≤ uε ≤ 0 and uε → a in any compact
subset of Ω as ε→ 0. In this section, we shall obtain an asymptotic expansion for
uε near the boundary of Ω.

Let u(t) be the solution of


−u′′ = f(u), t ≥ 0,
a ≤ u(t) ≤ 0, t ≥ 0,
u(0) = 0, u(+∞) = a.

(2.1)

Then u(t) is decreasing and |u(t)− a| ≤ Ce−
√
−f ′(a)t.

Lemma 2.1. We have that there is a c0 > 0, such that∫ +∞

0

(|v′|2 − f ′(u)v2) ≥ c0‖v‖2H1
0 (R1

+),

for any v ∈ H1
0 (R1

+).

Proof. First, the proof of Proposition 2 in [6] shows that −y′′ − f ′(u)y with zero
Dirichlet boundary condition has no nonpositive eigenvalue and this operator is
seen to be Fredholm at points of the spectrum less than −f ′(a). Hence we see that

inf
{∫ +∞

0

(
|v′|2 − f ′(u)v2

)
: v ∈ H1

0 (R1
+),
∫ +∞

0

v2 = 1
}

= λ > 0.(2.2)

Thus, ∫ +∞

0

(
|v′|2 − f ′(u)v2

)
≥ λ

∫ +∞

0

v2.
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So if c0 > 0 is small enough, we see∫ +∞

0

(
|v′|2 − f ′(u)v2

)
= c0

∫ +∞

0

|v′|2 + (1 − c0)
∫ +∞

0

|v′|2 −
∫ +∞

0

f ′(u)v2

≥ c0

∫ +∞

0

|v′|2 + (1 − c0)
(
λ

∫ +∞

0

v2 +
∫ +∞

0

f ′(u)v2
)
−
∫ +∞

0

f ′(u)v2

= c0

∫ +∞

0

|v′|2 + (1 − c0)λ
∫ +∞

0

v2 − c0
∫ +∞

0

f ′(u)v2

≥ c0

∫ +∞

0

|v′|2 +
(
(1 − c0)λ− Cc0

) ∫ +∞

0

v2

≥ c′0‖v‖2H1
0 (R1

+).

Lemma 2.2. Let vε be a solution of{
−ε2∆v − f ′

(
u
(
d(x,∂Ω)

ε

))
v = h, in Ω,

v = 0, on ∂Ω.
(2.3)

Then |vε|∞ ≤ C|h|∞ for some C > 0, independent of ε, h and vε.

Proof. We argue by contradiction. Suppose that there are εm → 0, hm, such that
the solution vm of (2.3) satisfies |vm|∞ ≥ m|hm|∞. Without loss of generality, we
assume |vm|∞ = 1. Then, |hm|∞ → 0 as m → +∞. Let xm ∈ Ω be such that
|vm(xm)| = |vm|∞. Let um(y) = vm(εy + xm), εy + xm ∈ Ω.

If d(xm,∂Ω)
εm

→ +∞, then we see that

−∆u− f ′(a)u = 0, in RN ,

has a nontrivial bounded solution. By averaging over the unit sphere, we see that
−u′′ − N−1

r u′ − f ′(a)u = 0 has a bounded nontrivial solution in R1
+, which is

impossible since f ′(a) < 0.
If d(xm,∂Ω)

εm
≤ C for some C > 0, then

−∆u− f ′(u)u = 0, in RN+ ,

has a nontrivial bounded solution u with u|xN=0 = 0. This is impossible by Propo-
sition 2 of [6].

Let ψ(t) be the solution of{
−ψ′′ − f ′(u(t))ψ = −u′, t > 0,
ψ(0) = ψ(+∞) = 0.

(2.4)

The existence of such a solution is guaranteed by Lemma 2.1. Then ψ(t) > 0 if
t > 0 by the positivity of the operator and u′ < 0.

Now we are ready to obtain an asymptotic expansion for uε.

Proposition 2.3. Let uε be the local minimum near a. Then

uε(x) = u
(d(x, ∂Ω)

ε

)
+ ε(N − 1)ψ

(d(x, ∂Ω)
ε

)
H(x̄) +O(ε1+σ),
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for some σ > 0, where u and ψ are defined by (2.1) and (2.4) respectively, and
x̄ ∈ ∂Ω is a point such that |x− x̄| = d(x, ∂Ω).

Proof. Define

u∗ε =


u(t), t ∈ [0, δ/ε],
smooth, t ∈ [δ/ε, 2δ/ε],
u(2δ/ε), t ∈ [2δ/ε,+∞).

(2.5)

In [δ/ε, 2δ/ε], we can choose u∗ε such that a ≤ u∗ε(t) ≤ 0, |u∗ε(t)−a| ≤ Ce−
√
−f ′(a)δ/ε,

|Diu∗ε(t)| ≤ Cε−ie−
√
−f ′(a)δ/ε, i = 1, 2.

Let u∗∗ε (x) = u∗ε

(
d(x,∂Ω)

ε

)
. Then u∗∗ε (x) is constant for d(x, ∂Ω) ≥ 2δ. By a

simple calculation, using the equation satisfied by u(t), we see that

−ε2∆u∗∗ε =− u∗′′ε
(d(x, ∂Ω)

ε

)
− εu∗′ε

(d(x, ∂Ω)
ε

)
∆d(x, ∂Ω)

=


f
(
u∗ε

(
d(x,∂Ω)

ε

))
− εu∗′ε

(
d(x,∂Ω)

ε

)
∆d(x, ∂Ω), if d(x, ∂Ω) ≤ δ,

O
(
ε−2e−δ

′/ε
)
− εu∗′ε

(
d(x,∂Ω)

ε

)
∆d(x, ∂Ω), if δ ≤ d(x, ∂Ω) ≤ 2δ,

−εu∗′ε
(
d(x,∂Ω)

ε

)
∆d(x, ∂Ω), if d(x, ∂Ω) ≥ 2δ,

=f(u∗∗ε )− εu∗
′

ε

(d(x, ∂Ω)
ε

)
∆d(x, ∂Ω) +O

(
ε−2e−δ

′′
/ε
)
,

since for d(x, ∂Ω) ≥ δ,

f(u∗∗ε ) = f(a) +O(|u∗∗ε − a|) = O
(
ε−2e−δ

′′
/ε
)
.

Let ξε = u∗∗ε − uε. Then

−ε2∆ξε =f(u∗∗ε )− f(uε)− εu∗
′

ε

(d(x, ∂Ω)
ε

)
∆d(x, ∂Ω) +O

(
ε−2e−δ

′/ε
)

=− cε(x)ξε − εu∗
′

ε

(d(x, ∂Ω)
ε

)
∆d(x, ∂Ω) +O

(
ε−2e−δ

′/ε
)
,

where cε = −
∫ 1

0 f
′(τu∗∗ε + (1− τ)uε) dτ .

Let ξε = εψε. Then{
−ε2∆ψε + cεψε = −u∗′ε

(
d(x,∂Ω)

ε

)
∆d(x, ∂Ω) +O

(
ε−3e−δ

′/ε
)
, in Ω,

ψε = 0, on ∂Ω.

Similar to the proof of Lemma 2.2, it is not difficult to prove that |ψε|∞ ≤ C.
(Here we need to use Proposition 2.4 in [5] and Theorem 2 in [27] to prove that
cε(εy + xε)→ −f ′(u(xN )) as ε→ 0 if d(xε, ∂Ω) ≤ Cε.)

Let

ψ∗ε(t) =


ψ(t), if t ∈ [0, δ/ε],
smooth, if t ∈ [δ/ε, 2δ/ε],
0, if t ∈ [2δ/ε,+∞).

