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ON THE PROFILE OF THE CHANGING SIGN MOUNTAIN
PASS SOLUTIONS FOR AN ELLIPTIC PROBLEM

E. N. DANCER AND SHUSEN YAN

ABSTRACT. We consider nonlinear elliptic equations with small diffusion and
Dirichlet boundary conditions. We construct changing sign solutions with
peaks close to the boundary and consider the location of the peak.

1. INTRODUCTION

Consider

a1 {%ﬂu:ﬂw,mﬁ

u =0, on 012,

where Q is a bounded domain in R" with smooth boundary, and £ > 0 is a small
number.

In recent years, there have been a lot of results on the existence and the profile
of solutions for (IT)). See for example [3, 5] 8] [, 11, 12} 13|, 19} 2T, 25, 26] 28]. This
problem arises from the biological sciences [I8, 22]. Tt is observed that solutions
of (II) may exhibit sharp peaks near a certain number of points. In biology, the
locations of the peaks correspond to the higher concentration places of chemicals,
certain populations, etc. Therefore, it is important to know the locations of the
peaks of the solutions for (II).

In this paper, we consider a kind of nonlinearity f(u), such that the mountain
pass type solution for () will exhibit a new concentration phenomenon. Assume
that f(t) satisfies the following conditions:

(f1) there exists a < b, a < 0, such that f(a) = f(b) = 0 and f(¢) < 0 for
t € (a,b);

(f2) [Y f(s)ds < 0if b <0;

(f3) f € CY([a,+00)) N C?((a,+0o0)) and f”(t) > 0 for all ¢ > a;

(f4) there is o > 0, such that

(t—a)"=“f"(t) — co >0, ast— at,

for some cg > 0;
(f5) there is a p > 1, such that

/
F(@Ot = pf(t),
for t > 0 large.
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3574 E. N. DANCER AND SHUSEN YAN

(fs) |f(t)| < C(1+|t|P~1) for some p € (2,2*), where 2* = 2N/(N —2) if N > 3,
2 = tooif N = 1,2.
A typical example of a function satisfying (f1)—(fs) is

ft)=(t—ap™! —(t—a),

where 2 < p < 2* a € (‘(%)1/@72),0),

Note that (f1) and f”(t) > 0 for all ¢ > a imply f’(a) < 0. Moreover, from
f"(t) > 0, we know that f(t) has exactly two zero points a and b.

By [B], we know that (f1), (f2) and (f3) guarantee the existence of a solution u,,
which is a local minimum of the corresponding functional of (IIJ), for € > 0 small,
with ¢ <wu, <0 and u, — a as € — 0 on any compact subset K of Q. Since u, is
a local minimum, we can expect that (LT) has a mountain pass solution u..

In this paper, we shall analyse the profile of the mountain pass type solution.
Let v. = u. — u,. Then v, satisfies

(1.2) {—gmv — ['(ue)v = ge(z,v), inQ,

v =0, on 01,
where
ge(x,t) = flu. + 1) — flu.) — f'(w)t.
Let
1w =5 [ED0f = F)®) = [ Gelao). veH@),

auwzF@+ﬂ—ﬂ%w¢mm—ém%W,F@=Af@w.
We define

(1.3) Ce = ;rel{“ Orgtagxl I (v(1)),
where I = {~(t) € C([0,1], H}(2)),7(0) = 0, (1) = e}, e € H{(R) is a point with
I.(e) < 0.

It follows from (f4) and (f5) that there is iy > 2, such that i1 Ge(z,t) < tge(x,t)
for t > 0 (see the proof of (¢3) in section 3). By the mountain pass lemma of
Ambrosetti and Rabinowitz [1], we know that has a positive solution v, with
I.(v:) = ce. Thus (1)) has a mountain pass type solution u. = u_ + v.. For the
profile of u., we have

Theorem 1.1. Let u. = u_ +v. be a mountain pass solution of ([LI). There is an
g0 > 0, such that for any e € (0,e0], we have

(i) There is a ¢ > 0, which is independent of €, such that max, g uc(x) > ¢.

(ii) For any local maximum point xe of u. with ue(zs) > 7 > 0, where 7 > 0 is
some constant independent of €, we have d(z.,00Q) < Ce, and for any § > 0,
lus(x) — u_(z)| < Cevlz=2<l/e jf & € Q\ Bp(x.). Here v >0 is a constant.

(i) For any sequence of €, there is a subsequence €; — 0, such that x; — xo € 0
with H(xg) = maxzeon H(x), where x; is any local mazimum point of u.,
with u.,(x;) > ¢’ >0, H(x) is the mean curvature of OQ at x.

(iv) {z:ue;(x) >0} NI # 0, and for any 6 > 0, {z: uc,(x) >0} C By(xo),
where xo € OSY is the point in (iii) and €; is the subsequence defined in (iii).
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By Theorem [Tl we see that (II) has a changing sign mountain pass type
solution which has a positive peak near a global maximum point zy of the mean
curvature of the boundary and is negative away from a small neighbourhood of x.

If f(t) has two zero points b > 0 and 0, and f(¢) < 0 for ¢t € (0,b), Ni and
Wei [26], Del Pino and Felmer [13] proved that a positive mountain pass solution
of () has a unique local maximum point which locates near the center of the
domain. The same result is still true if f(¢) has two zero points b > a > 0, and
f(t) <0 fort e (a,b). See [9]. Our results here look very similar to those for the
Neumann problem obtained in [23],[24]. The main reason that the local maximum
point of u. is close to the boundary is that the corresponding problem in a half
space possesses a mountain pass solution. See the result in Section 3. But unlike
the Neumann problem, the local maximum point of u. is inside the domain.

Our result does not claim that u. has exactly one local maximum point, because,
except for N = 1, it is not clear that the solution of the form U(z) = u(xn) + u(x)
for problem (BII) has exactly one local maximum point. But from the proof of
the main result, it is easy to see that if u. has two local maximum points mgl) and
xg), then |x£1) — x§2)| < Ce. Moreover, both xél) and :cg) lie near (compare with
¢) the normal direction of 0} at Z., where z. € 9Q with |z, — x§1)| = d(:cél), o).

If Q is the unit ball centered at the origin, then w, is radially symmetric. Using
the Mountain Pass Lemma in the radially symmetric class, we know that (L)
has a radial solution #.(]x|). Moreover, it is easy to check that ¥. has a positive
peak at the origin. In other words, U, has a peak at the global maximum of the
distance function d(z, 9€2). So we may ask the question whether (L2) always has a
single peak solution with its peak near the global maximum of the distance function
d(z,00) in a general bounded domain. By Theorem [T}, we see that this solution
cannot be obtained by using the Mountain Pass Lemma in the whole space H}(f2).

