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EXTENSIONS FOR FINITE CHEVALLEY GROUPS II

CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN

ABSTRACT. Let G be a semisimple simply connected algebraic group defined
and split over the field F;,, with p elements, let G(Fq) be the finite Chevalley
group consisting of the Fy-rational points of G where ¢ = p”, and let G be
the rth Frobenius kernel. The purpose of this paper is to relate extensions
between modules in Mod(G(Fq)) and Mod(G) with extensions between mod-
ules in Mod(G). Among the results obtained are the following: for r > 2 and
p > 3(h — 1), the G(Fq)-extensions between two simple G(Fq)-modules are
isomorphic to the G-extensions between two simple p”-restricted G-modules
with suitably “twisted” highest weights. For p > 3(h — 1), we provide a com-
plete characterization of HY(G(Fq), H*(\)) where H°(\) = ind§ A and X is
p"-restricted. Furthermore, for p > 3(h — 1), necessary and sufficient bounds
on the size of the highest weight of a G-module V' are given to insure that the
restriction map HY(G,V) — H!(G(Fy),V) is an isomorphism. Finally, it is
shown that the extensions between two simple p"-restricted G-modules coin-
cide in all three categories provided the highest weights are “close” together.

1. INTRODUCTION

1.1. Let G be a semisimple simply connected algebraic group scheme defined and
split over the field F,, with p elements, and let k be the algebraic closure of F,,.
Let G(F,) be the finite Chevalley group consisting of F,-rational points of G where
q = p" for a nonnegative integer r. Moreover, let G, be the rth Frobenius kernel.
The relationship between the characters for simple modules in Mod(G), Mod(G)
and Mod(G(F,)) is well-understood. Yet, the characters and degrees of the simple
modules in these categories are not known in general. Lusztig formulated a well-
known conjecture which would allow one to compute the characters of these simple
modules by using Kahzdan-Lusztig polynomials when p is larger than the Coxeter
number. Cline, Parshall and Scott [CPS2] have demonstrated that Lusztig’s con-
jecture can be reformulated by using the cohomology theory of G. They provide
necessary and sufficient conditions to insure the validity of the Lusztig conjecture
via a criterion involving nonvanishing of extensions between certain simple mod-
ules. Furthermore, if the Lusztig conjecture is established, then a calculation of
Extg (L(N), L(p)) where L()\) and L(p) are simple G-modules can be obtained. The
purpose of this paper is to relate extensions between simple modules in Mod(G(F,))

Received by the editors November 16, 2001.
2000 Mathematics Subject Classification. Primary 20C33, 20G10; Secondary 20G05, 20J06.
Research of the second author was supported in part by NSF grant DMS-0102225.

(©2002 American Mathematical Society

4421



4422 CHRISTOPHER BENDEL, DANIEL NAKANO, AND CORNELIUS PILLEN

and Mod(G,) with extensions between simple modules in Mod(G). Such relation-
ships are very important to understand for both conceptual as well as computa-
tional purposes. For most of our results, it is necessary to assume that the prime p
is “large” relative to the Coxeter number of the group.

The results in this paper are outlined as follows. In Section 2, we summarize
several basic formulas developed in [BNP2] which express Extb(]Fq)(L()\), L(p)) in
terms of extensions for modules over G and G1. These formulas are refined further
in Theorem 2.4 by using work of Andersen [AndI]. This allows us to identify in
Corollary 2.4 necessary conditions on the p-adic expansions of weights A and pu for
the existence of nontrivial extensions of L(A) by L(u) over G or G(F,). Moreover,
these formulas also allow us to provide generalizations of Ye’s results for rank 2
groups [Yell, [Ye2] (see Theorem 2.5). Finally, we similarly obtain formulas express-
ing Extgr (L(A), L(p)) in terms of extensions over G and Gj.

At the beginning of Section 3, it is shown that for » > 2, one can compute all
extensions between simple G(F,)-modules if one knows all extensions between sim-
ple G-modules. In particular, we succeed in showing that for r > 3, Exté(Fq) (L(A),

L(p)) = Ext (L(N), L(j1)) for suitably constructed weights A and fi. Later in the
section, we prove that there is also a one-to-one correspondence between exten-
sions for simple modules over G(F,) and certain extensions of simple modules with
p"Tl-restricted highest weights over G. This improves earlier work of the third
author.

In Section 4, our attention focuses on comparing the cohomology of modules
over finite and algebraic groups. For G-modules V' with p"-restricted composi-
tion factors, we show in Theorem 4.1 that one can determine H'(G(F,),V) via
G-cohomology of “translated” modules for 0 <i < s and p > (2s+1)(h —1). As
a consequence of this formula, we prove in Corollary 4.2(B) that for p > 3(h — 1),
if \ is Gy-linked to the zero weight, then H'(G(F,), L(\)) = H'(G, L(\)) and if A
is p-singular, then H'(G(F,), L()\)) = 0. Furthermore, we provide necessary condi-
tions on A when ) is not G1-linked to the zero weight to have H'(G(F,), L()\)) # 0
(see Proposition 4.6) and show that such weights exist (see Theorem 4.7). For p >
3(h—1), Theorem 4.4 also provides a complete characterization of H' (G(F,), H°()\))
where H%(\) = ind§ A. These results extend earlier calculations by Friedlander
and Parshall [E], [EP]. Our methods also allow us to improve on results of Jantzen
[Tan6] and Andersen [And2|] for large primes. This is accomplished by providing
both necessary and sufficient conditions on the weights of the composition factors
of a G-module V (depending on the root system) to insure that the restriction map
HY(G,V) — Hl(G(IFq), V) is an isomorphism. Finally, in Section 4.10, necessary
conditions are provided to insure that H'(G,., L(x)) = H' (G, L(p)).

In Section 5, we provide sufficient conditions on weights A, u € X,.(T) to insure
that the restriction maps

Exte(L(A), L) — Extgee,) (L), L))
and
Extls(L(V), L)) — Extl, (L), L()

are isomorphisms (see Theorems 5.3, 5.6, and 5.7). Theorem 5.3(B), in particular,
shows that the isomorphism holds if the weights A and p are “close” together. This
leads to several consequences presented in Section 5.4 involving extensions between
modules whose highest weights lie in the same alcove or are mirror reflections across
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an alcove wall. As mentioned above, Theorem 5.3 of [CPS2] shows that the Lusztig
conjecture is equivalent to the nonvanishing of certain G-extensions between simple
modules. Corollary 5.4(C) shows that some of these G-extensions can be identified
with extensions over G7.

Notation 1.2. The conventions in the paper will follow the ones used in [Janl].
Throughout this paper, for the sake of clarity, we will assume that G is a simple
simply connected algebraic group defined and split over the finite field F, with p
elements. We will work over the field k, where k& denotes the algebraic closure of
F,. Many of our results can be extended easily to the case when G is semisimple or
reductive. Let T be a maximal split torus in G and ® the associated root system.
We will denote the positive roots with respect to a base of simple roots A by ®+.
The negative roots will be denoted by ®~. Let B be a Borel subgroup containing
T with respect to the negative roots and U the unipotent radical of B.

Let X(T') be the integral weight lattice obtained from ® contained in the Eu-
clidean space E with the inner product denoted by (, ). The set X (7') has a partial
ordering given by A > p if and only if A —p € Y7 A Na for \,u € X(T). Let
a¥ = 2a/{a, a) be the coroot corresponding to o € ®. The set of dominant integral
weights is defined by

X(T); ={ e X(T): 0<(\aY) forall « € A}.
Furthermore, the set of p"-restricted weights is
X (T)={ e X(T): 0<(\a")<p forall aecA}.
The closure of the bottom p alcove in X (T) is given by
Cz={0eX(T): 0<(A+p,a)y<pforallae dt}.

The Weyl group W is the group generated by the reflections s, : E — E given
by sa(A) = A — (\,a¥)a. The group W acts on X (7T') via the “dot action” given
by w- A = w(A+ p) — p where p is the half sum of positive roots. The long word in
W will be denoted by wy and the Coxeter number for ® is h = (p, oy ) + 1, where
o is the maximal short root.

For each A € X (T)4, let H°(\) = ind§\. The simple modules for G are labeled
by the set X(T), and are given by the correspondence A — L()\) = socg H°(\). A
complete set of nonisomorphic simple G,-modules and simple G(IF,)-modules are
obtained by taking {L(\) : A € X,.(T)}.

Finally, we make use of the following sets of weights and modules, which were
used in [BNPI) [BNP2]. For each s with 0 < s <p—1, let

Tsr ={A € X(T)1 : (A4 p,ag) < 2sp"(p, o) }.

The set of weights 7, , is saturated. Further, let Cs, be the full subcategory of G-
modules all of whose composition factors have highest weights in 7, .. For s =1, the
category Ci , essentially coincides with the p"-bounded category as defined in [JanT]
p. 360]. Observe that if A € 7y, is expressed as A = X' +p"v for weights \' € X,.(T)
and v € X(T)4, then the weight v satisfies (v, ) < 2s(p,a) = 2s(h — 1). This
leads us to define, for a positive integer m, the set

Tp={reX(T);: (v,ay) <m}.

For convenience, we denote I'y, simply by T'.
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2. SUMMARY OF EXT!-FORMULAS

2.1. Let A € X,(T) and A = 31— p'A; where \; € X1(T). Set A= >7_ Op’)\ o
that A = A 4+ p"~!'\,_1. The following result summarizes a series of Ext!-formulas
proved in [BNP2].

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1)
and let \,p € X,.(T). Then

(2) Extgs,) (L(A), L(1) = @, cr Exta (L) @ L(v)™), L(p) ® L(v)).

(b) For r > 2, Extg e,y (L(A), L(p)) = Extg (L(X), L(n)) & R where

R= @ Bxth(LO—1)® L)Y, Litr_1)) © Homg(L(A), L(1) © Lv)).
vel—{0}
Equivalently, in this case, we have
R= @ Homg (L ExtGI(L(A )7L(Nr71))(71))
vel—{0}
® Homg (L(V), L(5) ® L(v)).

(c) Forr =1, Exté(Fp)(L()\), L(p)) = Extg(L(N), L(i)) @ R where

R= @ Exth(LO)® L)Y, Liw)® L(v)).
vel'—{0}

Equivalently, in this case, we have

R= @ Homo(L()", Bxth, (LY. L(1n) © L),
vel'—{0}

2.2. The Ext!-result for simple G-modules given below was proved by Andersen
[And1l 5.6].

Theorem. Let G be a simple simply connected algebraic group with p >
3(h—=1), r> 2, and \,p € X, (T). Set n = min({s | \; # p;} U {r —1}) and
N = Z: $+1p1 [t VT Z;:i“p“"’lui. Then

Extg (L( =~ (P Extg(L(A) @ L(1) Y, L(pn)) @Home (L(N), L(i ) @ L(v)).
vel
The preceding result has been stated in general for completeness. The reader

will note that if n = r — 1, then A’ = 0 = p’ and the conclusion reduces to the fact
that

Extg (L(A), L(1)) = Extg(L(Ar—1), L(pr-1)),

which follows readily from the Lyndon-Hochschild-Serre spectral sequence for
G,_1 C G. Further, if A = u, these Ext-groups are zero.
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2.3.  We will now prove a result which will allow us to refine the Ext!-formulas
given in Sections 2.1 and 2.2. The following proposition has previously been stated
for special cases (rank two groups and fundamental weights v) in [Yell Prop. 4.4],
[Ye2], and [Yeh].

Proposition. Let G be a simple simply connected algebraic group with p > 2(h—1),
Xos o € X1(T), and M, p1 € X(T)4. Suppose that v € X(T)4 with (v,ay) < p.
Then
Home(L(Ao + ph1), L{no + pir) © L(v))
= Homg(L(Xo), L(po) © L(v)) ® Homg(L(A1), L(p1))-
In particular, Homeg (L(Ao + pA1), L(po + pp1) @ L(v)) = 0, unless A1 = pu1.

