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THE DYNAMICS OF EXPANSIVE INVERTIBLE ONESIDED
CELLULAR AUTOMATA

MASAKAZU NASU

ABSTRACT. Using textile systems, we prove the conjecture of Boyle and Maass
that the dynamical system defined by an expansive invertible onesided cellular
automaton is topologically conjugate to a topological Markov shift. We also
study expansive leftmost-permutive onesided cellular automata and bipermu-
tive endomorphisms of mixing topological Markov shifts.

1. INTRODUCTION

Let A be the alphabet of N symbols. Let AN be endowed with a metric com-
patible with the product topology of the discrete topology on A. Let k € N. Let
f:+ A1 — A be a mapping. Let ¢y : AN — AN be the mapping defined as
follows: for (a;)ien € AN, a; € A,

¢r((ai)ien) = (f(ai- .. aitr))ien-
The map ¢y is the onesided cellular automaton map defined by a local rule f. In
[BM], Boyle and Maass have proved the following theorem.

Theorem 1.1 (Boyle and Maass [BM]). If the dynamical system (AN, @) is topo-
logically conjugate to a sofic system, then it is topologically conjugate to a topological
Markov shift which is shift equivalent to some full J-shift, where J and N are di-
visible by the same primes.

They have also given the following conjecture.

Conjecture 1.2 (Boyle and Maass [BM]). If ¢ is an expansive homeomorphism,
then the dynamical system (AN,$f) is topologically conjugate to a topological
Markov shift.

In this paper, we shall establish a property of a certain class of textile systems
(Proposition 3.5), and using it we shall prove

Theorem 1.3. The conjecture of Boyle and Maass is true.

Boyle and Maass have also given two more conjectures in [BM]; one combined
with Theorem 1.3 is such that if ¢ is an expansive homeomorphism, then (AN & )
is topologically conjugate to a full shift, and the other combined with Theorem 1.3,
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in particular, implies that under the same hypothesis, N is divisible by p? for every
prime p dividing N. We cannot prove these.

A local rule f : A¥*1 — A is said to be leftmost-permutive if for any distinct
a,a’ € A and any w € A*, f(aw) and f(a’w) are different.

It is clear that if the onesided cellular automaton map ¢ defined by a local rule
f is injective, then f must be leftmost-permutive. We see that every expansive
leftmost-permutive onesided cellular automaton map is necessarily accompanied by
expansive invertible onesided cellular automaton maps with the “same” dynamics
as it has (Proposition 5.4), so that Theorem 1.1 together with Theorem 1.3 is gener-
alized to expansive leftmost-permutive onesided cellular automata (Theorem 5.5).
We also add the result that if a mixing topological Markov shift has a noninvertible
bipermutive endomorphism, then the shift must be topologically conjugate to some
full shift (Proposition 6.1), which shows that unknown examples mentioned in [N2]
p. 52] actually do not exist.

In [N4], the following question was asked. If 7 is a positively expansive continuous
map of a compact metric space X onto itself and has the pseudo-orbit tracing
property and if ¢ is an expansive homeomorphism with o7 = 7¢, then does ¢ have
the pseudo-orbit tracing property? In view of Theorem 3.12(2) of [N2] (a onesided
topological Markov shift having an expansive automorphism every power of which
is topologically transitive is topologically conjugate to some onesided full shift),
Theorem 1.3 answers the question for the case where X is 0-dimensional in the
affirmative under the condition that ¢™ is topologically transitive for all n € N.

The reader is referred to [BM] for more information on the subject of this paper,
to [Ki] or [LM] for a comprehensive introduction to symbolic dynamics, and to [AH]
for information on topological dynamics.

2. PRELIMINARIES

We follow the notation and terminology of [N2].

Let A be an alphabet (i.e., a finite nonempty set of symbols). Let AZ be endowed
with the metric d such that for x = (aj)jez and y = (b;);cz with a;,b; € A,
d(z,y) = 0 if z = y, and otherwise, d(z,y) = 1/(1 + k), where k = min{|j| | a; #
b;}. The metric d is compatible with the product topology of the discrete topology
on A. We also endow AN with a similar metric.

Let 04 : A2 — A% be defined by o4((a;)jez) = (aj+1)jez. The dynamical
system (AZ o 4) is called the full shift over A or the full N-shift if the cardinality
of Ais N. For a closed subset X of A% with o(X) = X, the dynamical system
(X, 0x) is called a subshift over A, where ox is the restriction of 04 on X.

Let 64 : AN — AN be defined by 4((ai)ien) = (ait1)ien. The dynamical
system (AN G4) is called the onesided full shift over A. For a closed subset X of
AN with 5(X) = X, the dynamical system (X,&X) is called a onesided subshift
over A, where ¢ ¢ is the restriction of 64 on X.

Let G be a (directed) graph which may have multiple (directed) arcs and loops.
It is represented by

Vg —<— Ag —© Va,

where Ag and Vi are the arc-set and the vertex-set, ig and tg are the mappings
such that for each a € Ag, i¢(a) and t¢(a) are the initial and terminal vertices of
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a, respectively. Let
Xe = {(aj)jez | V4, a;j € Ag, ta(a;) = ic(aj1)}
and let

Xo = {(aj)jen | Iaj)jez € Xa}.

Then the subshift (X, 0¢) is called a topological Markov shift defined by G. We
call the onesided subshift (X¢,d¢) = (XG75)"<G) the onesided topological Markov
shift defined by G.

Let n > 1. Let L,,(G) denote the set of all paths of length n in G, that is,

L,(G)={a1...an ‘ a; € Ag, ta(aj) =ig(ajq1) forj=1,...,n—1}

For n > 2, let GI"! be the graph defined as follows: Agimi = Ln(G),Vgm =
L,—1(G), and let igm) and tgm be the mappings such that for w = a1...a, €
Agint,a; € Ag,igm(w) = a1 ...an—1 and tgm (w) = as .. .a,. We define Gl =q.
We call GI"! the higher block graph of order n of G.

A A-graph G over an alphabet A is a pair (G, \) of a graph G, which is called
the support of G, and an onto mapping A : A — A. For a A-graph G = (G, \), let

Xg = {(May))jez | (aj)jez € Xa}

Then we have a subshift (Xg,og), which is the sofic system defined by G. We also
have the 1-block map 7 : X¢ — Xg defined by (a;)jez — (A aj))jez, which is
called the sofic cover defined by G.

