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SPIN STRUCTURES AND CODIMENSION TWO EMBEDDINGS
OF 3-MANIFOLDS UP TO REGULAR HOMOTOPY

OSAMU SAEKI AND MASAMICHI TAKASE

ABSTRACT. We clarify the structure of the set of regular homotopy classes
containing embeddings of a 3-manifold into 5-space inside the set of all regular
homotopy classes of immersions with trivial normal bundles. As a consequence,
we show that for a large class of 3-manifolds M3, the following phenomenon
occurs: there exists a codimension two immersion of the 3-sphere whose double
points cannot be eliminated by regular homotopy, but can be eliminated after
taking the connected sum with a codimension two embedding of M3. This
involves introducing and studying an equivalence relation on the set of spin
structures on M3. Their associated u-invariants also play an important role.

1. INTRODUCTION

Let f: M3 9% R* be an immersion of an oriented 3-manifold M3 into oriented
R*. Then, via the bundle isomorphism TM? @ ¢! = f*TR* (¢! being the trivial
line bundle), the unique spin structure on R* induces a spin structure on M? that
is clearly a regular homotopy invariant of f.

Now let F': M? o R be an immersion with trivial normal bundle. By taking
a normal framing for F, we obtain a spin structure on M3 that usually depends
on the choice of the normal framing. Then, as has been seen in [9, Section 3], we
are naturally led to an equivalence relation on the set of spin structures on M3,
regarded as an affine space over H'(M?;Z,). We say that two spin structures
are equivalent modulo Im p if their difference lies in the image of the modulo two
reduction map p: HY(M3;Z) — H'(M3;Zy). The spin structure modulo Im p
associated to F' is independent of the choice of the normal framing and is a regular
homotopy invariant of F.

In [9], a geometric characterisation of regular homotopy classes of immersions of
M? into R® has also been given. As a consequence, we have encountered a rather
interesting situation for embeddings of the 3-torus 72 up to regular homotopy:
there exists an immersion g: S® & RS such that (1) g is not regularly homotopic
to an embedding S — RS, but (2) for any embedding E: T® — RP, the connected
sum Eig: T? & RS is again regularly homotopic to an embedding T® — R>. In
other words, the double points of the immersion g cannot be eliminated by regular
homotopy, but one can eliminate them after taking the connected sum with an
embedding of 73. We call such an immersion g: S® &= R a T3-pseudo-embedding
of S? (see Definition [31)). This phenomenon is closely related to the diversity of
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spin structures of T3, and, in the proof given in [9], spin structures modulo Im p
associated to embeddings of T2 play an important role.

In this paper, we prove the existence of M3-pseudo-embeddings S2 3+ RS for a
large class of 3-manifolds M? (see Proposition B:Zland Theorem [B7). This involves
a study of spin structures modulo Im p on M3, and of their associated y-invariants
(see Section B). In Sectiond], we study how the regular homotopy classes of embed-
dings are distributed in the set of all regular homotopy classes of immersions, and
give a result which implies that the cases of S and T are typical (Theorem H.2).
We also give an example of a 3-manifold for which the classes of embeddings are
distributed in a complicated manner (Proposition[4.4]). In Section[d, we generalise
the above study, replacing S® by an arbitrary 3-manifold N3. Finally, in the last
section, we introduce the notion of virtual homotopy: we say that two immersions
are virtually homotopic if they are regularly homotopic after taking connected sums
with embeddings. Virtual homotopy classes of immersions of closed connected ori-
ented 3-manifolds into R® with trivial normal bundles form a group under connected
sum. We show that this group is isomorphic to Z/12Z.

Throughout the paper, manifolds are of class C* and M? is a closed oriented
3-manifold. We write “A a~ B” if there is a bijective correspondence between the
sets A and B; we use the symbol “=” for a group isomorphism. The symbol “~,.”
means “regularly homotopic”. We often do not distinguish between an immersion
f and its regular homotopy class, which we also denote by f.

The authors are extremely grateful to Andras Sziics for his useful advice during
the preparation of this paper. In particular, the term M?3-pseudo-embedding is due
to him, and Section [fl has been motivated by his question.

2. PRELIMINARIES

In this section, we recall some known results. We review them only in our case —
that of immersions of 3-manifolds into R® — although some of them were originally
stated in more general contexts.

