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INVOLUTIONS FIXING RP°9 P(h,i), I

ZHI LU

ABSTRACT. This paper studies the equivariant cobordism classification of all
involutions fixing a disjoint union of an odd-dimensional real projective space
RPJ with its normal bundle nonbounding and a Dold manifold P(h,4) with
h > 0 and ¢ > 0. For odd h, the complete analysis of the equivariant cobordism
classes of such involutions is given except that the upper and lower bounds on
codimension of P(h,?) may not be best possible; for even h, the problem may
be reduced to the problem for even projective spaces.

1. INTRODUCTION

The objective of this paper is to classify up to equivariant cobordism the smooth
involutions fixing the disjoint union of an odd-dimensional real projective space
RP’/ and a Dold manifold P(h,4) with h > 0 and i > 0, where P(h,i) is defined
as 8" x CP'/ — 1x (conjugation); see [Do]. The special cases j = 1,3 have been
considered in [Gu|] and [L-IJ. Here we deal with the general case.

Suppose (M™,T) is a closed manifold with involution fixing a disjoint union
of RPY with normal bundle »™7 and P(h,i) with normal bundle v*; so m =
h + 2i 4+ k. In order to avoid the possibility that (M™,T) is cobordant to an
involution fixing only either RPY or P(h,i), one may assume that (RP?,™7) is
nonbounding, and thus w(v™ /) = (1 + a)? with ¢ odd where H*(RP’;Zy) =
Zsla]/(a?tt = 0) and a € H(RP?;Zy). In fact, since w; (v 7) = ga # 0, one
has m > j. Since (IR]P’j, v™77) is nonbounding and every involution fixing RP’
bounds, the component of M containing RP? must contain P(h,i); som > h+ 2i
or k> 0. Also, (P(h,i),v*) must be nonbounding, for if not, (M, T) is cobordant
to an involution fixing (RP’, »~7). Here one uses the convention that (RP?, v™~7)
is nonbounding, and thus (M™,T) does not bound equivariantly if (M™,T) exists.

Letting 2P < j < 2P*! g is only determined modulo 2P*!; so it is assumed that
q < 2rth

The mod 2 cohomology of the Dold manifold is given by

H*(P(h,i); 7o) = Zsle,d] /("' = dT! = 0)
where ¢ € HY(P(h,i);Z2) and d € H?(P(h,i);Zz2). According to the recent work
of Stong [St], one may write the total Stiefel-Whitney class of v* in the form
w?) = (L+¢)*(1+ e+ d) w(p)®
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where € = 0 or 1 and w(p) = 1+ terms of dimension at least 4 is an exotic class
(e = 0 except for h = 2,4,5, or 6).

Now form the class

w(RP())
(1 + e)m—h—Qi—r
where e is the characteristic class of the double cover of RP(v) by the sphere bundle
of v, so that each w[r|, is a polynomial in w, (RP(v)) and e. Then

(1.1)
[]:{u+@ﬁa+c+@”1ﬂl+@“+@+@dl+@r1+~} on P(h,i)
(1+ )T {14 e)"T2H70 4 ga(l + e)hF2Fr—i=t 4 ... 1 on RP.

wlr] =

According to Conner and Floyd [C-F], RP(v*) and RP(v™~ %) are cobordant in
BZs, and thus the characteristic numbers

wlr]w, - wlrsle, e T RP(Y))

em—1—lwi| = —fws] [Rp(ym—j)]

s

= w[r1]e, - wlrslw

where each w = (i1,...,4;) is a partition of |w| = i3 + -+ + 4;. This provides a
method of studying involutions fixing RPY L P(h,4). Such a method was first used
by Pergher and Stong to study involutions fixing a disjoint union of a point and a
closed manifold (see [P-S]).

The argument is divided into two cases: (i) h is odd; (ii) h is even. When h
is odd, we give the complete analysis of the cobordism classes for such involutions
except that the lower and upper bounds on & may not be best possible. The result
is stated as follows.

Theorem 1.1. Suppose (M™,T) is a manifold with involution fixing RPI L P(h, 1)
with j and h odd and with the fized component RP? with its normal bundle non-
bounding. Let 2P < j < 2PTL and write i = 2%(2v + 1). Then
(1) h =3 and i is even.
(2) The Stiefel-Whitney class of the normal bundle of RP! is of the form (1+a)
with ¢ = odd, well-defined modulo 2P+,
(3) The Stiefel-Whitney class of the normal bundle of P(j,4) is of the form
(1+¢)%(1+ ¢+ d), with a = even, well-defined modulo 2P™, and
(a) g =a+i+1 modulo 2PT1;
(b) a <2" and if u>1,a < 2%.
(4) Writingm = j—+2i+k, the involutions exist for k in a range kyin < k < kmax
where

2 <

< 2utl 12 ifu=1
T2t -1 ifu>1

and more precisely

(a) for a < j, kmin = a+2 and for a > j, knin < j+1 < a+2 is the minimum
dimension of a vector bundle with Stiefel-Whitney class (1 + ¢)*(1 + ¢ + d) over
P(j,1);

(b) foru=1,

i _J4 ifa=0andj=>3
16 ifa=2o0ra=0andj=1
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and for u > 1,

2% +a+1 ifp>u

2042 < km x <
- {2“*1 —(j — common (j,a)) ifp<u

where common (j,a) is the common part of the 2-adic expansions of j and a.
When h is even, one will prove that

Proposition 1.2. If (M™,T) fizes RIPY U P(h,i) with j odd and h even and with
the fized component RIP? with its normal bundle nonbounding, then m = j + q.

One will see that this case may be reduced to a problem about finding involutions
that fix RPI! L P(h,i), which is the problem for even projective spaces.

The paper is organized as follows. In Section 2, some involutions fixing RP’ LI
P(j,i) with j odd are constructed. With the help of these examples, in Section 3
we will complete the proof of Theorem 1.1. In Section 4, we discuss the case for
which A is even and give the proof of Proposition 1.2. Throughout this paper, the
coefficient group is Zy. w denotes the total Stiefel-Whitney class and w; denotes
the s-th Stiefel-Whitney class.

In concluding this introduction, the author would like to express his gratitude
to Professor R.E. Stong for his valuable suggestions.

2. EXAMPLES FOR WHICH INVOLUTIONS EXIST

Now let us build some involutions fixing RP? L P(j, i) with j odd.
Write ¢ = 2“(2v + 1) and let

2¢+1 ifu=1
ko = .
2 if w1,

From [P-S], there is an involution (N**!,T;) with 1 < I < ko having fixed point
set * URP" with the normal bundle of RP? in N*t! being + & (I — 1)R, with ¢ the
nontrivial line bundle, where * denotes a point. This is constructed by applying
the operation I' [ — 1 times to the involution (RP*™*,T}) defined by

Ti([xo, 21, s Tit1]) = [=T0, T1, -y Tig1],

which fixes RP° URP? with the normal bundle ¢ on RP* and cobording away various
bounding fixed components (see Royster [Rd]).

Consider the involution T+ on
Sj % NiJrl % Ni+l

—1 x twist

P(j, N't) =

induced by 1 x T} x T;. The fixed point set of this involution is

(1) 57 x point X point
—1xtwist

is (1 +0ed (i +)R;

(2) 57X ((RP XE?:?WuigfomtXRP ) and the twist exchanges the two copies of RP%; so

the quotient is Sj x (RP*x point) with normal bundle S7x (normal bundle of RP*x
point). Since S7 bounds, this component bounds away.
(3) S7 X RP? x RP? ST x (LB (I-DR) X t&(I=1)R))
—1xtwist —1Xxtwist

cobordant to ——S2XCE__ P(4,4) with the normal bundle n® (I —1)é® (I — 1)R,

—1Xconjugation

ST xR xR
—1xtwist ’

= RP’ and the normal bundle is formed by SO

and this is

with the normal bundle
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where £ induced by ¢ is a 1-plane bundle over P(j,i), and 7 is a 2-plane bundle over
P(j4,7). Note that w(§) =14 c and w(n) = 1+ ¢+ d (see [Dol, [Ud).

This produces an involution (P(j, N**%), Tiyi+) fixing RPY with the normal bun-
dle v?*2! having w(v?*2) = (1 + a)**! and P(j,i) with the normal bundle v
having w(¥?) = (14 ¢)"=1(1 + ¢ + d).

Now let us look at P(j, N'*!). One has

Lemma 2.1. For 1 <1 < ko, P(j, N**!) bounds.

Proof. When 1 < [ < kg, N**' bounds. Furthermore, one has that (N x
Nt twist) fixing N*+! with the normal bundle 7, the tangent bundle of N+,
bounds equivariantly, and thus the bundle (N**! 7@ sR) bounds for any s > 0. So,
RP(T @ (s+1)R) bounds. On the other hand, consider the involution on P(j, N**!)
induced by T/ x 1 x 1 on §7 x Nt x N+ where

T (zo, @1, ,x5) = (—To, @1, ,Tj).

It is easy to see that the fixed data is (N**! 7@ jR) U (P(j — 1, Ni*!), &) where
¢! is a real line bundle over P(j — 1, N**!). Therefore, by [C=F] one obtains that
the cobordism class {P(j, N**)} = {RP(r @ (j + 1)R)} + {RP((! @ R)} =0. O

Note that if I = ko, then NT*0 does not bound. It will be proved later that
P(j, N*tko) must be nonbounding. So T'(P(j, N*t*0) Tyi1x,) does not have the
same fixed information as (P(j, N“tF0), Thito ).