Let n > 1. For a A-graph G = (G, \), the higher block A-graph of order n is defined
as "l = (G A" where A" is the onto mapping such that A" (a;...a,) =
A@1) ... May) for ar...a, € Aginr, a; € Ag.

The following is a key lemma for our proof of Theorem 1.3, which is an easy
consequence of well-known fundamental results in symbolic dynamics.

Lemma 2.1. Let G; = (G, \;),i = 1,2, be two A-graphs over an alphabet A with
the same irreducible support G. Let m; : X — Xg, be the sofic cover defined by
G; for i =1,2. If both w1 and ma are bounded-to-one and m (X¢g) C ma(X¢q), then
7T1(Xg) = 7T2(Xg).

Proof. Assume that 71 (X¢g) € m2(Xg). Then there is a word w over A which
appears on a point (bisequence) of me(X¢g) = Xg, but does not appear on any
point of m (Xg) = Xg,. Let I be the length of w . Consider the higher block
A-graphs G = (G, A of order I of G; = (G, \;) for i = 1,2. Let H = (H, \yy)
be the A-graph obtained from Qg} by deleting all arcs having w as their A[Ql}—labels.
Then we have

(2.1) h(ow) < hogn) = h(oc)
and
(2.2) ngz] C Xy C ngz],

where h denotes topological entropy. By (2.2), we have
h(og,) = h(ogn) < h(ow) < h(og,) = h(og,).
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Since m; and my are bounded-to-one sofic covers, it follows that h(og,) = h(og)

for i = 1,2 and h(oy) = h(og). Hence we have h(og) = h(og), which contradicts
(2.1). O

Now we recall the notion of a textile system introduced in [N2]. A graph-
homomorphism p of a graph

LAET DS PR N /4

into a graph

G: Vg S Ag — Vg

is defined to be a pair of mappings ps : Ar — Ag and py : Vi — Vg such that the
diagram

Vo —9— Ag —2 Vg

[rr na] o]

Vot A T %

commutes. We write p: I' — G to denote it. We will often use p to denote p4.

A teatile system T over a graph G is defined to be an ordered pair of graph-
homomorphisms p : I' — G and ¢ : I' — G such that each a € Ar is uniquely
determined by the quadruple (ir(«a),tr(a),pa(a@), ga(a)). We write

T=(pq:T—=QG).

We have the following commutative diagram.

Vo —9— Ag — Vg

[ o]

Vo L Ar T W%

[T

Vo —9— Ag —2 Vg

If we observe this diagram vertically, then we have the ordered pair of graph ho-
momorphisms

Vo —< _ Ag A —C . Vg
TPV pAT pAT pVT
Vi T Ap and Ar —

S I

VgLAG AGt—G>VG
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of the graph
Ac

pa

Ar

qA l
Ac
into the graph

Ve

o

Vr

qv l
Ve
which gives the definition of the dual T of the textile system T
Let T = (p,q: I’ — G) be a textile system. Let £ : Xp — X and n: Xr — X¢
be the 1-block maps given by p and g, respectively, that is,

§((ey)jez) = (pleg))jez, nl(aj)jez) = (a(ey))jez,  (aj)jez € Xr, o € Ar.
We say that T is nondegenerate if both & and n are onto. We also say that T is
upwardly nondegenerate if n is onto.

Assume that T is upwardly nondegenerate. Let X,, and Z,,,n > 0, be defined as
follows:

Xo = Xg, Zy = Xr,
Xp =&(Zn_1), Zn =1 1(X,) n=12....
Then by induction on n, we have
X, D Xnt1, Zn D Zpta n=20,1,....
Define

oo (oo}
Xr= ()X, and Zr=()Zn.

n=0 n=0
We call the subshift (X7, or) the woof shift of T. The woof shift of the dual T*
of T is called the warp shift of T. Let &p @ Zp — Xp and np : Zp — Xp be the
restrictions of & and 7, respectively. We say that T is onesided 1-1 if &p is 1-1. If
T is onesided 1-1, then we define an endomorphism ¢ of the woof shift (Xr,or)
by ¢r =nrép.

Let n > 1. We call the subshift (X,,,0,) the woof shift in height n of T. Let
&n t Zn—1 — X, be defined by the restriction of £&. We say that T is onesided 1-1
in height n if £, is 1-1. We say that T is onesided bounded-to-one in height n if &,
is bounded-to-one. We also say that T is saturated in height n if X,, = Xp.

Further we say that T is finitely onesided 1-1 if there is n > 1 such that &, is
1-1. We also say that T is finitely saturated if there is n > 0 such that X,, = Xr.
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For n € N, a 2-dimensional configuration (a; ;)i<i<n,jez of arcs a;; € Ar is
called an obi of width n woven by T if (a5 ;)jez € Xr for all 1 < ¢ < n and
N((a; ;) jez) = E((aiy1,5)jez) for all 1 <4 <mn — 1. The definition of a half-textile
(e j)ieN,jez woven by T should be clear.

We define Xp = {(aj jeN ‘ Ia;)jez € X7} and Zr = {(¢) jeN ‘ ay)jez €
Zr}, and let fT . Zp — Xrp and fir : Zr — X7 be defined by fT((a])]eN) =
(p(j))jen and 77 ((a;)jen) = (a(@y))jen. If &r is 1-1, then we have an endomor-

phism @7 of the onesided woof shift (Xr,67) = (X7, G%,) by o7 = 77T§T .

3. ONESIDED 1-1 ¢-BIRESOLVING TEXTILE SYSTEMS

Proposition 3.1. Let T be an upwardly nondegenerate textile system. Then T is
onesided 1-1 if and only if T is finitely onesided 1-1.

Proof. We follow the notation of Section 2. We first note that for z € Xr and
n>1, z € Z,_; if and only if z is the uppermost sub-obi (o ;)jez of width 1 of
some obi (¢ j)i<i<n,jez of width n woven by T', and z € Zr if and only if z is the
uppermost sub-obi (1 ;) ez of width 1 of some half textile (e ;)ien, jez Woven by
T.