2.1. Immersions of the 3-sphere. Let Imm[X, Y] denote the set of regular ho-
motopy classes of immersions of a manifold X into a manifold Y. Denote by
Emb[X, Y] the subset of regular homotopy classes containing an embedding. Note
that the set Imm[S®, R°] has a group structure given by the connected sum, and
that the Smale invariant

Q: ITmm[S® R°] — Z

gives a group isomorphism (see [0l [3]). Hughes and Melvin [4] have shown that
Emb[S3, R?] forms the subgroup isomorphic to 24Z. Furthermore, for an embed-
ding f: S® — R® we have Q(f) = 30(WJ§1)/2 € 247, where W;} is a Seifert surface
for f and o(W}) is its signature.

This last result has been extended by Ekholm and Szfics [I] as follows. For an
immersion f: S% 9+ RS, consider a singular Seifert surface for f, that is, a generic
map f: W;} — R? that is bounded by f and has no singularity near the boundary

S3 = 8W;} C W;}. If we denote by #X11(f) the algebraic number of cusp points
of f, then

Q(f) = LBo(W}) + #2V1(f)).
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Note that for an embedding we can consider a usual nonsingular Seifert surface and
obtain the result of Hughes and Melvin as a corollary.

2.2. Immersions of 3-manifolds with trivial normal bundles. Let M3 be a
closed oriented 3-manifold. Denote by Imm[M?3 R5]y the subset of Imm[M3, R?]
consisting of the regular homotopy classes of immersions with trivial normal bun-
dles. Note that Emb[M3, R3] C Imm[M3,R5]o. In this subsection, we recall the
results in [9], which give a geometric description of the set Imm[M?3 R®]o.

First, we introduce an equivalence relation on the set of spin structures on an
oriented manifold.

Definition 2.1 (Spin structures modulo Im p). Denote by Spin(M™) the set of all
spin structures on an oriented n-manifold M™. Recall that Spin(M™) is an affine
space over H'(M™;Zs). Let

p: HY(M™Z) — H (M"; Zs)
be the modulo two reduction.

Two spin structures w and w’ € Spin(M™) are said to be equivalent modulo
Im p if their difference lies in Im p C H'(M™; Z>). We denote the equivalence class
containing w by [w] and call it a spin structure modulo Im p. Let

[]: Spin(M™) — Spin(M™)/Imp
w — [w]

be the natural projection. Note that Spin(M™)/Imp ~ H'(M";Zs)/Imp (non-
canonically).

As has been shown in [9], an element in the set Imm[M3, R5]y is characterised
by two invariants ¢ and i defined as follows.

Let F: M2 95 R’ be an immersion with trivial normal bundle. If we take
a normal framing for F, then the unique spin structure on TR?® induces a spin
structure wr of M3. If we take another normal framing, then we get another spin
structure wf of M3. We have shown in [9, Section 3] that the difference of two
such spin structures always lies in Im p C H'(M?;Zy). Thus to F we can associate
[wr] (= [wk]) — the spin structure modulo Im p — which is a regular homotopy
invariant of F. Let

c: ITmm[M3 RP)y — Spin(M?3)/Imp
be this correspondence.

The second invariant i: Imm[M?3, R®%]y — Z is an analogue of a geometric for-
mula for the Smale invariant given in [I]. Denote by TH?!(M?3;Z) the torsion
subgroup of H*(M?3;Z), and let a = a(M?) be the dimension of TH'(M?3;Z) ® Z»
over Zy. Note that the number of elements in the set Spin(M?)/Im p is equal to
2%, Then, for an immersion F': M? & R5 with trivial normal bundle, we define

i(F) == $(3(a(Wh) — a(M?®)) + #ZV(F)),

where F': W2 — R is a singular Seifert surface for F and #%5! (ﬁ ) is the algebraic
number of cusp points of F. Note that i(F') is always an integer.
The following results were obtained in [9]. Put Imm[M?3 R?]§ = ¢~ 1(C) for
C € Spin(M?3)/Im p.
(a) For any [w] € Spin(M?3)/Im p, Imm[M 3,R5]gw] contains a class represented
by an embedding.
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(b) The map (c,i): Imm[M3 R5)g — (Spin(M?)/Im p) x Z gives a bijection. As
a corollary, two embeddings in Imm[M3, R5]£)w] ~ Z ([w] € Spin(M?3)/Im p)
are regularly homotopic if and only if they have Seifert surfaces with the same
signature.

