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DETECTION OF RENEWAL SYSTEM FACTORS
VIA THE CONLEY INDEX

JIM WISEMAN

ABSTRACT. Let N be an isolating neighborhood for a map f. If we can de-
compose N into the disjoint union of compact sets N and Na, then we can
relate the dynamics on the maximal invariant set Inv NV to the shift on two
symbols by noting which component of N each iterate of a point x € Inv N
lies in. We examine a method, based on work by Mischaikow, Szymczak, et
al., for using the discrete Conley index to detect explicit subshifts of the shift
associated to N. In essence, we measure the difference between the Conley
index of Inv N and the sum of the indices of Inv N1 and Inv Na.

1. INTRODUCTION

We begin with a continuous map of a locally compact metric space, f : X — X
and an isolating neighborhood N (i.e., N is compact and the maximal invariant
set of N, Inv N, lies in the interior of N; see section [J for precise definitions). If
N is the disjoint union of two other isolating neighborhoods N; and N, then we
can associate a symbolic dynamical system to the map f restricted to Inv N. We
define (see [3]) a continuous map © : Inv N — {1, 2} by setting

1 ifxENl,

O(z) = .
2 if x € Ns.

Let (X3,0) be the full one-sided shift on the symbols 1 and 2. We relate the
dynamics of f on Inv N to symbolic dynamics via the itinerary map p : Inv N — X7
defined by

p(z) = (B(2), O(f(2)), O(f*(2)), - -.)-
It is clear that p is continuous and that cop=po f.

We can use the discrete Conley index to detect interesting subshifts of the im-
age shift p(Inv N). Roughly speaking, the Conley index assigns to each isolated
invariant set a pointed space and a basepoint-preserving map. The method, based
on work in [21I] and [3], is to compare the induced homology maps on the pointed
space for Inv N to the direct sum of the maps on the spaces for Inv N; and Inv Ns.

In [3], it is shown that if the eigenvalues of these various homology maps differ
in a certain way, then there exists a positive integer n such that f™ factors onto the
full two-shift (¥, 0). Similar results are applied to the Lorenz equations in [I2].
The number n is not specified, however; so this result provides no estimate for the
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topological entropy of f. Our main result, Theorem [5.6] avoids this difficulty by
detecting explicit subshifts of p(Inv V), and when combined with the results in [12]
shows that we can take n = 2 for the Lorenz equations.

2. THE DISCRETE CONLEY INDEX

The discrete Conley index is a powerful topological tool for studying isolated
invariant sets of a given map f. Roughly speaking, it assigns to each such set a
pointed space P and a base-point preserving map fp, which is defined up to an
equivalence relation. By studying the simpler map fp we can draw conclusions
about the original map f.

The Conley index was originally developed for flows (see [5l 20]), and was later
extended to the discrete-time case ([, [16] [19] [22]). See [LI] for a good introduction
to the Conley index and its history.

An important feature of the discrete Conley index is that, under suitable hy-
potheses, if two maps f and g are C%-close to each other, then they have the
same index. Thus we can use it to obtain rigorous results from numerical ap-
proximations of, for example, Poincaré sections of flows arising from ODEs. (See
[T, (14, [15, 17) 28].)

Our discussion of the discrete Conley index is based on that in [7], where one
can find more details and proofs of the theorems below.

Let U be an open subset of a locally compact metric space X and suppose
f:U — X is a continuous map.

Definition 2.1. For any set N C U we define Inv N, the mazimal invariant subset,
to be the set of x € N such that there exists an orbit {z,, }nez C N with xg =
and f(x,) = 241 for all n. A compact set N is called an isolating neighborhood if
Inv N C Int N. A set S is called an isolated invariant set if there exists an isolating
neighborhood N with S = Inv N. If N is an isolating neighborhood, we define the
exit set of N to be

N :={zeN: f(z)¢ Int N}.

Definition 2.2. Let S be an isolated invariant set and suppose L C N is a compact
pair contained in the interior of the domain of f. The pair (N, L) is called a filtration
pair for S provided N and L are each the closures of their interiors and

1. cl(N \ L) is an isolating neighborhood of S,
2. L is a neighborhood of N~ in N, and
3. f(L)Nc(N\L)=0.

Theorem 2.3. Let S be an isolated invariant set. For every meighborhood V of
S, there exists a filtration pair (N, L) for S with L C N C V. Moreover, there is
a neighborhood of f in the C° topology such that for any f in this neighborhood,
S =Inv(N\ L, f) is an isolated invariant set and (N, L) is a filtration pair for S.

Theorem 2.4. Let P = (N, L) be a filtration pair for f and let Ni denote the
quotient space N/L where the collapsed set L is denoted [L] and is taken as the
base-point. Then f induces a continuous base-point preserving map fp : N, — Np,
with the property [L] C Int f5'([L]).

Remark 2.5. Observe that we can identify the set Inv(Ny, fp)\{[L]} with S =
Inv(cl(N\L), f).
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Theorem 23 tells us that we can find a filtration pair for any isolated invariant
set S. Our choice of filtration pairs is not unique, even up to homotopy equivalence.
Any two filtration pairs for S will, however, be shift equivalent, as we now discuss.

