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EXTENSIONS FOR FINITE CHEVALLEY GROUPS II

CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN

Abstract. Let G be a semisimple simply connected algebraic group defined
and split over the field Fp with p elements, let G(Fq) be the finite Chevalley
group consisting of the Fq-rational points of G where q = pr, and let Gr be
the rth Frobenius kernel. The purpose of this paper is to relate extensions
between modules in Mod(G(Fq)) and Mod(Gr) with extensions between mod-
ules in Mod(G). Among the results obtained are the following: for r > 2 and
p ≥ 3(h − 1), the G(Fq)-extensions between two simple G(Fq)-modules are
isomorphic to the G-extensions between two simple pr-restricted G-modules
with suitably “twisted” highest weights. For p ≥ 3(h − 1), we provide a com-
plete characterization of H1(G(Fq),H0(λ)) where H0(λ) = indGB λ and λ is
pr-restricted. Furthermore, for p ≥ 3(h − 1), necessary and sufficient bounds
on the size of the highest weight of a G-module V are given to insure that the
restriction map H1(G, V ) → H1(G(Fq), V ) is an isomorphism. Finally, it is
shown that the extensions between two simple pr-restricted G-modules coin-
cide in all three categories provided the highest weights are “close” together.

1. Introduction

1.1. Let G be a semisimple simply connected algebraic group scheme defined and
split over the field Fp with p elements, and let k be the algebraic closure of Fp.
Let G(Fq) be the finite Chevalley group consisting of Fq-rational points of G where
q = pr for a nonnegative integer r. Moreover, let Gr be the rth Frobenius kernel.
The relationship between the characters for simple modules in Mod(G), Mod(Gr)
and Mod(G(Fq)) is well-understood. Yet, the characters and degrees of the simple
modules in these categories are not known in general. Lusztig formulated a well-
known conjecture which would allow one to compute the characters of these simple
modules by using Kahzdan-Lusztig polynomials when p is larger than the Coxeter
number. Cline, Parshall and Scott [CPS2] have demonstrated that Lusztig’s con-
jecture can be reformulated by using the cohomology theory of G. They provide
necessary and sufficient conditions to insure the validity of the Lusztig conjecture
via a criterion involving nonvanishing of extensions between certain simple mod-
ules. Furthermore, if the Lusztig conjecture is established, then a calculation of
Ext1

G(L(λ), L(µ)) where L(λ) and L(µ) are simple G-modules can be obtained. The
purpose of this paper is to relate extensions between simple modules in Mod(G(Fq))
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and Mod(Gr) with extensions between simple modules in Mod(G). Such relation-
ships are very important to understand for both conceptual as well as computa-
tional purposes. For most of our results, it is necessary to assume that the prime p
is “large” relative to the Coxeter number of the group.

The results in this paper are outlined as follows. In Section 2, we summarize
several basic formulas developed in [BNP2] which express Ext1

G(Fq)(L(λ), L(µ)) in
terms of extensions for modules over G and G1. These formulas are refined further
in Theorem 2.4 by using work of Andersen [And1]. This allows us to identify in
Corollary 2.4 necessary conditions on the p-adic expansions of weights λ and µ for
the existence of nontrivial extensions of L(λ) by L(µ) over G or G(Fq). Moreover,
these formulas also allow us to provide generalizations of Ye’s results for rank 2
groups [Ye1, Ye2] (see Theorem 2.5). Finally, we similarly obtain formulas express-
ing Ext1

Gr(L(λ), L(µ)) in terms of extensions over G and G1.
At the beginning of Section 3, it is shown that for r ≥ 2, one can compute all

extensions between simple G(Fq)-modules if one knows all extensions between sim-
ple G-modules. In particular, we succeed in showing that for r ≥ 3, Ext1

G(Fq)(L(λ),

L(µ)) ∼= Ext1
G(L(λ̃), L(µ̃)) for suitably constructed weights λ̃ and µ̃. Later in the

section, we prove that there is also a one-to-one correspondence between exten-
sions for simple modules over G(Fq) and certain extensions of simple modules with
pr+1-restricted highest weights over G. This improves earlier work of the third
author.

In Section 4, our attention focuses on comparing the cohomology of modules
over finite and algebraic groups. For G-modules V with pr-restricted composi-
tion factors, we show in Theorem 4.1 that one can determine Hi(G(Fq), V ) via
G-cohomology of “translated” modules for 0 ≤ i ≤ s and p ≥ (2s + 1)(h − 1). As
a consequence of this formula, we prove in Corollary 4.2(B) that for p ≥ 3(h− 1),
if λ is G1-linked to the zero weight, then H1(G(Fq), L(λ)) ∼= H1(G,L(λ)) and if λ
is p-singular, then H1(G(Fq), L(λ)) = 0. Furthermore, we provide necessary condi-
tions on λ when λ is not G1-linked to the zero weight to have H1(G(Fq), L(λ)) 6= 0
(see Proposition 4.6) and show that such weights exist (see Theorem 4.7). For p ≥
3(h−1), Theorem 4.4 also provides a complete characterization of H1(G(Fq), H0(λ))
where H0(λ) = indGB λ. These results extend earlier calculations by Friedlander
and Parshall [F], [FP]. Our methods also allow us to improve on results of Jantzen
[Jan6] and Andersen [And2] for large primes. This is accomplished by providing
both necessary and sufficient conditions on the weights of the composition factors
of a G-module V (depending on the root system) to insure that the restriction map
H1(G, V ) → H1(G(Fq), V ) is an isomorphism. Finally, in Section 4.10, necessary
conditions are provided to insure that H1(Gr, L(µ)) ∼= H1(G,L(µ)).

In Section 5, we provide sufficient conditions on weights λ, µ ∈ Xr(T ) to insure
that the restriction maps

Ext1
G(L(λ), L(µ))→ Ext1

G(Fq)(L(λ), L(µ))

and
Ext1

G(L(λ), L(µ))→ Ext1
Gr (L(λ), L(µ))

are isomorphisms (see Theorems 5.3, 5.6, and 5.7). Theorem 5.3(B), in particular,
shows that the isomorphism holds if the weights λ and µ are “close” together. This
leads to several consequences presented in Section 5.4 involving extensions between
modules whose highest weights lie in the same alcove or are mirror reflections across
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an alcove wall. As mentioned above, Theorem 5.3 of [CPS2] shows that the Lusztig
conjecture is equivalent to the nonvanishing of certain G-extensions between simple
modules. Corollary 5.4(C) shows that some of these G-extensions can be identified
with extensions over G1.

Notation 1.2. The conventions in the paper will follow the ones used in [Jan1].
Throughout this paper, for the sake of clarity, we will assume that G is a simple
simply connected algebraic group defined and split over the finite field Fp with p
elements. We will work over the field k, where k denotes the algebraic closure of
Fp. Many of our results can be extended easily to the case when G is semisimple or
reductive. Let T be a maximal split torus in G and Φ the associated root system.
We will denote the positive roots with respect to a base of simple roots ∆ by Φ+.
The negative roots will be denoted by Φ−. Let B be a Borel subgroup containing
T with respect to the negative roots and U the unipotent radical of B.

Let X(T ) be the integral weight lattice obtained from Φ contained in the Eu-
clidean space E with the inner product denoted by 〈 , 〉. The set X(T ) has a partial
ordering given by λ ≥ µ if and only if λ − µ ∈

∑
α∈∆Nα for λ, µ ∈ X(T ). Let

α∨ = 2α/〈α, α〉 be the coroot corresponding to α ∈ Φ. The set of dominant integral
weights is defined by

X(T )+ = {λ ∈ X(T ) : 0 ≤ 〈λ, α∨〉 for all α ∈ ∆}.
Furthermore, the set of pr-restricted weights is

Xr(T ) = {λ ∈ X(T ) : 0 ≤ 〈λ, α∨〉 < pr for all α ∈ ∆}.
The closure of the bottom p alcove in X(T ) is given by

CZ = {λ ∈ X(T ) : 0 ≤ 〈λ+ ρ, α∨〉 ≤ p for all α ∈ Φ+}.
The Weyl group W is the group generated by the reflections sα : E → E given

by sα(λ) = λ − 〈λ, α∨〉α. The group W acts on X(T ) via the “dot action” given
by w · λ = w(λ+ ρ)− ρ where ρ is the half sum of positive roots. The long word in
W will be denoted by w0 and the Coxeter number for Φ is h = 〈ρ, α∨0 〉+ 1, where
α0 is the maximal short root.

For each λ ∈ X(T )+, let H0(λ) = indGBλ. The simple modules for G are labeled
by the set X(T )+ and are given by the correspondence λ→ L(λ) = socGH0(λ). A
complete set of nonisomorphic simple Gr-modules and simple G(Fq)-modules are
obtained by taking {L(λ) : λ ∈ Xr(T )}.

Finally, we make use of the following sets of weights and modules, which were
used in [BNP1, BNP2]. For each s with 0 ≤ s ≤ p− 1, let

πs,r = {λ ∈ X(T )+ : 〈λ+ ρ, α∨0 〉 < 2spr〈ρ, α∨0 〉}.
The set of weights πs,r is saturated. Further, let Cs,r be the full subcategory of G-
modules all of whose composition factors have highest weights in πs,r. For s = 1, the
category C1,r essentially coincides with the pr-bounded category as defined in [Jan1,
p. 360]. Observe that if λ ∈ πs,r is expressed as λ = λ′+prν for weights λ′ ∈ Xr(T )
and ν ∈ X(T )+, then the weight ν satisfies 〈ν, α∨0 〉 < 2s〈ρ, α∨0 〉 = 2s(h − 1). This
leads us to define, for a positive integer m, the set

Γm = {ν ∈ X(T )+ : 〈ν, α∨0 〉 < m}.
For convenience, we denote Γh simply by Γ.
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2. Summary of Ext
1
-formulas

2.1. Let λ ∈ Xr(T ) and λ =
∑r−1
i=0 p

iλi where λi ∈ X1(T ). Set λ̇ =
∑r−2

i=0 p
iλi so

that λ = λ̇+ pr−1λr−1. The following result summarizes a series of Ext1-formulas
proved in [BNP2].

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h − 1)
and let λ, µ ∈ Xr(T ). Then

(a) Ext1
G(Fq)(L(λ), L(µ)) ∼=

⊕
ν∈Γ Ext1

G(L(λ)⊗ L(ν)(r), L(µ)⊗ L(ν)).
(b) For r ≥ 2, Ext1

G(Fq)(L(λ), L(µ)) ∼= Ext1
G(L(λ), L(µ))⊕R where

R =
⊕

ν∈Γ−{0}
Ext1

G(L(λr−1)⊗ L(ν)(1), L(µr−1))⊗HomG(L(λ̇), L(µ̇)⊗ L(ν)).

Equivalently, in this case, we have

R =
⊕

ν∈Γ−{0}
HomG(L(ν),Ext1

G1
(L(λr−1), L(µr−1))(−1))

⊗HomG(L(λ̇), L(µ̇)⊗ L(ν)).

(c) For r = 1, Ext1
G(Fp)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R where

R =
⊕

ν∈Γ−{0}
Ext1

G(L(λ) ⊗ L(ν)(1), L(µ)⊗ L(ν)).

Equivalently, in this case, we have

R =
⊕

ν∈Γ−{0}
HomG(L(ν)(1),Ext1

G1
(L(λ), L(µ)⊗ L(ν))).

2.2. The Ext1-result for simple G-modules given below was proved by Andersen
[And1, 5.6].

Theorem. Let G be a simple simply connected algebraic group with p ≥
3(h − 1), r ≥ 2, and λ, µ ∈ Xr(T ). Set n = min({i | λi 6= µi} ∪ {r − 1}) and
λ′ =

∑r−1
i=n+1 p

i−n−1λi, µ′ =
∑r−1
i=n+1 p

i−n−1µi. Then

Ext1
G(L(λ), L(µ)) ∼=

⊕
ν∈Γ

Ext1
G(L(λn)⊗L(ν)(1), L(µn))⊗HomG(L(λ′), L(µ′)⊗L(ν)).

The preceding result has been stated in general for completeness. The reader
will note that if n = r − 1, then λ′ = 0 = µ′ and the conclusion reduces to the fact
that

Ext1
G(L(λ), L(µ)) ∼= Ext1

G(L(λr−1), L(µr−1)),

which follows readily from the Lyndon-Hochschild-Serre spectral sequence for
Gr−1 ⊂ G. Further, if λ = µ, these Ext-groups are zero.
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2.3. We will now prove a result which will allow us to refine the Ext1-formulas
given in Sections 2.1 and 2.2. The following proposition has previously been stated
for special cases (rank two groups and fundamental weights ν) in [Ye1, Prop. 4.4],
[Ye2], and [Yeh].

Proposition. Let G be a simple simply connected algebraic group with p ≥ 2(h−1),
λ0, µ0 ∈ X1(T ), and λ1, µ1 ∈ X(T )+. Suppose that ν ∈ X(T )+ with 〈ν, α∨0 〉 < p.
Then

HomG(L(λ0 + pλ1), L(µ0 + pµ1)⊗ L(ν))
∼= HomG(L(λ0), L(µ0)⊗ L(ν))⊗HomG(L(λ1), L(µ1)).

In particular, HomG(L(λ0 + pλ1), L(µ0 + pµ1)⊗ L(ν)) = 0, unless λ1 = µ1.

Proof. Let M = HomG(L(λ0 + pλ1), L(µ0 + pµ1) ⊗ L(ν)). According to [BNP2,
Prop. 2.3],

M ∼= (HomG1(L(λ0 + pλ1), L(µ0 + pµ1)⊗ L(ν)))G/G1

∼= (HomG1(L(λ0), L(µ0)⊗ L(ν))⊗ L(−w0λ1)(1) ⊗ L(µ1)(1))G/G1

∼= (HomG(L(λ0), L(µ0)⊗ L(ν))⊗ L(−w0λ1)(1) ⊗ L(µ1)(1))G/G1

∼= HomG(L(λ0), L(µ0)⊗ L(ν))⊗ (L(−w0λ1)(1) ⊗ L(µ1)(1))G/G1

∼= HomG(L(λ0), L(µ0)⊗ L(ν))⊗HomG(L(λ1), L(µ1)).