By definition the “if” part holds. To prove the converse, suppose that T is not

finitely onesided 1-1. Then for each n € N, &, is not 1-1. Hence for each n € N,

(n

there exists a pair of obis (a; J))1<z<n,]ez and (6 ))1<Z<n,]€Z of width n woven by

T such that
(") jez) = E((B)jez) and oy # B

Using a standard compactness argument on the product space (A%)N x (AZ)N

see that there exists a pair of half-textiles (a; ;)ien jez and (B;;)ieN,jez Woven
by T with £((a1,j)jez) = &£((B1,5)jez) and a1,0 # P1,0. This implies that {r is not
1-1. |

A graph G is said to be nondegenerate if both ig and tg are onto. A graph-
homomorphism h : I' — G is said to be onto if both h4 and hy are onto.

An onto graph-homomorphism ¢ : I' — G between nondegenerate graphs is said
to be right resolving if for each u € Vr, the restriction of g4 on ir. ' ({u}) is a bijection
onto ig'({qv(u)}). Tt is said to be left resolving if for each u € Vr, the restriction
of ga on t5 ' ({u}) is a bijection onto t5' ({gv (u)}). Tt is said to be biresolving if it
is both right resolving and left resolving. If ¢ : I' — G is a right resolving or left
resolving graph-homomorphism, then the 1-block map n : Xt — X¢g given by q is
onto.

Proposition 3.2. Let T = (p,q: T — G) be a textile system with q biresolving. If
T is onesided bounded-to-one in height n+ 1 with n > 0 and the woof shift in height
n of T is topologically transitive, then T is saturated in height n.

Proof. We follow the notation of Section 2.

Since the woof shift (X, 0,) in height n of T is a topologically transitive sofic
system (see [N2, pp. 20-21] or the paragraph preceding Proposition 3.3 below),
there exists a A-graph D = (D, Ap) such that D is an irreducible graph, the sofic
system (Xp,op) defined by D is equal to (X,,,0,), and the sofic cover mp of D is
bounded-to-one. In fact, we can take the right or left Fischer A-graph of (X, 0,)
as D [F].
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We define a textile system 7' = (P, q: I — G) using D = (D, Ap) and T = (p,q :
I' - G) by

Af = {((5, a) € Ap x Ar } )\D(é) = q(Oé)}

Vi = {(ip(9),ir(@)) | (3,0) € Ap}
and
i7((6, ) = (ip(6),ir(e))  tp((6, ) = (tp(6), tr(a))
p((6,)) = p(a) 4((6,)) = q(a) for (6, ) € Ap.

Claim. T is the disjoint union of irreducible graphs.

Since g is biresolving, each b € Ag induces the bijection @y : gy ({ig(b)}) —
¢y ({tc(b)}) such that Qy(a) = tr(a) for a € ¢;;' ({ic(b)}), where a is the unique
arc in I' with ir(a) = a and ¢(o) = b. For each u € Vp, let

Wy = {(u,a) € V4 ‘ a € Vr}.

Let 6 € Ap. If u = ip(d),v = tp(d) and Ap(d) = b, then we can define a bijection
Js : Wy — W, by

J5((u,a)) = (v, Qp(a)).

To prove the claim, it suffices to show that if (§1, 1) ... (d;, ;) is a path in I" with
d; € Ap and «; € Ar, then there exists a path going from vertex (tp(d;), tr(a)) to
vertex (ip(d1),ir(a1)) in . Put ip(6;) = u and put tp(8;) = v. Then 8y ... is
a path going from u to v in D. Since D is irreducible, there exists a path 87 .../,
going from v to w in D. Then &;...6;7 ..., is a cycle in D, i.e., a path going
from u to itself. Let

J:J(s;n...J(;iJ(sl...J(gl.

Then J is a bijection of W, onto itself. There exists r € N such that J" is the
identity map of W,. If J' = J""'Js, ... Js , then J' is a bijection of W, onto W,
with J'(tr(aq)) = ir(a1), which implies that there exists a path going from vertex
(tp(8;), tr(ay)) to vertex (ip(dy1),ir(ay)) in T'. Hence the claim is proved.

Let T be any one of the irreducible components of . Let p and ¢ be the restric-
tions of p and ¢, respectively, on Aj. Let £ Xi — X¢g and 7 : Xy — X¢ be the
1-block maps given by p and ¢, respectively.

Let 01 ...0; be any path in D with é; € Ap. Then there exists a path of the form
(01,1) ... (01, 0q) with «; € Ar in I'. For let (u,a) € Vp with uw € Vp and a € Vr.
Since D is an irreducible graph, there exists a path 87 .../, going from u to ip(d1)
in D. It follows that gy (a) = ig(Ap(d})). Therefore, since ¢ is right resolving, there
is a path o) ...}, a1 ... starting from a with

q(ay)...qal)qg(ar) . ..q(ar) = Ap(8)) ... Ap(8,)AD(81) ... Ap(6y).

This implies that (8, ) ... (6, a.,)(01,a1) ... (0, a;) is a path in T'. Moreover, it
is a path in T' because it starts from (u,a) € Vi. Hence (01, 1) ... (6, o) is a path
inT.

Therefore, we have

(3.1) (Xp) = mp(Xp) = X
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Let ((0;,;))jez € Xp with §; € Ap and «; € Ar. Then (o) ez € Z, because
n((aj)jez) = m0((0;)jez) € Xp = Xpn.

Hence if 7 : X; — Xt is the mapping ((d;,a;))jez — (¢j)jez, then
ﬂ'(Xf) C Zn,

E=¢&n =& and 7=

Thus we have

(32) g(XF) C&(Zn) = Xns1.

Since mp is bounded-to-one, it follows that 7 is bounded-to-one. Since 7, &,11 and
7 are all bounded-to-one, £ and 7 are bounded-to-one. Therefore, noting (3.1) and
(3.2) with X,, D X,,+1, we apply Lemma 2.1 to the textile system T'= (p,¢: I' —
G). Then we have X,, = X,, ;1 and Proposition 3.2 is proved. O

Let T = (p,q : ' — G) be a textile system with p or ¢ right resolving or left
resolving. Let n > 1. We consider the n-th composition power T™ of T (see [N2).
This is given as the dual of the n-th product power (T*)(™) = ((p*)™, (¢*)™ :
(T*)™ — (G*)") of the dual T* = (p*,q* : T* — G*) of T such that the graphs
(T*)™ and (G*)™ and the graph-homomorphisms (p*)™ and (¢*)(™ are given as
follows: A(I“*)n = Ln(F*), ‘/(F*)n = Vp*7A(G*)7z = Ln(G*), ‘/(G*)n = Vg*, and

ireyn (@1 ... o) =i« (aq) treyn (o ... an) = tr-(an)
i(G*)n (al - an) = ig~ (al) (G ) (al an) =lg- (an)
()" (a1 an) = p (1) ...p*(an) (g )(”)( can) =q (). ¢ (an),
(&

where a1 ..., € L, (T'*) with a; € Ap+ and ay . € L,(G*) with a; € Ag~. We
can put

T = (T)™)* = (p,q: T — G).