(¢) By taking connected sums of immersions, we can define an action of the group
Imm[S?, R®] on the set Imm[M3, R%]o. This action is effective, and each orbit

coincides with Tmm[M?3, R5]([)w] for some [w] € Spin(M?3)/ Im p.
Remark 2.2. The above items (a) and (b) imply that each “Z-component” of
(2.1) Imm[M?3 R5)g ~ (Spin(M?)/Imp) x Z=Z11---11 Z

contains a class represented by an embedding. Furthermore, (¢) implies that if we
take an embedding F in Imm[M3, R5]£)w] ~ Z, then we can define the bijection

fp: Imm[S3, R — Imm[M3 R3S,

g — Ftg.
From now on, we always consider each Z-component of (ZI)) to be endowed with
such a group structure, induced from that of Imm[S®, R®]. In other words, whenever
we mention a Z-component of (21I), we fix in it an embedding F', which determines
the group structure via the bijection §r above.

Remark 2.3. According to Wu’s computation [I1] of Imm[M?3 R®], the set
Imm[M?3, R3]y corresponds bijectively to I'y(M?) x Z, where I'y(M?) denotes the
set of order two elements of H?(M?3;Z) together with the zero element. The
Bockstein homomorphism H*(M?3;Z2) — H?(M?3;Z) induces a bijection between
HY(M3;Z5)/Im p and T'o(M3) (see [9, Remark 3.6]).

3. M3-PSEUDO-EMBEDDINGS OF THE 3-SPHERE

As mentioned in the introduction, we have observed in [9], Section 6] a surprising
situation for embeddings of 7% up to regular homotopy. We first give a definition
to describe this phenomenon.

Definition 3.1. Let M"™ and N be closed oriented n-manifolds and g: N" ¢
R"** be an immersion. We say that g is an M"-pseudo-embedding if (1) g is not
regularly homotopic to any embedding, and (2) for some embedding F: M"™ —
R"% the connected sum Ffg: M™N™ 9 R"t* is regularly homotopic to an
embedding.

In this paper, we consider only the case of codimension two immersions of 3-
manifolds, i.e., n =3 and k = 2.

Under this notion of “M"-pseudo-embedding”, the curious phenomenon men-
tioned in the introduction (see [, Section 6]) can be described as follows: there
exists a T3-pseudo-embedding h: S® &= R®. Here we show that for a large class of
3-manifolds M3, there exists an M?>-pseudo-embedding S 3+ R?.

The following is a necessary and sufficient condition on spin structures of M3 for
the existence of an M3-pseudo-embedding S2 9+ R®. Let M? be a closed oriented
3-manifold. If w is a spin structure on M?, then we denote by u(M?3 w) the pu-
invariant (or Rohlin invariant) of the spin manifold (M3 w), i.e., the signature
modulo 16 of a spin 4-manifold that is spin bounded by (M3, w) (for example, see

).
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Proposition 3.2. There exists an M3-pseudo-embedding S® ¢ RS if and only if
M3 admits two spin structures w and W’ such that
(1) [w] =[], ie., w—w €Imp C HY(M3;Zs), and
(2) w(M?,w) # p(M?,w").
Proof. Suppose that M3 has two spin structures w and w’ satisfying the two con-
ditions (1) and (2). There exist compact spin 4-manifolds W* and W’'* that are
spin bounded by (M?3,w) and (M3, w’), respectively, such that each of them has a
handlebody decomposition with one 0-handle and some 2-handles with even fram-
ings (see [5]). The condition p(M3,w) # u(M?3,w') implies that o(W4) # o(W'*)
(mod 16). Furthermore, by the same argument as in [9 Section 6], we can take em-
beddings F': W* — R’ and G W't R®, and then their restrictions F := F|ys
and G := G|ps to the boundaries have the same associated spin structure modulo
Im p, that is, ¢(F) = [w] = [w'] = ¢(G).
Then, from the fact that
fp: Imm[S® R®] — Imm[M?3 R
is a bijection (see Remark[Z2), there exists an immersion g: S% & R® with Ffig ~,
G.
Let us assume that g is regularly homotopic to an embedding. Then, by the

result of Hughes and Melvin [4], g extends to an immersion of a compact oriented
4-manifold V* with signature 16k (k € Z). Hence,

i(Fig) = 3(e(W*V*) — a(M?)) = §(o(W*) — a(M?)) + 24k,

where W44V stands for the boundary connected sum of W* and V. This contra-
dicts the fact that Fig ~, G, since

i(G) = 3 (a(W") — a(M?))

and o(W4) # o(W’") (mod 16).