We call a solution u of (BI) nondegenerate if the kernel Ker L of the linear
operator L defined as

_ agl(xNa u)w

Lw =: —Aw — f'(u(zy))w ou 7

we HY(RY),

ou
? 0N -1

tain pass solution of (B1]) is nondegenerate. If we can prove that (3I]) has a positive
solution which is nondegenerate, then using the reduction method, we can easily
construct various kinds of boundary peak solutions for (I2) as in [4], 10} [17, 2T].
On the other hand, we know that for certain nonlinearities f(t), such as f(t) =
(t —a)P~1 — (t — a), the positive solution of

satisfies Ker L = span{ 887“1, e } It is an open problem whether the moun-

~Au=f(ut+a), uc HHRN)

is unique and nondegenerate. So we can prove the existence of positive interior
peak solutions for (L2)) and find a lower estimate for the number of such solutions
as in [7, 2] 16} 29]. Especially, (I2) has a single peak solution with its peak near
the global maximum point of d(z,d). We shall discuss this problem briefly in
this paper. Here we stress that it is the nondegeneracy not the uniqueness which
is important to us. Although the results on existence of positive interior peak
solutions for (Z) look similar to those for the Neumann problem [16] 29], the
locations of the peaks of the positive interior peak solutions for these two problems
are different.
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It is worth pointing out that by the moving plane method of Gidas, Ni and
Nirenberg [14], if  is convex, the distance of any local maximum point of a pos-
itive solution for (I to the boundary of © has a positive lower bound which is
independent of the nonlinearities and the solutions. So it is only possible for a
changing sign solution to have a positive local maximum point close to the bound-
ary of a convex domain. Therefore, the assumption a < 0 is essential in this paper.

This paper is organized as follows. In section 2, we obtain an asymptotic expan-
sion of the local minimum solution u, near the boundary of 2. The estimates in
section 2 are essential to the proof of the main results of this paper. In section 3,
we study the existence of a mountain pass solution for an elliptic problem on a half
space, which corresponds to the limit problem when we blow up ([.2)) at a boundary
point of €. From this mountain pass solution, we can construct an approximate
solution for (I2) and thus obtain an upper bound for c.. Section 4 is devoted to the
proof of Theorem [l In section 5, we discuss briefly the existence of interior peak
solutions for (C2). Appendix A contains a decay estimate of any positive solution

of @BII).

2. THE EXPANSION OF THE LOCAL MINIMUM NEAR THE BOUNDARY

Let u, be the solution of (LI) with a < u, < 0 and u, — «a in any compact
subset of  as € — 0. In this section, we shall obtain an asymptotic expansion for
u, near the boundary of €.

Let u(t) be the solution of

(2.1) a<u(t) <0

Then u(t) is decreasing and |u(t) — a| < Ce™V=F (@)1,

Lemma 2.1. We have that there is a cg > 0, such that

—+o00
112 / 2 2
/0 (W'[2 = ' (@?) > collvlly m

for any v € Hj(RL).

Proof. First, the proof of Proposition 2 in [6] shows that —y” — f’(u)y with zero
Dirichlet boundary condition has no nonpositive eigenvalue and this operator is
seen to be Fredholm at points of the spectrum less than — f’(a). Hence we see that

+oo

(2.2) inf{/0+oo(|v’|2 — flwn?) v e H&(R_lk),/o v? = 1} =A1>0.

Thus,

+o00 too
N2 _ gl 2 2
/0 (|’U| f(H)U)ZA/O v
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So if ¢g > 0 is small enough, we see
—+oo
/ (|U/|2 _ f/(ﬂ)UQ)
0

+o0 +oo +o0
_ /12 _ N2 _ l 2
_cO/O+OO|v| e >/ +|C:| /O+Oof(u)v N
> ¢ /O W2 + (1= o) (A /0 o+ /0 £ (w)?) - /O £ ()

+oo +oo +oo
— co/ |v’|2 +(1- co))\/ v? — co/ f’(g)v2
0 0 0

+oo

+oo
co/ |v’|2 + ((1 — o)\ — Cco) / 02
0 0

collvllzy (ry)-

vV

IV

Lemma 2.2. Let v. be a solution of

w [
. v =0, on 0N).

Then |ve|oo < Clh|oo for some C > 0, independent of €, h and v..

Proof. We argue by contradiction. Suppose that there are €, — 0, h;,, such that
the solution vy, of [Z3) satisfies |vm|oo > M|hm|oo. Without loss of generality, we
assume |Um|oo = 1. Then, |hy|ooc — 0 as m — +oo. Let x, € Q be such that
|Um($m)| = |Um|oo- Let tm(y) = vm(ey + xm)7 ey +rm,m € Q.

If dem0Y 400, then we see that

—Au— f'(a)u=0, inR"Y,

has a nontrivial bounded solution. By averaging over the unit sphere, we see that
—u” — 2=/ — f'(a)u = 0 has a bounded nontrivial solution in R}, which is
impossible since f’(a) < 0.

If d(meifm) < C for some C > 0, then
—Au— f'(u)u=0, inRY,
has a nontrivial bounded solution u with u|,,—¢ = 0. This is impossible by Propo-
sition 2 of [6]. O
Let 9(t) be the solution of

=" = flu@)y = —u, t>0,
(0) = h(+00) = 0.
The existence of such a solution is guaranteed by Lemma [ZIl Then ¢(t) > 0 if

t > 0 by the positivity of the operator and u’ < 0.
Now we are ready to obtain an asymptotic expansion for u,.

(2.4)

Proposition 2.3. Let u_ be the local minimum near a. Then

u(z) = u(@) +e(N— 1)1&(@)1{(@ £ O(),
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for some o > 0, where u and ¥ are defined by ZI) and (ZQ) respectively, and
Z € 0% is a point such that |x — z| = d(z, 0Q).
Proof. Define
u(t),  tel(0,8/e,
(2.5) ul = ¢ smooth, ¢ € [§/e,28/e],
u(20/¢e), te€[2§/e,+00).
In [0 /e, 20 /<], we can choose u* such that a < u*(t) < 0, |u*(t)—a| < Ce™V—f'(@9/e,
|Diwi(t)] < Ceiem VI @d/e =12,
Let uf*(x) = u} (M) Then u}*(x) is constant for d(z,0) > 26. By a
simple calculation, using the equation satisfied by u(t), we see that

AU = — *”(M) au*’(d(x 89))Ad(m,69)

f(u (d(a: an))) e (d(a: 39))Ad(x 9), it d(x, 00) <o,
G 622"(@%65(%,09), if § < d(z,00) < 26,
e/(@)ﬁd(%m% if d(z, 99) > 26,
=f(ul") —eul (@)Ad(:g, 00) +0 (727 /%),
since for d(z,08) > 6
fs*) = f(a) + O(|u* —al) = 0(5—26—6”/5).
Let & = u!* —u,. Then

—eu,

—2AE =f(ut*) — flug) —eul (@)Ad(x,aﬂ) 102014

= — co(a)ée —eul’ (@)Ad(m, o0) + 0(5_26—5'/6)7

where c. = — fo (tu* + (1 — 7)u.) dr.
Let & = ev.. Then

N R p—— ( (2,09) )Ad(x 0Q) + 0(e3e=9/%), inQ,
Q)ZJE = 07 on 0.
Similar to the proof of Lemma [2:2] it is not difficult to prove that |1:]|e < C.
(Here we need to use Proposition 2.4 in [5] and Theorem 2 in [27] to prove that
ce(ey +x:) — —f(u(zn)) as e — 0 if d(z.,00) < Ce.)
Let
P(t), ift e0,6/¢],
YI(t) = < smooth, ift € [§/e,20/¢],
0, if t € [20/, +00).