2.4. For σ, δ ∈ X(T )+, let S(σ, δ) = HomG(L(σ), L(δ)). Also, for r ≥ 3, if
λ ∈ Xr(T ) and λ =

∑r−1
i=0 p

iλi where λi ∈ X1(T ), set λ̈ =
∑r−2
i=1 p

i−1λi and for
r = 2 set λ̈ = 0. For r ≥ 2, the following theorem refines the results in Sections 2.1
and 2.2.

Theorem. Let G be a simple simply connected algebraic group. Moreover, let
p ≥ 3(h − 1), r ≥ 2, and λ, µ ∈ Xr(T ). Set n = min({i | λi 6= µi} ∪ {r − 1})
and λr = 0 = µr. If 0 ≤ n < r − 2, set λ′′ =

∑r−1
i=n+2 p

i−n−2λi and µ′′ =∑r−1
i=n+2 p

i−n−2µi. If n = r − 2 or r − 1, set λ′′ = 0 = µ′′. Then

(a) Ext1
G(L(λ), L(µ)) ∼=

⊕
ν∈Γ Ext1

G(L(λn) ⊗ L(ν)(1), L(µn)) ⊗ HomG(L(λn+1),
L(µn+1)⊗ L(ν))⊗ S(λ′′, µ′′).

(b) Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R where

R =
⊕

ν∈Γ−{0}
Ext1

G(L(λr−1)⊗ L(ν)(1), L(µr−1))

⊗HomG(L(λ0), L(µ0)⊗ L(ν))⊗ S(λ̈, µ̈).

Proof. (a) Consider λ′ and µ′ as defined in Theorem 2.2. Since λ′ = λn+1 + pλ′′

and µ′ = µn+1 + pµ′′, part (a) follows from Theorem 2.2 and Proposition 2.3.
(b) Similarly, with λ̇ and µ̇ as defined in Section 2.1, we have λ̇ = λ0 + pλ̈ and
µ̇ = µ0 + pµ̈. So, the claim follows from Theorem 2.1(b) and Proposition 2.3.

In [AJL, 3.9, 4.5] it was observed that extensions between two simple modules for
the algebraic group of type A1 and the corresponding finite groups vanish unless
the p-adic expansions of the weights differ in at most 2 consecutive slots. We
can generalize this observation to groups of other types, provided the prime is
sufficiently large.
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Corollary. Let G be a simple simply connected algebraic group. Moreover, let
p ≥ 3(h− 1), r ≥ 2, and λ, µ ∈ Xr(T ).

(a) Ext1
G(L(λ), L(µ)) = 0 unless there exists an n with 0 ≤ n ≤ r − 1 such that

λn 6= µn and λi = µi for all i 6= n, n+ 1.
(b) Ext1

G(Fq)(L(λ), L(µ)) = 0 unless there exists an n with 0 ≤ n ≤ r − 1 such
that λn 6= µn and λi = µi for all i 6≡ n, n+ 1(mod r).

Proof. Since Ext1
G(L(λ), L(λ)) = 0 and Ext1

G(Fq)(L(λ), L(λ)) = 0 (by [BNP2, 3.4]),
in either case, there is some n with 0 ≤ n ≤ r − 1 for which λn 6= µn. Note that
when r = 2, this is all that is claimed and so we may assume that r ≥ 3. For
part (a), let n be the least nonnegative integer with λn 6= µn. By part (a) of the
preceding theorem, Ext1

G(L(λ), L(µ)) = 0 unless λ′′ = µ′′. In other words, if the
Ext-group is nonzero, we must have λi = µi for all i 6= n, n+ 1.

For part (b), suppose there is an i with 1 ≤ i ≤ r−2 and λi 6= µi. Then λ̈ 6= µ̈ and
by part (b) of the preceding theorem, Ext1

G(Fq)(L(λ), L(µ)) ∼= Ext1
G(L(λ), L(µ)).

Hence, by part (a), for these groups to be nonzero, we must have λn 6= µn for some
(minimal) n and λi = µi for i 6= n, n+ 1. Alternately, for Ext1

G(Fq)(L(λ), L(µ)) to
possibly be nonzero, we must have λi = µi for all 1 ≤ i ≤ r − 2.

2.5. It is easy to see from Theorem 2.4(a) that Ye’s results, [Ye1, Thm. 5.1] and
[Ye2, Thm. 5], for extensions of simple modules for rank 2 groups can be generalized
as follows. We use the same notation as in [Ye2] and define for λ ∈ X(T )+,

A(λ) = {µ ∈ X(T )+ | Ext1
G(L(λ), L(µ)) 6= 0}

and for λ0 ∈ X1(T ),

B(λ0) = {γ ∈ π1,1 | Ext1
G(L(λ0), L(γ)) 6= 0}.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1).
For λ = λ0 + pλ1 + p2λ̄ with λ0, λ1 ∈ X1(T ), λ̄ ∈ X(T )+, one has

A(λ) = {λ0 + pA(λ1 + pλ̄)} ∪ {µ0 + pµ1 + p2λ̄ | µ0 + pν ∈ B(λ0), L(µ1)

⊂ socG(L(λ1)⊗ L(ν)), µ0, µ1 ∈ X1(T ), ν ∈ Γ}.

2.6. A decomposition similar to that of Theorem 2.1 for extensions over finite
Chevalley groups can also be obtained for extensions over Frobenius kernels Gr.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h − 1)
and λ, µ ∈ Xr(T ). Then

Ext1
Gr(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R,
where

R =
⊕

ν∈Γ−{0}
L(ν)(r) ⊗ Ext1

G(L(λ)⊗ L(ν)(r), L(µ)).

Proof. It follows immediately from [And1, Proposition 5.5] that

Ext1
Gr(L(λ), L(µ)) ∼=

⊕
ν∈Γ2h−1

L(ν)(r) ⊗ Ext1
G(L(λ) ⊗ L(ν)(r), L(µ)).

Moreover, if ν ∈ X(T )+ satisfies 〈ν, α∨0 〉 < 2(h−1) and Ext1
G(L(λ)⊗L(ν)(r), L(µ)) 6=

0, then by [BNP2, Prop. 2.4], ν must lie in Γ.
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2.7. The results of Section 2.4 can be used to simplify the decomposition in The-
orem 2.6 by reducing computations for pr-restricted weights to computations in-
volving p-restricted weights. Two reduction lemmas are required for this. The first
one states that when weights λ and µ have a common term in their p-adic expan-
sions, this term can often be “deleted” and the G-extensions remain the same. The
isomorphism follows readily from Theorem 2.4(a) by comparing the two direct sum
decompositions (one for each Ext-group) and observing that they are the same.

Lemma (A). Let G be a simple simply connected algebraic group with p ≥ 3(h−1)
and λ, µ ∈ X(T )+. Let m ≥ 0 be an integer such that λm = µm. For m > 0,
suppose also that m−1 is not the least integer n with λn 6= µn. Set λ̄ =

∑m−1
i=0 piλi+∑∞

i=m+1 p
i−1λi and µ̄ =

∑m−1
i=0 piµi +

∑∞
i=m+1 p

i−1µi. Then Ext1
G(L(λ), L(µ)) ∼=

Ext1
G(L(λ̄), L(µ̄)).

Lemma (B). Let G be a simple simply connected algebraic group with p ≥ 3(h−1),
r ≥ 2, and λ, µ ∈ Xr(T ). Then for ν ∈ Γ− {0},

Ext1
G(L(λ)⊗ L(ν)(r), L(µ)) ∼=

{
0 if λ̇ 6= µ̇,

Ext1
G(L(λr−1)⊗ L(ν)(1), L(µr−1)) if λ̇ = µ̇.

Proof. It follows immediately from Corollary 2.4(a) (applied to λ + prν and µ)
that the Ext-group is zero unless λ̇ = µ̇. In that case, the isomorphism follows by
repeated application of Lemma 2.7(A).

When r ≥ 2, Lemma 2.7(B) immediately shows that Theorem 2.6 can be im-
proved so that the remainder term involves G-extensions over only p-restricted
weights. In the case that r = 1, the following is simply a restatement of Theorem
2.6.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h − 1)
and λ, µ ∈ Xr(T ). Then

Ext1
Gr(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R,
where

R =

{
0 if λ̇ 6= µ̇,⊕

ν∈Γ−{0} L(ν)(r) ⊗ Ext1
G(L(λr−1)⊗ L(ν)(1), L(µr−1)) if λ̇ = µ̇.

Corollary (A). Let G be a simple simply connected algebraic group with p ≥
3(h− 1) and λ, µ ∈ Xr(T ). Then

Ext1
Gr(L(λ), L(µ)) ∼=

{
Ext1

G(L(λ), L(µ)) if λ̇ 6= µ̇,

Ext1
G1

(L(λr−1), L(µr−1))(r−1) if λ̇ = µ̇.

Proof. The case λ̇ 6= µ̇ follows immediately from the theorem. The latter case
follows from the theorem by comparing the decomposition for the two Ext-groups.
Alternately, it follows from the Lyndon-Hochschild-Serre spectral sequence for G1�

Gr.

Note that in the latter case of the corollary, these groups may or may not be
isomorphic to Ext1

G(L(λ), L(µ)). Finally, we note the following immediate conse-
quence of the theorem.
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Corollary (B). Let G be a simple simply connected algebraic group with p ≥
3(h− 1) and r ≥ 2. Suppose λ, µ ∈ Xr−1(T ). Then

Ext1
Gr(L(λ), L(µ)) ∼=

{
Ext1

G(L(λ), L(µ)) if λ 6= µ,

0 if λ = µ.

3. Comparison results for finite groups: r ≥ 2

3.1. The results of Section 2 allow one to compute extensions of simple G(Fq)-
modules by computing certain families of extensions overG. The goal of this section
is to identify the extensions between a pair of simple G(Fq)-modules with the G-
extensions of a single pair of simple G-modules. The following theorem presents
one approach to this problem. Note that the integer n defined here is different from
that used in Theorems 2.2 and 2.4. Further, note that if n = r−1, then the weights
λ̃ and µ̃ defined below simply equal λ and µ respectively.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h − 1)
and λ, µ ∈ Xr(T ). Set n = min({i | λi = µi} ∪ {r − 1}) and define pr-restricted
weights λ̃ =

∑n+r
i=n+1 p

i−n−1λi and µ̃ =
∑n+r
i=n+1 p

i−n−1µi, where λr+i = λi and
µr+i = µi.

(a) If r ≥ 3, then

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ̃), L(µ̃)).

(b) If r = 2 and λ0 = µ0 or λ1 = µ1, then

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ̃), L(µ̃)).

(c) If r = 2 and λi 6= µi for i = 0, 1, set λ̂ = λ1 + pλ0 and µ̂ = µ1 + pµ0. Then

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕ Ext1
G(L(λ̂), L(µ̂)).

Proof. Since the Frobenius map is an automorphism of G(Fq), for any finite-
dimensional G-module V and any positive integer m,

H1(G(Fq), V ) ∼= H1(G(Fq), V (m)).

Therefore,
Ext1

G(Fq)(L(λ), L(µ)) ∼= Ext1
G(Fq)(L(λ)(m), L(µ)(m)).

For n = min({i | λi = µi} ∪ {r − 1}), L(λ̃) ∼= L(λ)(r−1−n) and L(µ̃) ∼= L(µ)(r−1−n)

as G(Fq)-modules. Hence, we may identify

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(Fq)(L(λ̃), L(µ̃)).

(a) For r ≥ 3, Corollary 2.4 implies that

Ext1
G(Fq)(L(λ), L(µ)) = 0 and Ext1

G(L(λ̃), L(µ̃)) = 0

unless there exists an i with 0 ≤ i ≤ r−1 and λi = µi. Suppose such an i exists and
apply Theorem 2.1(b) to λ̃ and µ̃. Since λ̃r−1 = µ̃r−1, Ext1

G1
(L(λ̃r−1), L(µ̃r−1)) = 0

by [And1] and so the remainder term R is zero. Hence, it follows that

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(Fq)(L(λ̃), L(µ̃)) ∼= Ext1
G(L(λ̃), L(µ̃))

and part (a) holds.
(b) For r = 2, if λ0 = µ0 or λ1 = µ1, then λ̃r−1 = µ̃r−1 and the claim follows by

the same argument as for r ≥ 3.
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(c) Suppose r = 2 and λi 6= µi for i = 0, 1. By Theorem 2.1(b), we have

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R
where

R =
⊕

ν∈Γ−{0}
Ext1

G(L(λ1)⊗ L(ν)(1), L(µ1))⊗HomG(L(λ0), L(µ0)⊗ L(ν)).

Since λ0 6= µ0, we have

R =
⊕
ν∈Γ

Ext1
G(L(λ1)⊗ L(ν)(1), L(µ1))⊗HomG(L(λ0), L(µ0)⊗ L(ν)).

By Theorem 2.4(a), the remainder term R is exactly Ext1
G(L(λ̂), L(µ̂)).

3.2. For r ≥ 2 and p ≥ 3(h−1), Theorem 3.1 provides a surprisingly simple answer
to the following question raised by Humphreys [Hum] and Andersen [And2]: can
every extension between two simple modules L(λ) and L(µ) for the finite group
G(Fq) be found via the algebraic group G?

We give an explicit construction of any nontrivial extension of L(λ) by L(µ) for
G(Fq). For a given pair λ, µ, consider the integer n and weights λ̃, µ̃ described
in Theorem 3.1. Let E denote a nontrivial extension of L(λ̃) by L(µ̃) for G. We
twist E n times with the Frobenius morphism and denote the result by E(n). A
slight modification of the argument in [And2, Prop. 2.7] shows that E(n) remains
nontrivial when restricted to G(Fq). Now L(λ̃)(n) ∼= L(λ) and L(µ̃)(n) ∼= L(µ) as
G(Fq)-modules. Hence, we constructed a nontrivial extension of L(λ) by L(µ) for
the finite group. It follows from Theorem 3.1 that all nontrivial extensions can be
found in this fashion. Notice that in the case r = 2 and λi 6= µi for i = 0, 1, one
needs to consider, in addition, the weights λ̂ and µ̂. But the construction remains
the same. For r ≥ 3, the preceding construction can be done with at most one
Frobenius twist if a slightly different choice of the weights λ̃ and µ̃ is made.