We note that the vertex-set Vi is equal to L,(G*). If ¢ is biresolving, then ¢ is
biresolving. We observe that X7 is the set of all elements ((a ;)1<i<n)jez, ®,j €
Ar, such that (o j)i<i<n,jez is an obi of width n woven by T. Hence X7 will
be identified with the set of all obis of width n woven by T. Let ¢ : X — X¢g
and 7 : Xp — Xg be the 1-block maps given by p and @, respectively. If z =
(i j)1<i<n,jez is in Xp, then £(2) is its uppermost thread &((aq,j)jez) and 7(Z)
is its lowermost thread n((au ;)jez). We have £(Xt) = X,,, where (X,,,0,) is the
woof shift in height n of T. The subshift (X,,,0,) is a sofic system defined by the
A-graph (T, p).

Proposition 3.3. Let T = (p,q : T' — G) be a textile system with q biresolving,
G irreducible and its warp shift (X, o7«) topologically mizing. If T is onesided
1-1 in height n + 1 with n > 1, then the woof shift (X,,o,) in height n of T is
topologically transitive. If in addition G is aperiodic, then (X,,,o0") is topologically
transitive for all m € N.

Proof. We follow the notation above and that of Section 2.

First we observe that 7" = (p,q : [ — G) is onesided 1-1 in height 2. Since T
is onesided 1-1 in height n + 1, if (v j)1<i<n+1,jez is an obi of width n + 1 woven
by T = (p,q : I' — G) with a;; € Ar, then (a1,;)jez is uniquely determined
by {((a1,j)jez), because (v j)jez € Zn and &n41 = /7, is 1-1. Assume that
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(@i j)1<i<2,jez is an obi of width 2 woven by T". Then & ; and &g ; are of the
form (o j)1<i<n and (@4 j)nt1<i<2n, respectively, with (o j)1<i<2n,jez, ai; € Ar,
woven by T. Since (stij)o<i<njez is an obi of width n 4+ 1 for 1 < s < n,
(cs,j)jez is uniquely determined by £((cs j)jez) for 1 < s < n. Hence it follows that
(aid‘)lgign’jez = (dl,j)jez is uniquely determined by f((au)jez) = f((dw)jez).
Thus T™ is onesided 1-1 in height 2.

Assume that T is not irreducible. Then, since  is biresolving and G is irreducible,
T is the disjoint union of at least two irreducible components. (In fact, this follows
from the claim in the proof of Proposition 3.2 if we consider I" constructed by using
the A-graph (G,ida.) and ¢: ' — G instead of D and ¢ : T' — G.) Let I' be one of
the components.

Let T = (p,q: I — G) be the textile system such that p and § are the restrictions
of p and ¢ on I'. Then since q is biresolving, so is ¢. Since T™ is onesided 1-1 in
height 2, so is T. Since T is an irreducible graph, the woof shift in height 1 of T
is topologically transitive. Therefore, if we apply Proposition 3.2 to T, then we see
that 7" is saturated in height 1.

This implies that if (o j)1<i<n,jez, i ; € Ar, is an obi of width n woven by T
such that (a; j)i1<i<n,jez € Xy, then there exists a half-textile (3; ;)ien jez, Bi,; €
Ar, woven by T such that

§((Br4)jez) = E((a15)jez)

(Benti,j)1<i<n,jez € Xy vt > 0.

Let @ € Vi and let v € VE—Vj. Since q is biresolving, the dual T = (p*,¢* : T* —
G*) of T is LL, that is, p* and ¢* are left resolving, so that T is nondegenerate.
Hence (X7~,07+) = (Xg=, 06+ ), so that @ € L, (G*) appears on some point in X~
and so does ¥ € L,(G*). Since (Xp«,or+) is topologically mixing, there exists a
half-textile (e, j)ieN,jez woven by T such that

IN
Il
]

(ir(@i0))1<i<n
gt > 1.

—
~.
5
—~
Q
&
3
+
-
(=)
=
N
fan
A
N
IN
3
I
<

Since T' is an irreducible graph, (a;j)1<i<njez € Xj. Therefore, it follows from
the above that there exists a half-textile (6; ;)ien jez, Bi,; € Ar, woven by T such
that

§((Br)jez) = E((a15)jez)

(Benti,j)1<i<n,jez € Xy vt > 0.

Clearly the half-textiles (v, j)ien,jez and (8;;)ien,jez are different, but they have
the same uppermost thread, which contradicts that T is onesided 1-1. Thus we
have proved that T is irreducible. Therefore, (X,,,0,) is topologically transitive.
Assume that G is aperiodic. Let m € N. Let T = (p(m) ¢(m) . ™ —
G™) be the m-th product power of T. Then ¢(™ is biresolving, G™ is irreducible,
(X(T(m))*,O'(T(m))*) = (Xp+,07+) and T(™) is onesided 1-1 in height n + 1. Hence
it follows from the above that the woof shift of 7™ in height n is topologically
transitive. Therefore, (X,,, 07") is topologically transitive, because it is topologically
conjugate to the woof shift of 7™ in height n. O
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Proposition 3.4 (Proposition 2.1(2) of [N2]). If T is an upwardly nondegenerate,
onesided 1-1 and finitely saturated textile system, then (Xr,or) is topologically
conjugate to a topological Markov shift.

Proposition 3.5. If T = (p,q : I' — G) is a onesided 1-1 textile system with
q biresolving, G irreducible and (Xr~,or+) topologically mizing, then (Xr,or) is
topologically conjugate to a topologically transitive topological Markov shift. If in
addition G is aperiodic, then (Xr,or) is topologically conjugate to a topologically
mixing topological Markov shift.

Proof. The proposition follows from Propositions 3.1, 3.2, 3.3, and 3.4. O

Let T = (p,q: I’ — @) be a textile system. Let n € N. The higher block system
T of order n of T is defined by T = (pl* ¢l . T — GI") with p*], ¢[*) such
that

p[”] (a1 ...apn) =plag)...play), q["] (a1 ...0an) =q(a1)...qlay)
for ay...an € Apm) = Lp(T), o € Ap.