For any = with d(z,0Q) < ¢, let Z be the unique point on 92 such that |z —z| =
d(z,00). Let

vt (@) = —(N = 1z (
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where H(Z) is the mean curvature of 9Q at z. Noting that

AYE =207 4 e Ad(z, 000 = e 2 + 0D,

—e2Ayz =e(N — 1)(H(@)AYS + 27197 (Dd(x, 00), DH (7)) + Y AH(7))
(N - DH@) +0()
~v = ) (7 (T2 ) o (TN ) 4 0

€

—ea(ur —ve) — 7 (w(TE2)) e - )
~(r (u(w)) — e ) + o (M) (N = DH (&) + Ad(x,09)) + O(c)

€

f 12 d(x,gaﬂ))) e
= [ < (- )
= 0|7 (u(*=20)) - s (u + 00)]) - 06
and

g(@) (Ad(x, 09) + (N — 1)H(£)>
_ O(g'(d(x’ 69))

Here, in the last equality, we have used Lemma 14.17 in [15]. By Lemma 2.2, we
obtain

|z — 5c|> =0('™™), foranyT > 0.

e = | = O(e7),

for some o > 0. O

3. EXISTENCE OF THE MOUNTAIN PASS SOLUTION IN HALF SPACE
Let u(t) be a solution of (Z1I). Consider

{ —Au— f'(ulzy))u = gi(en,u), inRY,

(31 ue Hy(RY),

where g1(axn,t) = f(u(zny) +t) — f(ulzn)) — f(u(zn))t.
Define

J(u) = 1 /R (1Dul? — fun))?) — [ Grlaw,uw),

2 N N
¥ Ry
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where
Gr(aw, 1) —/Otgmn)m
= Fluan) +1) — Flu(ey)) — fuen)t — 5 7' ulex))

and F(t) = [ f(r)dr.
We summarize the properties of g1(zn,t) as follows:
(91) q1(zn,t) > 0 for t > 0.
In fact, by (f3), we have

0
0)=0, — 0)=0
gl(xNa ) ) atgl(xNv ) )
82
o9 (@n:t) = f"(u(@n) +1) > 0.
(92) w is strictly increasing in ¢t > 0.
In fact, we have

B} t 9
a(@) = (501w, t) = grlaw, 1) /12
But
0
(tagl(l']\],t) — g1($N;t)) ‘t:O = 0’
) 0

gy (tam(xzvat) —gi(zn,t)) = t@m(fﬂz\r,ﬂ =tf"(ulzn)+1t) >0,

for all £ > 0. Thus t%gl(xN,t) —gi(zn,t) >0 for all £ > 0.
(93) There is a constant fi > 1, such that

First, by (fs), we see that there is a large T' > 0 such that (82) holds for ¢ > T
Next, we claim that there is a 8 > 0, such that
(3.3) tf"(r+t) > 0(f(r+t)— f'(r)), Vte(0,T),a<7<0.

It follows from f”(¢) > 0 that (B3] holds if ¢ >ty > 0 or 7 — a > 79 > 0, where
to and 79 are fixed numbers. Thus it remains to prove that (B:3) holds for ¢ € (0, ¢o]
and 7 € (a,a + 7).

If t <7 — a, then it follows from (f4) that

tf"(r4+t) = 0(f'(r+1t) = f'(7)) = t(f" (T +t) = 0f" (7 +nt))

Vit>0.

v

/ i / /!
t( o B Ocy ) > t( 0 B Ocy )
t+7—a)l= (pt+71—a)@ t+17—a)t-* (r—a)l-@
( I B Ocy ) 0
21—0{(7- _ a)l—a (7- _ a)l—oz
if > 0 is small enough.
Suppose that 7 — a < t. From (f4), we can deduce

|f/(t1) = f(t2)| < Cltr — 2|, t1,t2 € [a,a + 7).

Vv
~
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Thus,
tf"(r+t) = 0(f (r+t)— f(1) > tf"(r +t) — CH*
I oC ) oC
> — > — .
- t((t+7—a)1*a tlﬂl) - t(zlfatlfa t17a> >0

Thus we have proved (3.3)).
Now take i =146 > 1. Let

dg1(xzn,t B
n(zn,t) = t% — pg1(zN,t).
Then n(xn,0) = 0. We have
0 0? 0
— ) =t— 41— a)— t
=tf"(wlzn) +6) + (1 = p)(f (wzy) +1) = f(ulzn))) > 0,

ift € (0,T]. As a result, n(zn,t) > 0 for t € (0,7T].

(g4) We have g1(zn,t) = O(t?) as t — 0, and |g1(zn,t)| < O([t|P~L + 1).

Define
3.4 = inf J
(3.4) ¢ = Inf max (u),
where T' = {y(t) € C([0,1], H}(RY)),7(0) = 0,%(1) = €}, e € H(RY) with
J(e) < 0. By (g2), it is easy to check that ¢ is independent of e.

It is easy to see that (BI) is translation invariant in the x; direction, i =
1,--+,N — 1. Since u(t) — a as t — +00, we see that the corresponding limit
problem in the z direction is

{—Aw = f(w+a), inRY,

(3:5) w e HY(RY).

Let

A:%/RN |Dw|2—/RN(/wa(T+a)dT>,

where w is the least energy solution of ().
Using the standard concentration compactness argument [20)], we can prove that
(B) has a solution with critical value ¢ once we prove the following lemma:

Lemma 3.1. We have c < A.

Proof. Let ; = (0,---,0,1), wi(x) = w(x — x;). Let Pw; be the solution of

(3.6) —Av — f'(a)v = f(w, +a) — f'(a)w;, in RN,
' v e Hi(RY).
By the maximum principle, we have |Pw; — w;| < max,y—ow; < Ce™ —f(@)l By

the definition of ¢ (see [B:4), we have

¢ < max J(tPwy).
>0

Now we estimate J(tPwy).
Step 1. The estimate of J(Puwy).
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Denote g(t) = f(t +a) — f'(a)t,

G() = [ ar)dr = Flt+@) = Pla) - L@
Then
(3.7)
J(Pwl) = %/RN |DPwl|2 - f’(g(xN))|Pwl|2 - o Gl(xN,Pwl)

-3 /Rg (/@) = 1 wen)) 1Pl + /Rz (3900Pw1 ~ Grte, Pu)
1

_ 5/31
+ /RN (G(Pwl) — G1($N,Pwl))

- /Rf (%g(wZ)Pwl — G(Pwl)>

v
RY

= Jl +J27

(7@ = Fa@)IPul+ [ (GaPu - GPw)

(Flat Pur) = Fla) = (Flu(en) +Pu) = F(ulan)) = f(u(ey) Pur) )

where J; and J; are defined by the last equality of the above relation.
For Ji, we have

Iy = /R .
+O(e 2V T @)
z/ (%g(wl)wl — G(wz)) + O(e~IHovV =1l
RN

(%ﬁ(wl)wz - G(wz)> + %/R G(w))(w; — Puy)

N
+

(38) + %/ (—Aw; — f'(a)wy) (w; — Pwy) + O(e” 2V '@
RY
B 1 owy 8(’!1)1 - Pwl)
=A+ 5 /xN=O <—8xN (wr — Pwy) — R — )

+ O(e_(1+") —f’(a)l)
= A+ O(e”UHolV=f(a)ly,
Now we estimate Js. Let

K(tl,tg) = F(a+t1 —l—f,g) — F(a+t1) — f(a—l—tl)tg
— (F(a+t2) — F(a) — f(a)t2)
— (fla+ta)ts — fla)ts — f'(a)trtz).