3.3. Let λ, µ ∈ Xr(T ). In [AJL, Corollary 4.5 (b)], the authors showed that
dimk Ext1

SL2(Fq)(L(λ), L(µ)) ≤ 1, unless r = 2 and λ1 = µ0 = (p − 1)/2 and
λ0 = µ1 = (p− 3)/2 or λ1 = µ0 = (p− 3)/2 and λ0 = µ1 = (p− 1)/2. In that case
the dimension is 2. The weights (p − 3)/2 and (p − 1)/2 are exactly the ones for
which the finite group SL2(Fp) has self-extensions. This suggests that there is a
connection between the existence of self-extensions for G(Fp) and a “doubling” of
the dimension for certain extensions for the group G(Fp2). Using Theorem 3.1, we
prove the following generalization for groups of higher rank. We use the notation
λ̃ and λ̂ as defined in Theorem 3.1.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1),
r ≥ 2, and λ, µ ∈ Xr(T ). If r 6= 2 or the underlying root system is not of type A1

or Cn, then

max{dimk Ext1
G(Fq)(L(λ), L(µ)) | λ, µ ∈ Xr(T )}

= max{dimk Ext1
G(L(λ), L(µ)) | λ, µ ∈ Xr(T )}.

Otherwise,

max{dimk Ext1
G(Fq)(L(λ), L(µ)) | λ, µ ∈ Xr(T )}

≤ 2 max{dimk Ext1
G(L(λ), L(µ)) | λ, µ ∈ Xr(T )}.
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Proof. By Theorem 3.1, Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ̃), L(µ̃)) unless r = 2,
λ0 6= µ0, and λ1 6= µ1. In the remaining case, we have

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕ Ext1
G(L(λ̂), L(µ̂)).

If Ext1
G(Fq)(L(λ), L(µ)) 6= 0, then the first dimension criterion fails only if both

Ext1
G(L(λ), L(µ)) 6= 0 and Ext1

G(L(λ̂), L(µ̂)) 6= 0.

Suppose these are both nonzero. By Theorem 2.4, there exists ν1, ν2 ∈ Γ such that

Ext1
G(L(λ0)⊗ L(ν1)(1), L(µ0)) 6= 0,

Ext1
G(L(λ1)⊗ L(ν2)(1), L(µ1)) 6= 0,

0 6= HomG(L(λ0), L(µ0)⊗ L(ν2)) ∼= HomG(L(µ0), L(λ0)⊗ L(−w0ν2)),

and

0 6= HomG(L(λ1), L(µ1)⊗ L(ν1)) ∼= HomG(L(µ1), L(λ1)⊗ L(−w0ν1)).

Since λ0 6= µ0 and λ1 6= µ1, both ν1 and ν2 are nonzero. Define the G-module Q
via the exact sequence

0→ L(µ0)→ L(λ0)⊗ L(−w0ν2)→ Q→ 0.

We look at the long exact Ext-sequence

· · · → HomG(L(λ0)⊗ L(ν1)(1), Q)→ Ext1
G(L(λ0)⊗ L(ν1)(1), L(µ0))

→ Ext1
G(L(λ0)⊗ L(ν1)(1), L(λ0)⊗ L(−w0ν2))→ · · · .

The weights ofQ are less than λ0−w0ν2. Since ν1 6= 0, HomG(L(λ0)⊗L(ν1)(1), Q) =
0 and the map Ext1

G(L(λ0) ⊗ L(ν1)(1), L(µ0)) → Ext1
G(L(λ0) ⊗ L(ν1)(1), L(λ0) ⊗

L(−w0ν2)) is an embedding. Therefore, Ext1
G(L(λ0)⊗L(ν1)(1), L(λ0)⊗L(−w0ν2))

6= 0. But by [BNP2, Cor. 4.9] that is not possible unless Φ is of type A1 or Cn.

We have shown that the “doubling” of the dimension of the extensions for G(Fq)
happens only for q = p2 and groups of type A1 and Cn. Moreover, a closer look
at [BNP2, Cor. 4.9] shows that the p-adic expansion of weights for which such
a doubling might occur are also candidates for self-extensions for G(Fp). In the
following example, one can see that Humphreys’ examples of self-extensions for the
group Sp4(Fp) give rise to a doubling of the dimensions for the bigger group over
the field with p2 elements. Using the calculations and notation in [Ye1], one can
show the following for the finite groups Sp4(Fq).

Example. Let p ≥ 5 and λ, µ ∈ Xr(T ). Then dimk Ext1
Sp4(Fq)(L(λ), L(µ)) ≤ 1,

unless r = 2 and λ1 = µ0 = (s, (p − 1)/2) and λ0 = µ1 = (s + 1, (p − 3)/2) or
λ1 = µ0 = (s + 1, (p − 3)/2) and λ0 = µ1 = (s, (p − 1)/2), for 1 ≤ s ≤ p − 2. In
that case the dimension is 2.
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3.4. In the previous sections, it was shown that for r ≥ 2, there exists an algo-
rithm for obtaining the extensions of two given simple modules for the finite group
from the extensions of simple modules for the ambient algebraic group. We now
present a slightly different point of view. For a fixed simple module L(λ) with
λ ∈ Xr(T ), there is a one-to-one correspondence between the set of simple modules
for the finite group G(Fq) which have pr-restricted highest weight and extend L(λ)
nontrivially and a set of pr+1-restricted highest weights whose corresponding sim-
ple modules admit certain nontrivial extensions over G. This is presented in the
following theorem, which greatly improves [Pil, Lem. 2.2] for r ≥ 2.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h − 1)
and r ≥ 2. Furthermore, assume that if the underlying root system is of type A1 or
Cn, then r ≥ 3. For λ ∈ Xr(T ) define the sets

A(λ) = {µ+ prµr | µ ∈ Xr(T ), µr ∈ X1(T ), µ 6= λ,

Ext1
G(L(λ+ prλ0), L(µ+ prµr)) 6= 0}

and
B(λ) = {σ ∈ Xr(T ) | Ext1

G(Fq)(L(λ), L(σ)) 6= 0},
and a map φ : A(λ) → X(T ) with φ(µ + prµr) = µ+ µr − λ0. Then φ maps A(λ)
bijectively onto B(λ), and for any µ+ prµr ∈ A(λ) one obtains

Ext1
G(L(λ+ prλ0), L(µ+ prµr)) ∼= Ext1

G(Fq)(L(λ), L(φ(µ + prµr))).

Proof. We will first show that φ(A(λ)) ⊂ B(λ). Let µ + prµr ∈ A(λ). So
Ext1

G(L(λ + prλ0), L(µ + prµ)) 6= 0 and we must show that Ext1
G(L(λ), L(µ +

µr − λ0)) 6= 0.

Case 1.1. µ0 = λ0.

We define λr = λ0, λ̃ =
∑r

i=1 p
i−1λi, and µ̃ =

∑r
i=1 p

i−1µi. Since λ + prλ0 =
λ0 + pλ̃ and µ + prµr = λ0 + pµ̃, by Lemma 2.7(A), Ext1

G(L(λ + prλ0), L(µ +
prµr)) ∼= Ext1

G(L(λ̃), L(µ̃)). Further, the restriction map Ext1
G(L(λ̃), L(µ̃)) to

Ext1
G(Fq)(L(λ̃), L(µ̃)) is an injection. Finally, as G(Fq)-modules, L(λ̃)(1) ∼= L(λ)

and L(µ̃)(1) ∼= L(µ+ µr − µ0) = L(µ+ µr − λ0). Hence,

Ext1
G(L(λ+ prλ0), L(µ+ prµr)) ↪→ Ext1

G(Fq)(L(λ̃), L(µ̃))
∼= Ext1

G(Fq)(L(λ), L(µ+ µr − λ0)),

and φ(µ+ prµr) ∈ B(λ).

Case 1.2. µ0 6= λ0.

Since Ext1
G(L(λ + prλ0), L(µ + prµr)) 6= 0, it follows from Corollary 2.4(a)

that µr = λ0 and so φ(µ + prµr) = µ. Furthermore, by Lemma 2.7(A),
Ext1

G(L(λ+prλ0), L(µ+prµr)) ∼= Ext1
G(L(λ), L(µ)). Again the restriction map from

Ext1
G(L(λ), L(µ)) to Ext1

G(Fq)(L(λ), L(µ)) is injective. Now φ(µ+prµr) ∈ B(λ) be-
cause

Ext1
G(L(λ+ prλ0), L(µ+ prµr)) ↪→ Ext1

G(Fq)(L(λ), L(µ))

= Ext1
G(Fq)(L(λ), L(µ+ µr − λ0)).
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Next we will show that φ maps A(λ) onto B(λ). Specifically, we will show that
for each σ ∈ B(λ) there exists a µ + prµr ∈ A(λ) such that φ(µ + prµr) = σ and
moreover that

Ext1
G(L(λ+ prλ0), L(µ+ prµr)) ∼= Ext1

G(Fq)(L(λ), L(σ)).

Case 2.1. λr−1 = σr−1.

Since Ext1
G1

(L(λr−1), L(σr−1)) = 0, Theorem 2.1(b) implies that

Ext1
G(Fq)(L(λ), L(σ)) ∼= Ext1

G(L(λ), L(σ)).

Since λr−1 = σr−1, we may apply Lemma 2.7(A) to conclude that Ext1
G(L(λ), L(σ))

∼= Ext1
G(L(λ+prλ0), L(σ+prλ0)). Set µr = λ0 and µ = σ. Then µ+prµr = σ+prλ0.

So φ(µ+ prµr) = σ and Ext1
G(L(λ+ prλ0), L(µ+ prµr)) ∼= Ext1

G(Fq)(L(λ), L(σ)).

Case 2.2. λr−1 6= σr−1 and λr−2 = σr−2.

We set λr = λ0, σr = σ0, λ̃ =
∑r

i=1 p
i−1λi, and σ̃ =

∑r
i=1 p

i−1σi. Then
L(λ̃)(1) ∼= L(λ) and L(σ̃)(1) ∼= L(σ) as G(Fq)-modules; so Ext1

G(Fq)(L(λ), L(σ)) ∼=
Ext1

G(Fq)(L(λ̃), L(σ̃)). Furthermore, Ext1
G(Fq)(L(λ̃), L(σ̃)) ∼= Ext1

G(L(λ̃), L(σ̃)). For

r ≥ 3, this follows from Theorem 2.4(b) since R = 0 as λ̃r−2 6= σ̃r−2 implies ¨̃
λ 6= ¨̃σ.

For r = 2, the isomorphism follows from Theorem 2.1(b) since λ̃r−1 = σ̃r−1 and
ExtG1(L(λ̃r−1), L(σ̃r−1)) = 0.

On the other hand, by Lemma 2.7(A), we have

Ext1
G(L(λ̃), L(σ̃)) ∼= Ext1

G(L(λ0+pλ̃), L(λ0+pσ̃)) = Ext1
G(L(λ+prλ0), L(λ0+pσ̃)).

Set µr = σ0 and µ = σ − σ0 + λ0. Then µ+ prµr = σ − σ0 + λ0 + prσ0 = λ0 + pσ̃,
φ(µ + prµr) = σ − σ0 + λ0 + σ0 − λ0 = σ, and Ext1

G(L(λ + prλ0), L(µ + prµr)) ∼=
Ext1

G(Fq)(L(λ), L(σ)).

Case 2.3. λr−1 6= σr−1 and λr−2 6= σr−2.

If r ≥ 3, apply Theorem 2.4(b) to λ and σ. By assumption, λ̈ 6= σ̈. So R =
0 and Ext1

G(Fq)(L(λ), L(σ)) ∼= Ext1
G(L(λ), L(σ)). Moreover, by Lemma 2.7(A),

Ext1
G(L(λ), L(σ)) ∼= Ext1

G(L(λ + prλ0), L(σ + prλ0)). As in Case 2.1, we choose
µr = λ0 and µ = σ to obtain the isomorphism.

If r = 2, then by Theorem 3.1(c),

Ext1
G(Fq)(L(λ), L(σ)) ∼= Ext1

G(L(λ), L(σ)) ⊕ Ext1
G(L(λ̂), L(σ̂)).

However, it follows from the proof of Theorem 3.3 that, provided Φ is not of
type A1 or Cn, only one of these terms is nonzero. If Ext1

G(Fq)(L(λ), L(σ)) ∼=
Ext1

G(L(λ), L(σ)), we may proceed as we did for r ≥ 3 and set µr = λ0 and µ = σ.
If Ext1

G(Fq)(L(λ), L(σ)) ∼= Ext1
G(L(λ̂), L(σ̂)), we may proceed as in Case 2.2 and set

µr = σ0 and µ = σ − σ0 + λ0.
Finally, we need to show that φ is one-to-one. Assume that µ+prµr ∈ A(λ) and

δ + prδr ∈ A(λ) such that µ + prµr 6= δ + prδr while µ + µr − λ0 = δ + δr − λ0.
It follows immediately that µ0 6= δ0 and µr 6= δr. Because µ0 6= δ0 we may
assume without loss of generality that µ0 6= λ0. Applying Corollary 2.4(a) to
Ext1

G(L(λ + prλ0), L(µ + prµr)), it follows that µi = λi for 2 ≤ i ≤ r − 1 and
µr = λ0. Then, since δr 6= µr = λ0, it similarly follows from Corollary 2.4(a) that
δi = λi for 0 ≤ i ≤ r − 2. In particular, δ0 = λ0 = µr. Then from the equation
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µ+ µr = δ + δr, we conclude that µ = δ − δ0 + δr. Hence, µ0 = δr and µi = δi for
1 ≤ i ≤ r − 1. If r ≥ 3, then r − 1 ≥ 2 and so δr−1 = µr−1 = λr−1 and therefore
δ = λ. But that violates the condition δ 6= λ for elements δ+prδr in A(λ). If r = 2,
δ1 = µ1 need not equal λ1. If it does, we arrive at the same contradiction. In any
case, as in Theorem 3.1, let λ̂ = λ1 + pλ0 and µ̂ = µ1 + pµ0. Since µ2 = λ0 and
λ0 6= µ0, it follows from Lemma 2.7(A) that

Ext1
G(L(λ), L(µ)) ∼= Ext1

G(L(λ+ p2λ0), L(µ+ p2λ0))

= Ext1
G(L(λ+ p2λ0), L(µ+ p2µ2)) 6= 0.