Proof. Let M = Homg(L(Xo + pA1), L(po + pp1) ® L(v)). According to [BNP2]
Prop. 2.3,
M = (Homg, (L(Xo +pAi), L(po + ppr) ® L(v))) %/
(Homg, (L(Xo), L(o) @ L()) @ L(—woh) @ L(p)™M) /1
> (Homg(L(Xo), L(po) @ L(v)) ® L(—wor1)™ @ L(p) M)/
Homg (L(Xo), L(pto) @ L(v)) ® (L(=wor)™M @ L(pa) M)/
(Mo), L(po) ® L(v)) ® Home (L(A1), L(pa))-

1%

1%

Homg (L
(|

2.4. For 0,6 € X(T)4, let S(0,0) = Homeg(L(o), L(9)). Also for r > 3, if
A€ Xo(T) and A = Y775 p'A; where \; € X;(T), set A = 277 Zpi=1); and for
r=2set A =0. For r > 2, the following theorem refines the results in Sections 2.1
and 2.2.

Theorem. Let G be a simple simply connected algebraic group. Moreover, let
p>3h—1),r>2 and \,p € X, (T). Set n = min({s | \; # i} U {r —1})
and Ay, = 0 = p,.. If0 < n <r—2 set N = Z;:,L_Qpi*"%)\i and '’ =
Zz:i_mpi*"”ui. Ifn=r—2orr—1,set N =0=y". Then
(a) Exta(L(N, L(1) 2 @, er Exta(L(A) @ L)D, L(n)) @ Home (LAws1),
L(pn+1) ® L(v)) @ SN, ).
(b) Exté;(]Fq)(L(/\)7 L(p)) = Extg(L(N), L(p)) @ R where

R= @ Exty(L—1)® L)Y, Lipr1)
vel'—{0}

® Home (L (M), L(o) ® L(v)) ® S(A, ).

Proof. (a ) Consider )\’ and p' as defined in Theorem 2.2. Since X = Apy1 + pA/
and y' = fipy1 + pu part (a) follows from Theorem 2.2 and Proposition 2.3.
(b) Similarly, with A and /i as defined in Section 2.1, we have A = \g 4+ pA and
[t = o + pji. So, the claim follows from Theorem 2. 1(b) and Proposition 2.3. O

In [AJLL 3.9, 4.5] it was observed that extensions between two simple modules for
the algebraic group of type A; and the corresponding finite groups vanish unless
the p-adic expansions of the weights differ in at most 2 consecutive slots. We
can generalize this observation to groups of other types, provided the prime is
sufficiently large.
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Corollary. Let G be a simple simply connected algebraic group. Moreover, let
p>3(h—1),r>2, and A\, p € X, (T).

(a) Extg&(L(N), L(i)) = 0 unless there exists an n with 0 < n < r — 1 such that
An F# iy and N; = p; for all i #n,n + 1.

(b) Exté(mq)(L()\),L(u)) = 0 unless there exists an n with 0 < n < r —1 such
that Ay, # pn, and N; = p; for all i Zn,n+ 1(modr).

Proof. Since Extg(L(A), L(X)) = 0 and Extég ) (L(A), L(A)) = 0 (by [BNPZ, 3.4)),
in either case, there is some n with 0 < n < r — 1 for which A, # u,. Note that
when r = 2, this is all that is claimed and so we may assume that r > 3. For
part (a), let n be the least nonnegative integer with A, # u,. By part (a) of the
preceding theorem, Extg(L(\), L(x)) = 0 unless X/ = y”’. In other words, if the
Ext-group is nonzero, we must have \; = u; for all i #n,n + 1.

For part (b), suppose there is an i with 1 <7 <r—2and \; # ;. Then A # ji and
by part (b) of the preceding theorem, Exté(]Fq)(L(/\),L(,u)) >~ Extg(L(N), L(p)).
Hence, by part (a), for these groups to be nonzero, we must have \,, # p,, for some
(minimal) n and A; = u; for i # n,n + 1. Alternately, for Exté(Fq)(L()\), L(u)) to
possibly be nonzero, we must have \; = p; for all 1 <i <r —2. O

2.5. Tt is easy to see from Theorem 2.4(a) that Ye’s results, [YeIl Thm. 5.1] and
[Ye2, Thm. 5], for extensions of simple modules for rank 2 groups can be generalized
as follows. We use the same notation as in [Ye2] and define for A € X (T4,

AN = (i€ X(T)4 | Exth(LOV, L(w)) # 0}
and for \g € X1(T),
B(Xo) = { € m1 | Extg(L(ho), L(7)) # 0}.

Theorem. Let G be a simple simply connected algebraic group with p > 3(h—1).
For X = X\g + pA1 + p?\ with Mo, M1 € X1(T), A € X(T)4, one has

AN = {20 +pAN + A} U {po + pur +°A | o+ pv € B(Xo), L)
C socg(L(A1) ® L(v)), po, p1 € X1(T),v € T}

2.6. A decomposition similar to that of Theorem 2.1 for extensions over finite
Chevalley groups can also be obtained for extensions over Frobenius kernels G...

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1)
and A\, u € X, (T). Then

Exte; (L(A), L(i)) = Extg(L(A), L(p)) @ R,
where

R= P L))" @Extg(LN) @ L) ™), L(w).
vel'—{0}

Proof. It follows immediately from [And1l Proposition 5.5] that
Extg, (L), L(w) = @ L™ @ Extg (L) @ L) ™), Lw).
vElop_1

Moreover, if v € X (T satisfies (v, o) < 2(h—1) and Extg (L(NQL(v) ™), L(p)) #
0, then by [BNP2, Prop. 2.4], v must lie in I'. O
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2.7.  The results of Section 2.4 can be used to simplify the decomposition in The-
orem 2.6 by reducing computations for p"-restricted weights to computations in-
volving p-restricted weights. Two reduction lemmas are required for this. The first
one states that when weights A and p have a common term in their p-adic expan-
sions, this term can often be “deleted” and the G-extensions remain the same. The
isomorphism follows readily from Theorem 2.4(a) by comparing the two direct sum
decompositions (one for each Ext-group) and observing that they are the same.

Lemma (A). Let G be a simple simply connected algebraic group with p > 3(h—1)
and \,pp € X(T)1. Let m > 0 be an integer such that Ny, = pm. For m > 0,

m—1 4

suppose also that m—1 is not the least integer n with A\, # ji,. Set X = Doico DA+
S PN and = T P+ 3032, ' i Then Extg(L(A), L(n)) =
Exth(L(V), L()).

Lemma (B). Let G be a simple simply connected algebraic group with p > 3(h—1),
r>2, and \,u € X,.(T). Then forv el — {0},

0 if X p,

EXté(L()\) ® L(V)(T), L(n) = {Exté(L()\rﬂ @ L(w)M, Lpy—1)) if A= Lt

Proof. Tt follows immediately from Corollary 2.4(a) (applied to A + p"v and p)
that the Ext-group is zero unless A = 1. In that case, the isomorphism follows by
repeated application of Lemma 2.7(A). O

When r > 2, Lemma 2.7(B) immediately shows that Theorem 2.6 can be im-
proved so that the remainder term involves G-extensions over only p-restricted
weights. In the case that » = 1, the following is simply a restatement of Theorem
2.6.

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1)
and A\, u € X, (T). Then

Ext; (L(A), L(w)) = Extg(L(A), L(p)) ® R,
where
R_{o if A i
Boer_0) LW @ Exti(L(Ar—1) @ L)Y, L(pr—1))  if A= ju.

Corollary (A). Let G be a simple simply connected algebraic group with p >
3(h—1) and \,u € X, (T). Then

Extl(L(), L(1)) if A # fi

&%*“”ang{m%qulxuWAWPH A=

Proof. The case A # i follows immediately from the theorem. The latter case
follows from the theorem by comparing the decomposition for the two Ext-groups.
Alternately, it follows from the Lyndon-Hochschild-Serre spectral sequence for G; <
G,. O

Note that in the latter case of the corollary, these groups may or may not be
isomorphic to Extg (L(\), L(p)). Finally, we note the following immediate conse-
quence of the theorem.
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Corollary (B). Let G be a simple simply connected algebraic group with p >
3(h—1) and r > 2. Suppose A\, € X,_1(T'). Then

Exté(L(A), L(p))  if A# p,

EXté;,,.(L(A)a L(p)) = {O if A= p.

3. COMPARISON RESULTS FOR FINITE GROUPS: r > 2

3.1. The results of Section 2 allow one to compute extensions of simple G(F,)-
modules by computing certain families of extensions over GG. The goal of this section
is to identify the extensions between a pair of simple G(F,)-modules with the G-
extensions of a single pair of simple G-modules. The following theorem presents
one approach to this problem. Note that the integer n defined here is different from
that used in Theorems 2.2 and 2.4. Further, note that if n = r—1, then the weights
A and 1 defined below simply equal A and p respectively.

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1)
and A\, pp € X,(T). Set n = min({i | \i = p;} U {r —1}) and define p"-restricted
weights A\ = Z?;:H PN and T = E?;:H p ="ty where My = A\ and
Mor+i = M-

(a) Ifr > 3, then

Extége,) (L), L(1)) & Extg (L), L()-
(b) If r =2 and Mo = po or A1 = 1, then
Extége,) (L), L()) & Extg (L), L()-
(¢c) Ifr =2 and \; # p; fori=20,1, set A = A1 + pAo and i = p1 + ppo. Then
Extée,) (LN, L(1) = Extg (L), L(w)) ® Extg (L), L(R)).-
Proof. Since the Frobenius map is an automorphism of G(F,), for any finite-
dimensional G-module V' and any positive integer m,
H'(G(F,),V) = H'(G(F,), V™).
Therefore,
Extee,) (L), L(p)) = Exte,) (D)™, L) ™).
For n = min({i | A\ = p;} U{r —1}), LX) = L)1) and L(fi) = L(p) "1™
as G(F,)-modules. Hence, we may identify
Exte,) (L(N), L(p)) 2 Extge ) (LX), L(70)).
(a) For r > 3, Corollary 2.4 implies that
Exté,) (LA, L()) =0 and  Extg(L(V), L() =0
unless there exists an ¢ Wi~th 0<i<r— 1~and Ai = ;. Suppose ~such an ¢ exists and
apply Theorem 2.1(b) to A and fi. Since A,y = fir—1, Extg, (L(A—1), L(fir—1)) = 0
by [AndI] and so the remainder term R is zero. Hence, it follows that
Extg(e,) (L), L) = Extg,) (LY, L)) = Extg (L), L(i)

and part (a) holds.

(b) For r = 2, if A\g = o or Ay = 1, then Ao = it-—1 and the claim follows by
the same argument as for r» > 3.
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(c) Suppose r =2 and \; # p; for i = 0,1. By Theorem 2.1(b), we have
Extes,) (LN, L(w)) = Extg(L(A), L(w) © R
where

R= @ Exth(Ln) @ L)Y, L)) @ Homa (L), L) © L)),
vel'—{0}

Since Ag # po, we have

R = @ Exth (L) @ L)Y, L)) © Homa(L o), L{uo) @ L(v)).
vel

By Theorem 2.4(a), the remainder term R is exactly Extg (L(X), L(f)). O

3.2. Forr > 2andp > 3(h—1), Theorem 3.1 provides a surprisingly simple answer
to the following question raised by Humphreys [Hum| and Andersen [And2]: can
every extension between two simple modules L(A) and L(u) for the finite group
G(F,) be found via the algebraic group G?

We give an explicit construction of any nontrivial extension of L(X) by L(u) for

G(F,). For a given pair A, u, consider the integer n and weights A, iz described
in Theorem 3.1. Let E denote a nontrivial extension of L(\) by L(p) for G. We
twist £ n times with the Frobenius morphism and denote the result by E(™. A
slight modification of the argument in [And2, Prop. 2.7] shows that E() remains
nontrivial when restricted to G(F,;). Now LOY™ =~ L(A) and L(72)™ = L(y) as
G(F,)-modules. Hence, we constructed a nontrivial extension of L(A) by L(u) for
the finite group. It follows from Theorem 3.1 that all nontrivial extensions can be
found in this fashion. Notice that in the case r = 2 and \; # u; for ¢ = 0,1, one
needs to consider, in addition, the weights A and ii. But the construction remains
the same. For r > 3, the preceding construction can be done with at most one
Frobenius twist if a slightly different choice of the weights A and 1 is made.