Conversely, if there is an M3-pseudo-embedding ¢g: S® 3 R?, then we have two
embeddings F' and G: M? — R® such that Ffig ~, G. Denote by wr and wg the
spin structures determined by F' and G respectively. Then, [wr] = ¢(F) = ¢(G) =
[wg], since F' and G restricted to M3 \ Int D3 are regularly homotopic (see [9]
Section 3]), where Int D3 denotes the interior of a 3-disc embedded in M?3. We also
see from (b) in SubsectionZ2that u(M?3,wr) # u(M?,wg), since i(g) = i(G)—i(F)
and g is not regularly homotopic to an embedding.

This completes the proof. [l

Example 3.3. Let T2 be the 3-torus. Since all the classes in H'(M?3;Zs) = Zy ®
Z>®Z> are modulo two reductions of integral classes, we see that Spin(M?)/Im p =
0 and Imm[T3, R5]y ~ Z.

The 3-torus 72 has eight distinct spin structures, which all belong to the unique
equivalence class in Spin(M?3)/Im p. Tt is well known that seven of them are spin
bounded by a spin 4-manifold with signature 0 modulo 16 and the remaining one
is spin bounded by a spin 4-manifold with signature 8 modulo 16.

Thus, T? satisfies the conditions in Proposition B:2. Actually, Emb[T? R5]
forms the subgroup isomorphic to 12Z of Imm[T?, R%]y ~ Z. Then, an immersion
g: S3 3 RS with Smale invariant 12 + 24k (k € Z) is not regularly homotopic to
any embedding, but the connected sum of g and an arbitrary embedding T2 — R®
is regularly homotopic to an embedding (for details, see [d], Section 6]).
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The following theorem, due to Kaplan [5], together with Lemma below,
provides some 3-manifolds with two spin structures that satisfy the two conditions
in Proposition

Theorem 3.4 (Kaplan [5, Theorem 6.12]). Suppose that M? is a closed connected
oriented 3-manifold that bounds a spin 4-manifold of signature k. Suppose further
that there exist elements x; € H*(M?;Z), i = 1,2,3, such that x1 — w3 — x3 is an
odd multiple of the generator of H3(M?3;Z). Then M3 bounds a spin 4-manifold of
signature k + 8. O

Actually, in the proof given in [3] of the above theorem, two spin structures of
M3 for which the p-invariants differ by 8 are specified. We have:

Lemma 3.5. These two spin structures satisfy the condition (1) in Proposition BZ.
Before proving this lemma, we need a definition.

Definition 3.6. Let L = {Ki,Ks,...,K,} be a framed link in S3. A sublink
L’ C L is said to be characteristic, if Ik(L', K;) = lk(K;, K;) (mod 2) for 1 <i < n.

Proof of Lemma Consider M3 = M3 as the boundary of the 4-manifold W} for
a framed link L = {K3, K3, ..., K,} with even framings, that is, the boundary of
the spin 4-manifold obtained by attaching a 2-handle to D* along each component
of L ¢ §% = 9D* with the given framing.

Then, characteristic sublinks L’ of L bijectively correspond to spin structures
wrs of M?3. Note that each component K; of L corresponds to an element [K;] €
Hy(W¢; Z), which is represented by the union of the core of the handle over K; and
the cone on K; in D*. Note also that the classes [K;] form a basis of Ho(W};Z)
that is free abelian. Furthermore, each characteristic sublink L’ represents the
Poincaré dual of the relative obstruction to extending the spin structure wy, over
Wi, wo(Wiwr) € HX(W3, M3;Zs) = Hy(W32; Zs), which maps to the second
Stiefel-Whitney class wo(W3) of W3 under the map

g% H* (Wi, M?;Zs) — H*(Wi; Zs),

where j : W} — (W2, M?3) is the inclusion (see the diagram below). Obviously, the
empty (characteristic) sublink corresponds to the spin structure that extends over
Wi

Therefore, in order to obtain Theorem B:4] we need to find a characteristic
sublink corresponding to a spin structure that provides the p-invariant o(W3) + 8
(mod 16). In fact, in the proof of Theorem B4] Kaplan [5] has found in a suitable
L such a characteristic sublink ¢ of one component with the property that [¢] - =
0 for all z € Ho(Wy;Z). This property of [¢] implies that [¢] lies in the kernel of
the map j.: Ha(W3;Z) — Ha(W3, M3;Z) (see the diagram below), and hence it is
the image of a class (¢) in Hy(M?;Z) under the homomorphism i,: Ho(M?;Z) —
Hy(W¢; Z) induced by the inclusion i.