Suppose K is a category. Let X, X’ be objectsin K and f: X — X,¢g9: X' — X'
be endomorphisms. We say that (X, f) and (X', g) are shift equivalent (a concept
first described in [26]), or write f ~; g, if there exist m € Z*, r : X — X’ and
s : X’ — X such that the diagrams

x L. x X X
x -9 ., x/ XLX

commute and ros = g™ and sor = f™. The integer m is called the lag. We denote
by [f] the shift equivalence class of f.
Again, see [1] for proofs of the theorems in this section.

Theorem 2.6. Suppose P = (N,L) and P’ = (N',L') are filtration pairs for S.
Then the induced maps, fp and fp:/, on the corresponding pointed spaces, are shift
equivalent.

Let S be an isolated invariant set, and consider the homotopy class of base-point
preserving maps on Ny with fp as a representative. We denote this collection
hp(S). We may now make the following definition.

Definition 2.7. Let S be an isolated invariant set for a continuous map f. Then
define the discrete homotopy Conley index of S, h(S), to be [hp(S)], the shift
equivalence class of hp(S), where P = (N, L) is a filtration pair for S. We apply
the singular homology functor (for the purposes of this paper, we will consider only
real coefficients, i.e., in what follows H.(—) = H.(—;R)) to obtain the homological
Conley index, Con,(S). In other words, Con,(S) is the shift equivalence class of
(fp)« : Hi(Ny,[L]) — H«(Ng,[L]) where P = (N, L) is a filtration pair for S.

3. RENEWAL SYSTEMS

Let a = (ag,a1,...,a;) € {1,2}**L and B8 = (Bo,B1,...,3) € {1,2}!*! be
two finite words, and define I'(«a, ), the renewal system generated by « and 3, to
be the subshift of the full shift on the symbols 1 and 2 generated by all infinite
concatenations of the words a and . For example, I'((1), (2)) is the full shift, and
I'((1),(2,2)) is the even shift. (In general, a renewal system (a generalization of
subshifts of finite type introduced by Adler) can have more than two generating
words (see [10, §13.1]), but we will be concerned primarily with those generated by
only two.)

We are interested in the entropy of I'(«, 3). We first make the following defini-
tions.

Definition 3.1. Define the finite word o * 8 by a * 8 := (a0, ..., %, Bo,- -, 01).
For n a positive integer, define n-« by setting 1-a =aand n-a = ax((n—1)-a).
We say that two finite words w! and w? are independent if there do not exist a word
a and positive integers n; and ny such that w! = n; - a and w2 =ng-a.
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It can be difficult in general to compute the entropy of a subshift, since it in-
volves finding the roots of the characteristic polynomial of a (possibly large) related
matrix. For a renewal system, however, it is much easier. (Thanks to Michal Misi-
urewicz for bringing the following to my attention.)

Theorem 3.2. Let o = (ap, 1,...,ak) and B = (6o, B1,...,01) be two indepen-
dent words. The topological entropy of T'(«, 8) is equal to the log of the absolute
value of the largest root of the polynomial X' tF—1 — XI=1 _ Xk-1,

Proof. This follows from the fact that the entropy is equal to the log of the spectral
radius of a (suitably chosen) adjacency matrix (see [10, Ch. 4]), and from the
very useful formula for the characteristic polynomial of such a matrix given in [T}
Theorem 4.4.14]. O

If we don’t want to go to the trouble of computing the entropy exactly, we can
get an easy estimate by noting that if a and 3 are independent, then the Nth power
of I'(a, B) (where N is the least common multiple of k and [) contains the full shift;
so the entropy is at least %. (Of course, if a and 8 are not independent, then
the entropy is zero.)

4. THE CONLEY INDEX AND SYMBOLIC DYNAMICS

The results in this section are essentially a restatement of those from [21] and [3]
in less categorical language. Recall that IV is an isolating neighborhood that is the
disjoint union of two other isolating neighborhoods, N1 and Na, and define the set
S to be Inv N and the sets S; to be Inv N; for i = 1,2. We choose a filtration pair
P = (K,L) for f, with K C N. Then the homotopy Conley index of S, h(S), is
[hp(S)], where we recall from section Plthat fp : K1 — K|, is the induced map on
the pointed space K, hp(S) is the homotopy class of basepoint-preserving maps
of Ky, with fp as a representative, and [ — | denotes the shift equivalence class.

For i =1, 2, define K; := KN N; and L; := LN N;. Note that K = (K1), V
(K2)r, (where V denotes the one-point union of pointed spaces). Unfortunately,
the pair (K;, L;) will not in general be a filtration pair for S;. We can get around
this problem, however.

Definition 4.1. Let 2 be a point in K and [z], its image under the quotient
map K — K. Define the point [z],,, similarly for z in (K;)r,. Define maps
r; : K — (K;)p, by setting

ri([z = :
e [Li)x,, otherwise.

Also, let e; : (K;)r, — K = (K1)r, V (K2)L, be the inclusion map. Thus, if we
consider Ky, as (K1), V (K2)L,, then r; simply collapses (K32)r, to the basepoint
[Ll](Kl)Ll of (K1)r,, and similarly for ro. Also, e; o7y : K, — K, collapses
(K2)r, to the basepoint [L]x, of Kp, and similarly for ez o 75. Define a map

fp, : K1, — K, by setting f~pi := fpoe;or;, and define hp,(.S;) to be the homotopy
class of basepoint-preserving maps of K with fp, as a representative.

The point of all this notation is the following.
Theorem 4.2 ([23, Lemma 3.1]). In our notation, h(S;) = [hp,(S:)].