If I < ko, by Lemma 2.1 and applying the operation I' to (P(j, N*t!), Tyit1),
then the resulting involutions I'*(P(j, N“*!), Tyi+1) denoted by (MI+2i+24e 1)
have the following properties:

(i) There is an integer Xy such that for z < Xg, MJT2+24% hounds, but
MI+2i+24+X0 does not bound.

(ii) For < Xo, (M71+2+2142 T) has the same fixed information as (P(j, Nt!),
TNH»Z).

If ] — 1 < 7, then the normal bundle to the fixed point set of (P(j, N**!), Tyit1)
has only [ — 1 sections. Thus, there exist involutions (M7+2+k T) with | + 1 <
k < 21, each of which has the same fixed information as (P(j, N**), Tyi+:) such
that M7T2+* bounds for k < 2I. Furthermore, by applying the inverse operation
=t 1 —1 times to (P(j, N“t!), Tyit1), one has that (M7+2+% T) is cobordant to
DF=2H(P(j, Nt Tygira) for 1+ 1 < k < 21.

Generally, stability says that every vector bundle over RP? is realizable by a
j-plane bundle. Hence (I — 1)¢, which is induced from a bundle (I — 1)¢ over RP,
can be realized by a j-plane bundle. If [ — 1 is even and [ — 1 > j, then (I — 1)
over RPY is a complex vector bundle (= 551(¢ ® C)). One can then find a section
(nonvanishing) of the real bundle and use it to split off a trivial complex line bundle.
Thus (I — 1)¢ is stably equivalent to a complex vector bundle p of dimension %
(or real dimension j — 1). So, n ® (I — 1) over P(j,1) is stably equivalent to n @ '
and is realized by a (j 4+ 1)-plane bundle, where y' is induced by p. In this case,
the normal bundle to the fixed point set of (P(j, N**t!), Tiyi+1) has at least 21 — X3
sections with X; < j+1. Therefore, one can apply the inverse operation I' ™! 21— X,
times to (P(j, N“*!), Ti+1), so that there exist the involutions (MI+24+% T) with
X1 <k < 2l such that (M7+24+k T is cobordant to T*=2(P(j, N“+t!) Tniv1).

Combining the above discussions, one has
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Proposition 2.1. Let | < ko. There exist involutions (MIT2+F T firing RPY L
P(j,i) with 1 +1 <k <204+ Xo if I =1 < j, and with X1 <k <2l + Xo if [ -1 is
even and l — 1 > j, such that

(1) (MI+24E T s cobordant to T*=2L(P(j, N**1), Tiv1) for each k;

(i) MIT2+k bounds for k < 21 + Xo, but not for k =21 + X,.

3. THE CASE IN WHICH A IS ODD

Following the notation of section 1, we discuss the case in which & is odd. Our
task is to prove Theorem 1.1.
From (1.1) one then has

wlo]s = {(h+z’+ 1+a+b)c on P(/jz_,i)
on RP.
So
w(0}e™ I RP(™ )] = ade™ I [RP(1™ )] = of [RPY] # 0
and

0 # w0l e™ T IRP(WF)] = (h+i+ 1+ a+ b)dde™ I RP(LF)],
which implies that A +i+1+a+ b # 0 mod 2 and ¢ # 0, and so h > j.
Now, there are certain operations in the bordism of BZ,. For z = e,wi, or
w1 + e, one may dualize any power of x, giving homomorphisms

(dual ") : M,,(BZ2) — MN,,—+(BZs).

Dualizing e is the Smith homomorphism of Conner and Floyd [C-F]. Dualizing w;
and w? was used by C.T.C. Wall [Wa] in studying oriented bordism.
Consider the operation

(dual w[0]?) = (dual (w; + (m — h — 2i)e)?) : My,_1(BZy) — Nyp_3(BZs).

When applied to RP(v™77), w[0]; = « and the dual is RP(v™ J|gp;—2), which
is the projective space bundle of v 7 with w(v™7) = (1 + a)? over RP/~2,
When applied to RP(v*), w[0]; = ¢, and the dual is RP(Vklp(h,Q’i)), which is the
projective space bundle of l/k|p(h_27i) over P(h—2,1). Since RP(v™~7) is cobordant
to RP(v*), the duals will be cobordant in BZsy, and one has

Proposition 3.1. If (M™,T) fizing RPY U P(h,i) with h odd exists, then there is
an involution (M™ 2, T) fizing RPI™2 with w(v™7) = (1 + a)? and P(h — 2,1)
with normal bundle v*|p_s .

Note. When restricted to P(0,7) = CP’, w(v*) becomes (1 + d)® and b does not
change under restriction since 7 is unchanged. The values of a and ¢ may reduce to
smaller equivalent values.

By iterating this procedure, one may reduce j to 1 and quote results of Guo [Gu]
(j = 1). Since Guo assumes w(v*) = (1 + ¢)%(1 + ¢ + d), which is not valid, we
will not use her results.

So, by iteration one may consider the case j = 1 with h odd (so h > 1 obviously).

Proposition 3.2. Suppose (M"+27+* T) fires RP' L P(h, i) with h odd. Then
(1)g=h=b=1,a=e¢=0, and i is even.
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(2) Letting i = 2%(2v + 1) with u > 0,

u+1 ; —
2§k<{2 +2 ifu=1

2utl 1 ifu>1.

Furthermore, (M'2%% T) fizing RP* U P(1,4) is cobordant to T*=2(P(1, N*+1),
TNi+1).

Proof. Obviously, ¢ = 1 holds since j = 1. Now one computes the values of w[1]s.
On P(h,1),

al) = {reorirnes (" e i v

x{1+e+ a+b)c+(< ;b>02+bd)(1+e)1+...};

SO
wll]; = {(thHl)Q (Z+1)d}+(h+i+1)c{e+(a+b)c}
<a+b) b
— z+1)oe+(z+1+b)d+<h+i+;+a+b>c2
On RP!,
w(l] = (1 + €)'+ 4 (1 + )21,
SO

wli]s = (’“;Zi) ¢2.

h+i+14+a+b
, o

(i+1+b)d on P(h,1)
("2)e? + (h+i+1)ae on RP.

If ¢ is odd, then P(h,i) bounds, for
w(P(h,i)) = (1+0)"A+c+d)™
has only even powers of d. Since (P(h,i),*) is nonbounding,
w(E) = (1+¢)*(1+ ¢ + d)*w(p)®

must have some term with an odd power of d. Since h is odd, the only exotic class
occurs for h =5 and then by [Si],

Form the class

Wo o+ (h+i+1)w [0]1e+(

ctd?
(1+d)*
which has no odd powers of d. Thus b is odd. This gives
. {d on P(h,1)

w2 = (hfi) e +ae on RP.

w(p) =1+
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Then
w[0]Mbse T RP(VF)] = cdie* T RP(1F)] # 0
and so
A bt 9 i
w0]fwhef 1 = ah{< —; Z) e? +ae} ef1
— o (h + Qi) t2i-1
2

must be nonzero on RP'. This implies h = 1 and then (hJ;Qi) = (2i;1) =1.

Since wa (%) = bd+ (1) 2 # 0, k > 2 and 2(i+1) < 14+2i+2 < h+2i+k = m.
Furthermore, one has that

w§+16m7172(i+1)[RP(Vk)] _ di+lem7172(i+1)[R]P>(Vk)] -0
but
w;—i—lem*l*Q(iJrl)[R]P)(mel)] _ (62 + ae)i+lem7172(i+1)[RP(mel)]

_ em_l[RP(Vm_l)]

= coefficient of « in

1+ a)
# 0,
which is a contradiction.
Thus, i is even.
If b is even, then
B — d on P(h,1)
2= (h-;Qi) e2 on RP'

and w[0fwhe* 1 = ctde*=1 # 0 for P(h,i), and for RP' this is (h'g%)ae%*k’l.

Since this is nonzero, one must have h = 1, but then (Mfi) = (21;1) = 0 since

2i+1=1 mod 4.
Thus, b is odd. Moreover, a is even since h +i+ 1+ a+ b % 0 mod 2.
For b odd,

. {0 on P(h,1)

w2 = (hJ;Qi)e2 on RP!

gives 2e™ 3 = 0 on P(h,i), but on RP' this is (hfi)em_1 with the value of
e™ 1 on RP(v¥™~ 1) being the coefficient of « in (1+1a)q = 1-1%@’ which is 1. Thus
(hfi) = 0, which says h = 1 mod 4.

If h > 1, dualizing w[0]? gives an involution (M?** T) fixing P(0,i) = CP'
with & > 0 and with normal bundle v*|cpi. The involutions fixing CP" are well
known and one has k = 2i and b = i + 1 with (M?"** T) being cobordant to
(CP* x CP, twist).