We claim that there are C' > 0 and o > 0, such that

K (t1,t2)] < Clta| o [ta] .



PROFILE OF CHANGING SIGN MOUNTAIN PASS SOLUTIONS 3583

In fact, if [to| < |t1], then
K(t1,t2) =[(f(a+t2 + &) — fla+ &) — f'(a+ Etr)ta)
- (fatt) ~ f(@) - '(@)tz) |t
Z[(f'(a +&ita + &) — f'(a+ &) — (f'(a+ &ita) — f’(a))}tltg.
By (f4), we see |f'(t1) — f'(t2)] < Clt1 — t2|*. As a result,
|K (t1,t2)] < Clta|®[tita] < Clta|*F/2|ta| /2.
If |t1] < |t2], then

K(ty,t2) =3 (f' (at+t2+0) — flat &h))ty
= (f"(a+ &) — f'(a))tats.
Thus,

K(t1,t5) = Clta|“t? 4 C|t1|*|t1to]
S C|t1|1+g|t2|1+g.

We have
Ja== [ (fla+Pu) = f(@) = £/ (@)Pur) (ulon) o)

- |  K(u(zy) — a, Puw)
RY

__ /N (Fla+ Puw) = fla) = /(@) Pur) (wlerw) — )
R+
+O(/RN lu(zy) — a|1+”|PUJz|1+U>
__ /RN (Fla+ Puw) = fla) = /(@) Pur) (wlerw) — )
. 0(7 20 T =40 T
Ry

=— /Rf (f(a + Pwi) — f(a) — fl(a)Pwl> (u(zn) —a) + O(e—(1+a) _f/(a)l>.
So we have
J(Pw;) = A — . (f(a + Pwy) — f(a) — f'(a)Pwl> (u(zn) — a)
RY

+ O( (1+0) —f'(a)l).
Using the convexity of f, we see
fla+t)— f'(a)t >0, Vt>0.
Noting that u(xy) — a > 0, we obtain

/RN (f(a + Pw) — f(a) — f’(a)Pwl)(g(xN) —a)
Z/B " )(f(a—l— Pw;) — f(a) — f’(a)Pwl)(M(xN) —a)

> coe” —f'(a)l



3584 E. N. DANCER AND SHUSEN YAN

for some ¢y > 0. So we have proved J(Pw;) < A.

Step 2. The estimate of max;>o J(tPw;) — J(Pwy).

Let t; be the maximum point of max;>o J(tPw;). Then
(39) <J’(thwl),Pwl> =0.

We claim that t; — 1 as | — +oo0.

In fact, from g1 (zx,t) = O(t?) as t — 0, and M — +00 as t — 400, we
see 0 < tg <t; <T,VI. Suppose that {; — to. Letting I — +oo in (BH), we see

(3.10) too/ Dl = [ fla+taw)w.
RN RN

It is easy to see that from (g2) there is exactly one ¢ > 0 satisfying (3I0). On the
other hand, ¢t = 1 satisfies (310). Thus, ts = 1.

But
(J'(Pwy), Pwry = [ f'(a)Pwi(Puw —w) +/ (f(u(zn)) = fla))Puy
RY RY
+ /RN (f(wl + a’) - f(Pwl +Q($N)))Pwl = 0(67\/ *f'(a)l)v

J”(Pwl)(Pwl,Pwl)

0 , P
:/RN(|DPwl|2_fl(ﬂ)|Pwl|2)_/RN W'Pwlp

+ ¥
< —cp<0

since tQW—tgl(xN,t) > (i—1)tgi(zn,t). Thus we see t;—1 = O(e~V /" (@)1),
As a result,
J(thwl) — J(Pw) = (t; — 1)<J'(Pwl),Pwl> + O(|tl — 1|2)
— O(e-2V Ty,
Combining Step 1 and Step 2, we obtain
max J(tPw;) = J(tPw;) = J(Pw;) + O(e~2V (@)

< A—c,e VIOl Qe roV =1l < 4,

Using Lemma [371] we have
Theorem 3.2. Problem (B.1l) has a least energy solution u with J(u) = c.

Proof. Let u, € Hj(RY) be a sequence with J(u,,) — ¢ and J'(uy,) — 0 as
m — +00. By Lemma we see that

[ (Dunf? = Futan)d) = cllun?

RY

for some ¢y > 0. Then by (g3), we see that u,, is bounded in Hg(RY). Using
the concentration compactness argument [20] and Lemma B} we can deduce that
there are z,, € {xn =0}, m = 1,---, such that u, (x+2,,) is compact in H} (Rf)
As a result, (3]) has a solution with J(u) = ¢. On the other hand, by using (g2),
it is easy to check that

c=inf{J(u):u e Hy(RY),u#0,(J (u),u) = 0}.
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See, for example, [24]. Thus for any nontrivial solution v of BI), J(v) > ¢. So u
is the least energy solution. [l

Remark 3.3. By Proposition A, u(z) < Ce~V20l#l for some Ao > 0. Since (B1))
does not depends on z’, we can use the moving plane method of [14] in the di-
rections x;, ¢ = 1,---,N — 1, to prove that ([BI) has a least energy solution
u(z) =u(l2'|,zn), ' = (x1,- ,TN-1)-

Remark 3.4. Let U = u(xzy) + u. Then U is a solution of

(3.11) —AU = f(U), inRY,
' U(x',0)=0, U(a',zy) — a,uniformly in 2’ as zy — +o0.

Clearly, U > u, and U < 0 if |2| is sufficiently large and zy > 0 is small enough.
Suppose that U has fixed sign. Then u < U < 0. By Proposition 2.5 in [5], we
have U = u. This is a contradiction. So U is a changing sign solution. We can also
derive this result from [2] if N =2, or N = 3, f(0) < 0. In the next section, we
shall give a direct and simple proof of this fact. See Remark

Remark 3.5. To prove that the mountain pass type solution u. = u, + v, for (1))
has exactly one positive local maximum point, it is important to show that U has
exactly one positive local maximum point. It is easy to prove that this is true if
N = 1 by using the relation (U'(t))? — (U’(0))? = -2 fOU(t) f(r)dr. Tt is an open
problem whether U has exactly one positive local maximum point if N > 2.

Remark 3.6. It is possible to replace the convexity assumption on f by other con-
ditions to obtain the existence result for (8]). Under the condition that t,,f 1(3 :
s € (0,+00), as t — +oo, where 1 < p < % and ¢ is finite, or 0 < A <
t7Pf(t) < B < 400 for large t, where 1 < p < %, we can prove that the Dirich-
let problem on {|2'| < M,zy € (0,m)} has a positive mountain pass solution
unpm (2’|, n), which are uniformly bounded (by using a blow-up argument). The
idea is to let m — 400 first, and then let M — 400 to obtain a decaying solution
for ). To make this work, we need to assume f(a +t) > f/(a)t for t > 0 and
F)(t —1) > 2F(t) for t > t, where F(t) < 0 for t < t. Using the second condition,
we can rewrite the energy of the solution to an integral, where the integrand is
positive. Thus we can use the first condition to stop part of the solution moving to
infinity in the 2y direction. For this remark, we choose F' with F(a) = 0.