3.3. Let A,p € X, (T). In [AJLL Corollary 4.5 (b)], the authors showed that
dimy, Extlst(Fq)(L()\),L(u)) < 1, unless r = 2 and \; = o = (p — 1)/2 and
d=p1=((p—=3)/20r \; = pp=(p—3)/2and Ao = p1 = (p— 1)/2. In that case
the dimension is 2. The weights (p — 3)/2 and (p — 1)/2 are exactly the ones for
which the finite group SLq(F,) has self-extensions. This suggests that there is a
connection between the existence of self-extensions for G(F,) and a “doubling” of
the dimension for certain extensions for the group G(F2). Using Theorem 3.1, we
prove the following generalization for groups of higher rank. We use the notation
X and A as defined in Theorem 3.1.

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1),
r>2 and \,p € X,.(T). If r # 2 or the underlying root system is not of type Ay
or Cy, then

max{dimy, Ext e,y (L(A), L(p)) | A, € X, (T)}
= max{dimg Ext5(L(\), L(p)) | A, u € X(T)}.
Otherwise,
max{dimy, Extgg,) (LA), L(w)) | A, € X, (T)}
< 2max{dimy, Extg(L(N), L(w)) | A\, € X,.(T)}.
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Proof. By Theorem 3.1, Exté(mq)(L(A),L(u)) & Extb(L(X),L(ﬁ)) unless r = 2,
Ao # po, and A1 # p1. In the remaining case, we have

Exteyr,) (L(A), L(n)) = Extg (L), L(w)) © Extg(L(A), L(R)).-

If Exté(Fq)(L(A), L(p)) # 0, then the first dimension criterion fails only if both

Extg(L(A), L(p) # 0 and Extg(L(X), L(R)) # 0.

Suppose these are both nonzero. By Theorem 2.4, there exists v, 5 € T' such that

Extg; (L(Xo) ® L(v1)™", L(po)) # 0,

Ext;(L(M) @ L(v2)", L(m)) # 0,

0 # Home(L(Ao), L(po) ® L(v2)) = Home(L(po), L(Ao) ® L(—worz)),

and
0 # Homg (L(A1), L(p1) ® L(v1)) = Home (L(p1), L(A1) ® L(—wory)).-

Since Ag # po and A\ # p1, both 14 and vy are nonzero. Define the G-module @
via the exact sequence

0— L(/J,()) — L()\Q) (9 L(—’LUOZ/Q) i Q — 0.
We look at the long exact Ext-sequence

.+ — Homg(L(X\o) @ L(r1)M, Q) — Extl(L(A\o) ® L(v1)M, L))

— Ext&(L(Ao) ® L)Y, L(\o) ® L(—wory)) —

The weights of Q are less than A\g—wovs. Since vy # 0, Homg (L(A)@L(11) M, Q) =
0 and the map Ext&(L(Xo) ® L(11)M, L(pg)) — BExtg(L(Ao) @ L)W, L) ®
L(—wovz)) is an embedding. Therefore, Extg (L(Ag) ® L(rv1)™), L(A\o) ® L(—wor2))
# 0. But by [BNP2, Cor. 4.9] that is not possible unless ® is of type A; or C,,. O

We have shown that the “doubling” of the dimension of the extensions for G(F,)
happens only for ¢ = p? and groups of type A; and C,. Moreover, a closer look
at [BNP2, Cor. 4.9] shows that the p-adic expansion of weights for which such
a doubling might occur are also candidates for self-extensions for G(F,). In the
following example, one can see that Humphreys’ examples of self-extensions for the
group Sp4(F,) give rise to a doubling of the dimensions for the bigger group over
the field with p? elements. Using the calculations and notation in [Yel], one can
show the following for the finite groups Sp4(Fy).

Example. Let p > 5 and A\, u € X,(T). Then dimy EXtSp4(]F )( (M), L(p)) <
unless r = 2 and Ay = po = (s,(p—1)/2) and g = 1 = (s +1,(p — )/2) or
AM=po=(s+1,(p—=3)/2) and Ao = p1 = (s,(p—1)/2),for 1 < s <p-2. In
that case the dimension is 2.
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3.4. In the previous sections, it was shown that for » > 2, there exists an algo-
rithm for obtaining the extensions of two given simple modules for the finite group
from the extensions of simple modules for the ambient algebraic group. We now
present a slightly different point of view. For a fixed simple module L(\) with
X € X,(T), there is a one-to-one correspondence between the set of simple modules
for the finite group G(F,) which have p”-restricted highest weight and extend L(\)
nontrivially and a set of p"t!-restricted highest weights whose corresponding sim-
ple modules admit certain nontrivial extensions over G. This is presented in the
following theorem, which greatly improves [Pil, Lem. 2.2] for r > 2.

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1)
and r > 2. Furthermore, assume that if the underlying root system is of type Ay or
Cy, then r > 3. For A € X,.(T) define the sets

AN ={p+p"pr | p € Xo(T), pr € X2(T), pu # A,
Exte (LA +p" o), L(p+ p" pr)) # 0}
and
B(A) = {0 € X, (T) | Extg,)(L(N), L(0)) # 0},
and a map ¢ : A(N) — X (T') with ¢(p +p"pir) = po+ por — Xo. Then ¢ maps A(X)
bijectively onto B(\), and for any p+ p"p. € A(X) one obtains
Extg (LA +p" o), L(p + p"pir)) = Exte,y (LA), L(¢(1 + D" 1))

Proof. We will first show that ¢(A(X)) C B(XA). Let pu+ p"u, € A(N). So
Ext&(L(\ + p"Xo), L( + p"p)) # 0 and we must show that Extg(L(N\), L(p +
Hr — )\0)) 7é 0.

Case 1.1. ug = Ao-

We define A\, = Ao, A = S pT N, and o= >0 p . Since A4 pTAg =
Mo+ pA and g+ p"pe = Ao + pfi, by Lemma 2.7(A), Extg(L(A + p"Ao), L(p +
P u,,)) ExtG(L()\) L(p)). Further, the restriction map ExtG(L()\),L(u)) to
ExtG(]F (L (A), L(fi)) is an injection. Finally, as G(F,)-modules, L(A\)®) 2 L(\)
and L()™ = L(p+ pr — po) = L + pr — Xo). Hence,

Exté (LA +p"Xo), L(p +p"pir)) = Extée,y (LY, L(7D))
= Bxtgep,) (L), Lk + pr — o)),
and ¢(p +p"pr) € B(A).
Case 1.2. pg # Xo.

Since Extg(L(A 4+ p"Ao), L(iw + p"ur)) # 0, it follows from Corollary 2.4(a)
that u, = Ao and so ¢(u + p ur) = u. Furthermore, by Lemma 2.7(A),
Extg (LD \o), (/H—p pr)) = Ext (L(N), L(i)). Again the restriction map from
Extg (L(N), L(k)) to ExtG ) (L(A), L(p)) is injective. Now ¢(p+p"pr) € B(A) be-
cause

Ext e (LA +p" o), L(p + p"hir)) = Exte,) (L(A), L))
= EXté(Fq)(L()\)’ L(/,l/ + ///7- - )\0))
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Next we will show that ¢ maps A(A\) onto B(\). Specifically, we will show that
for each o € B(\) there exists a p+ p"pr € A(N) such that ¢(pu + p"pr) = o and
moreover that

Extg (LA +p" o), L(p+ p' ) = Exty gy (L(X), L(0)).
Case 2.1. \p_1 =0,_1.
Since Extbl(L()\r,l), L(oy_1)) =0, Theorem 2.1(b) implies that
Extge,) (L(N), L(0)) 2 Extg(L(A), L(0)).

Since A1 = 0,1, we may apply Lemma 2.7(A) to conclude that Exts(L()\), L(o))
=~ BExtg (L(A+p" Xo), L(64+p"Xo)). Set p1, = Ao and p = 0. Then pu4p” p, = o+p" Ao.
So ¢(p + p ) = o and Ext (LA + p" o), L(p + p" ) = Exté(]Fq)(L()\), L(o)).

Case 2.2. \p—1 # 0,—1 and \._o = 0y_2.

We set A\r = Ao, 07 = 00, A = S pTiN, and 0 = Yi_, p*lo;. Then
L)W = L()\) and L)Y = L(o) as G(F,)-modules; so Exté(]Fq)(L(/\),L(o)) =
Extg e, (L(N), L(3)). Furthermore, Extg g \(L(X), L(5)) = Extg(L(X), L(F)). For

r > 3, this follows from Theorem 2.4(b) since R =0 as X,«_g # 0,_o implies Py + .
For r = 2, the isomorphism follows from Theorem 2.1(b) since \,_; = 7,1 and

Extg, (L(/\r—l); L(a_l)) =0.
On the other hand, by Lemma 2.7(A), we have

Extg(L(V), L(3)) 2 Extg (Lo +pX), Ldo+p5)) = Extg(LOA+p"Ao), L(Xo+p5)).
Set . = o¢ and =0 — o9+ Ag- Then p+ p " = 0 — 09 + Ao+ p"og = Ao + po,
G+ p"py) = 0 — 09 + Ao + 00 — Ao = o, and Extg(L(A + p" o), L(p + p"pir)) &
Exte e,y (L(A), L(0)).

Case 2.3. \p—1 # 0,.—1 and \._o # 0y—_2.

If » > 3, apply Theorem 2.4(b) to A and o. By assumption, N#6. SoR =
0 and Extb(Fq)(L(A),L(J)) >~ Exts(L(N), L(o)). Moreover, by Lemma 2.7(A),
Ext&(L(N), L(0)) 22 Extg(L(A + p"Xo), L(o + p"Xo)). As in Case 2.1, we choose
e = Ap and u = o to obtain the isomorphism.

If r = 2, then by Theorem 3.1(c),

Extgr,) (L), L(0)) = Extg(L(A), L(0)) @ Extg(L(A), L(6))-

However, it follows from the proof of Theorem 3.3 that, provided ® is not of
type A1 or C,, only one of these terms is nonzero. If Exté(Fq)(L(/\),L(o)) =
Extg (L(\), L(0)), we may proceed as we did for r > 3 and set p1, = Ao and p = 0.
If Exté(Fq)(L()\), L(0)) = Exts(L()), L(6)), we may proceed as in Case 2.2 and set
wr =09 and p = o — oy + Ag.

Finally, we need to show that ¢ is one-to-one. Assume that pu+p”p, € A(N\) and
§ 4+ p"d, € A(X) such that p+ p"p, # § + p"d, while g+ pr — Ao = 0 + 5 — Ao.
It follows immediately that pg # 09 and u, # 6,.. Because py # Jp we may
assume without loss of generality that pug # Ao. Applying Corollary 2.4(a) to
Extg(L(\ + p" o), L(p + p"py)), it follows that p; = X\ for 2 < i < r — 1 and
tr = Xg. Then, since 6, # p, = Ao, it similarly follows from Corollary 2.4(a) that
0; = A for 0 < ¢ < r — 2. In particular, §o = A\g = . Then from the equation
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u+ =90+ ., we conclude that = 9§ — 39 + 6. Hence, o = §, and p; = §; for
1<i<r—1.Ifr >3, thenr—12>2and so d,—1 = pr—1 = Ar—1 and therefore
d = A. But that violates the condition § # X for elements 6 4+ p”d, in A(N). If r = 2,
01 = p1 need not equal A\;. If it does, we arrive at the same contradiction. In any
case, as in Theorem 3.1, let A=\ + pAo and 1 = p1 + puo. Since ps = Ag and
Ao # 1o, it follows from Lemma 2.7(A) that

Extg(L(X), L(p)) = Extg (LA + p*Ao), L(i + p* X))
= Extg (LA + p* o), L(p+ p°piz)) # 0.

