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AN APPLICATION OF THE LITTLEWOOD RESTRICTION
FORMULA TO THE KOSTANT-RALLIS THEOREM

JEB F. WILLENBRING

ABSTRACT. Consider a symmetric pair (G, K) of linear algebraic groups with
g = tP p, where ¢ and p are defined as the +1 and -1 eigenspaces of the
involution defining K. We view the ring of polynomial functions on p as a rep-
resentation of K. Moreover, set P(p) = @, P(p), where P%(p) is the space
of homogeneous polynomial functions on p of degree d. This decomposition
provides a graded K-module structure on P(p). A decomposition of P%(p) is
provided for some classical families (G, K') when d is within a certain stable
range.

The stable range is defined so that the spaces Pd(p) are within the hypoth-
esis of the classical Littlewood restriction formula. The Littlewood restriction
formula provides a branching rule from the general linear group to the standard
embedding of the symplectic or orthogonal subgroup. Inside the stable range
the decomposition of Pd(p) is interpreted as a g—analog of the Kostant-Rallis
theorem.

1. INTRODUCTION

Let K be a reductive linear algebraic group over C. Let {U)\}Aef( be the set
of distinct representatives of the irreducible regular representations of K. If W
is a graded representation with the d** graded component denoted W9, the ¢
multiplicity of an irreducible regular representation U of K in W is defined to be
the formal power series

(1.1) p(Aq) = ZdimHomK (U)‘, Wd) q.
d=0

Let char,WV be the formal series in which the coefficient of ¢ is the character of
W4, Consequently,

(1.2) char, W = Z (N @) X,
NeK

where y? is the character of U™.
Our main example is as follows. Let (p, V') be a representation of K. Let P(V)
be the representation of K consisting of the complex-valued polynomial functions
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on V, under the usual action given by (g-f)(v) = f(p(g~1)(v)) for f € P(V),v € V
and g € K.

Observe that we have a grading by degree, and let P¢(V) denote the degree d
homogeneous polynomial functions on V. Consider the case when K is a semisimple
linear algebraic group with Lie algebra . K acts by the adjoint representation on
€. Let Z¢ be the ideal generated by the K-invariant polynomials on £ that vanish
at the origin. Set Z¢ = P4(¢) N Z,. Let HY be the K-invariant complement of
Z¢ in the representation P%(€). Set He = @ HI. We will call He the harmonic
polynomials on ¢. In [5], Kostant proved that P(®) is a free module over the K-
invariant polynomials, P(£)%. That is to say, P(£) = P(£)X @ He.

Furthermore, Kostant’s result also provides a formula for the multiplicity of
irreducible representations of K in Hg. Indeed, if T" is a maximal torus in K and V'
is an irreducible regular representation of K, then the multiplicity of an irreducible
representation V' in Hg is the dimension of the space of T-invariant vectors in V,
denoted V1.

The space H inherits a grading from P(£). Nineteen years later, in [3], Hesselink
provided a g—multiplicity formula as well. Another proof of this formula is given in
[9].

A more general situation is as follows. Let 6 denote a regular involution on a
complex reductive linear algebraic group G with differential at the identity (also
denoted by) 0. Let K be the subgroup of G consisting of the fixed points of 6.
Denote the Lie algebra of K by £. We take p to be the —1 eigenspace of 6.

Let Z, be the ideal generated by the K-invariant polynomials on p that vanish
at the origin. Set I{f = Pp) NI, Let H;f be the K-invariant complement of
77 in the representation P%(p). Set H, = @ Hy. We will call H, the harmonic
polynomials on p. In [4], Kostant and Rallis proved the following theorem:

Theorem 1.1 (Kostant, Rallis). The space of polynomial functions on p is a free
module over the ring of K-invariant polynomials. That is,

(1.3) Pp) = P(p)" @H,,

and furthermore, as a representation of K, H, is equivalent to the representation
algebraically induced from the trivial representation of a subgroup M to K, where
M is the centralizer in K of an Abelian subalgebra a of g maximal among such
algebras both contained in p and containing only semisimple elements.

A proof of this theorem can be found in [2].

The fact that H, is an induced representation and Frobenius reciprocity deter-
mine the multiplicity of an irreducible representation of K in the space of harmon-
ics. Indeed, let VM denote the space of M-invariant vectors in V, where V is an
irreducible representation of K. Then,

(1.4) dim Homg (V, Hp) = dim VM

Remark 1.2. In [2], it is explained that if G = G1 x Gy and 6(¢1,92) = (92,91),
then K 2 G; and € = p = g;. In this sense, the Kostant-Rallis theorem specializes
to Kostant’s theorem.

The problem addressed in this paper is the g—multiplicity of irreducible repre-
sentations of K in H, and H for certain pairs (G, K). In [J] several examples are
addressed where we do have such a graded multiplicity formula in the same sense
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of [3]. Included in these examples is the case of (GL(2k), Sp(k)). A family of ex-
amples not completely understood is the pair (GL(n),O(n)) for n > 5. In order to
understand these examples better, we develop a certain stable range in which the
graded components of the harmonic polynomials can be completely decomposed.

The pairs addressed in this paper are ((GL(n),0(n))), (GL(2n),Sp(n)),
(O(n+k),0(n) x O(k)) and (Sp(n+ k), Sp(n) x Sp(k)). In each of these examples
we describe a stable range in H, and H¢ where a formula for the ¢g—multiplicity is
provided by certain symmetric functions identities.

In the case G = O(n+k) and K = O(n) x O(k) the Kostant-Rallis theorem does
not apply directly because G is not connected. Nevertheless, P(p) is a free module
over P(p)X. This case is addressed in Section [6l

Remark 1.3. Note that the ¢—multiplicity in He for (O(n + k), O(n) x O(k)) and
(Sp(n+k), Sp(n) x Sp(k)) reduces to the (GL(n),O(n)) and (GL(2k), Sp(k)) cases.

At the end of this introduction is a table summarizing these cases.

1.1. Notation. By a partition A we mean a finite sequence of weakly decreasing
positive integers, \y > Ay > --- > );. (In the case when there exists an 4 such
that the integer \; < 0, we will refer to the sequence as an integer partition.) The
number of terms in the sequence A will be called the length of A and denoted ().
Partitions (or integer partitions) will always be denoted by lower case Greek letters.
Let |A| = >, Ai denote the size of A. Given a partition A, we denote the conjugate
partition to A\ by A'—that is, the partition obtained by flipping the Young diagram
of X\ over the main diagonal. Equivalently, (X'); = {j : A; > i}. Note that [A] = |X|
and [(A) = (XN)1. The following sets of partitions are fundamental for the results
in this paper:

Pr={\: \; € 2Z for all i},

1.5
(15) Po={\:(\); € 2Z for all i}.

The set Pg (resp. Pc) consists of partitions whose Young diagrams have even rows
(resp. columns). The sets Pgr and Pc will be central to this work.