For any x with d(x, ∂Ω) ≤ δ, let x̄ be the unique point on ∂Ω such that |x− x̄| =
d(x, ∂Ω). Let

ψ∗∗ε (x) = −(N − 1)ψ∗ε
(d(x, ∂Ω)

ε

)
H(x̄),
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where H(x̄) is the mean curvature of ∂Ω at x̄. Noting that

∆ψ∗ε = ε−2ψ∗
′′

ε + ε−1∆d(x, ∂Ω)ψ∗
′

ε = ε−2ψ∗
′′

ε +O(ε−1),

we see

−ε2∆ψ∗∗ε =ε2(N − 1)
(
H(x̄)∆ψ∗ε + 2ε−1ψ∗

′

ε 〈Dd(x, ∂Ω), DH(x̄)〉+ ψ∗ε∆H(x̄)
)

=(N − 1)H(x̄)ψ∗
′′

ε +O(ε)

=(N − 1)
(
−f ′

(
u
(d(x, ∂Ω)

ε

))
ψ∗ε + u′

(d(x, ∂Ω)
ε

))
H(x̄) +O(ε)

=f ′
(
u
(d(x, ∂Ω)

ε

))
ψ∗∗ε + (N − 1)u′

(d(x, ∂Ω)
ε

)
H(x̄) +O(ε).

Thus,

− ε2∆
(
ψ∗∗ε − ψε

)
− f ′

(
u
(d(x, ∂Ω)

ε

))(
ψ∗∗ε − ψε

)
=
(
f ′
(
u
(d(x, ∂Ω)

ε

))
− cε

)
ψε + u′

(d(x, ∂Ω)
ε

)(
(N − 1)H(x̄) + ∆d(x, ∂Ω)

)
+ O(ε)

= O(εσ),

since

f ′
(
u
(d(x, ∂Ω)

ε

))
− cε

=
∫ 1

0

(
f ′
(
u
(d(x, ∂Ω)

ε

))
− f ′

(
uε + τ

(
u∗∗ε − uε

)))
dτ

= O
(∣∣∣f ′(u(d(x, ∂Ω)

ε

))
− f ′

(
uε +O(ε)

)∣∣∣) = O(εα)

and

u′
(d(x, ∂Ω)

ε

)(
∆d(x, ∂Ω) + (N − 1)H(x̄)

)
= O

(
u′
(d(x, ∂Ω)

ε

)
|x− x̄|

)
= O(ε1−τ ), for any τ > 0.

Here, in the last equality, we have used Lemma 14.17 in [15]. By Lemma 2.2, we
obtain

|ψ∗∗ε − ψε| = O(εσ),

for some σ > 0.

3. Existence of the mountain pass solution in half space

Let u(t) be a solution of (2.1). Consider{
−∆u− f ′(u(xN ))u = g1(xN , u), in RN+ ,
u ∈ H1

0 (RN+ ),
(3.1)

where g1(xN , t) = f(u(xN ) + t)− f(u(xN ))− f ′(u(xN ))t.
Define

J(u) =
1
2

∫
RN+

(
|Du|2 − f ′(u(xN ))u2

)
−
∫
RN+

G1(xN , u),
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where

G1(xN , t) =
∫ t

0

g1(xN , τ) dτ

= F (u(xN ) + t)− F (u(xN ))− f(u(xN ))t− 1
2
f ′(u(xN ))t2,

and F (t) =
∫ t

0 f(τ) dτ .
We summarize the properties of g1(xN , t) as follows:
(g1) g1(xN , t) ≥ 0 for t ≥ 0.
In fact, by (f3), we have

g1(xN , 0) = 0,
∂

∂t
g1(xN , 0) = 0,

∂2

∂t2
g1(xN , t) = f ′′(u(xN ) + t) > 0.

(g2) g1(xN ,t)
t is strictly increasing in t > 0.

In fact, we have

∂

∂t

(g1(xN , t)
t

)
=
(
t
∂

∂t
g1(xN , t)− g1(xN , t)

)
/t2.

But (
t
∂

∂t
g1(xN , t)− g1(xN , t)

)∣∣∣
t=0

= 0,

∂

∂t

(
t
∂

∂t
g1(xN , t)− g1(xN , t)

)
= t

∂2

∂t2
g1(xN , t) = tf ′′(u(xN ) + t) > 0,

for all t > 0. Thus t ∂∂tg1(xN , t)− g1(xN , t) > 0 for all t > 0.
(g3) There is a constant µ̄ > 1, such that

µ̄g1(xN , t) ≤ t
∂g1(xN , t)

∂t
, ∀ t ≥ 0.(3.2)

First, by (f5), we see that there is a large T > 0 such that (3.2) holds for t ≥ T .
Next, we claim that there is a θ > 0, such that

tf ′′(τ + t) ≥ θ
(
f ′(τ + t)− f ′(τ)

)
, ∀ t ∈ (0, T ], a ≤ τ ≤ 0.(3.3)

It follows from f ′′(t) > 0 that (3.3) holds if t ≥ t0 > 0 or τ − a > τ0 > 0, where
t0 and τ0 are fixed numbers. Thus it remains to prove that (3.3) holds for t ∈ (0, t0]
and τ ∈ (a, a+ τ0].

If t ≤ τ − a, then it follows from (f4) that

tf ′′(τ + t)− θ
(
f ′(τ + t)− f ′(τ)

)
= t
(
f ′′(τ + t)− θf ′′(τ + ηt)

)
≥ t
( c′0

(t+ τ − a)1−α −
θc′′0

(ηt+ τ − a)1−α

)
≥ t
( c′0

(t+ τ − a)1−α −
θc′′0

(τ − a)1−α

)
≥ t
( c′0

21−α(τ − a)1−α −
θc′′0

(τ − a)1−α

)
> 0

if θ > 0 is small enough.
Suppose that τ − a ≤ t. From (f4), we can deduce

|f ′(t1)− f ′(t2)| ≤ C|t1 − t2|α, t1, t2 ∈ [a, a+ η].
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Thus,

tf ′′(τ + t)− θ
(
f ′(τ + t)− f ′(τ)

)
≥ tf ′′(τ + t)− Cθtα

≥ t
( c′0

(t+ τ − a)1−α −
θC

t1−α

)
≥ t
( c′0

21−αt1−α
− θC

t1−α

)
> 0.

Thus we have proved (3.3).
Now take µ̄ = 1 + θ > 1. Let

η(xN , t) = t
∂g1(xN , t)

∂t
− µ̄g1(xN , t).

Then η(xN , 0) = 0. We have

∂

∂t
η(xN , t) = t

∂2

∂t2
g1(xN , t) + (1− µ̄)

∂

∂t
g1(xN , t)

= tf ′′(u(xN ) + t) + (1− µ̄)(f ′(u(xN ) + t)− f ′(u(xN ))) > 0,

if t ∈ (0, T ]. As a result, η(xN , t) > 0 for t ∈ (0, T ].
(g4) We have g1(xN , t) = O(t2) as t→ 0, and |g1(xN , t)| ≤ C(|t|p−1 + 1).
Define

c = inf
γ∈Γ

max
t∈[0,1]

J(u),(3.4)

where Γ = {γ(t) ∈ C([0, 1], H1
0 (RN+ )), γ(0) = 0, γ(1) = e}, e ∈ H1

0 (RN+ ) with
J(e) < 0. By (g2), it is easy to check that c is independent of e.

It is easy to see that (3.1) is translation invariant in the xi direction, i =
1, · · · , N − 1. Since u(t) → a as t → +∞, we see that the corresponding limit
problem in the xN direction is{

−∆w = f(w + a), in RN ,
w ∈ H1(RN ).

(3.5)

Let

A =
1
2

∫
RN
|Dw|2 −

∫
RN

(∫ w

0

f(τ + a) dτ
)
,

where w is the least energy solution of (3.5).
Using the standard concentration compactness argument [20], we can prove that

(3.1) has a solution with critical value c once we prove the following lemma:

Lemma 3.1. We have c < A.