Corollary 3.6. Let T = (p,q : I' — Q) be a onesided 1-1 textile system with q
biresolving, G irreducible and (Xpx,op+) topologically mixing. Then there exist
n € N and a onesided 1-1, nondegenerate textile system T' = (p', ¢’ : T — G’) with
¢ biresolving and G’ irreducible such that T' is a subsystem of T, (X¢r,0a:) =
(Xpim,opm) and o = ppm (hence there exists a conjugacy p : (Xp,o10) —
(Xgr,06:) such that o = p~Lorip).

Proof. By Proposition 3.5, (X7, o) is a topologically transitive subshift of finite
type, and so is (Zr,¢r) because &p is 1-1. Therefore there exists n € N such that
both (Zpwmy, spim) = (Zé?],ggfl]) and (Xpiny, opm) = (Xgl],agl]) are topological
Markov shifts. Let TV and G’ be the irreducible graphs which define (Zpin, $pim1)
and (X, opim ), respectively. Let T" = (p/,¢’ : TV — G’) be the subsystem of
Tl = (plnl gl7] . T — GI) that is, p’ and ¢’ are the restrictions of p[®] and ¢!,
respectively, on TV. Then T” is nondegenerate. Since & = &piny, N7 = Npm) and
&r is 1-1, we see that &7 is 1-1 and @77 = . Since ¢’ is a restriction of ¢ and
g™ is biresolving, it follows that ¢’ is weakly right resolving (i.e., the restriction
of ¢4 on ip' ({u}) is injective for all u € Viv) and weakly left resolving (i.e., the
restriction of ¢y on ¢! ({u}) is injective for all u € Viv). The irreducible graphs
G’ and T” have the same spectral radius. It is well known (see [LM], Proposition
8.2.2]) that for a graph-homomorphism between irreducible graphs with the same
spectral radius, “weakly right resolving” and “right resolving” are the same, and
so are “weakly left resolving” and “left resolving”. Thus ¢ is biresolving. [l

4. PROOF OF THEOREM 1.3

First we restate Theorem 1.3 in an explicit form.

Let A be an alphabet. Let K € N. Let f : A¥*1 — A and g : AF*1 — A be
mappings. Let ¢y : AN — AN and ¢, : AN — AN be defined as in Section 1.
Assume that ¢, is a homeomorphism, and define

P =Ps(Pg) "

Theorem 1.3. If ¢;, is an expansive homeomorphism, then (AN, ;) is topo-
logically conjugate to a topological Markov shift.
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Let T* = (p*,q* : I' — G 4) be the textile system defined as follows. The graph
G 4 is the 1-vertex graph with arc-set A, that is, Ag, = A, Vi, is a singleton,
say {vo}, and ig,(a) = tg,(a) = v for all @ € Ag,. I'* = G%‘H]. The graph-
homomorphisms p* : I'* — G4 and ¢* : ' — G4 are defined by

pr(w) =g(w), ¢*(w)=f(w), we Ap =A""

We note:

(1) (Xpe,07+) = (A%, 04).

Let T be the dual of T*. Let B = A¥. Then we can write T = (p,q: I — Gg),
where Gp is the 1-vertex graph with arc-set B and vertex-set {vo}. Let §~* and
* be the mappings of Xp. onto AN defined by &*((as)ien) = (p*(as))ien and
7" ((i)ien) = (¢*())ien, where (@;)ien € X’p*,ai € Ar-. Since ¢y and @, are
bijections, so are é* and 7%, and @4 = ﬁ*(é*)_l. Since f and g are leftmost-
permutive, T* is LL, i.e., p* and ¢* are left resolving. Hence

(2) T = (p,q : T — Gp) has the property that ¢ is biresolving.

Since @y,q is expansive with @7+ = @7, and (AN, @f ) = (X'T*,ng*), applying
Theorem 2.11 of [N2] to T, we know:

(3) T is onesided 1-1 and (AN, 5y ,) is topologically conjugate to (Xr,or).

Theorem 1.3 is proved by (1),(2),(3) and Proposition 3.5 (or Propositions 3.1,
3.2, 3.3 and Theorem 1.1).

5. LEFTMOST-PERMUTIVE ONESIDED CELLULAR AUTOMATA
The following is the dual expression of a refinement of Lemma 3.11 of [N2].

Proposition 5.1. LetT* = (p*,q¢* : T* — G*) be a onesided 1-1, LL textile system
with dual T. Suppose that o is topologically transitive for all m € N. Then there
exist an alphabet A and a onesided 1-1, LL textile system To* = (po*,qo* : T* —
G 4) with dual Ty , where G 4 is the one-vertex graph with Ag, = A, such that there
exists a topological conjugacy 1 : (Xg-,60+) — (AN, 64) with gp- = 1[)’135%1/;,
and &, = &r and N, = nr.

Proof. The proof of Lemma 3.10 of [N2] proves that for two left resolving graph-
homomorphisms h : I'* — G* and b’ : T* — G* with G* “column reduced”, if h
gives a conjugacy of (Xp«,op+) onto (Xg+,0G+), then for u,v € Vp+, h(u) = h(v)
implies h'(u) = h'(v). Using this, the proof of Lemma 3.11 of [N2] with a few
obvious modifications proves Proposition 5.1. O

Let ¢ be an endomorphism of a onesided topological Markov shift (XG GG ).
Then we call @ an LL endomorphism of the shift if there exists a onesided 1-1,
LL textile system over G* such that o7« = @. If ¢ = @5 for some mapping
(local rule) f : Lg41(G*) — Ag~ with k > 0 which induces a left resolving graph-
homomorphism of (G*)[’”‘l] onto G*, then ¢ is called an leftmost-permutive endo-
morphism of (Xg-,6g+), where @y is defined by

Pr((ai)ien) = (f(ai...aiyk))ien, (a;)ien € XG*, a; € Ag~.