Now, let us find w[2]4. One has that on P(h,i),

w[2] = (1+wi +wa+- - ){(1+e)* +ur(1+e) +us+us(l+e)  +us(l+e) 24}
where wy = w4 (P(h,i)) and us = w;(v*) from which

w(2]y = wae® + T3e + x4 (dimzz = 3,dim x4 = 4)
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and _ '
wa(P(h,i)) = (i+1)d+ <h+é+ 1)02 =d+ <h+;+ 1)02;
S0
w[2]s = de® + (h +; + 1) 2e® + x3e + x4
and on RP*
w[2] = (1 + €)M 2 41 4 e)h T2
So

h+2i+1\ h420\ 5 (h+2i+1) ,
204 = =
w(2]4 ( 4 )e —l—a( 5 )e 4 e
since h = 1 mod 4. Then

h+i+1 de? P(h,1
wumtle (M Yo - [ P

2 1€ (h+ii+1) et on RP!
and so
w[O]?_lwiekdi = c}hl(dta2 + z3e + x4)iek72i
— hlgig2igh—2i
1 gi gk

on P(h,i) for since i is even, all other terms have dimension more than h + 2 in ¢
and d. The value of this on RP(v*) is

o (V) [P(hyi)] = Ty (VF)[P(h, )]
= "ldi(a+ b)c[P(h,i)]
= a+b

and a + b is odd. Thus, this is nonzero. However,

w(0]} e = ! (h * ZZ * 1) eF =0
on RP! since h — 1 is even and positive.

Thus, h = 1. Moreover, a = 0 and the exotic class cannot occur; so w(v¥) =
(1+c+d)°.

Now dualizing w([0]; gives an involution (M2 *+* T fixing a point = RP° and
P(0,i) = CP" with the normal bundle of CP" being v*|cp: with w(v*) = (1 + d)®.
Royster’s argument for involutions fixing (point) LI RP®*" also works for fixing
(point) LI CP¥*" to give

b=1.
Furthermore, one knows the possible values of k (see [P-S|). Writing ¢ = 2*(2v+1)
with © > 0 one has
2utl 42 ifu=1

2<k<
- _{W“ if u > 1.

Next, it suffices only to show that k = 2¥+! with u # 1 is impossible.
If k= 2%t with > 1, then m = 1 +24"1(20 + 1) + 2¢FL = 1 + 2uF2(v + 1),
and by direct computations, one has that on P(1,2%(2v + 1)),

w1y = cde + de* + d?
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and on RP*!,
w[l]y = 0.
Then |
w[1]] YRR =0
but
w[l]iu(v+1)[R]P’(y2u+1)] — (cde +de? + d2)2u(v+1)[R]P(z/2u+l)]
(cd +d+ d?)?"(+D)
- w2 2v+ )]

(Cd+d+d2)2u(v+1)
= P(1,2%(2 1
TP [P(1,2%(2v + 1))]
= POV A 44 )T P, 24 (20 + 1))
2u 1)—1\/2* -1 u
_ ( (’U"‘ ) )( ) )Cd2 (2v+1)[P(172u(2v+1))]

2uy

- 2%y 4+ 2% —1
o 2%y

= ]_’

which is a contradiction.

Finally, let us observe the involution (P(1, N**!) Tyiyi) with i = 2%(2v + 1)
even. Taking | = 1, one sees that (P(1, N“*1), Tyi+1) has the fixed data RP*
with w(v?*2) = 1 + « and P(1,i) with w(v?) = 1 +c+d. If u = 1, choosing
I = 2"+ 1 = 3 one has that (P(1, N*"3), Tyyi+s) also fixes RP' with w(v?*6) =
1+ a and P(1,i) with w(¥®) = 1 + ¢ +d. Hence, for 2 < k < 2%F! 4 2 with
w=1, (M'*2+k T fixing RP* U P(1,4) exists and then (M+2*F5 T is cobordant
to TEF=2(P(1, N*t1), Tyisa). If u > 1, taking | = 2% — 1, it is easy to see that
(P(1, N**2"=1) Tyiy2u_1) has the same fixed information as (P(1, N**1), Thyit1).
Since I = 2% — 1 < 2%, P(1, N**2"~1) bhounds, and one may apply the operation I'
one time to (P(1, N*+2" 1) Tyit2u_1), so that T(P(1, N**2"~1) Tyis2u_1) has the
same fixed information as (P(1, N*™1), Tnit1). Thus, for 2 < k < 24+ —1 with u >
1, (M'2+k T) fixing RP' LU P(1,4) exists, and so is cobordant to I'*=2(P(1, N*t1),
Thrit1). [l

Note. In her paper [Gul, Guo showed that when u = 1, there exists an involution
with k£ = 7. This is false.
Returning to the general case of j, one has

Lemma 3.1. Suppose that (M"+2+F T) fires RP? U P(h,i) with h odd. Then
(1) h=j.
(2) i is even.
(3) b=1, and a is even.
(4) For i =2%(2v+ 1), one has

24Tl 42 ifu=1
2<k<
- —{2““—1 if u>1.

(5) Erotic characteristic classes do not occur in the bundle v*. Thus w(v*) =
14+ 0)*(1+4c+ad).
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Proof. (1)—(4) follow by applying Propositions 3.1 and 3.2. It suffices only to show
that (5) holds. For this, one need only consider the case j = 5 and suppose

472
wk) =1 +c)*(1+c+d)(1+ m) Then
Ad?
(1 +d2
4

= 1+ 1 tetd)(1+ uj—d)z)

= 1+ A +ct+d) A+ +d*+c
A1+ c)r

14+c+d

c

1+c+d

w®) = (1+o)*(I+ec+d)(1+ )

= 14+ *(1+c+d)+

= 1+ (1+c+d)+

since a is even. Now

I 1_11+d+d2++d’
l+ec+d 1+4+c 14+4-L 1+e¢ l+c (1+¢)2 (1+c)

Ttc
and so
ct 4 1 d d? d’
ltctd {1+c+(1+c)2+(1+c)3+'”+m}
and ) )
ﬁ:c{ O_}_ch:c‘l—i—c‘%.
Thus

w(®) = {(14+6)* B+t +SP +d{(140) M+ AP (A P)+d3 e+ - +d ().
Furthermore, it follows that wa; 45 (l/k) # 0 and so k > 2i 4+ 5. However, k never
exceeds 2¢ + 2 since
u+1 : _
9 <k< 2 +2 ifu=1
2utl 1 if u > 1.

Hence the exotic class cannot occur. O

Note. (1) From the results for j = 3 [L-L], one finds that there exist examples with

u=1lforg=1l,a=2and4<k<6
g=3,a=0and2< k<4
and
utlforg=1,a=0and2<k<2ut 3
g=3,a=2and 4 < k<2utl _1,

One sees that given a pair (g, a), there are kyin and kpax with

2utl 42 ifu=1

2< kmin7 kmax S
- {2““—1 ifu>1
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such that knin < k < kmax, but knin may not be equal to 2, and ky,ax may not be
equal to

Qutl 4 9 ify =1
Qutl _ 1 if > 1.

However, for j = 1, kpin = 2 and

L utl 19 if =1
WA ) outl 1 iy > 1.

This is because (g,a) has only one choice, i.e., (¢g,a) = (1,0) for j = 1, but not
for j > 3. Thus, Lemma 3.1 does not provide complete information for the general
case of j, and the argument is not yet finished.

(2) It is known that P(j, N**!) bounds if | < ko. Let | = ko. One claims
that P(j, NiT*0) does not bound. If P(j, N***k0) bounds, then one may apply
the operation I' one time to (P(j, N“t%0), Tii+xo ), so that the resulting involution
D(P(j, N*tko) Tyisk,) fixes RP? with w(p?2k0+1) = (1 + )"t and P(j, Nitko)
with w(v?% 1) = (14¢)*~1(1+c+d) and has dimension j+ 2i +2ko+ 1. However,

utl 4 9 if gy =1

%o + 1>
0 {2““—1 ifu>1

gives a contradiction.

Recall that 27 < j < 2P*! and ¢ < 2P*L. Since j = h, a is only determined
modulo 2P*! too and it is assumed that a < 2P*!. Throughout the following
discussions, (M™,T) fixing RP? LIP(h, i) is always assumed to satisfy (1)—(5) stated
in Lemma 3.1.

Lemma 3.2. Suppose (M™,T) fizes RP? LU P(j,4). Then ¢ =a+i+1 mod 2°F1,

Proof. One first claims that m > ¢q. If ¢ < j, then w,(v™77) = (Z)oﬂ = a? # 0;

som > j+q>q If2°P < j < q< 2PT then wer(v™ ) = (qu)oﬂp # 0; so
m>j+2° > 20T > ¢

Now let 2 = a + i+ 1 mod 2PT!. One claims again that m > x. If i > 2P,
thenm = j+2i+k >2i > 2P > 2. If i < 2P and a > 2P, then w2p+2(yk) =
(2‘1,)':12)02?*2—1—021’(175 0;s0k>2P+2andm > j+k>j+2P > 20T > g Ifi < 2P
and a < 2P, then # = a + i+ 1 and w, (V) = (Z)c“d =c%d#0;50k>a+2and
m>i+k>i+a+1=uzx.

From (1.1) one has that

wli]; = e+c on P(j,i)
b e+a onRP/.