Proof. Let xl = (0, · · · , 0, l), wl(x) = w(x − xl). Let Pwl be the solution of{
−∆v − f ′(a)v = f(wl + a)− f ′(a)wl, in RN ,
v ∈ H1

0 (RN+ ).
(3.6)

By the maximum principle, we have |Pwl − wl| ≤ maxxN=0 wl ≤ Ce−
√
−f ′(a)l. By

the definition of c (see (3.4)), we have

c ≤ max
t≥0

J(tPwl).

Now we estimate J(tPwl).
Step 1. The estimate of J(Pwl).
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Denote ḡ(t) = f(t+ a)− f ′(a)t,

Ḡ(t) =
∫ t

0

ḡ(τ) dτ = F (t+ a)− F (a)− 1
2
f ′(a)t2.

Then

J(Pwl) =
1
2

∫
RN+

|DPwl|2 − f ′(u(xN ))|Pwl|2 −
∫
RN+

G1(xN , Pwl)

=
1
2

∫
RN+

(
f ′(a)− f ′(u(xN ))

)
|Pwl|2 +

∫
RN+

(1
2
ḡ(wl)Pwl −G1(xN , Pwl)

)
=

1
2

∫
RN+

(
f ′(a)− f ′(u(xN ))

)
|Pwl|2 +

∫
RN+

(1
2
ḡ(wl)Pwl − Ḡ(Pwl)

)
+
∫
RN+

(
Ḡ(Pwl)−G1(xN , Pwl)

)
=
∫
RN+

(1
2
ḡ(wl)Pwl − Ḡ(Pwl)

)
+
∫
RN+

(
F (a+Pwl)− F (a)−

(
F (u(xN ) +Pwl)− F (u(xN ))− f(u(xN )Pwl

))
=: J1 + J2,

(3.7)

where J1 and J2 are defined by the last equality of the above relation.
For J1, we have

J1 =
∫
RN+

(1
2
ḡ(wl)wl − Ḡ(wl)

)
+

1
2

∫
RN+

ḡ(wl)(wl − Pwl)

+O(e−2
√
−f ′(a)l)

=
∫
RN

(1
2
ḡ(wl)wl − Ḡ(wl)

)
+O(e−(1+σ)

√
−f ′(a)l)

+
1
2

∫
RN+

(
−∆wl − f ′(a)wl

)
(wl − Pwl) +O(e−2

√
−f ′(a)l)

= A+
1
2

∫
xN=0

(
∂wl
∂xN

(wl − Pwl)− wl
∂(wl − Pwl)

∂xN

)
+O(e−(1+σ)

√
−f ′(a)l)

= A+O(e−(1+σ)
√
−f ′(a)l).

(3.8)

Now we estimate J2. Let

K(t1, t2) = F (a+ t1 + t2)− F (a+ t1)− f(a+ t1)t2
− (F (a+ t2)− F (a)− f(a)t2)
− (f(a+ t2)t1 − f(a)t1 − f ′(a)t1t2).

We claim that there are C > 0 and σ > 0, such that

|K(t1, t2)| ≤ C|t1|1+σ|t2|1+σ.



PROFILE OF CHANGING SIGN MOUNTAIN PASS SOLUTIONS 3583

In fact, if |t2| ≤ |t1|, then

K(t1, t2) =
[(
f(a+ t2 + ξt1)− f(a+ ξt1)− f ′(a+ ξt1)t2

)
−
(
f(a+ t2)− f(a)− f ′(a)t2

)]
t1

=
[(
f ′(a+ ξ1t2 + ξt1)− f ′(a+ ξt1)

)
−
(
f ′(a+ ξ1t2)− f ′(a)

)]
t1t2.

By (f4), we see |f ′(t1)− f ′(t2)| ≤ C|t1 − t2|α. As a result,

|K(t1, t2)| ≤ C|t2|α|t1t2| ≤ C|t1|1+α/2|t2|1+α/2.

If |t1| ≤ |t2|, then

K(t1, t2) = 1
2

(
f ′(a+ t2 + ξt1)− f ′(a+ ξt1)

)
t21

−
(
f ′(a+ ξt1)− f ′(a)

)
t1t2.

Thus,

K(t1, t2) = C|t2|αt21 + C|t1|α|t1t2|
≤ C|t1|1+σ|t2|1+σ.

We have

J2 =−
∫
RN+

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a)

−
∫
RN+

K(u(xN )− a, Pwl)

=−
∫
RN+

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a)

+O
(∫

RN+

|u(xN )− a|1+σ|Pwl|1+σ
)

=−
∫
RN+

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a)

+O
(∫

RN+

e−(1+σ)
√
−f ′(a)xN e−(1+σ)

√
−f ′(a)|x−xl|

)
=−

∫
RN+

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a) +O

(
e−(1+σ)

√
−f ′(a)l

)
.

So we have

J(Pwl) = A−
∫
RN+

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a)

+O
(
e−(1+σ)

√
−f ′(a)l

)
.

Using the convexity of f , we see

f(a+ t)− f ′(a)t > 0, ∀ t > 0.

Noting that u(xN )− a > 0, we obtain∫
RN+

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a)

≥
∫
B1(xl)

(
f(a+ Pwl)− f(a)− f ′(a)Pwl

)
(u(xN )− a)

≥ c0e
−
√
−f ′(a)l
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for some c0 > 0. So we have proved J(Pwl) < A.
Step 2. The estimate of maxt≥0 J(tPwl)− J(Pwl).
Let tl be the maximum point of maxt≥0 J(tPwl). Then〈

J ′(tlPwl), Pwl
〉

= 0.(3.9)

We claim that tl → 1 as l → +∞.
In fact, from g1(xN , t) = O(t2) as t → 0, and g1(xN ,t)

t → +∞ as t → +∞, we
see 0 < t0 ≤ tl ≤ T , ∀ l. Suppose that tl → t∞. Letting l → +∞ in (3.9), we see

t∞

∫
RN
|Dw|2 =

∫
RN

f(a+ t∞w)w.(3.10)

It is easy to see that from (g2) there is exactly one t > 0 satisfying (3.10). On the
other hand, t = 1 satisfies (3.10). Thus, t∞ = 1.

But〈
J ′(Pwl), Pwl

〉
=
∫
RN+

f ′(a)Pwl(Pwl − wl) +
∫
RN+

(
f(u(xN ))− f(a)

)
Pwl

+
∫
RN+

(
f(wl + a)− f(Pwl + u(xN ))

)
Pwl = O(e−

√
−f ′(a)l),

J ′′(Pwl)(Pwl, Pwl)

=
∫
RN+

(
|DPwl|2 − f ′(u)|Pwl|2

)
−
∫
RN+

∂g1(xN , Pwl)
∂t

|Pwl|2

≤ −c0 < 0

since t2 ∂g1(xN ,t)
∂t −tg1(xN , t) ≥ (µ̄−1)tg1(xN , t). Thus we see tl−1 = O(e−

√
−f ′(a)l).

As a result,

J(tlPwl)− J(Pwl) = (tl − 1)
〈
J ′(Pwl), Pwl

〉
+O(|tl − 1|2)

= O(e−2
√
−f ′(a)l).

Combining Step 1 and Step 2, we obtain

max
t≥0

J(tPwl) = J(tlPwl) = J(Pwl) +O(e−2
√
−f ′(a)l)

≤ A− coe−
√
−f ′(a)l +O(e−(1+σ)

√
−f ′(a)l) < A.

Using Lemma 3.1, we have

Theorem 3.2. Problem (3.1) has a least energy solution u with J(u) = c.

Proof. Let um ∈ H1
0 (RN+ ) be a sequence with J(um) → c and J ′(um) → 0 as

m→ +∞. By Lemma 2.1, we see that∫
RN+

(
|Dum|2 − f ′(u(xN ))u2

m

)
≥ c0‖um‖2

for some c0 > 0. Then by (g3), we see that um is bounded in H1
0 (RN+ ). Using

the concentration compactness argument [20] and Lemma 3.1, we can deduce that
there are xm ∈ {xN = 0}, m = 1, · · · , such that um(x+xm) is compact in H1

0 (RN+ ).
As a result, (3.1) has a solution with J(u) = c. On the other hand, by using (g2),
it is easy to check that

c = inf{J(u) : u ∈ H1
0 (RN+ ), u 6= 0, 〈J ′(u), u〉 = 0}.
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See, for example, [24]. Thus for any nontrivial solution v of (3.1), J(v) ≥ c. So u
is the least energy solution.