DETECTION OF RENEWAL SYSTEM FACTORS VIA THE CONLEY INDEX 4957

Thus we can, in a sense, use the decompositions of the filtration pair P = (K, L)
for S as filtration pairs (K;, L;) for S;, with the desirable property that K =
(Kl)Ll \ (KQ)LQ'

Recall that Con, (S) is the shift equivalence class of the map (fp)«: Hi(Kr, [L]x,)
— H.(Kp,[L]x,) and, similarly, Con,(S;) = [(fp,)«]. Note that since K; =
(K1)r, V (K2)L,, we have that

H (Kr,[Llx,) = H (K1) L)), ) © Hi((K2) Lo, L]y, )-

Definition 4.3. Assume that for some positive integer ¢, Hy(Kp,[L]x, ) is finite-
dimensional, and that dim(Hy((Ki)r,, [Li]x,),,)) = 1 for i =1, 2. Let the set of
vectors (v1,. .., vq, ) be a basis for Hy((K1)r,, [L1]<K1>L1), and (Vd, 41, -+, Vdy+ds) &
basis for Hq((K2)L,, [L2](x,),, ) Furthermore, for ¢,j =1, 2, let A;; be the matrix
representation for

(riofpoej)q: Ho(Kj)r;s [Ljlocy,,) = Ha((Ki)rs [Lil ey, )-
Then
(01@0,...,’0d1 @0,0@Ulerl,...,OEBvlerdz)

is a basis for Hy(Kp, [L]x, ) in which (fp)q : Hy(Kr,[Llx,) — He(Kr,[L]x,) has

the matrix representation A = (’:“ ﬁ”), where A;; is as above. Also, note that
21 22

(fP)q = (P )q+(fp,)q- The matrix representations A; for (fp,), are A; = (’:;1 8)

and Ay = (8 ﬁ;z) (In what follows, we will occasionally abuse notation by using

the matrices A;; and A; to denote the actual maps that they represent.)

Now, if the original map f: X — X causes no interactions between the sets Ny
and Ny (i.e., if f7(N1)N Ny = fI(N2)N Ny = () for all §), then A;2 and As; will both
have only zero entries. In this case, the set S will be equal to the disjoint union
of S1 and Ss, and the dynamics on S will break into two pieces: those occurring
on S and those on Sy. In this case, the map p will reflect no interesting symbolic
dynamics, since p(S) will be contained in the set {(1,1,1,...)} U {(2,2,2,...)}.
Thus we will attempt to detect chaotic interaction between N7 and Ns, in a sense,
by measuring the failure of A5 and As; to be zero.

A key to our analysis is the following property of the Conley index, for which a
proof can be found in [7].

Theorem 4.4 (Wazewski property). Let T be an isolated invariant set. If h(T) #
0, then T is monempty. In particular, if any of the induced homology maps is
nonnilpotent, then T is nonempty.

We will need a little more notation, borrowed from [B|. Given a word w =
(wo, w1, - - -,wk) € {1,2}kFL define N, := n?:o f79(N,,) and S, := Inv(N,,, f&1).

(Note that N,, is an isolating neighborhood for f*+! with S, contained in S, as
shown in [23].)

The following obvious proposition will be useful.

Proposition 4.5. The set S, is nonempty if and only if there is a point x in S
such that p(z) = (Wo, W1, ..y Wy Wy W1y -+« y Why W0,y « -« )-
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Let (f.)q be a representative of the map induced on Con,(S,) by f**1, and
define the matrix (A.), by setting

(A)w = (A, 0 Ay, 0Ay, ,0-0Au 0A,).
Then Lemma 3.1 in [23] gives us the following.
Theorem 4.6. For any finite word w, [(fu)q] = [(Ax)w]-
Let us define the matrix (A..), by setting
(Ass)w = (Awgwy, © Awpuwr_, © A

Note that (A..), and (A4), are not, in general, equal, but they are shift equiv-
alent, as the following theorem shows.

Theorem 4.7. For any finite word w, [(Asw)w] = [(Ax)w]-

wrp—1wi—2 "7 0 Awgwl © Awlwo)-

Proof. Let us assume (without loss of generality) that wy = 1. It is easy to see by
direct computation (using the fact that A;; represents the map (r; o fp o e;)q and
A; the map (fp oe; or;),) that in this case,

Aiv)w | O

(1) (A*)w = <( M) 0)7

where M is some matrix that represents a map from Hy((K1)r,, [L1]x,),,) to
Hy((K2) Lo, [L2)x,),,) (we could determine M explicitly, but we will see that it
does not matter exactly what it is). Since (A.x ), is clearly shift equivalent to the

. ((Ae)w | O (s

map from H,(Kp, [L]x, ) to itself represented by the matrix (04’70) (using the
natural inclusion and projection maps of Hy((K1)L,, [L1]x,),,) as a subspace of
Hy(Kp, [Lx,) = Ho((K1)L, [Ll](K1>L1) ® Hq((K2) Lo, [Lz](K2>L2))a the theorem is
an immediate consequence of the following lemma. O

Lemma 4.8. The map F : V. — V represented by the matriz (g—’%) is shift

equivalent to the map G : V. — V represented by the matrix (%’78)’ where V' =

Vi @& Vs is a finite-dimensional vector space and C is a matriz representing a map
from V1 to itself.