On the other hand, since 6y = g, 01 = 1, and da = g, we have §+p2dy = Ao +pfi.
Hence, we also have

Exte (L(A), L(2) 2 Extg(L(Ao + pA), L(do + pid)
= Extg (LA + p*Xo), L(5 + p®da)) # 0.

But, as shown in the proof of Theorem 3.3, Ext},(L(\), L(p)) and Extd (L(A), L(ji))
cannot both vanish unless ® is of type A; or C),. Hence, ¢ is one-to-one. O

The example in Section 3.3 as well as [AJL| Cor. 4.5 (b)] shows that the theorem
above fails for certain weights A and groups of type A; or Co and r = 2. The map
¢ is not one-to-one in these cases.

4. COHOMOLOGY FOR FINITE AND ALGEBRAIC GROUPS

4.1. In this section, we turn to the special case of finding relationships between
cohomology groups over G(F,), G, and G,. Here T denotes Jantzen’s translation
functor [Janll I1.7]. We begin by providing a generalization of [BNP1], Cor. 7.4].

Proposition. Let G be a simple simply connected algebraic group with p >
(2s + 1)(h — 1) for a positive integer s, and let V € Cs, have only p"-restricted
composition factors in its socle (as a G-module). Then for 0 < i < s,

(4.1.1) H(GF,), V)= @ H(G TV e Lr)™)).

velag(h_1)

Proof. Since p > (2s 4+ 1)(h — 1) and v € Ty4,—1), it follows that v is in the
interior of the lowest alcove. Consequently, from Jantzen’s translation principle,
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L(v) = T (k). One can now argue as follows:
H'(G(F,),V) Extg s, (k, V)
= EXtZG(]Fq)(V*, k)
>~ Exti(V*,Gs(k)) ([BNPI, Thm. 5.2))

I

>~ P Extg(V,L(0" —wo)v) (BNPIL Thm. 7.4])
VEFQ.;(h_l)

~ P Exth(L(),VeLw)) ([anl, 14.4])
velss(h_1)

o P Exti(Ty(k),V e L))
vEl25(h—1)

o P Exto(k TV @ L)) (Hanl, 11.7.6))
VEFQ.;(h_l)

o P G Ve Lw™).
vElss(h_1)

O

4.2. A weight X is Gy-linked to the zero weight if A = w - 0 + py for some w € W
and v € X(T). The result below shows that cohomology for the algebraic group
and the finite group coincide if the G-module V has all its G1-composition factors
in the principal block for Gj.

Corollary (A). Let G be a simple simply connected algebraic group with p >
(2s + 1)(h — 1) for a positive integer s. Suppose that V. € Cs, has only p"-
restricted composition factors in its socle (as a G-module). If all the highest weights
of the simple G1-composition factors of V' are Gi-linked to the zero weight, then
for0<i<s,

Hi(G(FQ)v V) = Hi(Gv V)

Proof. According to Proposition 4.1, we have

H'(G(F,),V) = GB HY(G, TV @ L(v)")).

vElas(h_1)

Suppose that there exists a nonzero v € I'yg(,—1) and a composition factor L(\) of
V with TO(L(\) ® L(v)™) # 0. Then X is Gy-linked to v. On the other hand, A
is also Gy-linked to zero. Following [Jan2| Lem. 1] there exists a w € W and a
corresponding unique weight p,, € X (T)+ such that 0 = w - v + pp,,. One obtains
w(v+p)—p = —ppw. Taking the absolute value of the inner product of the left-hand
side with a simple root « yields

[(w +p),a”) =1 <2s(h—1) =1+ (h—1)+1=(2s+1)(h— 1),
which is strictly less than p. Therefore, p,, = 0, w = 1 and v = 0. We obtain a

contradiction and the assertion follows. O

We can now apply Proposition 4.1 and Corollary 4.2(A) to simple modules and
induced G-modules. Recall that a weight A is called p-regular if (A + p, ") is not
divisible by p for any root c. Otherwise we say A is p-singular.
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Corollary (B). Let G be a simple simply connected algebraic group with p >
(25 + 1)(h — 1) for a positive integer s and A € X, (T). For 0 < i < s, the
following hold:

(i) If X is p-singular, then H(G(F,), H(\)) = H'(G(F,), L(\)) = 0.

(i) If A is Gy-linked to the zero weight, then Hz( (F,), L(\) = H/(G, L(\)).
(iit) If X is Gy -linked to the zero weight, then H'(G(F,), HO(\)) = 0.

Proof. (i) The size of p and the definition of the set I'ys;,—1 force all the weights
v that appear in the sum in equation (4.1.1) to be p-regular. Therefore, for any v
and for any p-singular A\, TO(H°(\) ® L(v)")) = T9(L°(\) ® L(v)(") = 0.

(ii) This follows immediately from Corollary 4.2(A).

(iii) Again, it is immediate from Corollary 4.2(A) that H'(G(F,), H°(\))
HY (G, H°(\)). Now apply [Janl, I1.4.13].

O IR

4.3. The following proposition is essential for our computations and will be used
throughout the remainder of this section. This result is a consequence of the compu-
tation of G1-cohomology with coefficients in an induced module (see [A.], [KTT]).
Andersen [And2)] extended these results to the first cohomology of higher Frobenius
kernels. We note that it is possible to extend some of the work of Jantzen [Jan5]
for cohomology groups of G; to G, and replace the condition p > h with p > 3.

Proposition. Let G be a simple algebraic group with p > h. Let v, € X(T)4.
(a) Then

Homg (L ()™, EXté,, (k, H°(€)))

[k if¢=pv—pla for somea €A andi<r,
1 0 else.

(b) Moreover, if ¢ € X,(T) and either ( #0 or v € Cy, then

E if(=p'wa —pla and v = w, where a € A, wy is
Exts(L(v)™, HO(C)) = the corresponding fundamental weight, and i < r,
0 else.

Proof. (a) According to [And2 p. 392],

HO(§))  if ¢ = p"d — pla for some a € A and i < T,
Bl (b 100 = { (O =0

Hence, if Extg, (k, H°(¢)) # 0, then

Home (L(v)", Extg, (k, H°(())) = Home (L(v)", H*(8)).

But, this Hom-group is nonzero and equal to k if and only if § = v.
(b) We now apply the Lyndon-Hochschild-Serre spectral sequence

Extgq, (L(v)", Exty, (k, HO(())) = Extg” (L), HO(())
with the corresponding five term exact sequence
0— E21’0 —E'— ES’I — ES’O — E?.
If ( € X,.(T), then

Home, (k, H°(C)) = { kEC=0,

0 else.
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Since ¢ # 0 or v € Oz, it follows that for i > 0,
E"0 = Exty q, (L(v)"), Homg, (k, H°(C))) = 0.
Therefore, we obtain the isomorphism
Exte(L(v)'", H°(()) = Homgq, (L(v) ™), Extg, (k, H(()))-

By part (a) of this proposition, this is nonzero if and only if ( = p"v—p’a. Since  is
p"-restricted, for any simple root 8 with {(a, ) < 0, one concludes that (v, 3¥) = 0,
while clearly (v, ") = 1. Hence, v = w,. O

4.4. In [FP, Thm. 3.3] Friedlander and Parshall compute the dimensions of the
G(F,)-cohomology groups H*(G(F,), H’()\)) for induced G-modules, provided the
prime is sufficiently large with respect to G, A, and 4. In particular, they prove that
the odd cohomology groups vanish in these cases. The following gives a complete
description of the first G(F,)-cohomology of induced G-modules with p"-restricted
highest weights for p > 3(h — 1). One observes nonvanishing for certain weights
outside of the region considered in [FP].

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1).
Let X € X, .(T). Then

E o if A =p"wa — pla — wowe where a € A, w,, the

corresponding fundamental weight, and 1 < i <,

HY(G(F,), H'N) =< k if A =p'wa + 54 - (—wowa ) where a € A, w,, the
corresponding fundamental weight,

0 else.
Proof. According to Proposition 4.1 with V = H%()),
HY (G(F,), H'(N) b wvien@EmeLw)

1%

vEl2(h—1)
= @ BT, ).
vEl2(h—1)

We fix some v with Extg (L(p"v), T(pz;,”_wo)y(HO (N\)) # 0 and define the p"-restricted
weight p via )
HOu) = T2 (HO(V).

(p"—wo)v
Notice that all v € T'y(;,—1) are also contained in Cy. According to Proposition
4.3(b), Extg(L(p"v), HO(p)) = 0, unless v = w, and pu = p"w, — p'a where o € A,
wq, is the corresponding fundamental weight, and i < r. In that case it is equal to
k. We translate back and find that
\— { Prwe — pla — wowa for 0 < 1,
| P'wa + Sa - (—wowe)  for i = 0.
It is left to show that two distinct weights w,, wg cannot contribute in the sum-
mation for the same A. Assume the contrary. Then the weights w, and wg are
Gh-linked. That is, we = w - wg + py for some w € W and some v € X (T). Thus
(Wa, BY) — (w - wg, BY) has to be divisible by p. Now |(wa, ") — (w - wg, Y)| <
2(h — 1) 4+ 1. That forces |(wqa, ") — (w - wg,BY)] = 0, unless p = 3 and P is of
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type A;. But in that case the only choice is w, = wg = 1. Therefore, v = 0 and
we = w - wg. It follows that a = 5. O

4.5. The following proposition provides a computation of the extension between
certain simple G-modules. This computation will be used in the upcoming sections.

Proposition. Let G be a simple algebraic group with p > h. For any simple root
o with corresponding fundamental weight w,,, we obtain

Exty (L(wa)V, Lipwa — @) 2 k.

Proof. Since p > h it follows that pw, — a is not the zero weight. From Proposition
4.3(b), Extg(L(wa) M, HO(pws — @) 22 k and so we proceed to show that

Exte(L(pwa), L(pwa — a)) = Exte(L(pwa), H (pwa — a)).
Define the G-module @ via the exact sequence
0= L(pwa —a) = H(pwa — @) = Q — 0,
in order to obtain the long exact sequence

- — Homg (L(pwa), Q) — Exté(L(pwa), L(pw,, — @)
— Extg(L(pwa), H (pwa — a)) — Bxtg(L(pwa), Q) — -+

All the weights in @ are strictly less than pw, —a. Therefore, Homeg (L (pwy ), Q) = 0
and the desired isomorphism will follow if it can be shown that Extg(L(pwa), Q) =
0. To show this vanishing, it suffices to show that Extg (L(pwea), L(g)) = 0 for all
composition factors L(u) of @. For such a composition factor L(u), define N via
the short exact sequence

0 — L(p) — H(u) = N — 0,
and consider the long exact sequence
 — Homg(L(pwa), N) — Bxtly(L(pwa), L) — Bxtl(L(pwa), HO()) -
As before, we have Hom¢ (L(pwy ), N) = 0. Consequently, the map

Exte(L(pwa), L(1) — Exte(L(pwa), HO (1)

is an embedding. By Proposition 4.3(b), Extg(L(pwa), H(1)) = 0, unless p =
pwe — « or p = 0 and Exté/cl(L(pwa),k) # 0. But, the weight p is strictly
less than pw, — a. Therefore, ¢ = 0. In order to have Exté/GI(L(pwa),k) =
Extg(L(wa), k) # 0, the weights w, and zero have to be linked. So there must
exist a weight v and an element w of the Weyl group such that w, = pv +w -0 =
pv + w(p) — p. Solving this equation for pr and taking the inner product with a
simple root 3 # « yields p(v, 3Y) = 1 + (—w(p),3Y) < h. This forces (v,3Y) =0
and therefore v = w, and (p—1)ws = p—w(p). This time we take the inner product
with o and obtain (p — 1){wa, ) = h — 1+ (—w(p),ay) <2(h —1). Since p > h
it follows that w, is a minuscule weight and contained in the bottom alcove. (Note
that this conclusion clearly holds if ® is of type A;.) Thus, Extg(L(wa), k) = 0
and also Extg (L(pwa), Q) = 0. O
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4.6. In Corollary 4.2(B), we have shown that H'(G(F,), L(u)) = H' (G, L(p)) for
weights © € X, (T) that are Gi-linked to the zero weight. The following theorem
provides necessary conditions for weights p € X,.(T), not Gyp-linked to the zero
weight, so that Hl(G(Fq),L(u)) # (0. Clearly, for such weights we always have
(G, L)) = 0.