The argument proceeds as follows.
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(i) If z > g, then x — (¢ +

w[l]i e T [RP(V")]

but

wl]{~te™ * [RP (L™

ZHI LU

1) > 0. When 0 <z — (¢+ 1) < 4, one has

(e +c)* tem 2 [RP(L*
(1+4c)*t

)]
[P(,1)]

)] = (et+a) eI [RP(V™
(14 a)* 1
(1+a)1
(1+ a)* 97 RP)

0

)
[RE7]

since * — ¢ — 1 < j, which leads to a contradiction. When j < z — (¢ + 1) < 2PF1

one has

wll]{ e RP(V*)]

(e 4+ c)i tem I RP(V*
(1+c)1!
(1+c)e(l+c+a)

(1+C)++1_qdi[]3(j7i)]

)2 e g P4, )]
Pl ] — g 4 q>

)]
[P(3,1)]

(1+
0

since 2P —1 -z +q=2P"1 -2 — (2 —q¢—1) <2PT1 -2 — j < j, but

w(1]{ e RP(™

Thus, = > ¢ is impossible.

)] (e + )7 L™ RP(L™
(L+a)™

(+ )

)
[RPY]

[RP’]

1+«
1.

(ii) If z < ¢, in a similar way to (i), one may obtain that this is also impossible.

Combining (i) and (ii),  must be equal to q.

O
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Since the case j = 1 is understood well (see Proposition 3.2), one always assumes
j > 3 in the following discussions. Now one divides the argument into two cases:
M wu=1; (I) u > 1.

Case (I). u = 1. For u = 1 one has i = 4v + 2. Suppose (M7 T84+ T fixes
RP’ LI P(j,4v + 2). The argument proceeds as follows.

First, one cannot have a > 6. For a > 8, one must have j > 8 (else a is taken
mod 8) and a must have a power of 2 that is at least 8 and less than j in its 2-adic

expansion. Then there is at least a nonzero term w;(v*) with s > 6 in w(v*), and

V¥ cannot be realized by a bundle of dimension less than or equal to 6.

For a = 6, one cannot have j > 7, for then (g)cﬁd # 0 making & > 8. Thus
a = 6 can occur only for j = 5, and one must have £k = 6 and ¢ = 4v + 1 mod 8.
In particular, g = 1 if v is even, and ¢ = 5 if v is odd.

Claim. a = 6 s impossible.
Proof. One computes the values of w[1]4 and w[1]gyt+s. On P(5,4v + 2), one has

wl] = A4+c)’(I+ct+d)P{l4+etc+(P+d)(1+e) +c2(1+e)?
+ (A + DA 4e) P+ A +e)t +ctd1+e)70)

and so

cde + c2e? + de? + ¢*  if v is even

v
1:d+22+d2+4+(>4=
w[l]q = cde + c"e e“+c 1)¢ cde + c2e? + de? if v is odd

and

wl]gys6 = d*2(ce + €2) + terms of degree less than 4v 4 2 in d.

On RP?,
wll] = (1+a)° {(1+e)8”5+a(1+e)8“+4+ <Z> al(14e)sott 4 (‘1> a5(1+e)8v}
4

=(1+a) {(1+e)5+a(1+e)4+ <Z>a (1+e)+ <g>a5} (1+e)%
and so

4

at+et ifg=1
witle = e ifg=>5

and w[l]g, 46 = a?e8* for g =1 or ¢ = 5.
If v is even, then

cde + c?e? + de? +e*  on P(5,4v + 2)

wlt]a + wi]} = {0 ity

with w([1]; and w[1]g,+6 together giving

wi]f (w(l]s + wll]})wseree[RP(* 1)) = 0,
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but
wL] (w[]s + wi]})w[]sese[RP(%)]
= {(e+ ¢)3(cde + ?e* + de* + ¢*)
x (cd*T2e + d**2e? 4 terms of degree < 4v + 2 in d)}e[RP(1/°)]

=(1+¢)?(1+cd+ 2+ d)(cd* 2 + d* 2 + terms of degree < 4v + 2 in d)
A+c)f(1+c+ad

x [P(5,4v + 2)]
(14+c+d+c+c+ed){d**T2(1 + ¢) + terms of degree < 4v + 2 in d}
1+ c)?(1+c+d)

x [P(5,4v + 2)]
(14 ¢)(1 4 c+d)(d***T2(1 + ¢) + terms of degree < 4v + 2 in d)
= P(5,4 2
A+c)B3(1l+c+d) [P(5,4v +2)

_d**2(1 4 ¢) + terms of degree < 4v +2in d

P(5,4 2
(1+C)2 [ (7U+ )]
d*v+2 terms of degree < 4v + 2 in d
= P(5,4 2 P(5,4 2
P4+ 2) + e (P, 40+ 2)
—1+0
=1.

If v is odd, in a similar way to the above, then

cde + c?e? +de? +e*  on P(5,4v +2)

wlt]a + w1} + wlolt = {0 i

with w[l]; and w[l]g,+6 together giving
w1} (w[1]s + w1]{ + wl0]})w[sose[RP(w* 1)) = 0,
but
w1} (w[l]s + wi]] + wl0]))w[]svse[RP(w®)] = 1.

Therefore, a = 6 is impossible. O

For a = 4, v% = 4¢ @ n provides a suitable vk and, of course, k = 6 is the only
possibility. However, dualizing w[O]jf3 changes this case into the case j = 3 with
a = 0, and the range of the values of k£ must lie in 2 < k < 4. Therefore, a = 4 is
impossible. _

For a = 2, one has ¢ = 4v+5 mod 2P*!. Dualizing w[O]jf3 changes this case into
the case j = 3 with ¢ = 1. Thus one has that 4 < k < 6. Taking [ = 3 in the involu-
tion (P(j, N4U+2+l), Tavta+1), then for each 4 < k <6, Fk_G(P(j, N4U+5), Tavts)
fixes RPY with w(v50T4tF) = (14-a)? and P(j, 4v+2) with w(v*) = (1+¢)?(14-c+d).
Hence, (M7 +8v+4+k T) is cobordant to T*=6(P(j, N4*%) Tyavis) for 4 < k < 6.

For a = 0, one has ¢ = 4v + 3 mod 2Pt!. Now dualizing w[O]Jl'_3 changes
the general case j into the case j = 3 with ¢ = 3. Then one knows that 2 <
k < 4. Proposition 2.1 provides the examples of the involutions of this type.
TF=2(P(j, N*+3), Tyavis) fixing RPY with w(@®4*F) = (1 + a)**3 and
P(j,4v + 2) with w(¥*) = 1 + ¢ + d belongs to the involution of this type for
2 <k <24 Xo, and so Xg must be less than or equal to 2, and Xy > 1 since
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P(j, N**3) bounds. Although one knows that Xy = 2 for j = 3, this does not
ensure that Xg = 2 for j > 3.
Claim. Fora =0, Xg=2.

Proof. Tt suffices to prove that T'(P(j, N4'*3)) bounds. According to Conner and
Floyd [C-E], this is equivalent to showing that RP(v%'+6 @ 2R) is cobordant to
RP(v2 @ 2R), where the disjoint union of (RP?, 18+6) with w(v3'+6) = (1 4+ a)*+3
and (P(j, 4v+2), v?) with w(v?) = 1+c+d is the fixed data of (P(j, N*3), Tyavis).

First, let us look at the total Stiefel-Whitney classes of RP(+%V*6 @ 2R) and
RP(v @ 2R):

’U}(RP(VBUJFG ® ZR)) _ (1 =+ Oz)jJrl{(l +e)8v+8 + a(l +e)8v+7 +.--
4
+( v+ 3) 0P (14 €)% 4 g Qv (1 4 e)tot)
z

(1 +a)j+1(1 +e)4v+5(1 +e_’_a)4v+3
= 1+ 1 +a+ae+e)3(1+€?)

and
wRP(? @ 2R)) = (1+c)/(1+c+d)*{(1+e)* +c(l+e)®+d(1+e)?}
= (A4+c)A+c+d" A +e)2(1+c+e+ce+d).
According to Borel and Hirzebruch [B-H| (see also [C-F]), one knows that on
RP(v? @ 2R),
et = ced 4 de?.
Let o = €® + ce +d. Then oe? = 0. Replacing d by ce + €2 + o in w(RP(v? @ 2R)),
one has

w(RP(1? & 2R))

=1+ (1+c+d)* 1 +e)?(1+c+e?+ce+d)
=(1+cfQ4ct+ce+e+o)"BA+eA(1+c+0)

=1+ A +ctecet+e?+0)"BA+eA)+ 1+ (1 +c+ce+o) o
=1+ A+eA){(1+ctee+ )P 4 (1+c+ce+e?) o4 ...