4. THE LOCATION OF THE PEAK OF THE MOUNTAIN PASS SOLUTION

Let u,(z) be a solution of (L) such that |u, — a| is small on any K CC Q. Now
we consider (I2). Similar to the proof of Proposition 2 of [6], we can check that
the first eigenvalue \c 1 of —e2A — f/(u.)I in H}(Q) satisfies Ac 1 > Ao > 0. Thus
by a similar argument to that in the proof of Lemma B, we see

/9(62|Du|2 — f'(yE)UQ) > c'/Q(<€2|Du|2 + u2), Vue Hy(Q),

for some ¢ > 0. So it is easy to check that (IZ) has a positive solution ve with
I.(v:) = c.. In this section, we shall prove that all the local maximum points of
ve tend to the same point zy on the boundary, at which the mean curvature H(x)
attains its global maximum.

First, we have an upper bound for c..
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Proposition 4.1. Let u € H}(RY) be any solution of BI) with J(u) = c. Then
we have

c. <eV(c—eB(u)Hy + O(e')),
where Hpy = maxzeon H(x), and

1 1
Bw=—3 [ Dowlenfog [ Doupi
TN= TN=

Moreover, we have B(u) > 0.

Proof. Take any solution u(r,zy) of ZI) with J(u) = ¢, where r = |2/|. Let
xg € 00 be a point such that H(zg) = max,can H(z). After translation and
rotation, we may assume that o = 0 and

(4.1) QN Bs(0) ={z:zn > p(z")} N Bs(0),
(4.2) 0N Bs(0) ={z:xnx = p(x')} N Bs(0),

where p(2') € C?(RN~1), ¢(0) = 0, Dp(0) = 0 and
L N1
n_ =t 2 2
o' = 3 3 ot + O(P).

Let n € Cg°(Bs(0)), n = 1 for € Bs/2(0), 0 <7 < 1. Define

“lreT an - e(a))),

we = n(z)u(e

where r = |2/|. Then w. € H}(Q). So we have

< ax 1 1 .
Ce = S 6( wE)
NOW we eSlimale IE(’UJE). VVe ha,\/e

L)) = 5 [ D = [ (Pluc+ ) = Pl = Flacue)
=1 — I».
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Since u, = u(e td(z,00)) + e(N — 1)H(z)y(e~td(x,09)) + O(e*+9), where
z € 00 with |z — z| = d(x, 02), we have

(4.4)
12_/Q(F(g(d(x;aQ)Hwe)_F<u(d(x,€aﬂ))) _f(g(d(x,;m))) )
e = 1) [ (7™ pun - )
— 7y o B0
+O(5N+1+U)

_ N wld(z ) — Fluld(s ot uld(a -
= [/Q (F(_(d( LO0)) + W) — F (u(d(z,090:))) — f(u(d(z,09.))) )
+e(N — 1)/Q (f(g(d(a:,@(le)) + e ) —f(u(d(a?,aﬁe)))

— /(wl(d(z, 00)))i. ) d(x, 00.)) H ()|
+ O(EN+1+U),

where Q. = {z : ex € Q}, W, = we(ex), x € Q..

Let . (2') = e Lp(ea’). Let z. € 99, be such that |z—Z.| = d(z,09.). Then we
have x; — Ze i + (8 — 9 (F'))Dipe(Z') =0,i=1,--- ,N—1. Thus |2/ —Z'| = O(e).
As a result,

d(z,09:) = (1 + | D= (&)*)?(xn — ¢=(2"))
=2y — (@) + O(|Dye(a")*) = 2n — e (2) + O(%).

Thus, making the change of variable ¢ = 2/, yy = zn§ — ('), we obtain

(4.5)

nee],
+

+e(N — 1)/
R
+O(€N+1+U).

(Pluten) +u) = Flu(an) - f(u(en)u)

(£lulen) +u) = Flulen)) = f (lan))u) @) HO)|

N
+

Here, we have used the fact that u decays exponentially.
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For the estimate of I;, we have

(4.6)

52/ |Dw.|? = 52/ |Dw.|> + 0(e7°/¢)
Q QNB;,5(0)

r ay — ()
=2 [ (i, B
QNBs,2(0) € €

— 2D, Ju(* L‘M) 3 Da.u(L, L‘M)Dm@(a{)

)
IS

+0(e70/%)

-(],

N-1

|Dul? - QE/N Dyyu Z a;x; Dy, u+ 0(52)>.
R+

N .
s =1

In the last equality, we have used again the fact that u decays exponentially.
Since u is a solution of —Au = f(u(zn) +u) — f(u(zn)), we have

_ Aux?DxNu :/ (f(g(a:N) +u) — f(g(xN))>m12DxNu

RY RY

fori=1,---,N—1.
But for each fixed i, we have

- / Auz?D,u
R

N
+

N
Ju
— _x?DmNu+2 DmNuxszlu—F E x?DxJUDx]INu
zn=0 on Rﬁ =1 Rf
j=

N
1
:/ DxNufoxNu—l—Z/ DxNuxliiu—i——Z/ 27Dy | Dy ul?
zN=0 RY 2j=1 RY ‘

_1 2 2
fi/ 27| Dyyul® +2 D, yux; Dy, u,
INIO Rf
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since Dy, u =0 if x5y =0, for j =1,--- | N — 1. Here we do not use the summation
convention. So

2 Dy yuxiDyu

RY

= [ (7w -0 = suas))otDeu 5 [ Do

_ /R L (Plu(en) +u) — Fu(en)) — flu(an)u)?

~N dx
o N

— [ (rlaton) )= futon)) = 7 (ulon))u) o n)o?

1
@) 5[ aDaup
:CN=0

- /RN (f(y(xN) +u) — flu(zn)) — fl(y(xN))u)H’(xN)x?

+

N
+

1
5 [ alDaal
:CN=0

1

= 51 [, (Flaam) + ) = fatan) = £ aan )l @)l P

1 112 2
_— D .
T / Dl

Combining (Z6) and (Z7), we obtain

(4.8)
L = €N(% Ay | Dul? + _6[1;(0)
+ O [ () ) futon) — el )l ).

+

[ WPIDaal o)
$N=0

Putting (£5) and (£8) together, we see

(4.9)
Te(we) = " (” ifm /xN:O |2 [*| Dypul® + O('7)
T —EHQ(O) /Rf (f(u(wzv) +u) = flulen)) - f'(g(xN))u>g'(xN)|x’|2

(N - 1)5H(0)/

RY

(Flutn) +u) = Fluw)) = f (wy)u) o) ).
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Using the exponential decay of the solution u, v = ¢ = 0 if zxy = 0, and
self-adjointness of the Laplacian, we see

[ (#tuton) +20) = flaton) - 7)) vien)

(4.10) = /RN (—Aw - f’(y(xw))w)u

=— /R o (xn)u.