On the other hand, since δ0 = λ0, δ1 = µ1, and δ2 = µ0, we have δ+p2δ2 = λ0 +pµ̂.
Hence, we also have

Ext1
G(L(λ̂), L(µ̂)) ∼= Ext1

G(L(λ0 + pλ̂), L(λ0 + pµ̂))

= Ext1
G(L(λ+ p2λ0), L(δ + p2δ2)) 6= 0.

But, as shown in the proof of Theorem 3.3, Ext1
G(L(λ), L(µ)) and Ext1

G(L(λ̂), L(µ̂))
cannot both vanish unless Φ is of type A1 or Cn. Hence, φ is one-to-one.

The example in Section 3.3 as well as [AJL, Cor. 4.5 (b)] shows that the theorem
above fails for certain weights λ and groups of type A1 or C2 and r = 2. The map
φ is not one-to-one in these cases.

4. Cohomology for finite and algebraic groups

4.1. In this section, we turn to the special case of finding relationships between
cohomology groups over G(Fq), G, and Gr. Here T σγ denotes Jantzen’s translation
functor [Jan1, II.7]. We begin by providing a generalization of [BNP1, Cor. 7.4].

Proposition. Let G be a simple simply connected algebraic group with p ≥
(2s + 1)(h − 1) for a positive integer s, and let V ∈ Cs,r have only pr-restricted
composition factors in its socle (as a G-module). Then for 0 ≤ i ≤ s,

Hi(G(Fq), V ) ∼=
⊕

ν∈Γ2s(h−1)

Hi(G, T 0
ν (V ⊗ L(ν)(r))).(4.1.1)

Proof. Since p ≥ (2s + 1)(h − 1) and ν ∈ Γ2s(h−1), it follows that ν is in the
interior of the lowest alcove. Consequently, from Jantzen’s translation principle,
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L(ν) ∼= T ν0 (k). One can now argue as follows:

Hi(G(Fq), V ) ∼= ExtiG(Fq)(k, V )
∼= ExtiG(Fq)(V

∗, k)
∼= ExtiG(V ∗,Gs(k)) ([BNP1, Thm. 5.2])
∼=

⊕
ν∈Γ2s(h−1)

ExtiG(V ∗, L((pr − w0)ν)) ([BNP1, Thm. 7.4])

∼=
⊕

ν∈Γ2s(h−1)

ExtiG(L(ν), V ⊗ L(ν)(r)) ([Jan1, I.4.4])

∼=
⊕

ν∈Γ2s(h−1)

ExtiG(T ν0 (k), V ⊗ L(ν)(r))

∼=
⊕

ν∈Γ2s(h−1)

ExtiG(k, T 0
ν (V ⊗ L(ν)(r))) ([Jan1, II.7.6])

∼=
⊕

ν∈Γ2s(h−1)

Hi(G, T 0
ν (V ⊗ L(ν)(r))).

4.2. A weight λ is G1-linked to the zero weight if λ = w · 0 + pγ for some w ∈ W
and γ ∈ X(T ). The result below shows that cohomology for the algebraic group
and the finite group coincide if the G-module V has all its G1-composition factors
in the principal block for G1.

Corollary (A). Let G be a simple simply connected algebraic group with p >
(2s + 1)(h − 1) for a positive integer s. Suppose that V ∈ Cs,r has only pr-
restricted composition factors in its socle (as a G-module). If all the highest weights
of the simple G1-composition factors of V are G1-linked to the zero weight, then
for 0 ≤ i ≤ s,

Hi(G(Fq), V ) ∼= Hi(G, V ).

Proof. According to Proposition 4.1, we have

Hi(G(Fq), V ) ∼=
⊕

ν∈Γ2s(h−1)

Hi(G, T 0
ν (V ⊗ L(ν)(r))).

Suppose that there exists a nonzero ν ∈ Γ2s(h−1) and a composition factor L(λ) of
V with T 0

ν (L(λ) ⊗ L(ν)(r)) 6= 0. Then λ is G1-linked to ν. On the other hand, λ
is also G1-linked to zero. Following [Jan2, Lem. 1] there exists a w ∈ W and a
corresponding unique weight ρw ∈ X(T )+ such that 0 = w · ν + pρw. One obtains
w(ν+ρ)−ρ = −pρw. Taking the absolute value of the inner product of the left-hand
side with a simple root α yields

|〈w(ν + ρ), α∨〉 − 1| ≤ 2s(h− 1)− 1 + (h− 1) + 1 = (2s+ 1)(h− 1),

which is strictly less than p. Therefore, ρw = 0, w = 1 and ν = 0. We obtain a
contradiction and the assertion follows.

We can now apply Proposition 4.1 and Corollary 4.2(A) to simple modules and
induced G-modules. Recall that a weight λ is called p-regular if 〈λ + ρ, α∨〉 is not
divisible by p for any root α. Otherwise we say λ is p-singular.
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Corollary (B). Let G be a simple simply connected algebraic group with p >
(2s + 1)(h − 1) for a positive integer s and λ ∈ Xr(T ). For 0 ≤ i ≤ s, the
following hold:

(i) If λ is p-singular, then Hi(G(Fq), H0(λ)) ∼= Hi(G(Fq), L(λ)) = 0.
(ii) If λ is G1-linked to the zero weight, then Hi(G(Fq), L(λ)) ∼= Hi(G,L(λ)).
(iii) If λ is G1-linked to the zero weight, then Hi(G(Fq), H0(λ)) = 0.

Proof. (i) The size of p and the definition of the set Γ2s(h−1) force all the weights
ν that appear in the sum in equation (4.1.1) to be p-regular. Therefore, for any ν
and for any p-singular λ, T 0

ν (H0(λ) ⊗ L(ν)(r)) ∼= T 0
ν (L0(λ) ⊗ L(ν)(r)) = 0.

(ii) This follows immediately from Corollary 4.2(A).
(iii) Again, it is immediate from Corollary 4.2(A) that Hi(G(Fq), H0(λ)) ∼=

Hi(G,H0(λ)). Now apply [Jan1, II.4.13].

4.3. The following proposition is essential for our computations and will be used
throughout the remainder of this section. This result is a consequence of the compu-
tation of G1-cohomology with coefficients in an induced module (see [AJ], [KLT]).
Andersen [And2] extended these results to the first cohomology of higher Frobenius
kernels. We note that it is possible to extend some of the work of Jantzen [Jan5]
for cohomology groups of G1 to Gr and replace the condition p > h with p > 3.

Proposition. Let G be a simple algebraic group with p > h. Let ν, ζ ∈ X(T )+.
(a) Then

HomG(L(ν)(r),Ext1
Gr(k,H

0(ζ)))

=
{
k if ζ = prν − piα for some α ∈ ∆ and i < r,
0 else.

(b) Moreover, if ζ ∈ Xr(T ) and either ζ 6= 0 or ν ∈ CZ, then

Ext1
G(L(ν)(r), H0(ζ)) =

 k if ζ = prωα − piα and ν = ωα where α ∈ ∆, ωα is
the corresponding fundamental weight, and i < r,

0 else.

Proof. (a) According to [And2, p. 392],

Ext1
Gr (k,H

0(ζ)) =
{
H0(δ)(r) if ζ = prδ − piα for some α ∈ ∆ and i < r,
0 else.

Hence, if Ext1
Gr

(k,H0(ζ)) 6= 0, then

HomG(L(ν)(r),Ext1
Gr(k,H

0(ζ))) ∼= HomG(L(ν)(r), H0(δ)(r)).

But, this Hom-group is nonzero and equal to k if and only if δ = ν.
(b) We now apply the Lyndon-Hochschild-Serre spectral sequence

ExtiG/Gr(L(ν)r,ExtjGr(k,H
0(ζ)))⇒ Exti+jG (L(ν)(r), H0(ζ))

with the corresponding five term exact sequence

0→ E1,0
2 → E1 → E0,1

2 → E2,0
2 → E2.

If ζ ∈ Xr(T ), then

HomGr(k,H
0(ζ)) =

{
k if ζ = 0,
0 else.
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Since ζ 6= 0 or ν ∈ CZ, it follows that for i > 0,

Ei,0 = ExtiG/Gr(L(ν)(r),HomGr (k,H
0(ζ))) = 0.

Therefore, we obtain the isomorphism

Ext1
G(L(ν)(r), H0(ζ)) ∼= HomG/Gr(L(ν)(r),Ext1

Gr (k,H
0(ζ))).

By part (a) of this proposition, this is nonzero if and only if ζ = prν−piα. Since ζ is
pr-restricted, for any simple root β with 〈α, β∨〉 ≤ 0, one concludes that 〈ν, β∨〉 = 0,
while clearly 〈ν, α∨〉 = 1. Hence, ν = ωα.

4.4. In [FP, Thm. 3.3] Friedlander and Parshall compute the dimensions of the
G(Fq)-cohomology groups Hi(G(Fq), H0(λ)) for induced G-modules, provided the
prime is sufficiently large with respect to G, λ, and i. In particular, they prove that
the odd cohomology groups vanish in these cases. The following gives a complete
description of the first G(Fq)-cohomology of induced G-modules with pr-restricted
highest weights for p ≥ 3(h − 1). One observes nonvanishing for certain weights
outside of the region considered in [FP].

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1).
Let λ ∈ Xr(T ). Then

H1(G(Fq), H0(λ)) =



k if λ = prωα − piα− w0ωα where α ∈ ∆, ωα the
corresponding fundamental weight, and 1 ≤ i < r,

k if λ = prωα + sα · (−w0ωα) where α ∈ ∆, ωα the
corresponding fundamental weight,

0 else.

Proof. According to Proposition 4.1 with V = H0(λ),

H1(G(Fq), H0(λ)) ∼=
⊕

ν∈Γ2(h−1)

H1(G, T 0
ν (H0(λ) ⊗ L(ν)(r)))

∼=
⊕

ν∈Γ2(h−1)

Ext1
G(L(prν), T p

rν
(pr−w0)ν(H0(λ))).

We fix some ν with Ext1
G(L(prν), T p

rν
(pr−w0)ν(H0(λ))) 6= 0 and define the pr-restricted

weight µ via
H0(µ) = T p

rν
(pr−w0)ν(H0(λ)).

Notice that all ν ∈ Γ2(h−1) are also contained in CZ. According to Proposition
4.3(b), Ext1

G(L(prν), H0(µ)) = 0, unless ν = ωα and µ = prωα − piα where α ∈ ∆,
ωα is the corresponding fundamental weight, and i < r. In that case it is equal to
k. We translate back and find that

λ =
{
prωα − piα− w0ωα for 0 < i,
prωα + sα · (−w0ωα) for i = 0.

It is left to show that two distinct weights ωα, ωβ cannot contribute in the sum-
mation for the same λ. Assume the contrary. Then the weights ωα and ωβ are
G1-linked. That is, ωα = w · ωβ + pγ for some w ∈ W and some γ ∈ X(T ). Thus
〈ωα, β∨〉 − 〈w · ωβ, β∨〉 has to be divisible by p. Now |〈ωα, β∨〉 − 〈w · ωβ , β∨〉| ≤
2(h − 1) + 1. That forces |〈ωα, β∨〉 − 〈w · ωβ, β∨〉| = 0, unless p = 3 and Φ is of
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type A1. But in that case the only choice is ωα = ωβ = 1. Therefore, γ = 0 and
ωα = w · ωβ. It follows that α = β.

4.5. The following proposition provides a computation of the extension between
certain simple G-modules. This computation will be used in the upcoming sections.

Proposition. Let G be a simple algebraic group with p > h. For any simple root
α with corresponding fundamental weight ωα, we obtain

Ext1
G(L(ωα)(1), L(pωα − α)) ∼= k.

Proof. Since p > h it follows that pωα−α is not the zero weight. From Proposition
4.3(b), Ext1

G(L(ωα)(1), H0(pωα − α)) ∼= k and so we proceed to show that

Ext1
G(L(pωα), L(pωα − α)) ∼= Ext1

G(L(pωα), H0(pωα − α)).

Define the G-module Q via the exact sequence

0→ L(pωα − α)→ H0(pωα − α)→ Q→ 0,

in order to obtain the long exact sequence

· · · → HomG(L(pωα), Q)→ Ext1
G(L(pωα), L(pωα − α))

→ Ext1
G(L(pωα), H0(pωα − α))→ Ext1

G(L(pωα), Q)→ · · · .

All the weights in Q are strictly less than pωα−α. Therefore, HomG(L(pωα), Q) = 0
and the desired isomorphism will follow if it can be shown that Ext1

G(L(pωα), Q) =
0. To show this vanishing, it suffices to show that Ext1

G(L(pωα), L(µ)) = 0 for all
composition factors L(µ) of Q. For such a composition factor L(µ), define N via
the short exact sequence

0→ L(µ)→ H0(µ)→ N → 0,

and consider the long exact sequence

· · · → HomG(L(pωα), N)→ Ext1
G(L(pωα), L(µ))→ Ext1

G(L(pωα), H0(µ)) · · · .