Proposition. Let G be a simple simply connected algebraic group with p > 3(h—1),
and let p € X, (T') not be G1-linked to the zero weight.
(a) If HY(G(F,),L(p)) # 0 and v = 1, then p = ppy + w - (—wov) for some
w e W\ {1} and some 0 # v < py.
(b) IfH'(G(F,), L(p)) # 0 and r > 2, then pn = p" Y (ppy +w-0) —wov for some
w € W\ {1} and some 0 # v < py.
Proof. (a) Assume that H'(G(F,), L(1)) # 0. According to the remark following
[BNPI| Cor. 7.4], there exists some —wor € I' such that Hl(G,Tgwoy(L(u) ®
L(—wor)M)) # 0. In particular, the weight u — pwor has to be linked to —wov and
—wov # 0. Thus p = ppy, + w - (—wov) for some w € W. It remains to show that
v < py. I pr < ppy +w-0, since ppy, +w-0 < ppy, we immediately conclude that
V < pw-
Suppose now that pv £ pp,, +w - 0. We have

T, (L(p) @ L(=wor)V) = T, (L(ppw + w - (—wor)) © L(=wor) ™)
=~ L(ppy +w - 0) @ L(—wov) .
Therefore, Extg (L(v)™), L(ppw + w - 0)) # 0. Consider the short exact sequence
0 — L(ppw +w-0) — HO(ppy +w-0) = Q — 0
and the associated long exact sequence
-« — Homg (L(pv), Q) — Ext(L(pr), L(ppw + w - 0))
— Extg(L(pr), H (ppw +w - 0)) — - - .

Since the composition factors of @ all have highest weight less than pp,, + w - 0,
Home(L(pv), @) = 0 and there is an embedding

Ex‘cé([/(py)7 L(ppw + w - 0)) — EXté(L(pV), HO(ppw +w - 0)).

Hence the latter Ext-group is also nonzero. By Proposition 4.3(b), we must have
V= wqy and ppy, + w - 0 = pw, — a for some simple root a. Hence p,, = w, = v.
(b) Assume that H'(G(F,), L()) # 0 and that g is not Gy-linked to the zero
weight. We apply Theorem 2.4(b) with A = 0. It follows that there exists a
weight v € T such that Ext&(L(v)™, L(r—1)) # 0, po = —wov, and p; = 0 for
i=1,...,7—2. Now p,_1 has to be Gi-linked to zero. Thus, u,_1 = pp, +w -0 for
some w € W. The argument in part (a) shows that v < p,, and w # 1. O

It is a consequence of Section 3 that for r > 2, the first G(IF,)-cohomology of any
simple module can be obtained from the first G-cohomology for p"-bounded simple
modules. The following corollary shows that the two are essentially the same.

Corollary. Let G be a simple simply connected algebraic group with p > 3(h —1).
Suppose v > 2 and p,v € X,.(T) such that g+ p"v € w1 . If p is Gi-linked to the
zero weight, then the restriction map

HY(G, L(u+ p'v)) — HY(G(F,), L(p + p"v)) = H(G(F,), L(p + v))
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is an isomorphism. Moreover, all the nonzero first cohomology for simple modules
of the finite group can be obtained in this fashion.

Proof. For p = 3 and G of type A, the assertion follows from [AJL]. For the
remaining cases, we will first show that the restriction map is an injection. For
v =0, it follows from Corollary 4.2(B) that the map is an isomorphism. Assume
that v # 0 and that H* (G, L(i 4 p"v)) # 0. We apply Theorem 2.4(a) with A\ = 0
and obtain that for 0 < i < r — 2, the u; in the p-adic expansion of y are zero.
Moreover, it follows that H' (G, L(u+p"v)) = HY (G, L(jt,—1 +pv)). Since pi, 1 +pv
is p"-restricted we have, again using Corollary 4.2(B), that Hl(G, L(pp—1 +pv)) =
H'(G(F,), L(ptr—1 +pv)). Now let E be a nontrivial extension of the trivial module
by L(p + p"v). Then E = EC=D where E is a nontrivial extension of the trivial
module by L(pr—1 + pv). Now the Frobenius map is an automorphism of G(F,).
Therefore E =~ E=Y remains nonsplit for G(F,). Finally, L(n+ p"v) =2 L(p + v)
as a G(Fy)-module.

It remains to be shown that all nontrivial extensions of the trivial module by
a simple G(F,)-module can be obtained in this fashion. Let A € X,.(T) with
HY(G(F,), L(\) # 0. If X\ is Gi-linked to zero, then Corollary 4.2(B) says that
H'(G(F,), L(\) = H' (G, L(\). Now assume that \ is not Gj-linked to the zero
weight. According to the previous Proposition, there exists a w € W\ {1} and a
v € I such that A = p"~H(ppw + w-0) + v. Set p = p" ! (ppw + w - 0). As we did
above, we use the formulas in Theorem 2.4(b) to show that

Extéyp,y (k, L(N) = Bxtg y (k, L(p + v)) 2 Extg (k, Lip~ "V + pr)).
Similarly, Theorem 2.4(a) implies that
Extg(k, L(p+p"v)) = Extg (k, Lp~™ "D+ pv)).
|

4.7.  The next theorem shows that there exists nonvanishing of G(F,)-cohomology
for simple modules with vanishing G-cohomology.

Theorem. Let G be a simple simply connected algebraic group with p > 3(h —1).
Let A € X,.(T).

(a) Forr =1 and any simple root «,
H' (G(F,), L(pwa + $a - (—wowa))) = k.
(b) Forr > 2 and any simple root «,
HY(G(F,), L(p"wa — p" o — wowa)) = k.

Proof. (a) We start with the remark following [BNP1, Cor. 7.4] and look for all
v € T such that H' (G, T(L(pwa + s - (—wowa)) ® L)) # 0. Any such v
has to be Gy-linked to —wow,. It follows from [Jan2] Lem. 1] that there exists a
w € W and its corresponding p,, such that —wow, = w - v + pp,,. We rewrite this
expression as pp, = —wows — w(v + p) + p. Taking the absolute value of the inner
product of the right-hand side with any simple root 3 results in an integer less than
or equal to 2(h — 1) + 2, which is less than p. The inner product of the left-hand
side is divisible by p. Therefore, both sides have to be zero. This forces w = 1 and
V = —wowy. Using the identity

Tﬂwm (L(pwa + Sq - (—wowe)) ® L(wowa)(l)) > L(pwe — @) @ L(—wowa)(l)
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and Proposition 4.5 we obtain
Hl(G(Fp)v L(pwa + sa - (—wowa)))
= HY (G, T o, (L(Pwa + Sa - (—w0wa)) ® L(—wowa)™M))
=~ H'(G, L(pwa — @) ® L(—wowa)™)
>~ Exty (L(wa) Y, L(pws — a))
>~ k.
(b) According to Corollary 4.6,
H'(G(F,), L(p"wa —p" ' — wowa))
~HY(G, L(p'wa — P = prwowa))
>~ HY(G, L(p"wa — p"'a) @ L(—wowa) ™)
= Extg(L(wa)", L(p"wa — p" ')
= Extg (L(wa) ", L(pwa — a))
>~ k.
The last isomorphism follows from Proposition 4.5. O

4.8. Jantzen [Jan6l, Prop. 2.2] shows that for any prime and any G-module V
whose composition factors have highest weights u satisfying

(0l < p"—3p" "t —3 for ® of type Go,
7OT= ) pr—2pr—1 — 2 otherwise,

the restriction map H' (G, V) — H*(G(F,), V) is an isomorphism. His analysis uses
results of [CPSK].

Andersen [And2| Thm. 2.8] showed that for primes p > 3(h — 1), a better bound
can be obtained for certain G-modules V. If the composition factors have highest
weights p satisfying

1

(pyag) <p" —p"~! =2 and ® is not of type A,

then the restriction map H'(G,V) — HY(G(F,),V) is an isomorphism. For a
generalization of [And2, Thm. 2.8], see Corollary 5.4(B) part (b).

Similar results were also obtained by Friedlander and Parshall in [FP] and [E].
Moreover, their work extends to the higher cohomology groups. Here we restrict
ourselves to the first cohomology. With the help of Theorem 4.7, we obtain the
best possible bounds to insure that H' (G, V) — H'(G(F,), V) is an isomorphism.
These are the optimal bounds because Theorem 4.7 can be used to produce coun-
terexamples to any lower bound.

Theorem (A). Let G be a simple simply connected algebraic group with p > 3(h—1)
and let r > 2. For any G-module V whose composition factors have highest weights

W satisfying

P —2pr L for ® of type A;,
(0l < pr—p ! for @ of type A,, n>2,
7a —
K> %o p" for ® of type By, Cy, forn > 2, D,, Es, E7,

20" —p L+ 1 for ® of type G2, Fy, Eg,
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the restriction map H'(G, V) — HY(G(F,),V) is an isomorphism.

Proof. Without loss of generality, we may assume that V' is indecomposable as a
G-module. Moreover, we will first assume that all simple G-composition factors of
V have p"-restricted highest weights.

If these highest weights are GG1-linked to the zero weight, the result follows im-
mediately from Corollary 4.2(A) or [AJL] when p = 3 and the root system is of
type A;. If they are not Gi-linked to the zero weight, then H'(G,V) = 0. It
is now sufficient to show that H'(G(F,), L(p)) = 0 for any composition factor
L(p) of V. We proceed by identifying the weights A, not Gj-linked to the zero
weight, with H'(G(F,), L(\)) # 0 and (), o) minimal. By Proposition 4.6(b),
A= p " Hppw +w - 0) — wov for some w € W and some 0 # v < p,,. Clearly for
such a A we need (p,,, ag) to be minimal. For types A,, By, Cy, Dy, Es, and E7, we
can find minuscule fundamental weights w, with (w,,ay) = 1. For types Ga, Fy,
and FEg, the smallest fundamental weight satisfies (wq, ag) = 2. In both cases, the
condition 0 # v < w,, forces v = w,. According to Corollary 4.6,

HY(G(Fy), L(N) = H(GEF,), L(p'wa +p ™ w0 — wowa))

HY(G, L(p"we + p"tw - 0 — pwows))

HY (G, L(p"wa + " w - 0) @ L(—wowa)™)
Exté; (L(wa)"™, L(p"wa + p" 1w - 0))

>~ Exth(L(wa)Y, Lipws +w - 0)).

1%

1%

1%

A closer look at the proof of Proposition 4.5 shows that the last term is zero
unless w = s,. This implies that A\ = p"ws — p" ' — wowe. Checking all pos-
sible minimal weights w, and their corresponding roots « shows that (a, o) = 2
for type Ay, (o, ) = 1 for types An(n > 2),Ga, Fy, and Eg, and (o, ay) =
0 for types B,,Cy, Dy, Egs, and E;. Therefore, the “smallest” weights A\ with
H'(G(F,), L(\) # 0 are just outside the allowed region. Hence, H'(G(F,),V) =
0 =H'(G, V) and the bounds are the best possible.

For types B,,C,, D,, Eg, and E7, our bound on the weights allows for mod-
ules V' that contain simple composition factors whose highest weights are not
p-restricted. However, the given bound on the weights allows only factors that
are isomorphic to L(p"w,), where w, is a minuscule weight. For root systems
of the above type, the minuscule weights are not contained in the root lattice.
Thus p’w, is not Gi-linked to the zero weight and H'(G, L(p"w,)) = 0. Fur-
ther, if V contains such a composition factor, then H* (G,V) = 0 since none of
the composition factors would be G-linked to zero. Therefore it is sufficient to
show that H*(G(F,), L(1)) = 0 for any composition factor L(u) of V. If u is re-
stricted, this was shown above, and for unrestricted, by Proposition 4.6(b), we have
H'(G(F,), L(p'wa)) = H(G(F,), L(wa)) = 0. O

In the case r = 1, we can make the following statements about the vanishing of
cohomology.