Now let us consider the following diagram, in which the horizontal arrows come
from the exact sequences for the pair (W3, M?), each vertical arrow upstairs comes
from Poincaré-Lefschetz duality, and each vertical arrow downstairs is the modulo
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two reduction:
(0) — 4]
HQ(M3;Z) _ HQ(WE;Z) _ HQ(WE,M3;Z)

Ty Jx
HY(M*Z) ——  HW{M%Z) ——  H(WZ)
l’)
HY (M3 Zy) ——— H>WE M3 Zy) ——  H2(W}iZs)
we — wo (W3, wy) — we(W3) = 0.
Then we see that the difference between the two spin structures corresponding to

the characteristic sublink ¢ and to the empty sublink corresponds to p((¢)*), where
(€)* € HY(M?3;Z) is the Poincaré dual of (¢). This completes the proof. O

Thus Theorem B.4] together with Lemma [3.5], implies that a large class of 3-
manifolds exhibit the same phenomenon as the 3-torus. Namely, we have the fol-
lowing theorem.

Theorem 3.7. If there exist elements x; € H'(M3;Z), i = 1,2,3, such that z1 —
x9 — 3 is an odd multiple of the generator of H3(M?3;Z), then there exists an
M3-pseudo-embedding S* ¢ RS. O

We see easily that S' x 2 is such a 3-manifold satisfying the conditions of the
theorem above, where F? is a closed connected orientable surface of positive genus.

4. REGULAR HOMOTOPY CLASSES OF EMBEDDINGS

In all the cases that we have dealt with, Emb[M3, R?] forms the subgroup 24Z
(for S3 or Zs-homology 3-spheres [4l [10]) or 12Z (for T3 or S' x F?) of a Z-
component in Imm[M?3, R®]y. The following proposition implies that these are all
the possibilities.

Proposition 4.1. Let w and W’ be spin structures of M? such that [w] = [w'], i.e.,
w—w €Imp C HY(M?3;Zs). Then,

p(M3 w) = p(M?,w')  (mod 8).
Proof. Let W* and W' * be compact spin 4-manifolds spin bounded by (M?,w) and
(M3,w"), respectively, and put V* := W4 U —w, By the assumption, we can
take an oriented surface F' C M3 with [F] € Ho(M?;Z) being an integral dual to
w—w' € HY(M?3;Zs). Since [F] € Ho(V*;Z) is also an integral dual to the second
Stiefel-Whitney class we(V*) € H*(V*;Zs), considering that F lies in M3 C V4,
we have

oV = F]-[F]=0 (mod )
where stands for the intersection number in V* (see [7} p. 25, Lemma 3.4], for
example). Thus by Novikov additivity, we have

(M3, w) — p(M?, ') = o(W*) — (W) =a(VH =0 (mod 8).

This completes the proof. [l

Theorem 4.2. In each Z-component of Imm[M?3, R%y ~ ZII- - -11Z, Emb[M3, R5]
is a subgroup isomorphic either to 247 or to 12Z.

“woo»
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Proof. In view of the result of Hughes and Melvin and (a), (¢) in Subsection [Z2]
we see that Emb[M3 R5] contains the subgroup 24Z in each Z-component of
Imm[M?3 R5)g~ Z11---11 Z.

Suppose that two embeddings F and G: M? — R? belong to the same Z-
component of Imm[M3 R%)g ~ Z1I--- 11 Z. Let Wi and W} be Seifert surfaces
for F' and G respectively. Then, we can consider spin structures wp and wg for
M? induced from the normal framings given by M?® C W and M3 C Wé re-
spectively. Since ¢(F') = ¢(G), we have [wr] = [wg]. Furthermore, it is clear that
w(M3,wr) = o(W2) (mod 16) and u(M3,wg) = o(W4) (mod 16). Therefore, by
Proposition 1] we have o(Wg) — o(W2) € 8Z. Then, by the definitions of the
invariant ¢ and the group structure on each Z-component, we have the desired
result. |

Remark 4.3. By the above proof, we see that all the spin structures in a class
C € Spin(M?3)/Im p give the same p-invariant if and only if Emb[M3, R?] forms the
subgroup 24Z in Imm[M?3, R?]§ ~ Z, and that a class C' € Spin(M?)/ Im p contains
two spin structures that give different y-invariants if and only if Emb[M?3, R?] forms
the subgroup 12Z in Imm[M?3, RS ~ Z.