The statement of the main theorem will involve defining certain formal power
series in terms of symmetric function theory. The theory of symmetric functions is
highly developed (see [8]). We recall the ingredients which we need briefly. Let S,
denote the symmetric group on n letters. The ring Clzy, - - - ,xn]s” of symmetric
polynomials in x1,--- ,x, will be denoted by A,. This ring is graded by degree;
so let A denote the degree d homogeneous elements of A,,. For a partition A with
I(A) < n we view A as an n-tuple by (Ar,---, N »),0,---,0). Let x denote the
vector of variables 1 2 -+ x, and p=(n—1,n—2,---,0). Let
Yoes, sgu(0)o ()

ILi< j(xi - ;) ’
where o(x*?) = xiz;r)pl xi(;r)p It is a standard fact that for A such that
I(\) < nand |\ = d, sx(x) € AL. Furthermore, the set of s)(x) is a basis for A%
(with |A] = d and I(A\) < n).

(1.6) sa(x) =

Remark 1.4. A consequence of the Weyl character formula is that sy (x) is the char-
acter of the irreducible representation of GL(n) evaluated on the diagonal matrix
with diagonal entries x1, - - - , 2,. From this point of view it is clear that sy (x) € A,
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since the the coefficients of the monomials can be interpreted as weight multiplici-
ties.

In [8], Section 1.2, it is explained how we pass to a ring of symmetric functions
in infinitely many variables x1,zs, 3, - by setting up an inverse limit,

(1.7) A% =1lim A%,

Then, set A := @, A?. In this way A is given a graded ring structure. From
this point of view, s)(x) has a precise meaning in infinitely many variables, x =
Z1,x2,x3,- - (see [8], p. 40, Section 1.3).

Definition 1.5. Consider the following four products:

00
1

1.8 H = 11—z,

(1.8) rr(4:%) H H 1 — gl
=1 \i<j

1.9 H =

( ) RC(an) H H 1— qﬂflxi;[;j H 1-— quixj ,
1=1 \i<j 1<J

(1.10) HCR(an) = H H 1— quix’ H 1— q2171$i$‘ ,
=1 \i<j T i<y J
> 1

1.11 H = 1—_dlr.r.

( ) CC(an) H H ]__qlxixj
=1 \i<j

When each of the above products is expanded into a formal power series in g and
x1, %2, -, the coefficients of ¢¢ for any d are symmetric polynomials. Therefore,
there exists a unique expansion of each product in terms of Schur polynomials.

Let prr(i, q) (resp. Pre(i, q), por(i, q), Poc (i, g)) be the formal series in ¢ that
is the coefficient of s,(x) in the Schur function expansion of equation (L) (resp.

(C9), (CI0), (CIT)). That is,

HRrp(q,x ZPRR (1, q)su(x),  Hpe(g x ZPRR (1 @)sp(x),

(1.12)
Her(g,x ZPRR 1, q)su(x), Heel(g,x ZPRR 1 @) ().

In the same spirit, we also define an analog of the above for two sets of variables:

Hgrcr(g,x,y)

(1.13) 1°_°[ H H 1
P 1—q2’“ iy s (1= g aiwy) (1 = ¢*Fyiy;)
and
Hge,ce(q,%,y)
(1.14)

1
H H 1- qQ’“ Y2y, H 5 (1= g%z (1 = ¢**yiy;)
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When each of the above is expanded in terms of Schur functions, the coefficients
are formal power series in ¢ indexed by a pair of partitions. That is to say,

Herer(¢:%Y) =Y Parcr(pv,q) su(x) s,(y),

v

(1.15)
Hegecolg,x) = Zﬁcc,cc(/ﬁ, v,q) su(x) su(y).

v

The parameters p (and v) in Definition will in general index an irreducible
representation of the group K. Here we set up some notation for indexing the
irreducible representations of GL(n), O(n) and Sp(k).

GL(n) representations. Let A be an integer partition with at most n parts. By
F (}l y we will mean the irreducible finite-dimensional representation of GL(n) with
highest weight given by A. The weights are parameterized as usual by the action
of the diagonal matrices in GL(n).

O(n) representations. The complex (or real) orthogonal group has two connected
components. Because the group is disconnected, we cannot index irreducible rep-
resentation by highest weights. There is, however, an analog of Schur-Weyl duality
for the case of O(n) in which each irreducible regular representation is indexed
uniquely by a non-negative integer partition v such that (¢'); + (¢')2 < n. That
is, the sum of the first two columns of the Young diagram of v is at most n. (See
[2], Chapter 10, for details.) Let Ef;,, denote the irreducible representation of O(n)
indexed by v in this way.

The irreducible regular representations of SO(n) may be indexed by their highest
weight, since the group is a connected reductive linear algebraic group. In [2]
Section 5.2.2 the irreducible representations of O(n) are determined in terms of
their restrictions to SO(n) (which is a normal subgroup having index 2). See [2]
Section 10.2.4 and 10.2.5 for the correspondence between this parameterization and
the above parameterization by partitions.

Sp(k) representations. Let V(l,;) denote the irreducible regular representation of

Sp(k) with highest weight indexed by the partition v in the usual way.
Before we proceed it is necessary to explain some convenient notation in the
context of formal power series.

Definition 1.6 (O-Notation). Let k[[¢]] denote the ring of formal power series in
an indeterminate g over a field k. Let there be given F;(q) € k[[g]] (¢ = 1,2) such
that

(1.16) Fi(@)= 1O+ P+ P+ + £+

If flr) = er) for all r with 0 < r < d, then we will say that Fi(q) = Fx(q) up to
order d, and write

(1.17) Fi(q) = Fa(q) + O(¢™).
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1.2. The Stable Range. We now describe the main result of the paper.

Theorem 1.7. The g—multiplicity of EE’n) in the space Hy for the symmetric pair
(GL(n),0(n)) is equal to Prr(v,q) up to order r, where

(1.18) r= EJ .

The q-multiplicity of V(l,;) in the space He for the (GL(2k), Sp(k)) case of Kostant’s
theorem is equal to prc(v,q) up to order r, where

(1.19) r=k.

The g—multiplicity of E? | in the space He for the (GL(n), O(n)) case of Kostant’s

(n)
theorem is equal to pcr(v,q) up to order r, where

(1.20) r= {%J .

The q—multiplicity of V(’;) in the space H, for the symmetric pair (GL(2k),Sp(k))
is equal to poc (v, q) up to order r, where

(1.21) r= EJ .

The q-multiplicity of Eé‘k) ® Ef, (resp. V(‘,:) ® V(7y) in the space Hy for the sym-
metric pair (O(k+n),0(k) x O(n)) (resp. (Sp(k+n),Sp(k) x Sp(n))) is equal to
pcr,Gr(11, 1, q) (resp. pce,ce(p,v,q)) up to order v, where

. {L% min(k,n)| for O(k) x O(n),

(1.22) min(k, n) for Sp(k) x Sp(n).