As before, we have HomG(L(pωα), N) = 0. Consequently, the map

Ext1
G(L(pωα), L(µ))→ Ext1

G(L(pωα), H0(µ))

is an embedding. By Proposition 4.3(b), Ext1
G(L(pωα), H0(µ)) = 0, unless µ =

pωα − α or µ = 0 and Ext1
G/G1

(L(pωα), k) 6= 0. But, the weight µ is strictly
less than pωα − α. Therefore, µ = 0. In order to have Ext1

G/G1
(L(pωα), k) ∼=

Ext1
G(L(ωα), k) 6= 0, the weights ωα and zero have to be linked. So there must

exist a weight ν and an element w of the Weyl group such that ωα = pν + w · 0 =
pν + w(ρ) − ρ. Solving this equation for pν and taking the inner product with a
simple root β 6= α yields p〈ν, β∨〉 = 1 + 〈−w(ρ), β∨〉 ≤ h. This forces 〈ν, β∨〉 = 0
and therefore ν = ωα and (p−1)ωα = ρ−w(ρ). This time we take the inner product
with α0 and obtain (p− 1)〈ωα, α∨0 〉 = h− 1 + 〈−w(ρ), α∨0 〉 ≤ 2(h− 1). Since p > h
it follows that ωα is a minuscule weight and contained in the bottom alcove. (Note
that this conclusion clearly holds if Φ is of type A1.) Thus, Ext1

G(L(ωα), k) = 0
and also Ext1

G(L(pωα), Q) = 0.
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4.6. In Corollary 4.2(B), we have shown that H1(G(Fq), L(µ)) ∼= H1(G,L(µ)) for
weights µ ∈ Xr(T ) that are G1-linked to the zero weight. The following theorem
provides necessary conditions for weights µ ∈ Xr(T ), not G1-linked to the zero
weight, so that H1(G(Fq), L(µ)) 6= 0. Clearly, for such weights we always have
H1(G,L(µ)) = 0.

Proposition. Let G be a simple simply connected algebraic group with p ≥ 3(h−1),
and let µ ∈ Xr(T ) not be G1-linked to the zero weight.

(a) If H1(G(Fp), L(µ)) 6= 0 and r = 1, then µ = pρw + w · (−w0ν) for some
w ∈W \ {1} and some 0 6= ν ≤ ρw.

(b) If H1(G(Fq), L(µ)) 6= 0 and r ≥ 2, then µ = pr−1(pρw +w · 0)−w0ν for some
w ∈W \ {1} and some 0 6= ν ≤ ρw.

Proof. (a) Assume that H1(G(Fp), L(µ)) 6= 0. According to the remark following
[BNP1, Cor. 7.4], there exists some −w0ν ∈ Γ such that H1(G, T 0

−w0ν(L(µ) ⊗
L(−w0ν)(1))) 6= 0. In particular, the weight µ−pw0ν has to be linked to −w0ν and
−w0ν 6= 0. Thus µ = pρw + w · (−w0ν) for some w ∈ W. It remains to show that
ν ≤ ρw. If pν ≤ pρw +w · 0, since pρw +w · 0 ≤ pρw, we immediately conclude that
ν ≤ ρw.

Suppose now that pν � pρw + w · 0. We have

T 0
−w0ν(L(µ)⊗ L(−w0ν)(1)) = T 0

−w0ν(L(pρw + w · (−w0ν))⊗ L(−w0ν)(1))
∼= L(pρw + w · 0)⊗ L(−w0ν)(1).

Therefore, Ext1
G(L(ν)(1), L(pρw + w · 0)) 6= 0. Consider the short exact sequence

0→ L(pρw + w · 0)→ H0(pρw + w · 0)→ Q→ 0

and the associated long exact sequence

· · · → HomG(L(pν), Q)→ Ext1
G(L(pν), L(pρw + w · 0))

→ Ext1
G(L(pν), H0(pρw + w · 0))→ · · · .

Since the composition factors of Q all have highest weight less than pρw + w · 0,
HomG(L(pν), Q) = 0 and there is an embedding

Ext1
G(L(pν), L(pρw + w · 0)) ↪→ Ext1

G(L(pν), H0(pρw + w · 0)).

Hence the latter Ext-group is also nonzero. By Proposition 4.3(b), we must have
ν = ωα and pρw + w · 0 = pωα − α for some simple root α. Hence ρw = ωα = ν.

(b) Assume that H1(G(Fq), L(µ)) 6= 0 and that µ is not G1-linked to the zero
weight. We apply Theorem 2.4(b) with λ = 0. It follows that there exists a
weight ν ∈ Γ such that Ext1

G(L(ν)(1), L(µr−1)) 6= 0, µ0 = −w0ν, and µi = 0 for
i = 1, ..., r− 2. Now µr−1 has to be G1-linked to zero. Thus, µr−1 = pρw +w · 0 for
some w ∈ W . The argument in part (a) shows that ν ≤ ρw and w 6= 1.

It is a consequence of Section 3 that for r ≥ 2, the first G(Fq)-cohomology of any
simple module can be obtained from the first G-cohomology for pr-bounded simple
modules. The following corollary shows that the two are essentially the same.

Corollary. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1).
Suppose r ≥ 2 and µ, ν ∈ Xr(T ) such that µ+ prν ∈ π1,r. If µ is G1-linked to the
zero weight, then the restriction map

H1(G,L(µ+ prν))→ H1(G(Fq), L(µ+ prν)) ∼= H1(G(Fq), L(µ+ ν))
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is an isomorphism. Moreover, all the nonzero first cohomology for simple modules
of the finite group can be obtained in this fashion.

Proof. For p = 3 and G of type A1, the assertion follows from [AJL]. For the
remaining cases, we will first show that the restriction map is an injection. For
ν = 0, it follows from Corollary 4.2(B) that the map is an isomorphism. Assume
that ν 6= 0 and that H1(G,L(µ + prν)) 6= 0. We apply Theorem 2.4(a) with λ = 0
and obtain that for 0 ≤ i ≤ r − 2, the µi in the p-adic expansion of µ are zero.
Moreover, it follows that H1(G,L(µ+prν)) ∼= H1(G,L(µr−1 +pν)). Since µr−1 +pν
is pr-restricted we have, again using Corollary 4.2(B), that H1(G,L(µr−1 + pν)) ∼=
H1(G(Fq), L(µr−1 +pν)). Now let E be a nontrivial extension of the trivial module
by L(µ + prν). Then E ∼= Ẽ(r−1) where Ẽ is a nontrivial extension of the trivial
module by L(µr−1 + pν). Now the Frobenius map is an automorphism of G(Fq).
Therefore E ∼= Ẽ(r−1) remains nonsplit for G(Fq). Finally, L(µ+ prν) ∼= L(µ+ ν)
as a G(Fq)-module.

It remains to be shown that all nontrivial extensions of the trivial module by
a simple G(Fq)-module can be obtained in this fashion. Let λ ∈ Xr(T ) with
H1(G(Fq), L(λ)) 6= 0. If λ is G1-linked to zero, then Corollary 4.2(B) says that
H1(G(Fq), L(λ)) ∼= H1(G,L(λ)). Now assume that λ is not G1-linked to the zero
weight. According to the previous Proposition, there exists a w ∈ W \ {1} and a
ν ∈ Γ such that λ = pr−1(pρw + w · 0) + ν. Set µ = pr−1(pρw + w · 0). As we did
above, we use the formulas in Theorem 2.4(b) to show that

Ext1
G(Fq)(k, L(λ)) = Ext1

G(Fq)(k, L(µ+ ν)) ∼= Ext1
G(k, L(p−(r−1)µ+ pν)).

Similarly, Theorem 2.4(a) implies that

Ext1
G(k, L(µ+ prν)) ∼= Ext1

G(k, L(p−(r−1)µ+ pν)).

4.7. The next theorem shows that there exists nonvanishing of G(Fq)-cohomology
for simple modules with vanishing G-cohomology.

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1).
Let λ ∈ Xr(T ).

(a) For r = 1 and any simple root α,

H1(G(Fp), L(pωα + sα · (−w0ωα))) ∼= k.

(b) For r ≥ 2 and any simple root α,

H1(G(Fq), L(prωα − pr−1α− w0ωα)) ∼= k.

Proof. (a) We start with the remark following [BNP1, Cor. 7.4] and look for all
ν ∈ Γ such that H1(G, T 0

ν (L(pωα + sα · (−w0ωα)) ⊗ L(ν)(1))) 6= 0. Any such ν
has to be G1-linked to −w0ωα. It follows from [Jan2, Lem. 1] that there exists a
w ∈ W and its corresponding ρw such that −w0ωα = w · ν + pρw. We rewrite this
expression as pρw = −w0ωα −w(ν + ρ) + ρ. Taking the absolute value of the inner
product of the right-hand side with any simple root β results in an integer less than
or equal to 2(h− 1) + 2, which is less than p. The inner product of the left-hand
side is divisible by p. Therefore, both sides have to be zero. This forces w = 1 and
ν = −w0ωα. Using the identity

T 0
−w0ωα(L(pωα + sα · (−w0ωα))⊗ L(w0ωα)(1)) ∼= L(pωα − α)⊗ L(−w0ωα)(1)



4440 CHRISTOPHER BENDEL, DANIEL NAKANO, AND CORNELIUS PILLEN

and Proposition 4.5 we obtain

H1(G(Fp), L(pωα + sα · (−w0ωα)))
∼= H1(G, T 0

−w0ωα(L(pωα + sα · (−w0ωα))⊗ L(−w0ωα)(1)))
∼= H1(G,L(pωα − α) ⊗ L(−w0ωα)(1))
∼= Ext1

G(L(ωα)(1), L(pωα − α))
∼= k.

(b) According to Corollary 4.6,

H1(G(Fq), L(prωα − pr−1α− w0ωα))
∼= H1(G,L(prωα − pr−1α− prw0ωα))
∼= H1(G,L(prωα − pr−1α)⊗ L(−w0ωα)(r))
∼= Ext1

G(L(ωα)(r), L(prωα − pr−1α))
∼= Ext1

G(L(ωα)(1), L(pωα − α))
∼= k.

The last isomorphism follows from Proposition 4.5.

4.8. Jantzen [Jan6, Prop. 2.2] shows that for any prime and any G-module V
whose composition factors have highest weights µ satisfying

〈µ, α∨0 〉 ≤
{
pr − 3pr−1 − 3 for Φ of type G2,
pr − 2pr−1 − 2 otherwise,

the restriction map H1(G, V )→ H1(G(Fq), V ) is an isomorphism. His analysis uses
results of [CPSK].

Andersen [And2, Thm. 2.8] showed that for primes p ≥ 3(h−1), a better bound
can be obtained for certain G-modules V . If the composition factors have highest
weights µ satisfying

〈µ, α∨0 〉 ≤ pr − pr−1 − 2 and Φ is not of type A1,

then the restriction map H1(G, V ) → H1(G(Fq), V ) is an isomorphism. For a
generalization of [And2, Thm. 2.8], see Corollary 5.4(B) part (b).

Similar results were also obtained by Friedlander and Parshall in [FP] and [F].
Moreover, their work extends to the higher cohomology groups. Here we restrict
ourselves to the first cohomology. With the help of Theorem 4.7, we obtain the
best possible bounds to insure that H1(G, V ) → H1(G(Fq), V ) is an isomorphism.
These are the optimal bounds because Theorem 4.7 can be used to produce coun-
terexamples to any lower bound.

Theorem (A). Let G be a simple simply connected algebraic group with p ≥ 3(h−1)
and let r ≥ 2. For any G-module V whose composition factors have highest weights
µ satisfying

〈µ, α∨0 〉 ≤


pr − 2pr−1 for Φ of type A1,
pr − pr−1 for Φ of type An, n ≥ 2,
pr for Φ of type Bn, Cn for n ≥ 2, Dn, E6, E7,
2pr − pr−1 + 1 for Φ of type G2, F4, E8,
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the restriction map H1(G, V )→ H1(G(Fq), V ) is an isomorphism.

Proof. Without loss of generality, we may assume that V is indecomposable as a
G-module. Moreover, we will first assume that all simple G-composition factors of
V have pr-restricted highest weights.

If these highest weights are G1-linked to the zero weight, the result follows im-
mediately from Corollary 4.2(A) or [AJL] when p = 3 and the root system is of
type A1. If they are not G1-linked to the zero weight, then H1(G, V ) = 0. It
is now sufficient to show that H1(G(Fq), L(µ)) = 0 for any composition factor
L(µ) of V . We proceed by identifying the weights λ, not G1-linked to the zero
weight, with H1(G(Fq), L(λ)) 6= 0 and 〈λ, α∨0 〉 minimal. By Proposition 4.6(b),
λ = pr−1(pρw + w · 0) − w0ν for some w ∈ W and some 0 6= ν ≤ ρw. Clearly for
such a λ we need 〈ρw, α∨0 〉 to be minimal. For types An, Bn, Cn, Dn, E6, and E7, we
can find minuscule fundamental weights ωα with 〈ωα, α∨0 〉 = 1. For types G2, F4,
and E8, the smallest fundamental weight satisfies 〈ωα, α∨0 〉 = 2. In both cases, the
condition 0 6= ν ≤ ωα forces ν = ωα. According to Corollary 4.6,

H1(G(Fq), L(λ)) = H1(G(Fq), L(prωα + pr−1w · 0− w0ωα))
∼= H1(G,L(prωα + pr−1w · 0− prw0ωα))
∼= H1(G,L(prωα + pr−1w · 0)⊗ L(−w0ωα)(r))
∼= Ext1

G(L(ωα)(r), L(prωα + pr−1w · 0))
∼= Ext1

G(L(ωα)(1), L(pωα + w · 0)).

A closer look at the proof of Proposition 4.5 shows that the last term is zero
unless w = sα. This implies that λ = prωα − pr−1α − w0ωα. Checking all pos-
sible minimal weights ωα and their corresponding roots α shows that 〈α, α∨0 〉 = 2
for type A1, 〈α, α∨0 〉 = 1 for types An(n ≥ 2), G2, F4, and E8, and 〈α, α∨0 〉 =
0 for types Bn, Cn, Dn, E6, and E7. Therefore, the “smallest” weights λ with
H1(G(Fq), L(λ)) 6= 0 are just outside the allowed region. Hence, H1(G(Fq), V ) =
0 = H1(G, V ) and the bounds are the best possible.

For types Bn, Cn, Dn, E6, and E7, our bound on the weights allows for mod-
ules V that contain simple composition factors whose highest weights are not
pr-restricted. However, the given bound on the weights allows only factors that
are isomorphic to L(prωα), where ωα is a minuscule weight. For root systems
of the above type, the minuscule weights are not contained in the root lattice.
Thus prωα is not G1-linked to the zero weight and H1(G,L(prωα)) = 0. Fur-
ther, if V contains such a composition factor, then H1(G, V ) = 0 since none of
the composition factors would be G1-linked to zero. Therefore it is sufficient to
show that H1(G(Fq), L(µ)) = 0 for any composition factor L(µ) of V . If µ is re-
stricted, this was shown above, and for unrestricted, by Proposition 4.6(b), we have
H1(G(Fq), L(prωα)) ∼= H1(G(Fq), L(ωα)) = 0.