Theorem (B). Let G be a simple simply connected algebraic group withp > 3(h—1)
(p > 3 for type Ay). For any G-module V. whose composition factors have highest
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weights p satisfying
p—4 for @ of type A1,
p—1 for @ of type Ay, n > 2,
for ® of type B, Cy, forn > 2, D,, Egs, F7,
2(p—h)+1 for ® of type G2, Fy, Es,

HY(G(F,),V)=H' (G,V) =0.

(,ag) <

Proof. The argument is almost identical to the previous proof. The smallest nonzero
dominant weight A that is linked to the zero weight satisfies (\, oy) = 2(p—(h—1)).
Hence H' (G, V) = 0. Tt is sufficient to show that H* (G(F,), L(11)) = 0 for any weight
u satisfying the given bounds. If u is p-restricted and G1-linked to the zero weight,
the result follows from Corollary 4.2(B).

We proceed by identifying the p-restricted weights A, not G-linked to the zero
weight, with H'(G(F,), L(\)) # 0 and (), ay) minimal. We apply Proposition
4.6(a) and find that A\ = pp,, + w - (—wov), for some w € W and some 0 # v < p,,.
Clearly for such a A we need (py,, ) to be minimal. For types A,,, By, Cy, Dy, Eg,
and F; we can find minuscule fundamental weights w, with (wa,aé{ ) = 1. For
types Ga, Fy, and Eg, the smallest fundamental weight satisfies (wq,ay) = 2. In
both cases, the condition 0 # v < w, forces v = w,. As in the proof of Theorem
4.8(A), we find that for a “minimal” A we have w = s, and A = pwq + 84 - (—wWowy ).
For types A,, B,,Cy, Dy, Eg, and E7 one checks all minuscule weights and their
corresponding roots « to find the “minimal” A\. The bounds given in the Proposition
were chosen accordingly. For types Go, Fy and Eg the smallest A not linked to the
zero weight is larger than the smallest A # 0 that is linked to the zero weight.
Therefore, the algebraic group provides the “minimal” weight for these types.

Finally, we have to deal with the nonrestricted cases. Again the only possibili-
ties are modules isomorphic to L(pw,), where w, is a minuscule weight for types
By, Cy, Dy, Eg, and Er. But L(pws) = L(w,) as a G(IF,)-module and our previous
argument settles this case. [l

4.9. As an immediate consequence of our results, we recover the following known
facts.

Corollary. Let G be a simple simply connected algebraic group with p > 3(h —1).
(a) If r > 2 and p € X,_1(T), then H(G(F,), L(p)) = HY(G, L(p)).
(b) If p € Cz and the underlying root system is not of type Ay, then Hl(G(Fq),

L(w)) = 0.
(¢) Ifw is a fundamental weight, then H' (G(Fy), L(w)) = 0.

4.10. In the previous sections, we provided conditions under which Hl(G(IFq)7
L(p)) = H'(G, L(1)). We conclude this section with some sufficient conditions on
w € X,(T) so that H* (G, L(p)) = H' (G, L(p)). See [Jan5] for explicit descriptions
of H'(G1, L(11)). Here and in parts of Section 5, we make use of the strong linkage
principle [JanT] I1.6.13] and replace the order relation “<” on the weights by the
refined order relation “ 17 as defined in [JanTl, I1.6.4].

Theorem. Let G be a simple simply connected algebraic group, p > 3(h — 1), and
ne X (T). If
(a) p"v J p when v e X(T)4 — {0}, and



EXTENSIONS FOR FINITE CHEVALLEY GROUPS 4443

(b) p# p wa — p"ta for some simple root a,
then H!(Gy, L()) = H'(G, L(1)).

Proof. If j1 # 0, the claim follows immediately from Corollary 2.7(A). On the other
hand, suppose ft = 0. Then p = p" ' pu,—1 and
HY (G, L(p)) = HY(Gy, L(pr—1) "™ = HY(G1, Lpae—)) Y.
Condition (a) implies that pv [ pr_1, while condition (b) implies that p,_; #
pwa — « for any simple root . Hence, by [And2], H(G1, H(,—1)) = 0 and
we may apply Lemma 5.1 to conclude that H'(Gy, L(pr—1)) = HY(G, L(pr—1))-
Finally, H!(G, () = H'(G, L(y1)0 ) = H(G, L{tr1)). 0
We now present some consequences of Theorem 4.10.

Corollary. Let G be a simple simply connected algebraic group, p > 3(h — 1), and
ne X (T). If

(8) (r-1,0Y) < p—1, and

(b) {pr—1,a") # p—2 for all simple roots a,
then H' (G, L(p)) = HY(G, L(1)).

Proof. For any v € X(T)4+—{0}, if condition (a) holds, then (pv,ay) >p>p—12>
{pr—1, g ), which implies that pv is not less than or equal to u,_; and hence that
pv ¥ pr—1. Further, condition (b) implies that p,.—1 # pw, — « for any simple
root . With these two facts, the claim follows as in the proof of the previous
Theorem. O

5. GENERAL COMPARISON RESULTS FOR EXTENSIONS

5.1. In this section we determine conditions under which Extb(]pq) (L(N), L(p)) or

Extg (L(N), L(p)) may be identified with Extg(L(\), L(1t)). We begin with some
preliminary results.

Lemma. Let G be a simple algebraic group, p > 2, and A\, u € X,.(T). If \+p™v J
and i+ p"v J X for any v € X(T)4+ — {0} and Extg, (V(N), H(n)) =0, then

Extl, (L(N), L(1)) = Exts(L(Y), L()).

Proof. By [Andl, Thm. 4.5], one has ExtéT(L()\),L()\)) = Extb(L()\),L()\ )
0. Thus we may assume that A\ # u. Furthermore, since Extér(L()\),L(u))
Bxth, (L(1),L(Y) and Bxth (V) HO(r)) = Bxth (V(u), HO(\) [anl)
11.2.12(3), 11.2.13(2)], we may assume, without loss of generality, that A J p.
There exists a short exact sequence of the form
0— L(p) — H(n) = Q — 0.
This induces a long exact sequence
— Homg, (L(A), Q) — Extg (L(X), L(u)) — Extg, (L(A), HO (1)) — -+ .

Observe that Homg, (L()),Q) is a G-module and Homg, (L(N),Q) ® L()\) is a
G-submodule of @ [Jan3| 2.2(1)]. Suppose that p"v is a highest weight of a compo-
sition factor of Homeg, (L()), Q). Then A+ p”v is a highest weight of a composition
factor of @ and of H°(u). Therefore, A + p"v T u. That forces v = 0 and contra-
dicts our assumption that A f pu. Thus, Homg, (L(A),Q) = 0 and we obtain an
embedding Ext}, (L(\), L(u)) — Extg (L(\), H'(w)). Using Extg, (L(\), H (1))

Iral
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= Exth(V(u), L(X)), we also obtain an embedding Ext{, (L(u),L(X)) —
Extg, (V (1), L(V)-
Consider now the short exact sequence
0— L(\) — H°(\) = N — 0.
This induces a long exact sequence
-+ — Homg, (V(n), H°(\)) — Homg, (V (1), N)
— Bxth (V). L(N) =0 — -

because Extg; (V(u), HO())) is assumed to be zero. The G,-socle of HO()) is L())
because A is p"-restricted. Moreover, V(u) contains no dominant weights of the
form X\ + p"v. Thus Homg, (V (1), H°(N\)) = 0. We obtain an isomorphism of G-
modules Homg, (V (1), N) = Ext{, (V(u),L())). Suppose that p"v is a nonzero
highest weight of a composition factor of Homg, (V (1), N). Then L(p +p'v) is a
G-composition factor of N because V(i) has simple G-head L(p). Thus p+ p"v
is a highest weight of a composition factor of N and also of H°()\). But this
contradicts our assumption that p 4+ p"v J A for any nonzero dominant weight v.
Since there are no self-extensions of the trivial module over G, Homg, (V (1), N) is
isomorphic to a direct sum of trivial modules. It follows that Extér(V(u), L(N)
and Ext¢, (L(u), L(X)) are both direct sums of trivial modules.
Finally, consider the Lyndon-Hochschild-Serre spectral sequence for G, < G:

By’ = Extyq, (k, Extl, (L), L(A))) = Bxtg? (L(n), L(V)).

Since Homg, (L(1), L(A)) = 0, we have Ey® = 0 = E2"" and from the corresponding
five-term exact sequence, E' 2 ES''. Thus, since the G-structure on EXT%;T(L(/J),
L(\)) is trivial, one has

Extg, (L(p), L(A)) 2 Homgyq, (k, Extg, (L(u), L(X))) 2 Extg (L(n), L(V)).
O

5.2.  The methods used in the following proposition are similar to those in Sections
4.5 and 4.6 of [BNP2].

Proposition. Let G be a simple algebraic group and A\, u € X1 (T) with X\ # p.

(a) If p> 3 and (u— X, av) < p/3 for all roots o, then one of the following holds:
(i) Extg, (V(A), H()) = 0.
(ii) the underlying root system is of type A1 or Cp and X = p+ (5§ — (u +
p, ) )ay,, where o, is the unique long (last) simple root.
(b) If p > h (p > 3 for type A,) and A = p+ « for some positive nonsimple root
a, then Extg, (V(\), HO(u)) = 0.

Proof. The proof uses the same strategy as the proof of Proposition 4.6 in [BNP2],
although the details differ slightly.

(a) Assume that Extg, (V(A), HO(n)) = Extg, (V(n), H(N)) # 0. Without loss
of generality, we may assume that A J p. The Gi-socle of HY(\) is L()\) with
A p-restricted while V(i) contains no dominant weights of the form A\ + p£. It
follows that Homg, (V (1), H°()\)) = 0. Assume that Extbl(V(u),HO(A)) has a
composition factor L(v)() in its socle. Applying the five-term Lyndon-Hochschild-
Serre sequence for G; C G (as in the proof of Proposition 4.3) yields an isomorphism

0 # Homgc, (L) ™), Extl, (V (), H'ON)) = Exth(V () @ L), HO(N)).



EXTENSIONS FOR FINITE CHEVALLEY GROUPS 4445

Since A is a dominant weight, it follows by Frobenius reciprocity that
0 # Bty (V) @ L), HON) = Bxth(V () © L), )
= Bt (V (1), A ® L(—wor) ™).

Thus there exists a weight o such that Extp(V (), A — po)) # 0. It follows from
[JanTl IT 4.13] that A — po & X (T)4. Using the spectral sequence [AndI], 1.1]

Ey? = Extg(V (), RindF(A — po)) = Extg? (V (1), A — po),
we obtain the isomorphism
Extp(V (1), A — po) = Homg (V (1), H' (A = po)).
Now we apply [Tandl I1.5.4, I1.5.15] and obtain two possibilities.

Case 1. There exists a dominant weight i and a simple root « such that A — po =
So - and 0 < (ji,a") < p — 1. Moreover, H*(\ — po) =2 HO(ji).

Since Homg (V (), H%(j1)) # 0 it follows that i = u. Thus, the above equation
becomes A — po = s, - u. Solving for po yields

(5.2.1) po=A—p+ (u+pa’)a.
Taking the inner product with o yields

(5.22) pla,aV) = (A= oY) + 2+ p.a),
which can be written as

(5.2.3) plo,a’) = (A +p,a)y+ (u+p,aV).

Now A and p are restricted and (u + p,a¥) < p. That forces (o, V) = 1. Next we
assume that « is not the unique long simple root in a root system of type A; or C,,.
Then there exists a positive root 8 with (o, 3Y) = —1. We take the inner product
with 3¥ of equation (5.2.1) and obtain

(5.2.4) p(o,8Y) = A=, BY) = (u+p,a”).
Adding equation (5.2.4) twice to equation (5.2.2) yields
(5.2.5) p+2p(0,8Y) = (A —p, ) +2(\ — pu, 7).