Remark 3.3. By Proposition A.1, u(x) ≤ Ce−
√
λ0|x|, for some λ0 > 0. Since (3.1)

does not depends on x′, we can use the moving plane method of [14] in the di-
rections xi, i = 1, · · · , N − 1, to prove that (3.1) has a least energy solution
u(x) = u(|x′|, xN ), x′ = (x1, · · · , xN−1).

Remark 3.4. Let U = u(xN ) + u. Then U is a solution of{
−∆U = f(U), in RN+ ,
U(x′, 0) = 0, U(x′, xN )→ a, uniformly in x′ as xN → +∞.

(3.11)

Clearly, U ≥ u, and U < 0 if |x′| is sufficiently large and xN > 0 is small enough.
Suppose that U has fixed sign. Then u ≤ U ≤ 0. By Proposition 2.5 in [5], we
have U = u. This is a contradiction. So U is a changing sign solution. We can also
derive this result from [2] if N = 2, or N = 3, f(0) < 0. In the next section, we
shall give a direct and simple proof of this fact. See Remark 4.2.

Remark 3.5. To prove that the mountain pass type solution uε = uε + vε for (1.1)
has exactly one positive local maximum point, it is important to show that U has
exactly one positive local maximum point. It is easy to prove that this is true if
N = 1 by using the relation (U ′(t))2 − (U ′(0))2 = −2

∫ U(t)

0 f(τ)dτ . It is an open
problem whether U has exactly one positive local maximum point if N ≥ 2.

Remark 3.6. It is possible to replace the convexity assumption on f by other con-
ditions to obtain the existence result for (3.1). Under the condition that f(t)

tp lnq t →
a∞ ∈ (0,+∞), as t → +∞, where 1 < p < N+2

N−2 and q is finite, or 0 < A <

t−pf(t) < B < +∞ for large t, where 1 < p < N+1
N−1 , we can prove that the Dirich-

let problem on {|x′| < M,xN ∈ (0,m)} has a positive mountain pass solution
uM,m(|x′|, xN ), which are uniformly bounded (by using a blow-up argument). The
idea is to let m→ +∞ first, and then let M → +∞ to obtain a decaying solution
for (3.1). To make this work, we need to assume f(a + t) > f ′(a)t for t > 0 and
f(t)(t− t̃) > 2F (t) for t > t̃, where F (t) ≤ 0 for t ≤ t̃. Using the second condition,
we can rewrite the energy of the solution to an integral, where the integrand is
positive. Thus we can use the first condition to stop part of the solution moving to
infinity in the xN direction. For this remark, we choose F with F (a) = 0.

4. The location of the peak of the mountain pass solution

Let uε(x) be a solution of (1.1) such that |uε− a| is small on any K ⊂⊂ Ω. Now
we consider (1.2). Similar to the proof of Proposition 2 of [6], we can check that
the first eigenvalue λε,1 of −ε2∆ − f ′(uε)I in H1

0 (Ω) satisfies λε,1 ≥ λ0 > 0. Thus
by a similar argument to that in the proof of Lemma 2.1, we see∫

Ω

(
ε2|Du|2 − f ′(uε)u2

)
≥ c′

∫
Ω

(
ε2|Du|2 + u2

)
, ∀ u ∈ H1

0 (Ω),

for some c′ > 0. So it is easy to check that (1.2) has a positive solution vε with
Iε(vε) = cε. In this section, we shall prove that all the local maximum points of
vε tend to the same point x0 on the boundary, at which the mean curvature H(x)
attains its global maximum.

First, we have an upper bound for cε.
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Proposition 4.1. Let u ∈ H1
0 (RN+ ) be any solution of (3.1) with J(u) = c. Then

we have

cε ≤ εN
(
c− εB(u)HM +O(ε1+σ)

)
,

where HM = maxx∈∂ΩH(x), and

B(u) = −1
2

∫
xN=0

DxNuu
′(xN )|x′|2 − 1

4

∫
xN=0

|DxNu|2|x′|2.

Moreover, we have B(u) > 0.

Proof. Take any solution u(r, xN ) of (2.1) with J(u) = c, where r = |x′|. Let
x0 ∈ ∂Ω be a point such that H(x0) = maxx∈∂ΩH(x). After translation and
rotation, we may assume that x0 = 0 and

Ω ∩Bδ(0) = {x : xN > ϕ(x′)} ∩Bδ(0),(4.1)

∂Ω ∩Bδ(0) = {x : xN = ϕ(x′)} ∩Bδ(0),(4.2)

where ϕ(x′) ∈ C2(RN−1), ϕ(0) = 0, Dϕ(0) = 0 and

ϕ(x′) =
1
2

N−1∑
i=1

aix
2
i +O(|x′|2).

Let η ∈ C∞0 (Bδ(0)), η = 1 for x ∈ Bδ/2(0), 0 ≤ η ≤ 1. Define

wε = η(x)u
(
ε−1r, ε−1(xN − ϕ(x′))

)
,

where r = |x′|. Then wε ∈ H1
0 (Ω). So we have

cε ≤ max
t≥0

Iε(twε).

Now we estimate Iε(wε). We have

Iε(wε) =
1
2

∫
Ω

ε2|Dwε|2 −
∫

Ω

(
F (uε + wε)− F (uε)− f(uε)wε

)
= I1 − I2.

(4.3)



PROFILE OF CHANGING SIGN MOUNTAIN PASS SOLUTIONS 3587

Since uε = u(ε−1d(x, ∂Ω)) + ε(N − 1)H(x̄)ψ(ε−1d(x, ∂Ω)) + O(ε1+σ), where
x̄ ∈ ∂Ω with |x− x̄| = d(x, ∂Ω), we have

I2 =
∫

Ω

(
F (u(

d(x, ∂Ω)
ε

) + wε)− F
(
u(
d(x, ∂Ω)

ε
)
)
− f(u(

d(x, ∂Ω)
ε

))wε
)

+ ε(N − 1)
∫

Ω

(
f(u(

d(x, ∂Ω)
ε

) + wε)− f
(
u(
d(x, ∂Ω)

ε
)
)

− f ′(u(
d(x, ∂Ω)

ε
))wε

)
ψ(
d(x, ∂Ω)

ε
)H(x̄)

+O(εN+1+σ)

= εN
[∫

Ωε

(
F (u(d(x, ∂Ωε)) + w̃ε)− F

(
u(d(x, ∂Ωε))

)
− f(u(d(x, ∂Ωε)))w̃ε

)
+ ε(N − 1)

∫
Ωε

(
f(u(d(x, ∂Ωε)) + w̃ε)− f

(
u(d(x, ∂Ωε))

)
− f ′(u(d(x, ∂Ωε)))w̃ε

)
ψ(d(x, ∂Ωε))H(εx̄)

]
+O(εN+1+σ),

(4.4)

where Ωε = {x : εx ∈ Ω}, w̃ε = wε(εx), x ∈ Ωε.
Let ϕε(x′) = ε−1ϕ(εx′). Let x̄ε ∈ ∂Ωε be such that |x−x̄ε| = d(x, ∂Ωε). Then we

have xi− x̄ε,i+(xN −ϕε(x̄′))Diϕε(x̄′) = 0, i = 1, · · · , N−1. Thus |x′− x̄′| = O(ε).
As a result,

d(x, ∂Ωε) = (1 + |Dϕε(x̄′)|2)1/2(xN − ϕε(x̄′))
= xN − ϕε(x̄′) +O(|Dϕε(x′)|2) = xN − ϕε(x′) +O(ε2).