Proof. 1t is easy to verify that the maps r,s : V' — V| where s is represented by

the matrix (%’78) and r by the matrix (%), generate a shift equivalence of
lag one between F' and G. (See section 1) O

Corollary 4.9. For any finite word w, [(fu)q] = [(Ass)w] = [(As)w]-

Proof. This follows from Theorems and [£7] and the fact that shift equivalence
is an equivalence relation. O

In other words, Corollary [£.9 tells us that once we know the matrix A =

(’:;1 ﬁ;z) for the representative of the map on Cony(S), we can find a repre-

sentative (A, ), (or (Aii)w) for the map on Con,(S,,) by simply concatenating the
pieces A; (or A;;) of A in the appropriate order.

Remark 4.10. Thus, to show that S, is nonempty, it is enough, by the Wazewski
property, to show that the matrix (A.), is nonnilpotent (or, equivalently, that
(Asx)w is nonnilpotent). (The equivalence follows from the fact that any matrix
shift-equivalent to a nilpotent matrix is itself nilpotent.)
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We will use this observation to hunt for renewal systems. For i = 1, 2, let k;
be a nonnegative integer and w? = (w, ..., w,z) an element of {1,2}%*1. Also, let
a = (ag,a1,...) be an element of {1,2}!, where [ is in N U {+o00}. Define the

sequence a(w',w?) (which will be infinite if « is infinite) by setting

a(wh,w?) = (), (@), (@*),...)

— @0 @ aq [e51 (D)
= (wy s Whe S Wh T Wi WG yeet)

Thus, the word a(w?,w?) is a concatenation of the words w' and w?, combined in
the order specified by a.
Note that if « is finite and equal to («, ..., q;), then by definition,

(2) (Ad)a(tw?) = (Ax)wer © (Ax)yor-1 0- -0 (Ax)wer 0 (Ax)weo.
Also, note that the equation

(8)  (Aw)aqrws) = (e © (Au)ymos 00 (Au)uos © (Aus)umo

does not hold in general (for example, (A.x)12 # A2 0 A11). However, it does hold
if w(l) = wg. Since we wish to consider products of (A..).’s as on the right side of

equation (B), we will, in general, consider only the case wi = w? when discussing

(A**)a(wl,wz)-

Remark 4.11. By Theorem 77, (A.),, is nilpotent if and only if (A..), is. There-
fore, in what follows, we will for the sake of simplicity state conditions involving
only (A.),’s nilpotence, leaving unstated the similar conditions on (A..)w.

Definition 4.12. Let w = (wg, w1, - ..,wk) be a finite word. Define I(w), the length
of w, to be k+ 1.

Theorem 4.13. Suppose that w' and w? are two words such that (Ad)a(w? w2y 18
nonnilpotent for every finite a. Then for any B = (Bo, B1,...) € {1,2}T°° there

exists a point x € S such that p(z) = B(w!, w?).

Another way to state the conclusion of this theorem is that the renewal sys-
tem I'(w!,w?) generated by all infinite concatenations of the blocks w! and w? is
contained in the image of S under p.

Proof. If the word « is periodic, this follows from Theorem .4, Proposition E5]
and Corollary[£9l In general, we write « as the limit of periodic words. See section
4 of [3] for details. O

5. METHOD FOR DETECTION

Given two matrices A; and As, the set of infinite sequences 3 such that the
matrix

(A*)ﬁj © (A*)ﬁj—1 ©---0 (A*)Bo

is nonnilpotent for every integer j > 0, along with the shift map o, is an example
of a cocyclic subshift, a class of subshifts which properly generalizes sofic shifts,
which themselves generalize subshifts of finite type. See [9] for a complete account.
In general, cocyclic subshifts can be quite complicated.

We wish to reduce the problem to something simpler. In light of Theorem
and equations () and (3], the obvious question to ask is how to find words w* and
w? such that any finite concatenation of the corresponding matrices (A.),1 and
(A)w2 (or of (Aswi)er and (Au)e2 if wl = w?) is nonnilpotent. That is, rather



4960 JIM WISEMAN

than studying the set of all solutions (the cocylic subshift), we will be satisfied if
we can actually produce w' and w? as above in order to find a semiconjugacy onto
a renewal system, which is simpler and easier to analyze in general than a cocyclic
shift. We will see that our approach reduces essentially to the following situation.

We have two n x n matrices M; and M. Again, ideally we would like to know
exactly the set A(M;, Ms) of words 8 € {1,2}7° such that the matrix

Mﬁj ° Mﬁj—l o---0 Mg,

is nonnilpotent for all nonnegative integers j. If the matrices are small enough, we
may be able to compute A(M;, M) explicitly. This question may be quite difficult
to answer in general, however (|9] is devoted to this topic). A simpler question is
whether or not A(Mj, Ms) is equal to the set {1,2}%°° i.e., whether every finite
concatenation of M7 and My is nonnilpotent. One might hope that we could answer
this question in general by examining some bounded number of products, where
the bound depended only on the size n of the matrices. However, this is not the

1 _om
1 _om

arbitrary positive integer (the shortest nilpotent product is M{"My).

So we will try yet another question: given two n X n matrices M; and Ms, can
we find conditions guaranteeing that any finite product of M; and M, will have
rank greater than or equal to some r > 0?7 (Note that if every finite product has
rank at least r, then every finite product is nonnilpotent.) The advantage of this
question is that we can answer it.

case, as shown by the matrices My = (39) and M, = ), where m is an

Definition 5.1. Let m be a positive integer. We say that two n x n matrices M;
and My are m-compatible if there exists a positive integer r such that

I'k(Ml @) (Mz)w) = I‘k(MQ o (M'L)w) = I'k((Mz)w) =T
for all words w of length m.