The left-hand side is a nonzero multiple of p while the absolute value of the right-
hand side is less than p. We obtain a contradiction. The root system is therefore
of type A1 or C,, and « is the unique long simple root, which we denote by «,.
Taking the inner product of (5.2.1) with any of the simple roots «; through «;,_o

yields p(o, o)) = (A — u, ) and thus (o, ) = 0. The inner product with a,_;
yields

(526) p<07 O[¥—1> = <A—/J/,Oé¥_1> _2<:U/+p7 Oé¥>

Adding (5.2.6) to (5.2.2) yields p(o, o)1) +p = (A — p, o)1) + (X — p,ay). This
forces (o, _1) = —1 and ¢ = a,,/2. (Note that in type A; the latter conclusion

follows immediately from (o,a") = 1.) Now equation (5.2.1) can be rewritten as
A=p+ (5 —(u+p o)), as claimed.

Case 2. There exists a dominant weight [, a unique simple root «, and integers
n>0and 0 < a < p, such that A\—po = fi—ap™a. Moreover, the socle of H(A—po)

is L(f).
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Since Homg (V' (1), H' (A — po)) # 0 it follows that i 1 u. We rewrite the above
equation as

(5.2.7) i—\=plap" ta — o).

Taking the inner product with any simple root § results in

(5.2.8) —(p—=1)<{(a—\pY) =plap"ta—a,pY).

Therefore ap”~'a — o is a dominant weight. Taking the inner product with oy
yields

(529)  p/3>(u—Aay) = (- Nay) =plap"a—o,aY),

which forces (ap"ta—a, o) < 0. Thus ap™~la—o is the zero weight and A = ji | p.
The last statement gives the desired contradiction.

The proof of part (b) is identical to that of (a) up to equation (5.2.1) of Case 1.
Denote the simple roots by ag, aa, ..., a,. Then equation (5.2.1) becomes

(5.2.10) po = a+ (u+p,a))a;

for some simple root «;. Therefore the weight po is in the root lattice. Let us first
assume that the root system is not of type A,,. Then the condition p > h implies
that o itself is in the root lattice. So there are nonnegative integers c; with o =
Z;LZI cja;. Similarly, one can find nonnegative integers a; with a = Z;LZI a;o;.
Since « is not simple, there exists at least one j # ¢ with a; # 0. It follows now
from (5.2.10) that a; = pc; > p > h, which is not possible. Now assume that
the root system is of type A, and p > 3. Notice that the statement is empty for
type Ai. Therefore, there exists a simple root «; with <ai,a}/) = —1. We take
the inner product with a]V of equation (5.2.10) and obtain the following equation
corresponding to (5.2.4):

(5.2.11) plo,of) = (a,af ) = (u+ p, ).
The equivalent to equation (5.2.5) now reads
(5.2.12) p+2p(0,a)) = (o, ) +2(a, ).

For type A, the absolute value of an inner product of a positive nonsimple root
with a simple root is at most 1. The absolute value of the right-hand side of (5.2.12)
is less than or equal to 3 while the left-hand side is a nonzero multiple of p. Now
p > 3 produces the desired contradiction.

For the proof of Case 2, we can simply copy the argument from Case 2 of part
(a). Notice that equation (5.2.9) can be replaced by the stronger equation

02 <_a7a(\)/>:<,u_>‘va(\)/> > <ﬂ_>‘aaz)/> :p<ap"71a—a,a8/>.
O

5.3.  The following theorem shows that for groups other than types A; or C;, and
for pairs of simple modules whose highest weights are restricted and “close together”
the G- and Gi-extensions coincide.

Theorem (A). Let G be a simple algebraic group, p > 3, \,p € X1(T). If
(A — p, ) < p/3 for all roots c, then one of the following holds:
(a) Exth, (LOV), L) 2 Exth(L(V), L(1)):
(b) The underlying root system is of type Ay or Cp, and pp = \4(5—(A-p, o)) )aun,
where ., is the unique long (last) simple root.
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Proof. The case A = p was done in [Andll, Thm. 4.5]. We may assume that A # p.
It follows immediately from Proposition 5.2 that Extg, (V/(X), H'(u)) = 0 or that
the underlying root system is of type Ay or Cy, and pp = A+ (5 — (A + p, o)) )ovn,
where «;, is the unique long (last) simple root. In the first case, we wish to apply
Lemma 5.1. For any root o and dominant weight v # 0, one has the following
sequence of inequalities:

N oag) < (uag) +p/3 < (pag) +p < (n+pr,ag).

Thus p + pv £ X\ and similarly A + pv £ u. Hence, the claim follows from Lemma
5.1. O

Using the notation of Section 2.1, we can now prove a generalization of Corollary
3.3 in [BNP2] and give sufficient conditions to insure that Exté(Fq)(L()\), L(p)) =

Extg (L()\), L(p)) and, moreover, that these extensions can also be identified with
Bxth (L(V), L(1).

Theorem (B). Let G be a simple simply connected algebraic group with p >
3(h—=1), 7> 2, and \,p € X (T). If (\eo1 — pp—1, ") < p/3 for all roots «
and either the underlying root system is not of type A1 or Cn or pr—1 # Ar—1 +
(5 = (M1 + py o)), where ay, is the unique long (last) simple root, then

Extge,) (L(N), L)) = Extg (L(A), L(w)) 2 Extg, (L), L(u)).
Proof. For G(F), by Theorem 2.1(b), we have
Exte e, (L(N), L(n)) = Extg(L(N), L(n) © R
where
R= @ Homa(L(v),Extg, (LOA-1), L(pr—1))"Y)
(5.3.1) ver—{o}
@ Homa(L(\), L(i) ® L(1)).
So it suffices to show that the remainder term R is zero. By Theorem 5.3(A), one
obtains that Extg, (L(Ar—1), L(pr—1)) = Extg(L(Ar—1), L(r—1)). Hence for all
v # 0 the term HomG(L(V),Extél(L()\r,l), L(ptr—1))Y) equals zero and R = 0.
The isomorphism for G, follows immediately from Corollary 2.7(A) and Theorem
5.3(A). O
5.4. We now present some other consequences of Theorem 5.3(A).

Corollary (A). Let G be a simple algebraic group. If \,u € X1(T) are p-regular
weights contained in the same alcove, then one of the following holds:
(i) Extg, (L(N), L(n)) = 0.
(ii) The underlying root system is of type Ay or Cp, and pp = \+(5—(A-p, o)) )aun,
where a,, is the unique long (last) simple root.

Proof. As in Theorem 5.3(A), we may assume that A # u. In order to have two dis-
tinct p-regular weights located in the same alcove, one needs p > h. Suppose A and
p are two such p-regular weights located in the alcove A and Extg1 (L(X\), L(p)) # 0.
Then A and p must be Gy-linked, i.e., there is some w € W and v € X(T') such
that p = w - A+ py. Let A¢c and puc be the representatives in the lowest dominant
alcove C of the A and p linkage classes. Then A\¢ and pc are also Gp-linked. As
above, suppose pc = w' - Ac + py'. We set Xg = X(T') @z Q and denote by Ag
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and Cg the subsets of Xq that correspond to A and C, respectively. For z € Cg,
set ¢(x) = w’ -+ py'. Then ¢(Cqy) = Cq. For each k > 0, we define the following
subsets of Cg:

Iy={z€Cq|k<(z+p,a’)y<p—kforalacd}

The sets Ij; are the subsets of all points in Cp that have distance at least k from
any alcove wall. The isometry ¢ leaves the sets Ij, invariant. Moreover, it follows
from (%p—l— p,og) = £(h—1) =p— £, that the set I, contains just one point,
namely P = %p. Thus P is a fixed point of ¢.

Consider now the affine Weyl group W7y, consisting of the ordinary Weyl group
and translations by weights. The action of W; subdivides the alcove Cgp into “mini”-
alcoves. Set Dg = {z € Cgp | 0 < (z+p,a”) < 1 for all « € *}. The set Dy is the
lowest mini-alcove inside Cg. For any two points M and NV in the closure of Dg and
any root «, we have |(M — N, V)| < max{(M + p, o), (N + p, oy} } < 1. Since the
elements of W permute these mini-alcoves within Xgq, it follows for any two points
M, N in the closure of the same mini-alcove and all roots « that [{(M — N, V)| < 1.
Moreover, the closure of Dg as well as the closure of every mini-alcove contain
some weights. For any positive root «, there exists an integer m < h such that
(%p + p,a¥) = BE. Clearly h divides neither m nor p. Therefore, P lies in the
interior of some mml alcove denoted by Eg. The map ¢ permutes the mini-alcoves
within Cgy. Therefore, ¢ maps Eg onto itself. Pick a weight A{, in the closure of
Eg and denote ¢(\) by pp. Now |[(up — Moy a¥)| < 1 for all roots a. The point
P has distance £ > 1 from the walls of Cq. Hence, the closure of the mini-alcove
FEq lies in the interior of Cy and the weights A\, and i, are p-regular.

We denote by X and by y’ the representatives of the A\, and p. linkage classes
in the alcove A. Then X and p' are p-regular weights with ¢/ = w - X + pvy and
(' — N, aV)| <1 for all roots a.

We assume that Extg, (L(A), L(k)) # 0. Then there exists a dominant weight
v with Homg(L(v)V, Extg, (L(X), L(1))) # 0. The weights A, X', p and p’ are p-
restricted and A" # /. Therefore, Homeg, (L(X), L()) = Homg, (L(XN), L(1")) = 0.
We may apply the Lyndon-Hochschild-Serre exact sequence for G; C G as in the
proof of Proposition 4.3 and obtain

0 # Homg (L), Extl, (L), (1)) = Exth(L(\) @ L)V, L(u)
=~ Exth(L(\), L — puov)).
Recall that pr = w - A + py, which implies that p — pwor = w - A + p(y — wov).
Similarly, g’ — pwov = w- N + p(y — wov). The weight v — wov is in the root lattice
because the weights A and 1 — pwov are linked. Hence, the weights A" and p’ — pwov

are also linked. We use the adjointness of the translation functors T3 and T3, to
obtain

0 # Exth(L(N,Liu - puov))
= Btb(TALY) L= puov)
=~ Exth (L), T L(u — pwov))
= Baal(L(V). L/ ~ )
=~ Exth (L) @ L)V, L(i))

Homes(L(v)V. Extl, (L(Y). L(1)).
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Now Extg, (L(XN), L(u')) # 0. For all roots a, we have [(1/ — X, aV)| <1< 2. We
apply Theorem 5.3(A) and conclude that the underlying root system is of type A;
or C,.

Moreover, for type Ay or Cp, it follows that u' = X + (§ — (N 4 p, o)) =
San * N+ plan/2). Thus g = sa, - A+ plan/2) = A+ (5 = (A +p, ay))an as
claimed. Note that for type A;, the condition p > h allows the case p = 3 so that
Theorem 5.3(A) does not apply. However, for p = 3, one readily checks that the
above relation between p and A must hold. |

Corollary (B). Let G be a simple simply connected algebraic group. When r =1,
assume that the underlying root system is not of type A;.

(i) If p > 2, then Extg (L(N), L(w)) = 0 for all A\, ju € C7.
(il) Ifp > 3(h —1), then Extge,y(L(N), L(p)) = 0 for all A, p € Cy.