Thus, by Proposition B2, we see that there exists an M?3-pseudo-embedding
53 9» RS if and only if Emb[M?3, R?] forms the subgroup 12Z in a Z-component of
Imm[M?3, R5]o.

In view of Theorem A2, it is natural to ask: given a 3-manifold M?3, does
Emb[M?3, R?] necessarily form the subgroup 247 (or 12Z) simultaneously in all
the Z-components of Imm[M3 R3] ~ Z I --- 11 Z? We give an example that
answers this question negatively, as follows.

Proposition 4.4. Let X3 be the (total space of the) S'-bundle over T? = S x S*
with Buler class 2. Then, Imm[X?3 R®)y ~ Z 11 Z, and Emb[X? R5] forms the
subset 12Z1124Z C Z11 Z.

Proof. We see that H?(X%Z) = Z ® Z ® Zy and H(X3;Z) = Z & Z, which
can be computed using the Gysin exact sequence for the S'-bundle X3 — T2, for
example. Therefore, we have H(X?; Zy) = Zo@® Zo ® Zs. Since two of the three Zy
factors come from integral classes, we have H'(X3;Zy)/Im p = Zy. Thus, we have
Spin(X?)/Imp ~ Zsy, and hence Imm[X3 R5]y ~ Z [ Z. We want to show that
in one equivalence class in Spin(X?3)/Imp ~ Za, all spin structures provide the
same p-invariant and that in the other class there are spin structures that provide
distinct p-invariants.

It is known (see [2} p. 198] or [8, p. 714], for example) that X® has a framed
link representation given by the Borromean rings L = {K1, K, K3} with framings
(0,0,2) (see Figure[). This framed link has eight distinct characteristic sublinks
i (Z), Kl, KQ, Kg, {Kl,KQ}, {K27K3}, {K3,K1} and L = {K17K27K3} — each of
which corresponds to a spin structure of X3.

Now our strategy is to apply, for each characteristic sublink of our link L, The-
orem 4.2 (ii) in [5], which enables us to compute the signature of a spin 4-manifold
corresponding to each characteristic sublink of L without actually constructing
such a 4-manifold. First, the 4-manifold W} represented by L is nothing but a spin
4-manifold corresponding to the empty characteristic sublink. Put k := o(W}).
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K3

K, Ky
FIGURE 1. A framed link representation of X3

For characteristic sublinks with one component, we can just apply [, Theo-
rem 4.2 (ii)]. Then the signature of the spin 4-manifold is £ mod 16 for K; and Ko,
and k£ — 2 mod 16 for Ks.

For characteristic sublinks with two components, we first follow the procedure
of Case 4 in the proof of Theorem 3.1 in [5], that is, we add a push-off of one
component to the other in order to obtain a new characteristic sublink with one
component. This move is the so-called handle sliding and does not change the 3-
manifold X2 and the corresponding spin structure. Now for any two components,
we get an unknotted component whose framing is 0 when the original characteristic
sublink does not contain K3, and is 2 when it does contain K3. Therefore, applying
[5, Theorem 4.2 (ii)], we see that the signature of the spin 4-manifold is k¥ mod 16
in the former case and k — 2 mod 16 in the latter case.

When we consider L itself as a characteristic sublink, we first follow the procedure
of Case 4 in the proof of Theorem 3.1 in [5] as well. If we add push-offs of K3 and
K5 to K3, then the result is a trefoil knot with framing 2, whose Arf invariant is
1 € Zy. Therefore, again by [5, Theorem 4.2 (ii)], we see that the signature of the
corresponding spin 4-manifold is £ — 10 mod 16.