Remark 1.8. Part (LI8) of Theorem [[7] appeared in the author’s thesis (see [10]),
which was written under the direction of Professor Nolan Wallach.

Remark 1.9. We summarize the cases addressed in Theorem [[7] in the following
table.

g-Series | Representation K Stability range < r in H, r =
PRR S*C O(n) [n/2]
PRC S2c2k Sp(k) k
PCR A*C™ O(n) [n/4]
pcc ANZC2F Sp(k) |k/2]
PGR,GR CFeCn O(k) x O(TL) Lmin(kj, ’I’L)/QJ
jLeleRele] C* @ C? Sp(k) x Sp(n) min(k, ’I’L)

The goal of the remainder of the paper is to provide a proof of Theorem [[1 on
a case-by-case basis. In Section 2l we develop the Hilbert series of several rings of
invariants which arise in classical invariant theory. In all cases the result is deduced
from the Cartan—Helgason theorem applied to certain multiplicity-free spaces.

In Section Blthe Littlewood restriction formulas are introduced. These formulas
are fundamental to the results of the paper. Briefly, these are branching multiplicity
formulas for the standard inclusions O(n) C GL(n) and Sp(k) C GL(2k).

In Section Ml some identities in the theory of symmetric functions are developed.
These identities are then related to the Kostant—Rallis theorem via the Littlewood
restriction formulas in the remaining sections. Section[Bladdresses the cases labelled
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RR, RC, CR, and CC, while Section [6] addresses the remaining two cases: GR,GR
and GC,GC.

Acknowledgements. The author thanks Professor Nolan Wallach for insightful
conversations regarding several aspects of this work.

2. THE CARTAN-HELGASON THEOREM AND SOME CONSEQUENCES

Given a graded representation W, the Hilbert series of YW will be a formal series
in ¢ in which the coefficient of ¢ is dim W<¢. By WX we denote the K-invariants
in W. WX inherits a grading from W. In this section we recall the Hilbert series
for WE in some well-known examples where the invariants are a polynomial ring.

Theorem 2.1. The Hilbert series for P(V)X when K = O(n) or Sp(k) and V is
the symmetric or exterior square of the standard representation is

(2.1) II - _1 " if V=52(C") and K = O(n),
=1
LS|
(2.2) 11 T if V=8%(C?) and K = Sp(k),
=1
13
(2.3) v if V. =A2%(C") and K = O(n),
=1
oo
(2.4) 11 = if V.=n%(C?*) and K = Sp(k).

Remark 2.2. Tt is important to note that each case of Theorem [2I]is an instance
of the Chevalley restriction theorem for O(n) or Sp(k) (see [9]).

We will describe here some representations of GL(n) which will be of interest
later on in the paper, and then we will provide a proof of Theorem 211

As a representation of GL(k) x GL(n), the space of k x n matrices (under the
action by (g,h) - X = gXh7) is equivalent to C* @ C".

Proposition 2.3. Under the action ((g,h) - f)(v @ w) = f(vg @ wg) for (g,h) €
GL(k) x GL(n), v@w € CF @ C,

d (k n\ ~ A A
(2.5) Pl(CtoC) = P FieF),
LA\ <min(k,n)
A|=d
Proof. See [2], p. 255, Section 5.2.4. O

As a representation of GL(n), the space of symmetric n X n matrices (under
the action g - X = gXg7) is equivalent to the symmetric square of the standard
representation, denoted S%(C"). P(SM,) is a representation of GL(n) under the
action given by g - f(X) = f(¢7 Xg) for X € SM,,, f € P(SM,,) and g € GL(n).
Proposition 2.4.

(2.6) pi(s*c) = P F
AEPR:I(A)<n

|X|=2d

Proof. See [2], p. 257, Section 5.2.5. O
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As a representation of GL(n), the space of skew-symmetric n x n matrices (under
the action g - X = ¢gXg7) is equivalent to the exterior square of the standard
representation, denoted A%(C"). P(AM,,) is a representation of GL(n) under the
action given by g - f(X) = f(¢7 Xg) for X € AM,,, f € P(AM,,) and g € GL(n).

Proposition 2.5.

d (\20m ~ A
(2.7) Pi(NCr) = P Fy.
XEPGiL(N)<n
|N|=2d
Proof. See [2], p. 258, Section 5.2.6. O

Theorem 2.6 (Cartan-Helgason). Given a partition \ with at most n parts,

O(n) 1 ifAeP
(2.8) aim (F)) " = i A€ Pr,
0 otherwise,
and in the case where n = 2k,

Sp(k) 1 if e Po
2.9 di (F" ) - ’
(29) mFew 0 otherwise.

Proof. See [2], p. 549, Section 12.3.3. O

Proof of Theorem [2.1l Applying Theorem to the decompositions in Proposi-
tions 4] and 25, we obtain

1AL

(2.10) gz if V=258%C") and K = O(n),
(N<n
XEPR
(2.11) ¢ i V = 8%(C?) and K = Sp(k),
1(\)<2k
XEPR
(2.12) g7 if V =A2(C") and K = O(n),
I(N)<n
XEPG
(2.13) 3 ¢F itV = A%C?%*) and K = Sp(k).
(N <2k
XEPG
Closing the sums (ZI0)-(ZI3) is straightforward. O

3. THE LITTLEWOOD RESTRICTION FORMULA

Definition 3.1 (Littlewood-Richardson coefficients). Given A,y and v with [()),
l(w), l(v) <n,

(3.1) cl);l, = dimHomGL(n)(F();L),F(’;) ® F(,)-

Remark 3.2. If A, p, and v are such that I(A), [(u), {(v) < ng, then, for all n > ny,
(3.2) dim HomGL(n) (F();L),F(l;) ® F(l;L)) = dim HomGL(no)(F();LO)v F(lim) ® F(l;zo))'

In this sense Bl is independent of n. This point of view is illuminated from Schur-
Weyl duality (see [2]) and the theory of symmetric functions (see [R]).
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Remark 3.3. One can show from the Weyl character formula that if clw = 0, then
Wi, Vi < A; for all i. In other words, the Young diagrams of p and v fit inside the
Young diagram of A. In the same hght if ¢}, # 0, then [A| = [u| + [v].