Lemma 5.2. Let My and My be a pair of m-compatible matrices. Then (M) is
nonnilpotent for any finite word .

Proof. In fact, (M;), will have rank at least 7. If o has length less than or equal to
m, then it is a subword of a word w of length m. Since by hypothesis rk((M;),) = r,
tk((M;)a) > 7.

Now suppose that a= (o, ..., am+x) (k > 0), and define o =(p41, .-, Cmtk)-
It suffices to show that

im((Mi)a) (= 10((Mi)ay, o © (Mi)ay, oy © 0 (Mi)ag)) = im((M;)ar),

since dim(im((M;))) = r. This follows by induction on k (the case k = 0 is
exactly the condition of being m-compatible). O

AOm 4k

Remark 5.3. The converse is not true, as we see by taking My = () and M, =
(60)-

We will consider primarily the case m = 1, since the computations are simpler;
in this case, we say simply that My and Ms are compatible. (Note that two matrices
are compatible if and only if they and their four pairwise products all have the same
nonzero rank.) We say that two finite words « and 8 are (A.)-compatible if (A.)q
and (A.)g are compatible. Finally, we say that o and § are (A..)-compatible if
ap = fp and (A.x)e and (A, )g are compatible.
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Of course, any nonnilpotent matrix is m-compatible with itself for some m,
but this case is not interesting. We will be interested primarily in independent,
(A,)-compatible words. We do not lose too much information by considering only
compatibility, rather than m-compatibility or nonnilpotence more generally, as the
following lemma shows.

Lemma 5.4. Letw! and w? be independent finite words such that any finite product
of (Ax)wr and (Ay)w2 has rank at least v for somer > 0. Let R = maxg=1 2 rk(A.),
and L = maxg_12 [(w¥), the greater of the lengths of w' and w?. Then there exist
two independent (A, )-compatible words @' and W* of length less than or equal to
(2B=r+1 _ 1)L which are concatenations of w' and w?.

Proof. To show that there are two such (A, )-compatible words, it would be enough
to take @! and @? to be any two independent concatenations of w' and w? of
minimal rank. However, it is easy to see that there is no upper bound on the
minimum length of such words.

Instead, we will explicitly construct @' and @2 by concatenating w! and w?. The
following lemma is the key to the construction. To simplify notation, we will for
the rest of this proof use “rk(a)” to denote “rk((A.)a),” where « is any finite word.

Lemma 5.5. Let a and B be two finite concatenations of the given words w’
and w?. Let R = max (tk(a),1k(8)) and L' = max (l(a),l(8)). If a and j
are not (Ay)-compatible, we can find two independent words v and & which are
finite concatenations of w' and w? such that max (rk(vy),rk(8)) < R’ — 1 and
max (I(),1(d)) <2L' + L.

Proof of LemmalZ3l Since a and 8 are not (A,)-compatible, at least one of the
four pairwise products a * «, a * 3, 0 * «, and % 0 has rank strictly less than
R’. Let 7 be one such product. If ¥ = n - w! for some integer n, let § = w? * ~;
otherwise, let § = w! *v. In either case, tk(d) < rk(y) < R'. Also, I(y) < 2L/, and
so l(6) <2L' + L. O

Of course, if w! and w? are (A,)-compatible, we do not have to do anything.
Otherwise, we apply the above lemma to them. If the resulting words « and § are
(A,)-compatible, we are done. Otherwise, we apply the lemma again, this time to
v and 8. Since every concatenation of w' and w? has rank at least 7, we will have
to apply the lemma at most R — r times; so the length of the resulting words will
be at most

R—r times
—
2(...22L+ L)+ L)+ L...)+ L
=2Rrpy ol oL 4 L= (28" 1)L,
([l

Theorem 5.6 (Main Theorem). Let A be the Conley index homology map from
Definition[[-3} If two words w' and w? are (A.)- or (A..)-compatible, then p(S), the
symbolic dynamics associated to the isolated invariant set S, contains the remewal
system T'(wh, w?).

Proof. This follows from Theorem I3} Lemma 5.2, and equations (Z) and @) (in
section 4). O
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The method is now easy to state. We look at the set of all finite words and try
to find two independent words w! and w? that are (A.)-compatible (or, if wj = w2,
(A, )-compatible). If we find two such words, then Theorem tells us that the
renewal system I'(w!,w?) generated by all infinite concatenations of w! and w? is
contained in the image of S under p. (We could consider dependent words as well,
but the renewal system that they generate is not very interesting. If w® = n; -
for ¢ = 1, 2, then I' consists only of infinite repetitions of the word «, and has
topological entropy equal to zero. Still, the fact that there is a point z € S with
itinerary p(z) = (@, o, v, ... ) could be of interest.)

One way to implement this method is as follows. For i = 1, 2 and n a positive
integer, define W(i,n) to be the set of words w of length less than or equal to
n with wyp = 4. Look at W(1,2) and compute the rank of (A..), for each w in
the set. Then, for each pair of independent words with the same nonzero rank,
compute the rank of their four pairwise products. If all four have the same rank
as the original two, then we are done. Otherwise, we keep looking. If we do
not find anything in W(1,2), look at W (2,2), then expand the search to W (i, 3),
W (i,4), and so on, until we find something or give up. At the same time, we search
W(n) =W (1,n) U W(2,n) (the set of all words of length less than or equal to n)
for a pair of (A,)-compatible words. One advantage of this method is that it can
easily be implemented on a computer.