Remark 5.2. Let ¢ be an endomorphism of a onesided topological Markov shift.
Then ¢ is an LL endomorphism of the shift if and only if ¢ is a leftmost-permutive
endomorphism of the shift.
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Proof. Let G* be a graph. If a local rule f : Liy1(G*) — Ag+ with k > 0 induces
a left resolving graph-homomorphism ¢* : (G*)*+1] — G*, then we have ¢; = G-
for the onesided 1-1, LL textile system T* = (p*, ¢* : (G*)F1 — G*), where p* is
such that p*(ay...ak+1) = a1 for a1 ...ax41 € A(G*)[k+11 ya; € Agx.

Conversely let T* = (p*,q* : T* — G*) be a onesided 1-1, LL textile system.
Since £* : Xp. — Xg- given by the left resolving graph-homomorphism p* is 1-1,
there exists k € N such that for any aay ... o € L1 (T*) with o, «; € Arps, the
path p*(a)p* (1) ...p*(a) in G* uniquely determines o. Hence we can define a
local rule f: Lgy1(G*) — Ag+ by

™ (@)p*(en) .. p"(ew)) = ¢ (@)

Clearly we have @7« = @¢. Since p* is left resolving, it follows that for any
ay...ap € Ly(T*) with o; € Ap-, the path p*(a1)...p*(ax) uniquely determines
ir~(aq). Hence we can define a mapping F' : Ly (G*) — Vp« by F(p*(a1)...p*(ax))
= ir«(a1). Let Q* : (G*)*+1] — G* be the graph-homomorphism induced by f.
Then Q3 (a1...ax) = qi(F(ai...ax)) for ar...ap € Lg(G*) = Vigeyw+n. For
aa; ...ax € Lp1(G*) = A(g-yn+11, we have Q% (aas . .. ax) = ¢} (a), where « is the
unique arc in I'* such that ¢« (a) = F(a1...ax) and p%(«) = a. Since ¢* is left
resolving, it easily follows that Q* is left resolving. O

The following is an extension of a major part of Theorem 3.12 (2) of [N2].

Corollary 5.3. If ¢ is a leftmost-permutive endomorphism of a onesided topo-
logical Markov shift (Xg*,ég*) such that @™ 1is topologically transitive for all
m € N, then there exists a leftmost-permutive endomorphism pg of the onesided
full shift (AN G 4) over an alphabet A such that there exists a topological conjugacy

¥ (Xge,5G-) — (AN, 54) with ¢ =~ @oib.

Proof. By Remark 5.2, there exists a onesided 1-1, LL textile system 7™ over G*
with @7« = ¢. Since ET* is 1-1, there exists a factor map (semi-conjugacy) of
(X7, @7-) onto the onesided woof shift (X7, 57) of the dual T of T*. Therefore,
for each m € N, since @ is topologically transitive, so is 67, so that off is
topologically transitive . Thus the result follows from Proposition 5.1 and Remark
5.2. ([l

The preceding corollary shows that any (not necessarily expansive) leftmost-
permutive or LL endomorphism ¢ of any onesided topological Markov shift such
that @™ is topologically transitive for all m € N is “topologically conjugate” to
some leftmost-permutive endomorphism of some onesided full shift (some leftmost-
permutive onesided cellular automaton map).

We consider generalizing Theorems 1.1 and 1.3 which concern automorphisms of
onesided full shifts (invertible onesided cellular automata) to leftmost-permutive
endomorphisms of onesided full shifts (leftmost-permutive onesided cellular au-
tomata). As is clear by the proof of Theorem 1.3, the generalization of Theorem
1.3 follows directly from Proposition 3.5. But it will turn out that the whole gener-
alization can be reduced to Theorems 1.1 and 1.3, since every expansive, leftmost-
permutive endomorphism of a onesided full shift is necessarily accompanied by
expansive automorphisms which have the “same” dynamics as it has.
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Let ¢ : X — X be an onto continuous map of a compact metric space with
metric dx. Let

O, = {(i)iez | Vi,z; € X and o(x;) = it1}.
Let O, be endowed with the metric such that

do,((zi)iez, (Yi)iez) = sup{2~Vldx (2, 9:) |iecZ}.
We define a homeomorphism o, : O, — O, by

oo((Ti)icz) = (Tit1)icz  (Ti)iez € Oy

Proposition 5.4. Let A be an alphabet. Let k € N. Let f : A1 — A be
a leftmost-permutive local rule. Then for some | € N, there exists a leftmost-
permutive local rule f: (AR — A2k satisfying the following conditions:

(1) @5 : (AN — (A**)N is a homeomorphism;

(2) ¢ is expansive if and only if ¢y is expansive;

(3) if ¢y is expansive, then (Og,,05,) is topologically conjugate to ((A2F)N gaf),

Proof. Let T* = (p*,q* : I'* — G 4) be the textile system in the proof of Theorem

1.3 (Section 4) in which g is such that ¢ is the identity mapping. Then I'* = GEE‘H],
and p* : T — G4 and ¢* : IT'* — G 4 are defined by
p(ay...ap+1) = a1, ¢*(a1...ak41) = flar...ag+1), @1...ap41 € Aps = AR

We have ¢ = @r+. Let T = (p,q : T — G ) be the dual of T* with B = A*. Since f
is leftmost-permutive, T* is LL, so that g is biresolving. Let T = (p,q: [ — Gg) be
the k-th composition power of 7. Then § is biresolving. By construction, Vp = A*
and for any arc o € Ap, ip(a) uniquely determines p(a); in fact, ip(a) and p(a)
are the same as an element of A*. Hence we define F': Vp — B by

Flip(e)) = ple),  acAp
Let T = (P, q : r— GB) be the second composition power of T. Then each arc 7

in T is of the form & 3 where o and 3 are arcs in I' with g(a) = p(3). For v = ﬁ’
p(v) = p(a) and q(v) = q(B). Since q is biresolving, so is ¢. Let T = (P, q: I — Gp)
be the textile system such that I and ¢ are the same as I' and g, respectively, but

p is given as follows. For v = g in Ap = Ag,

p() = F(tr(a)),
alternatively p(vy) = p(d), where ¢ is an arc in [ such that ~6 is a path of length 2
in I'. Then it is observed that T weaves a half-textile (7i,j)ieN,jez if and only if T
weaves the half-textile (7; j—;)ien,jez. Note that these half-textiles have the same
uppermost thread, i.e., (p(71,5))jez = (P(71,j—1))jez. Hence we have