Definition 3.4. Regard F)\ (n) 8s a representation of O(n) by restriction. Then let
C) denote the multiplicity of Eé’n) in F();L). That is to say,
(3.3) C) = dim Homo ) (Ef,), F{yy)-

Theorem 3.5 (Littlewood Restriction for O(n) C GL(n), see [6, [[]). Given
A such that [(A) < & and v such that (V)1 4 (V)2 < n, then

(3.4) Cr=> ch.
HEPR
Definition 3.6. Regard F| (2k as a representation of Sp(k) by restriction. Then let
D3 denote the multiplicity of V(l,’c) in F, (/\21@)' That is to say,
(3.5) Dy = dim Homyx) (V{7 , Fisg)-

Theorem 3.7 (Littlewood Restriction for Sp(k) C GL(2k), see [6,[7]). Given
A such that I(\) < k and v such that [(v) < k, then

A A
(3.6) D)= .
nePc

Notice that the hypotheses of Theorems and 37 do not include an arbitrary
parameter for the representation of the general linear group. These hypotheses are
necessary, but for certain v it is possible to weaken them considerably. For more
discussion on this point, see [10] and [1].

4. RESULTS FROM SYMMETRIC FUNCTION THEORY
Proposition 4.1 (Cauchy—Littlewood)

(1) My = S0

i.j
Proof. See [8], p. 63, 1.4, Equation (4.3). O

1—z;y;

Proposition 4.2.
1
(4.2) Hﬁ =) s
. _xlxj
i<j AePr
Proof. See [8], p. 77, 1.5, Example 5(a). O
Proposition 4.3.

(4.3) Hﬁ =) s

i<j AePc

Proof. See [§], p. 77, 1.5, Example 5(b). O

Remark 4.4. By passing to characters, the decompositions in Proposition 23] Z4]
and .5l provide proofs for Propositions 1] and 43 in the case of finitely many
variables. The result for an infinite set of variables can be deduced from the finite
case.
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4.1. Skew Schur Polynomials.

Definition 4.5. Given partitions A and p, define
(4.4) Sau(x) =D, su(x),

where the c;} are as in Definition B.1]

v

Let (*, %) denote the Hall scalar product (defined so that the Schur polynomials
are an orthonormal set (see [8])). In terms of (x, ), another way to state Definition
B3 is
(4.5) (sx, S 8v) = (sA/H, sl,) .

In this sense the operator that takes s to sy, is adjoint to the operator given by
multiplication by s,,.

By sa(x,y) we will mean the Schur function in the variables consisting of the
union of the variable sets {x1, z2,---} and {y1,92, - }.

Proposition 4.6.

(4.6) sx(x,¥) =D sa/u(®)su(y).

Proof. See [§], p. 72, Chapter I, Section 5, Equation (5.9). O
4.2. Some identities.

Proposition 4.7 ([8], p. 93, 1.5, Example 27(a), Equation (4)). Let p be a parti-
tion. Then

(4.7) T saule) = vern e )

AEPR [Lic; (1 = mizj)’

Proof. Set

(4.8) R(X,y)znl_lxixj m— 17—

i<j iy LT wY g v

We expand the above in two ways. First, viewing the concatenation of x with y as
one set of variables, by Proposition[4.2] we have

(4.9) R(x,y) = Y sx(xy).
AEPR

By Proposition [£.6] this expression becomes

(4.10) > (Z sx/6(x) 56()’)) :
8

AePr

Reorganizing the order of summation, we obtain

(4.11) R(x,y) = Z ss(y) ( Z Sx/a(X)> :
5

AEPR



THE KOSTANT-RALLIS THEOREM 4403

We now expand Equation (£8)) using Propositions Bl and [ as follows:

(1.12) I [ Z st (Z sy<y>>.
ilyj 3

i<j vEPR

By Definition Bl the last two factors in the above expression become

(4.13) > sp(x) sp(y) (Z s,,(y)) =Y dysaly)sp).
B

vEPR ’/S};R

By Definition L we can rewrite the above and obtain

(4.14) Rexy) =] ﬁ > ss(y) (Z Sa/u(x)> .

i<j s
The result follows from taking the coefficients of s, (y) in (EI1) and I4). O
Proposition 4.8 ([8], p. 93, 1.5, Example 27(a), Equation (5)). Let p be a parti-
tion. Then
ZueP S/L/V(X)
(4.15) Sa/ulx) = =———"——.
2; M iy (U= wiay)

Proof. The proof is essentially the same as Proposition 7] except we use Proposi-
tion 8 instead of Proposition B O

Definition 4.9.
12l 1Al
Apr(g,x) = Y sxu(®e? ., Arc(@x) = Y syux)g 7,

A\, u€Pr \EPR
}LEPC
1AL 1AL
Acr(g,x) = § sxux)g®,  Acclg,x) = § Sx/u(X)q 2.
Azic A,p€Pc
HEPR

The goal of this section is to establish

Proposition 4.10.

oo

1 1
(416) ARR(va) = H 1 H 1
1:11_q igjl—qxia:j
@10 Anct@n) = 11— ([[—— ]
. RrC\g,X =
paley 1— q2l i 1— q2l$il‘j i 1— qQZ—lxixj
@18) Acnt@n) = 11— ([—— [ ——
. CR\Y, =
el Sk 1= Pl ek Plaiz;
1 1
419) Acclg,x) =
(4.19)  Acc(q,%) gl_ql gl_qlw

The proof of Proposition [£10 will need a few lemmas.
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Lemma 4.11.

Arr(4,4°x)
4.20 App(q,x) = ——RR\DLLX)
( ) RR(q ) HrLS](l — qxixj)

Acr(g,97%)
(4.21 Agc(q,x) = =——+"2—"—
) ( Higj(l — qix;)

ARC(q7 q%X)
(4.22 Acr(g,x) = =——"——"—.
) (@)= 0 - qmizy)

Accl(q,q%%)
4.23 Acolg,x) = =—<DT° Y
(4.23) cc(g;x) TL_, (1 — grery)

Proof. In each of equations (£20) through ([@23), the proof is an application of
Proposition 41 or L8,
Equation (£:20): By definition,
1AL
(4.24) Arr(g,x) = Z Sx/u(x)q
A pu€PR
5x/u(X) is a homogeneous polynomial of degree [A| — ||, and so Arr(g,x) is
1 el
(425) Z S)\/u(qzx)q 2.
A pu€PR

Next, we rearrange the order of summation:

(4.26) S g% (2 sA/u<q%x>>.

neEPR AEPR
Here we apply Proposition E.7:

Lol ZI/EPR Su/v(qéx)
427 2 4 <Hi<j<1 - <q%xi><q%xj>>>'

Reorganizing the sum, we obtain the result:

1 el
(4.28) D pepr ovepy Su/v(072X)q 2 _ Arr(q,q3x)
Higj(]' — qzix;)) Higj(]- — qTiT5)
Equation ({2I): By definition,
»l
(4.29) Arc(g:x) = > sa/ux)q? .
ePR
rEPC

By homogeneity,

1 lel
(4.30) PYACER

XEPR
wEPC

Next, we rearrange the order of summation:

(4.31) > ¢ <Z SA/;L(Q%X)> :

nePe AEPRr
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Here we apply Proposition BT

lel ZVEPR Su/v(q%X)
4.32 2 ! i .
432) Z ! (Higj(l - (qixi)(qi%‘))>

Reorganizing the sum, we obtain the result:

[p]

1
2o pePe 2avery Sp/v(47X)q 2 _ Acr(g,¢x)

Higj( — qzTj) Higj(l — qT;Tj)
Equation (4.22): By definition,

(4.34) Acr(g,x) =Y S,\/M(X)q% =Y ¢ (Z SA/M(Q5X)> :

AEPC MEPR
neEPR

(4.33)

Here we apply Proposition B8}

. Lo Ve Pe u/u(q%i{) )
(4.35) 2 (Hiq(l—(qw)(qw))

nEPR

Reorganizing the sum, we obtain the result.
Equation (£23): As in the case of Equation ([@20),

(436)  Accle®) = 3 syu()e? §)ﬁ<2hmmm>

A\, u€Pco pnePo AePr

Here we apply Proposition and reorganize:

‘7‘2” ZVEPR S/J«/l/(q%x) _ ACC(Q7 q%X)
(4.37) >« <Hi<j(1 — (g% 3 ) T Lo, (1 — quizy)

Py S (g2wi)(q22;5)) i<i(
O
Lemma 4.12.
d 1 d
(4.38) Arn(g,q%%) = (1 ! ql> T oL,
>1
d 1
(4.39) Anclaatx) =TT (1= ) + 0t
>1
a 1 d
(4.40) Aentaatn) =TT (1= ) + Ot
>1
d 1
(a.1) Acclaat) =TT (1= ) + 0@
>1 q

Remark 4.13. If d > d, then clearly F(q) = G(q) + O(d) = F(q) = G(q) + O(¢%).
We point it out because we will be tacitly using this fact.

Remark 4.14. In our context the coefficient field &k in Definition [I.0]is to be rational
functions in the countably infinite set of variables x1, 2, x3,- - -
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Proof. In each case we expand the expression given in Definition [£.9
Equation ([#38): The polynomials s/, (x) are homogeneous polynomials of
degree |A| — |p|. Hence,

d d A dX =D+
(4.42) Agrr(q,q2x) = Z saul@zx)g? = Z Sx/u(X)q 2 .
A WEPR A\,uEPR

Separate the sum into two cases: |A| = |u| and || # |p|. Then,

IR EITDE RN d(XM—[pD+IX
Z s,\/u(x)q 2 + Z S)\/;L(X)q 2

A,;EPR A’f\‘ipR

=pn ;L
(4.43) 1Al A(AL=[pD+[A]
= E qz + E Sx/u(x)q 2 .

X, nEPR A nEPR

A=p N

The formal series in the first sum is easily seen to be
S

(4.44) 11

=1

1—q"

The lowest power of g occurring in the second term is obtained when |A|—|u| = 1.
In this case, the power is not less than |4 | + 1. Hence, Equation (£43) is
=
Lg)+1
(4.45) llj[l g T O

Equation ({L39): The proof is exactly as in Equation ([fL38), except that p € Po
rather than Pgr, and

o0

1AL 1
AEPR =1
Lo

Equation (L40): The proof is exactly as in Equation ([Z39), except that A € Pc
and p € Pg.

Equation ([@ZI): The proof is exactly as in Equation ([38]), except that A\, u €
Peo. [l

Proof of Proposition[{.10. We will handle each case seperately.
Case Agrgr(q,x):

(4.47) Ar(gx) = LA
7 Higj(l — qw;T;)
Iterating ([£20) of Lemma F.11] d times, we obtain

_ Arr(g,¢%x)
=— .
Hl:l Higj(l - qlﬂviﬂ?j)

As a formal series in ¢ we have that, up to order |d] in g,

(448) ARR((],X)

Arr(q,4%%)
Higj (1- qlxixj)

(4.49) Agrr(g,x) = = + O(qurl).
=1
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We apply ([@38) of Lemma FLT2] to obtain
1
I12, (1?;1)
Higj(l - q'zixj)

Notice that the left side of the above equation is independent of d, for all d > 0.

The result follows.
Case Arc(q,x): From (@2I) of Lemma F.11], we have

+0(qtE).

(450) ARR(q,X) = Hoo
=1

Acr(q,¢2x)
4.51 A X)) = =— T
( ) RC(q ) Higj(]- — qxixj)

Applying 22) of Lemma ELT1l, we obtain

Arc(q, %)
i<; (1 —aqwiz;) [[,;(1 = ¢*wiz;j)

(452) ARC((],X) = H

Iterating the above 2 steps d times, we find that

Agrc(q,q% x)
- — .
[l [Lie; (1 = ¢ty T (1 — @)

Applying ([£39) of Lemma [£12] we find that, as a formal series in g, Arc(g,x)

(4.53)

is
H?il 1—;(121
ILZ [Tic; (1 = ¢® i) [T, (1 — q*aizy)

As before, the result follows from the fact that the left side is independent of d.

Case Acr(q,x): This case is similar to that of Arc(g,x) with the roles of R and
C interchanged, and Equations (£22]) and (427]) from Lemma ETTl interchanged.
Also, in Lemma E.12] use (£40) instead of (£39).

Case Acc(g,x): Proceeding in a similar manner as in the Arr(q,x) case, we
first establish from(@23)) of Lemma [L.T1] that

(4.54) + O(g?).

Acc(g,q7x) d+1
+O(g%).
ITic;(1 = ¢'wizy) ( )

Apply (@A) of Lemma T2 to obtain

I1= (1%1') 4]4+1
(456) ACC((],X) = H;’il Hi<j(]_ — qlxixj) + O(qL2J+ )

Notice that the left side of the above equation is independent of d. O

(455) Acc(q,x) = Hoo
=1

5. THE STABLE RANGE

We now prove Theorem [[L7] on a case by case basis. They are all similar, but
not exactly the same. Consequently, case RR is done in detail, the others in less
detail. Changes from the RR case will be pointed out when necessary.
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5.1. Case RR.

Proposition 5.1. For all partitions v,

(5.1) pRRlV ,q) Z CHV q\;\
Hl 1 - q A\, uEPR

Proof. By (1.8) in Definition [I.5, we have

o0

1
(5.2) 2 H];RIR f_qq == =

=1 i<j
By Proposition the above expression is equal to

(5.3) 3 sux)gT

A\, u€Pr
Applying Definition

(5.4) Y S sxa

A\uEPR Vv

After rearranging the order of summation we obtain the result:

(5.5) YU Y e | s,

v \,u€Pr
O

Let pf,") (g) be the ¢g-multiplicity in the space H, for the symmetric pair (GL(n),
O(n)). Then,

Proposition 5.2.

(")( ) 1Al n
(5.6) G €2 +0(qHET),
II[ (1=4Y K;;;n !
AuePR

Proof. From the Kostant-Rallis theorem we have that the left side of (5.6 is the
g-multiplicity of the O(n) representation E” in the graded space P(S?C"). We will
expand the g—character of this space in another way to obtain the result. First we
will decompose the space with respect to the action of GL(n) from Proposition 2.4]

n 1AL
(5.7) char, P(S*C") = Z charF();L) qz.