N
+

Similarly, we have
/Rf (f(u(xzv) +u) — f(y(xN)))H’(xN”x’F

== | A/ (zy)l?

Ry
—— [ G - [ ub )l
zy=0 ON RY
:/ DxNug'(J:N)|J:'|2—/ W[+ 2N — D (2y))
:CN=0 Rf
= [ Dewlenl P+ [ () @l - 208 - 10 ).
INIO Rf
As a result,

[ (o) +0) = fatow) - Fules)n)u (o) lo'?
(4.11) =
:LNZO Dyt ()2 — 2N — 1)/31 wd (zn).
Combining (£9), (EI0) and (@II), we obtain
(4.12) I (we) = eN(c—eB(u)H(0) + O(e'17)),
where

1 1
B =3 [ Dol OWP-1 [ Douplap
TN= IN=

It is easy to check that (I’(w.),w.) = O(eNT), I’ (w.)(we,we) < —coe¥ <
0. Thus, similar to the proof of step 2 of Lemma BI], we see that if ¢. achieves
max;>o Ie (twe ), then t. = 1+ O(e). So
I (tewe) = I (we) + (te — 1)(I2(we), we) + O(5N|t6 - 1|2)

= I (w.) + O(eNT2).
Thus, the upper bound follows from (&I2)) and (@I3).

It remains to prove that B(u) > 0. Let U = u+wu. Then U satisfies —AU = f(U)
oan, U=0onazy=0and U — a <0 as xy — +oo. It is easy to check that

(4.13)

Bw =7 [ (@OF 1D UG 0P
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First we claim that
(4.14) / ((0)% — |Dur U (e, 0)[2) = 0.
:CN=0

Multiplying —AU = f(U) by D, U and integrating over Bg_l(O) x [0, +00), where
Bg_l(O) is the ball in RN ~1, centered at the origin with radius R, we obtain

1
- Z / U$7$7U9€N + 5/ Ung(xlvo)
BY~1(0)x[0,400) BY~1(0)

+oo d a
/ / p dedx’:/ F(a):/ / f(r)dr.
By~ 1(o> xN BR~'(0) By '(0)Jo

But 1] fo T)dT. So we have

(y( ) |D, U2, 0)]7) = -2 / Ugw;Usy -
/B§‘1<o> Z

O)>< [0,400)

On the other hand, we have

/ Ugiz;Usydx’ :/ iUy, Uz p —/ Up,Up o d’
Br ~'(0) . ZB%*%O) By~ '(0)

= niUpUpy — = —— U2 dr'.
/aBg—1<o> TN 2day Jpy-ie) "

So

/ Us;5,Usy :/ n;Uz, Uz — 0,
BY 71(0)x[0,400) BN ~1(0)x[0,400)

as R — +oo, since U,, = u,, decays exponentially as |z| — +oo. Thus ({I4)
follows.

Now we prove that B(u) > 0. Since U(|z'|,zn) is a decreasing function of
|2'|, we see that Uy, (]2’|,0) is nonincreasing in |2'|. Let ro be such that u/(0)% —
|DyyU(2',0))2 > 0 if |2/] > 79, 4/(0)%2 — | D,y U(2,0)> < 0 if |2/| < 1. Since
Uz (2/,0) tends to zero as |2'| — +oo and wug,(2/,0) > 0, we see that u/(0)? —
|DyyU(2’,0)])? > 0 if |2/ is large. So ro < +o00. Hence, by (@I4), we obtain

B(u)://< (/(0)2 = | Dy U (', 0)]2) |2/

+ (¥ (0)% = [ Dy U(2!, 0)%) |2
|z/|>70
> (W (0)? — | Dy U(a!, 0))?)rd
|z |<ro
+ (@ (0)* = |Dyy U (2, 0)]%) |2 |?
|z’ |>70

= (/' (0)? = | Dy U2, 0)]*) (|2 |* = r§) > 0.

|z"|>r0

Remark 4.2. Since Uy, (2',0) > 4/(0), it is easy to see from ([@I4)) that
Uy (0) = max U, (2/,0) > —u/(0) > 0.
:CN=0
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Moreover, it is easy to see that U, (z',0) is negative if |2’| is large. Thus U is
positive near the origin and is negative if |2'| is large and z > 0 is small. So we
have proved that U is a changing sign solution.

Next, we shall obtain a lower bound for c..

Lemma 4.3. Suppose that v. is a solution of with I.(ve) = c.. Let x. be the
location of a mazximum point of uc. Then

(i) we have d(z.,00) < Ce.
(ii) Suppose that u. has another local maximum point M. Then |x§1) —z.| < Ce.
(iii) For any @ > 0, there is a v > 0, such that v.(z) < Ce VI*=%l/s ¥V gz €
Q\ By(ze).

Proof. Suppose that e 'd(z.,0Q) — +o0. Let 0:(y) = ve(ey+ ), y € Qe = {y :
ey + z. € Q}. Then, from the upper bound for c., we see that o, is bounded in
H(RY). So we may assume (up to a subsequence) that

B, — vo,in C}(RN)
and
—Awvy = f(vo +a),in RV,

Thus, noting that %gs(x,t)t — Ge(z,t) > 0, we see

Ie(ve) :/Q(%gs(x;vs)vs - Gs(xvvs))

1
2/ =g (z,ve)ve — Ge(z,02)
BER(xE)(2 )

1 _ _ i
=N /BR(O) (§g€(ey + e, Ue)Ve — Ge(ey + J"E’UE))
=N (/BR(O) (%f(a +vo)vo — (Fa + vo) — F(a))) + 05(1))
> €N(A + OE,R(l))a

where 0. g — 0 as € — 0 and R — +o0. This is a contradiction to Proposition £.1]

*xal

. |x(51)
Next, we prove (ii). Suppose that —=———=
I.(ve) > N (2¢ + o(1)),

where o(1) — 0 as € — 0. This is a contradiction.

It remains to prove (iii).

First, we prove that as ¢ — 0, v. — 0 uniformly in Q\ By(z.), for any 6 > 0.
In fact, suppose that there is Z. € Q \ Bg(x.), such that v.(Z.) > ¢, > 0. Then
ve(ey + Te) — To # 0. As a result,

Ia(vs) :/Q(%ge(xavs)ve - GE(J?,UE))

1 1
2/ (_ge(x; ve)vs - Gs(x; UE)) + / (_ge(x; vE)UE - Gs(xvvs))
Bep(z.) 2 Ben(z.) 2
> N (2¢ + 0. r(1)).

— 400. Then it is easy to check that

This is a contradiction.
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Next, from —f'(u.) > 21y > 0, for z € Qe =: {x € Q,d(2,09Q) > R} if R >0
is large enough, we can check easily by using the standard comparison theorem that
ve(z) < Ce*\/”_‘”x*xf‘/e, T € QeR.