Summarising the above, we see that among the eight spin structures, four spin
structures provide the p-invariant & mod 16, three spin structures provide the pu-
invariant k£ —2 mod 16, and the last one provides the p-invariant £ — 10 mod 16. By
the same argument as in the last part of the proof of Lemma [3H, we see that the
first four spin structures belong to one equivalence class in Spin(X3)/Imp ~ Z
and the remaining four belong to the other. Thus, by Remark [£3, we have the
desired conclusion. This completes the proof. O

Remark 4.5. In the case of the 3-torus T3, the connected sum of a T3-pseudo-
embedding g: S® & R® and an arbitrary embedding T3 — RS is regularly homo-
topic to an embedding. Proposition [£4] shows, however, that this is not true in
general. Namely, for the above X3, the connected sum of an X3-pseudo-embedding
g: S & R’ and an embedding X? < R® chosen from 24Z C 12Z I 24Z =~
Emb[X3,R] is not regularly homotopic to an embedding. This shows that we
have to choose a correct embedding F for a given M3-pseudo-embedding in Defi-
nition [31] in general.
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Remark 4.6. In Proposition B4, if we consider the 3-manifold Y2 whose framed
link representation is obtained by replacing the framings (0,0, 2) for the Borromean
rings L = { K1, K, K3} with the framings (0, 2, 2), then we see that Inm[Y3, R%]g ~
ZIZIZI1Z and Emb[Y 3, R®] forms the subset 12Z1124Z1124Z1124Z C ZI1ZI1Z11Z,
by using a similar argument. These examples show that the distribution of 12Z
and 247 can be complicated in general. For other examples obtained by connected
sum, see Section [5]

5. M3-PSEUDO-EMBEDDINGS OF GENERAL 3-MANIFOLDS

In this section, we consider a question which naturally arises from the definition
of M3-pseudo-embeddings: for a pair of closed oriented 3-manifolds N3 and M?,
does there exist an M3-pseudo-embedding of N® into R®? In other words, when
does there exist an immersion g: N® 9» R® such that (1) g is not regularly homo-
topic to any embedding, and (2) for some embedding F: M? < RS, the connected
sum Ftg is regularly homotopic to an embedding M3{N?3 — R??

Concerning this question, we have the following.

Proposition 5.1. Let M3 and N3 be closed connected oriented 3-manifolds. As-
sume that

Imm[M3 R%g~ Z(1)II--- T Z(i)I1--- 11 Z(r),

Imm[N3 R°|g~ Z(1) I --- 1L Z(5) 11 --- 11 Z(s),

where i € {1,2,...,r}, j € {1,2,...,s} and each Z(i) or Z(j) denotes a copy of
Z. Furthermore, assume that

Emb[M3 R’ ~ mZ1I-- - I m;Z11--- 11 m,Z,

Emb[N3 R?| nyZ11---1In;Z11--- 11 n,Z

with respect to the above decompositions of Imm[M3 R3]y and Imm[N3 R5]o, re-
spectively, where each m; or n; is equal either to 12 or to 24. Then, we have the
following.

(a) The set Imm[M3§N3 R®]y corresponds bijectively to the disjoint union of rs
copies of Z. More precisely, we have

Imm[M3$N3 R5)g ~ Z(1,1) 11 --- 11 Z(i,5) I --- 11 Z(r, 5),

where each Z(i,j) denotes a copy of Z and each class in Z(i,j) is repre-
sented by the connected sum of an immersion in Z(i) C Imm[M?3 R5]y and
an immersion in Z(j) C Imm[N3 R5]o.

(b) In each Z(i,j), the classes containing an embedding correspond to

24Z7 Zf (mi,nj) = (24, 24),
12Z, if (mi,ny) = (12,12),(12,24), or (24,12).

(c) The set Inm[N3 RP]y contains an M?>-pseudo-embedding N3 ¢ R® if and
only if the case (m;,n;) = (12,24) occurs. More precisely, if we assume
(mi,nj) = (12,24), then an immersion g: N® & RS in 12+ 24Z C Z(j) C
Imm[N3,R®]g is not regularly homotopic to an embedding, but the connected
sum of g and any embedding M? — R® in 12Z C Z(i) C Imm[M?3 R®|,
is regularly homotopic to an embedding M3{N3 — RS in 12Z C Z(i,j) C
Imm[M?34N3, R?].
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Proof. (a) Since a spin structure of M? and a spin structure of N* determine a
spin structure of M3§N?, and since H'(M?$N3) = H'(M3) @ H'(N?3) (with any
coefficients), we have the bijection

#: (Spin(M?)/Im p) x (Spin(N3)/Im p) — Spin(M3¢N3)/Im p.