In the case r = 1, we can make the following statements about the vanishing of
cohomology.

Theorem (B). Let G be a simple simply connected algebraic group with p ≥ 3(h−1)
(p > 3 for type A1). For any G-module V whose composition factors have highest
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weights µ satisfying

〈µ, α∨0 〉 ≤


p− 4 for Φ of type A1,
p− 1 for Φ of type An, n ≥ 2,
p for Φ of type Bn, Cn for n ≥ 2, Dn, E6, E7,
2(p− h) + 1 for Φ of type G2, F4, E8,

H1(G(Fp), V ) ∼= H1(G, V ) = 0.

Proof. The argument is almost identical to the previous proof. The smallest nonzero
dominant weight λ that is linked to the zero weight satisfies 〈λ, α∨0 〉 = 2(p−(h−1)).
Hence H1(G, V ) = 0. It is sufficient to show that H1(G(Fp), L(µ)) = 0 for any weight
µ satisfying the given bounds. If µ is p-restricted and G1-linked to the zero weight,
the result follows from Corollary 4.2(B).

We proceed by identifying the p-restricted weights λ, not G1-linked to the zero
weight, with H1(G(Fp), L(λ)) 6= 0 and 〈λ, α∨0 〉 minimal. We apply Proposition
4.6(a) and find that λ = pρw +w · (−w0ν), for some w ∈W and some 0 6= ν ≤ ρw.
Clearly for such a λ we need 〈ρw, α∨0 〉 to be minimal. For types An, Bn, Cn, Dn, E6,
and E7 we can find minuscule fundamental weights ωα with 〈ωα, α∨0 〉 = 1. For
types G2, F4, and E8, the smallest fundamental weight satisfies 〈ωα, α∨0 〉 = 2. In
both cases, the condition 0 6= ν ≤ ωα forces ν = ωα. As in the proof of Theorem
4.8(A), we find that for a “minimal” λ we have w = sα and λ = pωα+sα ·(−w0ωα).
For types An, Bn, Cn, Dn, E6, and E7 one checks all minuscule weights and their
corresponding roots α to find the “minimal” λ. The bounds given in the Proposition
were chosen accordingly. For types G2, F4 and E8 the smallest λ not linked to the
zero weight is larger than the smallest λ 6= 0 that is linked to the zero weight.
Therefore, the algebraic group provides the “minimal” weight for these types.

Finally, we have to deal with the nonrestricted cases. Again the only possibili-
ties are modules isomorphic to L(pωα), where ωα is a minuscule weight for types
Bn, Cn, Dn, E6, and E7. But L(pωα) ∼= L(ωα) as a G(Fp)-module and our previous
argument settles this case.

4.9. As an immediate consequence of our results, we recover the following known
facts.

Corollary. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1).
(a) If r ≥ 2 and µ ∈ Xr−1(T ), then H1(G(Fq), L(µ)) ∼= H1(G,L(µ)).
(b) If µ ∈ CZ and the underlying root system is not of type A1, then H1(G(Fq),

L(µ)) = 0.
(c) If ω is a fundamental weight, then H1(G(Fq), L(ω)) = 0.

4.10. In the previous sections, we provided conditions under which H1(G(Fq),
L(µ)) ∼= H1(G,L(µ)). We conclude this section with some sufficient conditions on
µ ∈ Xr(T ) so that H1(Gr, L(µ)) ∼= H1(G,L(µ)). See [Jan5] for explicit descriptions
of H1(G1, L(µ)). Here and in parts of Section 5, we make use of the strong linkage
principle [Jan1, II.6.13] and replace the order relation “≤” on the weights by the
refined order relation “ ↑ ” as defined in [Jan1, II.6.4].

Theorem. Let G be a simple simply connected algebraic group, p ≥ 3(h− 1), and
µ ∈ Xr(T ). If

(a) prν 6 ↑ µ when ν ∈ X(T )+ − {0}, and
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(b) µ 6= prωα − pr−1α for some simple root α,
then H1(Gr, L(µ)) ∼= H1(G,L(µ)).

Proof. If µ̇ 6= 0, the claim follows immediately from Corollary 2.7(A). On the other
hand, suppose µ̇ = 0. Then µ = pr−1µr−1 and

H1(Gr, L(µ)) = H1(Gr , L(µr−1)(r−1) ∼= H1(G1, L(µr−1))(r−1).

Condition (a) implies that pν 6 ↑ µr−1, while condition (b) implies that µr−1 6=
pωα − α for any simple root α. Hence, by [And2], H1(G1, H

0(µr−1)) = 0 and
we may apply Lemma 5.1 to conclude that H1(G1, L(µr−1)) ∼= H1(G,L(µr−1)).
Finally, H1(G,L(µ)) = H1(G,L(µr−1)(r−1)) ∼= H1(G,L(µr−1)).

We now present some consequences of Theorem 4.10.

Corollary. Let G be a simple simply connected algebraic group, p ≥ 3(h− 1), and
µ ∈ Xr(T ). If

(a) 〈µr−1, α
∨
0 〉 ≤ p− 1, and

(b) 〈µr−1, α
∨〉 6= p− 2 for all simple roots α,

then H1(Gr, L(µ)) ∼= H1(G,L(µ)).

Proof. For any ν ∈ X(T )+−{0}, if condition (a) holds, then 〈pν, α∨0 〉 ≥ p > p−1 ≥
〈µr−1, α

∨
0 〉, which implies that pν is not less than or equal to µr−1 and hence that

pν 6 ↑ µr−1. Further, condition (b) implies that µr−1 6= pωα − α for any simple
root α. With these two facts, the claim follows as in the proof of the previous
Theorem.

5. General comparison results for extensions

5.1. In this section we determine conditions under which Ext1
G(Fq)(L(λ), L(µ)) or

Ext1
Gr (L(λ), L(µ)) may be identified with Ext1

G(L(λ), L(µ)). We begin with some
preliminary results.

Lemma. Let G be a simple algebraic group, p > 2, and λ, µ ∈ Xr(T ). If λ+prν 6 ↑ µ
and µ+ prν 6 ↑ λ for any ν ∈ X(T )+ − {0} and Ext1

Gr (V (λ), H0(µ)) = 0, then

Ext1
Gr (L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)).

Proof. By [And1, Thm. 4.5], one has Ext1
Gr(L(λ), L(λ)) ∼= Ext1

G(L(λ), L(λ)) =
0. Thus we may assume that λ 6= µ. Furthermore, since Ext1

Gr(L(λ), L(µ)) ∼=
Ext1

Gr (L(µ), L(λ)) and Ext1
Gr(V (λ), H0(µ)) ∼= Ext1

Gr (V (µ), H0(λ)) [Jan1,
II.2.12(3), II.2.13(2)], we may assume, without loss of generality, that λ 6 ↑ µ.

There exists a short exact sequence of the form

0→ L(µ)→ H0(µ)→ Q→ 0.

This induces a long exact sequence

· · · → HomGr(L(λ), Q)→ Ext1
Gr (L(λ), L(µ))→ Ext1

Gr(L(λ), H0(µ))→ · · · .
Observe that HomGr(L(λ), Q) is a G-module and HomGr (L(λ), Q) ⊗ L(λ) is a
G-submodule of Q [Jan3, 2.2(1)]. Suppose that prν is a highest weight of a compo-
sition factor of HomGr(L(λ), Q). Then λ+ prν is a highest weight of a composition
factor of Q and of H0(µ). Therefore, λ + prν ↑ µ. That forces ν = 0 and contra-
dicts our assumption that λ 6 ↑ µ. Thus, HomGr(L(λ), Q) = 0 and we obtain an
embedding Ext1

Gr
(L(λ), L(µ)) ↪→ Ext1

Gr(L(λ), H0(µ)). Using Ext1
Gr(L(λ), H0(µ))
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∼= Ext1
Gr(V (µ), L(λ)), we also obtain an embedding Ext1

Gr
(L(µ), L(λ)) ↪→

Ext1
Gr (V (µ), L(λ)).

Consider now the short exact sequence

0→ L(λ)→ H0(λ)→ N → 0.

This induces a long exact sequence

· · · → HomGr (V (µ), H0(λ)) → HomGr(V (µ), N)
→ Ext1

Gr (V (µ), L(λ))→ 0→ · · ·
because Ext1

Gr(V (µ), H0(λ)) is assumed to be zero. The Gr-socle of H0(λ) is L(λ)
because λ is pr-restricted. Moreover, V (µ) contains no dominant weights of the
form λ + prν. Thus HomGr(V (µ), H0(λ)) ∼= 0. We obtain an isomorphism of G-
modules HomGr(V (µ), N) ∼= Ext1

Gr
(V (µ), L(λ)). Suppose that prν is a nonzero

highest weight of a composition factor of HomGr(V (µ), N). Then L(µ + prν) is a
G-composition factor of N because V (µ) has simple Gr-head L(µ). Thus µ+ prν
is a highest weight of a composition factor of N and also of H0(λ). But this
contradicts our assumption that µ + prν 6 ↑ λ for any nonzero dominant weight ν.
Since there are no self-extensions of the trivial module over G, HomGr (V (µ), N) is
isomorphic to a direct sum of trivial modules. It follows that Ext1

Gr(V (µ), L(λ))
and Ext1

Gr
(L(µ), L(λ)) are both direct sums of trivial modules.

Finally, consider the Lyndon-Hochschild-Serre spectral sequence for Gr �G:

Ei,j2 = ExtiG/Gr(k,ExtjGr(L(µ), L(λ)))⇒ Exti+jG (L(µ), L(λ)).

Since HomGr(L(µ), L(λ)) = 0, we have E1,0
2 = 0 = E2,0

2 and from the corresponding
five-term exact sequence, E1 ∼= E0,1

2 . Thus, since the G-structure on Ext1
Gr(L(µ),

L(λ)) is trivial, one has

Ext1
Gr(L(µ), L(λ)) ∼= HomG/Gr(k,Ext1

Gr(L(µ), L(λ))) ∼= Ext1
G(L(µ), L(λ)).

5.2. The methods used in the following proposition are similar to those in Sections
4.5 and 4.6 of [BNP2].

Proposition. Let G be a simple algebraic group and λ, µ ∈ X1(T ) with λ 6= µ.
(a) If p > 3 and 〈µ−λ, α∨〉 < p/3 for all roots α, then one of the following holds:

(i) Ext1
G1

(V (λ), H0(µ)) = 0.
(ii) the underlying root system is of type A1 or Cn and λ = µ + (p2 − 〈µ +

ρ, α∨n〉)αn, where αn is the unique long (last) simple root.
(b) If p ≥ h (p > 3 for type An) and λ = µ+ α for some positive nonsimple root

α, then Ext1
G1

(V (λ), H0(µ)) = 0.

Proof. The proof uses the same strategy as the proof of Proposition 4.6 in [BNP2],
although the details differ slightly.

(a) Assume that Ext1
G1

(V (λ), H0(µ)) ∼= Ext1
G1

(V (µ), H0(λ)) 6= 0. Without loss
of generality, we may assume that λ 6 ↑ µ. The G1-socle of H0(λ) is L(λ) with
λ p-restricted while V (µ) contains no dominant weights of the form λ + pξ. It
follows that HomG1(V (µ), H0(λ)) = 0. Assume that Ext1

G1
(V (µ), H0(λ)) has a

composition factor L(ν)(1) in its socle. Applying the five-term Lyndon-Hochschild-
Serre sequence forG1 ⊂ G (as in the proof of Proposition 4.3) yields an isomorphism

0 6= HomG/G1(L(ν)(1),Ext1
G1

(V (µ), H0(λ))) ∼= Ext1
G(V (µ)⊗ L(ν)(1), H0(λ)).
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Since λ is a dominant weight, it follows by Frobenius reciprocity that

0 6= Ext1
G(V (µ)⊗ L(ν)(1), H0(λ)) ∼= Ext1

B(V (µ)⊗ L(ν)(1), λ)
∼= Ext1

B(V (µ), λ ⊗ L(−w0ν)(1)).

Thus there exists a weight σ such that Ext1
B(V (µ), λ − pσ)) 6= 0. It follows from

[Jan1, II 4.13] that λ− pσ 6∈ X(T )+. Using the spectral sequence [And1, 1.1]

Ei,j2 = ExtiG(V (µ), Rj indGB(λ − pσ))⇒ Exti+jB (V (µ), λ− pσ),

we obtain the isomorphism

Ext1
B(V (µ), λ− pσ) ∼= HomG(V (µ), H1(λ− pσ)).

Now we apply [Jan1, II.5.4, II.5.15] and obtain two possibilities.

Case 1. There exists a dominant weight µ̄ and a simple root α such that λ− pσ =
sα · µ̄ and 0 ≤ 〈µ̄, α∨〉 < p− 1. Moreover, H1(λ− pσ) ∼= H0(µ̄).

Since HomG(V (µ), H0(µ̄)) 6= 0 it follows that µ̄ = µ. Thus, the above equation
becomes λ− pσ = sα · µ. Solving for pσ yields

pσ = λ− µ+ 〈µ+ ρ, α∨〉α.(5.2.1)

Taking the inner product with α∨ yields

p〈σ, α∨〉 = 〈λ− µ, α∨〉+ 2〈µ+ ρ, α∨〉,(5.2.2)

which can be written as

p〈σ, α∨〉 = 〈λ + ρ, α∨〉+ 〈µ+ ρ, α∨〉.(5.2.3)

Now λ and µ are restricted and 〈µ+ ρ, α∨〉 < p. That forces 〈σ, α∨〉 = 1. Next we
assume that α is not the unique long simple root in a root system of type A1 or Cn.
Then there exists a positive root β with 〈α, β∨〉 = −1. We take the inner product
with β∨ of equation (5.2.1) and obtain

p〈σ, β∨〉 = 〈λ− µ, β∨〉 − 〈µ+ ρ, α∨〉.(5.2.4)

Adding equation (5.2.4) twice to equation (5.2.2) yields

p+ 2p〈σ, β∨〉 = 〈λ− µ, α∨〉+ 2〈λ− µ, β∨〉.(5.2.5)

The left-hand side is a nonzero multiple of p while the absolute value of the right-
hand side is less than p. We obtain a contradiction. The root system is therefore
of type A1 or Cn and α is the unique long simple root, which we denote by αn.
Taking the inner product of (5.2.1) with any of the simple roots α1 through αn−2

yields p〈σ, α∨i 〉 = 〈λ − µ, α∨i 〉 and thus 〈σ, α∨i 〉 = 0. The inner product with αn−1

yields

p〈σ, α∨n−1〉 = 〈λ− µ, α∨n−1〉 − 2〈µ+ ρ, α∨n〉.(5.2.6)

Adding (5.2.6) to (5.2.2) yields p〈σ, α∨n−1〉+ p = 〈λ− µ, α∨n−1〉+ 〈λ− µ, α∨n〉. This
forces 〈σ, α∨n−1〉 = −1 and σ = αn/2. (Note that in type A1 the latter conclusion
follows immediately from 〈σ, α∨〉 = 1.) Now equation (5.2.1) can be rewritten as
λ = µ+ (p2 − 〈µ+ ρ, α∨n〉)αn as claimed.