Suppose now that € (2\ Qcr) \ Bg(z:). Without loss of generality, we may

assume z. = 0. Denote Z € 90 such that d(xz,00Q) = |z — Z|. Let £(¢) be the
positive function defined in Appendix A. Let

we(x) = §(@)6_9m/5, z € Q\ Qer,

where 7 > 0 is a small number. Noting that (De~"1%I/¢, Dd(z,89Q) = 0), we have
for z € Q\ Qcg,

— 2 Aw,
&2 —y|x\/sA§(d(‘x€89)) _ 2€2<De—9|9’c\/5,D§(d(m’€aQ)>>

_ gzg(d(x’am>Ae*”‘j‘/€
€

_£/I<d(x789)) + 0(6))6717\i|/€ o €2£(d(x789) e*ﬂi’\/e
€ €

( £/I<d($739)) +O(€)£(d($a39)))ewm/s _ 25( d(z, 39)) NS
€ €

since f(@) >ch>0for z € Q\ Qcg. As a result,

—?Aw, — (f'(u) — 7)we
25( d(, 39)) o-7lal/e

( (A2 (TP 4 0e) ) (L0 IY Yo
f(d 39))( S2Ae~7IE1E 4 (300 + O(e) — T)e*'?\f\/f) >0, VzeQ\ Qg

From —Awv, — f'(u.)ve = O(|ve|?) and v. — 0 as e — 0 uniformly for z € Q\ By /2(0),
we see that —Av, — (f/(u.) — 7)ve < 0if 2 € Q\ By/5(0). So by comparison in the
domain (2\ Q.r) \ By/2(0), we have

—1

ve(x) <C  max  (we(2))

v Q\Q By /9(0
2€QMO By 5 (0) we(z), Ve (Q\Qr)\ By(0),

since

ve < Czeﬂr%%):/2(o) (we(z))_lwg(a:) if z € 9((2\ Qr) \ Bg2(0)).

Thus, if x € (Q\ Q:r) \ B2g(0), then

-1 _5 sl
ve(x) < C  max  (we(2)) e v80/4e o —vlz|/4e
2€QNIBy,2(0)
< ' max eu\§|671739/466717\i|/46 < Clefﬁ\i\/éls.
2€QNIBy/2(0)

O

Proposition 4.4. Let x. be a global maximum point of ve and T. € 0Q be such
that |xe — Te| = d(ze, 00). Then,

c. > e (c—eH(7.)B(u) + o()),
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where u € HJ(RY) is a solution of —Au = f(u+u) — f(u), B(u) is defined as in
Proposition [{.1]

Proof. Let v, be a solution of (I2) with I.(v:) = c.. Let T. € 9Q be such that

|Ze — xe| = d(xe, 0). We assume that z. = 0.
Similar to Proposition BT} we define

Be(z) = n(x)ve (2’ 2N + p(2')) € HY(RY),

where n(x) € C§°(B5(0)), with 0 <7 <1, n =1 for € Bs/2(0).
Denote v, = 9z(ey). Then

— . 1 N
ve —wu, inCj, . (R)),
and

{—Au — f(u(zn) +u) — f(u(zy)), inRY,
u e H}(RY).

Because v, attains its maximum at ¢y’ = 0, we see that u(y) = u(|y'|, yn).
Since ve is a mountain pass solution, we have

ce =I.(ve) = r£1>ag<le(tv€)

=517 /Q Dol - /Q (Pl +tue) = Flaw) = Fuo)te ).

Similar to the estimate of the upper bound for c., using the fact that v, is
exponentially small outside Bs/2(0), we can prove that

1 1 /
3¢ [ IDup =z [ Do + 0(e=57%)
2 Ja 2 JanBs)s(a.)
1 ceH(x
=&V {—/ | Do, |? + ﬂ/ |2’ 2| Dy ul?® + o()
2 Rf 4 $N=0

eH(z.)

+— /RN |x/|2(f(y(9czv) +u) — f(u(zn)) - f’(y(xN))u)gl(xN)]

Similarly, we have

/Q(F(ME +to) — Flu) - f(ue)tv5>

-[f,

+ (V= 1)e [ (Fuan) + )= f(ulon)) = (ulen)) olen) H(E:) +ofc)].

+

(Flatn) +t0) = Flu(en)) = flu(en)to.)
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Thus
I (tv.)
ZEN{% /ﬂ |Dv.|? — /ﬂ (F(g(xN) +t0.) — Flu(zy)) — f(@(ch))wE)}
+eN H(2.) Eﬁ /xN:O |2 |*| Dy ul®
+§/Rf |x’|2<f(u(x1v) +u) — flu(zy)) — f/(g(xN))u)u’E(xN)

(v =1) [ (flatan) + ) = fluton)) = £ lon )t ien)] + o)
=I.4(t) + I5(t) ++o(5N+1).

Choose t. such that I4(f.) = max;>o e (t). Since v, € H&(Rf), we see that

154 ({5) Z C.
On the other hand, from v, — u in H}(RY), and since u is a solution of —Au =
flu+u) — f(u), we can deduce easily that . — 1 as e — 0. Thus, I5(f.) =
L5(1) + o(eN*+1). As a result,

Ce = r£1>ag<le(tv€) > L(tove) > eV (c —e¢H(Z.)B(u) + 0(5)),

where u € Hj(RY) is a solution of —Au = f(u+u) — f(u). So we have completed
the proof of this proposition. O

Now we are ready to prove the following results.

Theorem 4.5. Let v. be a positive mountain pass solution of (I.2). We have

(i) For any local mazximum point x. of v., we have d(xz.,00) < Ce. If v, has
another local maximum point xgl), then |z. — x§1)| < Ce. Moreover, for any
0 >0, there is a v > 0, such that |v.(x)| < Ce VI*=<l/* for x € Q\ By(x.).

(if) For any sequence of €, there is a subsequence €; — 0, such that x; — o € 09
with H(xo) = maxgean H(z), where x; is any local mazimum point of ve, and
H(zx) is the mean curvature of 9 at x.

Proof. Tt is easy to see (i) follows from LemmalZ3l To prove (ii), we can combine
Propositions A1 and EE4l to obtain

_ < _ .
H(zo) < — max H(z) + o(1)
As a result, H(xzo) = maxgean H (). O

Proof of Theorem [l Let z. be a global maximum point of v.. Then u.(ey + z.)
converges in CL ((RY) to U(y) = u(yn) + u, where u is the mountain pass solution
of (3I)). By Remark 2] we know that max, ¢ gy U(y) > 0. Thus (i) follows. It

also follows from Remark that U, (0) > 0. So we see that a%ug (ey+2:) >0
at Z., where v is the inward unit normal of 9 at z., z. € 0. satisfies |ze — Z| =
d(ze,00%), Qe ={y : ey+ 2z € Q}. As aresult, u.(ey+ z.) > 0 in a neighbourhood
of Z. and (vi) follows. On the other hand, (ii) follows from (i) of Theorem F5l

To prove (iii), we claim that for any local maximum point z. of u. with u.(z.) >
¢o > 0, we have |z, — z.| < Ce, where z. is a local maximum point of v.. In fact,
suppose that there is a sequence of z., such that e !z, — z.| — 400 as ¢ — 0 for
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any local maximum point z. of v.. Then v. > ¢ in a small neighbourhood of x..
So we can blow up v, at . and see that the energy of v. is strictly larger than c..
So we get a contradiction. See the proof of Lemma E3. Thus (iii) follows from (ii)
of Theorem ([l

5. EXISTENCE OF INTERIOR PEAK SOLUTIONS

In this section, we shall briefly prove the existence of interior peak solutions for
(C2) and estimate the number of such solutions. For simplicity, we only discuss
the case f(t) = (t —a)?~! — (t — a). So the mountain pass solution of (BH) is
nondegenerate. See [24].