\ePR
I(N)<n

Restricting the action to O(n), we obtain

n v |
(5.8) char, P(S*C") = ) (Z C) char E(n)> qz .

\ePR v
1(N<n

We split off the terms in the above sum with A of size n or smaller:

(5.9) Z <Z C? char E, n)> Lt

\ePR
A<, ux)<n
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+ Z <ZC char E(n)> q =2
AEPR

IAl>n, HA)<n

Now we have an expression for the g—character up to order % ]:

(5.10) > <Zc§ char E(Vn)> g7 +O(gl3 1+,

\ePR v
1(N<n

Notice that if A € Pg, then I(\) < £|A|. This is because, if A € Pg, then X\ = 20
for some partition o. We have [(A) = I(0), l(0) < |o], and || = 1|A|. Soif [A| <n
and X € Pg, then [(\) < %. Therefore chary P(S2C™) is

(5.11) Z (Z C? char E&)) q% + O(glz1+h).

AePR
<

We can now apply Theorem [3.5}

1Al
(5.12) Z Z Z ¢y, char Eiy q% +O(qtz1t).

AEPR v u€Pr
MN<3

v

Extracting the coefficient of char E(n) in the above expression, we obtain the right

side of (B.4). O

Proof of (LIR) of Theorem[I.7 The result is immediate from the fact that the
right sides of (5.1]) and (5.6) are equal up to order [%] +1 in g. O

5.2. Case RC.

Proposition 5.3. For all partitions v,

(5.13) _Prena) S

v d
Iliil(l _'qQZ) xePp !
Proof. By (L9) in Definition [[LH we have
Z pRC v, q s, (X)
[IZ1-¢)"

1 1 1
:H — 2 H _21—1.,H — 2l .
Pl 1—¢q 1—¢q Tixj oy 1—q%zix;

1<j

(5.14)

By Proposition 101 the above expression is equal to

(5.15) Z s)\/u(x)q%.

AEPR
HEPH

Applying Definition [Z3]

(5.16) Z Zci‘ws,,(x)q 2

XePR v
nEPC



4410 JEB F. WILLENBRING

After rearranging the order of summation we obtain the result:

(5.17) Z Z cﬁyq% Su(x).

v AEPR
nEPC

O

Let pg,k) (¢) be the g—multiplicity in the space H for the (GL(2k), Sp(k)) case of
Kostant’s theorem.

Proposition 5.4.

(k)
5.18 @ A, ¢ + 0.
(5.18) VAT lg;k e d (¢")
NEPR,nEP
Proof. From Kostant’s theorem we have that the left side of (BI8) is the ¢
multiplicity of the Sp(k) representation V¥ in the graded space P(S?C?*). We
will expand the g—character of this space in another way to obtain the result. First
we will decompose the space with respect to the action of GL(2k) from Proposition

24
(5.19) char, P(S?C?*) = Z char F()ﬁk) q%.
XEPR

(M) <2k

We then restrict the action to Sp(k) and expand in terms of the irreducible char-
acters for the subgroup:

5.20 char, P(S*C?*) = D) char V}; q‘*’a".
q (k)

AEPR
(A <2k

v

We split off the terms in the above sum with A of size k£ or smaller:

(5.21) Z <Z D) char V(l,;)> q%‘

\ePR v
IAI<2k, LX) <2k

+ Z (Z D;\ char V(Z)> q%.
A€EPR v
IA]>2k, L(X) <2k

Now we have an expression for the g—character up to order & in g:

(5.22) > <ZD3 char v(;)> g7 + O,

\ePR v
A<k

Since A € Pg, we have [(\) < || and so [(\) < k. Therefore,

(5.23) char, P($2C%) = % <§ D)) char V@) ¢F + 0.
XEPR
(N <k

v
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We can now apply Theorem B

B RN
(5.24) Z Z Z c/’)l, char Vij, | ¢ + O(g" ).

AEPR v II«EPC
(N <k

Extracting the coefficient of char V(l,;) in the above expression, we obtain the right

side of Equation (E.I8). O
Proof of (LI9) in Theorem [I7] The result is immediate from the fact that the
right sides of (£I3) and (EI8) are equal up to order k in g. O
5.3. Case CR.

Proposition 5.5. For all partitions v,

_Por(rg) -
(5:25) Mo~ 2 Wi

Proof. By (I.10) of Definition [[.B] we have

pcr(v,q)
an N 1_q2l)s v (%)

1 1 1
11;[1 1— g% H 1 — ¢?lax; g 1— ¢ 1z,

i<j

(5.26)

By Proposition .10l the above expression is equal to

(5.27) 3 sux)a

XePc
wEPR

Applying Definition

(5.28) Y S Asx)gr

AeEPc v
weEPR

After rearranging the order of summation we obtain the result:

(5.29) Z Z cwq‘g‘ Sp(x).

v \ePo
KEPR

O

Remark 5.6. For p 2 A2(C") and K = O(n), we have that P(p) is free over P(p)&
This does not follow directly from Kostant’s theorem since K is not connected.
However, we can reduce the freeness assertion to the case of SO(n).

Let p(n)( ) be the g—multiplicity in the space H; for the symmetric pair (GL(n),
O(n)).

Proposition 5.7.

(n)
pl’ q M n
(5.30) ﬁ = Y & dF roEi,
=1 (1-q¢%) (N<n

AePc nePR
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Proof. By the above remark, the left side of (530) is the g—multiplicity of the O(n)
representation E” in the graded space P(A2C"™). We will expand the g—character
of this space in another way to obtain the result. First we decompose the space
with respect to the action of GL(n) from Proposition

(5.31) char, P (A’C") = Z char F();L) q%.
XEPG
(N<n

We then restrict the action to O(n) and expand in terms of the irreducible characters
for the subgroup:

Ga) o p e - 3 (S cdans, ) o

XePo v
I(N)<n

We split off the terms in the above sum that correspond to those A of size |7 |
or smaller:

) I
(5.33) Z <Z C? char E(n)> q->

AEPo v
IASLZ] I)<n

o

|
+ Z <Z C2 char Eé’n)> q
AEPC v
IA>15 ], L(N)<n

Now we have an expression for the ¢g—character up to order [%]:

(5.34) Z (Z C? char E(”n)> q% + O(glal+1).

AEPo v
1(N<n

If [\] < | 5], then [(A) < [§]. Therefore,

v

(5.35) char, ’P(/\Q(C”) = Z (Z C’i‘ char E&)) q% + O(qL%JH).

AEPE
1<

We can now apply Theorem B35

v 1AL n
(5.36) Z Z Z cl’),, char E(,y | ¢ + O(gltHhy.