There are a few tricks that we can use to speed up the process. First, we need
the following definition, borrowed from [3].

Definition 5.7. Note that if M is an n x n matrix, there is an integer K < n such
that for any k > K, rk(M*) = rk(MX). The asymptotic rank of M is defined by
ark(M) = rk(MK).

Now we notice that the matrices associated to the words a and n - a have the
same asymptotic rank. Thus, if rk((A.)q) = ark((Ax)q), then the same is true for
(A )n-a, and, in fact, the two matrices have the same image. So, if 3 is another
finite word, av and 3 are (A, )-compatible if and only if n - « and 3 are. Therefore,
once we have such an «, we do not need to check n-« for any n. (Similar statements
hold for (Asx)q and (Ass)n-a-)

If « = (ag, ..., ), define the word 7(«) to be (an, g, ..., an—1). Observe that
for any integer k > 2, we have that

tk((A0)5) = rk((A)ka) < rk((A0)57D),

since (k — 1) - 7(«) is a subword of k - a. Similarly,

k(A% () = k(A kr(a) < rk((A,) D),

since (k—1)-a is a subword of k- 7(cv). Thus, ark((A.)a) = ark((A«)-(a)). (Again,
similar statements hold for (A..)a and (Asx)r(a)-)

It is also true that we do not need to check every pair of words for both (A,)-
and (A..)-compatibility.

Theorem 5.8. Let w! and w? be finite words such that w} = w3. If W' and w? are
(Ay)-compatible, then they are (A.x)-compatible.

If w' and w? are (A..)-compatible, then there exist positive integers ny (k =1,
2) with ny, < 1k((As)yr) such that ny - w' and ny - w? are (A.)-compatible.
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Proof. This follows from the definitions of compatibility and asymptotic rank and
the following lemma. O

Lemma 5.9. If a is any finite word, then rk((As)a) > tk((Asx)a), and ark((Ay)q)
= ark((Ass)a)-

Proof. The statement about the ranks follows from equation (I in section 4. To
prove the statement about the asymptotic ranks, notice that all of the maps in the
proofs of Theorem [£.7] and Lemma [£8 are linear. Thus, we can find linear maps r
and s that generate a shift equivalence of lag m between (A.x)q and (A.), (where
m is some positive integer). Let n be any integer sufficiently large such that for
any [ > n, 1k((A)}) = ark((A.)a) and rk((A..)}) = ark((A.)a). Observe that

(03

(A) ™ = s0r0 (Au) = s0 (AL ors

(03

PR((Ae)7H) = ark(Aus)a) < rk((A.)2) = ark((A.)a).
Similarly,
(A = ros0 (A)E =10 (Aw) 05
rk((A.)5 ) = ark((As)a) < rk((Aw)g) = ark((Au)a)-
Thus ark((A.)a) = ark((As)a). O

So we see that any renewal system detected by examining the (A.),’s is also
detected by the (A..)w’s, but the (A.),’s may detect only a subshift of a shift
detected by the (A.x)w’s. Also, since the (A.).’s act on a lower-dimensional space
than do the (A44),’s, the computations with the former will be easier.

However, w! and w? can be (A, )-compatible only if wi = w?. Thus, for example,
we cannot detect the shift generated by (1) and (2) using the (A, )w’s, but we might
be able to using the (A.),’s. What we should do, then, given w! and w?, is to check
for (A..)-compatibility if w} = w?, and check for (A.)-compatibility only if wj # w3.

Of course, for a given matrix A, it may well be that there simply are no compat-
ible words (the case where A is a matrix with only zero entries is a trivial example).
So, no matter how long we look, we will not find any. This leads to the following
question.

Question 5.10. Is there a number N, possibly depending on the dimension of
Hq((Ks)L,, [Lilix,),, ), such that if there are no (A, )-compatible (respectively (A.)-
compatible) words for our method in W (i, N') (respectively W (N)), then there are
no such words in W (i,n) (respectively W(n)) for any n?

We have only partial answers to this question. The first is based on a result in
[18], and is essentially a sharpening of Proposition 3.3 of [3].
Recall that dim(Hy((K5)r,, [Lilx,), ) = di, and let d = dy + dy = dim(Hy(Kp,

[L]k.))-
Theorem 5.11. Let {w*} be a collection of 2(%) finite words such that for each

WP in the set, wk =i and rk((Awx)yr) = ark((Asx)yr) = 7. Then {w*} contains at
least one pair of (A.s)-compatible words.



4964 JIM WISEMAN

Similarly, if {w'} is a collection of 2(%) finite words such that tk((As)yr) =
ark((Ay) i) = 7 for each W', then {w'} contains at least one pair of (A.)-compatible
words.

This theorem tells us that if we keep finding independent nonnilpotent words,
we will eventually find some that are compatible.

Proof. Notice that a linear map M on an n-dimensional vector space V has rank r
if and only if M"" : A"(V) — A"(V') (the induced map on the rth exterior power of
V) has rank one. This allows us to reduce everything to the rank-one case. Since
dim(A"(V)) = (7) (see [25, Ch. 2]), the theorem is a consequence of the following
lemma. O

Lemma 5.12. Let V' be an n-dimensional vector space, and let M = {M,} be a
collection of at least 2™ linear maps of V' to itself with tk(M;) = ark(M;) = 1 for
each i. Then there exist i and j with i # j such that M; and M; are compatible.