Furthermore, since a normal framing of F' € Imm[M?, R%)y and a normal framing
of G € Imm[N3, R®]y determine a normal framing of FG € Imm[M3§N3 R®]o,
and since the associated spin structures are coherent with respect to the connected
sum, we see that

c(FG) = §(c(F), «(G)).

Thus the result follows.

(b) This follows from the additivity of the u-invariant with respect to the con-
nected sum together with the above item (a) and Remark [4.3]

(c) This follows immediately from the above items (a) and (b). O

Example 5.2. Let X3 be the total space of the S'-bundle over T2 = S! x S with
Euler class 2 as in Proposition B4], and Y2 the 3-manifold as in Remark @6l Then,
for M3 := X31X3 or X3Y? or Y34Y3, the numbers of 12Z- and 24Z-components
of Emb[M?3, R%] C Imm[M?3, R5]y are as follows.
| M [ 122 ] 242 |

X34X3 || 3 1
x3v3 | 5 | 3
vagys [ 7 | 9
In fact, we can show that for the connected sum of m copies of X and n copies

of Y3, the number of 24Z-components is equal to 3" and that of 12Z is equal to
2m+2n _ 3n

6. VIRTUAL HOMOTOPY CLASSES

In this section, we introduce a new equivalence relation on the set of all im-
mersions of 3-manifolds into 5-space with trivial normal bundles, and study the
structure of the quotient set. This relation measures, in a certain sense, the dif-
ference between the set of all regular homotopy classes of immersions and those
containing embeddings.

Definition 6.1. Let f: M™ 3% R""* and g: N™ 9 R"** be immersions of closed
connected oriented n-manifolds with trivial normal bundles. We say that f and g
are virtually homotopic if there exist embeddings f1: M} — R"*¥ and g;: N} —
R™* of closed connected oriented n-manifolds such that M"§M} is orientation-
preservingly diffeomorphic to N"#N{* and f#f; is regularly homotopic to gtig:.
This clearly defines an equivalence relation on the set of all immersions of closed
connected oriented n-manifolds into R"** with trivial normal bundles.

Let Immg(n,n + k) denote the set of virtual homotopy classes of immersions of
closed connected oriented n-manifolds into R"** with trivial normal bundles.

Lemma 6.2. The set Immg(3,5) is an additive group under connected sum.

Proof. For an arbitrary dimension pair (n,n + k), it is easy to see that the con-
nected sum (considering the orientation when k = 1) gives rise to a well-defined
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binary operation on the set Immg(n,n + k). Then, clearly Immg(n, n + k) becomes
an additive semi-group with respect to this operation; the virtual homotopy class
containing embeddings is the identity element. When (n,n + k) = (3,5), for every
immersion f: M3 9+ RS of a closed connected oriented 3-manifold M? with trivial
normal bundle, there exists an immersion fi: 52 & R?® such that ffif; is regu-
larly homotopic to an embedding (see [9] or Subsection of the present paper).
Thus, every virtual homotopy class of Immg(3,5) has an inverse. This completes
the proof. O

We do not know if Immg(n,n + k) is a group for every dimension pair (n,n+ k).
Proposition 6.3. The group Immg(3,5) is isomorphic to Z/127Z.

Proof. Let ¢: Imm[S3 R®] — Immg(3,5) be the natural map, which is clearly
a group homomorphism. Since every immersion of a closed connected oriented 3-
manifold into R® with trivial normal bundle is virtually homotopic to an immersion
of S3 (see Subsection ZZ)), ¢ is an epimorphism. Furthermore, the kernel of ¢
consists of the immersions f of S2 into R® such that ffg is regularly homotopic to an
embedding for some embedding g of a closed connected oriented 3-manifold. Thus,
using the results in Subsection and Theorem together with the existence
of T3-pseudo-embeddings of S3 ([9]), we see that the kernel of ¢ consists of those
immersions of S? into R® whose Smale invariants are divisible by 12. Hence the
result follows. O

Remark 6.4. Let f: M3 9 RS be an immersion not regularly homotopic to an em-
bedding. By the very definition of virtual homotopy, f is an N3-pseudo-embedding
for some 3-manifold N3 if and only if f is virtually homotopic to an embedding,
i.e., if and only if f is an immersion that represents the identity element of the
group Immg(3,5).
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