AEPC v puEPr
TESEY|

Extracting the coefficient of charEE’n) in the above expression, we obtain the right

side of (B.30). O

Proof of 20) of Theorem[I.7} The result is immediate from the fact that the
right sides of (525) and (B30) are equal up to order | %] in g. O
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5.4. Case CC.

Proposition 5.8. For all partitions v,

pCXj v, q 1AL
(5.37) ¢, qz.
Hl 1 1_q )\IJ«XE;DC a

Proof. By (I.11]) in Definition [[-5, we have

o0

pcc(v,q) 1
5.38 su
( ) ZH_ll_q 1— Hl—qla?ixj

=1 i<j

By Proposition 4.10l the above expression is equal to

(5.39) Z s)\/u(x)q%.

A, p€Po
Applying Definition [£3]

(5.40) Z Z CouSu m

NpueEPe v

After rearranging the order of summation we obtain the result:

(5.41) S S Qe | s,

v A\, u€Pe
O

Let p(k)( ) be the ¢—multiplicity in the space H, for the symmetric pair (GL(2k),
Sp(k)).

Proposition 5.9.

(")( Bl
(5.42) —r Z S + O(qt J+1).
Ill 1(1 —q ) (V<

A, HEP

Proof. By the Kostant-Rallis theorem the left side of (5.42)) is the ¢g-multiplicity of
the Sp(k) representation V" in the graded space P(A%(C?*)). We will expand the
g—character of this space in another way to obtain the result. First we decompose

the space with respect to the action of GL(2k) from Proposition 22
(5.43) char, P(A2C?*) = Z CharFék) q%.

AEPo
(A <2k

We then restrict the action to Sp(k):

(5.44) char, P(A2C?*) = Z <Z D char V{;’@) q%.

AEPo
1(A) <2k

We split off the terms in the above sum with A of size k or smaller:

(5.45) Z <ZD char V(k)> Lt

NEPC
A<k, L(X)<2k
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+ Z <ZD char V(k)> q%.

AEPo
IA[>F, NA)<2k

Now we have an expression for the g—character up to order |%]:

(5.46) Z ZD?) char V(Z)) q% +O(glz ).

AEPC v
(N <2k

But {(A\) < |Al; so we have I[(A) < k in the above expression. Therefore,

(5.47) char, P(AC") = > (Zpg char E(”n)> ¢ +0(glE).

XePo
I(A)<k

v

We can now apply Theorem B.7

v 1AL k
(5.48) Z Z Z ci‘w char Vi) | ¢>2 —I—O(ngHl).

A€ P v u€Pc
I(N)<k

Extracting the coefficient of charV(’,;) in the above expression, we obtain the right

side of (5.42). O

Proof of (LZI)) of Theorem[I.7 The result is immediate from the fact that the
right sides of (537) and (E42) are equal up to order [%] in g. O

6. GR GR AND GC GC
Proposition 6.1. The Hilbert series is

min(k,n) 1
I ()

=1
for P(Mjoxr, )OI *OM) op for P(Mayxan ) 5P, *SP(),

Proof. Using Proposition and Theorem B.6], the Hilbert series for O(k) x O(n)
is seen to be

(6.1) >
XEPR
{(A)<min(k,n)
and for Sp(k) x Sp(n),

(6.2) > gl

\ePo
1(A)<min(2k,2n)

Each formal sum can be easily closed to obtain the stated rational expressions. [

Proposition 6.2.

(63) ZSA/a X)sx/8(Y) = H Zsa/u X)55/u(Y):

1- xzy]
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Proof (from [8], p. 93 (Chapter I, Section 5, Example 26)). We have

1 1 1 1
(6.4) R(x,y,z,w) := H ( ) .
i 1—-zy; 1 — 2w 1 — zy; 1 — zw;

From Proposition E] the above is
(65) ZS)\(XaZ)SX(YaW)'

A
Using Proposition [£6]
(6.6) R(x,y,z,w) = Z 5x/a(X)8x/8(Y)5a(2)s5(W).

Ao, B

Now expand R(x,y,z,w) as follows:

(6.7) Il ﬁ 3 solR)sn(W)ar(a)sr (1)oa(2)sr ()
(65) Tl 2 dotheortntsataonts
(6.9) -11 ﬁ A ﬁsa/k(x>sg/x(y>sa<z>sg<w>.

Now take the coefficient of s, (z)sz(w) in (6.6) and (G.9).
Definition 6.3.

(6.10) Acrer(@:xy) =Y > syu®sau ()™,
A pu,vEPR

(6.11) Ace,cel(e, %,y) Z Z sx/u ()57 (¥)g.
A p,vEPc

Proposition 6.4.

A ) X7
(6.12) Acrcr(a,%,y) = cr.GRr(¢, 9%, qy)

and

A ) X)
(6.13) Acc.cola,x,y) = ce.co(e, 9%, qy)

[T ; (1 = qziy;) [1i<; (1 — ¢?2iz;) (1 — ¢*yiy;)

IL; (1 = qziy;) [T ; (1 = ¢?xiz;)(1 — Pyiy;)

4415

Proof. We prove the first case, as the second is similar. By definition Agr.qr(4q,x,y)

is

(614) Z Z S)\/u S/\/u )ql)\‘~

A wu,vEPR
Using homogeneity and Proposition [6

ul+1v]
(6.15) Acror(g:xy) =) Z sx/(@F%)55)0 (g% y)g 2
A u,veEPRr

1 1 [l +1v]
S sua@@x)suale?y)g

A p,veEPR

(6.16) = H

1- qr;Y;
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(6.17) —H DY sunla9)suyalay)e™

1- qxiY; A p,veEPRr

Soa D pwers Sxu(@)sa (@y)g™

(6.18) = Hi,j(l — qzay;) Higj(l — Pzizi) (1 — Pyiy;)

Proposition 6.5. As formal power series in q,

(o]
1
(6.19) Acrar(a 4™, q%) =[] —at O(¢*™*)
=1
and
!
(6.20) Acoocle,a™xq'y) =] At O(¢*™).
=1

Proof. We expand the expression defining Agr.cr as a series in ¢. The polynomials
5x/u(x) are homogeneous polynomials of degree [A| — |u|. Hence,

d d a d
Agr,cr(q,92%,q2%y) = Z SA/M(WX)SA/V(QW)QW

NYUEPR
(6.21) R d
= > sau®)sa(y)g? GATIHEDEAL
w,vEPR
A
Separate the sum into two cases: |A| = |u| = |v| and not. Thus,
4 - —|v
Z $x/u(x)8 /0 () g2 M =IHI=IVDFIA
MNER
(6.22) A=p=v » )\
D syu(sa(y)gE CATIHERDHAL
X, nEPR

NiA#Ep or AFv

If the defining partitions are the same, then the skew Schur function is identically
1; so the above expression simplifies as

ST gECERNll= D+

;Lyl/EPR
Aid=p=v

4 —|p|—lv
+ Z SA/H(X)SA/V(y)qQ(%AI [l =D +IAT

\,u€PR
MNA#Ep or AFv

(6.23)

The formal series in the first sum is easily seen to be

o0

(6.24) 11 l%qm.