Thus, making the change of variable y′ = x′, yN = xN − ϕε(x′), we obtain

I2 = εN
[∫
RN+

(
F (u(xN ) + u)− F (u(xN ))− f(u(xN ))u

)
+ ε(N − 1)

∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
ψ(xN )H(0)

]
+O(εN+1+σ).

(4.5)

Here, we have used the fact that u decays exponentially.
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For the estimate of I1, we have

ε2

∫
Ω

|Dwε|2 = ε2

∫
Ω∩Bδ/2(0)

|Dwε|2 +O
(
ε−δ

′/ε
)

= ε2

∫
Ω∩Bδ/2(0)

(
|Du(

r

ε
,
xN − ϕ(x′)

ε
)|2

− 2DxNu(
r

ε
,
xN − ϕ(x′)

ε
)
N−1∑
i=1

Dxiu(
r

ε
,
xN − ϕ(x′)

ε
)Dxiϕ(x′)

+ |DxNu(
r

ε
,
xN − ϕ(x′)

ε
)|2

N−1∑
i=1

|Dxiϕ(x′)|2
)

+O(e−δ
′/ε)

= εN
(∫

RN+

|Du|2 − 2ε
∫
RN+

DxNu

N−1∑
i=1

aixiDxiu+ O(ε2)
)
.

(4.6)

In the last equality, we have used again the fact that u decays exponentially.
Since u is a solution of −∆u = f(u(xN ) + u)− f(u(xN )), we have

−
∫
RN+

∆ux2
iDxNu =

∫
RN+

(
f(u(xN ) + u)− f(u(xN ))

)
x2
iDxNu

for i = 1, · · · , N − 1.
But for each fixed i, we have

−
∫
RN+

∆ux2
iDxNu

=−
∫
xN=0

∂u

∂n
x2
iDxNu+ 2

∫
RN+

DxNuxiDxiu+
N∑
j=1

∫
RN+

x2
iDxjuDxjxNu

=
∫
xN=0

DxNux
2
iDxNu+ 2

∫
RN+

DxNuxiDxiu+
1
2

N∑
j=1

∫
RN+

x2
iDxN |Dxju|2

= 1
2

∫
xN=0

x2
i |DxNu|2 + 2

∫
RN+

DxNuxiDxiu,
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since Dxju = 0 if xN = 0, for j = 1, · · · , N − 1. Here we do not use the summation
convention. So

2
∫
RN+

DxNuxiDxiu

=
∫
RN+

(
f(u(xN ) + u)− f(u(xN ))

)
x2
iDxNu−

1
2

∫
xN=0

x2
i |DxNu|2

=
∫
RN+

d

dxN

(
F (u(xN ) + u)− F (u(xN ))− f(u(xN ))u

)
x2
i

−
∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )x2

i

− 1
2

∫
xN=0

x2
i |DxNu|2

=−
∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )x2

i

− 1
2

∫
xN=0

x2
i |DxNu|2

=− 1
N − 1

∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )|x′|2

− 1
2(N − 1)

∫
xN=0

|x′|2|DxNu|2.

(4.7)

Combining (4.6) and (4.7), we obtain

I1 = εN
(1

2

∫
RN+

|Du|2 +
εH(0)

4

∫
xN=0

|x′|2|DxNu|2 +O(ε2)

+
εH(0)

2

∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )|x′|2

)
.

(4.8)

Putting (4.5) and (4.8) together, we see

Iε(wε) = εN
(
c+

εH(0)
4

∫
xN=0

|x′|2|DxNu|2 +O(ε1+σ)

+
εH(0)

2

∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )|x′|2

− (N − 1)εH(0)
∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
ψ(xN )

)
.

(4.9)
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Using the exponential decay of the solution u, u = ψ = 0 if xN = 0, and
self-adjointness of the Laplacian, we see∫

RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
ψ(xN )

=
∫
RN+

(
−∆ψ − f ′(u(xN ))ψ

)
u

=−
∫
RN+

u′(xN )u.

(4.10)

Similarly, we have∫
RN+

(
f(u(xN ) + u)− f(u(xN ))

)
u′(xN )|x′|2

=−
∫
RN+

∆uu′(xN )|x′|2

=−
∫
xN=0

∂u

∂n
u′(xN )|x′|2 −

∫
RN+

u∆(u′(xN )|x′|2)

=
∫
xN=0

DxNuu
′(xN )|x′|2 −

∫
RN+

u
(
u′′′|x′|2 + 2(N − 1)u′(xN )

)
=
∫
xN=0

DxNuu
′(xN )|x′|2 +

∫
RN+

u
(
f ′(u(xN ))u′(xN )|x′|2 − 2(N − 1)u′(xN )

)
.

As a result, ∫
RN+

(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )|x′|2

=
∫
xN=0

DxNuu
′(xN )|x′|2 − 2(N − 1)

∫
RN+

uu′(xN ).
(4.11)

Combining (4.9), (4.10) and (4.11), we obtain

Iε(wε) = εN
(
c− εB(u)H(0) +O(ε1+σ)

)
,(4.12)

where

B(u) = −1
2

∫
xN=0

DxNuu
′(0)|x′|2 − 1

4

∫
xN=0

|DxNu|2|x′|2.

It is easy to check that 〈I ′ε(wε), wε〉 = O(εN+1), I ′′ε (wε)(wε, wε) ≤ −c0εN <
0. Thus, similar to the proof of step 2 of Lemma 3.1, we see that if tε achieves
maxt≥0 Iε(twε), then tε = 1 +O(ε). So

Iε(tεwε) = Iε(wε) + (tε − 1)〈I ′ε(wε), wε〉+O(εN |tε − 1|2)

= Iε(wε) +O(εN+2).
(4.13)

Thus, the upper bound follows from (4.12) and (4.13).
It remains to prove that B(u) > 0. Let U = u+u. Then U satisfies −∆U = f(U)

on RN+ , U = 0 on xN = 0 and U → a < 0 as xN → +∞. It is easy to check that

B(u) =
1
4

∫
xN=0

(
u′(0)2 − |DxNU(x′, 0)|2

)
|x′|2.
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First we claim that ∫
xN=0

(
u′(0)2 − |DxNU(x′, 0)|2

)
= 0.(4.14)

Multiplying −∆U = f(U) by DxNU and integrating over BN−1
R (0)×[0,+∞), where

BN−1
R (0) is the ball in RN−1, centered at the origin with radius R, we obtain

−
N−1∑
i=1

∫
BN−1
R (0)×[0,+∞)

UxixiUxN +
1
2

∫
BN−1
R (0)

U2
xN (x′, 0)

=
∫
BN−1
R (0)

∫ +∞

0

d

dxN
F (U)dxNdx′ =

∫
BN−1
R (0)

F (a) =
∫
BN−1
R (0)

∫ a

0

f(τ)dτ.

But 1
2 |u′(0)|2 =

∫ a
0 f(τ)dτ . So we have∫

BN−1
R (0)

(
u′(0)2 − |DxNU(x′, 0)|2

)
= −2

N−1∑
i=1

∫
BN−1
R (0)×[0,+∞)

UxixiUxN .

On the other hand, we have∫
BN−1
R (0)

UxixiUxNdx
′ =

∫
∂BN−1

R (0)

niUxiUxN −
∫
BN−1
R (0)

UxiUxNxidx
′

=
∫
∂BN−1

R (0)

niUxiUxN −
1
2

d

dxN

∫
BN−1
R (0)

U2
xidx

′.

So ∫
BN−1
R (0)×[0,+∞)

UxixiUxN =
∫
∂BN−1

R (0)×[0,+∞)

niUxiUxN → 0,

as R → +∞, since Uxi = uxi decays exponentially as |x| → +∞. Thus (4.14)
follows.