Xz =Xz =Xr,
and we see that §7 is 1-1 if and only if {7 is 1-1, so that &5 is 1-1 if and only if {7
is 1-1. (If &7 is 1-1, then @4 = gaQT—anl.) We see that T* is over G 42r. Since § is

biresolving, T+ is LL, so that T+ is nondegenerate. Hence

(XT*’&T*) = ((A?F)N 5 420).
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We shall prove that §~T and 7). are bijections. Let (% ;)ien,jez be a half-

. . . O i
textile woven by T. Then (9;;)ien,jez = (Vij—i)ieNjez = S for

Bij—i i€EN,jE€Z
a half-textile (v;;)ien,jez = <ai’j) woven by T. Tt suffices to show that
Bij i€EN,jEZ

(ip(44,0))ien uniquely determines (9;0)ien and (9;,—1)ien. To do this, it suffices

to show that Z.fgiyl’og uniquely determines 47,0 and 4;,—;. Note that
2,0

Y
a1,—1
Y0 Br-1
Y20 Q2,2
Ba2,—2

where a; —i, Bi,—i € Ap, q(ai,—i) = p(Bi,—i),1 = 1,2, and F(tp(az,—2)) = q(B1,-1)-
Assume that

is given. Then ip(02,_2) uniquely determines F(ix(82,—2)) = p(f2,—2) = q(az,—2).
Since § is right resolving, ir (a2, —2) and G(as,—2) determine as _o, so that t¢ (a2 —2)
is determined. Hence F(tp(a2,—2)) = §(81,-1) is determined. Together with

d(B1,-1), Zf Egl’_l)) determines gl’_l = 41,0, because § is right resolving.
(01, 1,-1
We also see that ip(ag —2) determines F(ip(a2 —2)) = p(ae,—2) = §(B1,-2). To-

. .1 — iy _ . — N _.
gether with this, Z.F(al’ 1) _tr(on—2) determines “12% = 41,—1, because ¢ is left

ir(B1,-1)  tr(Br,-2) B1,—2

resolving.

Thus we have proved that §~T and 7z, are bijections. Therefore, @, =
s (éf*)’l is an automorphism of (X.,&.). Since (X, d4.) = (A2)N, 5 421),
there exist | € N and a local rule f : (A%%)! — A2* such that @7 = @p.. Since
&7 is 1-1 if and only if {7 is 1-1, P = @7 is expansive if and only if ¢y = @7« is
expansive (by [N2, Theorem 2.11(2)]). If ¢ is expansive, then

(Og;,06,) = (Xr,07) = (X7,04) = (AP, SZ’f),
where = denotes topological conjugacy. O

Combined with Theorem 1.3 and Proposition 5.4, the theorem of Boyle and
Maass (Theorem 1.1) is improved to

Theorem 5.5. Let A be the alphabet of N symbols. Let f : AF*1 — A be a
leftmost-permutive local rule with k € N. If ¢y is expansive, then (Og,,05,) is
topologically conjugate to a topological Markov shift which is shift equivalent to
some full J-shift, where J and N are divisible by the same primes.

There exists an expansive, noninvertible, leftmost-permutive onesided cellular
automaton map which is not positively expansive. Let A; and Ay be alphabets
with cardinality not less than 2. Let fi : A]fH — A; be a bipermutive (i.e.,
leftmost-permutive and rightmost-permutive) local rule with & € N. Then @y,
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is noninvertible and positively expansive. Let @o : AN — AN be an expansive
invertible onesided cellular automaton map, which is not positively expansive by
Theorem 3.9 (Schwartzman) in [BL]. Then the direct product @, X @9 is an example
of the above.

6. BIPERMUTIVE ENDOMORPHISMS OF MIXING TOPOLOGICAL MARKOV SHIFTS

For integers k,l > 0, an endomorphism ¢ of a topological Markov shift (X, 0¢)
is called a bipermutive endomorphism of (k,l)-type if there exists a local rule f :
Lii141(G) — Ag which induces a biresolving graph-homomorphism of GUF++1]
onto G and gives ¢ by

o((az)jez) = (flaj-1 ... aj1k))jez, (aj)jez, a;j € Ag.

A bipermutive endomorphism of an irreducible topological Markov shift is N-to-
one for some N € N (see [N1]). Bipermutive endomorphisms of topological Markov
shifts were treated in [N2, Proposition 3.14], but no example has been known for
noninvertible bipermutive endomorphisms of a mixing topological Markov shift
which is not topologically conjugate to any full shift [N2, p. 52]. By virtue of
Proposition 5.1, we can know that there exists no such example.

Proposition 6.1. Let (X¢,0q) be a mizing topological Markov shift having an N -
to-one bipermutive endomorphism ¢ of (k,1)-type with N € N, k,1 > 0,k +1 > 1.
Then the following statements are valid.
(1) (Xg,0¢) is topologically conjugate to the full J-shift with J*+' = N.
(2) If k>0 andl > 0, then (Xg, p) is topologically conjugate to the onesided full
N -shift.
(3) If k = 0, then (Xg,@) is topologically conjugate to the onesided full N-
shift, where ¢ is the endomorphism of the onesided topological Markov shift
(X'G, 6a) naturally induced by .

Proof. Let f : Lg+i+1(G) — Ag be the bipermutive local rule defining ¢. Let
I' = GFHHY Let ¢ : T' — G be the biresolving graph-homomorphism induced by
f-Let T = (p,q: T — G) be the textile system with p defined by p(a; . ..axr1+1) =
a1,a1 ...ag+i41 € Lgt141(G),a; € Ag. Then T is a onesided 1-1 nondegenerate
textile system. Clearly p is left resolving and &7 is 1-1. Using the property that ¢ is
right resolving, we easily see that &7+ is 1-1 (see [N2| the proof of Proposition 3.14]).
Since ¢ is biresolving, T* is LL. Hence T is nondegenerate, so that (Xp«,op+) is a
topological Markov shift. Since &7« is 1-1, it follows from Theorem 2.12 of [N2] that
(X1, p7) = (XT*,&T*). Since @7 is conjugate to a onesided topological Markov
shift and commutes with the mixing onesided topological Markov shift ¢, it follows
from Lemma 2.9 of [BEF] or Theorem 1.6 of [N4] that @7 is topologically mixing,
so that &p« is topologically mixing. Since T is onesided 1-1 and LL and (&7-)™ is
topologically transitive for all m € N, it follows from Proposition 5.1 that (X¢g, o¢)
is topologically conjugate to the full J-shift for some J € N.