Proof. We proceed by induction on the dimension n. When n = 1, each M; is an
isomorphism; so any pair is compatible. Thus, M need have only two elements
for the conclusion of the lemma to hold. Now assume that the lemma is true for
n — 1. Assume that My € M is not compatible with any other M; (otherwise, we
are done). Since each element of M has rank 1, this means that for each i # 0,
either M; My = 0 or MyM; = 0. Define the sets A := {M; € M | MyM; = 0} and
B:={M; € M | M;My =0}. (Note that A and B are not necessarily disjoint.)

Consider the set A. For each M; € A, im(M;) C ker(My). Define M; -
ker(My) — ker(Mp) to be the restriction of M; to ker(My), and let A = {M; | M; €
A} (note that dim(ker(Mp)) =n —1).

We claim that rk(]\A/[/i) = ark(]\Z) = 1 for each M; € A. Since rk(]\A/[/i) <rk(M;) =
1, to prove the claim it suffices to show that J\Z is nonnilpotent. If J\Z = 0, then
ker(My) C ker(M;), and, in fact, ker(My) = ker(M;) since both subspaces are of
dimension n — 1. But then im(M;) C ker(My) = ker(M;), so that M? = 0, contrary
to hypothesis. Thus, M; # 0; so M;(ker(Mp)) = im(M;) C ker(Mp). Therefore,
since M; is nonnilpotent, so is Z\Ajz

Now consider the set B. For each M; € B, im(My) C ker(M;). Thus if we let
V = V/im(My), the quotient map M; : V — V is well defined for each M; € B.
Let B = {M; | M; € B} (note that dim(V) =n — 1).

We claim that rk(M;) = ark(M;) = 1 for each M; € B. As was the case
for ]\Z, it suffices to show that M, is nonnilpotent. If M; = 0, then im(M;) =
im(Mp). But then im(M;) C ker(M;); so M? = 0, contrary to hypothesis. Thus,
im(M;) Nim(Mp) = {0}, and the fact that M; is nonnilpotent implies that M; is
as well. . .

Clearly, if M; and M; (or M; and Mj) are compatible, then so are M; and M;
(since every matrix involved has rank 1). Thus we wish to apply the induction
hypothesis to either A or B. Since #(A) = #(A), #(B) = #(B), #(M) > 2", and
AU B = M\{My}, we have that

#(A) +#B) > #(M) —1>2" — 1.

Thus either A or B has at least 271 elements; so we can apply the induction
hypothesis, completing the induction. O
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Of course, if there are no nonnilpotent words, there can be no compatible pairs.
Thus the simpler question of finding nonnilpotent words is of interest. Given two
matrices My and My, is there an upper bound on the shortest word w such that
(M;),, is nonnilpotent? The 2 X 2 case has an easy answer.

Theorem 5.13. Let My and My be 2 x 2 matrices. If (M;). is nilpotent for every
word w of length less than or equal to two, then (M;), is nilpotent for every finite
word a.

Proof. Note that a 2 x 2 matrix is nilpotent if and only if its square is zero. By
assumption, the words (1), (2), (1,2), and (2,1) produce nilpotent matrices; so
(1,1), (2,2), (1,2,1,2), and (2,1,2,1) produce the zero matrix. It is easy to see
that if « is any finite word, then 2 - @ must contain one of the latter four words as
a subword. Thus 0 = (M;)(2.q) = (M;)2. O

[e3

The problem seems to be harder in dimensions higher than two. We do have
some partial answers, however. Recall that if M is a nilpotent matrix, then ind (M),
the index of M, is the least integer k such that M* = 0 (see [8 § 57]).

Theorem 5.14 ([24]). Suppose that My and Ma are n X n matrices, rk(M;) =
ind(My) — 1, and M; M} is nilpotent for all nonnegative integers s and t such that
0<s+t<mn. Then (M;), is nilpotent for any finite word c.

Before we continue, we need to generalize our notation slightly. If {M;}; is a
collection of k x k matrices and w = (wp, . ..,w;) € {1,2,...,n}*L where [ is some
positive integer (we call w an n-word), then define the matrix (M;),, to be

(M) = M, 0M,,_,0---0M, oM,.

Also, if {w'}™, is a collection of n-words and 3 = (Bo,...,0) € {1,...,m}PT,
define the word B(w!,...,w™) to be (WP, W, ... wo).

Lemma 5.15 ([2, Cor. 2]). Let {M;}!  be a collection of k x k matrices. If (M),
is nilpotent for every m-word w of length less than or equal to k, then any linear
combination Y t;M; is also nilpotent.

Corollary 5.16. If A (the dxd matriz representing the map (fp)q : He(Kp,[L]x,)
— Hy(Kp1,[L]|k,)) is nonnilpotent, then there exists a word w of length less than or
equal to d such that (Ay), is nonnilpotent.

Proof. This follows immediately from the previous lemma and the fact that A =
A1 + As. O

Remark 5.17. The word w could of course be (1) or (2). However, if both A; and
As are nilpotent and A is not, then the above theorem tells us that there is a
nonnilpotent w with [(w) < d and w #n - (1) or n - (2) for any n. Thus there is a
point in S whose forward orbit intersects both N; and Ny infinitely many times.