D N

4 3
+(’U+ )(1—|—C+C€+62)4v+3_20'z+"'+U4v+3}
z

+(1+cY(1+c+ceto) 3o
=1+ A +ctece+e)"BA+e)+ (1 +e) ™A +c+ce) 24

4 .
n ( ’U+3>(1+C+Ce)4v+3za_z+.'.+0_4v+3}
z
+ (14 (1+c+ce+o0)" o
= (14 1+ c+ce+ )31+ €2) + é(c, ce, o).
One sees that if one writes the (-th Stiefel-Whitney class w, of RP(v®**¢ @ 2R) in
a polynomial
pe(a, €%, ae + €?),
then the /-th Stiefel-Whitney class w, of RP(v? & 2R) is of the form

pe(c,e?, ce + €%) + ¢u(c, ce, o)
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where ¢y(c, ce,0) is the sum of all terms of degree ¢ in ¢(c, ce,0). Thus, for any
characteristic class

we, - -wp, With €1 4+ -+ + 0 =7+ 8v+7,
one has that
wy, -+ - we, (RP(1*T0 @ 2R)] + [RP(v° & 2R)))
= (pe, - pe.)(a, €2, ae + ) [RP(13 6 @ 2R))
+ (pe, - pe.)(c, €2, ce + ) [RP(1? @ 2R))
+ (e, -+ d2.)(c, ce, o) [RP(v* & 2R)].
Since
(pe, - pe. ) (e, €%, ae + €2)[RP(13 16 @ 2R)]
+ (e - pe,)(e, €%, ce + €7)[RP(v* @ 2R)]

(pgl---pgs)(a,l,l—i-a) (pgl---pgs)(c,l,l—l-c)

- [RPY] + [P(j;4v +2)]

(86 & 2R) w(v? & 2R)
_ (pey - '('f?f; )o(;)):vt; + ) ) 4 (P 'lpjf )C(i’z L9 (p(j, 40+ 2)
_ e pe )@ L1 4 0) o (P e )(e 114 0) o
- G a)ots [RP?] + 7o+ .D) [P(j, 4v +2)]
el ) (@ 17 1 [e% j 1 d
— o PO T DB ()L 1+ O +
4v+2
S chm}mm 2)]
_ ey pe (1,14 ) [RPY] + (pe, e )(e, 1,1 + ) d*T2[P(j,4v + 2)]

(14 a)tvts (14 c)tvt3

= O,
one has that
we, -~ we, ([RP(V*"F @ 2R)] + [RP(v? @ 2R)]) = (¢r, -~ b, )(c, ce, o) [RP(1* & 2R)].
If
(ée, - 02.)(c, ce, o) [RP(v* @ 2R)] = 0,
then
wy, -+ we, (RP(VAT6 @ 2R)] + [RP(12 @ 2R)]) = 0;
so RP(v8v*6 @ 2R) is cobordant to RP(v? @ 2R). Thus, to complete the proof, it
suffices merely to show that

(ée, -+~ e, )(c, ce, o) [RP(v* @ 2R)] = 0.

The argument proceeds as follows.
For each monomial ceh2g"s of (¢y, - ¢¢.)(c,ce,0) in c,e and o (note that
hs > 0 always holds), if ho > 2, then
(1 +c+d)l
M ehz ghs [RP(12 @ 2R)] = %[P(j, 4o+ 2)]
=c"A+c+d)= 7 P(,4v+2)] =0
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since hy1+2(hg—1) = h1+ho+2h3—(ha+2) = j+8v+7—(ha+2) < j+8v+4. Thus,
the possibility for ¢ eh2ahs [RP(v? @ 2R)] # 0 is that hy = 0 or 1. Furthermore,
it is easy to see that c"1e20"3[RP(12 @ 2R)] is nonzero if and only if c"1e20"s is
either ¢/eg®vt3 or ¢/~ 1gdvtd,

Next, one further analyses ¢(c,ce,0). Write 1+ ¢ = 1 + ¢ + ce + ce. Then
(1+¢)/tt = (1 +¢c)(1+c+ce)+ (1 +c)ce, and so

qv+3
z

4v+3
z

(1+C)j+1{(1+0+06)4v+20+'~'+< )(1+C—|—C€)4v+3ZUZ+-'~—|—(T4U+3}

=(1 +C)j{(1 +c+ce)4”+30+ S ( (1+ c+ce)4v+4fz0_z

+ooF (A +cetee)d®™BY (1 +c)ce{(l+c+ce)* o4

4 3
N ( v:— >(1+C+ce)4v+3—zaz+.”+0_4U+3}

v+ 3
= (1+C)j{(1+C+C€)4v+3o’+..._|_ ( v+ )(1+C+Ce)4v+4—zo_z
z
+ot (Tt etee)o®™ B+ (14 ee{(1+ ) 20 +---

4 3 )
N ( fuj >(1+C)4v+3zo_z+'”+o_4v+3}

j : 4 3
= (1+C)j{(1+6+66)4v+30.+ cee 4 ( v: )(1 +c+ce)4v+4fz0_z

dv+3 ;
e 1 4v+3 § : 1 JH4v—4z42 dz+1
+ + ( +C+C€)O’ } +0<I<’U{ <4x+ 1)( —|—c) ceo

4 3 . 4 3 .
L P e L

<4v+3

» N 4) (1 + C)j+4v—4;c—1ceo_4x+4}

since oe? = 0. 384 Note that (jgii) = 0 when z = v. Since

1+ (1+c+ceto) g

; 4 3 . 4
= (]. +C)j {( ’U(;f' )(1 +C+C€)4v+‘30' + o+ < v +13> (1 + C+C€)4v+47202
z —

(4v+3>+'.'+04v+4}
z—1

4 3
(I+o{(l+c+ce)Po+---+ ( U: )(1 + ¢+ ce)tV i o”

one has that

+ot (Lt et ee)o™ P 4 (14 ) (14 e+ ce+ o) o

; 4v+4
1+c) > ( ) (1 + c+ ce)tv—4rgtetd
0o dr + 4

_ Z (4’[} + 4) (1 + C)j+4v—4;c0_4:c+4.

0o 4 + 4
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Thus, ¢(c, ce,0) can be expressed as follows.

P(c,ce, o)
_ Z { (;Lv ——i; ?) (1 4 o) Ho—dat2ppatt
x

0<z<v
N (;Lv i ;) (1 4 c)Ho—tatl oot

x

. 4v + 3 4o +4
1 Jjt+4v—4dx 4x+3 dz+4

+(1+¢) gz ) T lupya)o
i (i’l) 1 i) (1 + C)j+4v4zlceo,4w+4} .

x

With the above understood, let p(x) = (i;ig) cect®3 4 (i;ii) o4+4 Then

(d)h e ¢€s)(c7 ce, 0)

can also be expressed as a sum of those monomials generated by the factors of the
following forms:

4;10-{-17 60_4;10-1-27 eo_4x+4,

c, ceo c c

o().

Obviously, if such a monomial of (¢g, - - ¢e,)(c, ce,o) contains the factor of the
form cec®® 1 or cea®®t2 or cec®**4, then its expression in ¢, e and o has no terms
dec®t3 and ¢/ ~1o*vt4; so its value on [RP(v? @ 2R)] is zero. Now one considers
the monomials of the form

clp(x1) - p(zy)
of (¢¢, -+~ ¢e,)(c,ce,0) where t +8x1 +8+--- + 8z, +8 = j + 8v+ 7. First, let us
look at
_ (4v+3 dat3 dv+4\ 414
wle) = (4x+3)cw Tl\awra)?

It is easy to see that when v is even, (gii) = 1 if and only if (gig) = 1; when

v is odd, if (Z‘Zii) =1, then (Z‘Zig) = 1, but conversely, it may not be true. For
example, take v =3 and = 1. Then (41_?;;3) =1 but (41_?_14) =0.
When v is odd, let zp = min{x| (Z‘Zii) = 1}. Then one easily sees that

(1) (v) =1 and zy + 1 is of the form 2°.

Zo

(2) For & with common(x,zg) < g or common(x, xg) empty, if (i;ig) =1, then

(4v+4) = 0. In particular, if x < zg, then (4v+3) =1 but (4'u+4) =0.

4dx+4 4x+3 4dx+4 .
(3) For « with common(mzxo) = x0, (i;ij) =1 if and only if (i;i‘;) =1.
Let 2’ be such that (f;’,ié) = 1 and common(z’, zg) is either less than z or

empty. Then (f;’,ii

one claims that

4z’ +3

) =0. If c'o(x1) - - - p(x4) contains the factor ceo = ('),

cplar) - plas) [RP( @ 2R)] = 0.

When the 2-adic expansion of v has no gap, one has x¢p = v; so for any =z < v,

(gig) =1 but (gii) =0, and for x = v, (gig) = (i;ii) = 1. In this case, since
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2’ # v, obviously one has that
c'p(x1) - p(2)[RP(v* @ 2R)] = 0.
When the 2-adic expansion of v has at least one gap, one has x¢ < v. If

cplar) - plas) [RP(A @ 2R)] = 1,

then cea?™ 3 must appear only one time in c'p(z1) - - - p(2-), and since 2’ # v, one

has v > 1 and each o(x,)(# cea®™ +3) of ctp(x1) - - - () must contain the factor
ceqd®0+3 4 54704 by the above (3), so that each term of c'¢(z1) - - - p(x4) in ¢, e and
o must be of two forms: (1) e®1¢®20% with a; > 1; (2) ec'* o273 with the property
that either common(4ls, 420 — common(4z’, 4z)) is empty (this corresponds to the
case common(z’, zg) < xp) or common(4ls, 4xg) is empty (this corresponds to the
case common(x’, zo) is empty). Since common(4v, 4x¢) = 4zo = 4(2" — 1), one has
that the expression of cfp(z1)---¢(x,) in ¢,e and o has no terms c/ec?’*3 and
I~ 1o* 4 50 the value of c'o(x1) -+ ¢(x4) on RP(v? & 2R) must be zero. This is
a contradiction.

If each factor p(zy) of ¢(z1) - () is of the form cea®¥3 4 o424 then it is
easy to see that if the expression of c'¢(x1)---¢(z4) in ¢, e and o contains one of
both ¢/ec?’t3 and ¢#~1o*'*t4, then it must contain the other one, too. Thus one
concludes that

cplar) - plas)[RP( @ 2R)] = 0.