Let Mg and Mp be the adjacency matrices of G and T', respectively. Let
lo = (lo(w))uevy and 19 = (ro(u))uev, be left and right eigenvectors of Mg corre-
sponding to J. Let I = (11 (v))yevr. and 71 = (11(v))vevy be the row and column
vectors such that for v =aq ...ar+; € Vo = L1 (G),a; € Ar,

l1(v) =lolig(ar)) and ri(v) =ro(ta(arsr)).
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Then [; and r; are left and right eigenvectors of Mr corresponding to J. We have
lLiry = lOMgHro = J**grg. Let lo = (I2(v))verr and 1o = (r2(v))ver. be the
row and column vectors such that la(v) = lo(gy (v)) and r2(v) = 1ro(gy (v)) for all
v € Vp. Then, since ¢ is a biresolving graph-homomorphism with gy N-to-one, it
follows that Iy and ry are left and right eigenvectors of Mr corresponding to J and
lare = Nlgrg (see [N1| Proposition 2.3]). Since [; and Iy are eigenvectors of the
same irreducible nonnegative matrix corresponding to its spectral radius, we have
Iy = cly for some ¢ > 0. Since {l1(v) | v € Vr} = {l2(v) | v € Vr}, we have ¢ = 1,
so that I; = l. Similarly r; = ro. Thus we have N = J**!. We have proved (1).
Let Kk > 0 and I > 0. Let Tp = (po,q : I' — G) be the textile system with
po defined by po(ai ... akt+i+1) = Gkt @1 ... akti+1 € Liyi+1(G),a; € Ag. Then
Ty is a onesided 1-1 nondegenerate textile system with ¢r, = ¢. Since [ > 0, it
follows that éTo* is injective. Hence 7} is a onesided 1-1, LL textile system with o7

topologically transitive for all m € N. Therefore, by Proposition 5.1, (f(TO*,&Tg)
is topologically conjugate to a onesided full shift. If Tjj is over a graph G*, then
every vertex of G* has exactly N arcs ending in it, because gy is N-to-one. Hence
(XTJ N (Xg-, G~ ) is topologically conjugate to the onesided full N-shift.

If k& > 0, then it follows that 7jr; is injective, so that we have (X, pr1,) =
(XTS"5T6)7 by Theorem 2.11 of [N2]. If £ = 0, then, by Theorem 2.12 of [N2], we
have (X7, ¢1,) = (XTS*,&TG‘)- Thus we have proved (2) and (3). O

Proposition 6.1 for the case that (Xg,0q) is a full shift (i.e., G is a one-vertex
graph) was already known: (2) is found in [SA] and [N2], and (3) is contained in
the result in [C] that for a rightmost-permutive endomorphism ¢ of (0,1)-type of a
full shift (A%,04) with [ > 1, (AN, @) is topologically conjugate to (AN, &,).

In [BM|, Theorem 9.2], the following result has been given. If an expansive
invertible onesided cellular automaton map ¢¢ with f : A2 — A has its inverse
@e with e : A2 — A and if for a,b € A, e(ab)af(ab) uniquely determines b, then
(AN, @) is topologically conjugate to the full J-shift with J? = N, where N is
the cardinality of A. In view of Theorem 1.3, Proposition 6.1 can be considered
to be an extension of it. For let T* = (p*, ¢* : GE] — G 4) be the textile system
such that p* and ¢* are given by p*(a1a2) = a1 and ¢*(a1a2) = f(a1az) with
ai,az € A. Then the dual T of T* is onesided 1-1, (X7, o7) = (AN, @) and o7 is an
endomorphism of (1,1)-type of (Xr,or) given by the local rule e(a,b)af(a,b) — b.
By Theorem 1.3 and its proof, (Xr,or) is topologically conjugate to a mixing
topological Markov shift. Hence, for sufficiently large n, (Xpim), opm ) = (X%fl ],Ug? ])
is a mixing topological Markov shift and it is easily seen that @ is a bipermutive
endomorphism of (1,1)-type of the shift.

Let an endomorphism ¢ of a topological Markov shift (Xg,0q) be called a
g-biresolving endomorphism if there exists a onesided 1-1 nondegenerate textile
system T = (po, qo : I’ — G) with ¢g biresolving and ¢ = ¢. A ¢-biresolving endo-
morphism of a transitive topological Markov shift is N-to-one for some N € N (see
IN1]). A bipermutive endomorphism of a topological Markov shift is g-biresolving.
A positively expansive endomorphism ¢ of a transitive topological Markov shift
(Xa,06) is essentially g-biresolving, that is, there exist a ¢-biresolving endomor-
phism g of a topological Markov shift (X¢,,0q,) and a topological conjugacy
Y (Xg,06) — (XaG,,06,) with ¢ = 1 ~tpgep. This follows from Theorem 3.9
of [N2] and the result of Kurka [Ku] that a positively expansive endomorphism
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of a transitive topological Markov shift is topologically conjugate to a (surjective)
onesided topological Markov shift. (The versions of this and the next result in which
the endomorphism is additionally assumed to be onto were obtained independently
by the author; see [N3| Section 8].) Combining Kurka’s result and Theorem 3.12
of [N2], we have the result that a positively expansive endomorphism of a mixing
topological Markov shift is topologically conjugate to some onesided full N-shift.
Therefore, the theorem of Boyle and Maass (Theorem 1.1) proves the following. If a
mixing topological Markov shift has a positively expansive endomorphism which is
N-to-one, then the shift is shift equivalent to some full J-shift, where J and N are
divisible by the same primes. The two conjectures of Boyle and Maass mentioned in
Section 1 imply that under the same hypothesis as above, the shift is topologically
conjugate to a full shift and N is divisible by p? for every prime p dividing N.
Proposition 6.1 is consistent with this.

It follows from Proposition 3.5 and Corollary 3.6 that if T = (p,q¢: ' — G) is a
onesided 1-1 textile system with ¢ biresolving, G irreducible and aperiodic and o~
topologically mixing, then for some n € N, @y is a g-biresolving endomorphism
of the mixing topological Markov shift (Xj[fl I O'g? ]).

Question 6.2. Does there exist a onesided 1-1, nondegenerate, g-biresolving tex-
tile system 7' such that (X7, o) is not conjugate to any full shift, op and op«
are topologically mixing, and ¢ is noninvertible (but not necessarily positively
expansive)?
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