Corollary 5.18. Let Q = {w',...,w"*} be a set of distinct elements of {1,2}'. Let
n =2 —k, and let A = {at,...;a"} = {1,2}\Q (i.e., A consists of all the
remaining words of length 1). If the matriz M := Al — Z§:1(A* )wi 18 nonnilpotent,
then there exist an integer m, 0 < m < d, and a f € {1,...,n}™ such that
(As)B(ar,....an) s nonnilpotent.

Proof. Since A = Ay + Ay, Al = 276{1’2}1(14*)7. Thus, M = Z?Zl(A*)aj, and we
may apply Lemma (|
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For example, if A' — A — AL is nonnilpotent, then there is a word w of length less
than or equal to dl and containing both 1’s and 2’s such that (A.), is nonnilpotent.
Given a square matrix A, let C(A) denote its characteristic polynomial.

Theorem 5.19. Let A = (%). If C(A) # C(A), then there exist an integer
n,2<n<d, and a word w € Q := {1,2}"\ {n- (1),n - (2)} such that (As), is
nonnilpotent.

Proof. Let M be a d x d matrix, and tr(M) its trace. Recall that by Newton’s
formula, if we know tr(M7) for 1 < j < d, then we know C(M), and vice versa ([6]
§ 92]). In particular, if M is nilpotent, then tr(M™) = 0 for all m.

Define the matrices A; = (AO“ 8) and A, = (8 A(;Q)v and observe that

tr(A™) = tr(A7) for all m. Now, since tr(A) = tr(A) and A and A do not have the
same characteristic polynomial, Newton’s formula tells us that tr(A™) # tr(A"™) for
some n, 2 < n < d. It is clear that A” = AT + A, and since A = A; + Az, we have
that

A" = N (A)u = AT+ A5+ > (Ad)w.

we{l,2}n weN

Therefore, since trace is a linear function, we have

(D) + (A7) + 37 tr((AL)o) # tr(AD) + tr(AD);
wenN
50 Y catt((As)w) # 0. Therefore, tr((A«).) # 0 for some w € Q; so (Ay), is
nonnilpotent. [l

Lemma 5.20. Ifrk(4;) = 1k(4?) =1 (i = 1,2) and tr((A)?) # tr(A2), then any
finite product of A1 and As is nonnilpotent.

Proof. We have that 0 # tr(A2) —tr((4)?) = tr(4; A3) +tr(A24;). Thus one of the
matrix products on the right must have nonzero trace, and is therefore nonnilpotent.
This means that both are nonnilpotent; so they must have rank one. Therefore, A,
and A, are compatible, and the result follows from Lemma 5.2 O

Corollary 5.21. If, for some q¢ > 0, tk(4;) = rk(A2) =1 (i = 1,2) and tr(A?) +
tr(A3) # tr(A2) (where, as always, A and A; are the Conley index homology maps
from Definition[{.3), then f : S — S factors via p onto the full two-shift.

Remark 5.22. We can easily generalize the results in this section in two directions.
First, we can detect renewal systems generated by three or more words, not just
two. Also, we can decompose the isolating neighborhood into three or more pieces.
The only change that we need to make to most of the results to apply them to these
cases is to generalize the definitions.

6. COMPARISON TO PREVIOUS RESULTS

Other papers that use the Conley index to detect chaos in one form or another
include [3], @], [12], [13], [14], [15], [21], [23]. We conclude by comparing our method
to several of these other approaches.

Our method is most similar to that developed by Szymczak in [2I]. One difference
is that his paper offers no way to detect whether two matrices will have all of their
products nonnilpotent. This makes little difference in low dimensions, but it can
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be problematic when the matrices become large. Also, it considers only products
of the (A.).’s (to use our notation). This, as noted in Theorem B8, can lead to
computational inefficiencies and lost information.

Carbinatto, Kwapisz, and Mischaikow develop another approach to detecting

chaos in [3]. Their result is essentially that if the characteristic polynomial of

the matrix A = (g; ﬁ;g) differs in a certain way from that of the matrix

A= (A(}l Aom), then there exists a positive integer n such that there is a semicon-

jugacy from (S, f™) onto (¥7,0). Similar results have been used to demonstrate
the existence of chaos for the Henon map ([I3]), the Lorenz attractor ([12, 14, [15]),
and the Rossler equations ([28§]).

A disadvantage of this approach is that it does not specify the integer n. This
means, in particular, that it cannot be used to provide an entropy estimate (we
know that hiep(f) > 10%2, but since n is unknown, all we can conclude is that f
has positive entropy). (Our method can be used to show that n = 2 for the Lorenz
attractor, for example, by applying it to the matrices found in [12].)

There are also cases where this approach does not apply, but our method gives
positive results. One can check that for

A and A have the same characteristic polynomial. However, we can use Theo-
rem to show that in this case, p(S) contains the renewal system generated by
the words (1) and (1,2,1). Furthermore, an analysis of the proof of Theorem 1.1
of [3] shows that if its hypotheses are satisfied, our method will eventually detect a
renewal system with positive entropy. The disadvantage is that we might have to
spend a long time looking for it, while their theorem guarantees its existence imme-
diately. (In [27] we present a version of the result from [3] which, under additional
hypotheses, gives an upper bound for the integer n.)

It is worth noting again that Kwapisz in [9] studies the question of which products
of a set of matrices are nonnilpotent in much greater depth and generality than we
attempt here. He presents an algorithm for determining whether some power f™ of
the map factors onto the full 2-shift, but, as in [3], does not specify n.

A final strength of the method presented in this paper is the ease with which it
can be generalized (see Remark [.22).
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