Together with the above arguments, one has
(¢e, - -~ ¢0.)(c, ce, o) [RP(v? @ 2R)] = 0.

This completes the proof. [l

Combining the above arguments, one has

Proposition 3.3. Suppose that (M7+8vH4+F T fires RP/ UP(j, 4v+2) with j > 3.
Then either

(1) a=0, ¢g=4v+3 mod 2P+ and 2 < k < 4. Furthermore, (MI+8v+4+k T)
is cobordant to TK=2(P(j, N**3) Tnavis); or

(2) a=2,g=4v+5 mod 2°*! and 4 < k < 6. Furthermore, (M7 8v+4+k T
is cobordant to T*=6(P(j, N¥*+5) Tauis).

Case (II). v > 1. From the case v = 1, one sees that a < 2" = 2, so that the
involutions may correspond to those examples constructed in section 2. Also, for
the special cases j = 1,3 with u > 1, one has a < 2*. Now one considers the general
cases with u > 1.

Lemma 3.3. Ifu > 1, then a < 2".
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Proof. First, one computes the values of w[l]4. On P(j,1),
wil] = (1+c)(1+c+d)H

(aJrl)c +d
1+4+e

(
={1+o)" T+ (1+c)d+ <Z 1> (1+¢) 1?4 ..}

(1) (1) + @)

+ +

x {1
Hetedt 1+ ) (I+e)

+
2
x{l+e+c+ <21> +(a 1>026+d€+(a;—1>0262
1
+de +<a; >c3+< Z >c4+< >c2d+---}
1 S
_{1+(ZJrij )c2+< it td+ d+(Z;])c2d+---}
c —l—d—i—( 1)0 e—l—de—l—(a;l)chQ
+

a+§c (2)éas

1
(note that ¢+ j + 1 is even and ( _; ) 0); so

_fa+1\ 54 9 a+1\ 4 a\ o i+ji+1\[a+1\ 4,
w[1]4(2>ce +de” + 4 4+ 20d+ 5 5 )¢
i +7+1 1
+(Z+j2+ )C2d+(a; >02d+d2+02d+cde
i S
(e (157
Cfa+ 1N 5, a+1 i+ji+1) [ a+1 i+i+1\) 4
—( 9 )ce —|—{< 4 >+( 9 9 + 4 c

+de? + d?% + cde.

1 i C ‘
Note that (;)_’_(a—;— )annd <Z+j2+ )—|— Z;j):l. On RP’, one has

X
—~
—
+
(9]
+
(‘3
\_//—\
@
—
/—\\_/

wll] = (A+a) {1 +e)* ! +a(l+e)* + < )a2 (14e)*!
+<§>a3(1+e>%2+ (Z) et
{1+<j;1>a2+ (jjl)om---}
ttvesan (et (Detes (Dot s (oo (ot s)

wl]s = (g) a2e? + (Z)o/‘ + (j ;r 1) <g>a4 + (j I 1) o,

-}

and so
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Form the class

= uftl+ ()t + i+ { () + (5 () + () fuior

| de* +cde+d* on P(j,i)
1o on RP/

since (3) +(“3") = ('3") + ("%") =0 and
q J+1\  (a+1 1+j+1
6+ () -1+
by Lemma 3.2.

Now suppose that a > 2%. Then 2P*! > g > 2% and so p > u (this happens in
the case j > 5). If a < j, then one has that k > a + 2; so

a—2" 42" +1)=a—-2"4+2i+ 2" =a+2i +2" < j+2i+ (a+2) <m.
Furthermore, one has that

w[l](lz—Q“wi“’(v+1)em—l—a—2i—2“’ [RP(uk)]

= (e+0¢)* " (de® + cde + d?)> (T em 122 RP(UF))]

_ Q49 dred PO
(1+¢)*(1+4c+d) ’

d2“(v+1)(1 Yo+ d)zu(v+1)f1
(1+¢)*

- (2“(v +1) - 1) d?" 2v+1)
2uy 1+4+¢

= d'[P(5, )]

= 1,

[P(5,%)]

[P(j,1)]

but

w[l](lz—Q“wi”(v-{-l)emflfanifQ“ [R]P)(mej)] =0,

which is a contradiction.

If @ > j, then a > 2P and so war 2(V¥) = (2‘;112)021)"’2 +¢®"d # 0. Thus
2P +2 < k < 2%+l _ 1. This implies that u > p, and so © = p. By Lemma 3.2,
q=a—2%+1< 2% Since common(j, 2 ! —q) > 2%, one has j — common(j, 2“1 —
q) < j—2% Let jo = min{j — common(j,2%" — ¢),q — 1}. Then

Jo 42U +1)<j -2 422 (w4 1) =420 +2" < j+2i+k=m

(jo +2utl — Q> 1
; :

and
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Thus, one has

w[l]gl'oui“(v+1)em—1—jo—2”*2(v+1) [R]P’(uk)]

— (€+ C)jo (d€2 +Cd€+ d2)2u(U+1)em—1—j0—2u+2(1)+1) [R]P)(Vk)]
~ (L4e)o(d+ cd+d?)? (D
N (1+¢)2(1+c+d)

A (1 4 e+ )2 DL
= (1 +C)a_j0 [P(jvz)]

(2%(v+1) -1 J2" (2v+1) N
B 2%y (1 + c)e—2"+1=Jo [P(4,7)]

= (L4 )02 1d[P(j,4)]
(jo 2 - q)adi[P(Jy i)
1,

[P(j,1)]

but /
w[l]jl'owiu(U+1)em717j072u+2(v+1)[R]P)(V’mfj)] =0.

This is a contradiction.
Therefore, a > 2% is impossible. [l
Now, by Lemmas 3.1, 3.2, 3.3 and Proposition 2.1, one has

Proposition 3.4. If (MIt27+k T fizes RPPLIP(j,4) withu > 1, then (MIT2+F T)

exists when k is restricted to a range kmin < k < kmax and is cobordant to
]_-\k72a72(P(j’ Ni+a+1)’ TNi+a+l)

where kymin = a+ 2 fora < j, and kypin < j+1<a+2 fora > j, and kpax =

2a + 2 —|— XQ.

However, Xy is only an unknown number. We wish to know the value of Xj.
This is equivalent to determining the upper bound of k.
Now let us estimate the maximum k value for realizing the Stiefel-Whitney class
w@®) = (1+¢)%(1 + c+d).
When p > u, one has j > 2P > 2% > a (this only happens in the case j > 5). If
k>2%+4+a+1, then
j—2"+a+1+2"2(v+1)=7+2i+2%+a+1<j+2i+k=m.
Using the class w4 in the proof of Lemma 3.3, one has
0 = wlif 2 ety T emmim2im2 a2 (RP(E)] 4 [RP(v™T)])
_ (6+ C)j—2“+a+1(d62 +Cd6+d2)2“(v+1)em—j—2i—2“—a—2[R]P)(Vk)] +0
= (4TI (Lot P PG )
2%+ 1) =1\ ou(gps1) 1500
= ()TN E e ma et
= Jd'P(j,1)]
1

?

which is impossible. Thus k£ must be less than or equal to 2% + a + 1.
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When p < u, one has ¢ = a + 1 by Lemma 3.2. Let ap = common(j,a). It is

easy to see that ag is even, and ag < j and ag < a; in particular, (QH*I;‘”“O) =1.

If £ > 2%FY — j + a9, then
ap+2" (w4 1) =ag+2i + 2" < j+2i+ k=m.
Using the class 14 in the proof of Lemma 3.3, one has
0 = wlfaw] VTVem—1a0=2 PO (RP(UF)] 4 [RP(17)))
(e + ) (de* + cde + d2)2u(“+1)em_1_“0_2u+2(“+1) [RP(2*)] +0
(1 + c)ao—adgu(qH_l)(l Lo+ d)Qu(v+1)_1[P(j,i)]
d2“(2v+1) (1 4 c)2“—1—a+ao [P(j, Z)]

) (2“ —1 - a+ a0>cjdi[P(j,i)]

=1

)

which is a contradiction. Thus k must be less than or equal to 24T! — j + a¢ =
2utl — (j — common(j, a)).

Combining the discussions of this section, one completes the proof of Theorem
1.1.

Observation. For u > 1, the upper bound of k estimated as above is attainable
in some special cases. For example, when a = 2% —2, the above arguments show that
if p > u, then the upper bound of k should be 2% 4+a+1 = 2%t —1, and if u > p+1,
then ap = j — 1 and so the upper bound of k should be 2%+! — j 4+ g¢ = 2¢+! — 1.
The examples in section 2 make sure that 24! — 1 with a = 2% — 2 can become
the upper bound of k. In fact, if u > 1, then P(j, N”QU*I) bounds, and thus one
may apply the operation T" just one time to (P(J, N”Qu’l),TNHle) such that
the resulting involution T'(P(j, N**2" 1), Tyi12u 1) has the same fixed information
as (P(j, N"*2"=1) Tyiy2u_1) and has dimension j + 2i 4+ 2%+ — 1. Also, if u > 1
and j =1, or 3, then u > p+ 1 must be satisfied. It is easy to see that ag = a when
j = 1,3; so the upper bound of k should be 2%*! — j + a. This just corresponds
to those results showed in Proposition 3.2 and [[=I], Theorem 5.1]. For the general
case, the proof for which the upper bound of & estimated as above is attainable
seems to be a difficult thing.