Proof. (1) The case A = p was done in [AndT, Thm. 4.5]. We may assume that
A # . Let A\, € Cgz. Tt follows from [Andl, Thm. 5.3] that ExtéT(L()\), L(p) =0
implies Extg, (L(\), L(1)) = 0. Assume that Extg, (L()\),L(n)) # 0. Then the
weights A and p are Gy-linked. This implies that either both weights are p-singular
or both weights are p-regular. If they are both p-singular they have to be contained
in the upper wall of the bottom fundamental alcove. Clearly they are not G-linked.
We will show that no two weights in the upper wall can be Gi-linked. Let W),
denote the affine Weyl group generated by W and the translations by elements
of pX(T'). Any nonzero element of the quotient group W,/W, defines an action
that fixes the bottom alcove and permutes its vertices. In particular, it maps the
vertex —p into the upper wall. In return, one of the vertices in the upper wall gets
mapped back to —p. The upper wall is not invariant under the action. Therefore
two weights that are ( G1-linked, i.e., one is the image of the other under the action
of some element in W), cannot both be in the upper wall.

If the weights are p-regular, it follows from Corollary 5.4(A) that the underlying
root system of G is of type Ay or Cy, and that p = A+ (5 — (A + p, o)), where
vy, is the unique long (last) simple root. For type C,,, n > 2, one of the weights, say
u, satisfies (i + p, /) > p/2. But this implies that (i + p, o) > p and so p is not
contained in the closure of the bottom alcove, which contradicts the assumption.
For type A; and r > 2, we have Extg; (L(\), L(i)) = 0; see [AJL).

(ii) For r > 1, the statement follows from Theorem 4.8(A) except in the case
that p = 3, the root system is of Type A;, and A = p = 2. However, in that case,
there are no self-extensions by [AJLI BNP2]. For r = 1, we apply Theorem 2.1(c)
and obtain

Bxthe,) (LY, L)) = Bxtl (L), L(w) & R
where

R= @ Homa(L()V,Exth, (L), L(k) @ L(1))).
vel'—{0}

Clearly Ext&(L(\), L(1)) = 0. Using [And2] Lemma 2.3], we conclude that any v
that contributes to the summation of R has to satisfy (p—1)(v, ay) < (—woA+p+
a, oy ) for some simple root a. It follows that (p — 1){v, o) < 2(p — (h— 1)) + 2,
which is less than 2(p — 1) unless @ is of type A;. Therefore v is a minuscule
weight. This implies that all composition factors L(7) of L(u) ® L(v) are inside
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Cz. We apply part (a) and obtain for all v that Extg, (L(\),L(v)) = 0. Hence
Extg, (L(N), L(1) ® L(v)) = 0 and also R = 0. O

In [CPS2, Thm. 5.3] it is shown that the Lusztig conjecture is equivalent to the
assertion that Extg (L(\), L(p)) # 0 for certain dominant weights A and y that are

mirror images of each other in adjacent alcoves. The following corollary shows that
for such p-restricted pairs the G-extensions and G1-extensions coincide.

Corollary (C). Let G be a simple algebraic group, p > h (p > 3 for type As),
A, 1 p-reqular weights in X1(T). If X and p are mirror images of one another in
adjacent alcoves, then

Extl, (L(V), L(1)) 2 Exts(L(A), L(u).

Proof. Suppose that A and p are reflections of one another with respect to a hyper-
plane Hig mp) = {2 € X(T)4 @z R | (x + p,a") = mp}, where a is some positive
root. Notice that « is not a simple root because both A and p are assumed to be
p-restricted. We can find weights \' and p’ that are mirror images of one another
in the same adjacent alcoves such that A = /' + a. We apply Proposition 5.2(b)
and conclude that Extg, (V(\), H(¢')) = 0. (In type Ay, no such A and j exist.)
Now it follows from Lemma 5.1 that
Bxth, (LOV), L()) & Bxtl(L(V), L())

As in the proof of Corollary 5.4(A), one applies the adjointness of the translation
functors T)f‘/ and T%) to obtain
Extg, (L(A), L(w)) & Extg, (LX), L)) 2 Extg (L), L(i'))
= Extl(L(\), L ().
O
Example. Let G = SL3 and p = 3 = h, and let w1, ws be the fundamental weights.
We note that the conclusion of Corollary 5.4(C) fails to hold here. Specifically,

p = w1 + ws is the refection of the zero weight across the upper wall of the bottom
dominant alcove. Yet

H'(G, L(p)) 2 H'(G1, L(p))
since L(p) admits extensions (over G) by k, L(wy)®), and L(ws)™), and the latter
modules are trivial over (G7.

5.5. In Sections 5.6 and 5.7, we present some other conditions under which G(Fy)
and/or G.-extensions may be identified with G-extensions. We begin with some
preliminary results.

Lemma. Let G be a simple algebraic group, A\, pn € X1(T), and v1,v2 € X(T)y. If
A+ pr1 £ p+ v, then there exists an embedding

Extg (LA + pra), L(p) ® L(ve)) — Exté (LA + prr), HO (1) @ L(ve)).
Proof. There exists a short exact sequence of the form
0 — L(p) @ L(va) — H%(n) ® L(v2) — M — 0.
This induces a long exact sequence
—  Homg(L(A +pvy), M) — Extg (L + pr1), L(p) ® L(ve))
— Extb(L()\ +pu1), HO(u) ® L(vp)) — -+ .
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The composition factors of M have highest weights o satisfying ¢ < p + v2. By
assumption, we have A 4+ pv; £ pu + vo. Hence, Homg (L(A + pr1), M) = 0, which
gives the claimed embedding. O

Proposition. Let G be a simple algebraic group with p > h, \,p € X1(T), and
v1,v9 € T with vy # 0. Suppose that for any weights v of L(—wo)) and n of L(vs)
the weight u 4+ v+ n — pv1 is not equal to either of the following:

(a) —Q,

(b) —p(n1 +p,a")a,
for a simple root . Then Extg (LN + pry), HO(p) ® L(vg)) = 0.
Proof. The module H(u) @ L(v2) & H%(u) @ H%(v2) has a filtration with sections
of the form H®(u + n) where 7 is a weight of L(1s). To show the claim, it suffices

to prove that Ext (L(A + prr), HO(p+n)) =0 for all u+n € X(T)4 such that n
is a weight of L(v2). Observe that

Extg (LN + pr), HO(u+ 7))

Extp(L(A + p1), o+ 1)

Extp (L), (1 + n) @ L(—wo))).
1)

12

We are now reduced to showing that Exth(L(v1)™), u+n 4 ) = 0 for 7 a weight
of L(vy) and v a weight of L(—wgA). There are two cases to consider: u+y+n €
X(T)4 and p+v+n¢ X(T)4

Case 1. p+~v+ne X(T)..
Then
1 (1) ~ Tropl (1) 770
Extp(L(v1)", p+v+n) = Extg (L), H (p+v+n))
and there exists a spectral sequence
By? = Bxty g, (L)W, BExtl (k, H(u + v +n)))
= Exty; (L), HO(u + v + 1))
Observe that Homg, (k, H (11 + v + 7)) = indG Homgp, (k, u+ 7 +1) = ind$§ po for
some o € X(T'). Therefore, for i > 0,
Ey’ = Extge, (Ln)"Y, Home, (k, H'(u+ 7 +1n)))
= Extl g, (V ()", indg po)
0.

Thus, Extg;(L(v1) M, HO(u + v + 1)) = Homg (L(11)"), Extg, (k, HO (i + v + 1))
By Proposition 4.3, if this Hom group is nonzero, we must have u+~y+mn = pr1 —«
for some simple root a. But that possibility has been excluded.

Case 2. p+~v+n¢ X(T)4.

If Exty (L(v1)™Y, p4+v+n) # 0, then, by [JTan1l 11.5.19(4)], u+v+n = pr1 —cp”a
for a simple root o and integers n > 0 and ¢ < p. Specifically, ¢ is defined as the
unique integer with (¢ — 1)p™ < (pv1 + p,a") < ¢p™ (see [Janll, I1.5.17]). Since v;
is dominant, ¢ > 0. Observe also that |[(u+~vy+mn,a")| < 3(h—1) < 3(p—1) while
(1 — ep™a,a¥)| > 2ep™ — p(h — 1) > 2¢p™ — (p* — p) > 2p" — p* + p and hence
n <1.

Suppose n = 0. Then c satisfies ¢ — 1 < (pr1 + p,a") < c. Hence ¢ = (pvy +
p, ¥y = p(vi,a”) + 1. However, ¢ < p and so we must have (v1,a¥) = 0 and
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¢ = 1. That leaves 1 + v + n = prv1 — a, which has been excluded. On the other
hand, suppose that n = 1. Then c satisfies (¢ — 1)p < (pv1 + p, ") < cp. Hence
c={v,a")+1=(v1+p,a")and u+~v+n=pri —plvi +p,a")a. This case was
also excluded. O

5.6. For > 2, we can now give sufficient conditions to insure that
Exté(mq)(L(/\),L(,u)) and Extf; (L(M\), L(p)) are isomorphic to Exté(L(N), L))
(and hence to each other).

Theorem. Let G be a simple simply connected algebraic group with p > 3(h — 1),
r > 2, and \,u € X,.(T). Suppose that the following conditions hold for any
vel —{0}:
(@) A1 +pv £ pr—1.
(b) For any weight v of L(—woAr—1), tir—1 + v — pv is not equal to either of the
following:
(1) —a,
(i) —p(v + p,a")a,
for a simple root a. Then
Extgs,) (LN, L(w)) = Extg(L(A), L)) 2 Extg, (L(A), L(w)).
Proof. Consider first the case of G(Fy). By Theorem 2.1(b), we have
Extgs,) (L), L(k)) = Extg(L(V), L(w) © R

where

R= @ Bxth(LO 1) ® Le)®D, L 1) @ Homg(L(Y, L(i) & L(»).
vel'—{0}

We show that Ext&(L(A—1) @ L(v)™, L(p,—1)) = 0 for all v € T — {0} and hence
that the remainder term R is zero. By condition (i), we may apply Lemma 5.5
(with 1 = v and v = 0) and conclude that there is an embedding

Extg(L(Ar—1) ® L(v)W, L(n)) — Extg(L(A—1) © L)V, HO (1)

for all v € I'={0}. Further, condition (ii) implies that the hypotheses of Proposition
5.5 hold with v; = v and vy = 0. Hence, Ext&(L(\—1)® L), HO(11)) = 0 for all
v € I'={0} and the claim follows. The isomorphism for G, follows by an analogous
argument from Theorem 2.7. O

5.7. For r = 1, the difference in the decompositions provided by Theorem 2.1
leads to a slightly different condition for G(F,) (compared to Theorem 5.6) while
the “same” condition holds for G1.

Theorem (A). Let G be a simple simply connected algebraic group withp > 3(h—1)
and A\, p € X1(T). Suppose that for all v € T' — {0}:
() A+ (p— 1) £ .
(ii) For any weights v of L(—woAr—1) and n of L(v), u+ v+ n — pv is not equal
to either of the following:
(a) —Q,
(b) =p(v + p,a¥)a,
for a simple root a.. Then Exté(]Fp)(L()\), L(p)) = Extg (LX), Lp)).
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Proof. From Theorem 2.1(c), we have Exté(]Fp) (L(N), L(1)) = Exts (LN, L(p) SR
where

R= P Ext{(L(N) @ L)W, Lk @ Lv)).
vel'—{0}

So it suffices to show that Extg (LA ® L(v)Y, L(u) @ L(v)) = 0 for all v € T —{0}.
By condition (i), we may apply Lemma 5.5 (with 11 = v = v) and conclude that
there is an embedding

Extg(L(A) ® L), L(k) ® L(v)) — Extg(L(Y) ® L)Y, H (1) @ L(v)).

Then condition (ii) allows us to apply Proposition 5.5 (with 11 = v, = v) and
conclude that the latter groups are all zero. O

Theorem (B). Let G be a simple simply connected algebraic group with p >
3(h—1). Let A\, € X1 (T). Suppose that for allv € T —{0}:

(1) X+ pv £ p.

(ii) For any weight v of L(—woM), u—+~y—pv is not equal to either of the following:
(a) —Q,
(b) =p(v + p,a¥)a,

for a simple root a. Then Extg, (L(X), L(p)) = Extg(L(N), L(w)).

Proof. The argument as in Theorem 5.6 for G, with » > 2 holds for r = 1 as
well. O
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