Now we prove that B(u) > 0. Since U(|x′|, xN ) is a decreasing function of
|x′|, we see that UxN (|x′|, 0) is nonincreasing in |x′|. Let r0 be such that u′(0)2 −
|DxNU(x′, 0)|2 ≥ 0 if |x′| ≥ r0, u′(0)2 − |DxNU(x′, 0)|2 ≤ 0 if |x′| ≤ r0. Since
uxN (x′, 0) tends to zero as |x′| → +∞ and uxN (x′, 0) ≥ 0, we see that u′(0)2 −
|DxNU(x′, 0)|2 > 0 if |x′| is large. So r0 < +∞. Hence, by (4.14), we obtain

B(u) =
∫
|x′|≤r0

(
u′(0)2 − |DxNU(x′, 0)|2

)
|x′|2

+
∫
|x′|≥r0

(
u′(0)2 − |DxNU(x′, 0)|2

)
|x′|2

≥
∫
|x′|≤r0

(
u′(0)2 − |DxNU(x′, 0)|2

)
r2
0

+
∫
|x′|≥r0

(
u′(0)2 − |DxNU(x′, 0)|2

)
|x′|2

=
∫
|x′|≥r0

(
u′(0)2 − |DxNU(x′, 0)|2

)
(|x′|2 − r2

0) > 0.

Remark 4.2. Since UxN (x′, 0) ≥ u′(0), it is easy to see from (4.14) that

UxN (0) = max
xN=0

UxN (x′, 0) ≥ −u′(0) > 0.
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Moreover, it is easy to see that UxN (x′, 0) is negative if |x′| is large. Thus U is
positive near the origin and is negative if |x′| is large and xN > 0 is small. So we
have proved that U is a changing sign solution.

Next, we shall obtain a lower bound for cε.

Lemma 4.3. Suppose that vε is a solution of (1.2) with Iε(vε) = cε. Let xε be the
location of a maximum point of uε. Then

(i) we have d(xε, ∂Ω) ≤ Cε.
(ii) Suppose that uε has another local maximum point x(1)

ε . Then |x(1)
ε −xε| ≤ Cε.

(iii) For any θ > 0, there is a ν > 0, such that vε(x) ≤ Ce−ν|x−xε|/ε, ∀ x ∈
Ω \Bθ(xε).

Proof. Suppose that ε−1d(xε, ∂Ω)→ +∞. Let v̄ε(y) = vε(εy+ xε), y ∈ Ωε,x = {y :
εy + xε ∈ Ω}. Then, from the upper bound for cε, we see that v̄ε is bounded in
H1(RN ). So we may assume (up to a subsequence) that

v̄ε → v0, in C1
loc(R

N )

and

−∆v0 = f(v0 + a), in RN .

Thus, noting that 1
2gε(x, t)t −Gε(x, t) ≥ 0, we see

Iε(vε) =
∫

Ω

(1
2
gε(x, vε)vε −Gε(x, vε)

)
≥
∫
BεR(xε)

(1
2
gε(x, vε)vε −Gε(x, vε)

)
= εN

∫
BR(0)

(1
2
gε(εy + xε, v̄ε)v̄ε −Gε(εy + xε, v̄ε)

)
= εN

(∫
BR(0)

(1
2
f(a+ v0)v0 − (F (a+ v0)− F (a))

)
+ oε(1)

)
≥ εN (A+ oε,R(1)),

where oε,R → 0 as ε→ 0 and R→ +∞. This is a contradiction to Proposition 4.1.

Next, we prove (ii). Suppose that |x
(1)
ε −xε|
ε → +∞. Then it is easy to check that

Iε(vε) ≥ εN (2c+ o(1)),

where o(1)→ 0 as ε→ 0. This is a contradiction.
It remains to prove (iii).
First, we prove that as ε → 0, vε → 0 uniformly in Ω \ Bθ(xε), for any θ > 0.

In fact, suppose that there is x̄ε ∈ Ω \ Bθ(xε), such that vε(x̄ε) ≥ c′0 > 0. Then
vε(εy + x̄ε) ⇀ v̄0 6= 0. As a result,

Iε(vε) =
∫

Ω

(1
2
gε(x, vε)vε −Gε(x, vε)

)
≥
∫
BεR(xε)

(1
2
gε(x, vε)vε −Gε(x, vε)

)
+
∫
BεR(x̄ε)

(1
2
gε(x, vε)vε −Gε(x, vε)

)
≥ εN (2c+ oε,R(1)).

This is a contradiction.
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Next, from −f ′(uε) ≥ 2ν0 > 0, for x ∈ ΩεR =: {x ∈ Ω, d(x, ∂Ω) ≥ εR} if R > 0
is large enough, we can check easily by using the standard comparison theorem that

vε(x) ≤ Ce−
√
ν0|x−xε|/ε, x ∈ ΩεR.

Suppose now that x ∈ (Ω \ ΩεR) \ Bθ(xε). Without loss of generality, we may
assume xε = 0. Denote x̄ ∈ ∂Ω such that d(x, ∂Ω) = |x − x̄|. Let ξ(t) be the
positive function defined in Appendix A. Let

wε(x) = ξ
(d(x, ∂Ω)

ε

)
e−ν̄|x̄|/ε, x ∈ Ω \ ΩεR,

where ν̄ > 0 is a small number. Noting that 〈De−ν̄|x̄|/ε, Dd(x, ∂Ω) = 0〉, we have
for x ∈ Ω \ ΩεR,

− ε2∆wε

=− ε2e−ν̄|x̄|/ε∆ξ
(d(x, ∂Ω)

ε

)
− 2ε2〈De−ν̄|x̄|/ε, Dξ

(d(x, ∂Ω)
ε

)
〉

− ε2ξ
(d(x, ∂Ω)

ε

)
∆e−ν̄|x̄|/ε

=
(
−ξ′′

(d(x, ∂Ω)
ε

)
+O(ε)

)
e−ν̄|x̄|/ε − ε2ξ

(d(x, ∂Ω)
ε

)
∆e−ν̄|x̄|/ε

=
(
−ξ′′

(d(x, ∂Ω)
ε

)
+O(ε)ξ

(d(x, ∂Ω)
ε

))
e−ν̄|x̄|/ε − ε2ξ

(d(x, ∂Ω)
ε

)
∆e−ν̄|x̄|/ε,

since ξ
(
d(x,∂Ω)

ε

)
≥ c′0 > 0 for x ∈ Ω \ ΩεR. As a result,

− ε2∆wε −
(
f ′(uε)− τ

)
wε

=− ε2ξ
(d(x, ∂Ω)

ε

)
∆e−ν̄|x̄|/ε

+
(
−ξ′′

(d(x, ∂Ω)
ε

)
−
(
f ′(u

(d(x, ∂Ω)
ε

)
) +O(ε) − τ

)
ξ
(d(x, ∂Ω)

ε

))
e−ν̄|x̄|/ε

= ξ
(d(x, ∂Ω)

ε

)(
−ε2∆e−ν̄|x̄|/ε + (3λ0 +O(ε) − τ)e−ν̄|x̄|/ε

)
> 0, ∀ x ∈ Ω \ ΩεR.

From−∆vε−f ′(uε)vε = O(|vε|2) and vε → 0 as ε→ 0 uniformly for x ∈ Ω\Bθ/2(0),
we see that −∆vε−

(
f ′(uε)− τ

)
vε ≤ 0 if x ∈ Ω \Bθ/2(0). So by comparison in the

domain (Ω \ ΩεR) \Bθ/2(0), we have

vε(x) ≤ C max
z∈Ω∩∂Bθ/2(0)

(
wε(z)

)−1
wε(x), ∀ x ∈ (Ω \ ΩεR) \Bθ/2(0),

since

vε ≤ C max
z∈Ω∩∂Bθ/2(0)

(
wε(z)

)−1
wε(x) if x ∈ ∂

(
(Ω \ ΩεR) \Bθ/2(0)

)
.