Case 2. There exists a dominant weight µ̄, a unique simple root α, and integers
n > 0 and 0 < a < p, such that λ−pσ = µ̄−apnα. Moreover, the socle of H1(λ−pσ)
is L(µ̄).
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Since HomG(V (µ), H1(λ − pσ)) 6= 0 it follows that µ̄ ↑ µ. We rewrite the above
equation as

µ̄− λ = p(apn−1α− σ).(5.2.7)

Taking the inner product with any simple root β results in

− (p− 1) ≤ 〈µ̄− λ, β∨〉 = p〈apn−1α− σ, β∨〉.(5.2.8)

Therefore apn−1α − σ is a dominant weight. Taking the inner product with α∨0
yields

p/3 > 〈µ− λ, α∨0 〉 ≥ 〈µ̄− λ, α∨0 〉 = p〈apn−1α− σ, α∨0 〉,(5.2.9)

which forces 〈apn−1α−σ, α∨0 〉 ≤ 0.Thus apn−1α−σ is the zero weight and λ = µ̄ ↑ µ.
The last statement gives the desired contradiction.

The proof of part (b) is identical to that of (a) up to equation (5.2.1) of Case 1.
Denote the simple roots by α1, α2, ..., αn. Then equation (5.2.1) becomes

pσ = α+ 〈µ+ ρ, α∨i 〉αi(5.2.10)

for some simple root αi. Therefore the weight pσ is in the root lattice. Let us first
assume that the root system is not of type An. Then the condition p ≥ h implies
that σ itself is in the root lattice. So there are nonnegative integers cj with σ =∑n
j=1 cjαj . Similarly, one can find nonnegative integers aj with α =

∑n
j=1 ajαj .

Since α is not simple, there exists at least one j 6= i with aj 6= 0. It follows now
from (5.2.10) that aj = pcj ≥ p ≥ h, which is not possible. Now assume that
the root system is of type An and p > 3. Notice that the statement is empty for
type A1. Therefore, there exists a simple root αj with 〈αi, α∨j 〉 = −1. We take
the inner product with α∨j of equation (5.2.10) and obtain the following equation
corresponding to (5.2.4):

p〈σ, α∨j 〉 = 〈α, α∨j 〉 − 〈µ+ ρ, α∨i 〉.(5.2.11)

The equivalent to equation (5.2.5) now reads

p+ 2p〈σ, α∨j 〉 = 〈α, α∨i 〉+ 2〈α, α∨j 〉.(5.2.12)

For type An the absolute value of an inner product of a positive nonsimple root
with a simple root is at most 1. The absolute value of the right-hand side of (5.2.12)
is less than or equal to 3 while the left-hand side is a nonzero multiple of p. Now
p > 3 produces the desired contradiction.

For the proof of Case 2, we can simply copy the argument from Case 2 of part
(a). Notice that equation (5.2.9) can be replaced by the stronger equation

0 ≥ 〈−α, α∨0 〉 = 〈µ− λ, α∨0 〉 ≥ 〈µ̄− λ, α∨0 〉 = p〈apn−1α− σ, α∨0 〉.

5.3. The following theorem shows that for groups other than types A1 or Cn and
for pairs of simple modules whose highest weights are restricted and “close together”
the G- and G1-extensions coincide.

Theorem (A). Let G be a simple algebraic group, p > 3, λ, µ ∈ X1(T ). If
〈λ− µ, α∨〉 < p/3 for all roots α, then one of the following holds:

(a) Ext1
G1

(L(λ), L(µ)) ∼= Ext1
G(L(λ), L(µ)).

(b) The underlying root system is of type A1 or Cn and µ = λ+(p2−〈λ+ρ, α∨n〉)αn,
where αn is the unique long (last) simple root.
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Proof. The case λ = µ was done in [And1, Thm. 4.5]. We may assume that λ 6= µ.
It follows immediately from Proposition 5.2 that Ext1

G1
(V (λ), H0(µ)) = 0 or that

the underlying root system is of type A1 or Cn and µ = λ + (p2 − 〈λ + ρ, α∨n〉)αn,
where αn is the unique long (last) simple root. In the first case, we wish to apply
Lemma 5.1. For any root α and dominant weight ν 6= 0, one has the following
sequence of inequalities:

〈λ, α∨0 〉 ≤ 〈µ, α∨0 〉+ p/3 < 〈µ, α∨0 〉+ p ≤ 〈µ+ pν, α∨0 〉.
Thus µ+ pν ≮ λ and similarly λ+ pν ≮ µ. Hence, the claim follows from Lemma
5.1.

Using the notation of Section 2.1, we can now prove a generalization of Corollary
3.3 in [BNP2] and give sufficient conditions to insure that Ext1

G(Fq)(L(λ), L(µ)) ∼=
Ext1

G(L(λ), L(µ)) and, moreover, that these extensions can also be identified with
Ext1

Gr (L(λ), L(µ)).

Theorem (B). Let G be a simple simply connected algebraic group with p ≥
3(h − 1), r ≥ 2, and λ, µ ∈ Xr(T ). If 〈λr−1 − µr−1, α

∨〉 < p/3 for all roots α
and either the underlying root system is not of type A1 or Cn or µr−1 6= λr−1 +
(p2 − 〈λr−1 + ρ, α∨n〉)αn, where αn is the unique long (last) simple root, then

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ∼= Ext1
Gr (L(λ), L(µ)).

Proof. For G(Fq), by Theorem 2.1(b), we have

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R
where

R =
⊕

ν∈Γ−{0}
HomG(L(ν),Ext1

G1
(L(λr−1), L(µr−1))(−1))

⊗HomG(L(λ̇), L(µ̇)⊗ L(ν)).
(5.3.1)

So it suffices to show that the remainder term R is zero. By Theorem 5.3(A), one
obtains that Ext1

G1
(L(λr−1), L(µr−1)) ∼= Ext1

G(L(λr−1), L(µr−1)). Hence for all
ν 6= 0 the term HomG(L(ν),Ext1

G1
(L(λr−1), L(µr−1))(−1)) equals zero and R = 0.

The isomorphism for Gr follows immediately from Corollary 2.7(A) and Theorem
5.3(A).

5.4. We now present some other consequences of Theorem 5.3(A).

Corollary (A). Let G be a simple algebraic group. If λ, µ ∈ X1(T ) are p-regular
weights contained in the same alcove, then one of the following holds:

(i) Ext1
G1

(L(λ), L(µ)) = 0.
(ii) The underlying root system is of type A1 or Cn and µ = λ+(p2−〈λ+ρ, α∨n〉)αn,

where αn is the unique long (last) simple root.

Proof. As in Theorem 5.3(A), we may assume that λ 6= µ. In order to have two dis-
tinct p-regular weights located in the same alcove, one needs p > h. Suppose λ and
µ are two such p-regular weights located in the alcove A and Ext1

G1
(L(λ), L(µ)) 6= 0.

Then λ and µ must be G1-linked, i.e., there is some w ∈ W and γ ∈ X(T ) such
that µ = w · λ+ pγ. Let λC and µC be the representatives in the lowest dominant
alcove C of the λ and µ linkage classes. Then λC and µC are also G1-linked. As
above, suppose µC = w′ · λC + pγ′. We set XQ = X(T ) ⊗Z Q and denote by AQ
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and CQ the subsets of XQ that correspond to A and C, respectively. For x ∈ CQ,
set φ(x) = w′ · x+ pγ′. Then φ(CQ) = CQ. For each k > 0, we define the following
subsets of CQ:

Ik = {x ∈ CQ | k ≤ 〈x + ρ, α∨〉 ≤ p− k for all α ∈ Φ+}.

The sets Ik are the subsets of all points in CQ that have distance at least k from
any alcove wall. The isometry φ leaves the sets Ik invariant. Moreover, it follows
from 〈p−hh ρ+ ρ, α∨0 〉 = p

h (h− 1) = p− p
h , that the set Ip/h contains just one point,

namely P = p−h
h ρ. Thus P is a fixed point of φ.

Consider now the affine Weyl group W1, consisting of the ordinary Weyl group
and translations by weights. The action ofW1 subdivides the alcove CQ into “mini”-
alcoves. Set DQ = {x ∈ CQ | 0 < 〈x+ρ, α∨〉 < 1 for all α ∈ Φ+}. The set DQ is the
lowest mini-alcove inside CQ. For any two points M and N in the closure of DQ and
any root α, we have |〈M −N,α∨〉| ≤ max{〈M +ρ, α∨0 〉, 〈N +ρ, α∨0 〉} ≤ 1. Since the
elements of W1 permute these mini-alcoves within XQ, it follows for any two points
M,N in the closure of the same mini-alcove and all roots α that |〈M −N,α∨〉| ≤ 1.
Moreover, the closure of DQ as well as the closure of every mini-alcove contain
some weights. For any positive root α, there exists an integer m < h such that
〈p−hh ρ + ρ, α∨〉 = pm

h . Clearly h divides neither m nor p. Therefore, P lies in the
interior of some mini-alcove, denoted by EQ. The map φ permutes the mini-alcoves
within CQ. Therefore, φ maps EQ onto itself. Pick a weight λ′C in the closure of
EQ and denote φ(λ′C) by µ′C . Now |〈µ′C − λ′C , α∨〉| ≤ 1 for all roots α. The point
P has distance p

h > 1 from the walls of CQ. Hence, the closure of the mini-alcove
EQ lies in the interior of CQ and the weights λ′C and µ′C are p-regular.

We denote by λ′ and by µ′ the representatives of the λ′C and µ′C linkage classes
in the alcove A. Then λ′ and µ′ are p-regular weights with µ′ = w · λ′ + pγ and
|〈µ′ − λ′, α∨〉| ≤ 1 for all roots α.

We assume that Ext1
G1

(L(λ), L(µ)) 6= 0. Then there exists a dominant weight
ν with HomG(L(ν)(1),Ext1

G1
(L(λ), L(µ))) 6= 0. The weights λ, λ′, µ and µ′ are p-

restricted and λ′ 6= µ′. Therefore, HomG1(L(λ), L(µ)) = HomG1(L(λ′), L(µ′)) = 0.
We may apply the Lyndon-Hochschild-Serre exact sequence for G1 ⊂ G as in the
proof of Proposition 4.3 and obtain

0 6= HomG(L(ν)(1),Ext1
G1

(L(λ), L(µ))) ∼= Ext1
G(L(λ) ⊗ L(ν)(1), L(µ))

∼= Ext1
G(L(λ), L(µ− pw0ν)).

Recall that µ = w · λ + pγ, which implies that µ − pw0ν = w · λ + p(γ − w0ν).
Similarly, µ′− pw0ν = w ·λ′+ p(γ−w0ν). The weight γ−w0ν is in the root lattice
because the weights λ and µ−pw0ν are linked. Hence, the weights λ′ and µ′−pw0ν
are also linked. We use the adjointness of the translation functors T λ

′

λ and T λλ′ to
obtain

0 6= Ext1
G(L(λ), L(µ− pw0ν))

∼= Ext1
G(T λλ′L(λ′), L(µ− pw0ν))

∼= Ext1
G(L(λ′), T λ

′

λ L(µ− pw0ν))
∼= Ext1

G(L(λ′), L(µ′ − pw0ν))
∼= Ext1

G(L(λ′)⊗ L(ν)(1), L(µ′))
∼= HomG(L(ν)(1),Ext1

G1
(L(λ′), L(µ′))).
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Now Ext1
G1

(L(λ′), L(µ′)) 6= 0. For all roots α, we have |〈µ′ − λ′, α∨〉| ≤ 1 < p
3 . We

apply Theorem 5.3(A) and conclude that the underlying root system is of type A1

or Cn.
Moreover, for type A1 or Cn, it follows that µ′ = λ′ + (p2 − 〈λ′ + ρ, α∨n〉)αn =

sαn · λ′ + p(αn/2). Thus µ = sαn · λ + p(αn/2) = λ + (p2 − 〈λ + ρ, α∨n〉)αn as
claimed. Note that for type A1, the condition p > h allows the case p = 3 so that
Theorem 5.3(A) does not apply. However, for p = 3, one readily checks that the
above relation between µ and λ must hold.

Corollary (B). Let G be a simple simply connected algebraic group. When r = 1,
assume that the underlying root system is not of type A1.

(i) If p > 2, then Ext1
Gr(L(λ), L(µ)) = 0 for all λ, µ ∈ CZ.

(ii) If p ≥ 3(h− 1), then Ext1
G(Fq)(L(λ), L(µ)) = 0 for all λ, µ ∈ CZ.

Proof. (i) The case λ = µ was done in [And1, Thm. 4.5]. We may assume that
λ 6= µ. Let λ, µ ∈ CZ. It follows from [And1, Thm. 5.3] that Ext1

Gr(L(λ), L(µ)) = 0
implies Ext1

G1
(L(λ), L(µ)) = 0. Assume that Ext1

G1
(L(λ), L(µ)) 6= 0. Then the

weights λ and µ are G1-linked. This implies that either both weights are p-singular
or both weights are p-regular. If they are both p-singular they have to be contained
in the upper wall of the bottom fundamental alcove. Clearly they are not G-linked.
We will show that no two weights in the upper wall can be G1-linked. Let W̃p

denote the affine Weyl group generated by W and the translations by elements
of pX(T ). Any nonzero element of the quotient group W̃p/Wp defines an action
that fixes the bottom alcove and permutes its vertices. In particular, it maps the
vertex −ρ into the upper wall. In return, one of the vertices in the upper wall gets
mapped back to −ρ. The upper wall is not invariant under the action. Therefore
two weights that are G1-linked, i.e., one is the image of the other under the action
of some element in W̃p, cannot both be in the upper wall.