It is extremely tempting to conjecture that the upper bound of k£ is 2% +a + 1
if p > wu, and 2%t — j +qg if w > p+ 1. In other words, Xy should be 2% —a — 1 if
p>wu,and 29T —j —2a —2+qagifu>p+1.

4. THE CASE IN WHICH h IS EVEN

In this section, one considers the involution (M™, T') fixing RPY LI P(h, i) with h
even. First, let us prove some lemmas.

Lemma 4.1. If h is even, then h > q¢—1 and j +1 > 2i + k.

Proof. From (1.1) one then has

i+ 1+a+b P(h,i
w[0]1 = (i a+b)c on ( i)
e+a on RP/.
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Since m > ¢ (see the proof of Lemma 3.2), one may form the characteristic number
for

w[0]? tem 1= — (¢ 4 )17 tem T,

Oro)™ _ 1 g

which has value on RP(v™77) equal to the coefficient of o/ in re)y = Tia

that coefficient is nonzero. On RP(v*),
w[O]‘fflemflf(q*I) =(i+1+a+b)cttem

and the value of this on RP(¢*) must be nonzero. Thus, one has that if ¢ > 1, then
i+ 14 a4+ bmust be odd and h > g — 1. If ¢ = 1, it is obvious that h > ¢ — 1.
Now for h <t < m — 1, one has that on RP(v*),

wl0]ie™ "t = (i+1+a+b)ce™ =0

and the coefficient of o/ in 812; is zero. If one writes
(1+a)t?
Sl I
1+ a) +ota

where sg is the degree of the highest term, 0 < sy < 7, and sq is even since h + 1
and ¢ are odd, then sg < j. Furthermore,

(1 + O[)thlJr(jfso)
(14 a)

has the coefficient of o/ being 1. Since h+1+j — s > h, this makes h+1+j — s >
m=h+2i+kandsoj+12>sy+2i+k>2i+ k. This completes the proof. [

= (1+a)*(1+:-+a”)

Lemma 4.2. If m # j + q, then
(1) i+1+a+bis odd,
(2) h > 2i+ k.

Proof. If m < j + ¢, then ¢ must be more than j; sog—1>j+1and ¢ > 1. By
Lemma 4.1, one has

h>q—1>j+1>s9+2i+k>2i+k
and i+ 1+ a+bis odd. If m > j + ¢, then the characteristic number for
w[O]Jl'Jrqem—l—j—q = (e+ a)j+qem—1—j—q

(1+a)j+q

ey = (1 + «)7, which is

has value on RP’ equal to the coefficient of o/ in
nonzero. On P(h, 1),

w[0PT9em 1779 = (i 41 + a 4 b)dHlem17I 74

and the value of this on P(h,?) must be nonzero. Thus, i + 1+ a + b is odd and

h=j+q.
Furthermore, by Lemma 4.1 one has
h>j+q=0G+1)+(q—-1)>2i+k+(¢g—1)>2i+k.
This completes the proof. O

Lemma 4.3. If m # j + q, then the exotic classes cannot occur in w(v¥).
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Proof. Since k > 0, by Lemma 4.2(2) one has that h > 2i+k > 3 and so h > 4 for
h even.

Claim. If k < 4, then the exotic classes cannot occur in w(v*).

If k < 4, then w(v*) =1+ e + (Bd + vc?) + (ded + ec®) and

w3 (VF) = Sqtwy (VF) + w1 (V) we (VF) = Bed + Ae(Bd + ve?) = BN+ 1)ed + Mye?.

If 3 =0, then w(¥*) =1+ Ac+ vc® + Myc® = (1 + ¢)M?7 is standard (here w(v*)
is standard if w(v*) can be expressed as (1 + ¢)*(1 4 ¢ + d)?); so one may suppose
B=1.

For A = 0, w(vk) = 1+ (d + v¢?) + cd gives wa(v*)w3(v*) = Sq?ws(v*) or
cd?*+~yc3d = ced+ced? and (y+1)c3d = 0. Thus v = 1 (i.e., w(¥*) = (1+c)(1+c+d)
is standard) or ¢® = 0 (so h < 2 but this is impossible).

For A =1, w(v*) = 1+c—|—(d—|—’ycz)+'yc3. If v = 0, this is w(v*) = 14+c+d, which
is standard. If v = 1, w( k) = 1+c—|— (d+c?) +c® and we (VF) w3 (vF) = Sq?ws (VF).
Furthermore, ¢3d 4+ ¢® = Sq¢%c® = ¢°; so ¢3d = 0 and ¢ = 0. Thus h < 2, but this
is impossible.

If £ > 4, then h > 2i + k > 6, and the only possibility for which the exotic
classes may occur is that h = 6,k = 4,7 =1, and j = 5. If the exotic class occurs
when h = 6, then w(p) = 1+ 8d by [St] and w(v*) = (1 + ¢)*(1 + ¢ + d)b(1
Sd) = {1+ ) + (O)(1 + ¢)***1d}(1 + ®d). If b is even, then w(v*) has
nonzero term ¢8d and so k > 8. This is a contradiction. Thus b is odd, and so
w@F) = (1 +¢)%0 + (1 4 ¢)¢*°~1d + ®d. Since k = 4, each term of degree more
a+b71)

6

than 4 in w(v*) must be zero. This forces ( to be 1; so a + b — 1 must have

terms 2 and 2?2 in its 2-adic expansion, and thus (‘”271) = 1. This means that
there is a nonzero term c¢*d in w(v*) and so k > 6, which leads to a contradiction.
Thus, the exotic classes cannot occur in w(v*) if k > 4. O

Letting 24 < h < 24%! and 28 < i < 2B%! one may assume that a < 241
and b < 2BF! since a (resp. b) is only determined modulo 24+ (resp. 25+1). Let
C =max{A+1,B+1}.

Lemma 4.4. If m # j + q, then
(1) b < 28 <i and furthermore, k > 2b,

h .
(2) 7 RP] = 1

(3) k> 2i+4b for a > h.

Proof. By Lemma 4.3, one can write w(v*) = (1 + ¢)*(1+ ¢ + d)°.
(1) Since
1

[RP/] =
1+«

wl0]{ e IRP(™ )] =

one has that

i1
wl0lf e IRRWY)] = e P (R )

_ ( b) dici—1 (1+ec 20+2A+1—a—b—i[P(h,,L-)]

_ ( b)2C+2A+1 a—b—q
B h—q+1
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is nonzero, and so

(4.1) (20i‘ b) _

Since (QCi_b) = (23214’) =1, one has that b < 28 < i, for if not, 28+ — b is less
than 25; so (2521_”) = 0, but this is a contradiction. Furthermore, it follows that
k > 2b since there exists the nonzero term d® in w(¥*) = (1 + ¢)%(1 + ¢ + d)°.

(2) The characteristic number for

w[OHLem—l—h _ chem—l—h
has value on RP(v*) equal to (QCi_b), which is 1 by (4.1). Thus on RP(v™7),

a)h -
wlolfem -1 RP(" )] = O R

must be nonzero. B
(3) If a > h, then a > 24. So the coefficient of the term ¢ d® is nonzero in
w(k) = (1+¢)*(1 +c+d)°. Thus

(4.2) k> 24 4 2b.

On the other hand, by Lemma 4.2(2), one has that 24! > h > 2i + k and so

9;
(4.3) g 2tk

2
From (4.2) and (4.3), it follows that

21+ k

k>t pops 28 g
and thus
k > 2i + 4b.

This completes the proof. O

Now one begins with the proof of Proposition 1.2.

Proof of Proposition 1.2. Suppose that m # j+¢. By Lemma 4.3, since the exotic
classes cannot occur in w(v¥), it is easy to see from (1.1) that on P(h,1),

ii(l+ct+e)*(1+c+e? +ce+d)P

wl0] = (1 +¢)"(1+ ¢+ d) ErEE
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By the proof of Lemma 4.1 and Lemma 4.2(1), one has w[0]; = c on P(h,i). When
multiplied by w[0]} = ¢ on P(h,1i),

W] ~ (a0t +dp

(1+e)at2
~ 1 i+11 b
A+ df+ e =)
. 1+ 1\ 5 d b d?
~ {1+(Z+1)d+< 9 >d +"'}{1+bm+(2>m+'“}

1+ 1

~ 1+(i+1+b)d+{< 5

>d2+-U-+]de2+»(g>d2—kbd62}+-~~

i+ 1
~ 1+(z‘+1+b)d+{bde2+<Z+2+b)d2}+...,

So
wl0]a ~ (i +1+b)d

w(0]4 ~ bde* + (Z e b) d2.

and

2
Now on RP?, w[0]; = e 4+ a and a = w[0]; + e and
w[0]2 = p2(e, ), w[0]4 = pa(e, )
are polynomials in e and «. So one can form classes
z2 = w[0]2 + p2(e, w[0]1 +e),
zg = w[0]4 + pa(e, w[0]1 +e),
obtaining characteristic classes that have

2o =0 and z, =0

on RPY.
On P(h,i), when multiplied by w[0]} = ", these become
x2 = w[0]2 +pa2(e,e+c)
~ (i+14b)d+paee)
~ (i 4+ 14b)d + \e?
and
xg = w[0]4+ pale,e+c)

2
i+ 140
~  bde* + (Z i 2+ >d2 + pet.
One can even determine the values of A and p, if desired, because

wir] = (1+a) {1 +e)M T2 4 ga(l 4 )T Ly
= (L+a)" (1 +e+a)i(l 4 e)rt2itr—ia

4+ 1
bde? + (Z * +b)d2 +palese)

and so ‘ o
w0] = (14 )T (1 + e+ a)i(1 +e)r 27071,
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Replacing a by w[0]; + e and letting w[0]; = ¢, which becomes 0,

w0] ~ (14e)T 14 e+e)i(1+e)tt?i-ia
~ (1_’_e)h+2i+17q

h+2i+1—gq h+2i+1—gq
A= 9 and p = 4 .