As we see in Section 4, the main contribution to the energy of I.(v.) comes from
the error term in the expansion of u, near the boundary of Q. To construct the
interior peak solution for (IZ), we need the following proposition.

Proposition 5.1. We have
u.(z) = a+ e*\/T@a)(d(z,BQ)Jro(l))/s’
for any x € Q with e~ 1d(x,08) large. Here, o(1) — 0 as e — 0.
Proof. See the proof of Theorem 2.1 in [§]. O

Let w be the unique positive solution of ([BA), which is nondegenerate. Define

We z(y) = w(y—x>.

£

Let P qw. , € H}(Q) be the solution of
—Av — fl(a)v = fla+weq) — f'(a)we s
Using Proposition [5.]], we can prove
Proposition 5.2.
I(Peqw.,) =N A= 1., + O(e~ V=T @d(=00)/2)
where Te 5 = fQ (f(a + We g) — f’(a)ws,gg)(gE —a). Moreover, T, satisfies
coe~ IHOV=F (@) d(@.09) /e < Tew < 1o (=01 (@)d(.09) /e
for any 0 >0, and cg > 0 and ¢; > 0 are some constants.

Proof. The proof of this proposition is similar to that of Step 1 of Lemma [3] and
thus we omit it. [l

By direct calculation, it is not difficult to prove the following proposition (see
for example [10]):

Proposition 5.3.

I(}kj P, )
=1

j=

I(-PE,QU)E,IJ') -
1 Q

O(Z e~ (LHo)/ = (@)d(x;,00) /¢ | Z 67<1+a>\/Tw>\zrzi\/e),

j=1 i#j

k

(Fa(i1 Wea,) = Y Falwew,) = fa(ws,zi)we,xj)

j=1 i<j

<.

_|_



PROFILE OF CHANGING SIGN MOUNTAIN PASS SOLUTIONS 3597

where fu(t) = fla+1), Fa(t) = [7 fo(r) dr.

Propositions and B3] show that the energy of the approximate multipeak
solution Z?zl P; qwe ;; will become larger if the peak x; moves away from the
boundary of Q, or if a pair of peak (z;,z;) moves away from each other. Thus
this estimate is similar to that for the interior peak solution of the Neumann prob-
lem [29]. But one should note that in Proposition (5.2] the first small term is
e~V I(@)d(@.09)/e ingtead of e 2V 1 (@)d@.09)/e 35 in the Neumann problem.

Arguing in exactly the same way as in [7, 29], we have

Theorem 5.4. For any positive integer k, there is an €9 > 0, such that for any
e € (0,e0], (@) has a solution of the form
k
(5-1) Ve = ZPE,QwE,xE,j + e,
j=1

where @, satisfies
/ e?|Dee|” + o2
Q

k
= gNo(Z e~ (+o)/ = f/(a)d(2c,5,09) /e Z e*(1+0)\/*f’(a)lxa,j*ma,i\/E).
j=1 i#j
Furthermore, we have

(i) if k = 1, the number of the interior single peak solutions is at least Cat(§2),
and there is at least one single peak solution with its peak near the global
mazimum point of the distance function d(x,08);

(ii) of k > 2, the number of the interior k peak solutions is at least N, and there
is at least one k peak solution of the form (BIl) such that (zc1, -+ ,%e k) —
(o1, sxok) and (To1, - ,Tok) 15 a mazimum point of the function

min(d(z;, 0Q), |; — x;],i,5 =1, k,i # j).

Remark 5.5. The results here look similar to those in the Neumann problem. But
for the interior multipeak solution of (LZ), we see that the locations of the peaks
are different from those for the Neumann problem, where there is a positive interior
peak solution, whose peaks are near a maximum point of the function

min(2d(xj,8§2), |z —xjl, 4,5 =1, k,i# j).
APPENDIX A.

Let u be a positive solution of (B:I)). In this section, we shall prove that u decays
exponentially as |x| — +o0. Since we do not assume that f/(¢) is negative in [a, 0],
we cannot use the comparison theorem as usual to obtain the decay estimate. More
work is needed.

Proposition A.1. Suppose that u is a positive solution of BI). Then there are
C >0 and \o > 0, such that u(zx) < Ce= Vol

Proof. Choose R > 0 large enough, such that f/(u(xy)) < —2uo < 0 for zny > R.
Here pp > 0 is a small constant. By a standard comparison argument, we can get
easily that

(A.1) u(z) < Ce VMIZl ¥ zyn > R.
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On the other hand, by Lemma 21, we have

+oo +o0o
/ (€' = f(u(®))€?) dt = 4/\0/ (1€ +€2) dt, V¢ € Hy((0,+00)),
0 0
for some Ag > 0. So we see that the following problem has a positive solution £(¢):

(A.2) {—5" — [(w®)é =3X¢, te(0,R),

£§(0) =¢&(R) = 1.

In fact, let £(t) = £(t) — 1. By the Lax-Milgram theorem, we see that the
following problem has a unique solution:

{—g" — ['((t)€ = 3Xo€ = —f'(u(t)) — 3Xo, € (0, R),

£(0) =¢(R) =0.
Thus ([(A2) has a unique solution. Besides, using ¢ = £~ = min(0,&) € H((0,1))
as a test function, we see £~ = 0. Hence, £ is nonnegative. Suppose that the

minimum of £ equals 0. Then &’ = 0 at the minimum point. By the uniqueness of
the ordinary differential equation, £ = 0. This is a contradiction. So £ is positive.
Let v = Ce=V™#l¢(zy), zx € [0, R]. Then

— Av— (f'(u®) + Xo)v

o) (Gt 4 o ) — (@) D))

en) )

— £lon)(~CAVII| 4 93 Ce VR 5 g,

if |#’'| > Ry > 0 is large enough.
Since u € Hg(RY), we see that u(z) — 0 as |x| — 4o0o. Thus we may choose

R; > 0 large enough, such that % < X for [2/| > Ry. As a result,

—Au— (f'(w(zn)) + Xo)u <0, if|z'| > Ry.
Thus we see
—A(u—v) = (f(ut) + Xo)(u—v) <0, ifla'| > Ry and zy € [0, R].

In view of [Al), we see that we can choose C' > 0 large enough, such that u(z) <
v(z) if |2'| < Ry and zn € [0, R], or ay = 0, or xy = R (we can always choose
Xo < po). Let n = (u—v)* if zy € [0, R], and n =0 if 2y > R. Because u < v for
zy = R, we see that n € H}(RY'). Thus,

J,

/{|x'|>R1}m{zN6[0,R]}

(1Dt = o) 2 = (£ @(®) + 2o (= v) ')

(D= )" Dy = (' (w(®)) + 2o) (u = v)*n) <0,

which implies (u — v)+ = 0. That is, u < v. Here we have used the natural
generalization of Lemma 2] to the half space. O
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