=1
The lowest power of g occurring in the second term is obtained when 2|\|—|u|—|v| =
1. In this case, the power is not less than | 4] + 1. Hence, (623) is

oo

(6.25) H%q” +O(gls 1+,

=1
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The proof for Agc,gc is similar. O

Proposition 6.6.
Acr,cr(g,%,y)

(6.26)

(=1l 11 1
1—q21 1—q21 iy (1= ¢?rasa;) (1= ¢*Fyiy;)

=1

Ago,cc(a,x,y)
(6.27)

1 1
- H g2 H 1 — ¢ lay; E (1 — gk zizi)(1 — ¢®Fyiy;)
Proof. Tterate Proposition[6.4] d times and then use Proposition [6.5] The proof of
the assertion for Agc.aco(i, v, q) is similar. O

Proposition 6.7.

PGR GR M, v, q \)\|
(6.28) e CouCha
[L2:(1—¢*) U;R !

[ JeleXele; (1, v, q) Al
(6'29) 710 /4 o1 CO'], Tl/q
ILZ,(1—¢*) a;:c /

Proof. The result follows immediately by expanding the skew Schur functions in
the definition of Agr,cr or Agc,cc and then matching the resulting expressions
with those given in Proposition [6.6. O

Set G = O(k+n), K = O(k)xO(n), G’ = SO(k+n) and K’ = S(O(k)xO(n)) :=
KN SL(k+n). We can take p to be the complex k x n matrices My ,, under the
action (g,h) - X = gXh~*! for g € GL(k), h € GL(n) and X € My, ,,. This action
defines an action of K and K’ on p by restriction which is the same as the restriction
of the adjoint action of G on p. P(p) is a free module over P(p)¥. This fact does not
follow directly from the Kostant-Rallis theorem, because G is disconnected. In the
following, we reduce this freeness assertion to the (G, K') case of the Kostant-Rallis
theorem.

See [2], Chapter 12, Section 4, Example 6, for the following description of the
invariant ring P(p)%X": If k # n, then P(p)X is generated by the algebraically
independent polynomials u; = Trace((XX7T)?) for i = 1,...,min(k,n). If n = k,
then ’P(p)Kl = Cluy,uz,"+* ,un—1,p], where p = det(X), with uy, -+ ,up—1, and p
algebraically independent.

We should remark that in the (G, K') case of the Kostant-Rallis theorem, the Lie
algebra g’ of G’ can be taken as the skew-symmetric matrices of size (k+n) x (k+n)
with X € My, = p, embedded as

o(X) = { I } cg.

Under this embedding the polynomial p is the Pfaffian of v(X). If n = k, then X
is in fact a square matrix and p = det(X).
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m““(”’(l x)  intk,
1qn 1( ) ifn==k.

Proof. The result follows from the fact that the invariant ring is generated by the
above algebraically independent polynomials having the appropriate degrees. [

Proposition 6.9. P(My.,) is a free module over P(Mj,,,)0*)*00)

Proof. In general, if R and R’ are rings and R C R/, then R’ can be regarded as a
module over R. If M is a module over R’, then M may be regarded as a module
for R. Furthermore, if M is a free module over R’ and R’ is a free module over R,
then it follows (from the definition of a free module) that M is free over R.

We apply the above principle to the case where R = P(p)X, R’ = P(p)X" and
M = P(p). By the Kostant-Rallis theorem for the pair (G, K'), M is free over R'.
The result will follow if we show that R’ is free over R. To do this we will look at
a set of generators for R and R'.

If n # k, then R = R, because R C R’ and they have the same Hilbert series
(from Proposmlons 6. ] and [6.8). Clearly, R’ is free over R in this case.

If n = k, then P(p)%" = Cluy,u2, -+ ,un_1,p] with uy,--- ,u,_1,p algebraically
independent. It follows that the polynomials uy, us, - - ,un—1,p? are algebraically
independent as well. w1, -+ ,u,_1 are invariant under both K and K’. p is invariant
under K’ but not K; however, p? is invariant under K (and K’). Therefore, R =
Cluy, -+ ,un_1,p?], because {uy, - ,un_1,p?} is contained in R and the Hilbert
series of R (see Propositions[B.]) is the same as the Hilbert series of the polynomial
ring generated by {u1,- -+, un—1,p?}.

It remains to observe that the ring R' = Cluq,- -+ ,un—1, p] is a free module over
the subring R = Cluy, - ,u,_1,p?]. It is easy to see that {1,p} is an R-basis for
R/, since the generators uy,-- - ,un_1,p are algebraically independent. [l

Proceeding as in the proofs of Propositions B4 6.7 and B9 we obtain the
next two propositions.

Proposition 6.10. Let p(k n)( ) be the g—multiplicity of Eé”k) ® E(”n) in the space
H, for the symmetric pair (O(k +n), O(k) x O(n)). Then,

(k,n)
(630) iy 3 (q) = Z q\)\| 4 O(q2 min(k, n)Jrl)
min(k,n) (1 _ qzl) au Crv

=1 AN < E min(k,n)

o, TEPR

Proof. P(p) is a free module over P(p)¥ for the pair (G = O(n + k), K = O(n) x
O(k)) by Proposition [6.9. By this freeness assertion, the left side of the equation
is the g—character of P(p).

Proceeding exactly as in (5.6), (5.18), (5.30), and (5:42)), we see that the right

side of the equation agrees with the g—character of P(p) up to degree %min(k, n)

in ¢. That is, apply the Littlewood restriction formula for O(n) and O(k) (i.e.,
Theorem B.5)) to the decomposition in Proposition 2:3] O
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Proposition 6.11. Let p,(f,’,n)(q) be the q—multiplicity of V(’,i) ® Vi in the space
Hy for the symmetric pair (Sp(k +n), Sp(k) x Sp(n)). Then,

(k;n)

DPpv g min(k,n
(6.31) min(:m) (9) = Z cguc;\yq‘)‘l + O(gminthm+1y
1=1 (1 —q ) A:L(A)<min(k,n)

o, TEPc

Proof. P(p) is a free module over P(p)X for the pair (G = Sp(n+k), K = Sp(n) x
Sp(k)). This follows directly from the Kostant-Rallis theorem. As in the previous
theorem, the left side of the equation is the g—character of P(p).

The assertion follows in exactly the same way as in Proposition with the
orthogonal groups replaced by symplectic groups. [l

Proof of ([L22) of Theorem[I.7} The result is immediate from the fact that the
right sides of the equations in Proposition[6.7] are equal, up to the appropriate order
in ¢, to the right-hand sides of the equations in Propositions and O
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