If the weights are p-regular, it follows from Corollary 5.4(A) that the underlying
root system of G is of type A1 or Cn and that µ = λ+ (p2 − 〈λ+ ρ, α∨n〉)αn, where
αn is the unique long (last) simple root. For type Cn, n ≥ 2, one of the weights, say
µ, satisfies 〈µ+ ρ, α∨n〉 > p/2. But this implies that 〈µ+ ρ, α∨0 〉 > p and so µ is not
contained in the closure of the bottom alcove, which contradicts the assumption.
For type A1 and r ≥ 2, we have Ext1

Gr(L(λ), L(µ)) = 0; see [AJL].
(ii) For r > 1, the statement follows from Theorem 4.8(A) except in the case

that p = 3, the root system is of Type A1, and λ = µ = 2. However, in that case,
there are no self-extensions by [AJL, BNP2]. For r = 1, we apply Theorem 2.1(c)
and obtain

Ext1
G(Fp)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R
where

R =
⊕

ν∈Γ−{0}
HomG(L(ν)(1),Ext1

G1
(L(λ), L(µ)⊗ L(ν))).

Clearly Ext1
G(L(λ), L(µ)) = 0. Using [And2, Lemma 2.3], we conclude that any ν

that contributes to the summation of R has to satisfy (p−1)〈ν, α∨0 〉 ≤ 〈−w0λ+µ+
α, α∨0 〉 for some simple root α. It follows that (p− 1)〈ν, α∨0 〉 < 2(p− (h − 1)) + 2,
which is less than 2(p − 1) unless Φ is of type A1. Therefore ν is a minuscule
weight. This implies that all composition factors L(γ) of L(µ) ⊗ L(ν) are inside
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CZ. We apply part (a) and obtain for all γ that Ext1
G1

(L(λ), L(γ)) = 0. Hence
Ext1

G1
(L(λ), L(µ) ⊗ L(ν)) = 0 and also R = 0.

In [CPS2, Thm. 5.3] it is shown that the Lusztig conjecture is equivalent to the
assertion that Ext1

G(L(λ), L(µ)) 6= 0 for certain dominant weights λ and µ that are
mirror images of each other in adjacent alcoves. The following corollary shows that
for such p-restricted pairs the G-extensions and G1-extensions coincide.

Corollary (C). Let G be a simple algebraic group, p ≥ h (p > 3 for type A2),
λ, µ p-regular weights in X1(T ). If λ and µ are mirror images of one another in
adjacent alcoves, then

Ext1
G1

(L(λ), L(µ)) ∼= Ext1
G(L(λ), L(µ)).

Proof. Suppose that λ and µ are reflections of one another with respect to a hyper-
plane H(α,mp) = {x ∈ X(T )+ ⊗Z R | 〈x + ρ, α∨〉 = mp}, where α is some positive
root. Notice that α is not a simple root because both λ and µ are assumed to be
p-restricted. We can find weights λ′ and µ′ that are mirror images of one another
in the same adjacent alcoves such that λ′ = µ′ + α. We apply Proposition 5.2(b)
and conclude that Ext1

G1
(V (λ′), H0(µ′)) = 0. (In type A1, no such λ and µ exist.)

Now it follows from Lemma 5.1 that

Ext1
G1

(L(λ′), L(µ′)) ∼= Ext1
G(L(λ′), L(µ′)).

As in the proof of Corollary 5.4(A), one applies the adjointness of the translation
functors T λ

′

λ and T λλ′ to obtain

Ext1
G1

(L(λ), L(µ)) ∼= Ext1
G1

(L(λ′), L(µ′)) ∼= Ext1
G(L(λ′), L(µ′))

∼= Ext1
G(L(λ), L(µ)).

Example. Let G = SL3 and p = 3 = h, and let ω1, ω2 be the fundamental weights.
We note that the conclusion of Corollary 5.4(C) fails to hold here. Specifically,
ρ = ω1 + ω2 is the refection of the zero weight across the upper wall of the bottom
dominant alcove. Yet

H1(G,L(ρ)) � H1(G1, L(ρ))
since L(ρ) admits extensions (over G) by k, L(ω1)(1), and L(ω2)(1), and the latter
modules are trivial over G1.

5.5. In Sections 5.6 and 5.7, we present some other conditions under which G(Fq)
and/or Gr-extensions may be identified with G-extensions. We begin with some
preliminary results.

Lemma. Let G be a simple algebraic group, λ, µ ∈ X1(T ), and ν1, ν2 ∈ X(T )+. If
λ+ pν1 ≮ µ+ ν2, then there exists an embedding

Ext1
G(L(λ+ pν1), L(µ)⊗ L(ν2)) ↪→ Ext1

G(L(λ+ pν1), H0(µ)⊗ L(ν2)).

Proof. There exists a short exact sequence of the form

0→ L(µ)⊗ L(ν2)→ H0(µ)⊗ L(ν2)→M → 0.

This induces a long exact sequence

· · · → HomG(L(λ+ pν1),M)→ Ext1
G(L(λ+ pν1), L(µ)⊗ L(ν2))

→ Ext1
G(L(λ+ pν1), H0(µ)⊗ L(ν2))→ · · · .
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The composition factors of M have highest weights σ satisfying σ < µ + ν2. By
assumption, we have λ + pν1 ≮ µ + ν2. Hence, HomG(L(λ + pν1),M) = 0, which
gives the claimed embedding.

Proposition. Let G be a simple algebraic group with p ≥ h, λ, µ ∈ X1(T ), and
ν1, ν2 ∈ Γ with ν1 6= 0. Suppose that for any weights γ of L(−w0λ) and η of L(ν2)
the weight µ+ γ + η − pν1 is not equal to either of the following:

(a) −α,
(b) −p〈ν1 + ρ, α∨〉α,

for a simple root α. Then Ext1
G(L(λ+ pν1), H0(µ)⊗ L(ν2)) = 0.

Proof. The module H0(µ)⊗L(ν2) ∼= H0(µ)⊗H0(ν2) has a filtration with sections
of the form H0(µ + η) where η is a weight of L(ν2). To show the claim, it suffices
to prove that Ext1

G(L(λ+ pν1), H0(µ+ η)) = 0 for all µ+ η ∈ X(T )+ such that η
is a weight of L(ν2). Observe that

Ext1
G(L(λ+ pν1), H0(µ+ η)) ∼= Ext1

B(L(λ+ pν1), µ+ η)
∼= Ext1

B(L(ν1)(1), (µ+ η)⊗ L(−w0λ)).

We are now reduced to showing that Ext1
B(L(ν1)(1), µ+ η + γ) = 0 for η a weight

of L(ν2) and γ a weight of L(−w0λ). There are two cases to consider: µ+ γ + η ∈
X(T )+ and µ+ γ + η /∈ X(T )+.

Case 1. µ+ γ + η ∈ X(T )+.

Then

Ext1
B(L(ν1)(1), µ+ γ + η) ∼= Ext1

G(L(ν1)(1), H0(µ+ γ + η))

and there exists a spectral sequence

Ei,j2 = ExtiG/G1
(L(ν1)(1),ExtjG1

(k,H0(µ+ γ + η)))

⇒ ExtjG(L(ν1)(1), H0(µ+ γ + η)).

Observe that HomG1(k,H0(µ+ γ + η)) ∼= indGB HomB1(k, µ+ γ + η) ∼= indGB pσ for
some σ ∈ X(T ). Therefore, for i ≥ 0,

Ei,02 = ExtiG/G1
(L(ν1)(1),HomG1(k,H0(µ+ γ + η)))

∼= ExtiG/G1
(V (ν1)(1), indGB pσ)

= 0.

Thus, Ext1
G(L(ν1)(1), H0(µ+ γ + η)) ∼= HomG(L(ν1)(1),Ext1

G1
(k,H0(µ + γ + η))).

By Proposition 4.3, if this Hom group is nonzero, we must have µ+γ+η = pν1−α
for some simple root α. But that possibility has been excluded.

Case 2. µ+ γ + η /∈ X(T )+.

If Ext1
B(L(ν1)(1), µ+γ+η) 6= 0, then, by [Jan1, II.5.19(4)], µ+γ+η = pν1−cpnα

for a simple root α and integers n ≥ 0 and c < p. Specifically, c is defined as the
unique integer with (c− 1)pn < 〈pν1 + ρ, α∨〉 ≤ cpn (see [Jan1, II.5.17]). Since ν1

is dominant, c > 0. Observe also that |〈µ+ γ + η, α∨〉| ≤ 3(h− 1) ≤ 3(p− 1) while
|〈pν1 − cpnα, α∨〉| ≥ 2cpn − p(h − 1) ≥ 2cpn − (p2 − p) ≥ 2pn − p2 + p and hence
n ≤ 1.

Suppose n = 0. Then c satisfies c − 1 < 〈pν1 + ρ, α∨〉 ≤ c. Hence c = 〈pν1 +
ρ, α∨〉 = p〈ν1, α

∨〉 + 1. However, c < p and so we must have 〈ν1, α
∨〉 = 0 and
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c = 1. That leaves µ + γ + η = pν1 − α, which has been excluded. On the other
hand, suppose that n = 1. Then c satisfies (c − 1)p < 〈pν1 + ρ, α∨〉 ≤ cp. Hence
c = 〈ν1, α

∨〉+ 1 = 〈ν1 + ρ, α∨〉 and µ+ γ+ η = pν1− p〈ν1 + ρ, α∨〉α. This case was
also excluded.

5.6. For r ≥ 2, we can now give sufficient conditions to insure that
Ext1

G(Fq)(L(λ), L(µ)) and Ext1
Gr (L(λ), L(µ)) are isomorphic to Ext1

G(L(λ), L(µ))
(and hence to each other).

Theorem. Let G be a simple simply connected algebraic group with p ≥ 3(h− 1),
r ≥ 2, and λ, µ ∈ Xr(T ). Suppose that the following conditions hold for any
ν ∈ Γ− {0}:

(a) λr−1 + pν ≮ µr−1.
(b) For any weight γ of L(−w0λr−1), µr−1 + γ − pν is not equal to either of the

following:
(i) −α,
(ii) −p〈ν + ρ, α∨〉α,

for a simple root α. Then

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ∼= Ext1
Gr (L(λ), L(µ)).

Proof. Consider first the case of G(Fq). By Theorem 2.1(b), we have

Ext1
G(Fq)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)) ⊕R

where

R =
⊕

ν∈Γ−{0}
Ext1

G(L(λr−1)⊗ L(ν)(1), L(µr−1))⊗HomG(L(λ̇), L(µ̇)⊗ L(ν)).

We show that Ext1
G(L(λr−1)⊗L(ν)(1), L(µr−1)) = 0 for all ν ∈ Γ− {0} and hence

that the remainder term R is zero. By condition (i), we may apply Lemma 5.5
(with ν1 = ν and ν2 = 0) and conclude that there is an embedding

Ext1
G(L(λr−1)⊗ L(ν)(1), L(µ)) ↪→ Ext1

G(L(λr−1)⊗ L(ν)(1), H0(µ))

for all ν ∈ Γ−{0}. Further, condition (ii) implies that the hypotheses of Proposition
5.5 hold with ν1 = ν and ν2 = 0. Hence, Ext1

G(L(λr−1)⊗L(ν)(1), H0(µ)) = 0 for all
ν ∈ Γ−{0} and the claim follows. The isomorphism for Gr follows by an analogous
argument from Theorem 2.7.

5.7. For r = 1, the difference in the decompositions provided by Theorem 2.1
leads to a slightly different condition for G(Fp) (compared to Theorem 5.6) while
the “same” condition holds for G1.

Theorem (A). Let G be a simple simply connected algebraic group with p ≥ 3(h−1)
and λ, µ ∈ X1(T ). Suppose that for all ν ∈ Γ− {0}:

(i) λ+ (p− 1)ν ≮ µ.
(ii) For any weights γ of L(−w0λr−1) and η of L(ν), µ+ γ + η − pν is not equal

to either of the following:
(a) −α,
(b) −p〈ν + ρ, α∨〉α,

for a simple root α. Then Ext1
G(Fp)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ)).
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Proof. From Theorem 2.1(c), we have Ext1
G(Fp)(L(λ), L(µ)) ∼= Ext1

G(L(λ), L(µ))⊕R
where

R =
⊕

ν∈Γ−{0}
Ext1

G(L(λ) ⊗ L(ν)(1), L(µ)⊗ L(ν)).

So it suffices to show that Ext1
G(L(λ)⊗L(ν)(1), L(µ)⊗L(ν)) = 0 for all ν ∈ Γ−{0}.

By condition (i), we may apply Lemma 5.5 (with ν1 = ν2 = ν) and conclude that
there is an embedding

Ext1
G(L(λ)⊗ L(ν)(1), L(µ)⊗ L(ν)) ↪→ Ext1

G(L(λ)⊗ L(ν)(1), H0(µ)⊗ L(ν)).

Then condition (ii) allows us to apply Proposition 5.5 (with ν1 = ν2 = ν) and
conclude that the latter groups are all zero.

Theorem (B). Let G be a simple simply connected algebraic group with p ≥
3(h− 1). Let λ, µ ∈ X1(T ). Suppose that for all ν ∈ Γ− {0}:

(i) λ+ pν ≮ µ.
(ii) For any weight γ of L(−w0λ), µ+γ−pν is not equal to either of the following:

(a) −α,
(b) −p〈ν + ρ, α∨〉α,

for a simple root α. Then Ext1
G1

(L(λ), L(µ)) ∼= Ext1
G(L(λ), L(µ)).

Proof. The argument as in Theorem 5.6 for Gr with r ≥ 2 holds for r = 1 as
well.
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