Thus, if x ∈ (Ω \ ΩεR) \B2θ(0), then

vε(x) ≤ C max
z∈Ω∩∂Bθ/2(0)

(
wε(z)

)−1
e−ν̄3θ/4εe−ν̄|x̄|/4ε

≤ C′ max
z∈Ω∩∂Bθ/2(0)

eν|z̄|e−ν̄3θ/4εe−ν̄|x̄|/4ε ≤ C′e−ν̄|x̄|/4ε.

Proposition 4.4. Let xε be a global maximum point of vε and x̄ε ∈ ∂Ω be such
that |xε − x̄ε| = d(xε, ∂Ω). Then,

cε ≥ εN
(
c− εH(x̄ε)B(u) + o(ε)

)
,
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where u ∈ H1
0 (RN+ ) is a solution of −∆u = f(u + u)− f(u), B(u) is defined as in

Proposition 4.1.

Proof. Let vε be a solution of (1.2) with Iε(vε) = cε. Let x̄ε ∈ ∂Ω be such that
|x̄ε − xε| = d(xε, ∂Ω). We assume that x̄ε = 0.

Similar to Proposition 4.1, we define

ṽε(x) = η(x)vε(x′, xN + ϕ(x′)) ∈ H1
0 (RN+ ),

where η(x) ∈ C∞0 (Bδ(0)), with 0 ≤ η ≤ 1, η = 1 for x ∈ Bδ/2(0).
Denote v̄ε = ṽε(εy). Then

v̄ε → u, in C1
loc(R

N
+ ),

and {
−∆u = f(u(xN ) + u)− f(u(xN )), in RN+ ,
u ∈ H1

0 (RN+ ).

Because v̄ε attains its maximum at y′ = 0, we see that u(y) = u(|y′|, yN ).
Since vε is a mountain pass solution, we have

cε =Iε(vε) = max
t≥0

Iε(tvε)

= max
t≥0

[1
2
t2ε2

∫
Ω

|Dvε|2 −
∫

Ω

(
F (uε + tuε)− F (uε)− f(uε)tvε

)]
.

Similar to the estimate of the upper bound for cε, using the fact that vε is
exponentially small outside Bδ/2(0), we can prove that

1
2
ε2

∫
Ω

|Dvε|2 =
1
2
ε2

∫
Ω∩Bδ/2(xε)

|Dvε|2 +O(e−δ
′/ε)

= εN
[1

2

∫
RN+

|Dv̄ε|2 +
εH(x̄ε)

4

∫
xN=0

|x′|2|DxNu|2 + o(ε)

+
εH(x̄ε)

2

∫
RN+

|x′|2
(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′(xN )

]
.

Similarly, we have∫
Ω

(
F (uε + tvε)− F (uε)− f(uε)tvε

)
= εN

[∫
RN+

(
F (u(xN ) + tv̄ε)− F (u(xN ))− f(u(xN ))tv̄ε

)
+ (N − 1)ε

∫
RN+

(
f(u(xN ) + tu)−f(u(xN ))−f ′(u(xN ))tu

)
ψ(xN )H(x̄ε) + o(ε)

]
.
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Thus
Iε(tvε)

=εN
[ t2

2

∫
RN+

|Dv̄ε|2 −
∫
RN+

(
F (u(xN ) + tv̄ε)− F (u(xN ))− f(u(xN ))tv̄ε

)]
+ εN+1H(x̄ε)

[1
4
t2
∫
xN=0

|x′|2|DxNu|2

+
t2

2

∫
RN+

|x′|2
(
f(u(xN ) + u)− f(u(xN ))− f ′(u(xN ))u

)
u′ε(xN )

− (N − 1)
∫
RN+

(
f(u(xN ) + tu)− f(u(xN ))− f ′(u(xN ))tu

)
ψ(xN )

]
+ o(εN+1)

=Iε4(t) + Iε5(t) + o(εN+1).

Choose t̃ε such that Iε4(t̃ε) = maxt≥0 Iε4(t). Since v̄ε ∈ H1
0 (RN+ ), we see that

Iε4(t̃ε) ≥ c.
On the other hand, from v̄ε → u in H1

0 (RN+ ), and since u is a solution of −∆u =
f(u + u) − f(u), we can deduce easily that t̃ε → 1 as ε → 0. Thus, Iε5(t̃ε) =
Iε5(1) + o(εN+1). As a result,

cε = max
t≥0

Iε(tvε) ≥ Iε(t̃εvε) ≥ εN
(
c− εH(x̄ε)B(u) + o(ε)

)
,

where u ∈ H1
0 (RN+ ) is a solution of −∆u = f(u+ u)− f(u). So we have completed

the proof of this proposition.

Now we are ready to prove the following results.

Theorem 4.5. Let vε be a positive mountain pass solution of (1.2). We have
(i) For any local maximum point xε of vε, we have d(xε, ∂Ω) ≤ Cε. If vε has

another local maximum point x(1)
ε , then |xε − x(1)

ε | ≤ Cε. Moreover, for any
θ > 0, there is a ν > 0, such that |vε(x)| ≤ Ce−ν|x−xε|/ε for x ∈ Ω \Bθ(xε).

(ii) For any sequence of ε, there is a subsequence εj → 0, such that xj → x0 ∈ ∂Ω
with H(x0) = maxx∈∂ΩH(x), where xj is any local maximum point of vε, and
H(x) is the mean curvature of ∂Ω at x.

Proof. It is easy to see (i) follows from Lemma 4.3. To prove (ii), we can combine
Propositions 4.1 and 4.4 to obtain

−H(x0) ≤ − max
x∈∂Ω

H(x) + o(1).

As a result, H(x0) = maxx∈∂ΩH(x).

Proof of Theorem 1.1. Let zε be a global maximum point of vε. Then uε(εy + zε)
converges in C1

loc(R
N
+ ) to U(y) = u(yN ) + u, where u is the mountain pass solution

of (3.1). By Remark 4.2, we know that maxy∈RN+ U(y) > 0. Thus (i) follows. It
also follows from Remark 4.2 that UxN (0) > 0. So we see that ∂

∂νuε(εy + zε) > 0
at z̄ε, where ν is the inward unit normal of ∂Ω at z̄ε, z̄ε ∈ ∂Ωε satisfies |zε − z̄ε| =
d(zε, ∂Ωε), Ωε = {y : εy+ zε ∈ Ω}. As a result, uε(εy+ zε) > 0 in a neighbourhood
of z̄ε and (vi) follows. On the other hand, (ii) follows from (i) of Theorem 4.5.

To prove (iii), we claim that for any local maximum point xε of uε with uε(xε) ≥
c̄0 > 0, we have |xε − zε| ≤ Cε, where zε is a local maximum point of vε. In fact,
suppose that there is a sequence of xε, such that ε−1|xε − zε| → +∞ as ε→ 0 for
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any local maximum point zε of vε. Then vε ≥ c̄0 in a small neighbourhood of xε.
So we can blow up vε at xε and see that the energy of vε is strictly larger than cε.
So we get a contradiction. See the proof of Lemma 4.3. Thus (iii) follows from (ii)
of Theorem 4.5.

5. Existence of interior peak solutions

In this section, we shall briefly prove the existence of interior peak solutions for
(1.2) and estimate the number of such solutions. For simplicity, we only discuss
the case f(t) = (t − a)p−1 − (t − a). So the mountain pass solution of (3.5) is
nondegenerate. See [24].

As we see in Section 4, the main contribution to the energy of Iε(vε) comes from
the error term in the expansion of uε near the boundary of Ω. To construct the
interior peak solution for (1.2), we need the following proposition.

Proposition 5.1. We have

uε(x) = a+ e−
√
−f ′(a)(d(x,∂Ω)+o(1))/ε,

for any x ∈ Ω with ε−1d(x, ∂Ω) large. Here, o(1)→ 0 as ε→ 0.

Proof. See the proof of Theorem 2.1 in [8].