The argument proceeds as follows.

(I) The case in which i+ 1 + b is odd.

If i + 1+ b is odd, then a is even by Lemma 4.2(1), and on P(h,3), w[0]}xy is
either c"d or c/*(e? + d).

When w[0]?z2 = c"d on P(h,i), one has that

i omel—h—2 chdieF=1 on P(h,i
wlobager = {6 o

and so

gives a nonzero value on RP(v*), but the value of this on RP(v™~7) is zero. This
is a contradiction.
When w[0]¥ze = c(e? + d) on P(h,1), if k > 2b, then one has that
wl0]fay e IR RP (™)) = 0,
but
w[O]?J)g"—bem_l_h_Q(i—’_b) [RP(Z/k)] _ Ch(eQ + d)i+bem—1—h—2(i+b) [RIP(Vk)]
(14 d)it?
(14+c¢)e(1+c+d)
= "(1+d)'[P(h,i)]
1

5 [P(h, )]

)

which leads to a contradiction (note that m —1 —h —2(i+b) =k —1—2b>0).
Thus k = 2b by Lemma 4.4(1); so a = 0 and w(v*) = (1+c+d)°. If b > 1, one has
that the value of w[0]Pzh~te—1=h=2(-1) on RP(1™~7) is zero, but

w[O]?mg_lemflf}hQ(b*l) [RP(Vk)] ch (62 + d)b71€m7h72b+1[RP(Vk)]
Ch b—1
= S P

ch

= TP

1
= 1.

This is impossible. So, b = 1 and w(v*) = 1 + ¢ + d since b = 0 is obviously
impossible. By direct computations, one has that

] «@ on RP?
w =
! e+c¢ on P(h,i)

and so

w(]e™ I RP(" )] = Ataq

[RP’] =1,
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but
w[iljem T IRBWF)] = (e+e)en T I RP(A)
(1+¢) .
1reral () |
€ PR A )
1+c¢ (1+c¢)t ’
(1 + ) d'[P(h,1)]
0

since j —i < j 4+ 1 < h by the proof of Lemma 4.2.
Thus, the case of odd i + 1 + b does not happen.
(IT) The case in which ¢ + 1 + b is even.
Let i + 1+ b be even. Then a is odd by Lemma 4.2(1). If 4 is odd, then b is odd
since (QCi_b) =1 by (4.1), and furthermore ¢ + 1 + b is odd. This is impossible.
Thus, ¢ must be even and b must be odd.
Since i is even, one has that

X(M™) = X(RPY) + x(P(h, 1)) = 0+ x(P(h,i)) = (h +1)(i + 1)

is nonzero modulo 2 where x(-) denotes the Euler characteristic number, and thus m
must be even since the Euler characteristic number of any odd-dimensional manifold
is always zero. Furthermore, k is also even. Since b is odd, by Lemma 4.4(1), one
has that b < ¢ and so 2i + k > 4b. With these understood, now the argument is
divided into the following two cases.

(i) The case (Hé"’b) =0.

If (H';H’) = 0, then on P(h,1),

w[0)hzy = c"de* or (et + de?).

When w[0]}x4 = c"de? on P(h,i), one has that

’u}[OHL(JM 4 e4)bem—1—h—4b[RP(Vk)] _ Ch(deQ + e4)bem—1—h—4b[RP(Vk)]

- c"(1+d)° ‘

B (1+c)a(1+c+d)b[P(h’Z)]

= "[P(h,i)]

= 0,

but
wl0]F (24 + e)Pem IR RRP(L ] = (e +a)te™ TR RP(L™ )]
a)l .

-
=1

by Lemma 4.4(2). This is impossible.
When w[0]#z4 = c/*(e* + de?) on P(h,i), if b > 1, then one has that

(1 +a)Pb? .
1+o)(l+ctdp [P(h, )]

ch

Y

wlofallem 1m0 D [RP()) =

[P(h,i)] = 1
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but
U)[O];L(EZ 1 em— 1—h—4(b— 1)[R]P(l/m_j)] —0.

If b = 1 and a < h, then the top nonzero Stiefel-Whitney class in w(v¥) =

(1+0)*(1+4+c+d)is c®d and so k > a + 2 (note that a is odd and k is even).

Thus, one has that

ol

ultfe" ™V RRE" ) = s

[RP] =

but
wlilfe" T IRPWH)] = (e+c)e™ I RPF)]
B (1+c) .
= Trorizeral il
(1+c) 1

(14 c)att’ 1+ 1L

[P(h, )]

d d
= 1+ 14— ,
(1+¢) { tire T +(1+c)z

— (L4 [P(h, )]
=0
since a+1+1i < 2i+k < j+1<h by the proof of Lemma 4.2. If b=1and a > h,

by Lemma 4.4(3) one knows that k > 2i+4. Som—1=h+2i+k—1>h+4i+5
for k even. Now

h it gm—1—h—di— 4_{ (et + de?)itlem—1mh4imdon P(h, i)
o 0

HEP (R, 4)]

wl0fy g on RP/

has a nonzero value on RP(v*), but the value of this on RP(v™~7) is zero, which
gives a contradiction.
(ii) The case (”;H’) =1
If (**1*") =1, then on P(h, 1),
w[0)tay = c(de? + d?) or c"(e* + de? + d?).
When w[0]}zy = c?(de? 4+ d?) on P(h,i), if b > 1, then

h(1,2 2\b—1_m—1—h—4(b—1) :
wlo]hal=tem—1—h=40-D) { ‘ (de? +d?)"le o gé,f}’”

gives a nonzero value on RP(¢*) but not on RP(¢™~7), which leads to a contradic-
tion. As in case (i), one may conclude that b = 1 is impossible.
When w([0)kz4 = c"(e* + de? + d?) on P(h,i), one has that

chdb (14 d)®

w[0]} (24 + e!)P e T T RP ()] = (HC)Q(HHd)b[P(h,i)]
= c"d’[P(h,i)] =
but
w(0]} (w4 + )P TURPW )] = (e+ )" e T T MRP(V™ )]

1+ a)h

A+ )" i
(1 + a)? [RP’]
1
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by Lemma 4.4(2).
Thus, the case of even i + 1 4+ b does not happen.
Combining the above arguments, one completes the proof. O

For the case m = j + g, consider the involution T, on RP/*? defined by
Tq([ibo, T Ty T, 7xj+q]) = [250, TGy TG _ijrq]
fixing RPY with normal bundle v = ¢ having w(v?) = (1 + @)? and RP?*
with normal bundle 7! = (j + 1) having w(’*!) = (1 4+ a)?*1. Forming the
union (M™, T)U(RP?*? T,) one obtains an involution (M7%9, T) fixing RPY~" with
w(*t) = (1 + a)?*! and P(h,i) with normal bundle v*, with h > g — 1.

Observation. Finding involutions fixing RPY and P(h,4) with h even reduces to a
problem about finding involutions that fix RP?~! and P(h, i), which is the problem
for even projective spaces. Studying the case of even j is beyond what one wants
to consider at this point.

Finally, one points out that there exist examples for the case m = j+¢q. For h =
q — 1, there is an obvious way to get an involution fixing RPY~! and P(h,4), which
is to begin with the involution on P(¢— 1,7+ 1) induced by T1([z0," - , 2i, 2it1]) =
[20, -, 2i,—2it1]. This fixes P(q — 1,7) with normal bundle n and P(q — 1,0) =
RP?~! with normal bundle (i + 1) = (i 4 1)¢ @ (i + 1)R. In order that the normal

bundle of RPY~! has dimension j+1, one needs 2(i+1) = j+1ori = % —-1= %

The normal bundle of RP?~! has w(v2(+)) = (1 + a)i*! = (14 a)’> and one
wants it to have w(v91) = (1 + a)?*1. This occurs only for (1 + o)™ = 1, which
means % = 2%(2v + 1) with 2% > ¢ — 1. Thus j = 2%"}(2v + 1) — 1 and 2% > g,
and i = % —1=2%2v+1) — 1. Thus one has

Proposition 4.1. For j = 24t (20 +1) — 1 and ¢ < 2, there 1s an involution
(M3+4.T) fizing RP? with w(v?) = (1 + «a)? and P(q—1, %) with normal bundle
n where w(n) =1+ c+d.

Note. For j = 3 = 22 — 1 this gives ¢ < 2; s0 ¢ = 1 and P(q — 1, %) = P(0,1),
which was excluded since h = 0. Thus, this involution does not occur for j = 3.
For ¢ > 1, this is a valid involution.
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