Let w be the unique positive solution of (3.5), which is nondegenerate. Define

wε,x(y) = w
(y − x

ε

)
.

Let Pε,Ωwε,x ∈ H1
0 (Ω) be the solution of

−∆v − f ′(a)v = f(a+ wε,x)− f ′(a)wε,x.

Using Proposition 5.1, we can prove

Proposition 5.2.

I(Pε,Ωwε,x) = εNA− τε,x +O
(
e−(1+σ)

√
−f ′(a)d(x,∂Ω)/ε

)
,

where τε,x =
∫

Ω

(
f(a+ wε,x)− f ′(a)wε,x

)
(uε − a). Moreover, τε,x satisfies

c0e
−(1+θ)

√
−f ′(a)d(x,∂Ω)/ε ≤ τε,x ≤ c1e−(1−θ)

√
−f ′(a)d(x,∂Ω)/ε,

for any θ > 0, and c0 > 0 and c1 > 0 are some constants.

Proof. The proof of this proposition is similar to that of Step 1 of Lemma 3.1 and
thus we omit it.

By direct calculation, it is not difficult to prove the following proposition (see
for example [10]):

Proposition 5.3.

I
( k∑
j=1

Pε,Ωwε,xj

)
=

k∑
j=1

I
(
Pε,Ωwε,xj

)
−
∫

Ω

(
Fa
( k∑
j=1

wε,xj
)
−

k∑
j=1

Fa
(
wε,xj

)
−
∑
i<j

fa(wε,xi)wε,xj
)

+O
( k∑
j=1

e−(1+σ)
√
−f ′(a)d(xj,∂Ω)/ε +

∑
i6=j

e−(1+σ)
√
−f ′(a)|xj−xi|/ε

)
,
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where fa(t) = f(a+ t), Fa(t) =
∫ t

0
fa(τ) dτ .

Propositions 5.2 and 5.3 show that the energy of the approximate multipeak
solution

∑k
j=1 Pε,Ωwε,xj will become larger if the peak xj moves away from the

boundary of Ω, or if a pair of peak (xi, xj) moves away from each other. Thus
this estimate is similar to that for the interior peak solution of the Neumann prob-
lem [29]. But one should note that in Proposition 5.2, the first small term is
e−
√
−f ′(a)d(x,∂Ω)/ε, instead of e−2

√
−f ′(a)d(x,∂Ω)/ε as in the Neumann problem.

Arguing in exactly the same way as in [7, 29], we have

Theorem 5.4. For any positive integer k, there is an ε0 > 0, such that for any
ε ∈ (0, ε0], (1.2) has a solution of the form

vε =
k∑
j=1

Pε,Ωwε,xε,j + ϕε,(5.1)

where ϕε satisfies∫
Ω

ε2|Dϕε|2 + ϕ2
ε

= εNO
( k∑
j=1

e−(1+σ)
√
−f ′(a)d(xε,j,∂Ω)/ε +

∑
i6=j

e−(1+σ)
√
−f ′(a)|xε,j−xε,i|/ε).

Furthermore, we have
(i) if k = 1, the number of the interior single peak solutions is at least Cat(Ω),

and there is at least one single peak solution with its peak near the global
maximum point of the distance function d(x, ∂Ω);

(ii) if k ≥ 2, the number of the interior k peak solutions is at least N , and there
is at least one k peak solution of the form (5.1) such that (xε,1, · · · , xε,k) →
(x0,1, · · · , x0,k) and (x0,1, · · · , x0,k) is a maximum point of the function

min
(
d(xj , ∂Ω), |xi − xj |, i, j = 1, · · · , k, i 6= j

)
.

Remark 5.5. The results here look similar to those in the Neumann problem. But
for the interior multipeak solution of (1.2), we see that the locations of the peaks
are different from those for the Neumann problem, where there is a positive interior
peak solution, whose peaks are near a maximum point of the function

min
(
2d(xj , ∂Ω), |xi − xj |, i, j = 1, · · · , k, i 6= j

)
.

Appendix A.

Let u be a positive solution of (3.1). In this section, we shall prove that u decays
exponentially as |x| → +∞. Since we do not assume that f ′(t) is negative in [a, 0],
we cannot use the comparison theorem as usual to obtain the decay estimate. More
work is needed.

Proposition A.1. Suppose that u is a positive solution of (3.1). Then there are
C > 0 and λ0 > 0, such that u(x) ≤ Ce−

√
λ0|x|.

Proof. Choose R > 0 large enough, such that f ′(u(xN )) < −2µ0 < 0 for xN ≥ R.
Here µ0 > 0 is a small constant. By a standard comparison argument, we can get
easily that

u(x) ≤ Ce−
√
µ0|x|, ∀ xN ≥ R.(A.1)
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On the other hand, by Lemma 2.1, we have∫ +∞

0

(
|ξ′|2 − f ′(u(t))ξ2

)
dt ≥ 4λ0

∫ +∞

0

(
|ξ′|2 + ξ2

)
dt, ∀ξ ∈ H1

0 ((0,+∞)),

for some λ0 > 0. So we see that the following problem has a positive solution ξ(t):{
−ξ′′ − f ′(u(t))ξ = 3λ0ξ, t ∈ (0, R),
ξ(0) = ξ(R) = 1.

(A.2)

In fact, let ξ̄(t) = ξ(t) − 1. By the Lax-Milgram theorem, we see that the
following problem has a unique solution:{

−ξ̄′′ − f ′(u(t))ξ̄ − 3λ0ξ̄ = −f ′(u(t))− 3λ0, t ∈ (0, R),
ξ(0) = ξ(R) = 0.

Thus (A.2) has a unique solution. Besides, using ϕ = ξ− = min(0, ξ) ∈ H1
0 ((0, 1))

as a test function, we see ξ− = 0. Hence, ξ is nonnegative. Suppose that the
minimum of ξ equals 0. Then ξ′ = 0 at the minimum point. By the uniqueness of
the ordinary differential equation, ξ = 0. This is a contradiction. So ξ is positive.

Let v = Ce−
√
λ0|x′|ξ(xN ), xN ∈ [0, R]. Then

−∆v −
(
f ′(u(t)) + λ0

)
v

= ξ(xN )
(
−C∆e−

√
λ0|x′| + Ce−

√
λ0|x′|−ξ

′′(xN )−
(
f ′(u(t)) + λ0

)
ξ(xN )

ξ(xN )
)

= ξ(xN )
(
−C∆e−

√
λ0|x′| + 2λ0Ce

−
√
λ0|x′|) > 0,

if |x′| ≥ R1 > 0 is large enough.
Since u ∈ H1

0 (RN+ ), we see that u(x) → 0 as |x| → +∞. Thus we may choose
R1 > 0 large enough, such that g1(x,u(x))

u(x) ≤ λ0 for |x′| ≥ R1. As a result,

−∆u−
(
f ′(u(xN )) + λ0)u < 0, if |x′| ≥ R1.

Thus we see

−∆(u− v)−
(
f ′(u(t)) + λ0

)
(u − v) < 0, if |x′| ≥ R1 and xN ∈ [0, R].

In view of (A.1), we see that we can choose C > 0 large enough, such that u(x) ≤
v(x) if |x′| ≤ R1 and xN ∈ [0, R], or xN = 0, or xN = R (we can always choose
λ0 < µ0). Let η = (u− v)+ if xN ∈ [0, R], and η = 0 if xN ≥ R. Because u ≤ v for
xN = R, we see that η ∈ H1

0 (RN+ ). Thus,∫
RN+

(
|D(u− v)+|2 −

(
f ′(u(t)) + λ0

)
|(u− v)+|2

)
=
∫
{|x′|≥R1}∩{xN∈[0,R]}

(
D(u− v)+Dη −

(
f ′(u(t)) + λ0

)
(u − v)+η

)
≤ 0,

which implies (u − v)+ = 0. That is, u ≤ v. Here we have used the natural
generalization of Lemma 2.1 to the half space.
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